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ABSTRACT

The present work is a contribution to the study of the well-known Anscombe’s paradox
first noted in Social Choice Theory by ( ). Roughly speaking, this surpris-
ing voting event refers to the possibility that, at the end of a series of votes on a given
finite set of proposals, more than the half of the voters are each frustrated on more than
the half of the proposals although each decision on each proposal is supported by more
than the half of voters. Since this paradox can be encountered in real voting situations,
especially in parliaments, congresses or senates, it deserves a detailed study for a better
understanding of the circumstances of its appearance or to identify some conditions to
avoid it. This is mainly the object of our thesis. Indeed, several questions about the
Anscombe’s paradox remain open. For instance, when an absolute majority of favorable
votes is required for the adoption of each proposal, it is not clear whether or not there are
a number of voters and a number of proposals that preclude all occurencies of the current
paradox. Moreover, when the decision rule is a qualified majority or any other binary
decision rule distinct from the majority rule, no study to the best of our knowledge has
yet been made to check whether it is still possible for more than the half of the voters to
be frustrated each on more than the half of the proposals. In the first part of our inves-
tigations, we provide answers to these two concerns. Known domains of individual votes,
such as single-switch domains from ( ), that discard the possibil-
ity of observing the Anscombe’s paradox are polynomial in cardinality. To the question
of whether there exist exponential improvements of such domains, we provide a positive
answer in the second part of our study. Finally, to check how real life practices impact on
the occurencies of the Anscombe’s paradox, we mimic a parliamentary organization with
a leading party, an opposition party and possible freethinkers; and provide necessary and

sufficient conditions to avoid the paradox in such contexts.
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RESUME

Cette thése est une contribution a I’étude du paradoxe d’Anscombe abordé en théorie
du choix social pour la premiére fois par ( ). Ce paradoxe renvoie a toute
situation de vote ou, de fagon surprenante, il est possible qu’au terme d’une succession
de votes sur un ensemble fini et fixé de propositions (lois, amendements, ...), plus de
la moitié des votants soient frustrés chacun sur plus de la moitié des propositions alors
que chaque décision sur chaque proposition est I'opinion d’une majorité de votants. Ce
paradoxe qu’on peut observer en situation réel de vote notamment dans les parlements, les
congres ou les sénats, mérite une étude approfondie pour une meilleure compréhension des
circonstances de son apparition ou pour identifier des conditions permettant de I’éviter.
C’est effectivement 1'object de notre thése. En effet, plusieurs questions sur le paradoxe
d’Anscombe sont restées pendantes & nos jours. D’une part, lorsque la régle de vote est
une majorité qualifiée, aucune étude & notre connaissance n’a encore été faite pour vérifier
I’apparition ou non de ce paradoxe. C’est aussi le cas pour toute autre régle de décision
binaire distincte de toute régle majoritaire. Dans un premier temps, nous généralisons
I’étude du paradoxe d’Anscombe a une régle binaire quelconque. D’autre part, lorsque
les votes individuels sont issus de certains domaines tels que les domaines "single-switch"
de ( ), il n’est plus possible d’observer le paradoxe d’Anscombe.
Seulement les seuls domaines ayant cette propriété dans la littérature sont de cardinalité
polynomiale. Nous améliorons ce résultat, dans la deuxiéme partie de notre travail, en
montrant qu’il existe de tels domaines de cardinalité exponentielle. Enfin, pour vérifier
comment les pratiques courantes de vote impactent sur la possibilité d’observer le paradoxe
d’Anscombe, nous modélisons une organisation parlementaire avec un parti majoritaire,
un parti d’opposition et d’éventuellement libres-penseurs. Des conditions nécessaires et
suffisantes sont alors fournies pour éviter le paradoxe d’Anscombe en supposant que la

logique des partis est respectée.
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INTRODUCTION

For a decision over two alternatives or any "Yes-No" voting, as it is the case in referenda
or amendment processes within legislatures of democratic nations, the majority rule is
a frontrunner among most often used voting rules. It simply states that between two
competing options, the option that benefits from the support of more than half of the
voters is the winning outcome. Although for two alternatives, ( ) characterizes
the majority rule by means of very appealing axioms, some surprising scenarios arise
under majority rule theatres. One of those unexpected voting scenarios we are interested
in - first noted by ( ) and later illustrated by ( ) - is quoted in
the literature as the Anscombe’s paradox: given a session of several proposals, applying
the majority rule on each proposal may result in outcomes with which a majority of voters
are frustrated on a majority of proposals (they disagree with the majority decision); for
some extensions, see ( ) ( ) and ( ) for a discussion and
several related issues. For similar paradoxes, interested readers are referred to

( ), ( ), or ( ) for some alternative
views and specific analysis on majority voting paradoxes; or ( )
for a probabilistic analysis of a panel of paradoxical voting outcomes with more than two
alternatives.

Should one cares about the Anscombe’s paradox? There are known surprising and
undesired aspects of Anscombe’s paradox that may be encountered within voting bodies
where the majority rule is used for ratification of amendments or for adoption of policies.
Among such aspects is the phenomenon of logrolling. It consists for voters in exchanging

their votes in order to secure appropriate decisions on some proposals; see ( )
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Introduction

for an analysis of the majority voting as a method of allocating ressources; ( )
and ( ) for a discussion; ( ) for a real-life context study;
or ( ) for recent illustrations. Another comment on possible consequences of
Anscombe’s paradox is due to ( ) who notes what may look like a mistake

by pollsters when from polls, "a majority of the citizens agrees with every decision, and
simultaneously, a majority of the citizens complains that most decisions are made against
its will". In a conceptual viewpoint, ( ) has shown the link between Anscombe’s
paradox and the Condorcet triplet. Significant frequencies of observing the Anscombe’s
paradox have being reported by ( ), showing that this paradox is not
an infrequent event. However this paradox can be mainly viewed as a social resentment
over a series of majority decisions (a social planner concern) as compared to a social
outcome inconsistency (a normative concern) such as the intransitivity of the majority
rule; see ( ) or ( ).

Many contributions have been undertaken mainly to describe some Anscombe’s para-
dox free domains. There are two main approaches on this line of inquiry which we refer
to as intra-profile-conditions and domain-conditions respectively:

Firstly, a vote profile is any collection of individual opinions that specifies the choice
(Yes or No) of each voter on each proposal. The intra-profile-conditions approach consists
in giving necessary or sufficient conditions on profiles at which Anscombe’s paradox never
occurs. For example, ( ) shows that when only vote profiles at which the
majority decision is on average the opinion of at least threefourths of the voters are con-
sidered, occurrences of Anscombe’s paradox are precluded; other intra-profile-conditions
are given by ( ) where the authors, using a measure of the level of
unanimity among voters’ opinions, provide sufficient conditions for avoiding a generalized
Anscombe’s paradox.

Secondly, the opinion of a voter is a list that states the choice of that voter on each
possible proposal while a preference domain is a nonempty subset of individual opinions
that describes all possible observable opinions. The domain-conditions approach consists
in looking for preference domains that, independently of the total number of voters, do
not yield any profile at which Anscombe’s paradox occurs. The notion of single-switch
preferences from ( ) is certainly the most attractive and simple

illustration of Anscombe’s paradox free domains. The domain-conditions approach is also
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Introduction

known in Social Choice Theory as domain restriction framework; see for example
( ) or ( ) for preference domains that overcome Arrow’s
impossibility result on social welfare functions ( ( ) ( ); and
(2012)).

The two research boulevards above overshadow a third one. Indeed, the Anscombe’s
paradox is a two-fold event which include a decision rule and a domain of individual
opinions. Our first concern relays on how the decision rule impacts the possibility of
observing the Anscombe’s paradox. On this issue, we redefine the Anscombe’s paradox
following two key points: the rule and the majority. On the one hand, the Anscombe’s
paradox for a given binary voting rule occurs when each member of a coalition of more
than the half of the voters are each frustrated on more than the half of proposals. In
other hand, coalition of more than the half of the voters may not be decisive, as it is the
case with simple games; see ( ) or ( ). In
such contexts, a qualified Anscombe’s paradox appears when the members of a winning
coalition are each frustrated on more than the half of the proposals. Considering these
two generalizations, we prove that exhibiting the Anscombe’s paradox is not a proper
downside of the majority rule, but a common flaw of almost all binary voting rules.

Now, the domain condition is simply a restriction of individual preferences. As an
illustration, single-switchness refers to the existence of an ordering of proposals along
which the votes of each individual may be listed from the first ranked proposal to the
list-ended proposal while switching from Yes to No (or conversely) at most once.

( ) who introduce single-switch domains observe that these domains which
are polynomial in cardinality are rather drastic restriction of individual preferences. To
address this issue of constructing non polynomial domains that preclude the possibility of
observing the Anscombe’s paradox, we adopt here a similar but different way of generating
individual opinions over the set of proposals by providing a tight sufficient condition that
rules out Anscombe’s paradox. More precisely, we assume that: (i) for each proposal, an
arbitrary standard - adoption (+1) or rejection (—1) - exists; and (ii) there exists a subset
of proposals, called unifying proposals, such that each voter deviates from the issue-specific
standards over these unifying proposals only on a limited number of issues. Our settings
thus include three major parameters namely the set of all proposals, the subset of all

unifying proposals and the maximum number k (called barometer of consensus) of unifying
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proposals on which a voter may deviate from common standards. The corresponding
unifying preference domain is the set of all vote vectors that differ from the vector of
common standards on at most k unifying proposals. Clearly, the existence of unifying
proposals does not guarantee that no majority of voters will ever be frustrated on a
majority of proposals. Our main result provides necessary and sufficient conditions on a
unifying preference domain to rule out the possibility of observing Anscombe’s paradox.

Finally, the intra-profile condition is simply a description of all observable vote profiles
which may not be derived from a cartesian product of a given domain of individual
opinions. Such an intra-profile condition is obviously implies by the organization of voters
in many voting bodies such as parliaments where there are several political tendencies
and each voter votes according to the ideology of the party he/she belongs to. To address
this issue of measuring how real life practices impact on the occurrences of Anscombe’s
paradox, we mimic a parliamentary organization with a leading party, an opposition party
and possible freethinkers. Moreover, we assume that only parties introduce proposals to
vote on; and that the members of a given party all vote for the adoption of the proposals
initiated by that party, but may have distinct opinions on other proposals. Meanwhile,
independent voters are freethinkers on all proposals. We then obtain consensual voting
environments; and provide necessary and sufficient conditions to avoid all occurrences of
Anscombe’s paradox.

A detailed presentation of what we just present above includes four chapters as follows.
In Chapter 1, we introduce some basic notions about Anscombe’s paradox and identify all
combinations of the total number of voters and the total number of proposals for which
the majority rule does not exhibit Anscombe’s paradox. In Chapter 2, we explore the ex-
istence of Anscombe’s paradox when the decision rule is a qualified majority or any other
binary decision rule distinct from the majority rule. In Chapter 3, we construct unifying
preference domains with exponential cardinality and prove a domain restriction result by
providing necessary and sufficient conditions for which unifying preference domains do
not exhibit Anscombe’s paradox. And in Chapter 4, we construct consensual voting envi-
ronments and prove an intra-profile condition result by providing necessary and sufficient

conditions for which consensual voting environments do not exhibit Anscombe’s paradox.
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CHAPTER 1

ANSCOMBE’S PARADOX : PRELIMINARIES AND
CONCERNS

In this Chapter, basic notions related to Anscombe’s paradox are presented in Section 1.1,
some other related paradoxes in Section 1.2 and some major contributions in analyzing

this paradox in Section 1.3. Our concerns in the next Chapters are outlined in Section 1.4

1.1 Preliminaries

1.1.1 The context

Consider aset N = {1,2,...,n} of n individuals (voters, congressmen, representatives, ...)
involved in a process that consists in several Yes-No votes over a set M = {a!,d?, ..., a™}
of m mutually independent proposals (laws, projects, referenda, ...). Any non empty
subset of voters is called a coalition. Given a proposal a’, each voter may either approve
a’ (he/she votes for the adoption of a?); or disapprove a’ (he/she votes for the rejection
of a’). A rule is designed to derive from each possible profile of individual opinions on a’

a social decision that consists in adopting or rejecting a’.
DEFINITION 1.1.1.

1. The opinion of voter i is an m-tuple X; = (X{)a—at a2, om such that X = +1 if

v approves a or X = —1 1f ¢ disapproves a.

The vector X; will also be called i’s vector of votes.
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1.1. Preliminaries

2. Given a proposal a, the vector of votes on a is an n-tuple X* = (X?);=1,_, such
that X7 = +1 if individual ¢ approves a and X = —1 if individual = disapproves

a.
REMARK 1.1.1.

e An individual vector of votes can be seen as a mapping that associates each
proposal with —1 or +1. Since proposals are initially labeled, the set of all
individual vectors of votes with m proposals will be identified with {—1;+1}™,

the m! cartesian power of {—1;+1}.

e Similarly, when we collect all individual votes on a proposal, say a, we obtain
a vector of votes on proposal a which is an n-tuple X® = (X¢);—12 _, with
all entries in {—1;+1} such that X = +1 if voter i approves proposal a while

X{# = —11if voter ¢ disapproves proposal a.

As above, the set of all vectors of votes on a proposal with n voters will be identified
with {—1;4+1}". When each voter in N is endowed with an individual vector of votes over
proposals in M, one obtains a matrix X = (X¢);enaem such that column i describes
individual i’s vector of votes (that is X;) while row a describes the vector of votes on

proposal a (that is X or simply X7 when a = @’ for an existing labelling).

a

DEFINITION 1.1.2. A vote profile (or profile for short) is any collection X = (X#);en acm

of n individual vectors of votes, one for each voter.
Profiles will sometimes be represented using a table as in Example 1.1.1 below.

EXAMPLE 1.1.1. Let M = {a',a? a®} and N = {1,2,3,4,5,6}. Below is the repre-

sentation of a profile by a table:

X1 | Xo | Xz | Xy | X5 | Xe
at | —1 +1 +1 —1 —1 ~1
a? +1 +1 +1 +1 —-1 +1
a’ -1 +1 +1 -1 +1 -1

With respect to this profile, it appears for example that

e Voter 1's vector of votes is X; = (—1,+1,—1);
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1.1. Preliminaries

e The vector of votes on proposal a® is X** = (=1, 41, +1, -1, +1, —1).

For each possible profile on m proposals, a social outcome is derived provided that a
binary voting rule is chosen to describe how a social decision on each proposal is obtained.
We assume that a predetermined rule is applied to each proposal and is then sufficient
to obtain the social outcome at all possible profiles; in this case, the social outcome at
a profile consists in the collection of all social decisions associated with each of the m

vectors of votes on proposals extracted from that profile.

DEFINITION 1.1.3. A binary voting rule is a mapping R : {—1,+1}" — {—1,+1}
that associates each possible vector of votes on a proposal with a social decision such

that given a proposal a and a vector of votes X on a,

e R(X*) =+1 means that proposal a is adopted (or equivalently, the social deci-

sion on a is adoption);

e R(X*) = —1 means that proposal a is rejected (or equivalently, the social deci-

sion on a is rejection).

Note that binary voting rules are designed for decisions on proposals. Hereafter, R[X]
stands for the collection R[X] = (R(X?))sem of social decisions given a profile X and a

voting rule R.

DEFINITION 1.1.4. Given a binary voting rule R, the vector of decision for a profile
X = (X!)icnaem 18 the m-tuple R[X] = <R (Xal) ,R(Xa2) ,...,R(Xam)> of all

()

social decisions on the m proposals.

Note that R[X] is a notation since an argument of a binary voting rule is a vector of
votes on a proposal; but not a profile. Before we continue, here is an example of a binary

voting rule.

DEFINITION 1.1.5. Given a coalition S, the S-oligarchy rule is the binary voting
rule denoted by Og and defined by:

+1 if Sc{ieN : z=+1}
Ve e {-1,1}", Os(z) =

—1 otherwise
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1.1. Preliminaries

According to the S-oligarchy rule, a proposal is adopted if and only if all members
of S, the oligarchy, vote for its adoption. For example when S = {1,5}; the vector of
decision associated with the profile in Example 1.1.1 is Og(X) = (—1,—1,—1).

DEFINITION 1.1.6. A binary voting rule R is an oligarchy if R = Og for some

coalition S.

Among usual binary voting rules, some has gained a lot of attention. That is the case
for the majority which is undoubtedly one of the most often used voting rules especially
for referenda or for amendment processes within parliaments or other voting bodies of
democratic nations. The next section is devoted to the presentation of this particular

binary voting rule.

1.1.2 The majority rule

According to the majority rule, a proposal is adopted if more than half of voters vote for

its adoption; otherwise it is rejected. More formally,
DEFINITION 1.1.7. The majority rule is the voting rule M R defined by

+1 if {ie N:v; =41} > %
Vo e {—1,+1}", MR(v) =
—1 otherwise

REMARK 1.1.2. From the above definition,

MR(v) =+1 <= > v;>0and MR(v) = -1 <= Y 0 <0.
iEN ieN
Moreover, given a profile X = (Xi“)ieNjaeM, the majority decision on X is the m-tuple
MR[X]| = (MR (X“1> MR (X“2) ,...,MR (X“m)> of all majority decisions on the
m proposals.

Hereafter, in the table of a vote profile, the last column is added to represent the social

decision on each proposal.

EXAMPLE 1.1.2. Let M = {a',d? a®} and N = {1,2,3,4,5,6}. Consider the vote

profile in Example 1.1.1.

X, | Xo| X3 | Xy4| X5 | X¢ | MR[X]
at | -1 +1 +1 —1 —~1 —-1 —1
a? +1 +1 +1 +1 -1 +1 +1
ad | =1 | +1 | +1 | =1 | +1 | -1 -1
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1.1. Preliminaries

When the voting rule is the majority rule, this table shows that proposal a? is

collectively adopted while proposals a* and a® are collectively rejected.

1.1.3 The Anscombe’s paradox

( ) notes that, while using the majority rule, there exist some vote profiles
such that there are more voters who disagree with the majority decision on a majority of
proposals than voters who agree with the majority decision on a majority of proposals.
Such a voting event is referred to as the Anscombe’s paradox. Below is a formal definition

of this paradox.
DEFINITION 1.1.8. Consider a vote profile X, a voter ¢ and a proposal a.

1. Voter i is frustrated on proposal a if he or she disagrees with the majority

decision on that proposal, that 1s,

X& 4 MR(X®).

2. Voter i is frustrated at X if the vote of ¢ differs from the majority decision

on more than one half of the proposals, that is,

{a € M : i frustrated on a}| > %

With seven proposals for example, a voter is frustrated if his or her vote differs from
the majority decision on at least four proposals; equivalently his or her vote coincides

with the majority decision on at most three proposals.

DEFINITION 1.1.9. Under the majority rule, any coalition S of more than one half

of voters is called a majority, that is,
n
S| > —.
5> %

REMARK 1.1.3. Note that when members of a majority all share an opinion on a
given proposal, this opinion is the majority decision on that proposal. Therefore all

members of a majority cannot be frustrated on the same proposal.

DEFINITION 1.1.10. Given a vote profile X, the Anscombe’s paradox holds at

X if the members of a majority are frustrated on a majority of proposals, that is,
n
{i € N : i frustrated}| > 7

We also say that X exhibits Anscombe’s paradox.

UYI: Ph.D Thesis m OUAMBO KAMDEM Monge K. ©@UYT 2019
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In the table of a vote profile we sometime add a new row. In this row, see example 1.1.3

below, the entry is "yes" if the corresponding voter is frustrated and "no" otherwise. The

proportion of frustrated voters appears in the last cell.

ExXAMPLE 1.1.3. The following vote profile exhibits the Anscombe’s paradox.

X, | Xo| X3 | Xy4| X5 | X¢ | MR[X]
at | -1 +1 +1 +1 —1 —~1 —1
a? +1 +1 -1 +1 -1 +1 +1
a® | -1 | +1 | =1 | +1 | +1 | -1 -1

no yes yes yes yes no 4/6

In fact, four voters (2, 3, 4 and 5) out of six are each frustrated on two proposals
out of tree. This shows that a majority of voters are frustrated on a majority of

proposals. At this vote profile, Anscombe’s paradox occurs.

DEFINITION 1.1.11. Given a vote profile X, the support of X is the set denoted by
Supp(X) and made up of all vectors of votes that appear in X, that is,

Supp(X) ={X; : i € N}.
Given v € Supp(X), denote by N, the set of all voters who report v in X, that is,
N,={ieN : X;=u).

REMARK 1.1.4. Given v € Supp(X), if a voter in N, is frustrated on a proposal, so

are all voters in N,.

Below is provided a threshold on the cardinality of the support of a vote profile up to

which the Anscombe’s paradox does not appear. The following lemma will be useful.

LEMMA 1.1.1. Given a vote profile X, z,y € Supp(X), i1 € N, and iy € N,

If 44 and 22 are both frustrated on a majority of proposals, then all voters in

N, UN, are stimultaneously frustrated on some proposals.

Proof.
Consider a vote profile X, z,y € Supp(X), i1 € N, and iy € N,. Suppose that

11 and iy are both frustrated on a majority of proposals. Then the set of proposals
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1.1. Preliminaries

at which i; and iy are frustrated overlap. Let a be such a proposal. Then i; and iy
are both frustrated on a. By Remark 1.1.4, all voters in N, U N, are simultaneously

frustrated on proposal a. [ |

Theorem 1.1.]

Let X be a vote profile.
If |Supp(X)| < 3 then X does not exhibit the Anscombe’s paradox.

Proof.
Let X be a vote profile such that [Supp(X)| < 3.

When |Supp(X)| = 1, all voters unanimously agree on each proposal and then also
agree with the majority decision on each proposal. Obviously, X does not exhibit the
Anscombe’s paradox whenever |Supp(X)| = 1.

Now suppose that |Supp(X)| € {2,3}. To show that X does not exhibit the
Anscombe’s paradox, suppose on the contrary that the Anscombe’s paradox holds at
X. By definition, there exists a majority S of voters who disagree with the majority
decision on more than % proposals.

First assume that |[Supp(X)| = 2 and pose Supp(X) = {z,y} with z,y €
{-1,+1}™. Note that N = N, UN,. If SN N, # 0 and SN N, # 0 then by
Lemma 1.1.1, all voters in N = N, U N, are frustrated on some proposals; which is
impossible. Therefore SN N, =0 or SN N, = 0. But if SN N, =0 then S C N, and
therefore all voters in S are frustrated on the same proposals; which is impossible since
S is a majority. In both cases, an impossibility occurs. Then X does not exhibit the
Anscombe’s paradox for [Supp(X)| = 2.

Now assume that [Supp(X)| = 3 and pose Supp(X) = {z,y,z} with z,y,z €
{=1,+1}™. Note that

N =N, UN,UN,.

Since S is a majority, S\ N, # 0 for each v € Supp(X); otherwise all voters in S would
be frustrated on the same proposals as mentioned in Remark 1.1.4. Moreover suppose
that S € N, U N, for some v,v" € Supp(X). Then SN N, # 0 and SN N, # 0. By
Lemma 1.1.1 all voters in N, N N, are simultaneously frustrated on some proposals;

so are voters in S. This is impossible by Remark 1.1.4. Therefore S\(N, N N,) # 0
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for all v,v" € Supp(X). Equivalently, SN N, # 0 for all v € {x,y, z}. Without loss of
generality assume that |[N,| > |[Ny| > |N.|. Then |N,|+|N,| > %. Since S\N, # () and
S\N, # 0, all voters in N, U N, are simultaneously frustrated on some proposals. This

is impossible by Remark 1.1.4. Each possible cases concurs to an impossibility. Thus

X does not exhibit the Anscombe’s paradox for |Supp(X)| = 3. u

The condition |Supp(X)| < 3 is sufficient to guarantee that X does not exhibit the

Anscombe’s paradox. But when [Supp(X)| > 4, things are somewhat scarttered.

PROPOSITION 1.1.1. Assume that m = 4 and consider a vote profile X. Then X

does mot exhibit the Anscombe’s paradox for each of the following conditions:
a) |[Supp(X)| = 4;

b) n <5.

Proof.
Suppose that m = 4 and let X be a vote profile that meets condition a) or condition

b). To prove that X does not exhibit the Anscombe’s paradox suppose the contrary.
Then there exists a majority coalition S such that each member of S is frustrated on
at least three proposals. Since m = 4, the set of proposals is M = {a',a? a? a*}. By
Remark 1.1.3, all voters in S are not frustrated on a'. Thus there exists a voter i; € S

1

who is not frustrated on a'. Voter ¢; € S is frustrated on at least three proposals.

Therefore 4 is frustrated on @, ¢® and a*. By Remark 1.1.4, all voter in N, are also

2 a® and a*; but not on a'. Note that this shows that voters in .S who are

frustrated on a
not frustrated on a' report the same vector of votes X;,. Similarly for a’ € {a?, a3, a*}
there exists some voter i; such that i; is frustrated on all proposals except a’. So are
all voter in V. X, It follows that for 7 = 1,2, 3,4, only voters in N X;, among voters in

S agree with the majority decision on a’. Moreover,
S = Nx, UNx, UNx, UNx, (1.1)

i) Suppose that |Supp(X)| = 4. Then Supp(X) = {X,,, Xi,, Xi,, Xi, }. Therefore
S = N by (1.1). This implies that for j = 1,2,3,4, |NX,-J-| > % since only voters in
N Xx;, agree with the majority decision on a’. Recalling that N X, for y =1,2,3,4
are disjoint subsets, it follows that Ny, U Nx, = N and thus Nx, U Nx, = 0.

This is a contradiction since Ny, # 0.
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ii) Suppose that n <5.

Note that for n < 5, 9,43 and 74 constitute a majority coalition and each disagrees

with the majority decision on a'. This is a contradiction by Remark 1.1.3. [ ]

PROPOSITION 1.1.2. Given m the total number of proposals and n the total number

of voters,

a) If n > 4 and (m = 3 or m > 5), then there exists a vote profile X such that
|Supp(X)| =4 and X exhibits the Anscombe’s parador.

b) If n > 6 and m = 4, then there exists a vote profile X such that |Supp(X)| =5

and X exhibits the Anscombe’s paradox.

Proof.

a) Suppose that n > 4 and (m = 3 or m > 5). Then there exist two integers p and ¢
such that
m=3p+1

with
p>1,t€{0,1,2} and (p# 1 ort#1).

Pose A = L%J and 6 = L”;lj. Note that n = A+ 6 + 1. Let z,y,2 and u be

four vectors of votes defined as follows: for each proposal a/ with j = 3k + s,
s €{0,1,2,3}:
L3k+s Y3k+s R3k+s Udk+s
s=1| —1 +1 +1 —1
s=2| +1 -1 +1 -1
s=3] +1 +1 -1 -1

Consider a profile X obtained from a partition of N into four subsets N, N,, N,
and N, such that

Supp(X) = {z,y,z,u}, |[N;]=X—-1, |[N) =1, |[N,/=1and |N,| =9.
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Profile X is as follows:

Xy, Xn, Xy, Xn, | MR[X]
at | -1 +1 41 -1 -1
a? | +1 -1 41 -1 —~1
a@ | +1 +1 -1 -1 —-1
a2 -1 41 41 -1 -1
a1t 41 -1 #1001 -1
a2k | +1 +1 -1 -1 -1

Pose S = N, UN,UN.,. Note that |S| = A+ 1= [2] +1. Thus S is a majority

coalition. Also note that each voter in S is frustrated on exactly two proposals given

three consecutive proposals a***1, a*+2 and a®*3. Therefore for t = 0 each voter
in S is frustrated on
op=2ms"
= —m —_
P=3m=5

proposals. Therefore X exhibits the Anscombe’s paradox. Moreover t =1 or t = 2,

each voter in S is frustrated on

ot —1=’mil 1
J— = —m -
P 3Ty

proposals. Since t > 1 and m # 4 then m > 5 and

2 +t 1>2 2_m+m—4
3Ty T =M T 6 9"

This proves that each member of S is frustrated on more than % proposals. Hence

X exhibits the Anscombe’s paradox.

b) Suppose that m = 4 and n > 6. Pose A = L%J and 0 = L"T_lj Note that
n=MA+06+ 1 Moreover A > 3 since n > 6. Consider the five vectors of votes
x,1y, z,u and v that appear in the table below and consider a partition of N with
respect to the set of voters reporting each of these vectors of votes in such a way

that

|NHE| =A-2, |Ny| =1, ’NZ‘ =1, |NU| =1, |NU| =0
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The corresponding vote profile X satisfies Supp(X) =5 and is as follows:

Xy, Xy, Xy, Xn, Xy, | MR[X]
at| -1 +1 41 +1 -1 -1
a2 +1 -1 41 +1 -1 —1
ad| +1 +1 -1 +1 -1 —-1
at| +1 +1 +1 -1 -1 -1

Let S = N,UN,UN,UN,,. Clearly, |S| = L%J + 1 and each voter in S is frustrated

on 3 proposals. Therefore X exhibits the Anscombe’s paradox. [ |

r—[Theorem 1.2.] N

Given n > 2 and m > 3, the majority rule does not exhibit the Anscombe’s

paradox if and only if 0

(n<3)or (m=4andn<5).

The following table summarizes the conditions of Theorem 1.2 by identifying all combi-

nations of n and m for which the majority rule does not exhibit the Anscombe’s paradox.

No : no Anscombe’s paradox
3 No | No Yes|Yes| Yes

No | No| No | No | Yes
m>51No | No| Yes|Yes| Yes

Yes : Anscombe’s paradox appears

Proof.
Given n > 2 and m > 3, suppose that the majority rule does not exhibit the

Anscombe’s paradox. To prove that (n < 3) or (m = 4 and n < 5), assume the
contrary. Then (n > 4) and (m # 4 or n > 6). There are two possible cases. Either
(n > 4andm # 4) orn > 6. In both cases, a contradiction holds from Proposition 1.1.2.

Conversely suppose that (n < 3) or (m =4 and n < 5). First suppose that n < 3.

Then for all possible vote profile X, [Supp(X)| < 3. By Theorem 1.1 the majority rule
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does not exhibit the Anscombe’s paradox. Now suppose that (m = 4 and n < 5). By

Proposition 1.1.1 the majority rule does not exhibit the Anscombe’s paradox. [ |

1.2 Related voting paradoxes

There is an abundant literature on voting paradoxes. A nice round-up with intuitive
comments is provided by ( ); or ( ) for detailed analysis of
their respective levels of quantitative significance in terms of propagability measurement of
their occurrences; see also ( ) for other technical investigation.
In this section, we only focus on voting paradoxes that deals with voting on several

independent Yes-No proposals as in the case of Anscombe’s paradox.

1.2.1 Ostrogorski paradox

Assume that each proposal is an issue (educational topics, health care program, security
management, ... ) in such a way that the set of all proposals can be seen as a (political)
platform. Also assume that proposals are independent issues in such that each voter only

cares about the total number of issues he or she accepts on a platform.
DEFINITION 1.2.1. Consider a platform M, a vote profile X and a voter i.

i) Voter i (globally) approves of the platform if the number of issues he or she

accepts is greater than the number of issues he or she rejects; that is

> XE>0.

aeM

Voter i (globally) disapproves of the platform otherwise.
i) To adopt the platform, there are two possible approaches:

a) A single vote straightforward (SVS) on the platform at whole:

The platform is collectively adopted if a majority of voters adopt it; that is

Hz’eN : ZXf>o}

aeM

>Tl
2.

The platform is rejected otherwise.

UYI: Ph.D Thesis OUAMBO KAMDEM Monge K. @UYI 2019




1.2. Related voting paradoxes

b) A series of independent votes (SIV), one proposal at a time:
The platform is collectively adopted if a majority of proposals on the platform

are adopted; that is

> MR,(X)>0.
aeM

The platform is rejected otherwise.

While voting on a platform, the two processes (SVS) and (SIV) described above may
yield different outcome under two distincts scenarii referred to as the ( )
below.

DEFINITION 1.2.2. The Ostrogorski paradox occurs at some profile of individual
vectors of votes if:

i) a majority of voters approve of the platform under (SVS) while a majority of

issues are rejected by a majority of voters under (SIV); that is

{z’eN : ZX;’>O}

aeEM

> g and ;MRG(X) <0.

or

i) a majority of voters disapprove of the platform under (SVS) while a majority

of issues are adopted by a majority of voters under (SIV); that is

{ieN : ng<o}

aeEM

> g and ;MRG(X) > 0.

The Ostrogorski’s paradox then refers to voting situations for which the two approaches
(SVS) and (SIV) while voting on a platform with several proposals diverge, the outcome

of each process being supported by a majority of voters.

EXAMPLE 1.2.1. Let N = {1,2,3,4,5}, M = {a',da? a®} and consider the vote profile

that follows:

X | Xo| X35 | Xy | X5 | MR[X]
at | =1 | 41 | +1 | +1 | —1 +1
a? +1 ~1 +1 ~1 ~1 -1
a? +1 +1 —1 —-1 —1 ~1

+1 | +1 | +1 | =1 | -1
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Note that, the last line in this table indicates whether a voter approves of the
platform or not. More precisely, (+1) in the last line of a column means that the
corresponding voter adopts the platform while (—1) stands in case of a disapproba-

tion. For the current vote profile,

e in the (SVS) approach, voters 1, 2 and 3 vote for the adoption of the platform
while voters 4 and 5 vote for its rejection. Thus the platform is adopted in this

approach with a majority of three voters out of five.

e in the (SIV) approach, proposal a' is adopted while proposal a? and a® are both
rejected. Thus a majority of two proposals out of three are rejected on the

platform; meaning that the platform is mow rejected.
Clearly, the Ostrogorski’s paradox occur on this vote profile.

REMARK 1.2.1. Although Ostrogorski’s paradoxr and Anscombe’s paradox are both
unpleasant voting circumstances, they are rather distinct voting realities under the

majority rule for votes over platforms. Indeed :

e in Example 1.1.3, the Anscombe’s paradox holds; but the vote profile does mot

exhibit Ostrogorski’s paradox. In fact,

— under the (SVS) approach, voters 1, 3, 5 and 6 disapprove of the platform
which 1s then rejected;
— under the (SIV) approach, the platform is also rejected since proposals a*

and a® are both rejected.

Therefore the two processes concur to the same social outcome: rejecting the

platform. Clearly this is not an instance of Ostrogorski’s paradox.

e in Example 1.2.1, the vote profile X exhibits the Ostrogorski’s paradox but not

Anscombe’s paradox; since only voter 1 is frustrated on a majority of proposals.

e Nevertheless, there exist some vote profiles on which both Anscombe’s paradox
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and Ostrogorski’s paradox occur; that the case of the following vote profile:

Xy Xo | X3 | Xy | X5 | MR[X]
a' -1 | =1 | +1 | +1 | +1 +1
a? -1 | +1 | =1 | +1 | +1 +1
a’ +1 —1 —1 +1 +1 +1
Accep. ormo | —1 -1 -1 +1 +1
Frust. or no | yes yes yes no no 3/5

In the (SVS) approach, voters 1, 2 and 3 vote for the rejection of the platform

while voters 4 and 5 vote for its adoption. Thus the platform is rejected in this

approach with a majority of three voters out of five. In the (SIV) approach,

all the three proposals a' a? and a® are adopted. Thus the platform is adopted.

Hence the Ostrogorski’s paradox occurs.

Moreover, for this vote profile, a majority of voters (say 1, 2 and 3) are frus-

trated; thus the Anscombe’s paradox holds.

1.2.2 Cyeclical majority decisions

An alternative way for a voting committee to decide on a platform is as follows:

e A default decision or a statu quo, say w = (wy,wy,...

provides a decision w; on each proposal a’;

, W), is considered and

e if no amendment of w is proposed by a majority of voters, then w is the final decision

on the platform. In case an amendment w’ of w is proposed by a majority of voters,

then w’ becomes the new statu quo and the process continues.

In this process, each voter i is endowed with a preference relation >; over possible

collective decisions defined as follows:

DEFINITION 1.2.3. Let X be a vote profile and z,y € {—1,4+1}" be two vectors

of votes. An individual ¢ prefers z to y and we write x =; y if the total number

of proposals on which i is in agreement with x is greater than the total number of

proposals on which 7 is in agreement with y; more formally,

iy if {oe M, X =a"}>{ae M, Xif =y},
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An amendment w’ of a statu quo w by a majority S of voters occurs when each voter
from S prefers w’ to w. This consideration introduces a majority relation >jz; over

possible vectors of decisions on the platform as follows:

DEFINITION 1.2.4. Let X be a vote profile and z,y € {—1,+1}™ be two vectors of
votes. Vector = defeats y if the total number of individuals who prefer x to y 1is

greater than the total number of voters who prefer y to x; that is
Tpaj Yy = [{te€N, vy} >|{ieN, y>; x}.

REMARK 1.2.2. Note that individual preference relations over all possible vectors
of decisions on a platform are acyclic and transitive binary relations. Nevertheless,
as shown in the mext example, the majority relation obtained by aggregating these
acyclic and transitive binary relations may result in a cyclical and imtransitive binary

relation.

ExAMPLE 1.2.2. Consider the following vote profile

X, X | X3 | X4 | X5
at | +1 —1 -1 | 41 | +1
a? —1 +1 ~1 +1 +1
a’ ~1 —1 +1 +1 +1

Possible agreements of individual opinions with the eight possible vector of deci-

ston are presented below with the following disposals:

e Following ( ), new lines are inserted, each associated with a

vector of decisions;

e Given a voter i and a vector of decision d = (d',d?,d*), the cell corresponding
to line d and column X; gives to total number of agreements between X; and d;

that is:
{a? e M, X} =dd}|.
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X1 Xo X3 X, X5 | MR[X]
+1 -1 -1 +1 +1 +1
-1 +1 -1 +1 +1 +1
—1 -1 +1 +1 +1 +1
Vector d of decisions Agreement of X; with d
(+1,+1,+1) 1 1 1 3 3
(+1,+1,—1) 2 2 0 2
(+1,—1,+1) 2 0 2 2 2
(—1,+1,+1) 0 2 2 2 2
(+1,—1,-1) 3 1 1 1 1
(—1,+1,—1) 1 3 1 1 1
(—1,—1,+1) 1 1 3 1 1
(—1,—-1,-1) 2 2 2 0 0

It follows from this table that (+1,4+1,4+1) > (=1, =1, 4+1) e (=1, =1, —1) >praj

(+1,4+1,41). Then the majority relation >y, is acyclic and not transitive.

DEFINITION 1.2.5. Let x € {—1;4+1}" be a vector of votes, the opposite of z is a

vector of vote denote by —z such that :
Vae M, 2 =+1 <— —z°=—1.

( ) provide a bridge between Anscombe’s paradox and the ma-

jority relation.

ProPOSITION 1.2.1 ( ( ).
The Anscombe’s paradox holds at a vote profile X if and only if —MR[X] >4,
MR[X].

PROPOSITION 1.2.2. Assume that each majority decision at a vote profile X 1is
supported by a majority coalition.
If X exhibits Anscombe’s paradox then the majority relation is cyclical at X. The

converse is false.

Proof.
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Consider a vote profile X. Assume that each majority decision at X is supported

by a majority coalition; that is for each a’ € M, the coalition
S;={ieN : X/ = MR(X’)}

contains more than the half of voters. Suppose that X exhibits Anscombe’s paradox.
We prove that the majority relation at X is necessary cyclical. To see this, note that
since Anscombe’s paradox occurs at X, there exists a majority coalition Sy such that
each member of Sy prefers —MR[X] to MR[X]; that is —MR[X] >pqjx) MR[X].
Now, let °Y = —X and for 1 < k < m, denote by *Y the vote profile at which each
voter votes as in X on each proposal a/ with 1 < j < k and votes as in —X on each

proposal @’ with k < j < m; that is, for all i € N,

. X/ if1<j<k,
kyj:

(2
—X;] otherwise.

Note that **1Y and *Y differ only on proposal a*. Since S, is a majority coalition,
MR( *Y* 1) = —MR(X*1) and MR( *1Y*H1) = MR(X*!). Therefore voters in
Skt prefer MR[ Y] to MR[ *Y]; that is MR[ *™Y| = u4jx) MR[ *Y]. Tt then
follows that

]\/[R[ mY] >1\/[aj(X) ]\4R[ mle] >Maj(X) s >Maj(X) ]V[R[ 1Y] >Maj(X) ]\/[R[*X} > Maj(X) ]WR[X].

Since ™Y = X, it follows that the majority relation at X is cyclical.
To see that the converse is false, let M = {a',a?,...,a"}, N ={1,2,3,4,5} and X

the vote profile define as

X: | Xo | X3 | Xu| X5 | MR[X]

a' | +1 -1 -1 +1 +1 +1
a? -1 +1 -1 +1 +1 +1
a’ -1 -1 +1 +1 +1 +1

at | 41 | 41 | +1 | +1 | +1 +1
a® | +1 | +1 | +1 | +1 | +1 +1
a® | 41 | 41 | +1 | +1 | +1 +1
a® | 41 | 41 | +1 | +1 | +1 +1

no no no no no 0/5

It follows from this table that Anscombe’s paradox does not hold at this pro-

file. However it can be easily checked that (4+1,+1,4+1,+1,4+1,+1,4+1) >pjx)
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(=1, =1, 4+1,+1,4+1,+1,4+1)  >mexy (=1,-1,-1,+1 + 1,4+1,+1)  >pajx)
(+1,4+1,41,4+1,+1,+1,+1). Therefore the majority relation > ys,; is cyclical. [ |

1.2.3 Log-rolling

A log-rolling practice occurs when frustrated members in a coalition of voters strategically
exchange their votes to support each other while voting on proposals in such a way that

each member of the coalition is no more frustrated.
To formalize this notion and given a vote profile X, Xg is the collection of vectors of

votes for all members of a coalition S while X_g is the collection of vectors of votes for

all members of N\S; that is
Xs = (Xi)ies and X_g = (Xi)iens-

Moreover, f;(X,Ys) denotes the total number of proposals on which a voter i is frus-

trated when at X, all members of S vote according to Yg while all members of N\S vote

according to X _g.

DEFINITION 1.2.6. Let X be a vote profile. The log-rolling takes place at X if for

some coalition S € 2V and for some vote profile Yy for voters in S, the following

holds
F(X,Ys) < % < fi(X,Xs) VieES.

EXAMPLE 1.2.3. Consider the following vote profile X on which voters in coalition

S =12,3,4,5} are frustrated.

X1 Xs X3 Xy X5 X | MR[X]
at | -1 | 41 | 41 | +1 | =1 | -1 -1
a? +1 +1 -1 +1 —1 +1 +1
@ | =1 | +1 | =1 | +1 | +1 | -1 —1

no yes yes yes yes no 4/6

Now, suppose that coordination and binding agreements are feasible in such a way
that voter 5 shifts her vote on proposal a' (from rejection to adoption), voters 2 and

4 turn their votes on proposal a? to rejection while voter 3 accepts to vote for the
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adoption of proposal a®. Then the new profile is as follows:

X1 Yo | Y5 | Yy | Y5 | X¢ | MRIX]
at | =1 | +1 | +1 | +1 | +1 | +1 +1
a’ +1 | -1 | =1 | =1 | =1 | +1 —1
a’ —1 | +1 | 41 | +1 | +1 | -1 +1

yes no no no no yes

By so doing, members of the coalition S come out better of since none of them is
no more frustrated with respect to the new vector of decisions. Clearly, this is an
occurrence of log-rolling. Also mote that the initial vote profile exhibits Anscombe’s
paradox while after log-rolling no majority of voters disagree with the majority de-

cision on a majority of proposals.

PROPOSITION 1.2.3. Anscombe’s paradox implies log-rolling; but the converse is

false.

Proof.
Let X be a vote profile on which the Anscombe’s paradox holds. We prove that

log-rolling also occurs at X. In fact, since Anscombe’s paradox holds at X, there
exists a coalition S of more than half of the voters each frustrated on X. Let Yy
be a vote profile such that for all i € S, Y; = —MR[X]. Since S is a majority, then
MR[(X_s,Ys)] = —M R[X]. By assumption, the Ancombe’s paradox holds at X. Thus
by proposition 1.2.1, we have Vi € S, —M R[X] »=; M R[X]. Therefore X is vulnerable
to log-rolling.

Conversely, there exists some vote profile at which log-rolling may occur without

Anscombe’s paradox. To see this, consider the following vote profile:

X1 | Xo| Xs| X4 | X5 | Xo| X:| Xs| Xo | MRIX]
at | -1 | +1 | +1 | +1 | =1 | =1 | +1 | =1 | +1 +1
a®> | =1 | =1 | 41 | +1 | +1 | =1 | =1 | +1 | +1 +1
a@ | +1 | 41 | =1 | 41 [ +1 | =1 | =1 | +1 | -1 +1
at | 41 | 41 | +1 | =1 | +1 | +1 | =1 | -1 | -1 +1
a | +1 | +1 | =1 | +1 | =1 | +1 | +1 | =1 | -1 +1

no no no no no yes | yes | yes | yes 4/9

Clearly, this vote profile does not exhibit Anscombe’s paradox. However, voters in

S = {6,7,8,9} now coordinate their votes to vote each against all proposals. The new
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vote profile - say Y - is as follows:

X | Xo| Xp| Xo| X5 | Y| Y| Yi| Yy | MR[(X_g,Y)]
at | =1 | 41 | 41 | 41 | -1 | -1 | =1 | -1 | -1 —1
a®> | =1 | =1 | +1 | +1 | +1 | =1 | =1 | =1 | -1 —1
@ | +#1 | 41 | =1 | 41 | +1 | =1 | =1 | =1 | —1 —1
at | 41 | 41 | 41 | -1 | 41 | -1 | -1 | -1 | -1 —1
@@ | 41 | 41 | -1 | 41 | -1 | =1 | =1 | =1 | =1 —1
yes | yes | yes | yes | yes | no no no no 5/9

Note that each voter i € S prefers the new outcome M R[Y]| with three agreements

with X; to the initial outcome M R[X] with only two agreements with X;. Thus the

vote profile X exhibits log-rolling but not Anscombe’s paradox. [ ]

1.3 Anscombe’s paradox in the literature

Many investigations have been undertaken to explain how to avoid Anscombe’s paradox.
The two main approaches that emerge include the intra-profile-conditions and the domain-
conditions. On the one hand, the domain-conditions advocated by

( ) consists in finding a subset D of the set {—1,+1}" of all possible vectors of votes
such that the Anscombe’s paradox never holds whenever each voter picks up his/her
vector of votes from D. This is in fact a wellknown concern in Social Choice theory; see
also ( ). On the other hand, the intra-profil-conditions consists in
giving necessary or sufficient conditions to identify vote profiles at which the Anscombe’s
paradox never holds; see ( ) and ( ). We present in the next

sections some contributions to these two lines of inquiry.

1.3.1 Single switch preference

The notion of single switch preferences was introduced by ( ) and

appears to be the most famous illustration of domain-conditions on Anscombe’s paradox.

DEFINITION 1.3.1. A preference domain with m proposals is a nonempty subset D

of {—1;+1}™ that consists of all observation vectors of votes.
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The notion of preference domain captures the possibility for voters to share some com-

mun values that have the effect to rule out some vectors of votes that are not compatible

with those values.

DEFINITION 1.3.2. Given a preference domain D, a vector of votes v is admissible

if v € D; and a vote profile X is admissible if each individual vector of votes X; is

admissible; that is

Vie N, X,€D.
To avoid confusion (if any), we also said that the vote profile X is D-admissible.

A preference domain D then has the effect of restricting the set of vote profiles from

({—1;+1}™)" to D™ and Supp(X) C D.
DEFINITION 1.3.3.

1. A vector of votes x = (2%)1<a<m € {—1;+1}™ is single-switch if there exists

a’ € {1,2,...,m} such that
(1<a<ad® < 2°=-1)or (1<a<ad < 2*°=1).

2. A preference domain D is single-switch if each of its vectors of votes is single-

switch.

EXAMPLE 1.3.1. The following vote profile is single-switch.

X1 | Xo | Xz | Xy | X5
a | +1 +1 —~1 +1 —~1
a?| +1 +1 -1 -1 +1
a®| 41 | =1 | +1 | =1 | +1
at| +1 -1 | +1 -1 | +1

The switch is a' for Xi; a® for both X5 and Xj3: a' for both X, and X°.

An interesting issue consists in checking whether a given preference domain discards

all possibilities of observing the Anscombe’s paradox. More formally,

DEFINITION 1.3.4. A preference domain D is Anscombe’s paradox free if for all
n > 3, there is no admissible vote profile X € D™ such that a majority of voters

disagree with the social decision on a majority of proposals.
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The following result holds.

Theorem 3.3 ( ( ))}

All single-switch domains are Anscombe’s paradox free.

DEFINITION 1.3.5. A preference domain D is symmetric if for all vector of votes z

in D, its opposite —x is in D.

PROPOSITION 1.3.1. The domain of all single-switch vectors of votes with m pro-

posals 1s symmetric and its cardinality is 2m.

REMARK 1.3.1. With m issues, we have 2™ possible vectors of votes. However the
maximal cardinality of a single-switch domain is 2m. A single-switch domain then
represents a severe restriction of individual preferences. This is the major critic on

single-switch. domains.

1.3.2 Prevailing majorities and the Anscombe’s («, 5, v)-paradox

A simple way of extending the majority principle amounts to require a proportion of more
than « favorable vote for a proposal to be adopted; one then obtains the a-majority rule

defined below.

DEFINITION 1.3.6. Let a € |1:1].
The a-majority rule is the mapping MR from {—1,1}" to {—1,1} defined by:

+1 if {i : x;=+1} > an,
Ve e {-1,1}", MR*(x) =

—1 otherwise.

The a-majority decision over a vote profile X is the collection denoted by M R* [X] =
(MR*(X®))aem that assigns to each proposal a its majority decision derived from the

collection X of individual votes over a.

Intuitively, according to the a-majority rule, a proposal is adopted if the total number

of individuals voting for its adoption is greater than « of the voters.

DEFINITION 1.3.7. Let X € D" and o, 8,7 € | ;1]
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1. A voter i is («, §)-frustrated on X if the vectors of votes of 7 differ from the

a-majority decision at X on more than a proportion S of the issues. i.e.,

{a €M : X0 4 MRYXYY > fm.

2. The Anscombe’s («, 3,7)-paradox holds at X if more than a proportion v of

the voters are (a, B)-frustrated. i.e.

{i € N : i «,[-frustrated}| > yn.

EXAMPLE 1.3.2. Let a = %, b= % and v = %. Comnsider the following vote profile.

X X5 X3 Xy X5 | MRY[X]
gt o+l | 41 | =1 | 41 | +1 +1
22 -1 | =1 | =1 | +1 | +1 -1
| -1 +1 +1 +1 -1 -1
zt|] -1 +1 +1 —1 +1 -1
2 =1 | +1 | =1 | +1 | +1 —1

no yes yes yes yes 4/5

Voters 2, 3, 4 and 5 constitute a proposition of 0.8 > % of the voters and are each

(%, %)—frustmted on three proposals. Therefore the («, 3, 7)-paradox occurs.

DEFINITION 1.3.8. Given a vote profile X and a proposal a, the a-prevailing coali-
tion is the set of all voters who are in agreement with the a-majority decision
MR X] on a; that is

{ie N : X!=MR*(X")}

We denote by
na(X,0) = [{i e N+ X! = MR*(X)}|

the total number of voters in the a-prevailing coalition on proposal a at X and by
(X,0) = 3 m(¥,a)
77 y () = m T]tl y &
aeEM
the average fraction of voters in a-prevailing coalitions across all proposals.
The following theorem give us a sufficient condition to avoid the (a, f3,y)-paradox.

This intra-profile-conditions type is called the rule of (1 — 7).
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,—[Theorem 3.4 ( (

~—
~—
.
—
J

If X is a vote profile such that n(X,«a) > (1 — 8y)n, then the Anscombe’so
(e, B,7)-paradox does not hold at X.

This result states that when the prevailing coalition, across all proposals, contains on
average (1 — Bv)n voters, the set of voters who are frustrated under the a-majority rule
on more than Sm proposals cannot exceed yn. This result is the generalization of the rule
of Three-Fourth ( ( ) for 3 =~ = 4: the Anscombe’s paradox never holds at
a vote profile whenever the prevailing coalition, across all proposals, contains on average

75% of voters.

1.3.3 Hamming distance and the Anscombe’s y-paradox

( ) consider the simple majority rule (o = 3) and the Anscombe’s
~v-paradox which occurs when the total number of frustrated individuals is greater than
vn. The innovation here comes from a new tool used by the authors: the Hamming
distance between two vectors of votes. The result provided is an intra-profile condition
based on the maximal Hamming distance r between two vectors of votes that precludes the
Anscombe’s y-paradox: this paradox never holds at a vote profile whenever the Hamming

distance between any couple of vectors of votes is less than 7.

DEFINITION 1.3.9. Given v € [%, 1[ and a vote profile X, the Anscombe’s y-paradox

occurs at X 1if the (%, %,7) -paradox occurs at X.

DEFINITION 1.3.10. Let z,y € {—1;+1}™ be two vectors of votes. The Hamming
distance d(zx,y) between x and y is defined by :
dr.y) =5 3 la* — o]
T,Y) = = x* —y°.
Y B Y
aEM

It is wellknown that the Hamming distance is a distance on {—1; +1}™. Intuitively, the
Hamming distance between two vectors of votes x and y is the total number of proposals
on which = and y differ. Therefore, it permits a straightforward reformulation of the

Anscombe’s paradox as stated below:
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PROPOSITION 1.3.2. The Anscombe’s paradox holds at a vote profile X if and only

if

{i + a(xi, MRIX]) > %H > 2.

Hereafter and given a vote profile X, let

TX:max{u, z,jzl,...,n}

m

be the relative maximal Hamming distance between two vectors of votes in X.
( ) show that the values of rx for which the vote profile X does not exhibit
the Anscombe’s paradox depend on v and is denoted by rx (7).

,—[Theorem 3.5 ( ( ))} \

Let v € [%, 1[ and X a vote profile such that

rx(y) < @ &

~

then the Anscombe’s v-paradox never holds at X.

For v = % the Anscombe’s paradox never holds at a vote profile when the maximal
relative Hamming distance between any two vectors of votes is least than 41.4% of the

proposals.

1.4 Our concerns

As presented above, several authors have paid a lot of attention on the study of the
Anscombe’s paradox. Before we continue, it is good to clearly state what are our concerns;

or in other words, what are the questions that guide our contribution in the next chapters.

1.4.1 Are there binary voting rules that preclude Anscombe’s

paradox?

Almost all papers on Anscombe’s paradox focus on the use of majority rules. It is worth
nothing that this paradox relies on two key parameters: the decision rule and the set

of majorities (coalitions endowed with the power to secure the adoption of any proposal
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unanimously supported by all of its members). Our first question is whether using al-
ternative binary voting rules (other than the majority rule) would result in avoiding all
occurrences of the Anscombe’s paradox in the sense that for all possible vote profiles, no
majority coalition exists such that each member disagrees with the collective decision on
more than the half of proposals. Of course, such a framework is a generalization of the
Anscombe’s paradox from majority rules to any other binary voting rule on proposals.
Furthermore, we initiate a second generalization by considering voting contexts in which
the decision rule as well as the notion of majority coalition capture distinct features than
those of the majority rule. This is the case with simple games which generalizes the

majority rule as well as the notion of the majority coalitions.

1.4.2 Is there any non polynomial domain restriction that is

Anscombe’s paradox free?

Any vote profile with single-switch vectors of votes does not exhibit the Anscombe’s
paradox. With m proposals, there are 2™ possible vectors of votes; but only 2m such
vectors of votes are single-switch. Single-switchness is then a polynomial (in size) domain
restriction that is free of the Anscombe’s paradox. This is also the case with the domain
restriction from ( ) based on a threshold of Hamming distance
between two vectors of votes. To the best of our knowledge these are the two most known
prominent domains that preclude all occurrences of Anscombe’s paradox. We aim at
providing domain restrictions that are non polynomial and still immune from exhibiting

the Anscombe’s paradox.

1.4.3 Does the organization of voters in parties impact the pos-

sibility of observing the Anscombe’s paradox?

Conditions by ( ) or by ( ) identify some sets of vote
profiles that do not exhibit Anscombe’s paradox. These intra-profile conditions describe
some relationship between vectors of votes in the same profile with no information on how
such relationship may arise. We assume that voters are members of political parties and
thus share some common values within parties. In this configuration we aim at providing

the necessary and sufficient condition to avoid the Anscome’s paradox by following the
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logical of the parties.
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CHAPTER 2

ANSCOMBE’S PARADOX : GENERALIZATIONS TO
BINARY VOTING RULES

Depending on the nature of the proposals, there are several alternatives to the majority
rule. For example, constitutional issues generally require a qualified majority. Moreover,
individual votes may be weighted from some exogenous considerations such as the voting
right shares of a representative, the total numbers of shares of a shareholder, ...In this
chapter, the Anscombe’s paradox is generalized in two different ways: (i) the rule changes
but a majority is any coalition with more than the half of the voters (see section 2.1) ;
and (ii) the rule changes and a majority refers to a coalition endowed with a power of
imposing the adoption of any proposal unanimously supported by all of its members (see

section 2.2).

2.1 Anscombe’s paradox and binary voting rules

Under the majority rule, the Anscombe’s paradox holds when more than the half of the
voters are each frustrated on more than the half of the proposals. We now consider a
generic binary voting rule and check whether it is still possible to find vote profiles at
which more than the half of the voters are each frustrated on more than the half of the

proposals.
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2.1.1 Anscombe’s paradox with standard majorities

We recall that a binary voting rule is a mapping R : {—1; +1}" — {—1; +1} that associates
each possible vector of votes on a proposal with a social decision such that given a proposal

a and a vector of votes X on a, R(X®) = +1 if proposal a is collectively adopted and

R(X*) = —1 otherwise.

DEFINITION 2.1.1. Given a binary voting rule, a standard majority is any coalition

of more than the half of the voters.

Frustration for a voter under a binary voting rule also refers to the possibility for that

voter to disagree with the collective decision. More formally,

DEFINITION 2.1.2. Consider a binary voting rule R, a vote profile X, a voter ¢ and

a proposal a.

1. Voter i is R-frustrated on proposal a if he/she disagrees with the collective

decision on that proposal; that s
X # R(XY).

2. Voter i is R-frustrated at X if he/she disagrees with the collective decision on

more than the half of the proposals; that is

{a € M : i R-frustrated on a}| > %

DEFINITION 2.1.3. Given a number n of voters and a vector of votes v € {—1,+1}".
When n is even, a tie occurs at v if half of the voters vote for the adoption while

the other half vote against. In this case, we say that v is polarized.

Now, we can state our first generalization of the Anscombe’s paradox to any binary

voting rule.

DEFINITION 2.1.4. Giving a binary voting rule R, a vote profile X exhibits the
R-Anscombe’s paradox if all members of a standard majority are each R-frustrated

on more than the half of the proposals; that is
{i € N : i R-frustrated}| > g

The binary voting rule R exhibits the Anscombe’s paradox if some vote profile exhibits

the R-Anscombe’s paradox.
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EXAMPLE 2.1.1. Define the binary voting rule R by requiring favorable votes of both

voter 1 and 2 to be mecessary and sufficient for the adoption of a proposal; that is

+1if X = X5 =+1
Yae M, R(X?) =

—1  otherwise

Let X be the following vote profile:

Xy Xo X3 X4 X5 | RIX]
at | -1 +1 +1 +1 -1 | -1
a? +1 +1 —1 —1 -1 | +1
a? —1 ~1 +1 —1 +1 | -1

It appears that voters 3, 4 and 5 are R-frustrated at X. Therefore X exhibits the

R-Anscombe’s paradox.

In the precedent example, it is not surprising that voters 3, 4 and 5 are R-frustrated
at the vote profile X provided. Clearly, these three voters are null voters (their opinions
never count for a decision) under the binary voting rule R; that is their opinions never

count.

2.1.2 Vulnerability to the standard Anscombe’s paradox

In Chapter 1, it has been shown that for some combinations of n and m, the majority
rule is immune to Anscombe’s paradox. That is the case when there are at most three
voters; or there are exactly four proposals and less than six voters. We are now interested
whether it is possible to construct alternative binary voting rules that are not vulnerable
to the Anscombe’s paradox. To do this, we classify binary voting rules into two classes. In
the first class, we consider all binary voting rules that are minority sensitive in the sense
that, at some vectors of votes, a standard majority disagrees with the collective decision;
such a decision is then the opinion of a standard minority coalition (a coalition of less
than the half of the voters). In the second class, we consider all binary voting rules that

never support the opinion of a standard minority coalition.

DEFINITION 2.1.5. A binary voting rule R is minority sensitive if for some vectors
of votes z € {—1;+1}™, the collective decision R(z) is supported only by a minority

coalttion; that 1s
n

{ie N, x;=R(x)} < 5
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Clearly the majority rule is not minority sensitive.

REMARK 2.1.1. By definition, a binary voting rule R 1s minority sensitive if for
some vectors of votes x € {—1;4+1}", all members of a standard majority disagree

with the collective decision; that is
{ieN, o #R@)} >3

PROPOSITION 2.1.1. Any binary voting rule that is minority sensitive is vulnerable

to the Anscombe’s paradox.

Proof.
Let R be a binary voting rule that is minority sensitive. Then there exists a

vector of votes x such that all members of a standard majority coalition S disagree
with the collective decision R(x). Consider a vote profile X such that for each proposal

a, X* = x. Clearly all voters in S are each frustrated on all proposals. Therefore X

exhibits the R-Anscombe’s paradox. [ |

REMARK 2.1.2. Let R be a binary voting rule that is mot minority sensitive. Note
that for all vector of votes z € {—1;+1}™ and for all a € {—1;+1},

1{i € N, z; = a}| >§¢R(@:MR($) ~ a. (2.1)

It follows that R = M R when n is odd.

PROPOSITION 2.1.2. Let R be a binary voting rule that is not minority sensitive. If
n 1s odd then R = MR and R exhibits the Anscombe’s paradox if and only if n > 7
or (m # 4 and n > 5).

Proof.

1 See Remark 2.1.2 and Theorem 1.2 of Chapter 1. [ ]
As seen above, a binary voting rule that is not minority sensitive coincides with the

majority rule when the total number of voters n is odd. But for even value of n, R may

be differ from the majority rule on some vectors of votes where a tie holds between —1

and +1.
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PROPOSITION 2.1.3. Let R be a binary voting rule that is not minority sensitive
and n is even. If n > 10 and (m =3 or m > 5) or n > 12 and m = 4 then R erhibits

the Anscombe’s paradox.

Proof.
Let R:{—1;4+1}" — {—1;+1} be binary voting rule that is not minority sensitive.

Suppose that n is even and consider the following cases:

Case 1: n > 12 and m = 4. Pose n = 2k and consider the vector of votes z €
{=1,41}" such that a tie occur at . Without loss of generality, suppose that z; =
Ty =---=1xp # R(x) =0 € {—1,+1}. Consider the following vote profile where the

first k£ 4+ 1 voters are each in disagreement with R(X) on at least three proposals.

X: Xo X3 X4 X5 Xo Xi o0 Xp oo o X, | RIX]
zla'| -5 =6 —6 —6 —§ —6 -0 -5 6 6 5| 6
a?| § 6 -0 —§ -6 -6 —6 5 =6 0 5| 6
@l—§ =65 & 6§ -6 -6 —6 5 =6 6 5| 6
at|—§ =6 =0 =8 6 & —6 -+ —0 —§ 0 5| 6

Case 2: n > 10. Then there exist two integers p and r such that n = 4p 4+ r
with » = 0,2 and p > 2 (with » = 2 if p = 2). Consider a vote profile X obtained
from a partition of N into four subsets Ni, Ny, N3 and Ny such that |N;| = p, |No| =

1 itr=0
p—20, |[Ns| =p—0 and |Ny| = p+2 with § =

0 ifr=2.
Since m = 3 or m > 5, there exist two integers ¢ and ¢ such that m = 3¢ + ¢ with

g>1,t€{0,1,2} and (¢ # 1 or t # 1). We define the vote profile X as another one
of the proof of the Proposition 1.1.2.

Xy, Xn, Xn, Xn, | RIX]
al | -1 41 41 1| -1

a? +1 -1 4+1 =1 -1

a3 +1 41 -1 -1 -1

aF 2 -1 4+1 +1 =1 —1
a4+ -1 41 -1 | -1
a* | +1 41 -1 -1 -1
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Pose S = N1 U Ny U N3. We have |S| = 3p — 20 > 5. Hence S is a majority coalition
and we show as proof of the Proposition 1.1.2 that each voter of S disagrees with R[X]

on a majority of proposals. Therefore R is weakly vulnerable to Anscombe’s paradox

in X. [ ]

For all x € {—1;+1}", we denote by F(R,z) = {i € N, z; # R(x)} the set of voters

who disagree with the outcome R(z).

PROPOSITION 2.1.4. Let R be a binary voting rule that 1s mot minority sensitive.
Assume that there are six or eight voters and m =3 or m > 5. Then R exhibits the

Anscombe’s paradox.

Proof.
Consider the vector of votes x € {—1;+1}" such that a tie occur at z. That is

|F(R,z)| = 3.

Pose E(z) = {y € {-1;+1}" : |F(R,y)| = 2 and |F(R,z) N F(R,y)| =2 — 1}.
Without loss of generality, suppose that F(R,z) = {1,2,3} if n = 6 or F(R,z) =
(1,2,3,4)} if n = 8.

Pose R(z) =6 € {—1;+1}. There are two possibles cases:

Cases 1: E(x) # (). Let y € E(x) and pose R(y) = v € {—1;+1}. Without loss of
generality, suppose that F(R,z) N F(R,y) = {1,2} if n = 6 or F(R,z) N F(R,y) =
{1,2,3} if n = 8. Since m > 3, there exist two integers p and ¢ such that m = 3p +t¢
with p > 1, t € {0,1,2} and (p # 1 or t # 1). Consider the following vote profile X

X; Xo X; Xu Xs X | R[X]
2| at | =5 -6 =5 5§ & 5|

y, & |\ = = 7 = 9 7| 7
2zl a® | 8§ & =85 =6 & 6 )
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2.1. Anscombe’s paradox and binary voting rules

X; Xo X5 X4 X5 Xo Xo Xs|R[X]
2| at |- -6 =6 -5 § § 5§ & | &

Pose S = {1,2,3,4} if n = 6 or S = {1,2,3,4,5} if n = 8 and remark that each
voter in S disagrees with R[X] on exactly two proposals given the three consecutive
vectors x,y and z. By following the same reasoning of the Claim of Proposition 1.1.2,

we show that R weakly exhibits the Anscombe’s paradox in X.

Cases 2: E(z) = 0. Consider the vectors u = (—0,—6,0,—9,6,0), v =
(0,—0,0,8,—6,—0), w = (=9,—d,—6,0,—0,0,9,0) and h = (6,0,—0,9,d, =5, —0,—0)
note that if R(u) = 4, then F(R,z) N F(R,u) = {1,2} hence u € E(z), which is im-
possible then R(u) = —4§. At same R(v) = 0, R(w) = —§ and R(h) = 6. We have the
following vote profile X

X: Xo X3 X4 X5 Xg|R[X]
| ot | =6 -5 =5 5§ & & | &
wl a® | =6 =5 § -6 & & | -0
vl @ |6 =6 § & —0 —§| 6

xla®* 2| -6 =6 =5 § & 6 )
wlad 1| -6 =§ § -6 & 6 -0
vl| a* 6 —6 o6 & =06 =9 0

UYI: Ph.D Thesis OUAMBO KAMDEM Monge K. @UYI 2019




2.1. Anscombe’s paradox and binary voting rules

X; Xo X3 X4 X5 X¢ X: Xs|R[X]
x| a |=§ =6 —=§ =6 & & & 6| 6
w| a® |=6 =5 =6 § -5 § & 6§ | =6
h|l & |6 6 =6 6 & -6 —6 —6| &

r|a* 2% -6 -6 =6 =6 & & 4§ O )
wla* |- -6 5§ § -6 & & & | -0
hia*® | 6 6 =5 & & -0 =5 —6| ¢

Each voter of S ={2,3,5,6} if n =6 or S = {3,4,6,7,8} if n = 8 disagrees with
R[X] on more than % proposals. Then R weakly exhibits the Anscombe’s paradox in

X. |

PROPOSITION 2.1.5. Let R be a binary voting rule that is mot minority sensitive.
Assume that there are exactly four voters and m = 3 or m > 5. The following

conditions are equivalent

Ay) R exhibits the Anscombe’s paradox.

Ay) There exists a voter i € N, such that for all pairs of voters {j;k} C N\{i} there
exists a vector z € {—1;+1}* such that F(R,z) = {j;k}.

Proof.
Suppose that N = {1,2,3,4} and there exist two integers p and ¢ such that

m=3p+t
with
p>1,t€{0,1,2} and (p#1ort #1).

<) Suppose that there exists a voter - say 1 - such that for all {i;j} C N\{1},
F(R,z) = {i;j} for some z € {—1;+1}%.

Hence there exist three vectors z,y and z in {—1; +1}* such that

Ty =237 R(x) =0; yo=ya # R(y) =7; z3 =2 # R(z) =¢.

Consider a vote profile X such that given three consecutive proposals a***!, a*+2 and

=y and X“

3k+1

3k+2
a*+3 we have X =z, X

%% — 4. Then voter 2 is frustrated on
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2.1. Anscombe’s paradox and binary voting rules

a®*1 and a®*2; voter 3 is frustrated on ¢***! and a®*3; voter 4 is frustrated on a3#+2
and a®**3. Then the Anscombe’s paradox holds.
Then the vote profile X is defined as follows.
X’il Xig Xi?, X’i4 R[X]

at | 8§ -6 =6 46 | 9§
a v = v | 7

a 9 £ —& —& S

=) Conversely, suppose that for all i € N, there exists a pair {j; k} C N\{i} such that
F(R,x) # {j;k} for all z € {—1;+1}* i.e. ; # z or R(z) = x; for all x € {—1;+1}
Suppose that R exhibits the Anscombe’s paradox. Then there exist a vote profile X
and a coalition S such that: |S| = 3 and each voter in S is frustrated on a majority of

proposals. For i ¢ S, there exist two voters - say j and k - in N\{i} such that
Vo € {—1;+1}*, z; # x4 or R(z) = ;.

Hence for all a € M, X§ = X! = R(X?) or X§ # X}. Let Fj respectively Fj, be
the set of all proposals on which voter j respectively k is frustrated. It follows that

F; N F), = 0 and since j,k € S,

m m
5]+ 1Bk > 5 + o =m
contradiction. Therefore R does not exhibit the Anscombe’s paradox. [ ]

Proposition 2.1.5 characterizes all binary voting rules that exhibit the Anscombe’s
paradox with four voters and m proposals with m = 3 or m > 5. The next proposition
provides a relative simple condition that identifies all binary voting rules free of this

paradox under the same settings on the number of voters and the number of proposals.

PROPOSITION 2.1.6. Let R be a binary voting rule that is mot minority sensitive.
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2.1. Anscombe’s paradox and binary voting rules

Assume that there are exactly four voters and m = 3 or m > 5. The following

conditions are equivalent

1. For all voter ¢ € N, there exists a pair of voters {j,k} C N\{i}, such that for
all z € {—1;4+1}*

r; =z, = R(z) = x;.
2. There exists a coalition S such that |S| =3 and for all z € {—1;+1}4,

Rz)=0 < [{i €S, z;=0}]>2.

Proof.
<) Suppose that there exists a coalition S such that |S| = 3 and for all x €

{—1;+1}, R(z) =6 < |{i €8S, z; =d}| > 2. Pose N\S = {I}.

Let ¢ € N and pose {j,k} = N\{i,l}. We have j,k € S. By definition of R,
Vo € {—1;+1}*, if x; = 2 then R(z) = ;.
=) Suppose that for all voter i € N, there exists a pair of voters {j,k} C N\{i}, such
that for all x € {—1; +1}!, z; = 7, = R(x) = z;.

Pose N = {iy,19,13,14}.

For all iy € N, t=1,2,3,4 we can denote by S; the set of two voters which satisfies
the hypothesis. It suffice to prove that there exists a player ig € N such that for all
t=1,2,3,4, iy ¢ S;. Note that

Vt,t/ < {1, 2, 374}, St N St/ 7é @, (22)

otherwise S; N Sy = @ and there exists a vector z € {—1,+1}* such that R(x) = —1
and R(x) = +1.

Now, Sy C {i2,i3,is}. Then Sy € {{is,i5}; {i2,ia}; {i5,94}}. Without loss of the
generality suppose that S; = {is,i3} hence N\S, = {i1,i4} # S; for t # 1 by Equa-
tion (2.2). Hence Sy € {{i1,i3}; {is,i4}}.
o If Sy = {iy,i3} then S3 # N\Sy = {is, 44} and S35 # {i1,i4}. Hence S3 = {iy,i2} and
Sy € {S1, 55, S3}. Therefore ig =iy and S = {iy, 2,13}
o If Sy = {i3,i4} then S3 # N\Sy = {i1,i2} and S5 # {i1,i4}. Hence S5 = {is,i4} and
Sy € {51, 52,53}. Therefore ig =iy and S = {is, i3,14}

We can conclude that Vo € {—1;4+1}*, z;, # R(x) and S = N\ {4} u
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2.1. Anscombe’s paradox and binary voting rules

Proposition 2.1.6 tells us that avoiding the Anscombe’s paradox with four voters and

m proposals with m = 3 or m > 5 makes one of the four voters a null voter.

PROPOSITION 2.1.7. Let R be a binary voting rule that 1s mot minority sensitive.
Assume that there are exactly six voters and four proposals. The following conditions

are equivalent:
Ay) R does not exhibit the Anscombe’s paradox.

Ay) For all pairs {i;7} C N, there exists {k,[,t} C N\{i,j} such that for all z €
{—1;+1}% and for all § € {—1,+1}, R(x) = § whenever x;, = x; = z; = 4.

Proof.
Let N =1{1,2,3,4,5,6} and M = {a', a?, a®, a*}

=) Suppose that (As) is false. Then there exists a pair of voters {7, j} C N, such that
for all {k,l,t} C N\{i,j}, there exists a vector x € {—1;+1}% such that F(R,z) =
{k,1,t}.

Pose i =iy, j = iy and N\{i,j} = {i3,4,15,%6}. Then

{k7l7t} C {i37i47i57i6} = N\{ilyiQ}u

there exists a vector x € {—1;+1}% such that F(R,z) = {k,l,t}. By applying this
when {k, [, t} is {i3, 14,15}, {i3, 4,96}, {i3, 15, 16} Or {i4, 5,16} respectively, one can define

a vote profile X as follows:

i6 R[X]
)

IS
.
>
==
|
>
|
=
|
o
=

IS)
2
2

|
2

|
2
2

|
2
2

where

d,a,v,e € {—1,+1}.

It appears that such a vote profile X exhibits the Anscombe’s paradox since voters

i3,14,15 and ig are frustrated on a majority proposals. Therefore (A;) does not hold,;

meaning that (A;) implies (Asg).
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2.1. Anscombe’s paradox and binary voting rules

<) Suppose that As holds. We prove that R does not exhibits the Anscombe’s paradox.
On the contrary, suppose that R exhibits the Anscombe’s paradox. Then there exist a
vote profile X and a coalition S such that |S| > 4 with each voter in S being frustrated
on a majority of proposals; this implies that each member of S is frustrated on at least
three proposals. Since R is not minority sensitive, then for each of the four proposals,
there exists a unique voter in S who is not frustrated on that proposal (since each voter
in S disagrees with the collective decision on at least three proposals).

Denote by i; the voter in S who is not frustrated on proposal a', t = 1,2,3,4 and
pose N = {iy,is,1i3,14,15,16}. By construction, note that i; is necessary frustrated on
proposals a?, a® and a*; iy is frustrated on proposals a',a® and a*; i3 is frustrated on
proposals a', a? and a*; and i, is frustrated on proposals a', a? and a®. Since 45,43 and
iy are all frustrated on proposal a', then is and ig are not frustrated on a'. Similarly,
i5 and ig are not frustrated on the proposals a?, a® and a*. Then the vote profile X is

as follows:

X, X, X Xi Xi. X |R[X]
5 —=§ =6 &6 6| ¢

S
-
>,

a = v - = 7 7| 7

a —& —£ 9 —& 9 £ 9

a - —a —Q (0% (07 « «

It appears that i5 and is are such that for all {k,l,t} C N\{i5,is} there exists a vector
r € {—1;+1}%, such that x;, = ; = 2y = w and R(x) # w for some w € {—1,+1}. A

contradiction arises. Therefore R does not exhibit the Anscombe’s paradox. [ ]

Proposition 2.1.7 is somewhat technical as is was the case with Proposition 2.1.5. As
in Proposition 2.1.6, we deduce some simple binary voting rules by nullifying the opinion

of a voter as in the following corollary.

COROLLARY 2.1.1. Consider a binary voting rule R with exactly six voters and four
proposals that is not minority sensitive. If there exists a coalition S such that |S| =5

and for all z € {—1;+1}° and for all 6 € {—1,+1},
R(z)=0 < |[{i€ S, z;=4d}|>3.

then R does mot exhibits the Anscombe’s paradox.
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2.1. Anscombe’s paradox and binary voting rules

Proof.
Suppose that there exists a coalition S such that |S| = 5 and for all z € {—1;+1}°

and for all 0 € {—1,+1}, R(z) =6 < [{i €S, z; =0}| > 3.
We have, for all {7, j} C N, there exists {k,{,t} C SN(N\{i,7}) such that for all z €
{—1;+1}%and for all § € {—1,+1}, 2 = 2, = 7, = 0 imply that R(z) = ¢ by definition

of R. Therefore R does not exhibits the Anscombe’s paradox by proposition 2.1.7. H

The precedent corollary just provides a class of binary voting rules that are free of
the Anscombe’s paradox with exactly six voters and four proposals. But this class is
not exhaustive since Proposition 2.1.7 covers more voting rules. To see this, consider the

following example:

EXAMPLE 2.1.2. To construct a binary voting rule that is free of Anscombe’s para-
dox, we follow Proposition 2.1.7. We first associate each pair {i,j} C N with a
triplet
{k,l,t} € N\{i,j} as shown in the Table 2.1 below.

Let

P={{4,5,6},{1,3,5},{2,3,6},{1,2,4},{3,4,5},{1,3,4},{1,5,6}}

and define the binary voting rule R by:

(

MR(z) f {teN : xp=—-1}|#|{te N : x,=+1}|

R(z) =146 if{teN : z,=—1}=3and {te N : 2, =6} € P

+1 otherwise.
\

It follows from Table 2.1 that R satisfies condition (Az) of Proposition 2.1.7. There-
fore R does mot exhibit the Anscombe’s paradox.

To prove that the binary voting rule R we just construct is out of the scope
of Corollary 2.1.1, we identify for all coalition S such that |S| = 5 and for some
§ € {—1,+1}, a vector of votes z € {—1,+1}° such that R(z) =4 and [{t € S : z; =
0} < 3; such a vector is provided in Table 2.2 below.

Clearly, R does not exhibit the Anscombe’s paradox and does mot satisfy the

condition of Corollary 2.1.1 which is then sufficient but not necessary.

One can easily check that there is no null voter under the binary voting rule provided

in Example 2.1.2 with six voters and four proposals. This contrasts with the case of four
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2.1. Anscombe’s paradox and binary voting rules

Table 2.1:

{e.5} [ {k L1}
{1,2} | {4,5,6}
{1,3} | {4,5,6}
{2,3} | {4,5,6}
{4,5} | {2,3,6}
{1,4} | {2,3,6}
{1,5} | {2,3,6}
{4,6} | {1,3,5}
{2,4} | {1,3,5}
{2,6} | {1,3,5}
(5,6} | {1,2,4}
(3,5} | {1,2,4}
(3,6} | {1,2,4}
{1,6} | {3.4,5}
(2,5} | {1,3,4}
(3,4} | {1,5,6}

voters and m = 3 or m > 5 where avoiding Anscombe’s paradox requires the nullification
of the opinion of a voter. Moreover, Proposition 2.1.7 also tells us that it is still possible to
avoid Anscombe’s paradox by an appropriate tie-breaking rule; this is a positive result as
compared to Theorem 1.2 in Chapter 1 where the majority rule exhibits the Anscombe’s

paradox with six voters and four proposals (due to a specified tie-breaking rule).

PROPOSITION 2.1.8. Let R be a binary voting rule that is mot minority sensitive.
Assume that there are exactly four voters and four proposals. Then R does mot

exhibit the Anscombe’s paradox.

Proof.
Suppose that m = n = 4 and that R exhibits the Anscombe’s paradox. Then

there exist a vote profile X and a coalition S such that |S| > 3 and each voter in S

is frustrated on a majority of proposals. Since R is not minority sensitive and S is

a majority coalition, it follows that for each proposal, there exists a voter in S who
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2.1. Anscombe’s paradox and binary voting rules

Table 2.2:

S Vector © = (21, 29, 23,24, T5,76) | R(x) | [{t €S : x, = R(x)}|
{1,2,3,4,5} (+1,-1,—1,+1,+1,-1) -1 2
{1,2,3,4,6} (=1, —1,+1,+1,+1,—-1) +1 2
{1,2,3,5,6} (=1, —1,41,+1,+1,-1) +1 2
{1,2,4,5,6} (—=1,—1,41,+1,+1,-1) +1 2
{1,3,4,5,6} (+1,-1,—1,+41,+1,-1) -1 2
{2,3,4,5,6} (=1, +1,—1,+1,—1,+1) —1 2

is not frustrated on that proposal. Denote by #; the voter in S who is not frustrated
on proposal a, t = 1,2,3. Moreover each voter in S is frustrated on at least three
proposals out of four. Therefore i, is and i3 are distinct voters. Thus S C {iy, 2, 3}.

For the fourth proposal a*, there exists a voter iy, € S, 1 < s < 3 who is not

frustrated on a* otherwise the collective decision on a*

would be the opinion of a
minority. Therefore voter i is not frustrated on a®; nor on a*. This is a contradiction

since by assumption, i, is frustrated on at least three proposals out of four.

This proves that R does not exhibit the Anscombe’s paradox. [ |

Denote by D(R) the set of all coalitions S such that S = F(R,v) for some polarized

vector of votes v; that is D(R) = {S : S = F(R,v) for some polarized vector of votes v €
[—L 411,

REMARK 2.1.3. Given a binary voting rule R with n voters. It follows from the
definition of D(R) that D(R) = () when n is odd. Furthermore, when n is even, it
holds that for all coalitions S of cardinality 3, S € D(R) or N\S € D(R).

PROPOSITION 2.1.9. Let R be a binary voting rule that is not minority sensitive.
Assume that there are exactly eight voters and four proposals. Then R is weakly

vulnerable to Anscombe’s paradox.

Proof. Consider a binary voting rule R that is not minority sensitive. Assume that there

are exactly eight voters and four proposals. The proof consists of two steps.

Step 1: Suppose that there exists some {41, i, 3, 74,75} C N such that

For some {i17i27i37i47i5} C N7 {7:177:271372.4}7 {i17i27i37i5}7 {7;172.272'477;5} € D(R> (23>
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2.1. Anscombe’s paradox and binary voting rules

Then there exists three polarized vectors of votes v, v/, v” € {—1,+1}® such that F(R,v) =
{il, iz, ig,i4}, F(R, U/) = {il, ig,ig,’ig}} and F(R, U”) = {il,’ig, i4, Z5} Pose R(’U) = 5,
R(v) = ¢" and R(v) = 0”. Consider the following profile:

X, RIX]
al| =6 6 —§ =6 & & & 6| 3§
Tl I (R R T A A A A
TR [ L (A (N N (N A A L
at| & 8 -5 =6 =6 & & 6| 8

X, X Xi, X

Note that R <X “4) = J since R is not minority sensitive. In profile X, each member of
S = {iy, 149,13, 14, 15} disagrees with R[X] on three proposals out of four. Therefore R is

weakly vulnerable to Anscombe’s paradox.

Step 2: We prove that equation (2.3) necessary holds for some {iq, s, 13,144,175} C N. To
see this, suppose on the contrary that equation (2.3) holds for no {iy,is,13,44,i5} C N;
that is

For all {7;17 Z.27 /i37 Z'47 Z5} C N7 {ila 7:27 7:37 7:4}7 {7:17 /i27 i37 25} € D(R) - {7;17 iQa Z'47 Z5} ¢ D<R>
(2.4)
We start by proving that equation (2.4) necessarily implies the following:

For all {il,ig,i3,i4,i5} C N, {il,iz,ig,i4} € D(R) - {il,ig,ig,i5} ¢ D(R) (25)

Indeed, suppose on the contrary that there exist five voters iy, 1o, 13,%4,75 € N such
that Sy = {i1,42,13,44} and Sy = {i1,142,143,75}. Pose N\(S; U Sy) = {ig,i7,is}. Since
{i1,49,13,94} € D(R) and {i1,12,13,15} € D(R), it follows by equation (2.4) that {is, i3, 44,5} ¢
D(R), {i1,13,14,15} ¢ D(R), {i1,12,14,i5} ¢ D(R). Therefore, it follows by Remark 2.1.3
that Sy = {i1,is,i7,is} € D(R), Sy = {in,ig,i7,is} € D(R) and S5 = {is, ig, ir,is} €
D(R). By iterating the use of both equation (2.4) and Remark 2.1.3, we prove that this

necessarily leads to a contradiction in five stages as follows:

s1) S3,84 € D(R) = T\ = {i,i9, 07,48}, 1o = {i1, 2,06, 08}, T3 = {i1,12,%,07} ¢
D(R) = S¢ = {13, 14,15,%6}, 57 = {i3, 14, 15,17}, Ss = {i3,14,15,18} € D(R).
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s2) 3,85 € D(R) = Ty = {iy,i3,07,08}, Ts = {i1,i3,06,08}, Ts = {i1,73,%6, 07} ¢
D<R) = 59 = {2‘27i47i57i6}7 510 = {i27i47i57i7}7 Sll = {i27i47i57i8} € D<R)

s3) 1,55 € D(R) = T7 = {is,i3,07,18}, Ty = {ia,13,96,18}, To = {i2, 43,76, 97} ¢
D(R) = Sl? = {i17i4ai57i6}7513 = {7;172‘472'572.7}7 514 = {ilai47i57i8} € D(R)

s4) Ss, 814 € D(R) = Tio = {i1,43,15,98}, T11 = {i1,3,04,98}, T2 = {i1,43,%1,05} ¢
D(R) = S5 = {2, 14, 86,97}, S16 = {i2, 15, %6, i7}, S17 = {i2, s, I7, i} € D(R).

S5> Sg,Sl() S D(R) = T13 = {i27i57i67i7} ¢ D(R)

Note that T3 = Sis, Tis ¢ D(R) at Stage (s4) and Sig6 € D(R) at Stage (s5). A
contradiction holds. Therefore, equation (2.5) holds for all {iy, s, 13,44,75} C N.

To conclude, note that by Remark 2.1.3, {1,2,3,4} € D(R) or {5,6,7,8} € D(R).
Without lost of generality, suppose that {1,2,3,4} € D(R). By equation (2.5), {1,2,3,5} ¢
D(R) and {1,2,3,8} ¢ D(R). Therefore by Remark 2.1.3, it necessarily holds that
{4,6,7,8} € D(R) and {4,5,6,7} € D(R). This stands in contradiction with (2.5).

We just prove that equation (2.4) is false; that is, equation (2.3) necessarily holds. H

PROPOSITION 2.1.10. Let R be a binary voting rule that is not minority sensitive.
Assume that there are exactly ten voters and four proposals. Then R is weakly

vulnerable to Anscombe’s paradox.

Proof. Consider a binary voting rule R that is not minority sensitive. Assume that there

are exactly ten voters and four proposals. The proof consists of two steps.

Step 1: Suppose that there exists some {iy, i, 3,14, 5,96} C N such that
{ila i27 7:37 i47 i5}7 {ila i27 7:37 7:47 16} S D(R) (26>

Then there exists two polarized vectors of votes v, v € {—1,+1}'" such that F(R,v) =
{i1,49,13,14,15} and F(R,v") = {iy,ds,13,14,76}. Pose R(v) = ¢ and R(v) = ¢’. Consider
the following profile:

Xi,
atl -6 -6 -6 -6 -6 6 & & O J J
at| =0 =8 =8 o & =& & & & & o
adl -6 =6 & & -6 =6 & & 4 o o
atl'd 6§ -6 -6 -6 =6 & & 6 4] o
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2.1. Anscombe’s paradox and binary voting rules

Note that R (X “3> =R (X a4> = ¢ since R is not minority sensitive. In profile X,
each member of S = {iy, iy, 13,14, 15,76} disagrees with R[X] on three proposals out of

four. Therefore R is weakly vulnerable to Anscombe’s paradox.

Step 2: We prove that equation (2.6) necessary holds for some {iy, is, i3, i4, i5,96} C N. To
see this, suppose on the contrary that equation (2.6) holds for no {1, 19, i3, 4, 5,56} C N;

that is for all {il,ig,ig,i4,’i5,i6} C N,
{7:171.271372'47@.5} € D(R> = {i17i27i47i47i6} ¢ D(R) (27)

Recall that by Remark 2.1.3, {1,2,3,4,5} € D(R) or {6,7,8,9,10} € D(R). Without
lost of generality, suppose that {1,2,3,4,5} € D(R). It follows by equation (2.7) that
{1,2,3,4,6} ¢ D(R) and {1,2,3,4,7} ¢ D(R). Therefore, Remark 2.1.3 implies that
{5,7,8,9,10} € D(R) and {5,6,8,9,10} € D(R). This holds in contradiction to equation
(2.7). u

2.1.3 Avoiding the standard Anscombe’s paradox: A summary

In the previous section, we answer the question: given n voters and m proposals, is it
possible to construct binary voting rules that are free of Anscombe’s paradox? Binary
voting rules that are minority sensitive have been discarded; see Proposition 2.1.1. For
binary voting rules that are not minority sensitive, several cases have been examined and
the following table 2.3 summarizes what is the answer for each possible combination of n

and m with the following legend:

No: all binary voting rules that are not minority sensitive do not exhibit Anscombe’s

paradox;

Neutral: some binary voting rule that is not minority sensitive exhibits Anscombe’s

paradox;

Yes: all binary voting rules that are not minority sensitive exhibit Anscombe’s paradox.
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2.2. Anscombe’s paradox and simple games

Table 2.3: Avoiding the weak Anscombe’s paradox: a summary

n
2 3 4 5 6 n>"7
m
3 Yes Yes Yes
4 Yes
m>5 Yes Yes Yes

2.2 Anscombe’s paradox and simple games

Under the majority rule, each majority coalition is endowed with the power to impose
an opinion which is unanimously shared by its members. But this is not the case for
some other binary voting rules. For example, consider a dictatorial voting rule at which
a voter, say i, dictates his/her opinion on all proposals. Then such a rule is minority
sensitive and then exhibits the standard Anscombe’s paradox. But it is obvious that
voter ¢ who holds the entire power of decision is never frustrated; only powerless voters
can be frustrated: it is not surprising that all members of a powerless standard majority
coalition are frustrated on more than the half of the proposals.

In this section, we consider binary voting rules for which some coalitions S enjoy the
power of decision in the sense that a proposal is adopted whenever it is supported by all
members of S. Simple voting games are common tools usually used in such a context; (see
Shapley 1962 or Moulen and Diffo 20014). Now, an occurrence of the Anscombe’s paradox
refers to a situation where all members of a winning coalition (a coalition endowed with

the power of decision) are frustrated on more than the half of the proposals.

2.2.1 Simple voting games

Hereafter, we denote by 2V the set of all coalitions when the set of voters is V.

DEFINITION 2.2.1. Let W C 2¥. The couple G = (N, W) is a simple voting game
if
i) NeW,

W) VS, Te2N (SCT and SeW)=T e W,;
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iil) VI €2V, Te W = N\T ¢ W.
In this case, a coalition S € W 1is said to be a winning coalition.

Simple voting games are used for many decision making contexts. To do this, a binary
voting rule is associated with each simple voting game. For example, a proposal is adopted

when it is supported by a winning coalition; and is rejected otherwise.

DEFINITION 2.2.2. Given a simple voting game G = (N, W), the binary voting rule
associated with G is denoted by Rg and is defined for all vectors of votes x by

+1 if{ieN|z=+1} eW

Rg(x) =
—1 otherwise
Given a vote profile X, the vector G[X| = (Rg(X®))aem denotes the vector of decision

under the binary voting rule Rq; we also say that G[X] is the vector of decision under the
simple voting game (G. Hereafter we identify a simple voting game to its binary voting

rule defined above.

DEFINITION 2.2.3. Let G = (N, W) be a simple voting game.

A winning coalition S € W is minimal if
VieS, S\{i} ¢W.
The set of all minimal winning coalitions will be denoted by W.

EXAMPLE 2.2.1. Let N = {1,2,3,4,5,6}, W = {{1,2},{1,4},{1,6}} and M =
{a',a?,a®}. Here follows a vote profile and the corresponding vector of decision

under the simple voting game G.

X Xo | X3 | X4 | X5 | Xs |G[X]
a | =1 | =1 | +1 | +1 | +1 | +1 | -1
a? —1 +1 +1 +1 +1 +1 | —1
a® | 41 | -1 | -1 | =1 | =1 | =1 | -1

Clearly,

e voter 1 1s a G-veto player;

e voters 3 and 5 are all dummy;
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o G[X] = (—1,-1,—1) is distinct from the majority decision vector MR[X]| =
(+1,41,—1). Although five voters out of six have voted for the adoption of a?,

this proposal is rejected since {2,3,4,5,6} is not a winning coalition.

As with binary voting rules, a simple game may present a particular structure of

winning coalitions.

DEFINITION 2.2.4. A simple game G = (N, W) is oligarchic if there exists a coalition
O such that
VvSe2N SeW «— OcCSs.

DEFINITION 2.2.5. A simple game G = (N, W) is dictatorial if there exists a player
10 such that
VS eV, SeW «— i, S.

In the next section, we study the possibility for the members of a winning coalition to

be all frustrated on a majority of proposals.

2.2.2 Anscombe’s paradox for simple games

Under a simple voting game, the notion of majority coalition now refers to the notion of
winning coalition which may contains less than the half of the voters; but is endowed with

the power to impose all decisions unanimously shared by all of its members.
DEFINITION 2.2.6. Let X be a vote profile.

1. A voter i is G-frustrated on a proposal a if he/she disagrees with the decision
on that proposal; that is
X0 # Ra(X).

2. A voter 7 is G-frustrated on a vote profile X if i’s vector of votes differs from
the vector of collective decisions on more than the half of the proposals; that is

m

{a e M : i G-frustrated on a}| > 5

Note that being G-frustrated given a simple voting game G is equivalent to be Rg

frustrated where R is the binary voting rule associated to G.
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DEFINITION 2.2.7. Let G = (N,W) be a simple voting game and M a set of

proposals.
1. The game G erhibits the qualified Anscombe’s paradox (Q-Anscombe’s paradox)
on M if there exists a vote profile X such that the set of G-frustrated voters is

a winning coalition; that s

{ie N : i G-frustrated} € W.

2. The simple game G = (N, W) is Q-Anscombe’s paradox free if G does mot
exhibit the Q-Anscombe’s paradox on all possible set M of proposals.

Note that a simple voting game may exhibit the Anscombe’s paradox but not the
qualified Anscombe’s paradox. This is obviously the case with a dictatorial simple voting

game which is minority sensitive.

The next example illustrates an occurrence of the qualified Anscombe’s paradox.

EXAMPLE 2.2.2. Let G = (N, W) with N = {1,2,3,4,5} and W = {{1,2,3},{2,4}}.
The simple voting game G exhibits the Q-Anscombe’s parador on M = {a',a?, a®}

as shown in the vote profile below.

X1 Xo X3 X4 X5 | GIX]
at +1 +1 -1 —1 +1 —1
a? +1 ~1 +1 +1 +1 ~1
a? —1 +1 +1 —1 -1 ~1
yes yes yes no yes

In fact, individuals 1, 2, 3 and 5 are G-frustrated at X. Since {1,2,3} € W, then
{1,2,3,5} € W. Hence G erhibits the Q-Anscombe’s paradox on M.

PROPOSITION 2.2.1. A dictatorial simple game G = (N, W) is Q-Anscombe’s para-

dox free.

Proof.
Suppose that G = (N, W) is dictatorial. Then there exists a player iy such that

W = {{ig}}. Tt is clear that for all sets M of proposals and for all profiles of vote X on
M, we have Ya € M, X = Rg(X®). Therefore player i, is never G-frustrated on a

proposal under the simple voting game G. Thus the set of G-frustrated voters is never

a winning coalition. The Q-Anscombe’s paradox never occurs with respect to G. [ ]
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r—[Theorem 2.6.} N

Let G = (N,W) be a simple voting game and M be a set of proposals. The

following assertions are equivalent

(A1) G does not exhibit the Q-Anscombe’s paradox on M.

(Ay) (VSeW, |S|<2)or (m=4and VS €W, |S| <3).

Proof.

<) Suppose that a simple voting game G = (N, W) meets (Ay). For each player i € N,
let F; be the set of all proposals on which player 7 is G-frustrated.

Now, suppose that G exhibits the Q-Anscombe’s paradox. Then there exist a vote
profile X and a winning coalition 7" € W such that all players in T" are G-frustrated on
a majority of proposals. Since 7' € W, there exists a coalition S € W such that S C 7.
All voters in S are G-frustrated at X.

There are three possible cases:

e Case 1: |S| = 1. Then G is dictatorial and does not exhibit the Q-Anscombe’s

paradox as shown in Proposition 2.2.1. A contradiction holds.

e Case 2: |S| = 2. Then there exist two players 7, j such that S = {i,7}. Voters i

and j are then frustrated on a majority of proposals; that is
m m
F| > — and |F;| > —.
Fil> 5 and | >

It follows that F; N F; # 0. Let a € F; N F;. Therefore i and j are G-frustrated

on a. A contradiction occurs since {i,j} € W.

e Case 3: |S| > 3. By assumption, |[S| = 3 and m = 4. Each voter in S is
frustrated on at least three proposals. Since S is a winning coalition, then for
each proposal, there exists a voter in S who is not frustrated on that proposal.
Denote by 4, the voter in S who is not frustrated on proposal a’, t = 1,2, 3. Note
that i1, i3 and i3 are distinct voters otherwise a voter in .S would be frustrated

on at most two proposals. Thus S = {iy,4y,i3}. For the fourth proposal a*, there

exists a voter iy € S, 1 < s < 3 who is not frustrated on a* otherwise a winning
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coalition would be frustrated on a proposal. Therefore voter i, is not frustrated
on a®; nor on a*. This is a contradiction since by assumption, i, is frustrated on

at least three proposals out of four.

This proves that R does not exhibit the Q-Anscombe’s paradox. Hence (A;) holds.
=) Suppose that (A,) is false. Then there exists a coalition S € W such that

|S| =s, (s> 3)or (s=3and m #4).

Let m = ks +r withr € {0,1...,s — 1} and

k+1
M= JM,

t=1

where M1, My, ..., My, are disjoint subsets of proposals such that
(Mpy1| =rand My =s, t=1,2,... k.

Consider the vote profile X defined progressively as follows: all voters in N vote for
the rejection of a*"Ys+ € M,, 1 <t < s, except voters in S\{/}. This is summarized
in the following tables:

e Over proposals in M; assuming k > 1:

X, - X oo Xy X oo X, | GIX]
at -1 -+ 41 -+ +1 =1 -+ —1| —1
at|+1 -+ =1 o +1 =1 o —1| —1
a*|+1 -+ +1 - =1 -1 - —1| -1

e Over proposals in M; assuming k > t: votes on M; mimic votes on M.

X, - X oo Xy X oo X, | GIX]
aq@Vs+1 | 1 .. 41 ... 1 =1 ... =1 =1
at=VsH | 41 .. 1 ... 41 -1 ... —1] -1
atVsts | 41 ... 41 ... -1 -1 ... —1]| =1

e Over proposals in M :
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Xop oo Xy oo X o X X X, | GIX]
sttt -1 .. +1 -0 +1 -ee 41 =1 -ee =1 =1
T T s [ s 1 B |

a® | +1 -+~ +1 o -1 oo +1 -1 - —1| =1

First observe that only a proper subset of S vote for the adoption of each proposals.
Since S is a minimal winning coalition, such a proper subset of S is losing. Therefore
each proposal is rejected.

Now, also note that each voter [ € S votes for the adoption of all proposals except

for proposals a1Vt € M, 1 <t < k4 1. There are two possible cases:

e Assume that r = 0. Then each member of S is in agreement with G[X]| on at
most k proposals. Moreover, k£ > 1 since m = ks. Since s > 3, it follows that

m ks k(s — 2)
2 2 2

>0

Therefore each member of S agrees with G[X] on at most k& < % proposals.
Hence each member of S disagrees with G[X] on at least m — k > % proposals.
Recalling that S is a winning coalition, we conclude that G exhibits the qualified

Anscombe’s paradox.

e Assume that r # 0. Then each member of S is in agreement with G[X] on at
most k + 1 proposals. To see that k + 1 < 7, suppose on the contrary that
k+1>2 = %4 Then we have k(2 — s) > r — 2. Since s > 2, it follows that
k(2 —s) < 0. Therefore r € {1,2}.

— Case 1: Suppose that 7 = 2. Then k(2 —s) > 0. Since 2 — s < 0, this

implies that £ = 0 and m = ks +r = 2. A contradiction holds since m > 3.

— Case 2: Suppose that r = 1. Then k£ > 0 otherwise m = 1 which is
contradictory. Therefore —1 < k(2 — s) < 0. It follows that k(2 — s) = —1.
Hence s = 3 and k& = 1. Therefore s = 3 and m = ks +r = 4 which leads to

a contradiction to our assumption.
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In both cases for r # 0, it appears that k£ + 1 < 7. Therefore each member of
S agrees with G[X] on at most k£ + 1 < % proposals. Hence each member of S
disagrees with G[X] on at least m — k —1 > % proposals. Therefore G exhibits

the qualified Anscombe’s paradox.

In both possible cases, G exhibits the qualified Anscombe’s paradox. [ |

Avoiding the Q-Anscombe’s paradox given a simple voting game requires a specific
structure on winning coalitions. We now explore some consequences that result from such

structures.

REMARK 2.2.1. Let G = (N, W) be a simple voting game.
A voter © € N 1s a null voter if no minimal winning coalition contains voter i.
That is
VSeW, i¢sS.

DEFINITION 2.2.8. Let G = (N, W) be a simple voting game.
A voter i is locally decisive if there exists a minimal winning coalition in G which

contains voter 7. That 1s

ISeW, i€s.
Note that a locally decisive voter is simply a voter who is not a null voter in the game.

DEFINITION 2.2.9. Let G = (N, W) be a simple voting game.

A voter 7 1s a vetoer if all minimal winning coalition contain voter i. That is
VS eW, ies.

Given a vote profil X, and a vetoer ¢. If 7 vote for the rejection of a proposal a € M

then the proposal a is collectively rejected. That is
X!=—-1= Ra(X?) =—-1.

COROLLARY 2.2.1. Let G = (N, W) be a simple voting game. The following asser-

tions are equivalent

(A7) For all possible set M of proposals, G does not exhibit the Q-Anscombe’s para-
dox on M.

UYI: Ph.D Thesis OUAMBO KAMDEM Monge K. @UYI 2019




2.2. Anscombe’s paradox and simple games

(Ay) VS e W, |S] <2

Proof.
| Straightforward from Theorem 2.6. [ |

Here below, we classify simple voting games from Corollary 2.2.1.

PROPOSITION 2.2.2. Let G = (N, W) be a simple voting game such that for all

S €W, |S| =2. The following assertions are equivalent
1. G admits no vetoer.

2. There exist three voters i,j,k € N such that W = {{i,j}, {i,k}, {7, k}}

Proof.

=) Suppose that G' admits no vetoer. We prove that W = {{i,j},{i,k}, {j. k}}
for some i,j,k € N. Note that [W| ¢ {1,2} otherwise G would admit a vetoer since
two winning coalitions always overlap. Therefore W > 3. Since S;, S and Ss, are three
distincts winning coalitions of cardinality two then S; NSy = {i1}, S1 = {i1,42} and
Sy = {i1,13}. Moreover S; and S3 overlap.

Suppose that S; N S3 = {i;}. Recalling that S;, S and S3 are distinct minimal
winning coalitions, it follows that S3 = {i1, 4} where iy, 9,13 and i4 are distinct voters.
We prove that this is not possible by showing that ¢; is necessary a vetoer. To see this,
consider a minimal winning coalition S € W\{Si, S5, S5} and suppose that i; ¢ S.
Therefore SNS; = {ia}, SNSy = {iz} and SNS5 = {is}. Since iy, i3 and i, are distinct
voters and |S| = 2, a contradiction arrives.

We just show in the precedent paragraph that Sy NS3 # {i1}. Therefore S; N
Sy = {iz}. Since Sy N S; # O and Sy # S3, then S3 = {is,i3}. This prove that
{i1, g}, {ir, i3}, {ia, i3} € W.

Conversely, consider S € W and suppose that S ¢ {S;, S;}. By assumption S; and
S are two distinct minimal winning coalitions. Therefore S; N S is a singleton. First
suppose that S; NS = {i1}. Thus SN Sy = {i1} and is,i3 ¢ S. Therefore SN S3 = ()
and a contradiction arises. Therefore SN S; = {iy}. This implies that S NSy = {i3}.
Therefore S = {is,i3} = S3. This prove that S € {57, 52} or S = S3. It then follows
W C {8y, Ss, S5}
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<) Suppose that there exist three voters 4,5,k € N such that W =
{{i,j},{i,k},{j, k}}. It is clear that G admits no vetoer. [

REMARK 2.2.2 (Classification of all games of Corollary 2.2.1).
According to Proposition 2.2.2, the set W of minimal winning coalitions of a

simple voting games from Corollary 2.2.1 is as follows.

e If || = 1, then there exist two voters i, j such that, W = {{z,j}} In this case,

G is oligarchic.

o If W] =2, then there exist three voters 4, j and k such that W = {{i, j}, {i,k}}.
In this case, 7 1s the unique vetoer; 5 and £ are locally decisive; and all remain-

ing voters are null voters.
o If [IW| =3 then W is defined as follow

— There exist three voters 4, j and k such that, W = {{z’,j}, {i, k}, {7, k}} In
this case G admits no vetoer; 7, 7 and k are locally decisive; and remaining

voters are null voters.

— There exist four voters 4,4,k and [ such, W = {{i,j},{i,k},{i,l}}. In
this case, 7 is the unique vetoer; j, k£ and [ are locally decisive; and all

remaiming voters are null voters.

o If [W| > 4, then G admits a unique vetoer; and all other voters except mull

voters are locally decisive.

As shown above, simple voting games which are, independently of the number of
proposals, immune to ()-Anscombe’s paradox are singular ones: the size of a minimal
winning coalition for such games is at most 2; and there is necessary a unique vetoer as
soon as there are at least four minimal winning coalitions (no matter the size of the set
N of all voters).

According to Theorem 2.6 and given a simple voting game, the following table sum-
marizes what is the answer for each possible combination of n and m with the following

legend:

No: all simple voting games do not exhibit Anscombe’s paradox;
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Neutral: some simple voting games exhibits Anscombe’s paradox;

Combinations of n and m for which some binary voting rules exhibit Anscombe’s

paradox while other do not are such that
(n=3and m #4) orn > 4.

For such couples (n, m), Remark 2.2.2 classify simple voting game that do not exhibit

the Anscombe’s paradox.
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CHAPTER 3

ANSCOMBE’S PARADOX FREE UNIFYING
PREFERENCE DOMAINS

In this chapter, we identify some Anscombe’s paradox free domains of individual pref-
erences, those are preference domains that yield only profiles at which the Anscombe’s
paradox never occurs. To achieve this, we assume that among proposals some may be
special as they deal with crucial issues such as sovereignty, war against terrorism, consti-
tutional amendments, electoral dispositions, ... By patriotism or common-sense, voters
can unite across the prevailing political divide to deal with such proposals in such a way
that each voter deviates from the issue-specific standards (default opinions for voters) over
some unifying proposals only on a limited number of issues. Section 3.1 presents some
generalities and preliminary results on the newly introduced notion of unifying preference
domain. Section 3.2 provides necessary and sufficient conditions under which a unifying
preference domain is free of Anscombe’s paradox. In section 3.3, we prove that our notion
of stable unifying preference domain combined with the notion of single-switchness of

( ) completely characterizes all Anscombe’s paradox free domains

with exactly three proposals.
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3.1 The unifying voting environment and the Anscombe’s
paradox

Recall that a preference domain D is Anscombe’s paradox free if for all n > 3, there is
no admissible vote profile X € D" such that a majority of voters disagree with the social
decision on a majority of proposals. Hereafter, we propose the construction of a family of

such domains.

3.1.1 Unifying voting context

To present the intuition we develop in this chapter, suppose that voters are in a community

where:

(i) For each proposal, an arbitrary standard (41 or —1) exists. By collecting all stan-

dards, one obtains a vector z* € {—1,+1}" of common standards;

(ii) there exist a subset U of u > 0 proposals and an integer £ > 0 such that each voter
deviates from the issue-specific standards z* over these u proposals on at most k > 0

1ssues.

We check whether or not the majority rule still exhibits the Anscombe’s paradox under
such voting environments. We now provide below formal definitions of the parameters in
the description above.

Without lost of generality, we assume that
o U = {a1>a27"'7au};
e v, is the vote on proposal a; with respect to a given vector of votes v € {—1,+1}"™.

DEFINITION 3.1.1. A vector of common standards is any vector z* € {—1,+1}™.

*

Given a vector of common standards z* and a proposal a;, *; is the default vote on

proposal a;. Note that a vector of common standards does not impose any restriction on

individual opinions. We assume that there is a chosen vector £* of common standards.
Most importantly, each individual opinion is set to +1 if it agrees with the correspond-

ing common standard; and to —1 otherwise. The same convention is observed for the

majority decision on a proposal; that is, the majority decision on a proposal is set to
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+1 if a majority of voters agrees with the corresponding common standard; and to —1

otherwise.
DEFINITION 3.1.2. A unifying voting context is a triplet (M,U, k) where
e M is the set of all proposals;

e U is a subset of M,

e k is a mon negative integer.

In this case, U will be called the set of unifying proposals; k& the barometer of con-

sensus; and the quadruplet (N, M, U, k), a unifying voting environment.

The set U of unifying proposals can be viewed as a subset of proposals of some critical
importance; and the barometer £ is an a priori maximal number of unifying proposals on
which a voter may deviate. This is clearly a restriction of individual opinions as soon as

k is greater than or equal to 1.

DEFINITION 3.1.3. A wvector of votes v is admissible given (M,U, k) if v and the
vector of common standards z* differ over the u unifying proposals of U on at most

k proposals; that is

[ <uiv Ao} <k

The set of all such admissible vectors of votes is called the unifying preference domain

associated with (M,U, k).

ExXAMPLE 3.1.1. Consider the unifying voting context (M, U, k) where M = {ay, as, az},

U ={ai,az} and k = 1. There are exactly six admissible vectors of votes listed below
(+1,+1,+1), (+1,+1,-1), (=1, +1,+1),(—1,4+1,—-1),(+1,—-1,4+1) and (+1,—1,—1).

To see this, note that under the unifying voting context (M,U, k), each voter can
deviate from the common standards on U = {ay,as} only on at most one proposal.
Thus there are three possibilities left on vote combinations on U. Considering the
two other possibilities for votes on asz, one obtain exactly six ways a voter may follow.

Obviously the vector of votes (—1,—1,4+1) is not admissible since the votes pro-

posed deviate from common standards on two unifying proposals.
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REMARK 3.1.1. Note that all vectors of votes are admissible when the set on uni-

fying proposals U = 0 or the barometer k = |[U].
Similarly, the notion of admissible vote profile is defined as follows.

DEFINITION 3.1.4. A vote profile X is admissible given (N, M, U, k) if for each voter

7, X; 1s an admissible vector of votes.

We denote by D(m,u, k) the set of all admissible vectors of votes and by D"(m, u, k)
the corresponding unifying preference domain with the convention that, there are m
proposals ay,as,...,a, and v unifying proposals ai,as,...,a, while the barometer of

consensus 1s k.

3.1.2 The Anscombe’s paradox and unifying voting environments

Note that unifying voting contexts, and thus unifying preference domains, do not in-
clude the set of voters. We are interested in unifying preference domains that are free of
Anscombe’s paradox no matter the set of voters.

Before we continue, let us point that a unifying preference domain D(m,u, k) is
Anscombe’s paradox free if for all n > 3, there is no vote profile X such that each
voter deviates from the vector of common standards over the u unifying proposals of U
on at most k proposals while a majority of voters disagree with the social decision on a

majority of proposals.

DEFINITION 3.1.5. The unifying voting context (M, U, k) is stable if the correspond-

ing unifying domain D(m, u, k) is Anscombe’s paradox free.

Hereafter in the table of a profil, the unifying proposals is listed in the upper part of
the table and separated from non unifying proposals by a double-line as in Example 3.1.2

below.

EXAMPLE 3.1.2. Consider the unifying preference domain D(5,1,0) with five pro-

posals, one unifying proposal and the barometer £ = 0. Then the vote profile X below
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with seven voters is admissible.

X X, X X, | Xs X X; | MR[X]
al +1 +1 +1 +1 +1 +1 +1 +1
a’ +1 +1 +1 +1 -1 —1 -1 +1
a’ +1 +1 +1 ~1 +1 —1 -1 +1
a’ +1 +1 +1 —1 —1 +1 —1 +1
a’ —-1 —-1 -1 +1 +1 +1 -1 —-1

no no no yes yes yes yes 4/7

With the convention just stated and independently of the vector of common stan-
dards, X{ = +1 means that voter 1 follows the common standard on proposal a'
while X? = —1 means that voter 1 deviates from the common standard on proposal
a®. Four voters (4, 5, 6 and 7) out of seven are each frustrated on three proposals
out of five. This shows that a majority of voters are frustrated on a majority of
proposals. At this admissible vote profile, Anscombe’s paradox occurs. Thus the

unifying preference domain D(5,1,0) is not Anscombe’s paradox free.

3.1.3 Majority rule and unifying preference domains
Note that the set of proposals on which a voter 7 is frustrated and its cardinality are
respectively:

{a? : MR(X?) # X7} and |{a’ : MR(X?) # X7}| = Z]MR (X7) — X/|.

Now we introduce further notations to explore the set of proposals on which a voter

is frustrated and which are useful in the sequel. Given a vote profile X € D"(m, u, k), we

denote by
O(X) ={a’ : j <wand MR(X’) = —z7}

the set of all unifying proposals at which each majority decision differs from the corre-

sponding common standard and by
Oi(X)={d’:j<wand X/ = —7}}

the set of all unifying proposals at which individual ¢ deviates from common standards.

For each subset I of the set {a!,d?, ..., a*} of unifying proposals, X7 is the set of all voters
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who deviate from common standards over unifying proposals only for proposals in I; that
is
X;={ie N:0(X)=1}.
Note that (X7);c g1 42, 40y 18 a collection of disjoint subsets of NV the union of which is
the set {1,2,...,n} of all voters. Similarly,
O'(X)={d’: j >uand MR(X’) = —z}}
refers to the set of all non unifying proposals for each of which the majority decision
differs from the corresponding common standard and
O)(X)={d’:j>uand X/ = —x}}

refers to the set of all non unifying proposals at which voter ¢ deviates from each common
standard. When there is no ambiguity, we simply write O instead of O(X); the same
observation is valid for O;(X), O'(X) and O}(X).

ExXAMPLE 3.1.3. Consider the unifying preference domain D(5,3,2) and the follow-

ing admissible vote profile with seven voters.

X X X X, X5 X X7 | MR[X]
at -1 +1 +1 +1 +1 +1 +1 +1
a? +1 —1 +1 +1 -1 -1 -1 -1
a? —1 —1 —1 +1 —1 +1 +1 -1
a’ +1 +1 +1 —1 -1 +1 -1 +1
a’ -1 +1 —1 +1 —1 +1 ~1 —-1

no no no yes no no no 1/7

Here O = {a?,a*} and O’ = {a’}, O; = {d',a*} and O] = {a’}, Oy = {a? a*} and
5 = 0, ... Non empty sets from the collection (X1)rcieta2,a3) are Xig1 43y = {1},
Xz, = {2.5}, Xy = {3}, Xo = {4} and X2y = {6,7}.
Note that a voter, say ¢, can be frustrated given a proposal, say a’, both when the
majority decision is z% and he/she has voted —z} (equivalently o/ € 0;\0), as well as
when the majority decision is —z% and he/she has voted z} (equivalently o/ € O\O;).

Therefore the set of unifying proposals on which voter 7 is frustrated is given by :

Fi = (0\O) U (0\O).

UYI: Ph.D Thesis OUAMBO KAMDEM Monge K. @UYI 2019




3.2. Stability of unifying voting environments

Denote by f; the cardinality of F;. Note that O;\O and O\Q; are disjoint subsets of
unifying proposals and that |O;\O| = |0;| — |O; N O|. Thus

i = 10\O| +|0\O;| = |0;| + 0] — 2|0, N O|. (3.1)
Similarly, the set of non unifying proposals on which voter i is frustrated is :
Fi = (0\O") U (0N0)).
We also denote by f! the cardinality of F. As above, we have
fi = 10\O + [O\O}| = |0;| + |0'] = 2|0; N O (3.2)
Then voter ¢ is frustrated on exactly
LS MR - X = £t S
j=1

proposals. Furthermore, voter ¢ is frustrated on a majority of proposals when

fi+ fi> %m. (3.3)

REMARK 3.1.2. It is worth mentioning that when two voters are frustrated on the
same proposals, those voters have the same opinion on that proposal. Therefore, a

majority of voters can mot be frustrated on the same proposal.

3.2 Stability of unifying voting environments

When we consider a unifying preference domain D(m,u, k) with k& = wu, all vectors of
votes are admissible. It is well known that under the majority rule with at least three
proposals, there exist some vote profiles at which a majority of voters is frustrated on
a majority of proposals. Rephrasing using the current framework: under the majority
rule, there is no unifying preference domain of the form D(m,u,u) with m > 3 which is

Anscombe’s paradox free.

3.2.1 Necessary and sufficient stability conditions for £ =0

The next result characterizes unifying preference domains D(m,u,0) that does not face
Anscombe’s paradox; that is the extreme case when each individual vote on each unifying

proposal coincides with the common standard.
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PROPOSITION 3.2.1. A unifying preference domain D(m,u,0) is Anscombe’s para-

dox free if and only if u > %m —1.

Proof.
=) Suppose that u < %m— 1. Then m —u =1+ p with p > %m. Let n =2p+1,

S={1,2,....p+1}and T = {p+2,p+3,...,2p+ 1}. Consider the vote profile
X € D"(m,u,0) defined as follow:

(i) each voter follows common standards on all unifying proposals, that is

Xf:x;7 V]G{l,z,,lb}, VZ€{1,2,72p+1}7

(ii) each voter in T follows common standards on all non unifying proposals, that is

X! =25, Vje{ut+1lu+2,...,m}, VieT;

)

and
(iii) each voter i € S deviates from common standards on all non unifying proposals

except proposal a“*?, that is

1

(X! = —x} if j # uti and X, = 7 if j = uti), Vi € S, Vj € {u+1,u+2,...,m}.

Xi | Xo | X3 || Xy | Xp1 | Xpio | oo | Xop | MR[X]
a' +1 | 41| 41 |- +1 | H+L | HL || +1 +1
a* S e e e B B S A | +1
at o +1 | =1 | =1 || =1 | =1 | +1 |---] +1 +1
a* | =1 | 41 | =1 || =1 | =1 | 41 || +1 +1
a"tPHh 1 | =1 | =1 || =1 | 41 | 41 || 41 +1
yes yes yes | .-+ | yes yes no |--- no %

Clearly, X € D"(m,u,0) and each voter in S is frustrated on p proposals. Since |S| >

and p > %m, the unifying preference domain D(m, u, 0) is not Anscombe’s paradox free.
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<) Suppose that u > %m — 1 and assume that the unifying preference domain
D(m,u,0) is not Anscombe’s paradox free. Then there exists some total number n of
voters and a vote profile X € D"(m,u,0) such that a majority S (|.S| > %) of voters
are frustrated on a majority of proposals. By assumption, voters are unanimous on
each unifying proposal. Thus each voter agrees with the majority decision on the u
unifying proposals. Thus u < m; otherwise no voter is frustrated on any proposal.
Consider a non unifying proposal a/. Since S contains more than the half of voters,
then by Remark 3.1.2, at least one voter in S, say 1, agrees with the majority decision
on a’. Voter iy then agrees with the majority decision on at least u + 1 proposals.

Since i is frustrated on a majority of proposals, then u 4+ 1 < %m. A contradiction as

uzém—l. [ ]

When each voter follows on each unifying proposal the corresponding common stan-
dard, Proposition 3.2.1 informally states that, the corresponding domain is Anscombe’s
paradox free provided that the total number of unifying proposals is greater than or equal
to the half of the proposals, minus one proposal. As shown in the next example, the con-
dition |u| > %m — 1 from Proposition 3.2.1 is no more sufficient to guarantee the stability

of unifying preference domains with a positive barometer of consensus k > 1.

EXAMPLE 3.2.1. Consider the unifying preference domain D(5,2,1) and the follow-

ing 5-voter vote profile

Xy | Xo | X3 | Xy | X5 | MRX]
a | +1 —~1 -1 +1 +1 +1
a’?| —1 +1 +1 +1 +1 +1
a| +1 —-1 —-1 +1 +1 +1
at] =1 | +1 -1 | +1 | +1 +1
a®| —1 -1 +1 +1 +1 +1

yes yes yes no no 3/5

Since Anscombe’s paradox occurs at this admissible vote profile, the unifying prefer-

ence domain D(5,2,1) is not Anscombe’s paradox free although the condition |u| >

%m — 1 from Proposition 3.2.1 1s satisfied.

To deal with the general case, we need some preliminary results.
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3.2.2 Analyzing disagreements on unifying proposals

Given a unifying preference domain and an admissible vote profile, the next result provides
the maximum number of unifying proposals on each of which the majority decision differs

from the corresponding common standard.

PROPOSITION 3.2.2. Given a unifying preference domain D(m,u, k) and an admis-
sible vote profile, there are at most 2k unifying proposals on which each majority

decision differs from the corresponding common standard. That is

0] € {0,1,2,...,2k}.

Proof.
Consider X € D"(m,u, k). Recall that for each subset I of U and for each

a’ € INQO, the vote of each voter in X; on @/ and the majority decision on a’ are both

equal to —z7. Thus, for each j € {1,2,...,u}, we have Z | X7| > g Considering all

ICO:
alel
possible a/ € O implies,
n
> 3 Xz (o (3.4
ale® IQ_O:
alel
But
Yo=Y X =) [Inolx| (3.5)
alcO ICO: ICO aielnO ICO

alel

Since X is admissible, | X;| = 0 for all 7 C O such that || > k. Therefore,

d Xl =nand Y [INO|X;|=> [INOIX/| <k |X)|  (36)

I1CO ICO ICO ICO
HEG |1I<k HEG

By equation (3.4), (3.5) and (3.6), we deduce that

n
kY 1Xi| =nk >0l; (3.7)

1Co

<k
Hence |O| < 2k. u

Note that although each individual deviates from common standards on at most k
unifying proposals, Proposition 3.2.2 states that the collection of majority decisions may

differ from common standards on up to 2k unifying proposals. The following proposition
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shows that by increasing only the total number of unifying proposals from an Anscombe’s
paradox free unifying preference domain, we obtain an Anscombe’s paradox free unifying
preference domain. Intuitively, increasing the set of unifying proposals and maintaining
the barometer of consensus results in increasing the total number of unifying proposals

on which each voter follows common standards.

PROPOSITION 3.2.3. Let D(m,u, k) and D(m,u’, k) be two unifying preference do-

mains such that u < o'. If D(m, u, k) is Anscombe’s paradox free, then so is D(m, v, k).

Proof.
Assume that u < " and suppose that D(m, u, k) is Anscombe’s paradox free while

D(m, ', k) is not. Then for some total number n of voters, there exists some admissible
vote profile X € D"(m, v/, k) such that a majority of voters are frustrated on a majority
of proposals. Recall that unifying proposals at D(m, u/, k) are the v’ first proposals. As
u < o/, all unifying proposals at D(m, u, k) are also unifying proposals at D(m, v, k).
Since X is admissible on D(m, v, k), X is also admissible on D(m,u, k). Therefore

X € D"(m,u, k) and a majority of voters are frustrated on a majority of proposals at

X. Thus D(m, u, k) is not Anscombe’s paradox free. A contradiction. [ |

3.2.3 Necessary and sufficient stability conditions for k£ # 0

Given the total number m of proposals and a barometer of consensus k, we now prove
that the set of unifying proposals should be large enough to guarantee that D(m,u, k)
is Anscombe’s paradox free. We do this by providing an upper bound of v up to which

D(m,u, k) is not an Anscombe’s paradox free domain.

PROPOSITION 3.2.4. Given an integer k£ > 1, a unifying preference domain D(m, u, k)

is not Anscombe’s paradox free whenever u < %m + 2k — 2.

Proof.
Let D(m,u, k) be a unifying preference domain and u* be the smallest integer

greater than or equal to %m + 2k — 2. Suppose that £ > 1 and u < u*. Note that
u < u* is equivalent to u < %m + 2k — 2.

To prove that D(m, u, k) is not Anscombe’s paradox free, it is sufficient, by applying

Proposition 3.2.3, to prove that D(m, u, k) is not Anscombe’s paradox free for u = u*—1.

UYI: Ph.D Thesis OUAMBO KAMDEM Monge K. ©@UYT 2019




3.2. Stability of unifying voting environments

Now, assume that u = u*—1. We set m = 2m/+r withr € {0,1}; p = m'+1; n = 2p+1;
g=p—2ifr=0and g=p—1ifr =1. Note that u* =q¢+2k—1 and u = ¢+ 2k — 2.
It is easy to check that m —u = p — 2k + 2. Since u < m, we have m — u > 0 and thus
p > 2k — 2. This implies p+k < p+2k —1 < 2p+ 1 = n. Consider the vote profile X

defined as follows:
o foralli=1,...,p,

i wroifjed{l,...,qyU{g+1,...,q+k -1} U{qg+2k,...,m}

)

—z; ifje{qg+k+1,...,q+2k—-1}

o forally,=p+1,l=1,....k—1

¥ vy ifje{l,...,qyU{g+ 1} U{qg+k,...,q+2k—1}
7:lv.j:

—z; ifje{q+1,...,q+l-1qg+1+1,...,q+k—=1}U{qg+2k,...,m}
e foralli,=p+k+e e=1,....k

¥ v ifje{l....qfU{q+k,....q+k+e—1g+k+e+1,...,q+2k—1}
Ge,j T

—x; ifje{q+1,...,q+k—-1}U{q+k+e}U{qg+2k,...,m}

o forall iy =p+k+t,t=1,...,p—2k+2

X wp ifje{l... qyUf{g+k...,q+2k—1}U{g+2k—1+1¢}
it,]

—v; ifje{g+1,...,q+k—1yU{qg+2k,....q+2k+t—-1,q+2k+t+1,...,m}

Here follows the matrix form of X with [ =1,....k—1;e=1,... .,k and t =
1,....,p—2k+2.
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Xl Xp Xp+l Xp+k—1 Xp+k+c Xp+2k—l Xp+2k—l+l X2p+1 ij[X}
N I e I I T L S L e I R L = S S
N I e S R T R B e N = N S ST LS S|
T e e L e e L e e L L S
e I L e L L e I e T I S|
B I s e T e e e I S|
X I S e & T R (R = NPT [ I R +1 S | -1
e [ o [ o e R IS T s
e B e 1 S o O T B +1 .- +1 | -1
e L s T s L EE I L e I S|
B s e e I [ S L L o PR [ S |
I e e T e L [ T TP RS |
No Yes Yes Yes 2’;%11
There is no difficulty to check that:
(i) the votes of each voter differ from common standard on at most k unifying pro-
posals; and that
(ii) each voter i € {p+1,...,2p+ 1} is frustrated on exactly m — g — 1 proposals.
Sincem—q—1= %m+1 forr=0andm—q—1= %m+% for r = 1, it follows that X
is an admissible vote profile at which a majority of voters are frustrated on a majority
of proposals. Hence D(m, u, k) is not an Anscombe’s paradox free domain. [ |

As shown in the following theorem, the bound provided in Proposition 3.2.4 identifies
the minimum number of unifying proposals that characterizes unifying preference domains

that are Anscombe’s paradox free.

,—[Theorem 2.7 ( ( ))} \

A unifying preference domain D(m, u, k) is Anscombe’s paradox free if and only

ifuZ%m—i—Qk—Q. B

As in the proof of Proposition 3.2.4, let u* be the smallest integer greater than or
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equal to %m + 2k — 2. Note that ©v > %m + 2k — 2 is equivalent to v > u* meanwhile
u < %m + 2k — 2 is equivalent to u < u*. Since %m + 2k — 2 is not an integer for odd m,
u* will be used in the sequel. To ease the proof of Theorem 2.7, we introduce some useful
and instructive lemmas. Given a unifying preference domain with «* unifying proposals,
the first lemma states that for all admissible vote profiles, Anscombe’s paradox does not
occur whenever the total number of unifying proposals at which the majority decision

differs from common standards is less than the barometer of consensus.

LEMMA 3.2.1. Let D(m,u, k) be a unifying preference domain such that v = v* and
let X be an admissible vote profile. If 0 < |O| < k — 1, then there is no majority of

voters who are frustrated on a majority of proposals.

Proof.

Consider a unifying preference domain D(m,u, k) such that v = wu* and an
admissible vote profile X such that 0 < |O| < k — 1. Assume that a majority of
voters - say S - are frustrated on a majority of proposals. Indeed, we prove that this

necessarily leads to a contradiction.

Consider a voter ¢ € S. Recall that by definition, u* > %m 4 2k — 2. Therefore the

total number of non unifying proposals is such that

m—u" < -—m—2k+2 (3.8)

N | —

Since X is an admissible vote profile, we have |O;| < k. By assumption |O| < k—1.
Therefore (3.1) implies f; < 2k—1. Moreover i is frustrated on a majority of proposals.
Then by (3.3), we deduce that the total number of non unifying proposals on which
voter ¢ is frustrated is

1
(>—m—fi21m—2k+1 3.9
/i 2 2

By (3.8), it follows that f/ > m —u* — 1. That is f/ > m —u*. Hence f] = m — u*.
Thus, voter 7 is frustrated on all non unifying proposals. Since S contains a majority
of voters, the set of non unifying proposals is empty by Remark 3.1.2 (otherwise a
majority of voters would be frustrated on the same proposal). Clearly, m —u* = f/ =0

and (3.8) becomes $m — 2k + 1 > —1 while (3.9) induces

1 1
O>§m—fz2§m—2k+12—1
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Therefore
1
fi>gm=2k -2 (3.10)
This proves that f; > 2k — 1 and thus f; = 2k — 1. By (3.1), |O;| > f; — |O] and

since by assumption |O| < k — 1, we deduce that |O;| > k. Therefore |O;| = k because

X is an admissible vote profile. Taking this into account in (3.1) yields
210,NO|<k+1|0| - f; <0

as |O] < k — 1 by assumption. This implies |O; NO| =0 and |O| = fi — k =k — 1.
We conclude that O; N O = () for each voter in S. Therefore each voter in S disagrees
with the majority decision on all proposals in O. Note that by (3.10), 2k > %m + 1.
This proves that £ > 1 and that O is not empty. By Remark 3.1.2, a contradiction
holds. [ |

Given a unifying preference domain with «* unifying proposals, the next lemma says
that for all admissible vote profiles, any voter who is frustrated on a majority of proposals

is necessarily frustrated on at least 2k — 1 proposals where k is the barometer of consensus.

LEMMA 3.2.2. Let D(m,u, k) be a unifying preference domain such that v = u*. If
a voter is frustrated on a majority of proposals given an admissible vote profile X,

then he/she is frustrated on at least 2k — 1 unifying proposals.

Proof.
Consider a unifying preference domain D(m, u, k) such that © = u* and an admis-

sible vote profile X. Assume that a voter 7 is frustrated on a majority of proposals. As
shown in (3.8),

1
m—u*ggm—2k—|—2.

Thus f/ is such that f] < %m — 2k + 2. Since i is frustrated on a majority of proposals,
it follows from (3.3) that f; > sm — f;. Hence

1 1
“m—2k+2> -m— f,
5 k+ >2m f

Therefore f; > 2k — 1. [ ]

Given a unifying preference domain with v* unifying proposals, the lemma that follows

provides a majoration of the total number of unifying proposals on which a voter deviates
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from common standards but agrees with the majority decision provided that this voter is
frustrated on a majority of proposals and that the majority decision differs from common

standards on at least k unifying proposals; k is the barometer of consensus.

LEMMA 3.2.3. Let D(m, u, k) be a unifying preference domain such that v = u*. If a
voter ¢ is frustrated on a majority of proposals at an admissible vote profile X such
that |O] > k, then among unifying proposals in O, voter i agrees with the majority

decision on at most ‘OF% proposals. That is |[O N O;] < —‘O|_2k+1-

Proof.
Consider a unifying preference domain D(m, u, k) such that © = u* and an admis-

sible vote profile X such that |O| > k. Assume that voter i is frustrated on a majority
of proposals. By Lemma 3.2.2, voter i is frustrated on at least 2k — 1 unifying proposals.
Thus (3.1) implies that 2k — 1 < |O] 4 |0;| —2|O N O;|. Since X is an admissible vote
profile, |O;| < k. Therefore 2k —1 < |O] +k —2|0ONQO,|. Hence |ONO;| < w n

Given a unifying preference domain with «* unifying proposals, we now use Lemma 3.2.2
and Lemma 3.2.3 to prove in the following lemma that for all admissible vote profiles,
Anscombe’s paradox does not occur whenever the total number of proposals on which the
majority decision differs from common standards is greater than or equal to the barometer

of consensus.

LEMMA 3.2.4. Let D(m,u, k) be a unifying preference domain such that v = u*. If
X is an admissible vote profile such that |O| > k, there is no majority of voters who

are frustrated on a majority of proposals.

Proof.

Consider a unifying preference domain D(m,u,k) such that v = «* and an
admissible vote profile X such that |O| > k. Assume that a majority of voters - say S
- are frustrated on a majority of proposals. We prove that this necessarily leads to a

contradiction.

First, assume that O; N O = ) for all i € S. That is X = % for all @/ € O and for

all i € S. Since |O| > k and MR(X7) = —z} for all ¢/ € O, a contradiction arises by
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Remark 3.1.2. Hereafter O; N O # () for some i € S.

Secondly, assume that |O] = k. Since each voter in S is frustrated on a majority of
proposals, then by Lemma 3.2.3, for all i € S, |0; N O] < 1 and thus O;N O = 0. A

contradiction holds as we just prove.

Finally, assume that |O| € {k+1,...,2k}. Let |O| = d. For each subset I of O,
we denote by y; the total number of voters ¢ € S such that O; N O = I and by z; the
total number of voters ¢ ¢ S such that O; N O = I. Moreover, we denote by s’ the
sum of all y; such that |I| = ¢ and by n' the sum of all z; such that |I| = t. Note that
st is the total number of voters in S who deviate from common standards on exactly
t proposals in @ while n' is the total number of voters out of S who deviate from

common standards on exactly ¢ proposals in O.

We pose p = max |O0; N O] and for each o’/ € O, we denote by A; the difference
between the total number of voters who agree with the common standard on @/ and
the total number of voters who disagree with common standard on a’. Note that by
assumption, p > 1. By definition of O, the majority decision on each proposal in O
differs from the corresponding common standard. This implies A; < 0 for all &/ € O.

Therefore

> oA <o (3.11)

aleO
To complete the proof, we show that (3.11) leads to a contradiction by reorganizing

Z Aj in an appropriate way to highlight the role of parameters s* and n’ we introduce
aieO ‘
above. For this purpose, consider o/ € O:

N D D D D D D = D

ICO:ai¢l I1CO:ai ¢l ICO:adel ICO:aiel
P k
I DD DRI ED D N DR D DR
t=0 ICO: ICO: t=0 ICO: ICO:
al¢l,|I|=t alel,|I|=t al ¢l,|I|=t alel,|I|=t

By considering all proposals o/ from O, we have
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p k
28 =) PRTEED DI ED D DI B DR DR
aico a€0 t=0 ICO: ICO: €O t=0 ICOo: ICO:
al¢l,|I|=t ael|l|=t al¢l,|I|=t alel|l|=t
P k
eI N ED DRSNS DT EDSD D D DR T DR
t=0 qic® ICO: ICO: t=0 qic® ICO: ICO:
al ¢I,|I|=t alel|l|=t al ¢I,|I|=t alel|I|=t
“ x| B X 3| ol 3
(9 ICO: t=0 (’) ICO:
= [T]=t | =t [T]=t
P k
= Y (0[=26) ) yr+ Y (10]=2t) Y =
t=0 ICO t=0 Ic

Using d = |O|, we reorganize the previous expression of Z A; as follows:

aieO
p :
YAy = D (d-20)s'+ Y (d—2)n!
ale® t=0 t=0
p—1 p—1 k
= > @p—2t)s'+ ) (d—2p)s" + (d—2p)s” + > (d — 2t)n’
t=0 t=0
p—1 p k
= > @p-20)s'+ > (d—2p)s'+ Y (d—2t)n’
=0 t=0 t=0
p—1 k
= > (@p—2t)s'+ (d—2p)|S|+ > _(d —2t)n’
=0 =0
k
Recall that Z ny = |[N\S| and that S contains more than the half of the voters.
=0

k
Thus we can rewrite |S| = |[N\S|+p=p+ Znt with p = 2|S| —n > 0 to obtain the

t=0
following;:
p—1 k
DA = Y @ -2)s' +(d-2W)p+2) (d—t-pn'  (3.12)
aj GO t=1 t=0

By Lemma 3.2.3,

d—k+1 d+k—1
d—p>d— _
p= 2 2

andd—2p>k—12>0.
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Since d > k + 1 by assumption, then it follows from d — p > % that d — p > k.
Therefore d —p —t > 0 for all t € {0,1,...,k}. Taking this into account in (3.12),
we conclude that Z A; > 0. Hence by (3.11), we have Z A; =0. Since p > 1 by

aleO ale®
assumption and p > 0, then we deduce that s° = 0 and d — 2p = 0. By definition,

sY = 0 means that for all i € S, |O; N O| # 0. Now recall that d —2p > k —1 > 0. We
deduce that d —2p = k — 1 = 0 and that £ = 1. Since k is the barometer of consensus,
it follows that p =1, d = 2 and |O; N O| =1 for all i € S. Since d = |O| = 2 and
|0;| =10, N O] =1for all i € S, it follows from (3.1) that for all i € S, f; =1 and by
(3.3), f{ > m — 1. Since k = 1, then u* is by definition such that

1
u* > m—2k—2:§m.

1
2
Thus

m.

N | —

1
§m—1<fi'§m—u*§

Hence for all i € S, f/ = m — u* is the greatest integer less than or equal to %m.

Thus all voters in S are frustrated on all non unifying proposals. By remak 3.1.2, a

contradiction holds. [ ]

Proof.
[Proof of Theorem 2.7.]

=) See Proposition 3.2.4.

<) Suppose that u > u*. By Lemma 3.2.1 and Lemma 3.2.4, D(m, u*, k) is Anscombe’s

paradox free. By Proposition 3.2.3, D(m,u, k) is also Anscombe’s paradox free. [ ]

When all proposals are unifying proposals, Theorem 2.7 becomes:

COROLLARY 3.2.1. A unifying preference domain D(m, m, k) is Anscombe’s paradox

free 1if and only if k < im + 1.

Proof.
Straightforward from Theorem 2.7 by observing that m > wu* is equivalent to

m2%m+2k—2. [ |

Here follow three final remarks on the cardinality of unifying preference domains, the

relationship with single-switch domains and the rule of three-fourths respectively.
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REMARK 3.2.1. Given two unifying preference domains D(m,u, k) and D(m, v, k'),

it can be easily checked that:
(1) if u < and k =K', then |D(m,u, k)| > |D(m,u/, k’)|; and
(1) if u=1u" and k <K, then |D(m,u, k)| < |D(m,u k)|

Furthermore the cardinality of D(m,u, k) is given by

D(m, u, k)| zzm—ui (D

1=0
Although |D(m,u, k)| is exponential, we have checked for small values of m that
the ratio A(m)/2™ tend to 0, where A(m) is the marimum cardinality of a unifying
preference domain that is Anscombe’s paradox free; see Table 3.1 below where u**
and £ are such that A(m) = |D(m, u*™, k**)| and D(m, u*™, k**) is Anscombe paradox
jree with maximum cardinality. As in the case of single-switch domains, unifying
preference domains that are Anscombe’s paradox free are also strong restrictions on

individual opintons.

REMARK 3.2.2. It is obvious that unifying preference domains overlap with single-
switch domains. To see this, (1) rearrange the components of the vector z* of com-
mon standards such that one switches from +1 to —1 at most once over unifying
proposals; (i1) consider the vector of votes w that consists simultaneously in following
all common standards on unifying proposals and rejecting all non unifying propos-
als. While each single-switch domain contains both w and —w, a unifying preference
domain that is Anscombe’s free is only guaranteed to contain w; but may be of expo-
nential cardinality. Therefore single-switchness and unifying preference domains are
rather distinct approaches that describe possible Anscombe’s paradox free domains

(none being an extension of the other).

REMARK 3.2.3. When we assume that all proposals are unifying, it appears that
the barometer of consensus for each unifying preference domain that is Anscombre’s
paradox free is mot greater than one fourth of the proposals by more than one unit;
meaning that the total number of proposals at which each voter follows common
standards is not less than the three-fourths of the proposals by more than one unit.

However, the average fraction of voters, across all proposals, may still be less than
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Table 3.1: Mazximum cardinality of a unifying preference domain that is Anscombe’s para-

dox free (%)

m| ut B ANm)/2m
3 2 1 75.00%
4 2 1 75.00%
5 ) 2 50.00%
6 ) 2 50.00%
7 6 2 34.38%
8 8 3 36.33%
9 9 3 25.39%
10 9 3 25.39%
20| 20 6 5.76%
30| 29 8 1.21%
40 | 40 11 0.32%
50 | 49 13 0.07%

three-fourths. In these cases, the corresponding profiles are now out of the scope of

the rule of three-fourths while the conditions provided here are sufficient (of course

not necessary) to rule out all occurrences of Anscombe’s paradox. To see this, con-

sider for example the vote profile in the table below where we have inserted an extra

column to the vote profile in order to give the fraction of the voters who agree with

the majority decision on each motion.

X, | Xo| X3 | X4 | X5 | MR[X]
at| +1 | +1 | +1 | -1 | -1 +1  13/5
a®| +1 | +1 | =1 | +1 | —1 +1  |3/5
ad| +1 | =1 | =1 | +1 | +1 +1  |3/5
at| =1 | =1 | 41 | 41 | +1 +1  |3/5
| =1 | +1 | +1 | =1 | +1 +1 |3/5
no no no no no 0/5

Each voter deviates from common standards on exactly two proposals out of

five. Thus this vote profile is admissible given that all proposals are unifying and
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3.3. Identifying Anscombe’s paradox free domains for m = 3

the barometer of consensus is £ = 2. We can check that the condition from Corol-
lary 3.2.1 is satisfied and that the majority rule does not exhibit Anscombe’s paradox.
But on average across all the five proposals, sixty percent of the voters agree with
the majority decision.

This is of course in accordance with Wagner who motes (see , , P
307) that mot requiring on average the assent of at least three-fourths of the voters
leaves place to the possibility of observing Anscombe’s paradox. We simply argue
that the conditions provided in Theorem 2.7 (or even in Corollary 3.2.1) identifies

some of these remaining vote profiles not affected by the paradox.

3.3 Identifying Anscombe’s paradox free domains for
m =3

It is worth noticing that a domain that is Anscombe’s paradox free needs not be a unifying
preference domain. This is the case with single-switch domains. Nevertheless, we prove
here that with exactly three proposals, a preference domain is Anscombe’s paradox free
if and only if it is a subset of a stable unifying preference domain or a subset of a single-

switch domain.

3.3.1 Domain representation and equivalent domains

We recall that a preference domain is a nonempty subset of {—1;+1}"™ from which each
voter picks up his/her vector of votes. To ease our analysis, we need some general nota-

tions. Mainly, we assume that vectors of votes in a preference domain D is numbered in

such a way that D = {xy,xs,...,24} where d = |D|. This allows us to give D a matrix
representation as D = (x?)izllrg where z¢ is the opinion on proposal a according to the
vector of vote x;.

Asin ( ), the notion of equivalent domains provided in the next

definition will be useful in our exploration.

DEFINITION 3.3.1. Let M’ be a subset of M, o a permutation of M and D =

(2§)a=1,...,m a preference domain.
Jj=1,...,
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i) The M’-relabeling of D is the preference domain DM = (¥%)a=1,...,m obtained by

-----

G=1,nd
reversing approvals and disapprovals regarding proposals in M’ in each element

of D; that s

i =1 <= yi =—1, Yac M and z{ =y}, Ya ¢ M.

il) The o-permutation of D is the preference domain D7 = (y)a=1,...m obtained by
j=1,.,d
permuting the positions of the proposals according to o; that 1s

Yt =2Y qge M.

ii1) Two preference domains D and D’ are equivalent if there exist a subset M’ of M
and a permutation o of M such that D" is obtained from D by the o-permutation

of the M’-relabeling of D; that is

D= (D).
In this case, D' is simply denoted by D’ = DM"7.

Similarly, a vector of votes Y € D' will be denoted by Y = XM if X € D is such
that for each voter 4, {Y;} = {X;}M'°.

EXAMPLE 3.3.1. Let M = {ay,as,a3,a4} and consider the following preference do-

mams

Ty Ty X3 T4 Ts ry T2 T3 T4 T

2t -1 41 -1 +1 -1 g+ 41 -1 +1 -1
D= 22|41 -1 41 -1 +1 and D'= 22|41 +1 -1 —1 +1
2?41 +1 -1 +1 -1 2?41 -1 +1 -1 +1
et -1 -1 +1 41 -1 st +1 -1 +1 -1 +1

Here 27 refers to the vector of votes on proposal @/ while zj, is the k™ vector of votes
in the domain D.

Let M’ = {a1,a4} and o be the permutation of M defined by o(1) = 3, 0(2) = 4,
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0(3) =1 and o(4) = 2. Then the M’-relabeling of D is given by:

I ) T3 Ty Ty

|+l -1 +1 -1 +1
DM = 22141 -1 41 -1 +1
24+l +1 -1 +1 —1
| +1 +1 -1 -1 +1

Ty T2 X3 T4 Ts

2 4+1 +1 -1 +1 -1
(LM”)UZ 41 41 -1 -1 +1
' +1 -1 +1 -1 +1
2| +1 -1 +1 -1 +1

Clearly, DM = D'. Tt then appears that D and D’ are equivalent preference do-

mawns.

PROPOSITION 3.3.1. Assume that the total number of voters is odd and suppose
that there exists a D-admissible vote profile at which the majority rule exhibits the
Anscombe’s paradox.

If a preference domain D’ is equivalent to D, then there also exists a D'-admissible

vote profile at which the majority rule exhibits the Anscombe’s paradox.

Proof.
Suppose that D' = DM and that there exists a vote profile X with an odd

number of voters such that Supp(X) C D and that the majority rule exhibits the
Anscombe’s paradox at X. Denote by S the set of all voters who are frustrated on
a majority of proposals and by ¥ = XM’ the vote profile obtained from X after the
M/’-relabeling of proposals.

By the definition of the M’-relabeling of proposals, M R(Y*) = M R(X*) since each
majority decision with an odd number of voters is supported by more than the half of
the voters. Therefore, each voter is frustrated on the same set of proposals in X as in
Y. Therefore voters in S are each frustrated on a majority of proposals in Y.

Let Z = XM By definition, Z € D' = DM and Z = Y is the vote profile

obtained from Y by the o-permutation of proposals. Moreover, for each proposal a,
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the vector of individual votes Z% on a in Z is identical to the vector of individual votes
Y?@ on o(a) in Y. Therefore, each voter is frustrated on a proposal a in Z if and only
if he/she is frustrated on o(a) in Y. Thus each voter is frustrated on the same number
of proposals in Y as in Z. By assumption, voters in .S are frustrated on a majority of

proposals in Z. Since Z is D’-admissible, Z is a D’-admissible vote profile at which the

majority rule exhibits the Anscombe’s paradox. [ |

To continue, we further describe each row in a preference domain of a given cardinality

in terms of the total number of 41-entries it contains.

DEFINITION 3.3.2. Given a preference domain D of cardinality d, the type of a row

z of D containing exactly k entries equal to +1 is the integer [z] = min(k,d — k).

EXAMPLE 3.3.2. In a preference domain of cardinality 7, the vector

r=(+1,+1,—1,+41,—1,—1,41) is a row of type [x] = 3.
Note that x and —x have the same type.

DEFINITION 3.3.3. Let D be a preference domain of cardinality d. The type of D
is the collection [D] = (tlfl,tlf, e ,th) of all weighted types of rows in D such that
exactly k; rows i D are of type t; with t; <ty < --- < t,.

The class of all preference domains of cardinality d having the same type with D
is the set of all preference domains having type [D] and containing each exactly d

vectors; it will be denoted by Cd,t'fl A2 ke

EXAMPLE 3.3.3. Let D be the preference domain defined as follows:

1 T2 X3 T4

o +1 =1 +1 -1
22| -1 +1 +1 +1
21 -1 —1 +1

The vectors z',2? and 23 are respectively of types 2, 1 and 1. Thus D is of type

[D] = (12,3') and belongs to the class Cy2 3.

ProprosITION 3.3.2. If two domains are equivalent then they have the same type.
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Proof.
| Straightforward from definition. [ |

The following proposition presents all possible classes given a preference domain with

3 proposals of cardinality at least 3.
PROPOSITION 3.3.3. Let D C {—1,1}3.
1) if |D| =8 then D € Cggs.
i) If |D| =7 then D € C73s.
i) If [D] =6 then D € Cga2.31 U Cga1 32 U Cg 33.
w) If |D| =5 then D € C5 1192 U C5 95.
v) If |[D| =4 then D € Cypr 92 UCy13 UCyp200 UCyq192 UCyos.

’U”L) If |_D| =3 then D € 03701712 @) 03’13.

Proof.
Let D be a preference domain with 3 proposals a;, a; and a3 and 27 € D for some

j € {1,2,3}. The vector z7 contains k +1-entries and | —1-entries such that k+1 = | D|
and k € {0,1,2,3,4}.

—_

. For |[D| =8, k=1=4and [2/] = min(4,4) = 4. Thus D € Cg .
2. For |D| =17, (k1) € {(4,3),(3,4)} and [27] = 3. Thus D € Cy 3.

3. For |[D| =6, (k,1) € {(4,2),(3,3),(2,4)} and [27] € {2,3}. Moreover, three rows
can not be of type 2 at the same time, otherwise two columns of the domain

would coincide. Thus D € Cg 92 31 U Cg 21 32 U Cg 35.

4. For |D| =5, (k,1) € {(4,1),(3,2),(2,3),(1,4)} and [27] € {1,2}. Moreover, two
rows can not be of type 1 at the same time, otherwise two columns of the domain

would coincide. Thus D € C5 11 92 U C5 93.

5. For [D] = 4, (k,1) € {(4,0), (3,1), (2,2),(1,3),(0,4)} and [a] € {0,1,2}. More
over, two rows can not be of type 0 at the same time, otherwise two columns of the

domain would coincide. Similarly all the the three types can not simultaneously

occur. Thus D € 04’01722 U 04713 U 04’12’21 U 04711722 U 04,23.
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6. For |D| =3, (k,1) € {(3,0),(2,1),(1,2),(0,3)} and [27] € {0,1}. As above, two

rows can not be of type 0 at the same time. Thus D € C5 1 12 U Cs 33. [ |

3.3.2 Anscombe’s paradox free domains with three proposals

We are now ready to state and prove our characterization result for three proposals.

r—[Theorem 3.8.] N

Given a preference domain D C {—1,1}?, if D is Anscombe’s paradox free then
D is unifying preference domain or D is equivalent to a single-switch preferenoen

domain.

Proof. Pose {—1,+1}® = {x1, x9, 23, T4, 5, T, T7, T3 }.

Table 3.2:

r1 T2 T3 Ty X5 Te X7 I8

2 +1 +1 41 +1 -1 -1 —1 -1
22 +1 +1 -1 —1 +1 +1 —-1 -1
2 41 -1 +1 -1 +1 —1 +1 -1

Given ky, ko, ...,k € {1,...,8}, let DFtkzhi = {1133\ {xy,, Tpy, . . ., Tp, }. Suppose
that D C {—1,+1}? is Anscombe’s paradox free and that |D| > 3 . We show that D is a

single-switch preference domain or D is a unifying preference domain.

1. Suppose that |D| = 7. By Proposition 3.3.3, D € (3. Moreover, C73s =
{D',D* D3 D* D° DS D7 D®}.
We first prove that all domains in C73s are equivalent. To see this, pose D' = T.
Then using the relabeling operation, we have D? = T} D3 = 7} p4 = la*a’}
D5 = 7'} pb = plale®t  p7 — plale?} p8 — plalea®a®} Hence all domains of

C73s are equivalent.

UYI: Ph.D Thesis OUAMBO KAMDEM Monge K. @UYI 2019




3.3. Identifying Anscombe’s paradox free domains

for m =3

We now prove that D7 is not Anscombe’s paradox free.

X1 X9 X3 Ty4 Ty Tg Tg
D7 +1 +1 +1 +1 -1 -1 -1
+1 +1 -1 -1 +1 +1 -1
+1 -1 41 -1 +1 -1 -1

Let X be a vote profile with eleven voters and three proposals defined as follow
X1 =21, Xo = 19, X3 = Xy = X5 = a3, Xog = w4, Xy = Xg = 25, Xog =
rg, X10 = X171 = ws. It holds that MR[X] = (+1,—1,+1). Each voter of the

majority coalition {2,7,8,9,10, 11} is frustrated on a majority of proposals. Thus

the Anscoombe’s paradox holds at X. Since n = 11 is odd and by Proposition 3.3.1,

D7 is not Anscombe’s paradox free as well as the seven other domains from Cras .

2. Suppose that |D| = 6 then D € Cg 231 U Cg a1 32 U Cg33. Note that D is obtained

by deleting two vectors from {—1;1}>.

a) Suppose that D € Cgo152. D is obtained by deleting in {—1,+1}? a pair of
(a) 2,

vectors that form a domain of type (0',12). Thus by Table 3.3, we have

0621 32 :{D14 D16 Dl? D23 D25 D28 D35 D38 D46 D47 D58 D67}.

Table 3.3: All pairs of vectors that form a domain of type (0!, 12)

T1 X4 T1 Tg Try X7 Tog X3 Ty Ty Tg Iy T3 Ty T3 Tg Ty Tg Ty X7 Is Iy Tg X7

+1+1|+1-1|+41-1|+1+1|+1 -1} +1-1|+1-1\+1-1{+1-1+1-1}-1-1|-1-1

+1-1|+14+1}+1-1|+1-1\+1+1|{+s1-1\-141}-1-1-14+1|-1-1|+1-1]|+1-1

+1-1|+1-1}+1+1|-1+1\-1+1|{-1-1\+1+1|+1 -1 -1-1|-1+1|+1-1]-1+1
We first prove that all domains in Cg o132 are equivalent. To see this, pose

D' =T. Then using the relabeling operation and the permutation, we have

D' =77 with 0(1) =2, 0(2) =1, 0(3) = 3.

D' =T with o(1) = 3, 0(2) = 2, 0(3) = 1.

D% = Tles},

D% = T{eh with o(1) = 2, 0(2) = 1, 0(3) = 3.
D* = Tiabe with o(1) = 3, 0(2) = 2, 0(3) = 1.
D3 = Tie2he with o(1) = 3, 0(2) = 2, 0(3) = 1.
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D3 = Tk with o(1) = 2, 0(2)
D = Tlavabe with ¢(1) = 3, 0(2)
D¥ = T{aashe with o(1) = 2, 0(2) = 1, 0(3)
D% = Tla} D28 = 7lenast Hence all domains of Ce 21 32 are equivalent.

We now prove that D' exhibits the Anscombe’s paradox.

To X3 IT5 XTg XT7 T§

+1 +1 -1 -1 -1 -1
Let D' = Dos) (33),(33) =

+1 -1 +1 +1 -1 -1

141 41 -1 41 -1

Let X be a vote profile with nine voters and three proposals defined as follow
X1 = Ty, Xo = 9, Xz =13, Xy = 23, X5 = 73, X = 75, X7 = w6, Xg = 77,
Xy = xs. It holds that MR[X]| = (+1,—1,41). Each voter of the major-
ity coalition {1,2,6,7,8} is frustrated on a majority of proposals. Thus the
Anscoombe’s paradox holds at X. Since n =9 is odd and by proposition 3.3.1

D™ is not Anscombe’s paradox free as well as the other domain from Ce01 32.

Suppose that D € Cg3s. D is obtained by deleting in {—1,+1} a pair of
vectors that form a domain of type (1*). Thus by Table 3.4, we have Cg 3 =
{D18 D27 D36 D45}

Table 3.4: All pairs of vectors that form a domain of type (1)

T4 Tg| Ty Ty | Tz Tg| Ty T
+1 -1|+1 -1|+1 —-1|+1 -1
+1 -1|{+1 -1|—-1 +1|-1 +1
+1 -1|-1 +1|+1 —-1|-1 +1

We first prove that all domains in Cg 33 are equivalent. To see this, pose D® =

T{a:”}’ D36 — T{aQ}’

T. Then using the relabeling operation, we have D2’

D% = 7{e*a’} Hence all domains of Ce 33 are equivalent.

T ) T4 Ty g s
+1 +1 +1 -1 -1 -1
Since D36 = is single-switch, all domain of Cj 33
+1 +1 -1 41 -1 -1
+1 -1 -1 +1 +1 -1
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are Anscombe’s paradox free as stated in ( ).

(c) Suppose that D € Cgg23:. D is obtained by deleting in {—1,+1}® a pair of

vectors that form a domain of type (02, 1'). Thus by Table 3.5,

06,22,31 — {DIQ, D13, D15, D24, D26, D34, D37, D48,D56,D57,D68,D7S}

Table 3.5: All pairs of vectors that form a domain of type (0%, 1!)

T1 X9 1 T3 Tr1 Ty Ty X4 Ty Tg T3 T4 T3 X7 Ty Tg Ty Tg Ty X7 Tg T3 Ty Xg

F1 41| #1411 1 [ AT +1 | 41 1 [ +1 41 [+l 1| +1 -1 -1 -1|-1-1|-1-1|-1-1

+1+1|{+1-1}+1+1}+1-1}+1+1}-1-1{-1-1}{-1-1|{4+1+1|{+1-1|4+1-1|-1-1

+1-1{+1+1y+1+1y-1-1y-1-1}+1-1|+1+1|-1-1|+1 -1} +141|-1-1|4+1 -1

We first prove that all domains in Cg 9251 are equivalent. To see this, pose

D'?2 = T. Then using the relabeling operation and the permutation, we have
D' =T with (1) =1, 0(2) = 3, 0(3) = 2.

DY =T7 with o(1) = 3, 0(2) = 2, 0(3) = 1.

D = Tla2}bo with o(1) = 1, 0(2) = 3, 0(3) = 2.

D26 = T{ak with o(1) = 3, 0(2) = 2, 0(3) = 1.

D3 = Tte2),

D3 = T2} with o(1) = 3, 0(2) =2, 0(3) = 1.

D* = Tlaabe with o(1) = 2, 0(2) = 3, 0(3) = 1.

D56 = Tten),

D = Tiabe with o(1) = 1, 0(2) = 3, 0(3) = 2.

D% = Tiava2be with o(1) = 1, 0(2) = 3, 0(3) = 2.

D™ = Tiae2} Hence all domains of Cg 2 31 are equivalent.

Ty Ty X5 Tg T3 T4

a'|+1 +1 -1 -1 +1 +1
Since D™ = is a unifying preference domain

a2l +1 +1 +1 +1 -1 -1

a4+l -1 +1 -1 41 -1
with U = {a',a*} and k = 1 then by Theorem 2.7, D™ does not exhibit

the Anscombe’s paradox. According to the definition of unifying preference

domains, by a relabeling of domain D™, we obtain another unifying preference
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3.3. Identifying Anscombe’s paradox free domains for m = 3

domain with v = 2 and k& = 1. Thus each preference domain of Cg 42 31 is a
unifying preference domain and does not exhibit the Anscombe’s paradox.

Till now, we have shown that if |D| > 6 then D is Anscombe’s paradoz free if

and only if D € Cg o231 N Cg 3.

3. Suppose that |D| =5 then D € Cs 1192 U Cs 93

(a)

Assume that D € Cj 11 92.

We show that if D € Cj 11 92 then there exists a preference domain D’ in Cg 92 31

such D C D'.

D is obtained by deleting in Table 3.2 a triplet of type (0!, 12). Thus,

Cs110e = { D123 D124 D125 D126 I3t D135 DIST DI P23t p26 28 256,
D57, D68 DT DS DIST DTS DAGS DTS DS6T 56 DTS DTS

- Since {1, 2} is the subset of {1,2,3},{1,2,4},{1,2,5},{1,2,6}, then

D% D24 D125 D126 are sub-domains of D'2.

- Since {1, 3} is the subset of {1,3,4},{1,3,5},{1,3,7}, then D31 D135 D137
are sub-domains of D'3.

- Since {1, 5} the subset of {1,5,6},{1,5,7}, then D'¢ D" are sub-domains
of D%,

- In the same way D?* C D3* D6 c D* D> c D D*6 c D5 D8 C
D68, DT« D3 D38« D3 DT« DIT DTS DTS DAGS — DS DATS -
D DT « D57 D38 = DOS DBTS = DT DTS = DOs.

Therefore all domains of C5 11 52 are unifying preference domains.

Suppose that D € Cj os.

Since vectors in each domain from Cj2s have the same type, there are some
domains of Cj5 53 which contain a pair of opposite vectors. We can pose Cs 93 =
C35 45 U C2 55 with Cf 55 and C7 5 defined as follow:

- D belongs to C} s if there exists x € D such that Yy € D\{z}, —y ¢ D\{z};
meaning that D\{z} is not symmetric.

- D € C2 5 if there exists x € D such that Vy € D\{z}, —y € D\{z}; meaning
that D\{z} is symmetric.

e We show that all domains from C’; »3 exhibits the Anscombe’s paradox.
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3.3. Identifying Anscombe’s paradox free domains for m = 3

A domain of C§723 is obtained by deleting in Table 3.2 a triplet {z,y, z} of type
(13) such that Vt € {x,y,2}, —t ¢ {z,y,2}.

Thus: Cl,, = {DM6, D47, DIST, 235, D238 D258 D358 DAGTY Note that each
domain of C§723 is a sub-domain of a domain of Cgg132. Indeed D6 C
DM, DT « DU DIT — pI6 P25 - D28 DB - DB DA — DI/ DI -
D8 D7 c D% Since all domains of Cg,21 32 are equivalent, then all domains
of 5 53 are equivalent. We now prove that D'® exhibits the Anscombe’s para-

dox.

Ty T3 Ty Ty T

+1 41 -1 -1 -1

+1 -1 +1 -1 -1

-1 +1 +1 +1 -1
Let X be a vote profile with seven voters and three proposals defined as follow
X1 =Xy =19, X3 = Xy = 23, X5 = x5, Xg = v7, X7 = x5. It holds that
MR[X] = (+1,—1,41). Each voter of the majority coalition {1,2,5,8} is
frustrated on a majority of proposals. Thus the Anscombe’s paradox holds
at X. Since n = 7 is odd and by proposition 3.3.1, D¢ is not Anscombe’s

paradox free as well as the other domains from 051 03
e We show that all domains of C?,, are single-switch.

A domain of C’g »3 it is obtained by deleting in Table 3.2 a triplet that contains

a pair of opposite vectors.

Thus

052723 = {D'27 D128 D136 I8 pUs DS D158 DI DTS 26 H237 D245 [T
D257 D27 D28 D35 D346 356 36T IS [Ase 5T piss)

Note that by deleting a triplet that contains a pair of opposite vectors, we
obtain a sub-domain of a domain in Cg3s. Therefore each domain of 052723

does not exhibit the Anscombe’s paradox and is equivalent to a single switch

domain.

4. Suppose that |D| =4, then D € Cyg192 U Cy13 U Cy291 U Cyq1 92 U Cyos.

For some integer ki, ko, ..., k; of {1,2,...,8}, denote by ¥¥2~*% D the sub-domain
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3.3. Identifying Anscombe’s paradox free domains for m = 3

Fikaki) = {xy,, Tk, - . ., 21, ) of the full domain in Table 3.2.

(a)

We prove that all domains of Cy 1 92 are unifying preference domain.

According to Table 3.2, we have Cy g1 g = {1#4D, 1206 ) 1357 ) 2468 ) 3478 ) 5678 )},
Hence,

- Since {7,8} is not contained in {1,2,3,4},{1,2,5,6}, then ?3*D and 2°D
are sub-domains of D8,

- Since {2,4} is not contained in {1,3,5,7},{5,6,7,8}, then "D and "D
are sub-domains of D,

In the same way 2D c D' and 3D c D'.

We show that all domains from C} ;s are unifying preference domains.

We have (s = {1235, 1246 p 1847 1567y 2348 2568 1) 3578 ) 4678 )}

and 125D C DB 126 « pOT 134T — DOS 16T — pAS WA — DIT
268D c D13, 38D c D2, 48D ¢ D3, Thus each preference domain of Cy ;s

is contained in a unifying preference domain of Cj 2 1.

We show that all domain of Uy 12 91 are unifying preference domain.

As above, Cy 2 = {1245 1237 1236 ) 1248 1) 1257 ) 1268 1)

1345 1) 1348 1) 1356 1) 1378 1) 1568 1) 1578 ) 2846 1) 2347 ) 2456 ) 2478 ) 2567 ) 2678 1) 3457 )
3468 ) 3567[) 3678 ) 4568 1) 4578 )y

Thus,

12451) « DIT BT« pOS 1286]) — DOT 1248 ) — BT 1T « P34 1268
D34 1B D26 13I8 « D2 1356 1) « P2 BT — DA 1568 — D24 1578 )
D24, 2346D C D57, 2347D C D15, 2456D C D13, 2478D C D13’ 2567D C 1)137 2678D C
DB 35T D2 3468 ) — D12 3567 ) = DI2 3678 ) = P12 4568 ) — D12 4578 )
D2, Thus each preference domain of Cy ;2 91 is contained in a unifying prefer-
ence domain of Cg g2 31.

We show that all domains of C) 1192 are unifying preference domains.

We have :

Cuirge = {128 1247 1258 ) 1267 ) 1346 ) 1358 ) 1367 ) 1456 1) 1457]) 1468 1) 1478 )
1678 ) 2345 2336 ) 2357]) 2863[) 8T8 A58 AU6T[) BIS) IS8 36T 3568 ) 4567 )y

and
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3.3. Identifying Anscombe’s paradox free domains for m = 3

18 « DI AT[) « 6 1238]) « PIT AT — D3 M6 — ST 18]
D26 1867 « P24 MS6) « T8 ST 6 MG ST TS 26 16T ) -
D2 345 S W6 DT BT S WS ST BT  PI6_AUB)
D13 26Ty — DI3 8T8 P13 34581y — DI2 3467  PI2 368 ) — D12 456T])
D2, Thus each preference domain of Cy 1 92 is contained in a unifying prefer-

ence domain of Cg g2 31.
We show that all preference domains of Cy 53 which do not exhibit the Anscombe’s
paradox are single-switch.

Since vectors in each domain of Cy 53 have the same type, we partition Cy 93 in

two subsets C’ng and C’f 53 Of Uy 93 such that :
-De C’izg if forallz € D, —x ¢ D.
-DeC}yifforallz e D, —x € D.

o Cl,; = {*¥D, 1D} and it is clear that these two domains are equivalent
since each vector of 238D is the opposite of a vector of 1467 D.

Ty T3 Ty T

258 1) _ +1 +1 -1 -1

+1 -1 +1 -1

-1 +1 +1 -1
Let X be a vote profile defined as follow X; = xo, Xo = X3 = 23, Xy = x5,
X5 = zg. It holds that M R[X] = (+1,—1,+1) and each voters of {1,4,5}

which is a majority is frustrated on a majority of proposals. Thus the Anscombe’s

paradox holds on 23 D.

o 02’23 — (1278 ) 1368 1) 1458 ) 2867 ) 2457 ) 3456 ).

It hOldS that 1278D C D45,1368D C D45,1458D C D36,2367D C D45,2457D C
D36 346D < D', Hence each domain of C%,; is a subset of a domain of

single-switch domain of C 33. Therefore all those domains are single-switch.

5. Suppose that |D| = 3, then D € C3112 U C315. We show that D is a subset of a

domain which is a unifying preference domain or is single-switch; and then does not

exhibit the Anscombe’s paradox by Theorem 1.1 of Chapter 1.

o Cygiqz = {128D,124p 125 126 ) 134 135 18Ty 156 1) 157 234]) 246 ) 248 ) 256 )

Y

208, 3T 348 3T TSP 468 4TS 56T 5681 T8 678 D) Note that
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3.3. Identifying Anscombe’s paradox free domains for m = 3

12 124 1251 1261 134 135]) 156 ) 2341) 246 1) 26 ) 16 sub-domains of D,
S 18T 248D 34T 348 D) 318 478 ) are sub-domains of D5

- 15T 268 ) 56T ) 568 ) S8 678 are sub-domains of D3

_BTD 468D « D12,

Therefore, all domains of C o1 12 are unifying preference domains since each of them

is contained in a unifying preference domain from Cj 2 31.
e As above, C 13 = C3 5, UCE 35

1 _ 1467y 1477y 1677y 2357) 2387y 2587) 3587y 467 ).
03713—{ D, D ITD 20 ) 238D 28 ) S8 D 46T D

146D C D57, 147D C D68, 167D C D34, 235D C D34, 238D C D57, 258D C D34, 358D C
D2 and %D C D™. Therefore, all domains of Cj |5 are unifying preference domains

since each of them is contained in a unifying preference domain from Cg 52 31.

° Simﬂarly7 03713 — {127D7 128D, 136D, 138D7 145D, 148D, 158D, 168D, 178D, 236D7 237D7
25 AT BT W7 28 3451 M6 36 36T 3631 456 45T 458 D))

Note that:

127 128 136 1) 1381 168 1) 178 1) 278 ) 368 ) are sub-domains of D,

M 18D 158 ) 458 ) are sub-domains of D?7

_ 236D, 245D, 237D7 247D, 257D, 267D345D7 346D, 356D, 3671)7 456D, 457D are sub-domains
of D8,

Therefore, all domains of C7; are single-switch domains since each of them is

contained in a single switch domain from Cg 3s.

We conclude that for all preference domains D in {—1,1}* which does not exhibit the
Anscombe’s paradox, there exists a preference domain D' € Cgg2 31 U Cg3s such that

DCD. [ ]

All possible preference domains with three proposals have been scrutinized in the proof
of Theorem 3.8. The following corollary is a summary of the conclusion that hold in each

possible cases.
COROLLARY 3.3.1. Let D C {—1,1}? be a domain of cardinal d.

i) If d = 3, then D is Anscombe’s paradox free.
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3.3. Identifying Anscombe’s paradox free domains for m = 3

ii) If d =4 then D is Anscombe’s paradox free if and only if

D e 04701722 U 04713 U 04712721 U 04711722 or D € 04723 and (v.flf S D, —T ¢ D)

i) If d =5 then D is Anscombe’s paradox free if and only if D € Cs 1192 or D € Cs 93
and Jr € D such that Vy € D\{z}, —y € D\{z}.

w) If d =6 then D is Anscombe’s paradox free if and only if D € Cg o231 U Cg 3s.

v) D € {—1,1}® is Anscombe’s paradox free if and only if there exists a domain

D" € Cg92 31 U Cg 33 such that D C D'
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CHAPTER 4

CONSENSUAL VOTING ENVIRONMENTS AND THE
ANSCOMBE’S PARADOX

In this chapter, we mimic the functioning of some real voting bodies such as a parliament,
a congress, a board of directors, ... In such voting environments, the simplest political
divide includes a leading party, an opposition party (or a coordination) and possibly some
freethinkers. This implies an intra-profile dependence among voters in the leading party as
well as among voters in the opposition coordination. The main question we address here
is whether the Anscombe’s paradox still occurs in such a real life world. Basic definitions
around consensual voting environments are provided in Section 4.1. Stable consensual
voting environments on which the majority rule never exhibits the Anscombe’s paradox
over the set of all admissible vote profiles are characterized in Section 4.2 when the leading
party submits almost a majority of proposals; and Section 4.3 is devoted to stable voting

environments of other types.

4.1 Consensual voting environments

4.1.1 Majority, opposition and admissible vote profiles

We suppose that the set N of voters is partitioned in three subsets N7, N and N3. For
example, N; may represent the set of voters of the ruling party (a party with more than
the half of representatives), Ny the set of voters in the opposition party (the challenging

party) and N3 the set of independent voters (voters who are involved in no party). We
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4.1. Consensual voting environments

also suppose that only parties N; and N, may submit proposals. We denote by M7 the
set of all proposals initiated by N;. Furthermore, we assume that voters in the same
party all support all proposals from their party; but may have distinct opinions on other

proposals. Meanwhile, independent voters are freethinkers on all proposals.

DEFINITION 4.1.1. A consensual voting environment is a quintet (N1, No, N3, M1, M?)

where
o (M' M?) is called the agenda;

e Ny, Ny and N3 are respectively the leading party, the opposition party and the
set of independent voters in such a way that Ny, Ny and N3 are disjoint subsets

Of N with N = N1 U N2 UN3 and |N1’ > |N2’ + |N3‘,
o M! and M? are disjoint subsets of proposals such that M = M U M?2.

As mentioned above, there are some political values that voters in the same party
share. This implies the existence of a discipline party for N; and N, respectively; in such
a way that voters in IV; all vote for the adoption of all proposals in M7 for j € {1,2}. A
vector of votes of a voter in N;, given j = 1,2, is admissible when this party discipline is

observed.

DEFINITION 4.1.2. A profile of votes X 1is admissible given a consensual voting
environment (Ny, No, N3, M', M?) if voters in N, all vote for the adoption of all

proposals in M7, j = 1,2; that is
Vi€ {1,2}, Va€ M?, Vi e N;, X} = +1.

Clearly, the vector of votes of an independent voter ¢ € N3 suffers no restriction and
may takes any vector of votes from {—1,+1}™.

Hereafter, we pose |M7| = m; and |N;| = nj;

EXAMPLE 4.1.1. Consider M = {a',a? a3 a* a® a5 a"}, M' = {a',d?, a3, a*}, M? =
{a®,a% a™}, Ny = {1,2,3}, Ny = {4,5} and N3 = {6,7}. Let X be the vote profile

presented in the table below:
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X4 X5 Xe X7
a' —1 | +1 -1 | -1
a? -1 | -1 +1 | —1
a? -1 | +1 -1 | -1
at +1 +1 -1 | -1
a | +1 +1 +1 +1 +1 +1 | -1
a®| -1 +1 -1 +1 +1 -1 | -1
a’ || +1 -1 | -1 +1 | +1 -1 | -1

All voters in N vote for the adoption of all proposals in M' = {a',a?, a3, a*} while
all voters in Ny vote for the adoption of all proposals in M? = {a® a5 a"}. Therefore

X is an admissible vote profile under voting environment (Ny, Ny, , N3, M, M?).

DEFINITION 4.1.3. A consensual voting environment (Ny, Ny, N3, M, M?) is stable if
the majority rule never exhibits the Anscombe’s paradox over the set of all admissible
vote profiles; that is, given that X an admissible vote profile, MR does not exhibit

the Anscombe’s parador at X.

EXAMPLE 4.1.2. Consider M = {a',a? d? a* a®}, M' = {a',a®}, M? = {a®, a*,a’},
Ny = {1,2,3,4}, Ny = {5} and N3 = {6,7}. Then the following vote profile X is
admissible and M R exhibits the Anscombe’s paradox at X.

X X5 X3 Xy X5 Xs X; || MR(X)
at +1 -1 | -1 +1
a? +1 -1 | -1 +1
| +1 | 41| -1 | -1 +1 +1 | -1 +1
at| +1 | +1 | -1 | -1 =1l -1 | +1 +1
a® || -1 +1 —1 —1 +1 +1 +1 +1

no no yes yes no yes yes 4/7

Indeed, each voters of {3,4,6,7} which is a majority is frustrated on a majority

of proposals. The consensual voting environment (Ni, Ny, N3, M1 M?) is not stable.

REMARK 4.1.1. Since [Ni| > 2 and Va € M', X = +1, for any admissible vote

profile X, each voter i in Ny is not frustrated on all proposals of M.
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Being admissible under a consensual voting environment does not immune a vote
profile to allow the possibility of observing the Anscombe’s paradox. In what follow, we

aim at identifying consensual voting environments that are stable.

4.1.2 Majority and agenda configurations

As we assume that the leading party /V; contains more than the half of the voters, then

[Ny | = L%j + 0 for some non negative integer 9. We then distinguish:

e exact majorities when 0 = 1; that is when Ny losses the majority as soon as a voter

in N; gives up;

e extra-unit majorities when 6 = 2; for N; to loss the majority, at least two of its

members must give up;
e multiple-unit majorities when N; is a superset of a two-unit majority.
More formally,
DEFINITION 4.1.4. A consensual voting environment (Ny, Ny, N3, M? M?) has:
e an exact majority if [Ny| = [%] + 1;
e an extra-unit majority if [Ny = |2 + 2;
e o multiple-unit majority if |Ny| > L%j + 3.

Agenda in consensual voting environment may be of four types depending on whether

the leading party submits more than the half of proposals or not.

DEFINITION 4.1.5. A consensual voting environment (Ni, Ny, N3, M*, M?) has:
e an agenda of type I if [M!| > |ZL] + 1;
e an agenda of type II if [M?'] = |2 |;

e an agenda of type IIT if |M!| = |22 ] — 1,

e an agenda of type IV if [M'] <[22 ] — 2.
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Remark that when the consensual voting environment (Ny, No, N3, M?, M?) has an
agenda of type II, IIT or IV, the set of opposition party is nonempty since |M?| # (). In
the next sections, we study how the type of the majority and the type of the agenda in
a voting environment influence its stability. To achieve this, we need further notation as
follows:

INi| = %] +1+dandsince M = | 2]+ 2| + 1, [M?| = |2] +1+7

where d and r are integers such that d > 0 and — L%J —-1<r< LmTlJ.

4.2 Consensual voting environments with an agenda of
type I or 11

In this section we consider the voting environment with an agenda of type I or II that
means that the number of proposals submitted by the opposition is lower to the one
submitted by the leading party or the opposition submitted an exact majority of proposals.
Under these conditions we regard the stability in two cases when the set of independent

voters is empty and nonempty.

4.2.1 Agenda of type I or II with no independent voter

When the set of independent voters is empty, the consensual voting environment with an

agenda of type I or II is stable as shown in the following result.

PROPOSITION 4.2.1. A consensual voting environment (Ny, Ny, M' M?) with an

agenda of type I or IT but no independent voter is stable.

Proof.
Consider an admissible vote profile X in a consensual voting environment

(N1, Ny, M', M?) with an agenda of type I or II but no independent voter. We have
a0 > |2
e Suppose that |[M?!| < LmT’lJ Since each voter in N; is frustrated on at most my =

m—m; < L%J + 1, then no voter in N; is frustrated on a majority of proposals.

Moreover N, is not a majority. Therefore no majority of voters may be frustrated on

a majority of proposals. The Anscombe’s paradox does not occur at X.
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e Suppose that [M'| = |21 then |M? = [2] + 1. To prove that the Anscombe’s
paradox does not occurs at X, suppose the contrary holds. Then there exists a majority
S of voters who are each frustrated on a majority of proposals. Since ny < 7, it follows
that S and N; overlap. Moreover, each voter in SN Ny is frustrated on all proposals of
M?2. Now, m; < %. Thus voters in S N Ny are all frustrated on at least one proposal
in M? since all voters in N, vote all for the adoption of each proposal in M?2. Let a be

such a proposal. Recalling that S = (SN N;)U (SN Ny), it follows that all voter in S

are each frustrated on a. Thus a contradiction holds since S is a majority. [ |

4.2.2 Agenda of type I or II with a nonempty set of independent

voters

Given a consensual voting environment, we now prove that when the set of independent
voters is nonempty and the opposition submits less proposals than the leading party, the

environment is stable.

PROPOSITION 4.2.2. A voting environment (Ny, No, N3, M', M?) with an agenda of

type I 1s stable.

Proof.
In a consensual voting environment (Ny, Ny, N3, M, M?) with an agenda of type

I with a nonempty set of independent voters, consider an admissible vote profile X.
Then [M*'| > [2| + 1 and [M?| > |2 |. Since each voter in N, is frustrated on at
most my = m — my < % proposals, then no voter in N; is frustrated on a majority of
proposals. Moreover Ny U N3 is not a majority. Therefore no majority of voters may

be frustrated on a majority of proposals. The Anscombe’s paradox does not occur at

X. |

PROPOSITION 4.2.3. A voting environment (N, No, N3, M, M?) with an agenda of

type II and a nonempty set of independent voters is stable if and only if

(|No| =1, |Ns| =2, |M?*| =3, m and n are even) or (|N3| = 1).

Proof.
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Necessity: Consider a stable voting environment (N, Ny, N3, M1, M?) with an
agenda of type II and a nonempty set of independent voters. We have m; = LmT_lj and
ng > 1. Then my = L%J + 1. Note that ny +n3 < ny. Thus there exist n and nf such
that ny = n} +nf and ny+nj = | 2] —1. Pose Ny = {1,..., 1L, }U{21,..., 20}, Ny =
{31,...,3n,}, N3 = {44,...,4,,}. To prove that (|[Ny] = 1 and |N3| = 2 and |M?| =
3, m and n are even) or (|N3| = 1), suppose the contrary and distinguish two cases.
Case 1: m is even.

Then (|N3| > 2 and |Ny| > 2) or (| N3] > 3) or (J]M?] > 4 and |N3| > 2) or (|N3| > 3
and n odd). We have the following subcases:

Subcase 1.1: (|N3| > 3, |Na| > 2) or (|N3] > 2 and n odd). Pose T' = {4,45} and
note that n{ +ns = L”T_IJ + 2. Consider the following vote profile

Xl] e Xl”’l X21 : XQné’ X31 ' X3n2 X41 X42 X43 X4n3 ]\/[R(X)
al +1 -+ 41 | +1 - H+1 -1 - =11 -1 -1 -1 .- -1 +1
a™ | +1 - 1 |41 - 41 -1 - 1| -1 -1 -1 --- -1 +1

+1 oo 41 =1 - =141 - 41|41 -1 -1 --- -1 —1

+1 - 41 | =1 -+ =1 |41 -+ 41 || =1 +1 -1 - -1 -1
a3 1 oo =1 | +1 -+ 41 || +1 - +1 | =1 =1 +1 - +1 +1

+1 - 41| =1 oo =1 || 41 - 41 [ -1 =1 -1 - -1 -1
a® | 41 -+ 41 | -1 .-+ =1 |41 -+ 41 | -1 -1 -1 --- -1 -1

Subcase 1.2: |[N;| > 2 and |M?| > 4. In this case, pose T = {4;,45} and use the

following matrix in the vote profile above.

Xy - X | Xoy o Xy || Xay oo X, | Xay Xy X Xy, | MR(X)
a™mtt 41 e 41 | =1 oo =1 |41 o0 41 41 -1 -1 .- -1 -1
+1 o 41 | =1 -+ =1 |41 - 41 | -1 41 -1 - -1 -1
+1 oo 41| =1 oo =1 |41 - 41 41 -1 =1 - -1 -1
e e I e A | O s R B -1

Subcase 1.3: |N3| > 3. In this case, pose T' = {41, 45,43}, reset n| such that ny+n} =
|2] — 2. Then nf +n3 = [ 25| + 3. Use the following matrix in the vote profile above

in Subcase 1.1.

Xy oo Xoy | Xy o X | Xy X || X Xay X o Xy, || MR(X)
amttl 41 e 41| =1 - =1 |41 - 41 -1 41 41 -1 - -1 —1
+1 o 41| =1 o =1 [ 41 o 41|41 -1 41 -1 - -1 —1
a™mt 41 e 41 =1 - =1 |41 e 41|41 41 -1 -1 - -1 -1
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Let S ={11,..., 1, }U{31,..., 35, JUT, S| = nf+no+|T| = [ %] +1. Each voter in
{11,..., L} is frustrated on |[M?| = | 2] +1 proposals. Each voter in {3y,...,3,,}UT
is frustrated on at least [M?'| +2 = |51 | +2 > % proposals. Thus each voter in S is
frustrated on a majority of proposals. Therefore the Anscombe’s paradox holds at X.

This is a contradiction since the voting environment is stable.

Case 2: m is odd.

By assumption |N3| > 1. Noting that m is odd, it follows that |Z| +1 > 2.

Consider the following vote profile

Xy o Xy [ X o X || X e X, || Xy KXoy Xiyooe X | MR(X)
at | +1 - 41 |41 - 41 || -1 -+ =1 -1 -1 -1 --- -1 +1
a™ [ +1 -+ A1 |41 o 41 -1 - 1 -1 -1 -1 --- —1 +1

+1 e 41 [ =1 - =1 |41 - 41 4+l -1 =1 e -1 ~1
a™mt2 41 o 41 | =1 e =1 |41 - 41 -1 41 -1 - —1 -1

+1 o 41| =1 - =1 |41 - 41 -1 -1 -1 -+ -1 -1
a™ | +1 -+ 41| -1 -+ =1 |41 -+ 41 || -1 -1 -1 - -1 -1

Let S = {11,..., Ly} U{31,...,3n,} U{41,42}, |S| = |%]| + 2. Each voter in
{11, ..., 1,r } is frustrated on |M?| = L%J + 1 proposals. Each voter in {34,...,3,,} U
{41, 45} is frustrated on |[M'| +1 = | 21| + 1 > 2 proposals. Thus each voter in S is
frustrated on a majority of proposals. Therefore the Anscombe’s paradox holds at X.

This is a contradiction since the voting environment is stable.

Sufficiency: Suppose that a voting environment (Ny, No, N3, M* M?) with an

agenda of type II and a nonempty set of independent voters is such that

(|No| = 1, |N3| = 2, [M?| = 3, m and n are even) or (|N3| = 1).

Then m; = |21 | and |N3| # 0. Thus mo = | 2] + 1.

We show that (Ny, No, N3, M1, M?) is stable. On the contrary, suppose that there
exist an admissible vote profile X and a majority coalition S such that each voter in S

is frustrated on a majority of proposals. Note that:

i) SN Ny # 0 since [Ny| > 5;
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4.2. Consensual voting environments with an agenda of type I or 11

ii) each voter in Ny is frustrated on no proposal of M' since |[N;| > %. Hence each
voter of SN Ny is frustrated on all proposals in M?. Therefore SN (NyU N3) # ()

otherwise, all voters in S would be frustrated on the same proposal.

iii) Since m is even and |[M'| = |Z-1|. Then, to be frustrated on a majority of
proposals, each voter in S N (Ny U Nj) is necessarily frustrated on at least two

proposals in M?2.

Consider the following cases:
Case 1: SN Ny # () and |[N3N S| = 0.

Let i € Ny N S. Then there exists a € M? such that 4 is frustrated on a. Since X
is admissible, then all voters in S are frustrated on a; as well as all voters of S N V.

This is a contradiction since S is a majority.

Case 2: SN N, =0 and SN N3 # 0.

e Suppose that | N3] = 1. Since S C N; U N3 and each voter of S N N; is frustrated on
all proposals of M2, for each proposal in M2, there exists a voter in S N N3 who is not
frustrated on that proposal. This means that |[N3| > 1. A contradiction occurs.

e Suppose that |M?| = 3 and |[N3| = 2. Then m; = 1 and to be frustrated on a
majority of proposals, each voter in S N N3 is necessarily frustrated on at least two
proposals in M?. Therefore, there exists a proposal in M? on which all voters in
S = (SN N;)U(SN N3) are frustrated. A contradiction holds since S is a majority.
Case 3: SN N, # () and S N N3 # 0.

Let H C M? be the set of all proposals on which each voter of SN Ny is frustrated on
M?. Each voter in SN (NyUN3) is also frustrated on all proposals in H. It follows that
for each proposal a € H, there exists at least one voter in SN N3 who is not frustrated
on a. Therefore if |N3| = 1, a contradiction holds. Suppose now that |S N N3| = 2. If
|M?| = 3 and |N;| = 1, then 2 < |H| < 3 and for all proposal a € H there exists a voter
in N3 who is not frustrated on a. Since |M?| = 3, there exists a proposal ay € M? such
that each voter in Nj is frustrated on ag and M R(X%) = +1. Note that each voter in
(SNN1)UN3 is frustrated on ag. We have [{i € N @ X = MR(X%)} < |[N\S|+| Ny

However, |S N Ni| 4 |Ns| = |S| — |Na| = [S| —1 > 4. Since n is even and each voter in

(SN Np)U Nj is frustrated on ag, a contradiction occurs. [ |
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4.3 Consensual voting environments with an agenda of

type 11I or IV

4.3.1 Agenda of type III or IV with no independent voter

As shown in the result below, a consensual voting environment with an exact majority,
an agenda of type III or IV but no independent voter (N3 = (}), is stable provided that

the total number of proposals from the opposition party does not exceed a threshold.

PROPOSITION 4.3.1. A voting environment (Ny, Ny, M, M?) with an exact majority,
an odd mnumber of voters, an agenda of type IIT or IV but no independent voter is

stable if and only if

WSN(CIE:

Proof.
Necessity part: Consider a voting environment (Ny, No, M*, M?) with an exact

majority, an odd number of voters, an agenda of type III or IV but no independent
voter. Then n is odd, n; = L%J +1,n9 = L”T_IJ, my = LmT_lJ —r and my = L%J 147
with r > 1.

On the contrary, suppose that

We have the following cases:
Case 1: n is odd.
Since r = |[M?| — (|2] 4+ 1) and n odd, we have |21| = |2| and

(
pee > WD o (|2 22 [ +1-0) = (5] +) (5] +)

= i ([3] 5+ (54
o w1([5] ) - (151 +0) (5] +) 2o
= et (15]+1) =

= r> |]\n412|

Then there exist two integers p and ¢ such that

]M2] =pni +1t
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with (p <7 and t <ny) or (p=r and t = 0).
Consider a vote profile X such that its restriction on M? is defined as follows:

- The matrix of M? has p identical blocks that are each defined on n; proposals;

X1, Xi, || Xo o X, || MR(X)
al M1 41 oo =1 oo =1 || #+1 - 41 +1
s T IS TP S
alMH+nh -1 o =1 - 1| +1 e+ +1
@MU s 1 s 1 | 41 - 41 +1
-1 +1 —1 +1 +1 +1
MG s 1 s 1 |+ - 41 +1
- The last block refers to the t last proposals {aP™*1 aP™+2 . . Pt} and is
defined as follows
X1, X1, L, || Xy o0 Xy, || MR(X)
@MUttt | 1 L0 1 ... 1 —1 o —1 | +1 -+ 41 +1
-1 - +1 v =1 -1 --. —1 +1 .- +1 +1
Mttt | 1 .0 1 ... 41 —1 .o —1 || 41 - 41 +1

Pose S = {11,...,1,}, |S| =n1 = [ 2] + 1. Note that each voter of S is frustrated
on at least |M? —r = L%J + 1 proposals. Therefore voters in S are frustrated on a

majority of proposals. Thus the vote profile X exhibits the Anscombe’s paradox.

Sufficiency: Consider a voting environment (Ny, No, M*, M?) with an exact ma-
jority, an odd number of voters, an agenda of type III or IV but no independent voter.

Suppose that

W EE (IR
%5
We show that (Ny, No, M*, M?) is stable. On the contrary, suppose that there exist

an admissible vote profile X and a majority coalition S such that each voter in S is

frustrated on a majority of proposals.
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Pose

1 ifmisodd

2 if m is even

Note that:
i) For each proposal a € M', MR(X) = +1;

ii) SN N; # (0 and each member of S N N is frustrated on no proposal in M! by
Remark 4.1.1. Thus each voter in SNV, is frustrated on at least L%J + 1 proposals
in M?;

i) [272] = [3)+1-4

m—1

1| — r proposals of M.

iv) each member of S N N is frustrated on at most |
Then each such voter, to be frustrated on a majority of proposals, is necessarily

frustrated on at least

proposals of M?;

v) recalling that X is admissible, then voters in S N Ny are all frustrated on the same
subset, say T, of proposals of M?. By point (iv) above, |T| = r + 6, + u with

0<u<myhence 0 <u<|2]+1-6,=|21]+1;
vi) for all proposals a € T, MR(X®) = —1 and Vi € Ny, Va € T, X¢ = +1;

vii) Since voters in SN Ny are each frustrated on all proposals in 7', then SN N, is not

a majority coalition. This implies that

o [SNNy| <[22 and [SN No| = |22 | — v where v is an integer such that

0<v< |75

o [SAN|> |2 +1—|SN Nyl =v+1and [SNN;| =v+c+ 1 where cis an

integer such that 0 < ¢ < ng — .

o IN\S|=|M|—=INMnS|=2]+1—(w+c+1)=[2] - (v+o).
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Consider the following cases
Case 1: SN Ny #0

Since X is admissible and 7' C M?, then all voters in N, vote for the adoption of
all proposals in 7" and each proposal in T' is rejected by point (v). Since |N;\S| =
VLT_IJ — (v +¢), each voter from SN N; votes for the rejection of each proposal a' € T'.
Therefore each voter of SN N; is frustrated on no proposal in M UT and is frustrated

on at most my — |T| = | 2| +1—u— 6, < |2]|. A contradiction holds.

Case 2: SN N, = (. Since by assumption N3 = 0, it follows that S C Nj.
Moreover, N; is an exact majority by assumption. Therefore S = Ny and N\S = Ns.

Progressively, construct a new profile Y from X as follows: given a € M,
e if a € M', pose Y;* = X for all i € N.

o ifa € M? MR(X®) = +1 and the set S, = {i € N; : X® = +1} contains at
least one voter. Choose a single voter, say i,, in S, and set

—Xoifie S,\{ia
o \{ia}

K3
X  otherwise.

o if a € M? and MR(X®) = —1, then X = —1 for all i € N;. Choose a single
voter, say i,, in /Ny and set

—Xe i =,
Yo =

7

X¢  otherwise.

By so doing, Y is admissible and the set of all proposals on which each voter i € N;
is frustrated at X is a subset of the set of all proposals on which i is frustrated at Y.
Therefore, the Anscombe’s paradox occurs at Y. Moreover, for each proposal a € M?2,
there is exactly one voter in N; who agrees with the majority decision on a.
Now, given i € Ny, let g; be the total number of proposals in M? on which 7 agrees

with the majority decision. By construction of Y,

Z gi = Ma.

iEN]

Let 7 be a voter in N; such that g; > g; for all ¢ € N;. Then n,g; > my and therefore

g; > 73—3 Since mo = L%J + 14 r, and the Anscombe’s paradox holds at Y, then
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r>g; > 22 We deduce that ms — (| 2] +1) > 22 It follows that

ni

() +1)2 52 o ma (M) 2 (51 e R

A contradiction holds. This completes Case 2 and also the proof. [ |

PROPOSITION 4.3.2. Consider a voting environment (Ny, Ny, M*, M?) with an exact
majority, an even number of voters and no independent voter. Then (Ny, Ny, MY, M?)

is not stable if this voting environment has

e an agenda of type IV; or

e an agenda of type IIT while (m is odd) or LgJ > 2 L%J + 3.

Proof.
Consider a voting environment (N7, Ny, M, M?) with an exact majority, an even

number of voters, no independent voter, an agenda of type IV or an agenda of type

IIT while (m is odd) or (|%] > 2[%2] + 3). Note that n is even, n; = [%] + 1

and ne = VLT_IJ Moreover m; = mT_IJ — r then my = L%J + 1 + r with

(r=1and modd)or (r=1and |2| >2|2|+3) or (r>1). Pose

1 ifmisodd
Om =

2 if m is even,

t=r+0n, n=2p. Wehaven; =p+1,ny,=p—1, LmT_IJ +0m > 5
Case 1: (r =1 if mis odd) or (r > 1 otherwise). Consider a vote profile X defined

as follows:

Xy, o X, | X, X | Xa o Xo || MR(X)
al +1 .- 41 | +1 +1 -1 - =1 +1
a™ | +1 -+ 41 | 4+1 41 || =1 -+ =1 +1

—1 e =1 | =1 41 |41 o 41 -1

—1 oo =1 |41 =1 || +1 -+ +1 -1
am+3 | 1 ... -1 | =1 41 || +1 .- +1 -1
am*tt | =1 o —1 | 41 =1 || 41 - 41 -1

B S S | +1
S e = N S|
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4.3. Consensual voting environments with an agenda of type III or IV

Pose S ={1,, 1,11 }U{21...,1,,,}, |S| =24+p—1=p+1. Each voter of {2y...,1,,}
is frustrated on at least | M|+t = LmT_IJ +0m > % proposals. Furthermore each voter
of {1,, 1,41} is frustrated on at least |£]| +my —t = [§]| + |2 + 1 — b, proposals.
elfr=1and d,, =1. Thus |{| =6, =0and |5 +ms—t=[2] +1.

e r > 1 then L%J — 0, > 0. Thus L%J +my—t> 5+ 1

In both cases, each voter of S is frustrated on a majority of proposals. Therefore
the Anscombe’s paradox holds at X.

Case 2: r =1 and 2| > 2[2| 4 3. Then |N;| > 2|M?|. Consider a vote profile X

such that its restriction on M? is defined as follows:

X1, X12m2 . Xln2 Xy, - X2n2 ]WR(X)
a1 +1 41 - =1 =1 -+ =1 -1 =1 -+ =1 || +1 -+ +1 +1

-1 =1 -+ 1 41 -+ =1 =1 =1 -+ =1 || +1 - +1 +1
a® | -1 -1 -+ =1 =1 -+ +1 +1 =1 -+ =1 || +1 -+ +1 +1

Pose S = Nj. Each voter of S is frustrated on at least [M?|—1 = |2 | +1. Therefore

the Anscombe’s paradox holds at X. [ |

PROPOSITION 4.3.3. A voting environment (Ny, Ny, M*, M?) with an exact majority,
an even number of voters, an agenda of type III, but no independent voter is stable
if and only if

m 1s even and {gJ <2 {%J + 3.

Proof.
Necessity: See Proposition 4.3.2.

Sufficiency: Consider a voting environment (Ny, No, M*, M?) with an exact ma-
jority, an even number of voters, an agenda of type III, but no independent voter.
Suppose that

n m
i a 5| <2|%
m is even and |3 5

We show that (Ny, Na, M, M?) is stable. On the contrary, suppose that there exist

|+3

an admissible vote profile X and a majority coalition S such that each voter in S is

frustrated on a majority of proposals. Note that:

i) For each proposal a € M', MR(X) = +1;
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4.3. Consensual voting environments with an agenda of type III or IV

ii) SN Ny # 0 and each member of SN N is frustrated on no proposal in M*. Thus

each voter in S M V; is frustrated on at least L%J + 1 proposals in M?;

m—1

~L| — 1 proposals of M.

iii) each member of S N Ny is frustrated on at most |

Then each such voter, to be frustrated on a majority of proposals, is necessarily

o (252

proposals of M? since m is even;

frustrated on at least

iv) Recalling that X is admissible, then voters in S N N, are all frustrated on the
same subset, say T, of proposals of M2 By point (v) above, |T| = 3 + u with

0 <u<mg; hence 0 <u < LmT_IJ—Fl;
v) for all proposal a € T, MR(X®) = —1 and for all i € Ny, for all a € T, X? = +1;

vi) Since voters in SN Ny are each frustrated on all proposals in 7', then SN N, is not

a majority coalition. This implies that

o [SNN,| < [271] and |SN N, = | 21| — v where v is an integer such that

0<v< 2]

o [SAN| > |2]+1—|SN Nyl =v+2and [SNN;| =v+c+2 where cis an

integer such that 0 < ¢ < LgJ —v—1.

o IN\S|=|Ni| = [MinS|=|2]+1—(v+c+2)=[2] — (v+0)

Consider the following cases
Case 1: SNN, #0

Since X is admissible and 7" C M?, then all voters in N, vote for the adoption of all
proposals in 7" and each proposal in T is rejected. Since |[N1\S| = L”T’lj — (v+c¢) there
are at least v + ¢ + 1 voters from S N N; who vote for the rejection of each proposal
a € T. Recalling that |[SNN;| = v+c+2, then there is at most |SNN;|—(v+c+1) =1
voter of S N Ny who is frustrated on a. We have two subcases.
Subcase 1: Suppose that there exists a voter, say ig in .S N N; who is frustrated on

no proposal in T'. But iy € Ny is also frustrated on no proposal in M*. Therefore i is

frustrated on at most |[M?| — |T'| = |[2] =1 —u < [2]. A contradiction holds.
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l

Subcase 2: Suppose that for each proposal a' € T, there exists exactly one voter

i; € SN Ny who is frustrated on a'. This means that |S N Ny| < |T'| otherwise, there
exists a voter in SN N; who is frustrated on no proposal in 7" and a contradiction holds
by subcase 1. Now, given i € Ny, let f; be the total number of proposals in 7" on which

i is frustrated. By assumption,
> fi=11].
1i€ESNN1
Let j be a voter in S N Ny such that f; < f; for all i € SN Ny. Then [S NN |f; < |T|

and therefore f; < % Since |M?| — |T| = | 2| — u — 1. Therefore, to be frustrated

on a majority of proposals, voter j is necessarily frustrated on at least u + 2 proposals

of T'. Thus

T 1 3
1

> ut2 — —
f]_+ u -+ 2 U

A contradiction holds because |[S N Ny| = v + ¢+ 2.

Case 2: SN N, =0. Byii) S C N; and all voters of S N Ny are not frustrated

on M'. Thus each of them is frustrated on at least |Z| + 1 proposals in M?. We

have |SN Nyl = |2]| 4+ 1 and then [N\S| = |22 |. Since n is even, for each proposal
a € M?, there exist at least 2 voters in S who are not frustrated on a. By assumption,

2] < 2[2] +3. Thus |S| = |[M| < 2|M?| and there exists a voter iy who is not

frustrated on at least 2 proposals. Therefore i, is frustrated on no proposal in M*! and

is frustrated on at most [M?| —2 = [2]. A contradiction holds. [

The following result states that when the half of the number of voters is less than or
equal to the half of the proposals, the voting environment with an extra-unit majority,

an agenda of type III but no independent voter (N3 = (}), m is even and n odd is stable.

PROPOSITION 4.3.4. When m is even and n odd, a voting environment (N, No, M, M?)
with an extra-unit majority, an agenda of type I and no independent voter (N3 = (),

is stable if and only if

Proof.
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Suppose that m is even and n odd.

Necessity part: Consider a voting environment (Ny, Ny, M*, M?) with an extra-
unit majority, an agenda of type III and no independent voter. Then n; = L%J + 2,

n2:L"T’lj—l,mlszT’lJ—landmgzL%J+2.

To show that L%J < L%J + 1. Suppose on the contrary that
n m
—| > | = 1.
5= 5]+
Note that,
EJ > {%J 1o LgJ L1 M2 = ny—1 3> my

and EJ = L”T_IJ since n is odd. Consider the vote profile X defined on M? as follows:

X, Xi,, Xip o | X, || Xoy -0 X, || MR(X)

a1 . -1 ... -1 -1 ... -1 S | I | +1
—1 oo 41 e =1 =1 - =1 | 41 |41 e 41 +1

a® | =1 o —1 v 41 =1 -+ =1 | 41 || 41 --- +1 +1

Pose S = {11,...,1,,1}, |S| = n1 — 1 = |2] + 1. Each voter of S is frustrated
on at least |M?| — 1 = L%J + 1 proposals. Thus each voter of S is frustrated on the

majority of proposals. Therefore the Anscombe’s paradox occurs at X.

Sufficient part: Suppose that

We show that (Ny, No, M*, M?) is stable. On the contrary, suppose that there exist
an admissible vote profile X and a majority coalition S such that each voter in S is

frustrated on a majority of proposals. Note that
i) For each proposal a € M', MR(X) = +1;

ii) SN Ny # 0 and each member of SN N is frustrated on no proposal in M*. Thus

each voter in S M NV, is frustrated on at least \_%J + 1 proposals in M?;
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iii) each member of S N Nj is frustrated on at most LmT’IJ — 1 proposals of M?!.

Then each such voter, to be frustrated on a majority of proposals, is necessarily

3o (252

proposals of M? since m is even;

frustrated on at least

iv) Recalling that X is admissible, then voters in SN N, are all frustrated on the same
subset, say T of proposals of M?. By point (v) above, |T'| = 3+u with 0 < u < my;

hence 0 < u < LmT_lj + 1;
v) for all proposal a € T, MR(X®) = —1 and for all i € Ny, for all a € T, X = +1;

vi) e |[SN Ny < L”T’lj — 1. Pose [S N Ny| = L”T’IJ — 1 — v with v is integer such
that 0 <v < |22 —1

e [SNN| > [2] +1—[SN Ny =v+2 Pose |[SNN|=v+c+2 with

ogchgJ—v.

o IN\S|=|M|—=|NinNS|=|2|+2-(v+c+2)=|2] - (v+0).

Consider the following cases
Case 1: SN Ny # 0

For each proposal a! € T', there exist at least v + ¢+ 1 voters in S N N; who are not
frustrated on a'. Pose P, C SNV, the set of all voters in SNN; who are not frustrated on
al. Pose |P| = vt+c+k+1with 0 < k < 1. We have |P)| = v+c+k+1 = [SONy|+k—1.

o If k; = 1 for all [ then |P| = |SNN;|. Hence all voters of SN N, are each frustrated
on no proposal of T. Therefore each voter of S N N, is frustrated in M? on at most
me—|T|=|2|+1+r—(u+3)=[2| -1-u<|2Z|. A contradiction holds since
each voter of S N Nj is frustrated on a majority of proposals.

o If there exists [y such that k;, = 0 then for each proposal a € T, at least |[SNN;|—1
voters of SN N; are not frustrated on a. Thus there exists a voter ig in S N N; who is
frustrated on at most one proposal in 7. Therefore i, is frustrated in M? on at most

mo — |T|+1 < [2]. A contradiction holds.

Case 2: SN N, =10. Byii) S C N; and each member of S N N; is frustrated on

not proposal in M'. We have |S| = [SNN;| = [2] + 1+ ¢ with 0 < ¢ < 1 then
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4.3. Consensual voting environments with an agenda of type III or IV

IN\S| = [21] — c. Hence for each proposal a € M?, there exist at least ¢ + 1 voters
in S who are not frustrated on a. We have the following subcases.
subcase 1: Suppose |S N N;| > |M?|.

If [Ny N S| > (c+ 1)|M?| we have,

IN NS> (c+DIM?| = [3]+1+c>(c+1) (2] +2) = [3] > [2]+1
A contradiction holds, since by assumption | 2] < |2 |+1. We have [M?| < |N;NS| <
(¢ + 1)|M?| them ¢ = 1 and for each proposals a € M?, there exist at least 2 voters
in N; who are not frustrated on a. Since |N;| < 2|M?|, there exists a voter iy in N
who is not frustrated on at least 2 proposals of M?2. As M? = L%J + 2, voter g is not
frustrated on a majority of proposals; this is a contradiction.

subcase 2: Suppose that [Ny N S| < |M?].

It is clear that there exists a voter in Ny NS who is not frustrated on at least 2

proposals of M?. A contradiction holds because M? = L%J + 2. [ |

PROPOSITION 4.3.5. A voting environment (Ny, No, M, M?) with (an extra-unit ma-
jority and an agenda of type IV) or (a multiple-unit majority, an agenda of type

(IIT or IV)) is not stable.

Proof.
Consider a voting environment (N, Ny, M, M?) with (an extra-unit majority and

an agenda of type IV) or (a multiple-unit majority, an agenda of type (III or IV)). Pose
ni = 2] +1+4d with d > 1. Thus |[Ns| = |22 | —d, M| = || —r with 7 > 1.
Thus [M? = |2] +1+7. Then (d=1and r >2) or (d>2and r >1). ny = nf +nf
with nf = |2| +1 -4, and n} = d + §,, with

1 ifnisodd 1 ifmisodd
571 - and 6m =

2 if n is even 2 if m is even

|Na| = ng = VLT_IJ —d. Thus (d+6, = d,+1and r+9,, > 6,,+2) or (d+6, > 0, +2

and r + d,,, > 9, + 1). Consider the vote profile X defined as follows:
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Xiy, o Xy, | X Xoy | Xa o0 X, | MR(X)
al +1 - 41 |41 - +1 e 41 -1 - =1 +1
alM'l B S 5 N | RS R | +1

1 -+ =1 ] -1 41 41 -+ 41 | 41 - +1 —1

1 v =1 |41 =1 41 -+ 41 | 41 - +1 -1

1 oo =1 |41 41 =1 o 41 | 41 - +1 -1

aMrdom 1 oo 1 | =1 =1 =1 - 41 || 41 - 41 -1

N [ S | +1

am B e, L I S | +1

If 9, = 0, d = 1 and r > 2, then n{ = 2 or 3. In this case, use the following matrix

in the vote profile above.

Xo, Xo, Xo,
A R . A S|
+1 -1 +1
-1 41 +1
+1 -1 +1
aMUHr+om | 1 41 41

Pose S = {21,..., 2,0} U{31,....3n,}, [S] = nf + ny = 25| 4 0,. Each voter in
{21,...,2n/} is frustrated on at least &,,4|M?|—(r+0,,) = |[M?|—r = |2 |41 proposals.
Furthermore, each voter in {3i,...,3,,} is frustrated on |M'| 4+ r + §,, = |22 | + 4,

proposals. Thus each voter in S is frustrated on a majority of proposals. Therefore the

Anscombe’s paradox occurs at X. [ |

When the voting environment has an agenda of type III or IV with an extra-unit or
a multiple-unit majority, the parity of the total number (n) of voters and the one of the

total number (m) of proposals influence the stability of the voting environment.

PROPOSITION 4.3.6. A voting environment (N, No, M, M?) with an extra-unit ma-

jority, an agenda of type III is not stable if

(m and n have the same parity) or (m is odd and n is even).
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Proof.
| Consider the vote profile in the proof of Proposition 4.3.5 with d = r = 1. [ |

4.3.2 Agenda of type III or IV with a nonempty set of indepen-

dent voters

When the set of independent voters is nonempty, no matter the type of the prevalent
majority, the stability of a consensual voting environment with an agenda of type III

depends only on the total number of voters and the parity of the total number of proposals.

PROPOSITION 4.3.7. A voting environment (Ny, No, N3, M', M?) with an agenda of

type III and a nonempty set of independent voters is stable if

IN| =6 and m even.

Proof.
Consider a voting environment (N, Ny, N3, M*, M?) with an agenda of type III

and a nonempty set of independent voters such that |N| = 6 and m even. Then
N[ > [2]+1, [M" = [22] -1, n=06and m is even. Since |M?| = |Z|+2,ny #0
and ng # (), we have ny = n3 = 1 and n; = 4. Pose m = 2k then |M!'| = k — 2. Hence
k>2and |M? = |2|+2=Fk+2.

Suppose that there exist an admissible vote profile X and a majority coalition S
such that each voter in S is frustrated on a majority of proposals.

Note that each voter in S N N, is frustrated on no proposal in M*!. Therefore each
of them is frustrated on at least k + 1 proposals in M?2. Thus each voter of S N Ny is
in agreement with the majority decision on at most one proposal in M?2.

Since |N;| = 4 and | S| > 4, for all proposals a € M? there exists at least one voter in

SN N; who is in agreement with M R(X®). Tt follows from all this that |M?] < |SNNy|.

Then k + 2 < 4 and a contradiction holds since k& > 2. |

Proposition 4.3.7 tel us that when the set of independent voters is nonempty, the
stability of consensual voting environments impose an agenda of type I, an even number
of proposals and six voters. When we are out of these conditions with a nonempty set of

independent voters, the environment is not stable. That is the following proposition.
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4.3. Consensual voting environments with an agenda of type III or IV

PROPOSITION 4.3.8. A woting environment (Ny, No, N3, M, M?) with a nonempty

set of independent voters is mot stable in the following cases:
a) the opposition is on type IV; or
b) the opposition is on type III and n # 6; or

c¢) the opposition is on type IIT and m is odd.

Proof.
Consider a voting environment (N, Ny, N3, M*, M?) with an agenda of type III or

IV such that at least one assumption out of a), b) or ¢) holds. Then [M'| < |2 | —2
or (|M'| = |22 —1and n #6) or (|M*| = || —1 and m is odd). It follows that
IM?| > | 2] +3or (|M?| = [2]|+2and n # 6) or (|M?| = |2] +2and m is odd).
This implies that

(

|M?| > L%J +3or

(|M? > [2]| +2and n#6) or

\(|M2| > | 2] +2 and m odd)

which is equivalent to

(

(|M? > [2]| +2and n #6) or
(|M? > [2]| +2 and n =6 and m odd) or
\(|M2| > | 2] + 3 and n = 6 and m even)

Note that [M?| = |2 | 4+ 1+r with r > 1; [N;| = ny, |[Na| = ny and [ N3] = ng and ny +
ny+n3 = n. Note that there exist three integers n), n{ and my’ such that ny = n} +nf
with nf = [%5*| and my' + [M'| = 2| + 1. Thus Ny = {1y,..., Ly} U{21,..., 2,0},
No={31,...,3u,}, Ns={44,...,4,,}

Case 1: [M?| > |%Z| + 1 and |N| # 6. We have three subcases

Subcase 1.1: Suppose that (ny > 2 and n even) or (ny > 1 and n odd). Thus nf +

ng > L%J + 1. Pose my = |M'| and consider the vote profile X defined as follows
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4.3. Consensual voting environments with an agenda of type III or IV

Xy, - Xlng Xy - X2ni’ Xy o0 Xs, || Xy o0 Xu,, | MR(X)
at +1 - 41 |41 - 41| -1 oo =1 -1 - -1 +1
a™ +1 - +1 +1 - 41 -1 ... =1 -1 - =1 +1

+1r .- 41 (-1 - -1 }+1 - +1 | -1 - -1 -1

+ - +1|-1 - =14+ - 41 -1 - -1 -1

gmtme’ -1 - =1 ] =1 - =1 +1 - 41| +1 - 1 -1
gmtm+r=11 1 ... _1 | -1 ... —1 |[+1 -+ +1 || 4+1 - 1 —1

-1 - =141 - 41 |+ - +1 | -1 - —1 +1

a™ -1 - -1 y+1 - +1 |+ - +1 -1 -+ -1 +1

Let S = {11,..., Ly} U{31,...,30, U{41,... . 4y, } and |S| =n—nf = [2] + 1.
Voters in {1,..., 1, } are each frustrated on |[M?| —r = | 2| + 1 proposals. Voters in

{31,...,3,,} are each frustrated on |M'| +my' +r —1 = L%J + r proposals. Voters

in {44,...,4,,} are each frustrated on m — (my’ — 1) proposals and m — (my' — 1) =
2]+ |2t +1—my'+1. Since |M'|4+my' = [2|+1 then my’ < | 2| = m— (|M?]|—

1) > LmT_lj + 2. Therefore voters in S are each frustrated on a majority of proposals.

Therefore the Anscombe’s paradox occurs at X.

Subcase 1.2: Suppose n is even, ny = 1 and ng > 2. Pose n| = \_"T_lj and note that

|M?| > 3 since [M?| = |%2] + 1+ r. Consider the vote profile X defined as follows

Xy, o X, | Xy e Xoy | Koo | Xay | Xy -0 Xay, MR(X)
at +1 -+ 41 [+l - 41 41 41 || -1 4+1 | -1 - =1 +1
am™ml 41 oo 41 |41 - 41 41 41 || =1 || 41| -1 - =1 +1

-1 -+ =1 |41 -+ 41 =1 41 || 41 || 41| +1 - +1 -1

-1 «++ =1 |41 -+ 41 41 =1 || 41 || 41| +1 -+ +1 -1

-1 -+ =1 |41 -+ 41 41 41 || +1 || =1 | +1 -+ +1 -1
amtd | -1 ... 1| -1 -+ =1 =1 =1 | 41 =1|+1 --- +1 -1

gmtrt2 ) 1 ... 1| =1 -+ =1 =1 =1 || +1| -1|4+1 - 41 -1

-1 - =1 |41 -+ 41 41 41 || +1 || +1| -1 -+ -1 -1

am -1 -+ =1 |41 -+ 41 41 41 || 41 || +1| -1 --- =1 -1

Pose S ={21,..., 2,0} U{31}U{41,... .45, }. Then |S| =n—n} = |%] + 1. Voters
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in {21,...,2,s} U {41} are each frustrated on at least [M?| —r = [2| 4 1 proposals.
Voter 3, is frustrated on | M|+ |M?| proposals and [M*'| + |M?| > | 2| + 1. Voters in
{4s,...,4,,} are each frustrated on m— (| M?|—r—2) proposals and m— (|[M?|—r—2) =

| 2]+ | 22 |+ 1= (|M?|—r—2) = [+ | +2. Therefore voters in S are each frustrated

on a majority of proposals. Therefore the Anscombe’s paradox holds at X.

Subcase 1.3: Suppose that n is even, ny = 1, n3 = 1 and n > 6. Reset n{ = 5 — 1

then nf = § — 1> 3. Consider the vote profile X defined as follows:

Xy, - Xln,l X, in,l, X3, || X4y | MR(X)
al +1 - 41 | +1 - 41 +1 +1 41 || =1 -1 +1
am™l |41 - 41 | 41 - 41 41 41 41 || -1 -1 +1

-1 - =1 |41 - +1 =1 41 +1 || +1| +1 -1

-1 -+ =1 |41 - 41 41 —1 41 || +1| +1 -1
amt | —1 o =1 | 41 .o 41 +1 +1 =1 || +1 || +1 -1

-1 v =1 =1+ =1 =1 =1 =1 || 41| +1 -1

amtrtz |l -1 ... -1 ] -1 -+ =1 =1 =1 =1 | 41| +1 -1

-1 - =1 |41 v 41 41 41 +1 || 41| -1 -1

a™ -1 - =1 |41 - 41 +#1 41 +1 || +1 | -1 -1

Pose S = {21,...,2,#} U {31} U{41}. Then |S| = nf +2 = § 4 1. Voters of
{21,..., 2,0 }U{41} are each frustrated on at least | M?|—r = | 2| +1 proposals. Voter 3;
is frustrated on [M*|+|M?| proposals and [M*'|+|M?| > [2|+1. Voter 4; is frustrated
on m—(|M?|—r—2) proposals and m— (| M?|—r—2) = |2 |+ |22 | +1—(|M?|—r—-2) =
LmT_IJ +2 Therefore voters in S are each frustrated on a majority of proposals. Therefore

the Anscombe’s paradox holds at X.

2

Case 2: Suppose that (|M?| > |2|+ 1 and |[N| =6 and m odd) or (|M?| > | 2| +
2 and [N| = 6 and m even). Thus [N| = 6 and [M?| = [2] + 1+ r with (r >

1 and m is odd) or (r > 1 and m is even). It holds that

{mT_lJ tr > % (4.1)

Since |Ni| > § and |N| = 6, then |Ns| = |N3| = 1 and [N;| = 4. Note that
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|M?| > 2r + | M']. Indeed,
|M?| — (2r + M) = |M?| = (2r + m — |M?])
—{mJ m-1ll 429
L2 2 '

Consider the vote profile X defined as follows

X, X, X, X, Xo, X3, | MR(X)
+1 +1 +1 +1 -1 -1 +1
almil +1 +1 +1 +1 -1 ~1 +1
-1 -1 +1 -1 +1 +1 -1
amtr | —1 -1 +1 -1 +1 +1 -1
gmtTtl 4] +1 +1 -1 +1 -1 +1
a™Atr 41 +1 +1 -1 +1 -1 +1
+1 +1 -1 -1 +1 +1 +1
a™Fr | 41 +1 -1 -1 +1 +1 +1
-1 -1 +1 +1 +1 -1 -1
am™ -1 -1 +1 +1 +1 -1 -1

Let S = {15,143 U{2:} U {3,}. Voters in {13, 14} are each frustrated on at least
|M?|—r = | 2] +1 proposals. Voter 2, is frustrated on |M?|—r—|[M?*|+|M'| = [ 2] +1
proposals. Voter 3; is frustrated on m — (|]M?| — 1 — r) proposals and |[M!| + 2r =

LmT’lJ +r > % by Equation 4.1. Thus voters in S are each frustrated on a majority of

proposals. Therefore the Anscombe’s paradox holds at X. [ |

REMARK 4.3.1. The following table summarizes the conditions of stability by iden-

tifying all combinations of type of opposition and type of leading party.

M.U.M: Multiple-unit majority;

No: MR mnever exhibits the Anscombe’s paradox over the set of all admissible vote

profiles;

Yes: MR exhibits the Anscombe’s paradox over the set of all admissible vote profiles;
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I, II, TIT and IV represent the type of opposition.

Exact Majority Extra-unit Majority M.U.M
L | |Ns|=0 No No No
IT | |Ng| =0 No No No
Ni| =10 m n No iff (m is even) and
| .3| No iff M| < (sz—[i)(ltfj+1) fF ( )
I | nis odd 2 LgJ < L%J +1 Yes
|N3| =0 No iff (m is even) and
Yes
n is even L%J <2 L%J +3
No iff (m is odd) and
N = @ m n Yes YGS
|AVA ‘ 3’ |M2| < (L2J+Li)(1|]2J+1)
2
Exact Majority Extra-unit Majority M.UM
I | |Ns|#0 No No No
I | |N3|#0 | Noiff (|Ns|] =1)or (|[No] =1, |N3] =2, |M? =3, m and n even)
I | [N3| #0 No iff (| V| = 6 and m even)
IV | |N3| #0 Yes Yes Yes
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CONCLUSION

At the end of the present thesis, it is worth noticing that our aim was to address some
open issues on the Anscombe’s paradox in order to contribute for a better understanding
of the circumstances of its occurrences as well as some conditions to avoid it.

Does the majority rule with a given number n of voters and a given number m of
proposals vulnerable to Anscombe’s paradox? To this question with no available answer
in the literature, we provide a complete landscape of the situation in Theorem 1.2: the
majority rule does not exhibit the Anscombe’s paradox if and only if (n < 3) or (m =4
and n < 5). Moreover, we have shown in Theorem 1.1 that the majority rule is Anscombe’s
paradox free whenever voters report at most three distinct vote vectors.

Can we escape from observing the Anscombe’s paradox by moving from the majority
rule to any other binary decision rule? To the best of our knowledge this concern was
not yet addressed. To handle this we provide in Chapter 2, generalizations of Anscombe’s
paradox in two different ways. In the first approach, the rule changes but a majority is
any coalition with more than the half of the voters; we then consider any binary voting
rule distinct from the majority rule. It appears that all voting rules that are minority
sensitive, (for some vote profiles, the decision is supported by a minority coalition) are
vulnerable to Anscombe’s paradox; see Proposition 2.1.1. Moreover, Proposition 2.1.6
and Proposition 2.1.7 together with Corollary 2.1.1 identify all binary voting rules that
are not minority sensitive and do not exhibit Anscombe’s paradox for a given number n
of voters and a given number m of proposals. In the second approach, the rule is a simple
game and an occurrence of the qualified Anscombe’s paradox refers to a situation where

all members of a winning coalition (a coalition endowed with the power of decision) are
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Conclusion

frustrated on more than the half of the proposals. Theorem 2.6 is a full characterization of
all combinations of a simple game and a set of proposals that do not exhibit the qualified
Anscombe’s paradox. Interestingly, it appears that simple voting games which are, inde-
pendently of the number of proposals, immune to the qualified Anscombe’s paradox have
only singular structures of winning coalitions: the size of a minimal winning coalition for
such games is at most 2; and there is necessary a unique vetoer as soon as there are at
least four minimal winning coalitions (no matter the size of the set N of all voters); see
Proposition 2.2.2 and Corollary 2.2.1.

Is there any preference domain with exponential cardinality that does not exhibit
Anscombe’s paradox? Any positive response to this question constitutes an improvement
of the existing literature on domain restriction for the current paradox. Indeed, this is
the case of our findings in chapter 3. Unifying preference domains have being introduced
taking into the account the existence of some type of consensus we model with three pa-
rameters: a set of unifying proposals, a barometer of consensus and a vector of common
standards. The clue of this novelty is the obtention of necessary and sufficient conditions
that preclude observing Anscombe’s paradox for all admissible vote profiles given a unify-
ing preference domain; see Theorem 2.7. Roughly speaking, the existence of a minimum
of consensus on individual preferences may result in ruling out Anscombe’s paradox; and
we describe a possible way of handling and measuring this "minimum" within a specific
framework of consensus. In particular, when all proposals are unifying, the corresponding
domain is free of Anscombe’s paradox if and only if the total number of proposals on
which each voter may deviate from the vector of common standards exceeds the quarter
of all proposals by at most one unit; see Corollary 3.2.1.

Is there any intra-profile condition that mirrors the functioning of real life institution
that does not exhibit Anscombe’s paradox? In chapter 4, we have introduced consensual
voting environments attempting to describe vote profiles when one assumes a partition
of voters into a leading party (a party with more than the half of representatives), an
opposition party and some freethinkers. In our model, we also assume that only parties
submit proposals to vote on; the members of a given party all vote for the adoption of
the proposals initiated by that party, but may have distinct opinions on other proposals;
and independent voters are freethinkers on all proposals. Propositions 4.3.4-4.2.3 provide

a complete landscape of the situation when one is interested by necessary and sufficient
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conditions to avoid all occurrences of Anscombe’s paradox. An overview of the coarse
conditions we obtain is provided in Remark 4.3.1. For illustrations, the paradox is imme-
diately overcome when the leading party initiates a majority of proposals; or when the
opposition party submits an exact majority of proposals in the absence of independent
voters.

There are still several other issues on Anscombe’s paradox that may desserve further
investigations. For example, we have shown that almost all binary voting rules exhibit
Anscombe’s paradox (qualified or not). For such rules, identifying necessary and sufficient
conditions on profiles at which the paradox occurs is clearly left open. Moreover unifying
preference domains presented here provide alternatives to single-switchness in avoiding
Anscombe’s paradox; but how restrictive are those domains is also a question with an
unknown answer. One may also consider consensual voting environments with more than
two parties and then check necessary and sufficient conditions for their stability. All these

concerns are obviously some possible follow up of the present work we will surely address.
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