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Abstract

Rank-metric codes have been studied over finite fields and the applications have been
given in network coding and cryptography. Recent works on nested-lattice-based network
coding allow the construction of more efficient physical-layer network coding schemes
with network coding over finite principal ideal rings. In this new algebraic approach, it is
necessary to detect and correct errors introduced into the system.

In this thesis, it is shown that some results in the theory of rank-metric codes over finite
fields can be extended to finite commutative principal ideal rings. More precisely, the rank
metric is generalized and the rank-metric Singleton bound is established. The definition
of Gabidulin codes is extended and it is shown that their properties are preserved. The
theory of Gröbner bases is used to give the unique decoding, minimal list decoding, and
error-erasure decoding algorithms of interleaved Gabidulin codes. These results are then
applied in space-time codes and in random linear network coding as in the case of finite
fields. Specifically, two existing encoding schemes of random linear network coding are
combined to improve the error correction.

Keywords: finite principal ideal rings, Galois extensions, Gröbner bases, interleaved
Gabidulin codes, random linear network coding, rank-metric codes, skew polynomials,
space-time codes.
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Résumé

Les codes en métrique rang ont été étudiés sur des corps finis et les applications ont
été données en codage réseau et en cryptographie. Des travaux récents sur le codage
réseau basé sur les réseaux de points emboîtés permettent de construire des schémas de
codage réseau de couche physique plus efficaces avec un codage réseau sur les anneaux
commutatifs finis principaux. Dans cette nouvelle approche algébrique, il est nécessaire
de détecter et de corriger les erreurs introduites dans le système.

Dans cette thèse, il est montré que certains résultats de la théorie du codage en
métrique rang sur les corps finis peuvent être étendus aux anneaux commutatifs finis
principaux. Plus précisément, la métrique rang est généralisée et la borne de Singleton
en métrique rang est établie. La définition des codes de Gabidulin est étendue et leurs
propriétés sont préservées. La théorie des bases de Gröbner est utilisée pour donner des
algorithmes de décodage unique, de décodage en liste minimal et de décodage d’erreur-
effacement des codes de Gabidulin entrelacés. Ces résultats sont ensuite appliqués dans le
codage spatio-temporel et dans le codage réseau linéaire aléatoire, comme dans le cas des
corps finis. Plus précisément, deux systèmes du codage réseau linéaire aléatoire existants
sont combinés pour améliorer la correction d’erreurs.

Mots clés: anneaux finis principaux, extensions de Galois, bases de Gröbner, codes de
Gabidulin entrelacés, codage réseau linéaire aléatoire, codes en métrique rang, polynômes
tordus, codes spatio-temporels.
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Notations

Rings and modules

Fq Finite field of order q
Zη The ring of integers modulo η
Zη [i] The ring Zη + iZη where i2 = −1

R A finite commutative principal ideal ring
a|b a divides b, i.e. b = ca for some c ∈ R
µR (M) The minimum number of generators of the R-module M
〈{uj}1≤j≤r〉 The R-submodule generated by {uj}1≤j≤r

Matrices

Rm×n The set of all m× n matrices with entries from R

Ik The k × k identity matrix
row (A) The R-submodules generated by the row vectors of the matrix A

col (A) The R-submodules generated by the column vectors of the matrix A

diag (d1, . . . , dr) A diagonal matrix
rank (A) The rank of the matrix A

freerank (A) The free rank of the matrix A

Galois extensions of finite principal ideal rings

R ∼= R(1) × · · · ×R(ρ) The decomposition of R as the product of local rings R(i)

m(i) The maximal ideal of R(i)

Fq(i) The residue field of R(i), i.e. R(i)/m(i)

ν(i) the nilpotency index of m(i)

S(i) The Galois extension of R(i) of dimension m
M(i) The maximal ideal of S(i)

σ(i) A generator of the Galois group of S(i)

S = S(1) × · · · × S(ρ) The Galois extension of R of dimension m
σ =

(
σ(i)
)
1≤i≤ρ A generator of the Galois group of S
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Skew polynomials

S[X, σ] The skew polynomial ring over S with automorphism σ

S[X, σ]<k The set of all skew polynomials of degree less than k
f = f0 + f1X + · · ·+ fnX

n An element of S[X, σ], with fn 6= 0

deg (f) The degree of f , i.e. n
lm (f) The leading monomial of f , i.e. Xn

lc (f) The leading coefficient of f , i.e. fn
lt (f) The leading term of f , i.e. fnXn

f (b) The element f0b+ f1σ (b) + · · ·+ fnσ
n (b) where b ∈ S

f (b) The vector (f (b1) , . . . , f (bn)) where b = (b1, . . . , bn) ∈ Sn
ker f The kernel of f , i.e. {x ∈ S : f (x) = 0}

Gröbner bases of modules over skew polynomials

S[X, σ]`+1 The `+ 1-fold direct product of S[X, σ](
e(0), e(1), . . . , e(`)

)
The canonical basis of S[X, σ]`+1

Xαe(l) A monomial in S[X, σ]`+1

ind
(
Xαe(l)

)
The index of Xαe(l), i.e. l

Xα1e(l1)|Xα2e(l2) Xα1e(l1) divides Xα2e(l2), i.e. l1 = l2 and α1 ≤ α2

Mon
(
S[X, σ]`+1

)
The set of monomials of S[X, σ]`+1

� A monomial order on Mon
(
S[X, σ]`+1

)
f =

∑n
i=1 ciX

αie(li) An element of S[X, σ]`+1, with c1 6= 0 and Xα1e(l1) � · · · � Xαne(ln)

lm (f) The leading monomial of f , i.e. Xα1e(l1)

lc (f) The leading coefficient of f , i.e. c1
lt (f) The leading term of f , i.e. c1Xα1e(l1)

deg (f) The degree of f , i.e. α1

f
F−→ h f reduces to h by F in one step

f
F−→+ h f reduces to h by F

Rank-metric codes

M A matrix rank code, i.e. a subset of Rm×n

d (M) The rank distance of a matrix rank code M , i.e.
min {rank (A−B) : A, B ∈M, A 6= B}

C A vector rank code, i.e. a subset of Sn

d (C) The rank distance of the vector rank code C, i.e.
min {rank (u− v) : u, v ∈ C, u 6= v}

C⊥ The dual of C
Gabk (g) The Gabidulin code of length n, dimension k and support g ∈ Sn

IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
An Interleaved Gabidulin code
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Introduction

In a communication network, the transmitters can send information simultaneously to the
receivers. These are represented by a matrix where rows consist of various information.
Practically, it may happen some perturbations and the received signals be different from
the transmitted ones. In such predicament, for securing the system against noises, one
can use the rank-metric codes to detect and correct errors.

Rank-metric codes

Rank-metric codes [16] are codes for which each codeword is a matrix and the distance
between two codewords is the rank of their difference. The most important family of
rank-metric codes is that of Gabidulin codes [16], [24], [63]. They are optimal in the
sense that they achieve the rank-metric Singleton bound. In [24], Gabidulin used the
Galois extension to give the vector representation of rank-metric codes. He also gave a
polynomial-time unique decoding algorithm of Gabidulin codes.

The length of a Gabidulin code is lower bounded by the degree of the Galois extension.
To increase the code length, we can use an interleaved Gabidulin code [46] which is a direct
sum of several Gabidulin codes. Another advantage of interleaved Gabidulin codes is the
existence of polynomial-time decoding algorithms [46], [67], [79] that can decode beyond
the error correction capability with high probability. Nowadays, rank-metric codes are
used in space-time coding [48], public key cryptosystems [25] and random linear network
coding [69].

Space-time codes based on rank-metric codes

A space-time code is a multiple-input/multiple-output transmit strategy for fading chan-
nels in point-to-point single-user scenarios. It was introduced in [74] by Tarokh et al. It
combines the space diversity, provided by multiple antennas, and the time diversity to
increase system capacity and reduce multipath fading. Among the performance criteria
for space-time codes, we have the rank criterion [74] which states that in order to achieve
the maximum diversity, the rank of the difference of two distinct codewords has to be
maximal. On the other hand, for any space-time block code there is a tradeoff between
the transmission rate and the transmit diversity gain [74], [47]. As in [37], a space-time
block code that achieves this rate-diversity tradeoff will be called an optimal space-time
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block code. To construct these optimal codes, rank-metric codes can be used. Thus,
in [48] Lusina et al. used rank-preserving map from finite fields to Gaussian integers to
construct optimal space-time block codes from rank-metric codes over finite fields. In [2],
Asif et al. used interleaved Gabidulin codes to construct space-time block codes and com-
pared them to orthogonal space-time block codes. In [61], Puchinger et al. extended the
works of Lusina et al. [48] to Eisenstein integers. They also proposed decoding scheme
of space-time block codes using lattice-reduction-aided equalization and error-erasure de-
coding algorithm of Gabidulin codes. In [3], Augot et al. transposed the theory of rank
metric and Gabidulin codes to the case of fields of characteristic zero.

Rank-metric codes in random linear network coding

A random linear network coding is a technique that can be used to disseminate information
in networks and improve the performance of communication systems. In the transmission
model for end-to-end coding over finite fields, the channel equation is given by Y =

AX + E, where X is the transmitted matrix whose rows are packets transmitted by the
source node; Y is the received matrix whose rows are the packets received by the sink
node; A is a transfer matrix corresponding to the overall linear transformation applied
by intermediate nodes of the network and E is an error matrix whose rows are linear
combinations of corrupt packets injected in the network. Random matrices A and E are
unknown to the destination. The problem is to recover the transmitted codeword X from
the received matrix Y.

Since linear network coding is vector-space preserving, Kötter and Kschischang [38]
suggested the use of a basis of a vector space as the rows of the transmitted matrix. They
defined a distance function between subspaces, constructed a family of constant-dimension
subspace codes and the decoding algorithm. In [69] Silva et al. used the lifted rank-metric
codes to show that minimum distance decoding of constant-dimension subspace codes can
be reformulated as a generalized decoding problem for rank-metric codes. They then gave
an error-erasure decoding algorithm of Gabidulin codes to solve the problem of error
control in random linear network coding.

Network coding over finite principal ideal rings

A principal ideal ring is a ring in which any ideal is generated by one element. In a digital
modulation system, some signal constellation sets can be represented by a finite principal
ideal ring. In particular [22], if η is some positive integer then the signal constellation
set of the η2-ary square quadrature amplitude modulation is represented by the ring
Zη [i] = Zη + iZη where i2 = −1 and Zη is the ring of integers modulo η. The works
on nested-lattice-based network coding [51], [22] allow the construction of more efficient
physical-layer network coding schemes with network coding over finite principal ideal
rings. Motivated by this algebraic approach, space-time codes and random linear network
coding were studied in the specific cases of principal ideal rings.

2



In [37], Kiran and Rajan extended the definition of Gabidulin codes to Galois rings
and used a rank-preserving map to construct an optimal space-time block code. In [44],
Liu et al. defined the notion of

∑
o-rank over the ring Z2k [i] and used it to construct

the rank metric space-time codes for the 22k quadrature and amplitude modulated. The
works of Silva et al. [70] and Nóbrega et al. [54] were extended respectively in [21] and
[53] to finite chain rings. The works of Kötter and Kschischang [38], and Gorla and
Ravagnani [30] were extended in [31] to finite principal ideal rings.

Note that the works of [31], [21] and [53] allow to improve the error correction in
random linear network coding over finite principal ideal rings. As in the case of finite
fields, another method that one can use is rank-metric codes. Thus, in this thesis we
focus on a problem raised by Frank R. Kschischang which consists of studying properties
of rank-metric codes likely to be preserved over finite principal ideal rings. The resolution
of this problem will allow to give the encoding and decoding schemes for random linear
network coding over finite principal ideal rings. Moreover, an optimal space-time block
code will be constructed for all digital modulation systems whose signal constellation set
is algebraically represented [22] by a finite principal ideal ring.

Our contribution

To extend rank-metric codes to finite principal ideal rings, we first extend the rank metric
using the Smith normal form of a matrix. We then use the Galois extensions to prove that
Gabidulin codes can be extended to finite principal ideal rings and that their properties
are preserved. As in [46], we show that collaborative decoding of interleaved Gabidulin
codes can be translated to the problem of reconstruction of skew polynomials. Analogous
to [41], the theory of Gröbner bases is used to give an iterative algorithm to solve this
reconstruction problem. The solutions of this problem allow us to give the unique decod-
ing, minimal list decoding, and error-erasure decoding algorithms of interleaved Gabidulin
codes. We then apply these results to space-time coding and random linear network cod-
ing. Specifically, we show that there is a rank-preserving map from a finite principal ideal
ring to a complex signal set and we use it to construct an optimal space-time block code.
We combine the encoding and decoding schemes of [69] and [70] to improve the error
correction in random linear network coding..

Organization of the thesis

In Chapter 1, we recall some properties of matrices and modules over principal ideal
rings. We show that the rank metric can be extended to principal ideal rings. We use
the Galois extensions of finite principal ideal rings to give the vector representation of
matrices. We also show that some properties of linearized polynomials over finite fields
can be generalized to finite principal ideal rings. We review some facts about the theory
of Gröbner bases of modules over skew polynomials.

In Chapter 2, we establish the rank-metric Singleton bound and prove that Gabidulin
codes achieve this bound as in the case of finite fields. We describe the interleaved

3



Gabidulin codes, give the key equation and the algorithm to solve it. The decoding
algorithms are given.

In Chapter 3, the applications in space-time codes and in random linear network
coding are given.

We then present our conclusions and future research directions.

4



Chapter I

Preliminaries

In this chapter, we give mathematical tools that we will use to extend some results in
rank-metric codes over finite commutative principal ideal rings. This chapter is organized
as follows.

In Section 1.1, we describe finite chain rings and use the structure theorem for fi-
nite commutative rings to show that any finite commutative principal ideal ring can be
decomposed as a direct sum of finite chain rings.

In Section 1.2, we define the Smith normal form and give a method to compute it in
finite commutative principal ideal rings. We also show how to use the Smith normal form
to solve a linear system of equations.

In Section 1.3, we use the Smith normal form to show that the rank metric can be
extended to principal ideal rings.

In Section 1.4, we construct the Galois extension of finite principal ideal rings and use
it to give the vector representation of matrices.

In Section 1.5, we show that some properties of linearized polynomials can be extended
to finite principal ideal rings. We also give some properties of Gröbner bases of modules
over skew polynomials that we will use to solve the key equation.

Throughout this thesis, by ring we mean a commutative ring with identity element,
ring homomorphisms are assumed to be unitary, and all modules are unital. Unless
otherwise specified, we assume that R is a finite principal ideal ring. An element u ∈ R is
called a unit if uv = 1 for some v ∈ R. Let a, b ∈ R, we say that a divides b, denoted
a|b, if b = ca for some c ∈ R. The set of all m × n matrices with entries from R will be
denoted by Rm×n. The k× k identity matrix is denoted by Ik. Let A ∈ Rm×n, we denote
by row (A) and col (A) the R-submodules generated by the row and column vectors of
A, respectively.

1.1 Finite chain rings

Definition 1.1 [49] A chain ring is a ring whose ideals are linearly ordered by inclusion.
A local ring is a ring with exactly one maximal ideal.

Proposition 1.2 [49] A finite ring is a chain ring if and only if it is a local principal
ideal ring.

5



Example 1.3 Examples of finite chain rings are the ring Zpk , p is a prime, and the ring
Z2k [i], whose maximal ideals are pZpk and (1 + i)Z2k [i], respectively. Other examples of
construction of finite chain rings using the ring of algebraic integers are given in [37].

In a finite chain ring, every ideal is a power of the maximal ideal. More specifically
we have the following:

Proposition 1.4 [49]Assume that R is a finite chain ring, π a generator of its maximal
ideal, ν the nilpotency index of π, i.e., the smallest positive integer such that πν = 0.
Then, every ideal of R is of the form πiR, for i = 0, . . . , ν, and for all a ∈ R there is a
unique i ∈ {0, . . . , ν} and a unit u ∈ R such that a = πiu.

If a = πiu as in Proposition 1.4, then the integer i is denoted by νπ (a). Thus, for all
a, b ∈ R, a divides b if and only if νπ (a) ≤ νπ (b).

Definition 1.5 1) A Galois ring of characteristic pn and rank r, denoted by GR (pn, r),
is the ring Zpn [X] / (f), where f ∈ Zpn [X] is a monic polynomial of degree r, irreducible
modulo p and (f) denotes the ideal generated by f .

2) A polynomial g (X) = Xs + p (as−1Xs−1 + · · ·+ a1X + a0) ∈ GR (pn, r) [X], where
a0 is a unit in GR (pn, r) is called an Eisenstein polynomial over GR (pn, r).

Proposition 1.6 [49] The Galois ring GR (pn, r) is a finite chain ring whose the maximal
ideal is pGR (pn, r).

The following theorem give a characterization of finite chain rings.

Theorem 1.7 [49, Theorem XVII.5] Assume that R is a finite chain ring, ν the nilpo-
tency index of the maximal ideal m of R, the characteristic of R is pn and Fpr = R/m.
Then, there exist integers t and s such that

R ∼= GR (pn, r) [X] /
(
g (X) , pn−1X t

)
where t = ν − (n− 1) s > 0 and g (X) is an Eisenstein polynomial of degree s over
GR (pn, r). Conversely, any such quatient ring is a finite chain ring.

The structure theorem for finite commutative rings [49, Theorem VI.2] says that each
finite ring can be decomposed as a direct sum of finite local rings. Therefore, each fi-
nite principal ideal ring can be decomposed as a direct sum of finite chain rings. More
specifically, we have the following:

Theorem 1.8 [49, Theorem VI.2] There exist a positive integer ρ and finite chain rings
R(i), for i = 1, . . . , ρ, such that the finite principal ideal ring R is isomorphic to
R(1) × · · · × R(ρ). Furthermore, this decomposition is unique up to permutation of direct
summands.
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Example 1.9 Let R = Z12 = Z/12Z, R(1) = Z/3Z , R(2) = Z/4Z. The map

Φ : R→ R(1) ×R(2)

given by
x+ 12Z 7−→ (x+ 3Z, x+ 4Z)

is a ring isomorphism. The inverse morphism Φ−1 is defined by

(x+ 3Z, y + 4Z) 7−→ xe1 + ye2,

where e1 = 4 + 12Z and e2 = 9 + 12Z.

1.2 Smith normal form

In [71], Smith proved that each matrix with integer coefficients can be reduced by el-
ementary transformations into a diagonal matrix such that each diagonal element is a
divisor of the next one. In [34], Kaplansky studied the rings in which this result can be
generalized, especially the principal ideal rings. In [72], Storjohann gave an algorithm
for computing the Smith normal form over principal ideal rings and its complexity. Each
finite principal ideal ring can be decomposed as a direct sum of finite chain rings. Thus,
one can also use the simple method given in the proof of [29, Theorem 1.1.12.] to compute
the Smith normal form over finite chain rings. As in the proof of [9, Theorem 15.9], one
can then compute the Smith normal form over finite principal ideal rings. The Smith
normal form allow to solve a system of linear equations over principal ideal rings [12], [52].
As other application, we will use the Smith normal form to show that the rank metric
can be extended to principal ideal rings.

1.2.1 Description

Definition 1.10 [9] A matrix D = (di,j) ∈ Rm×n is called a diagonal matrix if
di,j = 0 whenever i 6= j. A diagonal matrix D = (di,j) ∈ Rm×n can be written as
D = diag (d1, . . . , dr), where r = min{n,m}, and di = di,i, for i = 1, ..., r.

Remark 1.11 If m ≤ n, then

diag (d1, . . . , dr) =


d1 0 0 · · · 0 · · · 0

0 d2 0 · · · 0 · · · 0
... . . . . . . . . . ...

...
0 · · · 0 dr 0 · · · 0


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If m ≥ n, then

diag (d1, . . . , dr) =



d1 0 · · · 0

0 d2
. . . ...

... . . . . . . 0

0 · · · 0 dr
0 · · · 0 0
...

...
...

0 · · · 0 0


By [9, Theorem 15.24], we have the following:

Theorem 1.12 For all matrix A ∈ Rm×n, there are two invertible matrices P, Q, and a
diagonal matrix D = diag (d1, d2, . . . , dr), satisfying the divisibility relations d1|d2| . . . |dr,
such that A = PDQ. The elements d1, d2, . . . , dr are unique up to associates.

Definition 1.13 The matrix D, in Theorem 1.12, is called a Smith normal form of
A.

1.2.2 Computing the Smith normal form over finite chain rings

We will give the steps that allow to compute the Smith normal form over finite chain
rings. Assume that R is a finite chain ring, π a generator of its maximal ideal. Let
A = (ai,j) ∈ Rm×n. To compute the Smith normal form of A we can use the following
steps given in the proof of [29, Theorem 1.1.12.].

1) Choosing a pivot
- Multiplying by permutation matrices as necessary, we may assume that

α1 := νπ (a1,1) ≤ νπ (ai,j)

for all i, j.
- Multiplying the first row by a unit, we may assume that a1,1 = πα1 .

πα1 a1,2 · · · a1,n
a2,1 a2,2 · · · a2,n
...

...
...

am,1 am,2 · · · am,n


2) Eliminating entries

- Using elementary row and column operations as necessary, we can assume that
a1,j = ai,1 = 0 for i, j ≥ 2. 

πα1 0 · · · 0

0 a2,2 · · · a2,n
...

...
...

0 am,2 · · · am,n


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3) Iteration
- Apply induction to the submatrix of A obtained by deleting the first row and

column.
Note that the invertible matrices P, Q such that PAQ = D where D is a Smith

normal form of A can be computed simultaneously by applying the same row operations
on the matrix Im and the same column operations on the matrix In.

Example 1.14 Let

A =

 0 2 0 0

0 2 0 2

3 2 0 2


be a matrix with coefficients in Z4.

Step 0: initialization

D = A, P = I3, Q = I4.

Step 1: L1 ←→ L3 ( exchange the first row with last row)

D =

 3 2 0 2

0 2 0 2

0 2 0 0

, P =

 0 0 1

0 1 0

1 0 0

, Q = I4.

Step 2: L1 ←− 3L1 (multiplying the first row by 3)

D =

 1 2 0 2

0 2 0 2

0 2 0 0

, P =

 0 0 3

0 1 0

1 0 0

, Q = I4

Step 3: C2 ←− C2 − 2C1; C4 ←− C4 − 2C1 ( column operations)

D =

 1 0 0 0

0 2 0 2

0 2 0 0

, P =

 0 0 3

0 1 0

1 0 0

, Q =


1 2 0 2

0 1 0 0

0 0 1 0

0 0 0 1


Step 4: L3 ←− L3 − L2

D =

 1 0 0 0

0 2 0 2

0 0 0 2

, P =

 0 0 3

0 1 0

1 3 0

, Q =


1 2 0 2

0 1 0 0

0 0 1 0

0 0 0 1


Step 5: C4 ←− C4 −C2

D =

 1 0 0 0

0 2 0 0

0 0 0 2

, P =

 0 0 3

0 1 0

1 3 0

, Q =


1 2 0 0

0 1 0 3

0 0 1 0

0 0 0 1

.
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Step 6: C3 ←→ C4

D =

 1 0 0 0

0 2 0 0

0 0 2 0

, P =

 0 0 3

0 1 0

1 3 0

, Q =


1 2 0 0

0 1 3 0

0 0 0 1

0 0 1 0


Thus, D is a Smith normal form of A and PAQ = D.

1.2.3 Computing the Smith normal form over finite principal
ideal rings

By Theorem 1.8, there is a ring isomorphism Φ : R −→ R(1)×· · ·×R(ρ). Let Φi : R −→ R(i)

be the composition of Φ and the i-th projection map R(1) × · · · × R(ρ) −→ R(i), for
i = 1, . . . , ρ. We extend Φ coefficient-by-coefficient as a map from Rm×n to
Rm×n

(1) × · · · ×Rm×n
(ρ) . We also extend Φi coefficient-by-coefficient as a map from Rm×n to

Rm×n
(i) . As in the proof of [9, Theorem 15.9], we have the following:

Proposition 1.15 Let A ∈ Rm×n. Set A(i) := Φi (A) ∈ Rm×n
(i) , for i = 1, . . . , ρ. Let

D(i) ∈ Rm×n
(i) be a Smith normal form of A(i) and let the invertible matrices P(i), Q(i) with

coefficients in R(i) such that A(i) = P(i)D(i)Q(i), for i = 1, . . . , ρ. Set

D =Φ−1
((
D(1), . . . ,D(ρ)

))
,

P =Φ−1
((
P(1), . . . ,P(ρ)

))
,

and
Q =Φ−1

((
Q(1), . . . ,Q(ρ)

))
.

Then, the matrices P, Q are invertible, A = PDQ, and D is a Smith normal form of A.

Thus, the computation of the Smith normal form over finite principal ideal rings is
reduced to the computation over finite chain rings.

Example 1.16 Consider the isomorphism Φ : R −→ R(1)× R(2) given in Example 1.9.
Let

A =

 8 10 4 4

4 2 8 2

11 6 0 6


be a matrix with coefficients in R. The image of A in R(1) is

A(1) =

 2 1 1 1

1 2 2 2

2 0 0 0


and the image of A in R(2) is

A(2) =

 0 2 0 0

0 2 0 2

3 2 0 2

 .
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By Example 1.14, P(2)A(2)Q(2) = D(2) where

D(2) =

 1 0 0 0

0 2 0 0

0 0 2 0

, P(2) =

 0 0 3

0 1 0

1 3 0

, Q(2) =


1 2 0 0

0 1 3 0

0 0 0 1

0 0 1 0

 .

We also have P(1)A(1)Q(1) = D(1) where

D(1) =

 1 0 0 0

0 1 0 0

0 0 0 0

, P(1) =

 1 0 0

2 0 1

1 1 0

, Q(1) =


2 2 0 0

0 2 2 0

0 0 1 2

0 0 0 1

 .

Using Φ−1, we get PAQ = D where

D =

 1 0 0 0

0 2 0 0

0 0 6 0

, P =

 4 0 3

4 3 8

1 7 0

, Q =


5 2 0 0

0 5 11 0

0 0 4 5

0 0 9 4

 .

1.2.4 System of linear equations

As in [12] and [52], we will show how to use the Smith normal form to solve a system of
linear equations in R. A general system of m linear equations with n unknowns can be
written as 

a1,1x1 + · · ·+ a1,nxn = b1
a2,1x1 + · · ·+ a2,nxn = b2

...
am,1x1 + · · ·+ am,nxn = bm

(1.1)

where x1, . . . , xn are the unknowns, a1,1, a1,2 . . . , am,n are the coefficients of the system,
and b1, . . . , bm are the constant terms.

Equation (1.1) is equivalent to a matrix equation of the form

Ax = b (1.2)

where

A =

 a1,1 · · · a1,n
... . . . ...

am,1 · · · am,n

, x =

 x1
...
xn

 and b =

 b1
...
bm

.

Let D = diag (d1, . . . , dr) be a Smith normal form of A and the invertible matrices
P, Q such that PAQ = D. Then, Equation (1.2) is equivalent to

Dy = c

where y = Q−1x and c = Pb.
Thus, the necessary and sufficient conditions such that Equation (1.1) has a solution

are as follows :

di must divide ci, for i = 1, . . . , r, and ci = 0, for i > r.
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Example 1.17 Let A be the matrix given in Example 1.16. Consider the equation

Ax = b (1.3)

where

b =

 2

4

7


Since PAQ = D where

D =

 1 0 0 0

0 2 0 0

0 0 6 0

, P =

 4 0 3

4 3 8

1 7 0

, Q =


5 2 0 0

0 5 11 0

0 0 4 5

0 0 9 4

,

Equation (1.3) is equivalent to 1 0 0 0

0 2 0 0

0 0 6 0

y =

 5

4

6

 (1.4)

where y = Q−1x. A solution of (1.4) is (5, 2, 1, 0). Thus, a solution of (1.3) is (5, 9, 4, 9).

1.3 Rank metric

In field theory, the rank of a matrix defines a group-norm in the matrix space of the same
size. In this subsection, we use the Smith normal form to extend this property to principal
ideal rings. Let M be a finitely generated R-module. Let {a1, . . . , ar} be a subset of M .
The R-submodule ofM generated by {a1, . . . , ar} is denoted by 〈a1, . . . , ar〉R. Recall that
{a1, . . . , ar} is linearly independent over R if whenever α1a1 + · · ·+αrar = 0 for some
α1, . . . , αr ∈ R, then α1 = 0, . . . , αr = 0. If {a1, . . . , ar} is linearly independent, then we
say that it is a free base of the free module 〈a1, . . . , ar〉R. As in [9, page 190] we use the
following notation.

Notation 1.18 LetM be a finitely generated R-module. The smallest number of elements
in M which generate M as an R-module is denoted by µR (M). If M = {0}, then we set
µR (M) = 0.

Lemma 1.19 [43] Let F be a finitely generated free R-module and {e1, . . . , en} be a free
basis of F . Then, µR (F ) = n and any generating set of F consisting of n elements is a
free basis of F .

Proposition 1.20 Let M be a finitely generated R-module, µR (M) := rM , and let N
be a submodule of M , µR (N) := rN . Then, rN ≤ rM and there is a generating set
{ui}1≤i≤rM of M and rN scalars d1, . . . , drN of R such that {diui}1≤i≤rN generates N ,
with d1|d2| . . . |drN . Furthermore, if M is a free module then {ui}1≤i≤rM is a free basis of
M .
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Proof. Let {yi}1≤i≤rN be a generating set of N and {xi}1≤i≤rM be a generating set of
M . Then, since N is a submodule of M , there is a matrix A ∈ RrM×rN such that

(y1, . . . , yrN ) = (x1, . . . , xrM )A.

Let D = diag (d1, . . . , dr) be a Smith normal form of A and P, Q be the invertible
matrices such that A = PDQ. Set

(u1, . . . urM ) = (x1, . . . , xrM )P

and
(v1, . . . , vrN ) = (y1, . . . , yrN )Q−1.

Then {ui}1≤i≤rM and {vi}1≤i≤rN are respectively the generating sets of M and N , and
we have vi = diui, for i = 1, . . . , r. Thus, r = rN ≤ rM . If M is a free module, then
{ui}1≤i≤rM is a free basis of M , by Lemma 1.19.

Note that if N and N ′ are two submodules of a finitely generated R-module, then
µR (N +N ′) ≤ µR (N) + µR (N ′). Thus, the minimum number of generators of a module
over a principal ideal ring has several properties similar to the dimension of vector spaces.
Therefore, analogous to the case of fields, we give the following definition.

Definition 1.21 (Rank of matrix). Let A ∈ Rm×n.
(i) The rank of A, denoted by rankR (A), or simply by rank (A), is the number

µR (col (A)).
(ii) The free rank of A, denoted by freerankR (A) or simply by freerank (A), is

the maximum of the ranks of free R-submodules of col (A).

Lemma 1.22 [9, Lemma 15.12 ] Suppose I1, . . . , In are ideals in R such that

I1 + · · ·+ In 6= R.

Then
µR (R/I1 × · · · ×R/In) = n.

Lemma 1.23 [9, Theorem 15.33 ] Let M be a finitely generated R-module. Then

M ∼= (R/a1R)× · · · × (R/anR)

with a1R ⊂ a2R ⊂ · · · ⊂ anR. Furthermore, if no summand R/aiR is zero here, then this
decomposition is unique.

Proposition 1.24 Let A ∈ Rm×n\ {0} and D = diag (d1, . . . , dr) be a Smith normal
form of A. Then,

col (A) ∼= row (A) ,

rank (A) = max {i ∈ {1, . . . , r} : di 6= 0} ,
and

freerank (A) = max {i ∈ {1, . . . , r} : di is a unit} .
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Proof. Let P and Q be the invertible matrices such that A = PDQ. Set

s = max {i ∈ {1, . . . , r} : di 6= 0} ,

and
M = d1R× · · · × dsR.

Then,
row (A) = row (DQ) ∼= M

and
col (A) = col (PD) ∼= M.

Since R is a principal ideal ring, there is ci ∈ R such that diR ∼= R/ciR, for i = 1, . . . , s.
As d1|d2| . . . |ds, we have c1R ⊂ c2R ⊂ · · · ⊂ csR. Thus, by Lemma 1.22, µR (M) = s.

Let
t = max {i ∈ {1, . . . , r} : di is a unit} .

Assume that t 6= 0. Then ci = 0, for i = 1, . . . , t, so

col (A) ∼= Rt × (R/ct+1R)× · · · × (R/csR) .

Let F be a free submodule of col (A) such that

u := µR (F ) = freerank (col (A)) .

Then, since R is a Frobenius ring, F is an injective module [43]. So, col (A) = F ⊕ N
where N is a submodule of col (A). By Lemma 1.23,

N ∼= (R/b1R)× · · · × (R/bvR)

with bv|bv−1| · · · |b1. Thus,

col (A) ∼= Ru × (R/b1R)× · · · × (R/bvR) .

Consequently t = u, by Lemma 1.23.

Corollary 1.25 Let A ∈ Rm×n. We have rankR (A) = µR (row (A)) and freerankR (A)

is the maximum of the ranks of free R-submodules of row (A).

Example 1.26 If A is the matrix given in Example 1.16, then rank (A) = 3 and
freerank (A) = 1.

Remark 1.27 In linear algebra over fields, the rank-nullity theorem states that the sum
of the rank of a matrix and the dimension of its right kernel is equal to the number of its
columns. Using the definition of rank given in Definition 1.21, this property is not true
in general over finite principal ideal rings, due to zero divisors. Indeed, let Z6 be the ring
of integers modulo 6 and

A =

(
2 0

0 2

)
be a matrix with coefficients in Z6. The right kernel of A is generated by the vectors (3, 0)

and (0, 3). By Theorem 1.29, rank (A) = 2. Thus, the rank-nullity theorem can not be
applied to the matrix A.
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Proposition 1.28 (Rank Decompositions). Let E ∈ Rm×n, rank (E) = t.
1) There are A ∈Rm×t, rank (A) = t, and B ∈Rt×n, freerank (B) = t, such that

E = AB.
2) There are A′∈Rm×t, freerank (A′) = t, and B′∈Rt×n, rank (B′) = t, such that

E = A′B′.

Proof. Let D = diag (d1, . . . , dr) be a Smith normal form of E and P, Q be the invertible
matrices such that E = PDQ.

1) Set
D =

(
D1 D2

)
where D1 and D2 are the submatrices of D of sizes m× t, and m× (n− t), respectively.
Set

Q =

(
Q1

Q2

)
where Q1 and Q2 are the submatrices of Q of sizes t × n, and (n− t) × n, respectively.
Then

E = AB

where A = PD1 and B = Q1. By Proposition 1.24, rank (A) = t and freerank (B) = t.
2) This result can be proved as above using the column decomposition of P.
The following theorem extends the notion of rank metric to principal ideal rings.

Theorem 1.29 The map Rm×n → N given by A 7→ rank (A) is a group-norm, i.e.,
(i) for all A ∈ Rm×n, rank (A) = 0 if and only if A = 0;
(ii) for all A ∈ Rm×n, rank (−A) = rank (A);
(iii) for all A, B ∈ Rm×n,

rank (A + B) ≤ rank (A) + rank (B) .

Proof. (i) and (ii) are straightforward. Proof of (iii): let A, B ∈ Rm×n , then

col (A + B) ⊂ col (A) + col (B) .

Hence, by Proposition 1.20,

µR (col (A + B)) ≤ µR (col (A) + col (B)) .

But by the definition of µR, we have

µR (col (A) + col (B)) ≤ µR (col (A)) + µR (col (B)) .

Thus, rank (A + B) ≤ rank (A) + rank (B).

Corollary 1.30 The map Rm×n × Rm×n → N given by (A,B) 7→ rank (A−B) is a
metric.

Remark 1.31 In general, freerank does not satisfy conditions (i) and (iii) of Theorem
1.29.
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1.4 Galois extensions of finite principal ideal rings

In [24], Gabidulin used Galois extensions of finite fields to give a vector representation
of rank-metric codes. In [5], Auslander and Goldman introduced the notion of Galois
extension of commutative rings. In [14], Chase, Harrison, and Rosenberg generalized the
classical Galois correspondence theorem from fields to commutative rings. In [28], Ganske
and McDonald studied the Galois theory of finite local commutative rings. In this section,
we show that every finite principal ideal rings admits the Galois extension of any order.
We then use this result to give a vector representation of matrices as in the case of finite
fields.

1.4.1 Galois extensions

Definition 1.32 [17] Let F be a ring extension of a ring K and let G be a finite group
of automorphisms of F . The ring F is called a Galois extension of K with Galois group
G if :

(i) FG = K, where FG = {x ∈ F : τ (x) = x, ∀τ ∈ G };
(ii) for each maximal ideal M of F and for each τ ∈ G\ {idG} there is an x ∈ F with

τ (x)− x /∈M .

By Theorem 1.8, R ∼= R(1) × · · · × R(ρ). In the following, we identify R with R(1) ×
· · ·×R(ρ). Let i ∈ {1, . . . , ρ}, we denote by m(i) the maximal ideal of R(i), Fq(i) = R(i)/m(i)

its residue field and ν(i) the nilpotency index of m(i). We denote the natural projection
R(i) → Fq(i) by ψ(i). We extend ψ(i) coefficient-by-coefficient to polynomials over R(i).

Let m be a nonzero positive integer. Let i ∈ {1, . . . , ρ} and h(i) ∈ R(i) [X] be a
monic polynomial of degree m such that ψ(i)

(
h(i)
)
is irreducible in Fq(i) [X]. Set S(i) =

R(i) [X] /
(
h(i)
)
, where

(
h(i)
)
denotes the ideal generated by h(i). By [49], S(i) is a free

local Galois extension of R(i) of R(i)-dimension m, with the maximal ideal M(i) = m(i)S(i),
where the Galois group is cyclic of order m, generated by a power map σ(i) : α(i) 7→ α

q(i)
(i)

on a suitable primitive element α(i). Moreover, Fqm
(i)

= S(i)/M(i).
Set S = S(1)×· · ·×S(ρ) and σ =

(
σ(i)
)
1≤i≤ρ. Let GR (S) be the group generated by σ.

Proposition 1.33 With the above notations, the ring S is a Galois extension of R with
Galois group GR (S).

Proof. Let θ =
(
θ(i)
)
1≤i≤ρ ∈ GR (S) and x =

(
x(i)
)
1≤i≤ρ ∈ S such that θ (x) = x.

Then, for i = 0, . . . , ρ, θ(i)
(
x(i)
)

= x(i), consequently x(i) ∈ R(i), thus SGR(S) = R.
Let τ =

(
τ(i)
)
1≤i≤ρ ∈ GR (S) \ {id} and let M be a maximal ideal of S, then there is

i0 ∈ {1, . . . , ρ} such that

M = S(1) × · · · × S(i0−1) ×M(i0) × S(i0+1) × · · · × S(ρ),

where M(i0) is a maximal ideal of S(i0). Since τ(i0) 6= id and S(i0) is the Galois extension of
R(i0), there is x(i0) ∈ S(i0) such that τ(i0)

(
x(i0)

)
− x(i0) /∈ M(i0). Set y =

(
y(i)
)
1≤i≤ρ where

y(i0) = x(i0) and y(i) = 0 if i 6= i0, then we have τ (y)− y /∈M .
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Remark 1.34 1) Since S(i) is a free R(i)-module of rank m, then S is a free R-module
of rank m.

2) Since R(i) is a finite chain ring, then S(i) is also a finite chain ring.
3) Since S(i) is a finite chain ring, then S is a finite principal ideal ring.

Proposition 1.35 [15, Theorem 3.2.] There is a monic polynomial h ∈ R [X] of degreem
such that S ∼= R [X] / (h).

Example 1.36 Consider the isomorphism Φ : R −→ R(1)× R(2) given in Example 1.9.
We will construct a Galois extension of R of dimension 4. Set

h(1) = X4 + 2X3 + 2 ∈ R(1) [X] ,

h(2) = X4 + 2X2 + 3X + 1 ∈ R(2) [X] ,

S(1) = R(1) [X] /
(
h(1)
)
,

S(2) = R(2) [X] /
(
h(2)
)
,

α(1) = X +
(
h(1)
)
,

α(2) = X +
(
h(2)
)
.

Let the maps σ(1) : S(1) → S(1) given by σ(1) (x) = x3, for all x ∈ S(1), and σ(2) : S(2) → S(2)

given by α(2) 7→ α2
(2), that is, for all

x = x0 + x1α(2) + x2α
2
(2) + x3α

3
(2) ∈ S(2),

where x0, x1, x2, x3 ∈ R(2),

σ(2) (x) = x0 + x1α
2
(2) + x2α

4
(2) + x3α

6
(2).

Then, S(1)×S(2) is a Galois extension of R(1)×R(2) where the Galois group is generated
by
(
σ(1), σ(2)

)
. We extend Φ−1 coefficient-by-coefficient to R(1) [X]× R(2) [X]. Set

h = Φ−1
(
h(1), h(2)

)
= X4 + 8X3 + 6X2 + 3X + 5,

S = R [X] / (h) ,

α = X + (h) .

Then, by [15, Theorem 3.2.], S ∼= S(1)× S(2), S(1)
∼= 4S, S(2)

∼= 9S and S = 4S ⊕ 9S.
Thus, S is a Galois extension of R where the Galois group is generated by a power map
α 7→ 4α3 + 9α2.
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1.4.2 Vector representation of matrices

In this subsection, we define the group-norm in Sn that will allow to give an R-isomorphic
isometry between Sn and Rm×n.

Definition 1.37 Let u = (u1, . . . , un) ∈ Sn. By considering S as R-module, the number
µR (〈{u1, . . . , un}〉) is called the rank of u and denoted by rankR (u) or simply by rank (u).
Where 〈{u1, . . . , un}〉 denotes the R-submodule of S generated by {u1, . . . , un}.

Remark 1.38 Using the same arguments as in the proof of Theorem 1.29, we can show
that the map rank : Sn → N given by u 7→ rank (u) is a group-norm.

The following proposition gives a relation between Definition 1.21 and Definition 1.37.
Let (β1, . . . , βm) be a free basis of S as R-module. Consider a = (a1, . . . , an) ∈ Sn. For
j = 1, . . . , n, aj can be written as

aj =
∑

1≤i≤m
ai,jβi,

where ai,j ∈ R. The matrix
Aa := (ai,j)1≤i≤m, 1≤j≤n

is the matrix representation of a in the basis (β1, . . . , βm) over R.

Proposition 1.39 With the above notations, the map Sn → Rm×n given by a 7→ Aa is
an R-isomorphic isometry between the normed spaces (Sn, rank) and (Rm×n, rank).

Proof. Let a,b ∈ Sn and λ ∈ R. We have

a = (β1, . . . , βm)Aa

and
b = (β1, . . . , βm)Ab.

Therefore,
Aa+λb = Aa + λAb.

We now prove that rank (a) = rank (Aa). Let r = rank (a), then by Proposition 1.20,
there are r scalars d1, . . . , dr of R such that {diβi}1≤i≤r generates 〈{a1, . . . , an}〉, with
d1|d2| . . . |dr. Thus, there are B ∈ Rn×r and C ∈ Rr×n such that

(a1, . . . , an) = (d1β1, . . . , drβr)B

and
(d1β1, . . . , drβr) = (a1, . . . , an)C.
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Let D ∈ Rm×r such that

D =



d1 0 · · · 0

0 d2
. . . ...

... . . . . . . 0

0 · · · 0 dr
0 · · · 0 0
...

...
...

0 · · · 0 0


We have Aa = DB and D = AaC. Consequently,

col (Aa) = col (DB) ⊂ col (D)

and
col (D) = col (AaC) ⊂ col (Aa) .

Thus, col (Aa) = col (D) and, by Proposition 1.24, rank (Aa) = r.
Proposition 1.28 can be interpreted in vector representation as follows.

Proposition 1.40 Let u ∈ Sn, rank (u) = t.
1) There are a ∈St, rank (a) = t, and B ∈Rt×n, freerank (B) = t, such that u = aB.
2) There are a′∈St, freerank (a′) = t, and B′∈Rt×n, rank (B′) = t, such that u =

a′B′.

1.5 Skew polynomials

In [58], Ore introduced the notion of skew polynomials. He then gave a relation between
skew polynomials and linearized polynomials in [57]. In [24], Gabidulin used linearized
polynomials to give the encoding and decoding schemes of Gabidulin codes. In this
section, we show that some properties of linearized polynomials over finite fields [57] can
be generalized to finite principal ideal rings.

1.5.1 Definitions and properties

In the following, we give the definition of skew polynomials over S with automorphism σ

without derivation.

Definition 1.41 The skew polynomial ring over S with automorphism σ, denoted by
S[X, σ], is the ring of all polynomials in S[X] under the usual addition of polynomials, and
the multiplication is defined by the basic rule Xa = σ (a)X, for all a ∈ S, and extended
to all elements of S[X] by associativity and distributivity.

Let f = f0 + f1X + · · ·+ fnX
n ∈ S[X, σ] with fn 6= 0, then n is called the degree of

f , Xn the leading monomial of f , fn the leading coefficient of f , fnXn the leading
term of f , denoted deg (f), lm (f), lc (f) and lt (f) respectively. lf f = 0, then we put
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deg (0) := −∞, lm (0) := 0, lc (0) := 0 and lt (0) := 0. The skew polynomial f is called
monic if lc (f) = 1. We denote by S[X, σ]<k the set of all skew polynomials of degree
less than k. As in the case of classical polynomials, we have the following:

Proposition 1.42 [11] For all f and g in S[X, σ], we have deg (f + g) ≤ max{deg (f) , deg (g)}
and deg (fg) ≤ deg (f) + deg (g). Furthermore, if the leading coefficients of g is a unit,
then deg (fg) = deg (f) + deg (g) and there exist unique polynomials q, q′, r and r′ in
S[X, σ] such that f = qg + r (right division) and f = gq′ + r′ (left division) with
deg (r) < deg (g) and deg (r′) < deg (g).

McDonald gave the relation between skew polynomials and linear endomorphisms over
finite fields in [49, Corollary II.16]. By [17, Chapter III, Proposition 1.2.], this result can
be extended as follows.

Proposition 1.43 The map:

S[X, σ] −→ HomR (S, S)

given by ∑
0≤1≤n

aiX
i 7−→

∑
0≤1≤n

aiσ
i

is a homomorphism of R-algebras. It induces an isomorphism of R-algebras:

S[X, σ]/ (Xm − 1) ∼= HomR (S, S) .

Note that if R = Fq, then S = Fqm and σ (x) = xq, for all x ∈ Fqm . Thus, we now
prove that some results in [57] can be extended to finite principal ideal rings.

Notation 1.44 Let f = f0+f1X+· · ·+fnXn ∈ S[X, σ], b ∈ S and b = (b1, . . . , bn) ∈ Sn.

1. The element f0b+ f1σ (b) + · · ·+ fnσ
n (b) will be denoted by f (b).

2. The kernel of f is ker f := {x ∈ S : f (x) = 0}.

3. The vector (f (b1) , . . . , f (bn)) will be denoted by f (b).

As S = S(1) × · · · × S(ρ) and M(i) = m(i)S(i), we have the following Lemma.

Lemma 1.45 Let y ∈ S. If {y} is linearly independent over R, then y is a unit.

Proof. Suppose that {y} is linearly independent over R and y is not a unit. Set y =(
y(i)
)
1≤i≤ρ where y(i) ∈ S(i). Since y is not a unit, then there is i0 ∈ {1, . . . , ρ} such that

y(i0) is not a unit. Consequently, y(i0) ∈M(i0) = m(i0)S(i0) and there is 0 6= b(i0) ∈ m
ν(i0)−1
(i0)

such that b(i0)y(i0) = 0. Set b =
(
β(i)
)
1≤i≤ρ where β(i0) = b(i0) and β(i) = 0 if i 6= i0. Then

by = 0, which is impossible because {y} is linearly independent over R.
Analogous to [57], we have the following two propositions.
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Proposition 1.46 Let {uj}1≤j≤r be a subset of S, which is linearly independent over R
. Then, there is a monic skew polynomial f ∈ S[X, σ] of degree r such that ker f =

〈{uj}1≤j≤r〉, where 〈{uj}1≤j≤r〉 denotes the R-submodule of S generated by {uj}1≤j≤r.

Proof. We prove by induction on k ∈ {1, . . . , r}. Set f1 = X−σ (u1)u
−1
1 . Let x ∈ S, then

x ∈ ker f1 iff f1 (x) = 0 iff σ (x)−σ (u1)u
−1
1 x = 0 iff σ

(
u−11 x

)
= u−11 x iff u−11 x ∈ R iff x ∈

〈{u1}〉. Thus ker f1 = 〈{u1}〉. Let k ∈ {1, . . . , r− 1}. Assume that there is a monic poly-
nomial fk ∈ S[X, σ] of degree k such that ker fk = 〈{uj}1≤j≤k〉. We claim that fk (uk+1)

is a unit. Indeed, let a ∈ R such that afk (uk+1) = 0 then auk+1 ∈ ker fk = 〈{ui}1≤j≤k〉,
consequently, a = 0 because {uj}1≤j≤k+1 is R-linear independent. Thus by lemma 1.45,
fk (uk+1) is a unit. Set fk+1 =

(
X − σ (fk (uk+1)) fk (uk+1)

−1)×fk, then deg (fk+1) = k+1

and {uj}1≤j≤k+1 ⊂ ker fk+1 . Let x ∈ ker fk+1, then fk+1 (x) = 0, i.e. σ (fk (x)) −
σ (fk (uk+1)) fk (uk+1)

−1 fk (x) = 0, i.e. σ
(
fk (uk+1)

−1 fk (x)
)

= fk (uk+1)
−1 fk (x), i.e.

fk (uk+1)
−1 fk (x) ∈ R, i.e. there is λ ∈ R such that fk (uk+1)

−1 fk (x) = λ, i.e.
x− λuk+1 ∈ ker fk, i.e. x ∈ 〈{uj}1≤j≤k+1〉 . Hence, ker fk+1 = 〈{uj}1≤j≤k+1〉 .

Proposition 1.47 Let {uj}1≤j≤r be a subset of S. Then, the matrix
(σi (uj))0≤i≤r−1, 1≤j≤r is invertible if and only if {uj}1≤j≤r is linearly independent over R.

Proof. Assume that {uj}1≤j≤r is linearly independent over R. Let i ∈ {1, . . . , r}. By
Proposition 1.46, there is a monic skew polynomial Ti ∈ S[X, σ] of degree r− 1 such that
kerTi = 〈{uj}1≤j≤r,j 6=i〉. Using the same arguments as in the proof of Proposition 1.46,
we can show that Ti (ui) is a unit. Set Ti (ui)

−1 Ti (X) =
∑

0≤j≤r−1 vi,jX
j, where vi,j ∈ S,

then the matrix (vi,j)1≤i≤r, 0≤j≤r−1 is the inverse of the matrix (σi (uj))0≤i≤r−1, 1≤j≤r.
Conversely, assume that (σi (uj))0≤i≤r−1, 1≤j≤r is invertible. Let λ1, . . . , λr be the

elements of R such that λ1u1+· · ·+λrur = 0. Then, we have λ1σi (u1)+· · ·+λrσi (ur) = 0,
for i = 0, . . . r − 1. Consequently, λ1 = · · · = λr = 0.

Corollary 1.48 Let {uj}1≤j≤r be a subset of S, which is linearly independent over R and
let V ∈ S[X, σ] be a monic skew polynomial of degree r such that kerV = 〈{uj}1≤j≤r〉.
Let P ∈ S[X, σ]. Then, P (uj) = 0, for j = 1, . . . , r, if and only if there is Q ∈ S[X, σ]

such that P = QV .

Proof. Let Q be the quotient and W be the remainder of the right Euclidean division of
P by V in S[X, σ]. Then, P (uj) = 0, for j = 1, . . . , r, if and only if W (uj) = 0, for j =

1, . . . , r, if and only if W = 0, because deg (W ) < r and the matrix (σi (uj))0≤i≤r−1, 1≤j≤r
is invertible.

A direct consequence of Proposition 1.46 and Proposition 1.40 is the following:

Proposition 1.49 Let w = (wi)1≤i≤n ∈ Sn, rank (w) = r. Then, there is a monic skew
polynomial P ∈ S[X, σ] of degree r such that P (w) = 0.

As in the case of finite fields [57], the following proposition gives the link between the
degree of a skew polynomial and the rank of its kernel.
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Proposition 1.50 Let P = a0 + a1X + · · · + aηX
η ∈ S[X, σ] such that ai0 is a unit for

some i0 ∈ {0, . . . , η}. Then, rank (kerP ) ≤ deg (P ).

Proof. Suppose that deg (P ) < rank (kerP ). Set r = rank (kerP ), then by Proposition
1.20 there is a free basis {bi}1≤i≤m of S and the scalars λ1, . . . , λr of R such that {λibi}1≤i≤r
generates kerP , with λ1|λ2| . . . |λr. We then have λrP (bi) = 0, for i = 1, . . . , r. Hence,
by Corollary 1.48, λrP = 0. This is clearly impossible because λr 6= 0 and ai0 is a unit.
Thus, rank (kerP ) ≤ deg (P ).

Remark 1.51 In Proposition 1.50, if all coefficients of P are non-units, then we can
have deg (P ) < rank (kerP ). Indeed, let R = Z4, S = R [z] / (z2 + z + 1) and a =

z + (z2 + z + 1). Then, S is a Galois extension of R where the Galois group is generated
by a power map σ : a 7→ a2. Set P = 2X − 2 ∈ S [X, σ] .Then, kerP is generated by 1

and 2a. Thus, all coefficients of P are non-units and deg (P ) < rank (kerP ).

Proposition 1.47 and Proposition 1.50 are some of the main results that allow to extend
the properties of Gabudulin codes to finite principal ideal rings. Note that if one of the
automorphisms σ(i) is not a generator of the respective Galois group, then the ring S is
not a Galois extension of R with Galois group GR (S) and therefore, as in [3], Proposition
1.47 and Proposition 1.50 will not be true in general. Indeed, consider the following:

Example 1.52 Consider the finite field F2 and the Galois extention F24 = F2[z]/ (z4 + z3 + 1),
set a = z+(z4 + z3 + 1) and let θ =

(
θ(1), θ(2)

)
be the map from F24×F24 to F24×F24, where

θ(1) (x) = x2 and θ(2) (x) = x4 for all x in F24. The map θ is an F2×F2-automorphism of
F24 × F24 and we have θ2 =

(
θ2(1), id

)
.

1) Let G be the group generated by θ. The set F24×{0} is a maximal ideal of F24×F24

and for all x ∈ F24×F24 we have x−θ2 (x) ∈ F24×{0}. Thus, by Definition 1.32, F24×F24

is not a Galois extension of F2 × F2 with the group G.
2) Set a = (a, a) and 1 = (1, 1). Then

{
1, a, a2

}
is linearly independent over F2 × F2.

By [20, Corollary 2.8], the matrix

M =

 1 a a2

θ (1) θ (a) θ (a2)

θ2 (1) θ2 (a) θ2 (a2)


=

 (1, 1) (a, a) (a2, a2)

(1, 1) (a2, a4) (a4, a8)

(1, 1) (a4, a) (a8, a2)


is not invertible because the rows of the matrix 1 a a2

1 a4 a8

1 a a2


are not linearly independent.

3) Let P = X− (1, 1) in (F24 × F24) [X, θ]. kerP is generated by (1, 1) and (0, a+ a4).
Thus, rank (kerP ) > deg (P ).
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1.5.2 Gröbner bases of modules over skew polynomials

Gröbner bases are a mathematical tool that allows to solve several problems in the set
of polynomials. It was introduced by Buchberger in his Ph.D thesis [10]. Nowadays,
Gröbnes bases have many applications, especially in the coding theory. Indeed, in [23],
Fitzpatrick used this theory to give an iterative method for decoding alternate codes.
In [41], Kuijper and Trautmann adopted this iterative method to give a parametrization
approach to the list decoding algorithm of Gabidulin codes. The theory of Gröbnes bases
has been generalized over rings. Thus, in [33], Jiménez and Lezama studied the theory of
Gröbner bases of modules over skew Poincaré–Birkhoff–Witt extension. In this subsection,
we recall some results in this theory that we will use to solve the key equation.

Given a positive integer `, we denote by S[X, σ]`+1 the ` + 1-fold direct product
of S[X, σ]. For all u ∈ S[X, σ]`+1, the l-th component of u is denoted by u(l), for
l ∈ {0, . . . , `}, i.e. u =

(
u(0), u(1), . . . , u(`)

)
. We consider S[X, σ]`+1 as a left S[X, σ]-

module where addition is defined componentwise and for a ∈ S[X, σ] and u ∈ S[X, σ]`+1,
au =

(
au(0), au(1), . . . , au(`)

)
. We denote by e(0) = (1, 0, . . . , 0), e(1) = (0, 1, 0, . . . , 0),

. . ., e(`) = (0, . . . , 0, 1) the canonical basis of S[X, σ]`+1. A monomial in S[X, σ]`+1 is
an element of the form Xαe(l) where α ∈ N and l ∈ {0, . . . , `}. The set of monomials
of S[X, σ]`+1 will be denoted by Mon

(
S[X, σ]`+1

)
. If Xαe(l) ∈ Mon

(
S[X, σ]`+1

)
, then

l is called the index of Xαe(l) and denoted by ind
(
Xαe(l)

)
. Let Xα1e(l1), Xα2e(l2) ∈

Mon
(
S[X, σ]`+1

)
, we say that Xα1e(l1) divides Xα2e(l2), denoted Xα1e(l1)|Xα2e(l2), if

l1 = l2 and there is β ∈ N such that α2 = α1 +β. We will say that any monomial Xαe(l) ∈
Mon

(
S[X, σ]`+1

)
divides the null vector 0.

Definition 1.53 A monomial order on Mon
(
S[X, σ]`+1

)
is a total order � satisfying

the following two conditions:
(i) Xβ

(
Xαe(l)

)
� Xαe(l), for all Xαe(l) ∈Mon

(
S[X, σ]`+1

)
and every β ∈ N;

(ii) if Xα2e(l2) � Xα1e(l1), then Xβ
(
Xα2e(l2)

)
� Xβ

(
Xα1e(l1)

)
for all Xα1e(l1), Xα2e(l2) ∈

Mon
(
S[X, σ]`+1

)
and every β ∈ N.

If Xα2e(l2) � Xα1e(l1) and Xα2e(l2) 6= Xα1e(l1) we will write Xα2e(l2) � Xα1e(l1).
Xα1e(l1) � Xα2e(l2) means that Xα2e(l2) � Xα1e(l1).

Remark 1.54 By [39, Chapter 0, Section 17, Lemma 15] a monomial order on
Mon

(
S[X, σ]`+1

)
is a well order. Note that the condition (iii) of [33, Definition 15.] is

given so that a monomial order is a well order. So, in this specific case we do not need
this condition.

We fix a monomial order � on the monomials of S[X, σ]`+1. Let f ∈ S[X, σ]`+1\ {0},
then f can be written uniquely as f =

∑n
i=1 ciX

αie(li) where n ∈ N, ci ∈ S, for i = 1, . . . , n,
c1 6= 0 and Xα1e(l1) � · · · � Xαne(ln). We define:
• lm (f) := Xα1e(l1) as the leading monomial of f ;
• lc (f) := c1 as the leading coefficient of f ;
• lt (f) := c1X

α1e(l1)as the leading term of f ;
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• deg (f) := α1 as the degree of f .
For f = 0 we define lt (0) := 0, lm (0) := 0, lc (0) := 0 and extend � to

Mon
(
S[X, σ]`+1

)
∪{0} by Xαe(l) � 0 for all Xαe(l) ∈ Mon

(
S[X, σ]`+1

)
. Let W ⊂

S[X, σ]`+1, we write lt (W ) for {lt (w) : w ∈ W} and the submodule of S[X, σ]`+1 gener-
ated by W is denoted by 〈W 〉.

As in [33], we give the definition of the reduction process in S[X, σ]`+1.

Definition 1.55 Let F be a finite set of nonzero vectors of S[X, σ]`+1 and let f ,h ∈
S[X, σ]`+1, we say that f reduces to h by F in one step, denoted f

F−→ h, if there exist
elements f1, . . . , ft ∈ F and r1, . . . , rt ∈ S such that:

(i) lm (fi) |lm (f), for i = 1, . . . , t, i.e., there exist αi ∈ N such that lm (f) = Xαilm (fi);
(ii) lc (f) = r1σ

α1 (lc (f1)) + · · ·+ rtσ
αt (lc (ft));

(iii) h = f −∑t
i=1 riX

αifi.
We say that f reduces to h by F , denoted f

F−→+ h, if and only if there exist vectors
h1, . . . ,ht−1 ∈ S[X, σ]`+1 such that

f
F−→ h1

F−→ h2
F−→ · · · F−→ ht−1

F−→ h.

f is reduced also called minimal w.r.t. F if f = 0 or there is no one step reduction of f
by F , i.e., one of the first two conditions of Definition 1.55 fails. Otherwise, we will say
that f is reducible w.r.t. F . If f F−→+ h and h is reduced w.r.t. F , then we say that h
is a remainder for f w.r.t. F .

Remark 1.56 With the notations of the Definition 1.55, we have the following remarks:
(a) if f F−→ h, then lm (f) � lm (h) and f − h ∈ 〈F 〉;
(b) by definition we will assume that 0 F−→ 0.

By [33, Theorem 23.], we have the following proposition.

Proposition 1.57 Let F = {f1, . . . , ft} be a set of nonzero vectors of S[X, σ]`+1 and let
f ∈ S[X, σ]`+1, then there exist q1, . . . , qt ∈ S[X, σ] and the reduced vector h ∈ S[X, σ]`+1

w.r.t. F such that f F−→+ h and

f = q1f1 + · · ·+ qtft + h

with
lm (f) = max {lm (q1) lm (f1) , . . . , lm (qt) lm (ft) , lm (h)} .

Definition 1.58 [33] (a) Let M be a nonzero submodule of S[X, σ]`+1 and let G be a non
empty finite subset of nonzero vectors of M , we say that G is a Gröbner basis for M if
each element 0 6= f ∈ M is reducible w.r.t. G. We will say that {0} is a Gröbner basis
for M = 0.

(b) A set G ⊂ S[X, σ]`+1 is called a Gröbner basis provided that G is a Gröbner basis
for 〈G〉.
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By [33, Theorem 26.], we have the following:

Proposition 1.59 Let M be a nonzero submodule of S[X, σ]`+1 and let G be a non empty
finite subset of nonzero vectors of M . Then, the following conditions are equivalent.

(i) G is a Gröbner basis for M .
(ii) For any vector f ∈ S[X, σ]`+1, f ∈M if and only if f G−→+ 0.
(iii) For any f ∈M there exist g1, . . . ,gt ∈ G such that lm (gj) |lm (f),

for j = 1, . . . , t, i.e., there exist αj ∈ N such that lm (gj) = Xαj lm (f),
and lc (f) ∈ 〈σα1 (lc (g1)) , . . . , σ

αt (lc (gt))〉.

By Proposition 1.55 and Proposition 1.59, we have the following:

Proposition 1.60 Let M be a submodule of S[X, σ]`+1 and let G = {g1, . . . ,gt} ⊂ M .
If G is a Gröbner basis for M then for all f ∈M there exist q1, . . . , qt ∈ S[X, σ] such that

f = q1g1 + · · ·+ qtgt

with
lm (f) = max {lm (q1) lm (g1) , . . . , lm (qt) lm (gt)} .

According to [33, Corollary 31.], we have the following:

Proposition 1.61 Let M be a nonzero submodule of S[X, σ]`+1. Then, M has a Gröbner
basis.
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Chapter II

Rank-metric codes over finite
principal ideal rings

Recall that rank-metric codes are codes for which each codeword is a matrix and the
distance between two codewords is the rank of their difference. In this chapter, we show
that some results in rank-metric codes can be extended to finite principal ideal rings.
These results are given as follows.

In Section 2.1, we give the two representations of rank-metric codes and we prove that
the rank-metric Singleton bound can be extended to finite principal ideal rings.

In Section 2.2, we extend the definition of Gabidulin codes and prove that their prop-
erties are preserved.

In Section 2.3, we give some properties of interleaved Gabidulin codes. We show that
collaborative decoding of interleaved Gabidulin codes can be translated to the problem
of reconstruction of skew polynomials. We use the theory of Gröbner bases to give an
iterative algorithm to solve this reconstruction problem.

In Section 2.4, we give the unique decoding, minimal list decoding, and error-erasure
decoding algorithms of interleaved Gabidulin codes.

2.1 Matrix and vector representations of rank-metric
codes

Analogous to the case of finite fields [16], [24], [63], we give the following definitions.
In matrix representation, rank codes are defined as subsets of a normed space

(Rm×n, rank), where the norm of a matrix A ∈ Rm×n is the rank of A over R. The rank
distance between two matrices A and B is the rank of their difference, i.e rank (A−B).
The rank distance of a matrix rank code M ⊂ Rm×n is defined as the minimal
pairwise distance:

d (M) = min {rank (A−B) : A, B ∈M, A 6= B} .

A matrix rank codeM⊂ Rm×n is said R-linear if it is a submodule of Rm×n.
In vector representation, rank codes are defined as subsets of a normed S-module space

(Sn, rank), where the norm of a vector u ∈ Sn is the rank of u. The rank distance
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between two vectors u and v is the rank of their difference, i.e rank (u− v). The rank
distance of a vector rank code C ⊂ Sn is defined as the minimal pairwise distance:

d (C) = min {rank (u− v) : u, v ∈ C, u 6= v} .

A vector rank code C ⊂ Sn is called linear if it is a submodule of S-module Sn, further-
more if C is a free submodule of Sn then C is called a free rank code.

Let C ⊂ Sn be a linear rank code. The number µS (C), denoted by rankS (C) or simply
by rank (C), is called the rank of C. A generator matrix of C is a rank(C)× n matrix
over S whose rows generate C. The inner product of two vectors u = (u1, . . . , un) ∈ Sn
and v = (v1, . . . , vn) ∈ Sn is defined by

u · v = u1v1 + · · ·+ unvn.

The dual of C is the submodule of Sn defined by

C⊥ = {u ∈ Sn : u · v = 0, for every v ∈ C} .

A parity-check matrix of C is a generator matrix of C⊥.
Note that by Proposition 1.39, there exists a relation between the matrix represen-

tation and the vector representation. As in the case of finite fields [16], [24], [63], the
following proposition establishes the rank-metric Singleton bound.

Proposition 2.1 (Singleton bound)
LetM⊂ Rm×n be a rank code of rank distance d, then

|M|≤ |R|min{m(n−d+1), n(m−d+1)}

where |M| and |R| denote the cardinality ofM and R respectively.

Proof. Since the minimal distance ofM is d, no two distinct code matrices A1, A2 ∈M
have the same first n− (d− 1) columns. For, otherwise, we have rank (A1 −A2) ≤ d−1,
which contradicts the minimality of d. So, |M| ≤ |R|m(n−(d−1)). Using the same argument
for the rows of two distinct code matrices of M, we also have |M| ≤ |R|n(m−(d−1)).
Consequently, |M| ≤ |R|min{m(n−(d−1)), n(m−(d−1))}.

Definition 2.2 If M ⊂ Rm×n and C ⊂ Sn be the rank codes of rank distance d such
that |M| = |C|= |R|min{m(n−d+1), n(m−d+1)}, we say that M and C are Maximum Rank
Distance codes, or, MRD codes.

In finite fields, Gabidulin codes are MRD codes [16], [24], [63]. We will prove that this
property extends to finite principal ideal rings.
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2.2 Gabidulin codes

Let g = (g1, . . . , gn) ∈ Sn, such that {g1, . . . , gn} is linearly independent over R. Let k be
an integer such that 0 < k ≤ n.

Definition 2.3 (Gabidulin Codes)
A Gabidulin code Gabk (g) of length n, dimension k and support g is the S-module

given by:
Gabk (g) = {f (g) : f ∈ S[X, σ]<k} .

Proposition 2.4 The Gabidulin code Gabk (g) is a free rank code of rank k with a gen-
erator matrix

G =

 σ0 (g1) · · · σ0 (gn)
... . . . ...

σk−1 (g1) · · · σk−1 (gn)

 .

Proof. Let c = (c1, . . . , cn) ∈ Gabk (g). Then, there is f = f0 + f1X + · · · fk−1Xk−1 in
S[X, σ] such that c = f (g), i.e.

c1 = f0σ
0 (g1) + f1σ (g1) + · · · fk−1σk−1 (g1)

...
cn = f0σ

0 (gn) + f1σ (gn) + · · · fk−1σk−1 (gn)

,

i.e.

(c1, . . . , cn) = (f0, . . . , fk−1)

 σ0 (g1) · · · σ0 (gn)
... . . . ...

σk−1 (g1) · · · σk−1 (gn)


Thus, the rows of G generate Gabk (g). By Proposition 1.47 and [20, Corollary 2.8], the
rows of G are linearly independent over S, hence Gabk (g) is a free code of rank k.

Theorem 2.5 (a) The rank distance, d, of Gabk (g) is given by d = n− k + 1.

(b) Gabk (g) is an MRD code.

Proof. (a) Since n ≤ m and Gabk (g) is a free code of rank k, we have d ≤ n− k + 1, by
Proposition 2.1. Let c ∈ Gabk (g) such that rank (c) = d. Then, there is f ∈ S [X, σ]<k,
such that c = f (g). By Proposition 1.49, there is a monic skew polynomial P ∈ S [X, σ],
deg (P ) = d, such that P (c) = 0. Consequently, (Pf) (g) = 0. As Pf 6= 0, we have
n ≤ deg (Pf), by Corollary 1.48. But deg (Pf) = deg (P ) + deg (f) ≤ d+ k − 1.

(b) As n ≤ m, d = n− k + 1 and Gabk (g) is a free code of rank k, then Gabk (g) an
MRD code.

As in the case of finite fields, the next theorem shows that the dual of a Gabidulin
code is also a Gabidulin code.
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Theorem 2.6 Let (γi,j)1≤i≤n,1≤j≤n be the inverse of the matrix (σi (gj))0≤i≤n−1,1≤j≤n. Set

hi := σ−n+k+1 (γi,n) , i = 1, . . . , n.

Then, the family {h1, . . . , hn} is linearly independent over R and a parity-check matrix of
Gabk (g) is

H =

 σ0 (h1) · · · σ0 (hn)
... . . . ...

σn−k−1 (h1) · · · σn−k−1 (hn)

 .

Proof. The product of the two matrices (σi (gj))0≤i≤n−1,1≤j≤n and (σ1−n+j (γi,n))1≤i≤n,0≤j≤n−1
is a lower unitriangular matrix. Thus, the matrix (σ1−n+j (γi,n))1≤i≤n,0≤j≤n−1 is invertible.
Therefore, by Proposition 1.47, {γ1,n, . . . , γn,n} is linearly independent over R. Conse-
quently, {h1, . . . , hn} is linearly independent over R. Thus, the rows of the matrix H are
linearly independent over S and GHT = 0. Since Gabk (g) is a free code of length n and
rank k, by [20, Proposition 2.9], Gabk (g)⊥ is a free code of rank n− k. Consequently, H
is a parity-check matrix of Gabk (g).

In [45], Loidreau showed that decoding of Gabidulin codes can be translated to the
problem of reconstruction of skew polynomials. In the input of decoding algorithm given
in [45, page 40], it is assumed that the rank of the error is less than or equal to the
error-correcting capability of the code. But in practice, the receiver does not know the
rank of the error. In [4], Augot et al. gave a similar algorithm without this condition.
We will prove that [4, Algorithm 2] can be extended to finite principal ideal rings.

For the remainder of this section, let t0 := b(n− k) /2c be the error correction capa-
bility of the Gabidulin code Gabk (g). Similarly to [45, Proposition 1 and Proposition 2],
we give the following:

Lemma 2.7 Let y ∈ Sn be a received word of the Gabidulin code Gabk (g). Assume
that there is f ∈ S[X, σ]<k such that rank (y − f (g)) ≤ t0. Then, the following linear
equation (

A1 A2

)( uT

vT

)
=

 σt0 (y1)
...

σt0 (yn)

 (2.1)

with unknowns u = (u0, . . . , uk+t0−1) and v = (v0, . . . , vt0−1) has a solution, where

A1 =

 σ0 (g1) · · · σk+t0−1 (g1)
... . . . ...

σ0 (gn) · · · σk+t0−1 (gn)


and

A2 =

 −σ
0 (y1) · · · −σt0−1 (y1)
... . . . ...

−σ0 (yn) · · · −σt0−1 (yn)

 .
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Moreover, if u = (u0, . . . , uk+t0−1) and v = (v0, . . . , vt0−1) are a solution of this equation,
then U = V f where U = u0 + u1X + · · · + uk+t0−1X

k+t0−1 and V = v0 + v1X + · · · +
vt0−1X

t0−1 +X t0.

Proof. Set t = rank (y − f (g)). By Proposition 1.49, there is a monic skew polyno-
mials W ∈ S[X, σ] of degree t such that W (y − f (g)) = 0. Therefore, X t0−tW (y) =

X t0−tW (f (g)). Set X t0−tWf =u0+u1X+ · · ·+uk+t0−1Xk+t0−1and X t0−tW = v0+v1X+

· · ·+ vt0−1X
t0−1 +X t0 . Then, u = (u0, . . . , uk+t0−1) and v = (v0, . . . , vt0−1) are a solution

of (2.1).
Now, let u = (u0, . . . , uk+t0−1) and v = (v0, . . . , vt0−1) be a solution of (2.1). Set

U = u0+u1X+ · · ·+uk+t0−1X
k+t0−1 and V = v0+v1X+ · · ·+vt0−1X

t0−1+X t0 . Then, we
have V (y) = U (g). Since rank (y − f (g)) ≤ t0, we also have rank (V (y − f (g))) ≤ t0,
that is, rank ((U − V f) (g)) ≤ t0. Thus, By Proposition 1.49, there is a monic skew
polynomial L ∈ S[X, σ]<t0+1 such that (L (U − V f)) (g) = 0. As deg (L (U − V f)) ≤
2t0 + k − 1 ≤ n − 1, by Corollary 1.48, L (U − V f) = 0. Since L is monic, we have
U − V f = 0.

Lemma 2.7 allows to obtain Algorithm 1.

Algorithm 1: Decoding Gabidulin codes up to half the minimum distance
Input: a received word y ∈ Sn of the Gabidulin code Gabk (g).
Output: f ∈ S[X, σ]<k such that rank (y − f (g)) ≤ b(n− k) /2c or "decoding

failure".
1 Solve linear equation (2.1)
2 if (2.1) has no solution then
3 return "decoding failure"
4 else
5 Set U = u0 + u1X + · · ·+ uk+t0−1X

k+t0−1 and
V = v0 + v1X + · · ·+ vt0−1X

t0−1 +X t0 where u = (u0, . . . , uk+t0−1) and
v = (v0, . . . , vt0−1) are a solution of (2.1).

6 Compute the quotient Q and the remainder P on the left Euclidean division of
U by V in S[X, σ].

7 if P 6= 0 then
8 return "decoding failure"
9 else

10 return Q

Theorem 2.8 Let y ∈ Sn be a received word of the Gabidulin code Gabk (g). Let f ∈
S[X, σ]. Then, Algorithm 1 returns f if and only if deg (f) < k and rank (y − f (g)) ≤
t0.

Proof. Assume that Algorithm 1 returns f , then U = V f where U and V are as in
Algorithm 1. Since deg (U) ≤ k + t0 − 1, we have deg (f) < k. As V (y) = U (g), we also
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have V (y − f (g)) = 0. Thus, by Proposition 1.50, rank (y − f (g)) ≤ t0. The converse
is given by Lemma 2.7.

Recall that one can use the Smith normal form to solve (2.1). Thus, an implementation
and a simulation example of Algorithm 1 are given in Appendix A. In the next section
we will show that one can also use the iterative method similarly to [41].

2.3 Interleaved Gabidulin codes

Recall that an interleaved Gabidulin code is a direct sum of several Gabidulin codes [46],
[67]. In this subsection, we give the properties of interleaved Gabidulin codes, establish a
key equation and give an algorithm to solve it.

2.3.1 Definition and properties

Let l ∈ {1, . . . , `}. Let n(l) and k(l) be the integers such that 0 < k(l) ≤ n(l) ≤ m.
Let g(l) =

(
g
(l)
1 , . . . , g

(l)

n(l)

)
, where {g(l)1 , . . . , g

(l)

n(l)} is a R-linear independent subset of S.

The rank distance of Gabk(l)
(
g(l)
)
is denoted by d(l). The concatenation of ` vectors

c(1) ∈ Sn(1)
, . . . , c(`) ∈ Sn(`) is denoted by

(
c(1) · · · c(`)

)
∈ Sn(1)+···+n(`) .

Definition 2.9 An interleaved Gabidulin code, IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
, is the

set {(
c(1) · · · c(`)

)
: c(l) ∈ Gabk(l)

(
g(l)
)
, l = 1, . . . , `

}
.

We observe that if ` = 1 then an interleaved Gabidulin code is a Gabidulin code.

Proposition 2.10 The interleaved Gabidulin code IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
is a free

linear rank code of rank k(1) + · · ·+ k(`) and rank distance minl∈{1,...,`}
{
d(l)
}
.

Proof. The generator matrix of IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
is on the form diag

(
G(1), . . . ,G(`)

)
,

whereG(l) is a generator matrix of Gabk(l)
(
g(l)
)
, for l = 1, . . . , `. Thus, IGab(k(1),...,k(`))

(
g(1), . . . ,g(`)

)
is a free linear rank code of rank k(1) + · · ·+ k(`).

Let l0 ∈ {1, . . . , `} such that d(l0) = minl∈{1,...,`}
{
d(l)
}
. Then, there is c(l0) ∈ Gabk(l0)

(
g(l0)

)
such that rank

(
c(l0)

)
= d(l0). Let x =

(
x(1) · · ·x(`)

)
∈ Sn(1)+···+n(`) defined by x(l0) = c(l0)

and x(l) = 0 if l ∈ {1, . . . , `} \ {l0}. Then, x ∈ IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
and

rank (x) = d(l0). Let c =
(
c(1) . . . c(`)

)
∈ IGab(k(1),...,k(`))

(
g(1), . . . ,g(`)

)
\ {0}, then there

is l1 ∈ {1, . . . , `} such that c(l1) 6= 0. Consequently, d(l0) ≤ d(l1) ≤ rank
(
c(l1)

)
≤ rank (c).

Thus, the rank distance of IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
is d(l0).

Corollary 2.11 If k(l) = k(1) and n(l) = m, for l = 1, . . . , `, then
IGab(k(1),...,k(`))

(
g(1), . . . ,g(`)

)
is an MRD code.
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Proof. Assume that k(l) = k(1) and n(l) = m, for l = 1, . . . , `. We have∣∣∣IGab(k(1),...,k(`)) (g(1), . . . , g(`))∣∣∣ =
∣∣∣Sk(1)+···+k(`)∣∣∣

=
∣∣∣S`k(1)∣∣∣

=
∣∣∣S`(n(1)−d(1)+1)

∣∣∣
=

∣∣∣Rm`(n(1)−d(1)+1)
∣∣∣

= |R|m`(m−d(1)+1)

Notation 2.12 Recall that for U ∈ S[X, σ]`+1, the l-th component of U is denoted by
U (l), for l in {0, . . . , `}, i.e. U =

(
U (0), . . . , U (`)

)
. In order to simplify the notations, the

element
(
A(1), . . . , A(`)

)
in S[X, σ]` is denoted by Â.

For the remainder of this section, let y =
(
y(1) · · ·y(`)

)
∈ Sn

(1)+···+n(`) be a received
word of the interleaved Gabidulin code IGab(k(1),...,k(`))

(
g(1), . . . ,g(`)

)
. The following the-

orem is the analogue of [41, Theorem 12].

Theorem 2.13 Let τ ∈ N. Then, the following statements are equivalent.
(i) There is c ∈ IGab(k(1),...,k(`))

(
g(1), . . . ,g(`)

)
such that rank (y − c) ≤ τ .

(ii) There is U ∈ S[X, σ]`+1 such that:
1) U (0)

(
y(l)
)

= U (l)
(
g(l)
)
, for l = 1, . . . , `;

2) deg
(
U (l)
)
− k(l) ≤ deg

(
U (0)

)
− 1, for l = 1, . . . , `;

3) U (0) is monic;
4) deg

(
U (0)

)
≤ τ ;

5) the remainder of the left Euclidean division of U (l) by U (0) is equal to zero, for
l = 1, . . . , `.

Proof. Assume there is c ∈ IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
such that rank (y − c) ≤ τ .

Let f (l) ∈ S[X, σ]<k(l) , l = 1, . . . , `, such that c =
(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
))
. Then,

by Proposition 1.49, there exists a monic skew polynomial U (0) ∈ S[X, σ] of degree
rank (y − c) such that, for l = 1, . . . , `, U (0)

(
y(l) − f (l)

(
g(l)
))

= 0, i.e., U (0)
(
y(l)
)

=(
U (0)f (l)

) (
g(l)
)
. Set U (l) = U (0)f (l), for l = 1, . . . , `, then

(
U (0), . . . , U (`)

)
verifies the five

conditions of Theorem 2.13 (ii).
Conversely, assume there is U ∈ S[X, σ]`+1 verifying the five conditions of Theorem

2.13 (ii). Let l ∈ {1, . . . , `} and let f (l) be the quotient of the left Euclidean division of U (l)

by U (0), then U (l) = U (0)f (l). As deg
(
U (l)
)
− k(l) ≤ deg

(
U (0)

)
− 1, we have deg

(
f (l)
)
≤

k(l)− 1. Since U (0)
(
y(l)
)

= U (l)
(
g(l)
)
, we also have U (0)

(
y(l) − f (l)

(
g(l)
))

= 0. Thus, by
Proposition 1.50,

rank
(
y −

(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
)))
≤ deg

(
U (0)

)
≤ τ.
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Definition 2.14 (the key equation)
We say that U ∈ S[X, σ]`+1 is a solution of the key equation if :
• U (0)

(
y(l)
)

= U (l)
(
g(l)
)
, for l = 1, . . . , `;

• deg
(
U (l)
)
− k(l) ≤ deg

(
U (0)

)
− 1, for l = 1, . . . , `.

• U (0) is monic;
A solution U is called minimal if deg

(
U (0)

)
is minimal.

In finite fields, the resolution of the key equation given in Definition 2.14 is equivalent
to the problem of multi-sequence generalized linear skew-feedback shift register introduced
in [60]. In [60], Puchinger et al. solved this problem using row reduction. We will solve
the key equation using the iterative method introduced in [23], because it is easy to extend
this method to modules and finite rings (see, for example [42], [56], [13], [80], [1], [41],
[40]). Note that in [8], Bartz and Wachter-Zeh used this iterative method for decoding
interleaved subspace and Gabidulin codes, because its complexity is better than Gaussian
elimination. Further, it allows to compute a minimal Gröbner basis for the interpolation
module.

2.3.2 Iterative solving the key equation

Similar to [41], [1], we give an iterative algorithm that allows to solve the key equation.
Recall that the elements a and b in S are said to be associated if b = ua for some unit
u ∈ S.

Notation 2.15 Since associatedness is an equivalence relation on S, we denote
- the equivalence class of a ∈ S by [a];
- a complete set of representatives of the equivalence classes by [S], without loss of

generality, assume that 1 ∈ [S];
- and let [S]∗ := [S]\ {0}.

As S = S(1)×· · ·×S(ρ), where S(j) is a finite chain ring and a generator of its maximal
ideal is in R(j), we have the following:

Lemma 2.16 For all a ∈ S, a and σ (a) are associated.

Proof. Let π(j) be a generator of the maximal ideal of R(j) for j = 1, . . . , ρ. Then π(j) be
a generator of the maximal ideal of S(j). So, for all a =

(
a(1), . . . , a(ρ)

)
∈ S, there exist a

unit u(j) ∈ S(j) and i(j) ∈ N such that a(j) = u(j)π
i(j)
(j) , for j = 1, . . . , ρ. Therefore a = uv

where u =
(
u(1), . . . , u(ρ)

)
and v =

(
π
i(1)
(1) , . . . , π

i(ρ)
(ρ)

)
. Since v ∈ R, we have σ (a) = σ (u) v.

Thus a and σ (a) are associated because u is a unit in S.

Notation 2.17 Let y =
(
y(1) · · ·y(`)

)
∈ Sn

(1)+···+n(`) be a received word of the inter-
leaved Gabidulin code IGab(k(1),...,k(`))

(
g(1), . . . ,g(`)

)
. Set g =

(
g(1) · · ·g(`)

)
. We denote by

M [y,g] the set of all U in S[X, σ]`+1 such that U (0)
(
y(l)
)

= U (l)
(
g(l)
)
, for l = 1, . . . , `,

that is, U (0)
(
y
(l)
i

)
= U (l)

(
g
(l)
i

)
, for l = 1, . . . , ` and i = 1, . . . , n(l).
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The set M [y,g] is a S[X, σ]-submodule of S[X, σ]`+1 and by Definition 2.14, all the
solutions of the key equation are in M [y,g]. Therefore, to find these solutions, just find a
Gröbner basis forM [y,g] with a monomial order � that we will specify later. To compute
a Gröbner basis for M [y,g], we will use the iterative method described in [56].

Notation 2.18 Set n(0) := 0. We define by induction the subsets M [y,g](l,i) as follows:
M [y,g](0,0) = S[X, σ]`+1 and for all (l, i) ∈ {1, . . . , `} ×

{
1, . . . , n(l)

}
, M [y,g](l,i) is the

set of all U in M [y,g](l,i) such that U (0)
(
y
(l)
i

)
= U (l)

(
g
(l)
i

)
, where

(l, i) =

{ (
l − 1, n(l−1)) if i = 1

(l, i− 1) else

We have M [y,g](0,0) ⊃ M [y,g](1,1) ⊃ · · · ⊃ M [y,g](1,n(1)) ⊃ M [y,g](2,1) ⊃ · · · ⊃
M [y,g](2,n(2)) ⊃ · · · ⊃ M [y,g](`,1) ⊃ · · · ⊃ M [y,g](`,n(`)) = M [y,g]. Note that as in [1] a
Gröbner basis for S[X, σ]`+1 is B(0,0) :=

{
se(r)

}
0≤r≤`, s∈[S]∗ . So, we will compute a Gröbner

basis, B =
{
V(r,s)

}
0≤r≤`, s∈[S]∗ , for M [y,g] which has the same properties as B(0,0), that

is, for all (r, s), ind(lm
(
V(r,s)

)
) = r, lc

(
V(r,s)

)
∈ [s], and deg

(
V(r,s)

)
is minimal among

the degree of all U ∈M [y,g] with ind(lm (U)) = r, lc (U) ∈ [s].
Let (l, i) ∈ {1, . . . , `} ×

{
1, . . . , n(l)

}
. Assume that M [y,g](l,i) has a Gröbner basis

B(l,i) =
{
V(r,s)

}
0≤r≤`, s∈[S]∗ such that for all (r, s), ind(lm

(
V(r,s)

)
) = r, lc

(
V(r,s)

)
∈ [s],

and deg
(
V(r,s)

)
is minimal among the degree of all U ∈M [y,g](l,i) with ind(lm (U)) = r,

lc (U) ∈ [s].
• Let J(r,s) be the set of all (r′, s′) ∈ {0, . . . , `} × [S]∗ such that lm

(
V(r′,s′)

)
≺

lm
(
V(r,s)

)
.

• Let D(l,i) : M [y,g](l,i) −→ S be defined as

D(l,i) (U) = U (0)
(
y
(l)
i

)
− U (l)

(
g
(l)
i

)
.

• The discrepancy of V(r,s) is given by

∆(r,s) := D(l,i)

(
V(r,s)

)
.

• Let b(r,s) ∈ S such that

σ
(
∆(r,s)

)
− b(r,s)∆(r,s) = 0.

Lemma 2.19 With the above notations,
(a) D(l,i) is an S-module homomorphism;
(b) M [y,g](l,i) =

{
U ∈M [y,g](l,i) : D(l,i) (U) = 0

}
;

(c)
(
X − b(r,s)

)
V(r,s) ∈M [y,g](l,i).

Using a Gröbner basis,
{
V(r,s)

}
0≤r≤`, s∈[S]∗ , for M [y,g](l,i), we now show how one can

compute a Gröbner basis for M [y,g](l,i). Let
{
V′(r,s)

}
0≤r≤`, s∈[S]∗

⊂ S[X, σ]`+1 be defined
as :
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• if ∆(r,s) = 0 then
V′(r,s) := V(r,s) (2.2)

• if ∆(r,s) 6= 0 and there exist θ(r′;s′) ∈ S, (r′, s′) ∈ J(r,s) such that

∆(r,s) +
∑

(r′,s′)∈J(r,s)

θ(r′,s′)∆(r′,s′) = 0 (2.3)

then
V′(r,s) := V(r,s) +

∑
(r′,s′)∈J(r,s)

θ(r′,s′)V(r′,s′) (2.4)

• otherwise,
V′(r,s) :=

(
X − b(r,s)

)
V(r,s) (2.5)

Proposition 2.20 Let
{
V′(r,s)

}
0≤r≤`, s∈[S]∗

be the subset of S[X, σ]`+1 computed using

(2.2), (2.4) and (2.5). Then,
{
V′(r,s)

}
0≤r≤`, s∈[S]∗

is a Gröbner basis for M [y,g](l,i) and

for all (r, s), ind(lm
(
V′(r,s)

)
) = r, lc

(
V′(r,s)

)
∈ [s], and deg

(
V′(r,s)

)
is minimal among

the degree of all U ∈M [y,g](l,i) with ind(lm (U)) = r, lc (U) ∈ [s].

Proof. By the definition of V′(r,s), we have V′(r,s) ∈ M [y,g](l,i), ind(lm
(
V′(r,s)

)
) = r,

lc
(
V′(r,s)

)
∈ [s]. We now prove that deg

(
V′(r,s)

)
is minimal among the degree of all

U ∈ M [y,g](l,i) with ind(lm (U)) = r, lc (U) ∈ [s]. If V′(r,s) is defined as in (2.2) or
(2.4), then the result follows. Assume that V′(r,s) is defined as in (2.5) and that there is

W ∈ M [y,g](l,i) such that ind(lm (W)) = r, lc (W) ∈ [s] and deg (W) < deg
(
V′(r,s)

)
.

Then, since W ∈ M [y,g](l,i) and deg
(
V′(r,s)

)
= deg

(
V(r,s)

)
+ 1, we have deg (W) =

deg
(
V(r,s)

)
. Therefore, as lc (W) ∈ [s] and lc

(
V(r,s)

)
∈ [s], there is a ∈ S such that

lm
(
V(r,s) − aW

)
≺ lm

(
V(r,s)

)
. Consequently, by Proposition 1.60, we have

V(r,s) − aW =
∑

(r′,s′) ∈J(r,s)

h(r′,s′)V(r′,s′)

where h(r′,s′) ∈ S[X, σ]. By the right Euclidean division of h(r′,s′) by X− b(r′,s′) there exist
Q(r′,s′) ∈ S[X, σ] and λ(r′,s′) ∈ S such that

h(r′,s′) = Q(r′,s′)

(
X − b(r′,s′)

)
+ λ(r′,s′).

Hence, we have

V(r,s) − aW =
∑

(r′,s′) ∈J(r,s)

Q(r′,s′)

(
X − b(r′,s′)

)
V(r′,s′) +

∑
(r′,s′) ∈J(r,s)

λ(r′,s′)V(r′,s′).

Consequently, by Lemma 2.19,

D(l,i)

(
V(r,s)

)
=

∑
(r′,s′)∈J(r,s)

λ(r′,s′)D(l,i)

(
V(r′,s′)

)
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This contradicts the definition of V′(r,s). Thus, the result follows.

Now we prove that
{
V′(r,s)

}
0≤r≤`, s∈[S]∗

is a Gröbner basis for M [y,g](l,i). Let U ∈
M [y,g](l,i), r = ind(lm (U)), s ∈ [S]∗ such that lc (U) ∈ [s] and α = deg (U) −
deg

(
V′(r,s)

)
. Then, lm (U) = Xαlm

(
V′(r,s)

)
and lc (U) ∈

〈
σα
(
lc
(
V′(r,s)

))〉
. Thus,

by Proposition 1.59, the result follows.
Proposition 2.20 justifies Algorithm 2.

Algorithm 2: a Gröbner basis of the key equation
Input: a received vector y =

(
y(1) · · ·y(`)

)
∈ Sn(1)+···+n(`) of the interleaved

Gabidulin code IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
.

Output: a Gröbner basis
{
V(r,s)

}
0≤r≤`, s∈[S]∗ for the module M [y,g].

1 J ← {0, . . . , `} × [S]∗

2 for (r, s) ∈ J do
3 V(r,s) ← se(r)

4 for l← 1 to ` do
5 for i← 1 to n(l) do
6 for (r, s) ∈ J do

7 ∆(r,s) ← V
(0)
(r,s)

(
y
(l)
i

)
− V (l)

(r,s)

(
g
(l)
i

)
8 for (r, s) ∈ J do
9 if ∆(r,s) = 0 then

10 V′(r,s) ← V(r,s)

11 else
12 if there exists a nonempty J ′ ⊂ J such that

for (r′, s′) ∈ J ′, lm
(
V(r′,s′)

)
≺ lm

(
V(r,s)

)
and

∆(r,s) +
∑

(r′,s′)∈J ′ θ(r′,s′)∆(r′,s′) = 0

for some θ(r′,s′) ∈ S, then
13 V′(r,s) ← V(r,s) +

∑
(r′,s′)∈J ′ θ(r′,s′)V(r′,s′)

14 else
15 V′(r,s) ←

(
X − b(r,s)

)
V(r,s)

where b(r,s) is an element of S such that
σ
(
∆(r,s)

)
− b(r,s)∆(r,s) = 0.

16 for (r, s) ∈ J do
17 V(r,s) ← V′(r,s)

18 return
{
V(r,s)

}
0≤r≤`, s∈[S]∗

Remark 2.21 Since S = S(1) × · · · × S(ρ), where S(j) is a finite chain ring, the equation
(2.3) is easy to solve in S(j). Indeed, in S(j) this equation is equivalent to: ∆(r′,s′) divides
∆(r,s) for some (r′, s′) in J(r,s). Thus, analogous to [13, Algorithm VI.5], it is easy to
compute a Gröbner basis of Algorithm 2 in S(j)[X, σ(j)]

`+1, and then to apply the "strong
join" method described in [55] to obtain a Gröbner basis in S[X, σ]`+1.
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Note that the monomial order of Algorithm 2 is not specified. We now define a
monomial order that will allow to give the solutions of the key equation.

Definition 2.22 Set k(0) := 1. The relation �(k(0),...,k(`))is defined on the monomial of
S[X, σ]`+1 by:

Xα1e(l1) �(k(0),...,k(`)) X
α2e(l2)

if and only if α1 − k(l1) < α2 − k(l2) or [ α1 − k(l1) = α2 − k(l2) and l1 ≥ l2].

By [64, Theorem 29], the relation �(k(0),...,k(`)) is a monomial order.

Proposition 2.23 The vector U ∈ M [y,g] is a solution of the key equation if and only
if, w.r.t. �(k(0),...,k(`)), ind(lm (U)) = 0 and lc (U) = 1.

Proof. Let U ∈ M [y,g], then U is a solution of the key equation if and only if, U (0) is
monic and deg

(
U (l)
)
− k(l) ≤ deg

(
U (0)

)
− 1, for l = 1, . . . , `, that is, w.r.t. �(k(0),...,k(`)),

ind(lm (U)) = 0 and lc (U) = 1.
Now, we can apply Proposition 1.60 to obtain all the solutions of the key equation.

Theorem 2.24 Let
{
V(r,s)

}
0≤r≤`, s∈[S]∗ be a Gröbner basis for M [y,g] obtained by Algo-

rithm 2 w.r.t. �(k(0),...,k(`)). Set α(r,s) := deg
(
V

(r)
(r,s)

)
.

(a) The vector V(0,1) is a minimal solution of the key equation.
(b) All solution U of the key equation can be written as

U =
∑

0≤r≤`, s∈[S]∗
w(r,s)V(r,s)

where w(r,s) ∈ S[X, σ], w(0,1) is monic, for all s ∈ [S]∗\ {1},

deg
(
w(0,s)

)
+ α(0,s) < deg

(
w(0,1)

)
+ α(0,1)

and for all (r, s) ∈ {1, . . . , `} × [S]∗,

deg
(
w(r,s)

)
+ α(r,s) − k(r) ≤ deg

(
w(0,1)

)
+ α(0,1) − k(0).

Proof. (a) By construction of V(0,1) and by Proposition 2.23, V(0,1) is a minimal solution.
(b) Let U be a solution of the key equation. Then, U ∈ M [y,g] and, by Proposition

2.23, ind(lm (U)) = 0, lc (U) = 1, w.r.t. �(k(0),...,k(`)). Let α = deg (U) − deg
(
V(0,1)

)
,

then
lm
(
U−XαV(0,1)

)
≺(k(0),...,k(`)) lm (U) .

Therefore since U−XαV(0,1) ∈M [y,g], by Proposition 1.60,

U−XαV(0,1) =
∑

0≤r≤`, s∈[S]∗
h(r,s)V(r,s),
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where h(r,s) ∈ S[X, σ] and

lm
(
U−XαV(0,1)

)
= max

0≤r≤`, s∈[S]∗
{
lm
(
h(r,s)

)
lm
(
V(r,s)

)}
.

Set w(0,1) = Xα + h(0,1) and w(r,s) = h(r,s) if (r, s) 6= (0, 1). Then,

U =
∑

0≤r≤`, s∈[S]∗
w(r,s)V(r,s),

w(0,1) is monic,
lm (U) = lm

(
w(0,1)

)
lm
(
V(0,1)

)
and for all (r, s) 6= (0, 1),

lm
(
w(r,s)

)
lm
(
V(r,s)

)
≺(k(0),...,k(`)) lm (U) .

As ind(lm
(
V(r,s)

)
) = r, we have

lm
(
w(r,s)

)
lm
(
V(r,s)

)
= X

deg(w(r,s))+deg
(
V

(r)
(r,s)

)
e(r).

Thus, the result follows.

2.4 Decoding algorithms of interleaved Gabidulin codes

In this section, we use the solutions of the key equation to give the minimal list decoding,
unique decoding, and error-erasure decoding algorithms of interleaved Gabidulin codes.

2.4.1 Minimal list decoding

In [41], Kuijper and Trautmann used an iterative parametrization approach to give a
minimal list decoding algorithm of Gabidulin codes over finite fields. In this subsection,
we show that this algorithm can be generalized to interleaved Gabidulin codes over finite
principal ideal rings.

Definition 2.25 Let a received word y ∈ Sn
(1)+···+n(`) of the interleaved Gabidulin code

IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
. Minimal list decoding consists to find the value of

tmin := min
c∈IGab

(k(1),...,k(`))(g(1),...,g(`))
{rank (y − c)} (2.6)

as well as all codewords c ∈ IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
such that

rank (y − c) = tmin.
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Theorem 2.13 and Theorem 2.24 justify Algorithm 3 of minimal list decoding.
Algorithm 3: Minimal list decoding
Input: a received word y =

(
y(1) · · ·y(`)

)
∈ Sn(1)+···+n(`) of the interleaved

Gabidulin code IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
.

Output: A list of f̂ ∈ S[X, σ]<k(1) × · · · × S[X, σ]<k(`) such that
rank

(
y −

(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
)))

is minimal.
1 Compute a Gröbner basis

{
V(r,s)

}
0≤r≤`, s∈[S]∗ for the module M [y,g] as in

Algorithm 2 w.r.t. �(k(0),...,k(`))

2 α(r,s) ← deg
(
V

(r)
(r,s)

)
3 list← ∅
4 j ← 0

5 while list = ∅ do
6 Compute the set U of all U =

∑
0≤r≤`, s∈[S]∗ w(r,s)V(r,s) where

w(r,s) ∈ S[X, σ], w(0,1) is monic, deg
(
w(0,1)

)
= j,

deg
(
w(0,s)

)
+ α(0,s) < j + α(0,1), for all s ∈ [S]∗ \ {1}, and

deg
(
w(r,s)

)
+ α(r,s) − k(r) ≤ j + α(0,1) − k(0), for all (r, s) ∈ {1, . . . , `} × [S]∗

7 foreach U ∈ U do
8 for l← 1 to ` do
9 Compute the quotient Q(l) and the remainder P (l)

on the left Euclidean division of U (l) by U (0) in S[X, σ]

10 if for all l ∈ {1, . . . , `}, P (l) = 0 then
11 list← list ∪ {Q̂}

12 j ← j + 1

13 return list

In general, the list size of minimal list decoding might be greater than one. In the
next subsection, we give a sufficient condition so that the list size is one and a decoding
algorithm in this case.

2.4.2 Unique decoding beyond the error correction capability

Let t0 :=
⌊(

minl∈{1,...,`}
{
d(l)
}
− 1
)
/2
⌋
be the error correction capability of the interleaved

Gabidulin code IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
and let y =

(
y(1) · · ·y(`)

)
be a received

word. We may have tmin ≤ t0 or t0 < tmin. Moreover, if tmin ≤ t0, then the list size of
minimal list decoding is one. The next lemma give a necessary and sufficient condition
so that tmin ≤ t0.

Lemma 2.26 Let U be a minimal solution of the key equation and f̂ ∈ S[X, σ]<k(1) ×
· · · × S[X, σ]<k(`). The following statements are equivalent.

(i) rank
(
y −

(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
)))
≤ t0.

(ii) It holds both that:
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1) deg
(
U (0)

)
≤ t0;

2) U (l) = U (0)f (l), for l = 1, . . . , `.

Proof. By Theorem 2.13, (ii)=⇒ (i).
Proof that (i)=⇒ (ii). Assume that rank

(
y −

(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
)))
≤ t0. Then,

by Theorem 2.13, there is
(
W (0),W (1), . . . ,W (`)

)
∈ S[X, σ]`+1 verifying the five conditions

of Theorem 2.13 (ii), with τ = t0. Thus, since U is minimal, we have deg
(
U (0)

)
≤

deg
(
W (0)

)
≤ t0. Set

ε =
(
ε(1) · · · ε(`)

)
= y −

(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
))
.

As
U (0)

(
y(l)
)

= U (l)
(
g(l)
)
,

we have
U (0)

(
ε(l)
)

=
(
U (l) − U (0) × f (l)

) (
g(l)
)
.

But, since
rank

((
ε(1) · · · ε(`)

))
≤ t0,

we also have
rank

((
U (0)

(
ε(1)
)
· · ·U (0)

(
ε(`)
)))
≤ t0.

Consequently, by Proposition 1.49, there exists a monic skew polynomial T ∈ S[X, σ]<t0+1

such that for l = 1, . . . , `,
T
(
U (0)

(
ε(l)
))

= 0

i.e., (
T ×

(
U (l) − U (0) × f (l)

)) (
g(l)
)

= 0.

But {g(l)i }1≤i≤n(l) is R-linear independent and deg
(
T
(
U (l) − U (0) × f (l)

))
< n(l), thus

using Corollary 1.48 we have

T ×
(
U (l) − U (0) × f (l)

)
= 0.

Therefore, since T is a monic polynomial, we have

U (l) − U (0) × f (l) = 0.

Lemma 2.26 shows that if the rank of the error is at most the error correction capa-
bility, then every minimal solution of the key equation allows to recover the transmitted
codeword. We use this property to give the unique decoding method beyond the error
correction capability.
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Lemma 2.27 Assume there is f̂ ∈ S[X, σ]<k(1) × · · · × S[X, σ]<k(`) such that for every
minimal solution, U, of the key equation we have U (l) = U (0)f (l), for l = 1, . . . , `. Then,
f̂ is the unique element in S[X, σ]<k(1) × · · · × S[X, σ]<k(`) such that

rank
(
y −

(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
)))

= tmin

where tmin is defined as in (2.6).

Proof. We show first that in this condition, tmin is equal to the degree of a minimal
solution of the key equation. Let U be a minimal solution of the key equation and let t be
the degree of U (0). Then, by the definition of tmin and by Theorem 2.13, we have t ≤ tmin.
By the assumption, we have U (l) = U (0)f (l), for l = 1, . . . , `. Therefore, by Theorem 2.13,
we also have tmin ≤ t. Thus, tmin = t.

Now, let b̂ ∈ S[X, σ]<k(1) × · · · × S[X, σ]<k(`) such that

rank
(
y −

(
b(1)
(
g(1)
)
· · · b(`)

(
g(`)
)))

= tmin.

Then, by Proposition 1.49, there exists a monic skew polynomial W ∈ S[X, σ] of degree
tmin such that, for l = 1, . . . , `,W

(
y(l) − b(l)

(
g(l)
))

= 0. Therefore,
(
W,Wb(1), . . . ,Wb(`)

)
is a minimal solution of the key equation. Thus b(l) = f (l), for l = 1, . . . , `.

Lemma 2.27 gives a sufficient condition so that the list size of minimal list decoding
is one. The following lemma gives a Gröbner basis interpretation of this condition.

Lemma 2.28 Let
{
V(r,s)

}
0≤r≤`, s∈[S]∗ be a Gröbner basis for M [y,g] obtained by Algo-

rithm 2 w.r.t. �(k(0),...,k(`)). Set α(r,s) := deg
(
V

(r)
(r,s)

)
. Let Q(l)

(0,1) be the quotient and P (l)
(0,1)

be the remainder of the left Euclidean division of V (l)
(0,1) by V

(0)
(0,1) in S[X, σ]. The following

statements are equivalent.
(i) There is f̂ ∈ S[X, σ]<k(1) × · · · × S[X, σ]<k(`) such that for every minimal solution,

U, of the key equation we have U (l) = U (0)f (l), for l = 1, . . . , `.
(ii) The Gröbner basis

{
V(r,s)

}
0≤r≤`, s∈[S]∗ has the following properties:

1) P (l)
(0,1) = 0, for l = 1, . . . , `;

2) α(0,1) − k(0) < α(r,s) − k(r), for all r ∈ {1, . . . , `} and s ∈ [S]∗ ;
3) V (l)

(0,s) = V
(0)
(0,s)Q

(l)
(0,1), for all l ∈ {1, . . . , `} and s ∈ [S]∗\ {1}.

Proof. (i)=⇒ (ii):
1) Since V(0,1) is a minimal solution of the key equation, we have V (l)

(0,1) = V
(0)
(0,1)f

(l), for
l = 1, . . . , `. Consequently, Q(l)

(0,1) = f (l) and P (l)
(0,1) = 0, for l = 1, . . . , `.

2) Suppose there are r ∈ {1, . . . , `} and s ∈ [S]∗ such that α(r,s) − k(r) ≤ α(0,1) − k(0).
Then, V(0,1) + V(r,s) is a minimal solution of the key equation. Consequently, we have
V

(r)
(0,1)+V

(r)
(r,s) =

(
V

(0)
(0,1) + V

(0)
(r,s)

)
f (r). Since V (r)

(0,1) = V
(0)
(0,1)f

(r), we then have V (r)
(r,s) = V

(0)
(r,s)f

(r).

Hence, deg
(
V

(r)
(r,s)

)
= deg

(
V

(0)
(r,s)f

(r)
)
, i.e., deg

(
V

(r)
(r,s)

)
≤ deg

(
V

(0)
(r,s)

)
+ k(r) − 1 which is

absurd because w.r.t. �(k(0),...,k(`)), ind(lm
(
V(r,s)

)
) = r.

3) Let s ∈ [S]∗\ {1}. Since deg
(
V(0,s)

)
is minimal among the degree of all U ∈ M [y,g]
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with ind(lm (U)) = 0, lc (U) ∈ [s], then we have α(0,s) ≤ α(0,1). If α(0,s) < α(0,1),
then V(0,1)+ V(0,s) is a minimal solution of the key equation and consequently we have
V

(l)
(0,s) = V

(0)
(0,s)f

(l). If α(0,s) = α(0,1), then V(0,1)+ V(0,s) − lc
(
V

(0)
(0,s)

)
V(0,1) is a minimal

solution of the key equation and therefore we have V (l)
(0,s) = V

(0)
(0,s)f

(l).
(ii)=⇒ (i): Let U be a minimal solution of the key equation. Then, by Theorem 2.24,

U =
∑

0≤r≤`, s∈[S]∗
w(r,s)V(r,s)

where w(r,s) ∈ S[X, σ], w(0,1) = 1, for all s ∈ [S]∗\ {1},

deg
(
w(0,s)

)
+ α(0,s) < α(0,1)

and for all (r, s) ∈ {1, . . . , `} × [S]∗,

deg
(
w(r,s)

)
+ α(r,s) − k(r) ≤ α(0,1) − k(0).

Let (r, s) ∈ {1, . . . , `}× [S]∗, then w(r,s) = 0 because α(0,1)− k(0) < α(r,s)− k(r). Therefore
U (l) = U (0)Q

(l)
(0,1), for l = 1, . . . , `, because V (l)

(0,s) = V
(0)
(0,s)Q

(l)
(0,1), for l = 1, . . . , ` and s ∈ [S]∗.

The previous lemmas allow to give Algorithm 4. We have the following theorem.

Theorem 2.29 (a) If there is f̂ ∈ S[X, σ]<k(1) × · · · × S[X, σ]<k(`) such that
rank

(
y −

(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
)))
≤ t0, then Algorithm 4 returns f̂ .

(b) If Algorithm 4 returns f̂ , then it is the unique element in S[X, σ]<k(1) × · · · ×
S[X, σ]<k(`) such that rank

(
y −

(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
)))

= tmin.

Proof. (a) Since V(0,1) is a minimal solution of the key equation, then, by Lemma 2.26,
there is f̂ ∈ S[X, σ]<k(1) × · · · × S[X, σ]<k(`) such that

rank
(
y −

(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
)))
≤ t0

if and only if α(0,1) ≤ t0 and P (l)
(0,1) = 0, for l = 1, . . . , `.

(b) This result is a direct consequence of Lemma 2.27 and Lemma 2.28.
Recall that we may have tmin ≤ t0 or t0 < tmin. Thus, Algorithm 4 can uniquely decode

beyond the error correction capability. The following example is given as an illustration.

Example 2.30 Let R = Z4, S = R [z] / (z4 + 2z2 + 3z + 1) and a = z+(z4 + 2z2 + 3z + 1).
Then, S is a Galois extension of R where the Galois group is generated by a power map
σ : a 7→ a2. Set g(1) = g(2) = (1, a, a2, a3),

y(1) = (3a3 + 2a2 + 2, a2 + 2a, a3 + 2, 2a3 + 2a2 + 3a+ 3),
y(2) = (a2 + 2a+ 3, 2a3 + a2 + 2a+ 3, a3 + a2 + 2a+ 3, 2a3 + 3).
We consider the received word y =

(
y(1) y(2)

)
of the interleaved Gabidulin code

IGab(1,1)
(
g(1),g(2)

)
. Using SageMathCloud [65], Algorithm 4 returns

(
f (1), f (2)

)
where

f (1) = 2a3 + 3a and f (2) = 3a2 + 2a+ 1. Therefore, the error vector is

ε = y−
(
f (1)

(
g(1)
)

f (2)
(
g(2)
) )

and rank (ε) = 2 > t0 = 1. For more details, see Appendix A.
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Algorithm 4: Unique decoding
Input: a received word y =

(
y(1) · · ·y(`)

)
∈ Sn(1)+···+n(`) of the interleaved

Gabidulin code IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
.

Output: "decoding failure" or the element f̂ in S[X, σ]<k(1) × · · · × S[X, σ]<k(`)

such that for every minimal solution, U, of the key equation we have
U (l) = U (0)f (l), for l = 1, . . . , `.

1 t0 ←
⌊(

minl∈{1,...,`}
{
d(l)
}
− 1
)
/2
⌋

2 Compute a Gröbner basis
{
V(r,s)

}
0≤r≤`, s∈[S]∗ for the module M [y,g] as in

Algorithm 2 w.r.t. �(k(0),...,k(`))

3 α(r,s) ← deg
(
V

(r)
(r,s)

)
4 if there is r ∈ {1, . . . , `} and s ∈ [S]∗ such that α(r,s) − k(r) ≤ α(0,1) − k(0) then
5 return "decoding failure"

6 for l← 1 to ` do
7 Compute the quotient Q(l)

(0,1) and the remainder P (l)
(0,1)

on the left Euclidean division of V (l)
(0,1) by V

(0)
(0,1) in S[X, σ].

8 if there is l ∈ {1, . . . , `} such that P (l)
(0,1) 6= 0 then

9 return "decoding failure"
10 else
11 if α(0,1) ≤ t0 then
12 return Q̂(0,1)

13 else
14 if there is l ∈ {1, . . . , `} and s ∈ [S]∗ \ {1} such that V (l)

(0,s) 6= V
(0)
(0,s)Q

(l)
(0,1) then

15 return "decoding failure"
16 else
17 return Q̂(0,1)

Remark 2.31 In finite fields, Sidorenko et al. [68] gave an algorithm for decoding inter-
leaved Gabidulin codes beyond the error correction capability and an upper bound of the
failure probability. We implemented Algorithm 4 and compared it to [68, Algorithm 4] (see
Appendix A). We observed that these two algorithms fail in the same cases. This coin-
cidence is probably due to the fact that, in [68, Algorithm 4], Sidorenko et al. computed
the error span polynomial using shift-register synthesis. We also compute the same error
span polynomial using Gröbner bases. Thus, it would be interesting to see if there exists
the connection between a two algorithms.

2.4.3 Error-Erasure Decoding

As in [79], we define row and column erasures of interleaved Gabidulin codes. We then
show that errors and erasures decoding of an interleaved Gabidulin code is reduced to
errors decoding of another interleaved Gabidulin code.
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Let y =
(
y(1) . . .y(`)

)
∈ Sn(1)+···+n(`) be a received vector for a transmitted codeword(

f (1)
(
g(1)
)
· · · f (`)

(
g(`)
))

of the interleaved Gabidulin code IGab(k(1),...,k(`))
(
g(1), . . . ,g(`)

)
.

Assume that the error vector

ε =
(
y(1) . . .y(`)

)
−
(
f (1)

(
g(1)
)
· · · f (`)

(
g(`)
))

(2.7)

is decomposed into
ε = ε(E) + ε(R) + ε(C) (2.8)

where
• ε(E), called the full error , is unknown, rank

(
ε(E)

)
= t(E) ;

• ε(R), called the row erasure , can be expressed in the form

ε(R) =
(
a(R,1)B(R,1) · · · a(R,`)B(R,`)

)
with a

(R,l) ∈ St(R,l) is known, rank
(
a(R,l)

)
= t(R,l), and B(R,l) ∈ Rt(R,l)×n(l) is unknown, for

l = 1, . . . , `;
• ε(C), called the column erasure , can be expressed in the form

ε(C) =
(
a(C,1)B(C,1) · · · a(C,`)B(C,`)

)
with a(C,l) ∈ St(C,l) is unknown, B(C,l) ∈ Rt(C,l)×n(l) is known, freerank

(
B(C,l)

)
= t(C,l), for

l = 1, . . . , `.
By Proposition 1.49, there are the monic skew polynomials P (R,l) ∈ S[X, σ] of degree

t(R,l) such that P (R,l)
(
a(R,l)

)
= 0, for l = 1, . . . , `.

By [20, Proposition 2.9], there are the free column matrices F(C,l) ∈ Rn(l)×(n(l)−t(C,l))

such that B(R,l)F(C,l) = 0, for l = 1, . . . , `.

Theorem 2.32 With the above notations, the relation (2.7) can be transformed into

ε′ =
(
y′(1) . . .y′(`)

)
−
(
f
′(1)
(
g′(1)

)
· · · f ′(`)

(
g′(`)

))
where y′(l) = P (R,l)

(
y(l)
)
F(C,l), g′(l) = g(l)F(C,l), f ′(l) = P (R,l)f (l), for l = 1, . . . , `, and

rank (ε′) ≤ t(E).

Proof. Set ε(E) =
(
ε(E,1) · · · ε(E,`)

)
where ε(E,l) ∈ Sn(l) , for l = 1, . . . , ` . Then, by (2.7)

and (2.8), we have

ε(E,l) + ε(R,l) + ε(C,l) = y(l) − f (l)
(
g(l)
)
, for l = 1, . . . , `.

Let l ∈ {1, . . . , `}. Since ε(R,l) = a(R,l)B(R,l) and P (R,l)
(
a(R,l)

)
= 0, we have

P (R,l)
(
ε(E,l)

)
+ P (R,l)

(
ε(C,l)

)
= P (R,l)

(
y(l) − f (l)

(
g(l)
))

i.e.,
P (R,l)

(
ε(E,l)

)
+ P (R,l)

(
a(C,l)

)
B(C,l) = P (R,l)

(
y(l) − f (l)

(
g(l)
))

(2.9)
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because ε(C,l) = a(C,l)B(C,l). If we right multiply both sides of (2.9) by F(C,l) we get

ε′(E,l) = y′(l) − f ′(l)
(
g′(l)
)

where ε′(E,l) = P (R,l)
(
ε(E,l)

)
F(C,l).

Set ε′ =
(
ε′(E,1) · · · ε′(E,`)

)
, then

ε′ =
(
y′(1) . . .y′(`)

)
−
(
f ′(1)

(
g′(1)

)
· · · f ′(`)

(
g(`)
))
.

As rank
((
ε(E,1) · · · ε(E,`)

))
= tE, we have rank

(
ε′(E,1) · · · ε′(E,`)

)
≤ tE.

Set k′(l) = k(l) + t(R,l), n′(l) = n(l) − t(C,l) and assume that k′(l) ≤ n′(l), for l = 1, . . . , `.
Then, according to Theorem 2.32, the error and erasure decoding of the interleaved
Gabidulin code IGab(k(1),...,k(`))

(
g(1), . . . ,g(`)

)
is reduced to the error decoding of the

interleaved Gabidulin code IGab(k′(1),...,k′(`))
(
g′(1), . . . ,g′(`)

)
. In particular we have the

following:

Corollary 2.33 With the above notations, if

2t(E) ≤ min
1≤l≤`

{
n(l) −

(
k(l) + t(R,l) + t(C,l)

)}
then the transmitted massage i.e., f (1), . . . , f (`), can be recovered.

Proof. Assume that 2t(E) ≤ min1≤l≤`
{
n(l) −

(
k(l) + t(R,l) + t(C,l)

)}
.

Then
2t(E) ≤ d′ − 1,

where d′ is the rank distance of the interleaved Gabidulin code IGab(k′(1),...,k′(`))
(
g′(1), . . . ,g′(`)

)
.

Hence, we can use Algorithm 4 to determine f ′(1), . . . , f ′(`) and then use the left Euclidean
division of f ′(l) by P (R,l) to determine f (l) for l = 1, . . . , `.

As in [26], [69], [68], [7], simultaneous correction of errors and erasures allow to re-
cover the transmitted codeword in random linear network coding. As an illustration, see
subsection 3.3.
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Chapter III

Applications

As mentioned in the introduction, rank-metric codes have several applications. In this
chapter, we use encoding and decoding schemes of interleaved Gabidulin codes to detect
and correct errors in wireless communication systems. Specifically in space-time coding
and in random linear network coding. This chapter is organized as follows.

In Section 3.1, we give the discrete baseband wireless communication system model.
In Section 3.2, we recall the performance criteria for space-time block codes, and use

rank-metric codes to construct optimal space-time block codes.
In Section 3.3, we combine two existing network coding schemes and prove that the

problem of decoding random linear network codes can be reformulated as an error-erasure
decoding problem for rank-metric codes.

3.1 Overview of wireless communication systems

3.1.1 Basic elements of a wireless communication system

Figure 3.1: Basic elements of a wireless communication system [18]

Wireless communication involves transfer of information without any physical connec-
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tion between two or more points [75]. Wireless communication system can be divided into
three elements [18]: the transmitter, the channel and the receiver (See Figure 3.1).

The transmission path of a wireless communication system consists of :
- source coding ( data compression) is the process of encoding the information using

lesser number of bits than the uncoded version of the information [78];
- encryption is the process of encoding a message or information in such a way that

only authorized parties can access it and those who are not authorized cannot [19];
- channel coding attempts to add redundancy to the data to make it more reliable

(which reduces data rate) and therefore more robust against the channel noise [78];
- modulation is the process whereby message information is embedded into a radio

frequency carrier [73];
-multiplexing is a technique by which multiple analog signals or digital data streams

are combined into a single signal to be transmitted over a shared medium [50].
The channel carries the signal, but will usually distort it. The receive path reconstructs

the source signal using the inverse operations of the transmission path. In the next
subsections, we will show how information is modulated and transmitted.

In the following, most of the definitions and results are from [59], [76], [73], [77].

3.1.2 Digital modulation

A real-valued emitted signal s(t), with a frequency content concentrated in a narrow band
of frequencies near the carrier frequency fc (bandpass signal), can be written as

s(t) = a (t) cos (2πfct+ θ (t))

where a (t) and θ (t) represent respectively the envelope and phase of s(t). In complex
notation, s(t) can be written as

s(t) = a (t) cos (2πfct+ θ (t))

= Re
(
a (t) ei(2πfct+θ(t))

)
= Re

(
s̃(t)ei2πfct

)
,

where
s̃(t) = a (t) eiθ(t)

and Re (·) denotes the real part operation. The signal s̃(t) is called the complex enve-
lope or complex baseband representation of the bandpass signal s(t).

Digital modulation is the process of mapping a digital sequence to signals for trans-
mission over a communication channel. In linear modulation , the baseband complex
envelope can be written as

s̃(t) =
∑
n

anp (t− nTs) ,

where an are the transmitted symbols, p (t) is the pulse shape and Ts represents the
duration symbol. The complex symbols an take its values into a set of M complex
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Figure 3.2: The complex plane representation of the signal constellation [77].

numbers {s1, s1, . . . , sM} called constellation representing a particular modulation. In
polar coordinates, we have sm = rme

iθm , 1 ≤ m ≤M (See Figure 3.2).
Some commonly used signal constellations are:

- Pulse Amplitude Modulation (PAM). Information only in amplitude:

θm = 0 and rm = (2m− 1−M) d
2
, m = 0, . . . ,M − 1

- Phase Modulation or Phase Shift Keying (PSK). Information only in phase:

θm = 2πm
M

and rm = r, m = 0, . . . ,M − 1

- Quadrature Amplitude Modulation (QAM). Information in phase and ampli-
tude.

In [22], the η2-ary square quadrature amplitude modulation is algebraically represented
by the ring Zη [i] = Zη + iZη, where i2 = −1 and Zη is the ring of integers modulo η. For
example, the Quadrature Phase-Shift Keying (QPSK) is algebraically represented by the
ring Z2 [i] = {0, 1, i, 1 + i} (See Figure 3.3).

2-Ary digits QPSK Complex representation
11

√
2 cos

(
2πfct+ π

4

) √
2e

π
4
i = 1 + i

10
√

2 cos
(
2πfct− π

4

) √
2e−

π
4
i = 1− i

01
√

2 cos
(
2πfct+ 3π

4

) √
2e

3π
4
i = −1 + i

00
√

2 cos
(
2πfct− 3π

4

) √
2e

3π
4
i = −1− i

3.1.3 Discrete time baseband representation of multipart propa-
gation

When the signal is modulated, it is transmitted over a wireless channel. Due to refraction,
reflection and diffraction in a wireless communication environment, the propagation of the
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Figure 3.3: The ring representation of QPSK: Z2 [i] = {0, 1, i, 1 + i}.

Figure 3.4: multipath propagation [32].
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signal transmitted by the source reaches the receiver side by different paths (See Figure
3.4). This multipath propagation causes constructive and destructive interference, and
phase shifting of the signal. Thus, each n-th path received signal is associated with a
corresponding attenuation factor αn (t) and the propagation delay τn (t). Therefore, if
s (t) is the bandpass transmitted signal then, using the principle of superposition, the
bandpass received signal may be expressed in the form

r (t) =
∑
n

αn (t) s (t− τn (t)) + w (t)

where w (t) is the additive noise. According to the central limit theorem, we may assume
that w (t) is a white Gaussian noise process.

A channel is said to be frequency-nonselective channel, or flat fading if the
bandwidth of the transmitted signal is much smaller than the coherence bandwidth of the
channel. In this case, the baseband received signal r̃(t) can be expressed in the form

r̃(t) = C (t) s̃(t) + w̃ (t) (3.1)

where C (t) is the complex channel gain. Due to the multipath propagation, we may
assume that C (t) is modeled as a zero-mean complex-valued Gaussian random process
(Rayleigh channel model).

If the time variations of the complex channel gain are very slow within a time interval
0 ≤ t ≤ T , when T is the symbol interval, then Equation (3.1) may be simply expressed
as

r̃(t) = Cs̃(t) + w̃ (t) , 0 ≤ t ≤ T (3.2)

where C is constant within the time interval 0 ≤ t ≤ T . In this case, we call the channel
a slowly fading channel. Next, consider time to be discrete, where tk denotes the time
at which the k-th symbol x̃k := x̃ (tk) is transmitted. In a discrete time baseband, (3.2)
become

r̃k = Cs̃k + w̃k,

where r̃k := r̃ (tk) and w̃k = w̃ (tk).

3.1.4 Multiple-input, multiple-output channel

To reduce multipath fading and increase system capacity, we can use multiple-input and
multiple-output (MIMO) antenna systems (See Figures 3.5 and 3.6).

By [35], Mobile operators have implemented 2 × 2 MIMO in their LTE 4G networks
for a number of years and are now beginning to deploy 4 × 4 MIMO to meet increased
data demands.

We will denote the number of transmit and receive antennas in the complex domain
by mt and mr, respectively. We consider a discrete-time complex baseband model of a
flat-fading MIMO channel with additive white Gaussian noise. A block-fading channel is
assumed, i.e., the channel matrix is constant over the whole block of nc data symbols.
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Figure 3.5: MIMO channel [36].

Figure 3.6: 4x4 MIMO [35].

Figure 3.7: MIMO model with mt transmit antennas and mr receive antennas [6].
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The complex channel gain between the l-th transmit antenna and the i-th receive antenna
is denoted hi,l (See Figure 3.7).

Let xl,j be the j-th data symbol transmitted from the l-th transmit antenna. Then
the j-th data symbol received at the i-th antenna can be expressed as:

yi,j =
∑

1≤l≤nc
hi,lxl,j + ni,j (3.3)

where ni,j is a noise term. In matrix representation, (3.3) become

Y = HX + N

where Y = (yi,j), H = (hi,l), X = (xl,j) and N = (ni,j).
In the next section, we show how to detect and correct errors in the MIMO channel.

3.2 Space-time block codes

3.2.1 Performance criteria for space-time block codes

A space-time block code CST is a set of codeword matricesX over C of sizemt×nc. The
entries of each of the codeword matrices are drawn from a transmission symbol alphabet
set (or signal constellation) A. Let Es be the average energy of the signal constellation.
The constellation points are scaled by a factor of

√
Es such that the average energy of

the constellation points is 1. We assume that received matrix Y ∈ Cmr×nc is decomposed
into

Y =
√
EsHX + N

where:
· X ∈ CST is the sent codeword.
· H ∈ Cl×n is the channel matrix, which is known at the receiver (perfect channel

state information), and whose entries are independent and identically distributed (i.i.d.),
complex circularly symmetric Gaussian random variables with zero mean and unit vari-
ance.
· N ∈ Cl×m represents the additive white noise, which is unknown at the receiver,

and whose entries are i.i.d, complex circularly symmetric Gaussian random variables with
zero mean and variance N0.

When Y is received, maximum likelihood decoder consists to find X̂ ∈ CST such
that ∥∥∥Y −√EsHX̂

∥∥∥
F

= min
X∈CST

∥∥∥Y −√EsHX
∥∥∥
F

where ‖·‖F is the Frobenius norm. Maximum likelihood decoding fails if X is transmitted
andX 6= X̂. Thus, the pairwise error probability that X̂ is selected whenX is transmitted,
for any given channel matrix realization H, is

P
(
X→ X̂ | H

)
:= P

(∥∥∥Y −√EsHX̂
∥∥∥
F
≤
∥∥∥Y −√EsHX

∥∥∥
F

)
The following theorem give the upper-bound on the pairwise error probability.
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Theorem 3.1 [74]
We have

P
(
X→ X̂ | H

)
≤
(

r∏
i=1

λi

)−mr
(Es/4N0)

−mr×r

where
· r = rank

(
X− X̂

)
·

r∏
i=1

λi is a product of nonzero eigenvalues of
(
X− X̂

)(
X− X̂

)H
, with (·)H is the

Hermitian transpose operation.

To minimize the maximum pairwise error probability, the following two criteria were
derived [74]:

Rank criterion: the minimum rank r of X−X̂ taken over all distinct codeword pairs
is the transmit diversity gain and should be maximized.

Determinant criterion: the minimum of
r∏
i=1

λi taken over all distinct codeword pairs

is the coding gain and must be maximized.
For any space-time block code there is a tradeoff between the transmission rate and

the transmit diversity gain [74], [47]. Specifically, using the same arguments as in the
proof of Proposition 2.1, we can show the following proposition.

Proposition 3.2 (Rate-Diversity Tradeoff) For any space-time code CST ,

RCST ≤ mt − dCST + 1

where RCST is the rate of CST ,

RCST :=
1

nc
log|A| |CST |

and dCST is the transmit diversity gain of CST ,

dCST := min {rank (X−X′) : X, X′ ∈ CST , X 6= X′}

As in [37], a space-time block code that achieves this rate-diversity tradeoff will be
called an optimal space-time block code.

3.2.2 Space-time block codes from codes over finite principal ideal
rings

In this subsection, we generalize to finite principal ideal rings the methods of [48], [44],
[37], [61] in the construction of space-time block codes. More precisely, we show that there
is a rank-preserving map from a finite principal ideal ring to a complex signal set and
we use it to construct space-time block codes that are optimal under the rate-diversity
tradeoff [74], [47], [37].
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Let T be a principal ideal ring such that there exists a surjective ring homomorphism
ϕ : T → R. Let ϕ∗ be a section of ϕ, i.e., a map from R to T such that ϕ ◦ϕ∗ = idR. The
extension of ϕ (resp., ϕ∗) coefficient-by-coefficient to the set of matrix Tm×n (resp., Rm×n)
is also denoted by ϕ (resp., ϕ∗). As an example, we may have T = Z [i], R = Z [i] /ηZ [i],
where η is some positive integer, ϕ (x) = x+ ηZ [i] and ϕ∗ (a+ bi+ ηZ [i]) = (a mod η) +

(b mod η) i, for all x ∈ Z [i], a ∈ Z, b ∈ Z.

Lemma 3.3 Let A ∈ Tm×n. Then,

rankR (ϕ (A)) ≤ rankT (A) .

Proof. Let r = rankT (A) and {b1, . . . ,br} be a generating set of col (A). Then,
{ϕ (b1) , . . . , ϕ (br)} is a generating set of col (ϕ (A)). Consequently, rankR (ϕ (A)) ≤
rankT (A).

Theorem 3.4 Let M ⊂ Rm×n be a rank code of rank distance d and let d′ be the rank
distance of ϕ∗ (M), then d ≤ d′. Moreover, ifM is an MRD code, then d = d′.

Proof. Let ϕ∗ (M1), ϕ∗ (M2) ∈ ϕ∗ (M) such that ϕ∗ (M1) 6= ϕ∗ (M2). Then, M1 6= M2

and by Lemma 3.3,

rankT (ϕ∗ (M1)− ϕ∗ (M2)) ≥ rankR (ϕ (ϕ∗ (M1)− ϕ∗ (M2)))

≥ d.

Thus, d ≤ d′.
Assume thatM is an MRD code. Then,

|ϕ∗ (M)| = |M| = |R|min{m(n−d+1), n(m−d+1)} (3.4)

Using the same arguments as in the proof of Proposition 2.1, we can show that

|ϕ∗ (M)| ≤ |ϕ∗ (R)|min{m(n−d′+1), n(m−d′+1)} (3.5)

It follows from (3.4) and (3.5) that d′ ≤ d.
By the previous theorem, we can use an MRD code in R to construct an MRD code

in T . The following example is a generalization of [48], [2].

Example 3.5 Since S ∼= R[X]/ (h) where h is a monic polynomial, set h = a0 + a1X +

· · ·+ am−1Xm−1 +Xm , α = X + (h) and g = (α, α2, . . . , αm). Then, the Gabidulin code
Gab1 (g) is a free S-linear rank code generated by g. Thus, Gab1 (g) is a free R-linear
rank code generated by {g, αg, . . . , αm−1g}. The matrix representation of g in the basis
(1, α, . . . , αm−1) is

Ag =


0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

... . . . ...
...

0 0 · · · 1 −am−1


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and the matrix representation of αig is Ai+1
g for i = 1, . . . ,m− 1. Therefore, the matrix

representation of Gab1 (g) is a R-linear rank code generated by
{
Ai

g

}
1≤i≤m. Its image

in T is an MRD code of rank distance m. Moreover, all codeword have the full rank.
By Proposition 2.10, the interleaved Gabidulin code IGab(k(1),...,k(`))

(
g(1), . . . ,g(`)

)
with

k(l) = 1 and g(l) = (α, α2, . . . , αm), for l = 1, . . . , `, have the same proprieties. Thus, we
can use it to construct optimal space-time block code in T .

The construction of space-time codes using rank metric codes allows to achieve the
rate-diversity tradeoff. Another advantage lies in the decoding algorithm. In MIMO chan-
nel, additive white Gaussian noise suggests the decoding of space-time codes using maxi-
mum likelihood decoding. But, the complexity of maximum likelihood decoding increases
exponentially as the code length increases. To reduce the complexity, in [61], Puchinger
et al. combined lattice-reduction-aided equalization techniques and error-erasure decoding
algorithm of Gabidulin codes to decode space-time codes. Recall that in our construc-
tion of space-time codes, we used the linear labeling method introduced in [22]. The
linear labeling allows to decode space-time codes using a new linear receiver architecture
called integer-forcing linear receiver, recently proposed in [81] ( see, for example [66]).
The advantages of the integer-forcing linear receiver compared to lattice-reduction-aided
equalization techniques have been given, for example, in [81] and [66]. Thus, it would be
interesting to study the decoding of space-time codes using the combination of the integer-
forcing linear receiver and the decoding algorithms of interleaved Gabidulin codes.

3.3 Decoding of random linear network codes over fi-
nite principal ideal rings

In this section, we consider random linear network coding over finite principal ideal
rings. To improve the error correction, we combine the encoding schemes of [69] and
[70], that is, we consider that the transmitted matrix is represented by the matrix
X =

(
0m×β0 Im M

)
where M is a code matrix of some matrix code M ⊂ Rm×n.

The channel equation is given by

Y = AX + E (3.6)

where the transfer matrix A ∈ Rmr×m and rank (E) := β. Recall that the random
matrices A and E are unknown to the destination and the problem is to recover the
transmitted matrix X from the received matrix Y. As in [69] and [26], we will show that
this problem can be reformulated as an error-erasure decoding problem for rank-metric
codes.

When the matrix Y is received, the Smith normal form is used to successively trans-
form the decoding problem into error-erasure decoding. In the following, we give these
transformations.
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3.3.1 First transformation

Set
Y =

(
Y0 Y1 Y2

)
,

where Y0, Y1 and Y2 are submatrices of Y of sizes mr × β0, mr × m and mr × n,
respectively. Set freerank (Y0) := α0f . Then, using the Smith normal form, there exist
the invertible matrices P, Q and the diagonal matrix D2 such that

PY0Q =

(
Iα0f

0

0 D2

)
.

Set

Q̃ =

(
Q 0

0 Im+n

)
.

and

P =

(
P1

P2

)
where P1 and P2 are the submatrices of P of sizes α0f × mr, and (mr − α0f ) × mr,
respectively. If we multiply both sides of (3.6) by P and Q̃ we get the following:

Lemma 3.6 With the above notations,

Y′ = A′
(

Im M
)

+ E′ (3.7)

where Y′ = P2

(
Y1 Y2

)
, A′ = P2A and E′ is a matrix with rank (E′) := β′ ≤ β−α0f .

Proof. Set
E =

(
E0 E1 E2

)
,

where E0, E1 and E2 are submatrices of E of sizesmr×β0,mr×m andmr×n, respectively.
If we multiply both sides of (3.6) by P and Q̃ we get(

Iα0f
0 P1Y1 P1Y2

0 D2 P2Y1 P2Y2

)
= PA

(
0m×β0 Im M

)
+ Ẽ

where
Ẽ = PEQ̃.

Consequently,

Ẽ =

(
Iα0f

0 P1E1 P1E2

0 D2 P2E1 P2E2

)
.

Set E′ =
(

P2E1 P2E2

)
and rank (E′) := β′ , then β′ ≤ rank

(
Ẽ
)
− α0f and(

Y′1 Y′2

)
= A′

(
Im M

)
+ E′
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3.3.2 Second transformation

Set m′r := mr − α0f and
Y′ :=

(
Y′1 Y′2

)
.

where Y′1 and Y′2 are submatrices of Y′ of sizes m′r ×m and m′r × n, respectively.
Set rank (Y′1) := α1, freerank (Y′1) := α1f . Using the Smith normal form, there

exist the invertible matrices P′, Q′ and the diagonal matrix D′ = diag (d1, . . . , dr), with
d1 = · · · = dα1f

= 1, such that
P′Y′1Q

′ = D′.

Using Proposition 1.28, if we decompose E′ as in [26, Eq. (29)] then we get the
following:

Lemma 3.7 With the above notations,

Y′′2 = D′M′ + E′′. (3.8)

where Y′′2 = P′Y′2, M′ = Q′−1M and E′′ is a matrix with rank (E′′) ≤ β′.

Proof. As rank (E′) = β′, by Proposition 1.28,

E′ = B′Z′,

where B′ is a m′r × β′ matrix, rank (B′) = β′, and Z′ is a β′ × (m+ n) matrix.
Set Z′ =

(
Z′1 Z′2

)
where Z′1 and Z′2 are submatrices of Z′ of sizes β′×m and β′×n,

respectively. By (3.7) we have
Y′1 = A′ + B′Z′1

and
Y′2 = A′M + B′Z′2.

Consequently,
Y′2 = Y′1M + B′ (Z′2 − Z′1M) .

If we multiply the above equation by P′, then we have

Y′′2 = D′M′ + E′′,

where E′′ = P′B′ (Z′2 − Z′1M
′) and rank (E′′) ≤ rank (B′) = β′.

3.3.3 Third transformation

Set

D′ =

(
D′1
0

)
and

Y′′2 =

(
Y′′21
Y′′22

)
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where D′1 is the submatrix of D′ of sizes α1 ×m, Y′′21 and Y′′22 are submatrices of Y′′2 of
sizes α1 × n and (m′r − α1)× n, respectively.

Let α22f := freerank (Y′′22). If α22f 6= 0 then, using the Smith normal form, there is a
α22f × (m′r − α1) matrix U, such that the free rank of the matrix Y′′′22 := UY′′22 is α22f .

Let Ŷ22 be the matrix defined by Ŷ22 := Y′′′22 if α22f 6= 0 and Ŷ22 is a 1 × n zero
matrix else.

Let D′′1 be the m×m matrix and Y′′′21 be the m×n matrix obtained respectively from
the matrices D′1 and Y′′21 by inserting all-zero rows below the last row if α1 ≤ m and by
deleting the α1 −m last rows else.

Set D̂1 := Q′ (D′′1 − Im) and Ŷ21 := Q′Y′′′21. Note that, D̂1 = 0 if α1f ≥ m and
rank

(
D̂1

)
≤ m− α1f else. We have the following:

Theorem 3.8 With the above notations, the matrix Ŷ21 can be decomposed into

Ŷ21 = M + D̂1W1 + W2Ŷ22 + Ê,

whereM is the transmitted codeword, the matricesW1, W2 and Ê are unknown, rank
(
Ê
)
≤

β − α0f − α22f .

Proof. Set

E′′ =

(
E′′1
E′′2

)
,

where E′′1 and E′′2 are submatrices of E′′ of sizes α1 × n and (m′r − α1) × n, respectively.
By (3.8), we have (

Y′′21
Y′′22

)
=

(
D′1
0

)
M′ +

(
E′′1
E′′2

)
.

Thus,
Y′′21 = D′1M

′ + E′′1 (3.9)

and
Y′′22 = E′′2.

• Assume that freerank (Y′′22) 6= 0. As Y′′′22 = UY′′22, set E′′′ :=

(
Iα1 0

0 U

)
E′′.

Then,

rank (E′′′) ≤ rank (E′′) ≤ β′ and E′′′ =

(
E′′1
Y′′′22

)
. Since freerank (Y′′′22) = α22f , by

[20, Proposition 2.11], there are (n− α22f )× n matrix Y3, n× (n− α22f ) matrix F1 and
n× α22f matrix F2 such that (

Y3

Y′′′22

)(
F1 F2

)
= In.
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As

In =
(

F1 F2

)( Y3

Y′′′22

)
= F1Y3 + F2Y

′′′
22,

we have
E′′1 = E′′1F1Y3 + E′′1F2Y

′′′
22,

that is,
E′′1 = E3 + E4Y

′′′
22, (3.10)

where E3 = E′′1F1Y3 and E4 = E′′1F2. Moreover, since

E′′′
(

F1 F2

)
=

(
E′′1F1 E′′1F2

0 Iα22f

)
,

we have, rank (E3) ≤ rank (E′′1F1) = rank (E′′′)− α22f ≤ β′ − α22f . By (3.9) and (3.10),

Y′′21 = D′1M
′ + E4Y

′′′
22 + E3.

Let E′4 be the m × α22f matrix and E′3 be the m × n matrix obtained respectively from
matrices E4 and E3 by inserting all-zero rows below the last row if α1 ≤ m and by deleting
the α1 −m last rows else. Then,

Y′′′21 = D′′1M
′ + E′4Y

′′′
22 + E′3. (3.11)

If we left multiply both sides of (3.11) by Q′ we get

Ŷ21 = M + D̂1W1 + W2Ŷ22 + Ê.

where W1 = M′, W2 = Q′E′4 and Ê = Q′E′3.
• Assume that freerank (Y22) = 0. Then, by (3.9), we have

Ŷ21 = M + D̂1W1 + Ê,

where W1 is defined as above and Ê = Q′E5, where E5 is the m × n matrix obtained
from the matrix E′′1 by inserting all-zero rows below the last row if α1 ≤ m or by deleting
the α1 −m last rows else.

Theorem 3.8 and Corollary 2.33 imply the following result.

Corollary 3.9 With the above notations, assume that M is the matrix representation
of an interleaved Gabidulin code of rank distance d. If rank

(
D̂1

)
+ rank

(
Ŷ22

)
+

2rank
(
Ê
)
≤ d− 1, then the transmitted codeword can be recovered.
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3.3.4 Application example

The following example is computed using SageMathCloud [65]. For more details, see
Appendix A.

Example 3.10 Let R = Z8, S = R [z] / (z5 + 4z3 + 7z2 + 2z + 7) and
a = z + (z5 + 4z3 + 7z2 + 2z + 7). Then S is a Galois extension of R where the Galois
group is generated by a power map σ : a 7→ a2. Set g(1) = g(2) = (a, a2, a3, a4, a5);
f (1) = 1+2a+3a2+5a3; f (2) = 1+4a+7a2+2a3+5a4; c(1) = f (1)

(
g(1)
)
; c(2) = f (2)

(
g(2)
)
.

Then
(

c(1) c(2)
)
is a codeword of the interleaved Gabidulin code IGab(1,1)

(
g(1),g(2)

)
.

Let

M =
(

M1 M2

)
where M1 and M2 are respectively the matrix representations of c(1) and c(2) in the basis
(1, a, a2, a3, a4).

The transmitted matrix is

X =
(

05×2 I5 M
)

Assume that

A =



5 6 6 3 3

3 2 7 1 0

4 6 0 6 7

4 1 2 1 0

1 4 5 6 2

2 5 7 5 0

4 4 1 3 1


and

E = BZ

where

B =



6 4 2

4 5 5

2 5 4

6 7 6

3 7 2

2 7 1

6 0 7


and

Z =

 0 7 7 0 6 3 3 1 5 2 6 7 4 3 4 1 2

0 0 7 5 2 4 5 2 3 0 3 0 4 5 5 6 5

6 3 0 5 5 7 2 3 7 0 4 3 5 1 5 2 5


The received matrix is

Y = AX + BZ.
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By Theorem 3.8, there are the matrices W1, W2 and Ê such that

Ŷ21 = M + D̂1W1 + W2Ŷ22 + Ê (3.12)

with rank
(
Ê
)
≤ 1, where

Ŷ21 =


0 6 5 4 5 7 3 6 4 4

5 7 5 1 3 5 6 7 4 6

0 2 4 7 3 5 2 1 0 3

7 1 7 3 5 7 5 1 2 1

5 7 3 6 4 0 2 2 0 1



D̂1 =


0 0 0 0 4

0 0 0 0 6

0 0 0 0 4

0 0 0 0 7

0 0 0 0 7


and

Ŷ22 =
(

0 7 6 2 1 6 7 5 5 1
)

The vector representation of (3.12) in the basis (1, a, a2, a3, a4) is

y = c + a(R)B(R) + a(C)B(C) + ε(E)

where y, c, a(C), ε(E) are respectively the vector representations of Ŷ21, M, W2, Ê
and B(C) = Ŷ22, B(R) is the last row of W1, a(R) = 7a4 + 7a3 + 4a2 + 6a+ 4.

Set
y =

(
y(1) y(2)

)
where y(1) ∈ S5 and y(2) ∈ S5. Then

y(1) = c(1) + a(R)B(R,1) + a(C)B(C,1) + ε(E,1)

y(2) = c(2) + a(R)B(R,2) + a(C)B(C,2) + ε(E,2)

Let
P (R) = X + 5a4 + a3 + 6a2 + 2a+ 2,

F(R,1) =


0 0 0 1

7 6 2 0

1 2 7 0

0 1 0 0

1 0 0 0


and

F(R,2) =


1 5 5 1

7 3 3 6

0 0 1 0

0 1 0 0

1 0 0 0


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Then, P (R)
(
a(R)

)
= 0, B(C,1)F(R,1) = 0 and B(C,2)F(R,2) = 0.

Set y′(l) = P (R)
(
y(l)
)
F(C,l), g′(l) = g(l)F(C,l), c′(l) = P (R,l)

(
c(l)
)
F(C,l), for l ∈ {1, 2}.

Thus, by Theorem 2.32, there is ε′ ∈ S8 such that(
y′(1) y′(2)

)
=
(

c′(1) c′(2)
)

+ ε′

where rank (ε′) ≤ 1.

When we apply Algorithm 4 for the received word
(

y′(1) y′(2)
)

of the interleaved

Gabidulin code IGab(2,2)
(
g′(1),g′(2)

)
, it returns

(
f ′(1), f ′(2)

)
where f ′(1) = (7a4 + 5a3 +

5a+1)X+4a4 +3a3 +4a+1 and f ′(2) = (5a4 +7a3 +5a2 +4a+6)X+2a4 +5a3 +3a2 +5a.
The left Euclidean division of f ′(1) and f ′(2) by P (R) gives respectively f (1) and f (2).
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Conclusion and perspectives

Conclusion

We have studied some properties of rank-metric codes that are extended from the case
of finite fields to finite principal ideal rings. We have first generalized the rank metric
and established the rank-metric Singleton bound. As in the case of finite fields, we have
shown that Gabidulin codes achieve this bound and the dual of a Gabidulin code is also
a Gabidulin code. We have proved that collaborative decoding of interleaved Gabidulin
codes can be translated to the problem of reconstruction of skew polynomials. We have
used the theory of Gröbner bases of modules over skew polynomials to give the unique
decoding, minimal list decoding, and error-erasure decoding algorithms of interleaved
Gabidulin codes. Specifically, we have given an iterative algorithm that can uniquely
decode interleaved Gabidulin codes beyond the error correction capability. We have also
shown that the errors and erasures decoding of an interleaved Gabidulin code is reduced
to errors decoding of another interleaved Gabidulin code. These codes are then applied in
space-time coding and in random linear network coding. More precisely, we have shown
that there is a rank-preserving map from a finite principal ideal ring to a complex signal
set and we have used it to construct an optimal space-time block code. Using the lifting
construction, we have shown that the decoding problem for random linear network coding
over finite principal ideal rings can be reformulated as an error-erasure decoding problem
for rank-metric codes.

Perspectives

The complexity of the algorithms. In our algorithms, we have used some op-
erations on skew polynomials (addition, multiplication, Euclidean division, evaluation,
...). In [62], Puchinger and Wachter-Zeh gave fast algorithms for operations on linearized
polynomials using normal bases. Since the Galois extension of finite principal ideal rings
admits a normal basis [14], in our future work, we will first extend the results of [62] to
finite principal ideal rings, then we will give the complexity of our algorithms.

The failure probability of unique decoding algorithm. As we specified in
Remark 2.31, in our future work, we will investigate the connection between Algorithm 4
and [68, Algorithm 4]. This will allow us to give the upper bound of the failure probability
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of Algorithm 4.
Decoding space-time codes using rank metric codes. As we specified in Sub-

section 3.2.2, in our future work, we will study the decoding of space-time codes using
the combination of the integer-forcing linear receiver and the decoding algorithms of in-
terleaved Gabidulin codes.

Generalization of other properties. We have shown that some properties of rank-
metric codes can be extended over finite principal ideal rings. In our future work, we will
see if this is the case for other properties, such as packing properties, covering properties,
MacWilliams Identity [27].

Cryptography based on rank-metric codes. In [25], Gabidulin et al. proposed a
cryptosystem using rank-metric codes over finite fields. In finite principal ideal rings we
have zero divisors that can be used to improve the cryptosystem. So, in our future work,
we will study the work of [25] over finite principal ideal rings.
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Appendix A: SAGE Implementation

We implemented in SageMathCloud the algorithms that we gave in the manuscript. We
also gave more details in the examples.
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'@( ++++++++5/mmq,t,rVaV-XCu9v=VXXwwxE8G_vV-W0W<-X

'@' ++++++++4/5V;X

'@̀ ++++hKQPhT+aV4X

'@) *

'@@ *+BBC̀C+yz;G0u7

'@A *

'@H {[/B<=7F78:V[X

'@I 0[/)

'@Y <-[/̀

'@[ G[/)

'A( {[tCetfs{[qr

'A' 6[/{[tV|7<:7u}9v=_vD89G9=947DEu~<EG9;uV0[W<-[WG[XX
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02W ++++++++++++++++++++;_t;
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'EI ********L@,LLI

'E. ********RST*6*GH*U@//<1V.WX

'E' ************-U6D@W,]@̀-U6D@W

'EQ ********RST*6*GH*UI//71V.WX

'EY ************PU6D@W,]@̀PU6D@W

'E) ********RST*K*GH*U@a.//71V.WX

'E; ************>?,*+9V_76BZ[9+9-U@DKW:D\D7]:̀\b9c1@]1B6=7Z[9+9-U@DKW:D\D7]:VL@::

'E( ************-U@DKW,+9I:

'EA ************RST*6*GH*U@a.//<1V.WX

'EE ****************-U6DKW,+9-U6DKWa>?̀-U6D@W:

QII ************RST*6*GH*UI//71V.WX

QI. ****************PU6DKW,+9PU6DKWa>?̀PU6D@W:

QI' ********RST*6*GH*U@a.//<1V.WX

QIQ ************>5,*+9V_76BZ[9+9-U6D@W:D\D7]:̀\b9c1@]1B6=7Z[9+9-U6D@W:D\D7]:VL@::

QIY ************-U6D@W,+9I:

QI) ************RST*K*GH*U@a.//71V.WX

QI; ****************-U6DKW,+9-U6DKWa>5̀-U@DKW:

QI( ************RST*K*GH*UI//<1V.WX

QIA ****************MU6DKW,+9MU6DKWa>5̀MU@DKW:

QIE ****GR*<1d51X

Q.I ********@,51V.

Q.. ********U6IDKIDLLIW,M6L=BZ[IQ9-D@D@D\D7]D+D<1D71:

Q.' ********-/2>1\45=>29@D6I:

Q.Q ********M/2>1\45=>29@D6I:

Q.Y ********]@,+9̂7L3523Z[9_76BZ[9+9-U@D@W:D\D7]:::

Q.) ********L@,LLI

Q.; ********-U@D@W,]@̀-U@D@W

Q.( ********RST*K*GH*UI//<1V.WX

Q.A ************MU@DKW,]@̀MU@DKW

Q.E ********RST*6*GH*U@a.//<1V.WX

Q'I ************>5,*+9V_76BZ[9+9-U6D@W:D\D7]:̀\b9c1@]1B6=7Z[9+9-U6D@W:D\D7]:VL@::

Q'. ************-U6D@W,+9I:

Q'' ************RST*K*GH*UI//<1V.WX

Q'Q ****************MU6DKW,+9MU6DKWa>5̀MU@DKW:

Q'Y ****GR*71d51X

Q') ********@,51V.

Q'; ********U6IDKIDLLIW,M6L=BZ[IQ9-D@D@D\D7]D+D<1D71:

Q'( ********-/2>1\4?=@]<729@DKI:

Q'A ********P/2>1\4?=@]<729@DKI:

Q'E ********]@,+9̂7L3523Z[9_76BZ[9+9-U@D@W:D\D7]:::

QQI ********L@,LLI

QQ. ********-U@D@W,]@̀-U@D@W

QQ' ********RST*6*GH*UI//71V.WX

QQQ ************PU6D@W,]@̀PU6D@W

QQY ********RST*K*GH*U@a.//71V.WX

QQ) ************>?,*+9V_76BZ[9+9-U@DKW:D\D7]:̀\b9c1@]1B6=7Z[9+9-U@DKW:D\D7]:VL@::

QQ; ************-U@DKW,+9I:

QQ( ************RST*6*GH*UI//71V.WX

QQA ****************PU6DKW,+9PU6DKWa>?̀PU6D@W:

QQE ****GR*971d51:eefghij*gHk*9<1d51:eefghijX

QYI ********@,51V.

QY. ********]@,+9̂7L3523Z[9_76BZ[9+9-U@D@W:D\D7]:::
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Appendix B: Publication

The main results obtained in this thesis were the subject of an article which was published
in "IEEE Transactions on Information Theory", one of the best journals specialized in
coding theory.

H. T. Kamche and C. Mouaha, "Rank-Metric Codes Over Finite Principal Ideal Rings
and Applications," IEEE Transactions on Information Theory, vol. 65, no. 12, pp. 7718-
7735, Dec. 2019.

98



7718 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 12, DECEMBER 2019

Rank-Metric Codes Over Finite Principal Ideal
Rings and Applications

Hermann Tchatchiem Kamche and Christophe Mouaha

Abstract— In this paper, it is shown that some results in the
theory of rank-metric codes over finite fields can be extended
to finite commutative principal ideal rings. More precisely, the
rank metric is generalized and the rank-metric Singleton bound
is established. The definition of Gabidulin codes is extended and it
is shown that its properties are preserved. The theory of Gröbner
bases is used to give the unique decoding, minimal list decoding,
and error-erasure decoding algorithms of interleaved Gabidulin
codes. These results are then applied in space-time codes and in
random linear network coding as in the case of finite fields.
Specifically, two existing encoding schemes of random linear
network coding are combined to improve the error correction.

Index Terms— Finite principal ideal rings, Galois extension,
Gröbner bases, interleaved Gabidulin codes, random linear
network coding, rank-metric codes, skew polynomials, space-time
codes.

I. INTRODUCTION

In a communication network, the transmitters can send
information simultaneously to the receivers. These are repre-
sented by a matrix where rows consist of various information.
Practically, it may happen some perturbations and the received
signals be different from the transmitted ones. In such predica-
ment, for securing the system against noises, one can use the
rank-metric codes to detect and correct errors.

A. Rank-Metric Codes

Rank-metric codes [1] are codes whose each codeword is
a matrix and the distance between two codewords is the rank
of their difference. The most important family of rank-metric
codes is that of Gabidulin codes [1]–[3]. They are optimal
in the sense that they achieve the rank-metric Singleton
bound. In [2], Gabidulin used the Galois extension to give
the vector representation of rank-metric codes. He also gave
a polynomial-time unique decoding algorithm of Gabidulin
codes.

The length of a Gabidulin code is lower bounded by the
degree of the Galois extension. To increase the code length,
we can use an interleaved Gabidulin code [4] which is a
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direct sum of several Gabidulin codes. Another advantage of
interleaved Gabidulin codes is the existence of polynomial-
time decoding algorithms [4]–[6] that can decode beyond the
error correction capability with high probability. Nowadays,
rank-metric codes are used in space-time coding [7], public
key cryptosystems [8] and random linear network coding [9].

B. Space-time codes based on rank-metric codes

A space-time code is a multiple-input/multiple-output trans-
mit strategy for fading channels in point-to-point single-user
scenarios. It was introduced in [10] by Tarokh et al. It com-
bines the space diversity, provided by multiple antennas, and
the time diversity to increase system capacity and reduce mul-
tipath fading. Among the performance criteria for space-time
codes, we have the rank criterion [10] which states that in order
to achieve the maximum diversity, the rank of the difference of
two distinct codewords has to be maximal. On the other hand,
for any space-time block code there is a tradeoff between the
transmission rate and the transmit diversity gain [10], [11].
As in [12], a space-time block code that achieves this rate-
diversity tradeoff will be called an optimal space-time block
code. To construct these optimal codes, rank-metric codes can
be used. Thus, in [7] Lusina et al. used rank-preserving map
from finite fields to Gaussian integers to construct optimal
space-time block codes from rank-metric codes over finite
fields. In [13], Asif et al. used interleaved Gabidulin codes
to construct space-time block codes and compared them to
orthogonal space-time block codes. In [14], Puchinger et al.
extended the works of Lusina et al. [7] to Eisenstein integers.
They also proposed decoding scheme of space-time block
codes using lattice-reduction-aided equalization and error-
erasure decoding algorithm of Gabidulin codes. In [15], Augot
et al. transposed the theory of rank metric and Gabidulin codes
to the case of fields of characteristic zero.

C. Rank-Metric Codes in Random Linear Network Coding

A random linear network coding is a technique that can be
used to disseminate information in networks and improve the
performance of communication systems. In the transmission
model for end-to-end coding over finite fields, the channel
equation is given by Y = AX+E, where X is the transmitted
matrix whose rows are packets transmitted by the source node;
Y is the received matrix whose rows are the packets received
by the sink node; A is a transfer matrix corresponding to the
overall linear transformation applied by intermediate nodes

0018-9448 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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of the network and E is an error matrix whose rows are
linear combinations of corrupt packets injected in the network.
Random matrices A and E are unknown to the destination.
The problem is to recover the transmitted codeword X from
the received matrix Y.

Since linear network coding is vector-space preserving, Köt-
ter and Kschischang [16] suggested the use of a basis of a vec-
tor space as the rows of the transmitted matrix. They defined
a distance function between subspaces, constructed a family
of constant-dimension subspace codes and the decoding algo-
rithm. In [9] Silva et al. used the lifted rank-metric codes to
show that minimum distance decoding of constant-dimension
subspace codes can be reformulated as a generalized decoding
problem for rank-metric codes. They then gave an error-
erasure decoding algorithm of Gabidulin codes to solve the
problem of error control in random linear network coding.

D. Network Coding Over Finite Principal Ideal Rings

A principal ideal ring is a ring in which any ideal is
generated by one element. In a digital modulation system,
some signal constellation sets can be represented by a finite
principal ideal ring. In particular [17], if η is some positive
integer then the signal constellation set of the η2-ary square
quadrature amplitude modulation is represented by the ring
Zη[i ] = Zη + iZη where i2 = −1 and Zη is the ring of
integers modulo η. The works on nested-lattice-based network
coding [17], [18] allow the construction of more efficient
physical-layer network coding schemes with network coding
over finite principal ideal rings. Motivated by this algebraic
approach, space-time codes and random linear network coding
were studied in the specific cases of principal ideal rings.

In [12], Kiran and Rajan extended the definition of
Gabidulin codes to Galois rings and used a rank-preserving
map to construct an optimal space-time block code. In [19],
Liu et al. defined the notion of

�
o-rank over the ring Z2k [i ]

and used it to construct the rank metric space-time codes
for the 22k quadrature and amplitude modulated. The works
of Silva et al. [20] and Nóbrega et al. [21] were extended
respectively in [22] and [23] to finite chain rings. The works
of Kötter and Kschischang [16], and Gorla and Ravagnani [24]
were extended in [25] to finite principal ideal rings.

Note that the works of [22], [25] and [23] allow to improve
the error correction in random linear network coding over finite
principal ideal rings. As in the case of finite fields, another
method that one can use is rank-metric codes. Thus, in this
paper we focus on a problem raised by Frank R. Kschischang
which consists of studying properties of rank-metric codes
likely to be preserved over finite principal ideal rings. The
resolution of this problem will allow to give the encoding and
decoding schemes for random linear network coding over finite
principal ideal rings. Moreover, an optimal space-time block
code will be constructed for all digital modulation systems
whose signal constellation set is algebraically represented [17]
by a finite principal ideal ring.

E. Our Contribution

To extend rank-metric codes to finite principal ideal rings,
we first extend the rank metric using the Smith normal form

of a matrix. We then use the Galois extensions to prove that
Gabidulin codes can be extended to finite principal ideal rings
and that its properties are preserved. As in [4], we show
that collaborative decoding of interleaved Gabidulin codes
can be translated to the problem of reconstruction of skew
polynomials. Analogous to [26], the theory of Gröbner bases is
used to give an iterative algorithm to solve this reconstruction
problem. The solutions of this problem allow us to give the
unique decoding, minimal list decoding, and error-erasure
decoding algorithms of interleaved Gabidulin codes. We then
apply these results to space-time coding and random linear
network coding. Specifically, we show that there is a rank-
preserving map from a finite principal ideal ring to a complex
signal set and we use it to construct an optimal space-time
block code. We combine the encoding and decoding schemes
of [9] and [20] to improve the error correction in random linear
network coding.

F. Structure of the Paper

In Section II, we set basic notations and review some
facts about skew polynomials. In Section III, we show that
the rank metric can be extended to principal ideal rings.
We establish the rank-metric Singleton bound and prove that
Gabidulin codes achieve this bound as in the case of finite
fields. In Section IV, we describe the interleaved Gabidulin
codes, give the key equation and an algorithm to solve it. The
decoding algorithms are given in Section V. The applications
in space-time codes and in random linear network coding
are given in Section VI. We present our conclusions in
Section VII.

II. PRELIMINARIES

A. Smith Normal Form

Throughout this paper, by ring we mean a commutative ring
with identity element, ring homomorphisms are assumed to be
unitary, and all modules are unital. Unless otherwise specified,
we assume that R is a finite principal ideal ring.

An element u ∈ R is called a unit if uv = 1 for some v ∈ R.
Let a, b ∈ R, we say that a divides b, denoted a|b, if b = ca
for some c ∈ R. The set of all m × n matrices with entries
from R will be denoted by Rm×n . The k × k identity matrix
is denoted by Ik . Let A ∈ Rm×n , we denote by row (A) and
col (A) the R-submodules generated by the row and column
vectors of A, respectively.

A matrix D = �
di, j

� ∈ Rm×n is called a diagonal matrix
if di, j = 0 whenever i �= j . A diagonal matrix D = �

di, j
� ∈

Rm×n can be written as D = diag (d1, . . . , dr ), where r =
min{n,m}, and di = di,i , for i = 1, ..., r . By [27, Theorem
15.24], for all matrix A ∈ Rm×n , there are two invertible
matrices P, Q and a diagonal matrix D = diag (d1, d2, . . . , dr )
satisfying the divisibility relations d1|d2| . . . |dr , such that A =
PDQ. The elements d1, d2, . . . , dr are unique up to associates
and the matrix D is called a Smith normal form of A.

Example 2.1: Let R = Z12. Set

A =
⎛
⎝ 8 10 4 4

4 2 8 2
11 6 0 6

⎞
⎠.
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Using SageMathCloud [28], we compute a Smith normal form
of A, and we get ⎛

⎝ 1 0 0 0
0 2 0 0
0 0 6 0

⎞
⎠.

In [29], Storjohann gave an algorithm for computing the
Smith normal form over principal ideal rings and its complex-
ity. As in [30] and [31], one can use the Smith normal form to
solve a linear system of equations over principal ideal rings.

B. Finite Chain Rings

A local ring is a ring with exactly one maximal ideal.
A chain ring is a ring whose ideals are linearly ordered by
inclusion. It is known (see, e.g., [32]) that a finite ring is
a chain ring if and only if it is a local principal ideal ring.
Therefore, by the structure theorem of finite commutative rings
[32, Theorem VI.2], each finite principal ideal ring can be
decomposed as a direct sum of finite chain rings.

Examples of finite chain rings are the ring Zpk , p is a prime,
and the ring Z2k [i ], whose the maximal ideals are pZpk and
(1+ i)Z2k [i ], respectively. Other examples of construction of
finite chain rings using the ring of algebraic integers are given
in [12]. The characterization of finite chain rings is given in
[32, Theorem XVII.5].

In a finite chain ring, every ideal is a power of the maximal
ideal. More specifically, assume that R is a finite chain ring,
π a generator of its maximal ideal, ν the nilpotency index of
π , i.e., the smallest positive integer such that πν = 0. Then,
every ideal of R is of the form π i R, for i = 0, . . . , ν, and for
all a ∈ R\{0} there is a unique i ∈ {0, . . . , ν − 1} and a unit
u ∈ R such that a = π i u.

Thus, to compute the Smith normal form over finite chain
rings, one can also use the simple method given in the proof
of [33, Theorem 1.1.12.]. As in the proof of [27, Theorem
15.9], one can then compute the Smith normal form over finite
principal ideal rings.

C. Galois Extension of Finite Principal Ideal Rings

Let ρ be the positive integer such that

R ∼= R(1) × · · · × R(ρ),

where R(i) is a finite chain ring, for i = 1, . . . , ρ. Using
this isomorphism, we identify R with R(1) × · · · × R(ρ). Let
i ∈ {1, . . . , ρ}, we denote by m(i) the maximal ideal of R(i),
Fq(i) = R(i)/m(i) its residue field and ν(i) the nilpotency index
of m(i). We denote the natural projection R(i) → Fq(i) by ψ(i).
We extend ψ(i) coefficient-by-coefficient to polynomials over
R(i). Let m be a nonzero positive integer. Let i ∈ {1, . . . , ρ}
and h(i) ∈ R(i)[X] be a monic polynomial of degree m such
that ψ(i)

�
h(i)

�
is irreducible in Fq(i) [X]. Set

S(i) = R(i)[X]/
�
h(i)

�
,

where
�
h(i)

�
denotes the ideal generated by h(i). By [32], S(i)

is a free local Galois extension of R(i) of R(i)-dimension m,
with the maximal ideal M(i) = m(i)S(i), where the Galois
group is cyclic of order m, generated by a power map

σ(i) : α(i) �→ α
q(i)
(i) on the suitable primitive element α(i).

Moreover, Fqm
(i)
= S(i)/M(i). Set

S = S(1) × · · · × S(ρ)

and σ = �
σ(i)

�
1≤i≤ρ . Let G R(S) be the group generated by σ ,

then by [34, Proposition 1.2(5), pp.80], S is a Galois extension
of R with the Galois group G R (S). Since R(i) is a finite chain
ring and S(i) is a free R(i)-module of rank m, then S is a
finite principal ideal ring and it is a free R-module of rank m.
Note that by [35, Theorem 3.2.], there is a monic polynomial
h ∈ R[X] of degree m such that S ∼= R[X]/ (h).

Example 2.2: Let R = Z12. By the Chinese remainder
theorem [27, page 175], we have R ∼= R(1)×R(2) where R(1) =
F3 and R(2) = Z4. Set S(1) = F34, h(2) = X4+2X2+3X +1,
S(2) = R(2)[X]/

�
h(2)

�
, α(2) = X + �

h(2)
�
. Let the maps

σ(1) : S(1) → S(1) given by σ(1) (x) = x3, for all x ∈ S(1),
and σ(2) : S(2) → S(2) given by α(2) �→ α2

(2), that is,
for all x = x0 + x1α(2) + x2α

2
(2) + x3α

3
(2) ∈ S(2), where

x0, x1, x2, x3 ∈ R(2), σ(2)(x) = x0+x1α
2
(2)+x2α

4
(2)+x3α

6
(2).

Then S(1) × S(2) is a Galois extension of R(1) × R(2) where
the Galois group is generated by

�
σ(1), σ(2)

�
.

D. Skew Polynomials

In this subsection, we show that some properties of lin-
earized polynomials over finite fields [36] can be generalized
to finite principal ideal rings. Let S[X, σ ] be the set of all
(skew) polynomials a0 + a1 X + · · · + an Xn , where n ∈ N,
ai ∈ S, for i = 0, . . . , n, and X is an indeterminate. The
addition in S[X, σ ] is defined to be the usual addition of
polynomials and the multiplication is defined by the basic
rule Xa = σ (a) X , for all a ∈ S, and extended to all
elements of S[X, σ ] by associativity and distributivity. The
set S[X, σ ] with the above operations forms a ring called the
skew polynomial ring over S with automorphism σ .

Let f = f0 + f1 X + · · · + fn Xn ∈ S[X, σ ] with fn �= 0,
then n is called the degree of f , Xn the leading monomial
of f , fn the leading coefficient of f , fn Xn the leading term
of f , denoted deg( f ), lm( f ), lc( f ) and lt ( f ) respectively.
If f = 0, then we put deg(0) := −∞, lm(0) := 0, lc(0) :=
0 and lt (0) := 0. The skew polynomial f is called monic
if lc( f ) = 1. We denote by S[X, σ ]<k the set of all skew
polynomials of degree less than k.

It has been proved (see, e.g., [37]) that for all f and
g in S[X, σ ], we have deg( f + g) ≤ max{deg( f ), deg(g)}
and deg( f g) ≤ deg( f )+ deg(g). Furthermore, if the leading
coefficients of g is a unit, then deg( f g) = deg( f ) + deg(g)
and there exist unique polynomials q , q 	, r and r 	 in S[X, σ ]
such that f = qg + r (right division) and f = gq 	 + r 	 (left
division) with deg(r) < deg(g) and deg(r 	) < deg(g).

Note that if R = Fq , then S = Fqm and σ(x) = xq , for all
x ∈ Fqm . Thus, we now prove that some results in [36] can
be extended to finite principal ideal rings.

Notation 2.3: Let f = f0 + f1 X + · · · + fn Xn ∈ S[X, σ ],
b ∈ S and b = (b1, . . . , bn) ∈ Sn .

1) The element f0b + f1σ(b) + · · · + fnσ
n(b) will be

denoted by f (b).
2) The kernel of f is ker f := {x ∈ S : f (x) = 0}.
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3) The vector ( f (b1) , . . . , f (bn)) will be denoted by
f (b).

As S = S(1) × · · · × S(ρ) and M(i) = m(i)S(i), we have the
following Lemma.

Lemma 2.4: Let y ∈ S. If {y} is linearly independent over
R, then y is a unit.

Proof: Suppose that {y} is linearly independent over R
and y is not a unit. Set y = �

y(i)
�

1≤i≤ρ where y(i) ∈ S(i).
Since y is not a unit, then there is i0 ∈ {1, . . . , ρ} such that
y(i0) is not a unit. Consequently, y(i0) ∈M(i0). As

M(i0) = m(i0)S(i0), there is 0 �= b(i0) ∈ m
ν(i0)−1
(i0)

such that
b(i0)y(i0) = 0. Set b = �

β(i)
�

1≤i≤ρ where β(i0) = b(i0) and
β(i) = 0 if i �= i0. Then by = 0, which is impossible because
{y} is linearly independent over R.

Analogous to [36], we have the following two propositions.
Proposition 2.5: Let {u j }1≤ j≤r be a subset of S, which

is linearly independent over R. Then, there is a monic skew
polynomial f ∈ S[X, σ ] of degree r such that
ker f = 	{u j }1≤ j≤r



, where

	{u j }1≤ j≤r



denotes the R-
submodule of S generated by {u j }1≤ j≤r .

Proof: We prove by induction on k ∈ {1, . . . , r}.
Set f1 = X − σ (u1) u−1

1 , we have ker f1 = 
{u1}�. Let
k ∈ {1, . . . , r − 1}. Assume there is a monic polynomial
fk ∈ S[X, σ ] of degree k such that ker fk =

	{u j }1≤ j≤k


.

We claim that fk (uk+1) is a unit. Indeed, let a ∈ R such that
a fk (uk+1) = 0, then auk+1 ∈ ker fk =

	{ui }1≤ j≤k


. Conse-

quently, a = 0 because {u j }1≤ j≤k+1 is R-linear independent.
Therefore, by Lemma 2.4, fk (uk+1) is a unit. Set fk+1 =�
X − σ ( fk (uk+1)) fk (uk+1)

−1�× fk , then deg ( fk+1) = k+1
and ker fk+1 =

	{u j }1≤ j≤k+1



Proposition 2.6: Let {u j }1≤ j≤r be a subset of S. Then,
the matrix

�
σ i

�
u j

��
0≤i≤r−1, 1≤ j≤r is invertible if and only

if {u j }1≤ j≤r is linearly independent over R.
Proof: Assume that {u j }1≤ j≤r is linearly independent

over R. Let i ∈ {1, . . . , r}. By Proposition 2.5, there is a
monic skew polynomial Ti ∈ S[X, σ ] of degree r − 1 such
that ker Ti =

	{u j }1≤ j≤r, j �=i


. Using the same arguments as in

the proof of Proposition 2.5, we can show that Ti (ui ) is a unit.
Set Ti (ui )

−1 Ti (X) =�
0≤ j≤r−1 vi, j X j , where vi, j ∈ S, then

the matrix
�
vi, j

�
1≤i≤r, 0≤ j≤r−1 is the inverse of the matrix�

σ i
�
u j

��
0≤i≤r−1, 1≤ j≤r .

Conversely, assume that
�
σ i

�
u j

��
0≤i≤r−1, 1≤ j≤r is invert-

ible. Let λ1, . . . , λr be the elements of R such that λ1u1 +
· · ·+λr ur = 0. Then, we have λ1σ

i (u1)+· · ·+λrσ
i (ur ) = 0,

for i = 0, . . . , r − 1. Consequently, λ1 = · · · = λr = 0.
From the preceding proposition, we get the following

corollary.
Corollary 2.7: Let {u j }1≤ j≤r be a subset of S, which is

linearly independent over R and let V ∈ S[X, σ ] be a monic
skew polynomial of degree r such that ker V = 	{u j }1≤ j≤r



.

Let P ∈ S[X, σ ]. Then, P
�
u j

� = 0, for j = 1, . . . , r , if and
only if there is Q ∈ S[X, σ ] such that P = QV .

E. Gröbner Bases of Modules Over Skew Polynomials

In [38], Jiménez and Lezama studied the theory of Gröbner
bases of modules over skew Poincaré–Birkhoff–Witt exten-

sion. In this subsection, we recall some results in this theory
that we will use to solve the key equation.

Let � be a positive integer, we denote by S[X, σ ]�+1 the
�+ 1-fold direct product of S[X, σ ]. For all u ∈ S[X, σ ]�+1,
the l-th component of u is denoted by u(l), for l ∈ {0, . . . , �},
i.e. u = �

u(0), u(1), . . . , u(�)
�
. We consider S[X, σ ]�+1 as

a left S[X, σ ]-module where addition is defined componen-
twise and for a ∈ S[X, σ ] and u ∈ S[X, σ ]�+1, au =�
au(0), au(1), . . . , au(�)

�
. We denote by e(0) = (1, 0, . . . , 0),

e(1) = (0, 1, 0, . . . , 0), . . ., e(�) = (0, . . . , 0, 1) the canonical
basis of S[X, σ ]�+1. A monomial in S[X, σ ]�+1 is an element
of the form Xαe(l) where α ∈ N and l ∈ {0, . . . , �}.
The set of monomials of S[X, σ ]�+1 will be denoted by
Mon

�
S[X, σ ]�+1

�
. If Xαe(l) ∈ Mon

�
S[X, σ ]�+1

�
, then l is

called the index of Xαe(l) and denoted by ind
�
Xαe(l)

�
. Let

Xα1 e(l1), Xα2 e(l2) ∈ Mon
�
S[X, σ ]�+1

�
, we say that Xα1 e(l1)

divides Xα2 e(l2), denoted Xα1 e(l1)|Xα2 e(l2), if l1 = l2 and there
is β ∈ N such that α2 = α1+β. We will say that any monomial
Xαe(l) ∈ Mon

�
S[X, σ ]�+1

�
divides the null vector 0.

Definition 2.8: A monomial order on Mon
�
S[X, σ ]�+1

�
is

a total order � satisfying the following two conditions:
(i) Xβ

�
Xαe(l)

� � Xαe(l), for all
Xαe(l) ∈ Mon

�
S[X, σ ]�+1

�
and every β ∈ N;

(ii) if Xα2 e(l2) � Xα1 e(l1), then

Xβ
�

Xα2 e(l2)
�
� Xβ

�
Xα1 e(l1)

�
for all Xα1e(l1), Xα2 e(l2) ∈ Mon

�
S[X, σ ]�+1

�
and every

β ∈ N.
If Xα2 e(l2) � Xα1 e(l1) and Xα2 e(l2) �= Xα1 e(l1) we will write

Xα2 e(l2) 
 Xα1 e(l1).
Xα1 e(l1) � Xα2 e(l2) means that Xα2 e(l2) � Xα1e(l1).

Remark 2.9: By [39, Chapter 0, Section 17, Lemma 15] a
monomial order on Mon

�
S[X, σ ]�+1

�
is a well order. Note

that the condition (iii) of [38, Definition 15.] is given so that a
monomial order is a well order. So, in this restricted specific
case we do not need this condition.

We fix a monomial order � on the monomials of
S[X, σ ]�+1. Let f ∈ S[X, σ ]�+1\ {0}, then f can be written
uniquely as f = �n

i=1 ci Xαi e(li ) where n ∈ N, ci ∈ S, for
i = 1, . . . , n, c1 �= 0 and Xα1e(l1) 
 · · · 
 Xαn e(ln). We
define:

• lm (f) := Xα1 e(l1) as the leading monomial of f ;
• lc (f) := c1 as the leading coefficient of f ;
• lt (f) := c1 Xα1 e(l1) as the leading term of f ;
• deg (f) := α1 as the degree of f .

For f = 0 we define lt (0) := 0, lm (0) := 0, lc (0) := 0
and extend � to Mon

�
S[X, σ ]�+1

�∪ {0} by Xαe(l) 
 0 for
all Xαe(l) ∈ Mon

�
S[X, σ ]�+1

�
. According to [38, Theorem

26.], we give the following:
Definition 2.10: Let M be a nonzero submodule of

S[X, σ ]�+1 and let G be a non empty finite subset of nonzero
vectors of M , we say that G is a Gröbner basis for M if for
all f ∈ M there exist g1, . . . , gt ∈ G such that lm

�
g j

� |lm (f),
for j = 1, . . . , t , i.e., there exist α j ∈ N such that lm (f) =
Xα j lm

�
g j

�
, and lc (f) ∈ 
σα1 (lc (g1)) , . . . , σ

αt (lc (gt ))�.
We will say that {0} is a Gröbner basis for M = {0}.
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By [38, Theorem 23.] and [38, Theorem 26.], we have the
following:

Proposition 2.11: Let M be a submodule of S[X, σ ]�+1

and let G = {g1, . . . , gt } ⊂ M . If G is a Gröbner basis for M
then for all f ∈ M there exist q1, . . . , qt ∈ S[X, σ ] such that
f = q1g1 + · · · + qt gt with

lm (f) = max {lm (q1) lm (g1) , . . . , lm (qt ) lm (gt )} .

III. RANK-METRIC CODES OVER PRINCIPAL IDEAL RINGS

In this section, as in the case of finite fields, we give the two
representations of rank codes [40]: matrix representation and
vector representation. We establish the rank-metric Singleton
bound. We extend the definition of Gabidulin codes and prove
that its properties are preserved.

A. Rank Metric

In field theory, the rank of a matrix defines a group-norm in
the matrix space of the same size. We extend this property to
principal ideal rings. As in [27, page 190] we use the following
notation.

Notation 3.1: Let M be a finitely generated R-module. The
smallest number of elements in M which generate M as an
R-module is denoted by μR(M). If M = {0}, then we set
μR(M) = 0.

By [41], if F is a finitely generated free R-module and
{e1, . . . , en} is a free basis of F , i.e., a linearly independent
generating set, then μR(F) = n and any generating set of F
consisting of n elements is a free basis of F . Using the Smith
normal form, we have the following proposition.

Proposition 3.2: Let M be a finitely generated R-module,
μR(M) = rM , and let N be a submodule of M , μR(N) = rN .
Then, rN ≤ rM and there is a generating set {ui }1≤i≤rM of
M and rN scalars d1, . . . , drN of R such that {di ui }1≤i≤rN

generates N , with d1|d2| . . . |drN . Furthermore, if M is a free
module then {ui }1≤i≤rM is a free basis of M .

Note that if N and N 	 are two submodules of a finitely
generated R-module, then μR

�
N + N 	

� ≤ μR (N)+μR
�
N 	

�
.

Thus, the minimum number of generators of a module over
a principal ideal ring has several properties similar to the
dimension of vector spaces. Therefore, analogous to the case
of fields, we give the following definition.

Definition 3.3: (Rank of matrix). Let A ∈ Rm×n .

(i) The rank of A, denoted by rankR (A), or simply by
rank (A), is the number μR (col (A)).

(ii) The free rank of A, denoted by f reerankR (A), or
simply by f reerank (A), is the maximum of the ranks
of free R-submodules of col (A).

Using the Smith normal form and [27, Theorem 15.33 ], we
have the following proposition.

Proposition 3.4: Let A ∈ Rm×n\ {0} and
D = diag (d1, . . . , dr ) be a Smith normal form of A. Then,

col (A) ∼= row (A) ,

rank (A) = max {i ∈ {1, . . . , r} : di �= 0} ,

and

f reerank (A) = max {i ∈ {1, . . . , r} : di is a unit} .
Corollary 3.5: Let A ∈ Rm×n . We have

rankR (A) = μR (row (A))

and f reerankR (A) is the maximum of the ranks of free R-
submodules of row (A).

Example 3.6: If A is the matrix given in Example 2.1, then
rank (A) = 3 and f reerank (A) = 1.

Remark 3.7: In linear algebra over fields, the rank-nullity
theorem states that the sum of the rank of a matrix and the
dimension of its right kernel is equal to the number of its
columns. Using the definition of rank given in Definition 3.3,
this property is not true in general over finite principal ideal
rings, due to zero divisors. Indeed, let Z6 be the ring of integers
modulo 6 and

A =



2 0
0 2

�
be a matrix with coefficients in Z6. The right kernel of A
is generated by the vectors (3, 0) and (0, 3). By Proposition
3.4, rank (A) = 2. Thus, the rank-nullity theorem can not be
applied to the matrix A.

Using the Smith normal form, we have the following
proposition.

Proposition 3.8: (Rank Decompositions). Let E ∈ Rm×n ,
rank (E) = t .

1) There are A ∈ Rm×t , rank (A) = t , and B ∈ Rt×n ,
f reerank (B) = t , such that E = AB.

2) There are A	 ∈ Rm×t , f reerank
�
A	

� = t , and B	 ∈
Rt×n , rank

�
B	

� = t , such that E = A	B	.
The following theorem extends the notion of rank metric to

principal ideal rings.
Theorem 3.9: The map Rm×n → N given by

A �→ rank (A) is a group-norm, i.e.,
(i) for all A ∈ Rm×n , rank (A) = 0 if and only if A = 0;

(ii) for all A ∈ Rm×n , rank (−A) = rank (A);
(iii) for all A, B ∈ Rm×n ,

rank (A+ B) ≤ rank (A)+ rank (B) .

Proof: The proof is similar to that in the case of fields if
we replace the dimension of the vector space by the minimum
number of generators of a module.

Remark 3.10: In general, freerank does not satisfy condi-
tions (i) and (iii) of Theorem 3.9.

B. Vector Representation of Matrices

In this subsection, we define the group-norm in Sn that
will allow to give an R-isomorphic isometry between Sn and
Rm×n .

Definition 3.11: Let u = (u1, . . . , un) ∈ Sn . By consider-
ing S as R-module, the number μR (
{u1, . . . , un}�) is called
the rank of u and denoted by rankR (u) or simply by rank (u).

Remark 3.12: Using the same arguments as in the proof of
Theorem 3.9, we can show that the map rank : Sn → N given
by u �→ rank (u) is a group-norm.
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The following proposition gives a relation between Def-
inition 3.3 and Definition 3.11. Let (β1, . . . , βm) be a free
basis of S as R-module. Consider a = (a1, . . . , an) ∈ Sn .
For j = 1, . . . , n, a j can be written as a j = �

1≤i≤m ai, jβi ,
where ai, j ∈ R. The matrix Aa :=

�
ai, j

�
1≤i≤m, 1≤ j≤n is the

matrix representation of a in the basis (β1, . . . , βm) over R.
Analogous to [40], we have the following:

Proposition 3.13: With the above notations, the map Sn →
Rm×n given by a �→ Aa is an R-isomorphic isometry between
the normed spaces (Sn, rank) and

�
Rm×n , rank

�
.

Proposition 3.8 can be interpreted in vector representation
as follows.

Proposition 3.14: Let u ∈ Sn , rank (u) = t .

1) There are a ∈ St , rank (a) = t , and B ∈ Rt×n ,
f reerank (B) = t , such that u = aB.

2) There are a	 ∈ St , f reerank
�
a	

� = t , and B	 ∈ Rt×n ,
rank

�
B	

� = t , such that u = a	B	.
A direct consequence of Proposition 2.5 and Proposi-

tion 3.14 is the following:
Proposition 3.15: Let w = (wi )1≤i≤n ∈ Sn ,

rank (w) = r . Then, there is a monic skew polynomial P ∈
S[X, σ ] of degree r such that P (w) = 0.

As in the case of finite fields [36], the following proposition
gives the link between the degree of a skew polynomial and
the rank of its kernel.

Proposition 3.16: Let P = a0+a1 X+· · ·+aηXη ∈ S[X, σ ]
such that ai0 is a unit for some i0 ∈ {0, . . . , η}. Then,
rank (ker P) ≤ deg (P).

Proof: Suppose that deg (P) < rank (ker P). Set r =
rank (ker P), then by Proposition 3.2 there is a free basis
{bi }1≤i≤m of S and the scalars λ1, . . . , λr in R such that
{λi bi }1≤i≤r generates ker P , with λ1|λ2| . . . |λr . We then have
λr P (bi ) = 0, for i = 1, . . . , r . Hence, by Corollary 2.7,
λr P = 0. This is clearly impossible because λr �= 0 and ai0
is a unit. Thus, rank (ker P) ≤ deg (P).

Remark 3.17: In Proposition 3.16, if all coefficients of P
are non-units, then we can have deg (P) < rank (ker P).
Indeed, let R = Z4, S = R [z] /

�
z2 + z + 1

�
and a =

z + �
z2 + z + 1

�
. Then, S is a Galois extension of R where

the Galois group is generated by a power map σ : a �→ a2.
Set P = 2X − 2 ∈ S [X, σ ]. Then, ker P is generated
by 1 and 2a. Thus, all coefficients of P are non-units and
deg (P) < rank (ker P).

Remark 3.18: Proposition 2.6 and Proposition 3.16 are
some of the main results that allow to extend the properties of
Gabudulin codes to finite principal ideal rings. Note that if one
of the automorphisms σ(i) is not a generator of the respective
Galois group, then the ring S is not a Galois extension of R
with Galois group G R (S) and therefore, as in [15], Proposition
2.6 and Proposition 3.16 will not be true in general. Indeed,
consider the following example.

Example 3.19: Let the finite field F2 and the Galois exten-
sion F24 = F2[z]/

�
z4 + z3 + 1

�
. Set a = z + �

z4 + z3 + 1
�
.

Let θ = �
θ(1), θ(2)

�
be the map from F24 × F24 to F24 × F24 ,

where θ(1) (x) = x2 and θ(2) (x) = x4 for all x in F24 . The
map θ is an F2×F2-automorphism of F24 ×F24 and we have

θ2 =
�
θ2
(1), id

�
.

1) Let G be the group generated by θ . The set F24 × {0} is
a maximal ideal of F24 × F24 and for all x ∈ F24 × F24 we
have x − θ2 (x) ∈ F24 ×{0}. Thus, by [34, Proposition 1.2(5),
pp.80], F24 × F24 is not a Galois extension of F2 × F2 with
the group G.

2) Set a = (a, a) and 1 = (1, 1). Then
�
1, a, a2� is linearly

independent over F2 × F2. Set

M =
⎛
⎝ 1 a a2

θ (1) θ (a) θ
�
a2

�
θ2 (1) θ2 (a) θ2

�
a2

�
⎞
⎠

=
⎛
⎝ (1, 1) (a, a)

�
a2, a2

�
(1, 1)

�
a2, a4

� �
a4, a8

�
(1, 1)

�
a4, a

� �
a8, a2

�
⎞
⎠

By [42, Corollary 2.8], the matrix M is not invertible because
the rows of the matrix⎛

⎝ 1 a a2

1 a4 a8

1 a a2

⎞
⎠

are not linearly independent.
3) Let P = X − (1, 1) in

�
F24 × F24

� [X, θ ]. The set ker P
is generated by (1, 1) and

�
0, a + a4

�
. Thus,

rank (ker P) > deg (P).

C. Matrix and Vector Representation of Rank-Metric Codes

Analogous to the case of finite fields [1]–[3], we give the
following definitions.

In matrix representation, rank codes are defined as subsets
of a normed space

�
Rm×n , rank

�
, where the norm of a matrix

A ∈ Rm×n is the rank of A over R. The rank distance
between two matrices A and B is the rank of their difference
rank (A− B). The rank distance of a matrix rank code M ⊂
Rm×n is defined as the minimal pairwise distance:

d (M) = min {rank (A− B) : A, B ∈M, A �= B} .
A matrix rank code M ⊂ Rm×n is called R-linear if M is a
submodule of Rm×n .

In vector representation, rank codes are defined as subsets
of a normed S-module space (Sn, rank), where the norm of
a vector u ∈ Sn is the rank of u. The rank distance of two
vectors u and v is the rank of their difference rank (u− v).
The rank distance of a vector rank code C ⊂ Sn is defined as
the minimal pairwise distance:

d (C) = min {rank (u − v) : u, v ∈ C, u �= v} .
A vector rank code C ⊂ Sn is called linear if C is a submodule
of S-module Sn , furthermore if C is a free submodule of Sn

then C is called a free rank code.
Let C ⊂ Sn be a linear rank code. The number μS (C),

denoted by rankS (C) or simply by rank (C), is called the rank
of C. A generator matrix of C is a rank(C)× n matrix over S
whose rows generate C. The inner product of two vectors u =
(u1, . . . , un) ∈ Sn and v = (v1, . . . , vn) ∈ Sn is defined by

u · v = u1v1 + · · · + unvn .
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The dual of C is the submodule of Sn defined by

C⊥ = �
u ∈ Sn : u · v = 0, for every v ∈ C

�
.

A parity-check matrix of C is a generator matrix of C⊥.
Note that by Proposition 3.13, there exists a relation

between the matrix representation and the vector represen-
tation. As in the case of finite fields [1]–[3], the following
proposition establishes the rank-metric Singleton bound.

Proposition 3.20: (Singleton bound)
Let M ⊂ Rm×n be a rank code of rank distance d , then

|M| ≤ |R|min{m(n−d+1), n(m−d+1)}

where |M| and |R| denote the cardinality of M and R
respectively.

Proof: The proof is similar to that in the case of finite
fields, see e.g. [43, Theorem 1 ].

Definition 3.21: Let M ⊂ Rm×n and C ⊂ Sn be the rank
codes of rank distance d such that

|M| = |C|= |R|min{m(n−d+1), n(m−d+1)} ,

then we say that M and C are maximum rank distance codes,
or, MRD codes.

In finite fields, Gabidulin codes are MRD codes [1]–[3].
We will prove that this property extends to finite principal
ideal rings.

D. Gabidulin Codes

Let g = (g1, . . . , gn) ∈ Sn , such that {g1, . . . , gn} is linearly
independent over R. Let k be an integer such that 0 < k ≤ n.

Definition 3.22: (Gabidulin Codes)
A Gabidulin code Gabk (g) of length n, dimension k and

support g is the S-module given by:

Gabk (g) = { f (g) : f ∈ S[X, σ ]<k} .
Proposition 3.23: The Gabidulin code Gabk (g) is a free

rank code of rank k with a generator matrix

G =
⎛
⎜⎝

σ 0 (g1) · · · σ 0 (gn)
...

. . .
...

σ k−1 (g1) · · · σ k−1 (gn)

⎞
⎟⎠ .

Proof: The rows of G generate Gabk (g). By Proposition
2.6 and [42, Corollary 2.8], the rows of G are linearly
independent over S, thus Gabk (g) is a free code of rank k.

Theorem 3.24: (a) The rank distance, d , of Gabk (g) is
given by d = n − k + 1.

(b) Gabk (g) is an MRD code.
Proof: Using Corollary 2.7 and Proposition 3.15, the proof

is similar to that of [44, Proposition 7.].
Theorem 3.25: Let

�
γi, j

�
1≤i≤n,1≤ j≤n be the inverse of the

matrix
�
σ i

�
g j

��
0≤i≤n−1,1≤ j≤n. Set

hi := σ−n+k+1 �
γi,n

�
, i = 1, . . . , n.

Then, the family {h1, . . . , hn} is linearly independent over R
and a parity-check matrix of Gabk (g) is

H =
⎛
⎜⎝

σ 0 (h1) · · · σ 0 (hn)
...

. . .
...

σ n−k−1 (h1) · · · σ n−k−1 (hn)

⎞
⎟⎠ .

Proof: The product of the two matrices�
σ i

�
g j

��
0≤i≤n−1,1≤ j≤n and

�
σ 1−n+ j

�
γi,n

��
1≤i≤n,0≤ j≤n−1

is a lower unitriangular matrix. Thus, the matrix�
σ 1−n+ j

�
γi,n

��
1≤i≤n,0≤ j≤n−1 is invertible. Therefore,

by Proposition 2.6, {γ1,n, . . . , γn,n} is linearly independent
over R. Consequently, {h1, . . . , hn} is linearly independent
over R. Thus, the rows of the matrix H are linearly
independent over S and GHT = 0. Since Gabk (g) is a free
code of length n and the rank k, by [42, Proposition 2.9],
Gabk (g)⊥ is a free code of rank n − k. Consequently, H is a
parity-check matrix of Gabk (g).

In [45], Loidreau showed that decoding of Gabidulin codes
can be translated to the problem of reconstruction of skew
polynomials. In the input of decoding algorithm given in [45,
page 40], it is assumed that the rank of the error is less
than or equal to the error-correcting capability of the code.
But in practice, the receiver does not know the rank of the
error. In [44], Augot et al. gave a similar algorithm without
this condition. We will prove that [44, Algorithm 2] can be
extended to finite principal ideal rings.

For the remainder of this section, let t0 := �(n − k) /2� be
the error correction capability of the Gabidulin code Gabk (g).
Similarly to [45, Proposition 1 and Proposition 2], we give the
following:

Lemma 3.26: Let y ∈ Sn be a received word of the
Gabidulin code Gabk (g). Assume that there is f ∈ S[X, σ ]<k

such that rank (y − f (g)) ≤ t0. Then, the following linear
equation

�
A1 A2

� 

uT

vT

�
=

⎛
⎜⎝
σ t0 (y1)

...
σ t0 (yn)

⎞
⎟⎠ (1)

with unknowns u = �
u0, . . . , uk+t0−1

�
and v =�

v0, . . . , vt0−1
�

has a solution, where

A1 =
⎛
⎜⎝
σ 0 (g1) · · · σ k+t0−1 (g1)
...

. . .
...

σ 0 (gn) · · · σ k+t0−1 (gn)

⎞
⎟⎠

and

A2 =
⎛
⎜⎝
−σ 0 (y1) · · · −σ t0−1 (y1)

...
. . .

...

−σ 0 (yn) · · · −σ t0−1 (yn)

⎞
⎟⎠ .

Moreover, if u = �
u0, . . . , uk+t0−1

�
and v = �

v0, . . . , vt0−1
�

are a solution of this equation, then U = V f where U =
u0 + u1 X + · · · + uk+t0−1 Xk+t0−1 and V = v0 + v1 X + · · · +
vt0−1 Xt0−1 + Xt0 .

Proof: Set t = rank (y − f (g)). By Proposition 3.15,
there is a monic skew polynomials W ∈ S[X, σ ] of degree
t such that W (y − f (g)) = 0. Therefore, Xt0−t W (y) =
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Xt0−t W ( f (g)). Set Xt0−t W f = u0 + u1 X + · · · +
uk+t0−1 Xk+t0−1 and Xt0−t W = v0+v1 X+· · ·+vt0−1 Xt0−1+
Xt0 . Then, u = �

u0, . . . , uk+t0−1
�

and v = �
v0, . . . , vt0−1

�
are

a solution of (1).
Now, let u = �

u0, . . . , uk+t0−1
�

and v = �
v0, . . . , vt0−1

�
be

a solution of (1). Set U = u0 + u1 X + · · · + uk+t0−1 Xk+t0−1

and V = v0 + v1 X + · · · + vt0−1 Xt0−1 + Xt0 . Then, we have
V (y) = U (g). Since rank (y − f (g)) ≤ t0, we also have
rank (V (y− f (g))) ≤ t0, that is, rank ((U − V f ) (g)) ≤ t0.
Thus, By Proposition 3.15, there is a monic skew polynomial
L ∈ S[X, σ ]<t0+1 such that (L (U − V f )) (g) = 0. As
deg (L (U − V f )) ≤ 2t0 + k − 1 ≤ n − 1, by Corollary 2.7,
L (U − V f ) = 0. Since L is monic, we have U −V f = 0.

Lemma 3.26 allows to give Algorithm 1.

Algorithm 1 Decoding Gabidulin Codes up to Half the
Minimum Distance
Input: a received word y ∈ Sn of the Gabidulin code

Gabk (g).
Output: f ∈ S[X, σ ]<k such that

rank (y − f (g)) ≤ �(n − k) /2� or "decoding
failure".

1 Solve linear equation (1)
2 if (1) has no solution then
3 return "decoding failure"
4 else
5 Set U = u0 + u1 X + · · · + uk+t0−1 Xk+t0−1 and

V = v0 + v1 X + · · · + vt0−1 Xt0−1 + Xt0 where
u = �

u0, . . . , uk+t0−1
�

and v = �
v0, . . . , vt0−1

�
are a

solution of (1).
6 Compute the quotient Q and the remainder P on the

left Euclidean division of U by V in S[X, σ ].
7 if P �= 0 then
8 return "decoding failure"
9 else

10 return Q

Theorem 3.27: Let y ∈ Sn be a received word of the
Gabidulin code Gabk (g). Let f ∈ S[X, σ ]. Then, Algorithm
1 returns f if and only if deg ( f ) < k and rank (y − f (g)) ≤
t0.

Proof: Assume that Algorithm 1 returns f , then U = V f
where U and V are as in Algorithm 1. Since deg (U) ≤
k + t0 − 1, we have deg ( f ) < k. As V (y) = U (g), we
also have V (y − f (g)) = 0. Thus, by Proposition 3.16,
rank (y − f (g)) ≤ t0. The converse is given by Lemma 3.26.

Recall that one can use the Smith normal form to solve (1).
In the next section we will show that one can also use the
iterative method similarly to [26].

IV. INTERLEAVED GABIDULIN CODES

Recall that an interleaved Gabidulin code is a direct sum of
several Gabidulin codes. In this section, we give the properties
of interleaved Gabidulin codes, establish a key equation and
give an algorithm to solve it.

A. Description

Let l ∈ {1, . . . , �}. Let n(l) and k(l) be the integers such that
0 < k(l) ≤ n(l) ≤ m.
Let g(l) =

�
g(l)1 , . . . , g(l)

n(l)

�
, where {g(l)1 , . . . , g(l)

n(l)
} is a

R-linear independent subset of S. The rank distance of
Gabk(l)

�
g(l)

�
is denoted by d(l). The concatenation of � vec-

tors c(1) ∈ Sn(1) , . . . , c(�) ∈ Sn(�) is denoted by
�
c(1) · · · c(�)� ∈

Sn(1)+···+n(�) .
Definition 4.1: An interleaved Gabidulin code,

I Gab(k(1),...,k(�))
�
g(1), . . . , g(�)

�
, is the set��

c(1) · · · c(�)
�
: c(l) ∈ Gabk(l)

�
g(l)

�
, l = 1, . . . , �

�
.

We observe that if � = 1 then an interleaved Gabidulin code
is a Gabidulin code.

Proposition 4.2: The interleaved Gabidulin code
I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
is a free linear rank code of

rank k(1) + · · · + k(�) and rank distance minl∈{1,...,�}
�
d(l)

�
.

Proof: The proof is similar to that of [46, Lemma 2.17].

Corollary 4.3: If k(l) = k(1) and n(l) = m, for l = 1, . . . , �,
then I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
is an MRD code.

Notation 4.4: Recall that for U ∈ S[X, σ ]�+1, the l-th
component of U is denoted by U (l), for l in {0, . . . , �}, i.e.
U = �

U (0), . . . ,U (�)
�
. In order to simplify the notations, the

element
�
A(1), . . . , A(�)

�
in S[X, σ ]� is denoted by Â.

For the remainder of this section, let y = �
y(1) · · · y(�)� ∈

Sn(1)+···+n(�) be a received word of the interleaved Gabidulin
code I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
. The following theorem

is the analogue of [26, Theorem 12].
Theorem 4.5: Let τ ∈ N. Then, the following statements

are equivalent.

(i) There is c ∈ I Gab(k(1),...,k(�))
�
g(1), . . . , g(�)

�
such that

rank (y − c) ≤ τ .
(ii) There is U ∈ S[X, σ ]�+1 such that:

1) U (0)
�
y(l)

� = U (l)
�
g(l)

�
, for l = 1, . . . , �;

2) deg
�
U (l)

�−k(l) ≤ deg
�
U (0)

�−1, for l = 1, . . . , �;
3) U (0) is monic;
4) deg

�
U (0)

� ≤ τ ;
5) the remainder of the left Euclidean division of U (l)

by U (0) is equal to zero, for l = 1, . . . , �.

Proof: Using Proposition 3.16 and Proposition 3.15, the
proof is similar to that of [26, Theorem 12] and [4].

Definition 4.6: (the key equation)
We say that U ∈ S[X, σ ]�+1 is a solution of the key equation

if :

• U (0)
�
y(l)

� = U (l)
�
g(l)

�
, for l = 1, . . . , �;

• deg
�
U (l)

�− k(l) ≤ deg
�
U (0)

�− 1, for l = 1, . . . , �.
• U (0) is monic;

A solution U is called minimal if deg
�
U (0)

�
is minimal.

In finite fields, the resolution of the key equation given in
Definition 4.6 is equivalent to the problem of multi-sequence
generalized linear skew-feedback shift register introduced in
[47]. In [47], Puchinger et al. solved this problem using
row reduction. We will solve the key equation using the
iterative method introduced in [48], because it is easy to extend
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this method to modules and finite rings [49]–[51]. Note that
in [52], Bartz and Wachter-Zeh used this iterative method for
decoding interleaved subspace and Gabidulin codes, because
its complexity is better than Gaussian elimination. Further,
it allows to compute a minimal Gröbner basis for the interpo-
lation module.

B. Iterative Solving the key Equation

Similar to [26], [50], we give an iterative algorithm that
allows to solve the key equation. Recall that the elements a
and b in S are said to be associated if b = ua for some unit
u ∈ S.

Notation 4.7: Since associatedness is an equivalence rela-
tion on S,

- the equivalent class of a ∈ S is denoted by [a];
- a complete set of representatives of the equivalence

classes is denoted by [S], without loss of generality,
assume that 1 ∈ [S];

- we denote by [S]∗ := [S]\ {0}.
As S = S(1) × · · · × S(ρ), where S( j ) is a finite chain ring

and a generator of its maximal ideal is in R( j ), we have the
following:

Lemma 4.8: For all a ∈ S, a and σ (a) are associated.
Notation 4.9: Let y = �

y(1) · · · y(�)� ∈ Sn(1)+···+n(�)

be a received word of the interleaved Gabidulin code
I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
. Set g = �

g(1) · · · g(�)�.
We denote by M[y, g] the set of all U in S[X, σ ]�+1 such
that U (0)

�
y(l)

� = U (l)
�
g(l)

�
, for l = 1, . . . , �, that is,

U (0)
�

y(l)i

�
= U (l)

�
g(l)i

�
, for l = 1, . . . , � and i = 1, . . . , n(l).

The set M[y, g] is a S[X, σ ]-submodule of S[X, σ ]�+1 and
by Definition 4.6, all the solutions of the key equation are in
M[y, g]. Therefore, to find these solutions, just find a Gröbner
basis for M[y, g] with a monomial order� that we will specify
later. To compute a Gröbner basis for M[y, g], we will use the
iterative method described in [49].

Notation 4.10: Set n(0) := 0. We define by induction the
subsets M[y, g](l,i) as following:
M[y, g](0,0) = S[X, σ ]�+1 and for all (l, i) ∈ {1, . . . , �} ×�
1, . . . , n(l)

�
, M[y, g](l,i) is the set of all U in M[y, g](l,i)

such that U (0)
�

y(l)i

�
= U (l)

�
g(l)i

�
, where

�
l, i

� = � �
l − 1, n(l−1)

�
if i = 1

(l, i − 1) else

We have M[y, g](0,0) ⊃ M[y, g](1,1) ⊃ · · · ⊃
M[y, g](1,n(1)) ⊃ M[y, g](2,1) ⊃ · · · ⊃ M[y, g](2,n(2)) ⊃
· · · ⊃ M[y, g](�,1) ⊃ · · · ⊃ M[y, g](�,n(�)) = M[y, g]. Note
that as in [50] a Gröbner basis for S[X, σ ]�+1 is B(0,0) :=�
se(r)

�
0≤r≤�, s∈[S]∗. So, we will compute a Gröbner basis,

B = �
V(r,s)

�
0≤r≤�, s∈[S]∗, for M[y, g] which has the same

properties as B(0,0), that is, for all (r, s), ind(lm
�
V(r,s)

�
) = r ,

lc
�
V(r,s)

� ∈ [s], and deg
�
V(r,s)

�
is minimal among the degree

of all U ∈ M[y, g] with ind(lm (U)) = r , lc (U) ∈ [s].
Let (l, i) ∈ {1, . . . , �} × �

1, . . . , n(l)
�
. Assume that

M[y, g](l,i) has a Gröbner basis B(l,i) =
�
V(r,s)

�
0≤r≤�, s∈[S]∗

such that for all (r, s), ind(lm
�
V(r,s)

�
) = r , lc

�
V(r,s)

� ∈ [s],

and deg
�
V(r,s)

�
is minimal among the degree of all U ∈

M[y, g](l,i) with ind(lm (U)) = r , lc (U) ∈ [s].
- Let J(r,s) be the set of all

�
r 	, s	

� ∈ {0, . . . , �}×[S]∗ such
that lm

�
V(r 	,s 	)

� ≺ lm
�
V(r,s)

�
.

- Let D(l,i) : M[y, g](l,i) −→ S be defined as

D(l,i) (U) = U (0)
�

y(l)i

�
− U (l)

�
g(l)i

�
.

- The discrepancy of V(r,s) is given by

�(r,s) := D(l,i)
�
V(r,s)

�
.

- Let b(r,s) ∈ S such that

σ
�
�(r,s)

�− b(r,s)�(r,s) = 0.

Lemma 4.11: With the above notations,

(a) D(l,i) is an S-module homomorphism;

(b) M[y, g](l,i) =
�

U ∈ M[y, g](l,i) : D(l,i) (U) = 0
�

;

(c)
�
X − b(r,s)

�
V(r,s) ∈ M[y, g](l,i).

Using a Gröbner basis,
�
V(r,s)

�
0≤r≤�, s∈[S]∗, for

M[y, g](l,i), we now show how one can compute a Gröbner

basis for M[y, g](l,i) . Let
�

V	(r,s)
�

0≤r≤�, s∈[S]∗ ⊂ S[X, σ ]�+1

be defined as :

• if �(r,s) = 0 then

V	(r,s) := V(r,s) (2)

• if �(r,s) �= 0 and there exist θ(r 	;s 	) ∈ S,
�
r 	, s	

� ∈ J(r,s)
such that

�(r,s) +
�

(r 	,s 	)∈J(r,s)
θ(r 	,s 	)�(r 	,s 	) = 0 (3)

then

V	(r,s) := V(r,s) +
�

(r 	,s 	)∈J(r,s)
θ(r 	,s 	)V(r 	,s 	) (4)

• otherwise,
V	(r,s) :=

�
X − b(r,s)

�
V(r,s) (5)

Proposition 4.12: Let
�

V	(r,s)
�

0≤r≤�, s∈[S]∗ be the subset

of S[X, σ ]�+1 computed using (2), (4) and (5). Then,�
V	(r,s)

�
0≤r≤�, s∈[S]∗ is a Gröbner basis for M[y, g](l,i) and

for all (r, s), ind(lm
�

V	(r,s)
�
) = r , lc

�
V	(r,s)

�
∈ [s],

and deg
�

V	(r,s)
�

is minimal among the degree of all U ∈
M[y, g](l,i) with ind(lm (U)) = r , lc (U) ∈ [s].

Proof: By the definition of V	(r,s), we have V	(r,s) ∈
M[y, g](l,i), ind(lm

�
V	(r,s)

�
) = r , lc

�
V	(r,s)

�
∈ [s]. We now

prove that deg
�

V	(r,s)
�

is minimal among the degree of all
U ∈ M[y, g](l,i) with ind(lm (U)) = r , lc (U) ∈ [s]. If
V	(r,s) is defined as in (2) or (4), then the result follows.
Assume that V	(r,s) is defined as in (5) and that there is
W ∈ M[y, g](l,i) such that ind(lm (W)) = r , lc (W) ∈ [s]
and deg (W) < deg

�
V	(r,s)

�
. Then, since W ∈ M[y, g](l,i)

and deg
�

V	(r,s)
�
= deg

�
V(r,s)

� + 1, we have deg (W) =
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deg
�
V(r,s)

�
. Therefore, as lc (W) ∈ [s] and lc

�
V(r,s)

� ∈ [s],
there is a ∈ S such that

lm
�
V(r,s) − aW

� ≺ lm
�
V(r,s)

�
.

Consequently, by Proposition 2.11, we have

V(r,s) − aW =
�

(r 	,s 	) ∈J(r,s)
h(r 	,s 	)V(r 	,s 	)

where h(r 	,s 	) ∈ S[X, σ ]. By the right Euclidean division of
h(r 	,s 	) by X−b(r 	,s 	) there exist Q(r 	,s 	) ∈ S[X, σ ] and λ(r 	,s 	) ∈
S such that

h(r 	,s 	) = Q(r 	,s 	)
�
X − b(r 	,s 	)

�+ λ(r 	,s 	).
Hence, we have

V(r,s) − aW =
�

(r 	,s 	) ∈J(r,s)
Q(r 	,s 	)

�
X − b(r 	,s 	)

�
V(r 	,s 	)

+
�

(r 	,s 	) ∈J(r,s)
λ(r 	,s 	)V(r 	,s 	).

Consequently, by Lemma 4.11,

D(l,i)
�
V(r,s)

� = �
(r 	,s 	)∈J(r,s)

λ(r 	,s 	)D(l,i)
�
V(r 	,s 	)

�

This contradicts the definition of V	(r,s). Thus, the result
follows.

Now we prove that
�

V	(r,s)
�

0≤r≤�, s∈[S]∗ is a Gröbner basis

for M[y, g](l,i). Let U ∈ M[y, g](l,i), r = ind(lm (U)), s ∈
[S]∗ such that lc (U) ∈ [s] and α = deg (U) − deg

�
V	(r,s)

�
.

Then,

lm (U) = Xαlm
�

V	(r,s)
�

and

lc (U) ∈
�
σα

�
lc

�
V	(r,s)

���
.

Thus, the result follows.
Proposition 4.12 justifies Algorithm 2.
Remark 4.13: Since S = S(1) × · · · × S(ρ), where S( j )

is a finite chain ring, the equation (3) is easy to solve in
S( j ). Indeed, in S( j ) this equation is equivalent to: �(r 	,s 	)
divides �(r,s) for some

�
r 	, s	

�
in J(r,s). Thus, analogous to

[53, Algorithm VI.5], it is easy to compute a Gröbner basis of
Algorithm 2 in S( j )[X, σ( j )]�+1, and then to apply the "strong
join" method described in [54] to obtain a Gröbner basis in
S[X, σ ]�+1.

Note that the monomial order of Algorithm 2 is not speci-
fied. We now define a monomial order that will allow to give
the solutions of the key equation.

Definition 4.14: Set k(0) := 1. The relation �(k(0),...,k(�)) is
defined on the monomial of S[X, σ ]�+1 by:

Xα1 e(l1) �(k(0),...,k(�)) Xα2 e(l2)

if and only if α1−k(l1) < α2−k(l2) or [ α1−k(l1) = α2−k(l2)

and l1 ≥ l2].
By [55, Theorem 29], the relation �(k(0),...,k(�)) is a mono-

mial order.

Algorithm 2 A Gröbner Basis of the key Equation

Input: a received vector y = �
y(1) · · · y(�)� ∈ Sn(1)+···+n(�)

of the interleaved Gabidulin code
I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
.

Output: a Gröbner basis
�
V(r,s)

�
0≤r≤�, s∈[S]∗ for the

module M[y, g].
1 J ← {0, . . . , �} × [S]∗
2 for (r, s) ∈ J do
3 V(r,s)← se(r)

4 for l ← 1 to � do
5 for i ← 1 to n(l) do
6 for (r, s) ∈ J do

7 �(r,s) ← V (0)
(r,s)

�
y(l)i

�
− V (l)

(r,s)

�
g(l)i

�
8 for (r, s) ∈ J do
9 if �(r,s) = 0 then

10 V	(r,s) ← V(r,s)
11 else
12 if there exists a nonempty J 	 ⊂ J such that

for
�
r 	, s	

� ∈ J 	, lm
�
V(r 	,s 	)

� ≺ lm
�
V(r,s)

�
and �(r,s) +�

(r 	,s 	)∈J 	 θ(r 	,s 	)�(r 	,s 	) = 0
for some θ(r 	,s 	) ∈ S, then

13 V	(r,s)← V(r,s)
+�

(r 	,s 	)∈J 	 θ(r 	,s 	)V(r 	,s 	)
14 else
15 V	(r,s)←

�
X − b(r,s)

�
V(r,s)

where b(r,s) is an element of S such that
σ

�
�(r,s)

�− b(r,s)�(r,s) = 0.

16 for (r, s) ∈ J do
17 V(r,s) ← V	(r,s)

18 return
�
V(r,s)

�
0≤r≤�, s∈[S]∗

Proposition 4.15: The vector U ∈ M[y, g] is a solu-
tion of the key equation if and only if, w.r.t. �(k(0),...,k(�)),
ind(lm (U)) = 0 and lc (U) = 1.

Now, we can apply Proposition 2.11 to obtain all the
solutions of the key equation.

Theorem 4.16: Let
�
V(r,s)

�
0≤r≤�, s∈[S]∗ be a Gröbner basis

for M[y, g] obtained by Algorithm 2 w.r.t. �(k(0),...,k(�)). Set

α(r,s) := deg
�

V (r)
(r,s)

�
.

(a) The vector V(0,1) is a minimal solution of the key
equation.

(b) All solution U of the key equation can be written as

U =
�

0≤r≤�, s∈[S]∗
w(r,s)V(r,s)

where w(r,s) ∈ S[X, σ ], w(0,1) is monic, for all s ∈
[S]∗\ {1},

deg
�
w(0,s)

�+ α(0,s) < deg
�
w(0,1)

�+ α(0,1)
and for all (r, s) ∈ {1, . . . , �} × [S]∗,
deg

�
w(r,s)

�+ α(r,s) − k(r) ≤ deg
�
w(0,1)

�+ α(0,1) − k(0).
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Proof: (a) By construction of V(0,1) and by Proposi-
tion 4.15, V(0,1) is a minimal solution.

(b) Let U be a solution of the key equation. Then,
U ∈ M[y, g] and, by Proposition 4.15, ind(lm (U)) = 0,
lc (U) = 1, w.r.t. �(k(0),...,k(�)). Let

α = deg (U)− deg
�
V(0,1)

�
,

then lm
�
U− XαV(0,1)

� ≺(k(0),...,k(�)) lm (U). Therefore since
U− XαV(0,1) ∈ M[y, g], by Proposition 2.11,

U − XαV(0,1) =
�

0≤r≤�, s∈[S]∗
h(r,s)V(r,s),

where h(r,s) ∈ S[X, σ ] and

lm
�
U− XαV(0,1)

� = max
0≤r≤�, s∈[S]∗

�
lm

�
h(r,s)

�
lm

�
V(r,s)

��
.

Set w(0,1) = Xα + h(0,1) and w(r,s) = h(r,s) if (r, s) �= (0, 1).
Then, the result follows.

V. DECODING ALGORITHMS OF INTERLEAVED

GABIDULIN CODES

In this section, we use the solutions of the key equation to
give the minimal list decoding, unique decoding, and error-
erasure decoding algorithms of interleaved Gabidulin codes.

A. Minimal List Decoding

In [26], Kuijper and Trautmann used an iterative parame-
trization approach to give a minimal list decoding algorithm of
Gabidulin codes over finite fields. In this subsection, we show
that this algorithm can be generalized to interleaved Gabidulin
codes over finite principal ideal rings.

Definition 5.1: Let a received word y ∈ Sn(1)+···+n(�) of the
interleaved Gabidulin code I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
.

Minimal list decoding consists to find the value of

tmin := min
c∈I Gab(k(1) ,...,k(�))(g

(1),...,g(�))
{rank (y − c)} (6)

as well as all codewords c ∈ I Gab(k(1),...,k(�))
�
g(1), . . . , g(�)

�
such that rank (y − c) = tmin.

Theorem 4.5 and Theorem 4.16 justify Algorithm 3 of
minimal list decoding.

In general, the list size of minimal list decoding might be
greater than one. In the next subsection, we give a sufficient
condition so that the list size is one and a decoding algorithm
in this case.

B. Unique Decoding Beyond the Error Correction Capability

Let t0 := ��
minl∈{1,...,�}

�
d(l)

�− 1
�
/2

�
be the error

correction capability of the interleaved Gabidulin code
I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
and let y = �

y(1) · · · y(�)� be a
received word. We may have tmin ≤ t0 or t0 < tmin. Moreover,
if tmin ≤ t0, then the list size of minimal list decoding is one.
The next lemma give a necessary and sufficient condition so
that tmin ≤ t0.

Lemma 5.2: Let U be a minimal solution of the key equa-
tion and f̂ ∈ S[X, σ ]<k(1) × · · · × S[X, σ ]<k(�) . The following
statements are equivalent.

Algorithm 3 Minimal List Decoding

Input: a received word y = �
y(1) · · · y(�)� ∈ Sn(1)+···+n(�)

of the interleaved Gabidulin code
I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
.

Output: A list of f̂ ∈ S[X, σ ]<k(1) × · · · × S[X, σ ]<k(�)

such that rank
�
y − �

f (1)
�
g(1)

� · · · f (�)
�
g(�)

���
is minimal.

1 Compute a Gröbner basis
�
V(r,s)

�
0≤r≤�, s∈[S]∗ for the

module M[y, g] as in Algorithm 2 w.r.t. �(k(0),...,k(�))
2 α(r,s)← deg

�
V (r)
(r,s)

�
3 li st ← ∅
4 j ← 0
5 while li st = ∅ do
6 Compute the set U of all

U =�
0≤r≤�, s∈[S]∗ w(r,s)V(r,s) where

w(r,s) ∈ S[X, σ ], w(0,1) is monic, deg
�
w(0,1)

� = j ,
deg

�
w(0,s)

�+ α(0,s) < j + α(0,1), for all s ∈ [S]∗ \ {1},
and
deg

�
w(r,s)

�+ α(r,s) − k(r) ≤ j + α(0,1) − k(0), for all
(r, s) ∈ {1, . . . , �} × [S]∗

7 foreach U ∈ U do
8 for l ← 1 to � do
9 Compute the quotient Q(l) and the remainder

P(l) on the left Euclidean division of U (l) by
U (0) in S[X, σ ]

10 if for all l ∈ {1, . . . , �}, P(l) = 0 then
11 li st ← li st ∪ {Q̂}
12 j ← j + 1

13 return li st

(i) rank
�
y − �

f (1)
�
g(1)

� · · · f (�)
�
g(�)

��� ≤ t0.
(ii) It holds both that:

1) deg
�
U (0)

� ≤ t0;
2) U (l) = U (0) f (l), for l = 1, . . . , �.

Proof: By Theorem 4.5, (ii)�⇒ (i).
The proof that (i)�⇒ (ii) is similar to that of [15, Proposi-

tion 8].
Lemma 5.2 shows that if the rank of the error is at most

the error correction capability, then every minimal solution of
the key equation allows to recover the transmitted codeword.
We use this property to give the unique decoding method
beyond the error correction capability.

Lemma 5.3: Assume there is f̂ ∈ S[X, σ ]<k(1) × · · · ×
S[X, σ ]<k(�) such that for every minimal solution, U, of the
key equation we have U (l) = U (0) f (l), for l = 1, . . . , �. Then,
f̂ is the unique element in S[X, σ ]<k(1) × · · · × S[X, σ ]<k(�)

such that

rank
�

y −
�

f (1)
�

g(1)
�
· · · f (�)

�
g(�)

���
= tmin

where tmin is defined as in (6).
Proof: We show first that in this condition, tmin is equal

to the degree of a minimal solution of the key equation. Let
U be a minimal solution of the key equation and let t be
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the degree of U (0). Then, by the definition of tmin and by
Theorem 4.5, we have t ≤ tmin. By the assumption, we have
U (l) = U (0) f (l), for l = 1, . . . , �. Therefore, by Theorem 4.5,
we also have tmin ≤ t . Thus, tmin = t .

Now, let b̂ ∈ S[X, σ ]<k(1) × · · · × S[X, σ ]<k(�) such that
rank

�
y− �

b(1)
�
g(1)

� · · · b(�) �g(�)
��� = tmin. Then, by Propo-

sition 3.15, there exists a monic skew polynomial W
∈ S[X, σ ] of degree tmin such that, for l = 1, . . . , �,
W

�
y(l) − b(l)

�
g(l)

�� = 0. Therefore,
�
W,Wb(1), . . . ,Wb(�)

�
is a minimal solution of the key equation. Thus b(l) = f (l),
for l = 1, . . . , �.

Lemma 5.3 gives a sufficient condition so that the list size
of minimal list decoding is one. The following lemma gives a
Gröbner basis interpretation of this condition.

Lemma 5.4: Let
�
V(r,s)

�
0≤r≤�, s∈[S]∗ be a Gröbner basis

for M[y, g] obtained by Algorithm 2 w.r.t. �(k(0),...,k(�)). Set

α(r,s) := deg
�

V (r)
(r,s)

�
. Let Q(l)

(0,1) be the quotient and P(l)(0,1) be

the remainder of the left Euclidean division of V (l)
(0,1) by V (0)

(0,1)
in S[X, σ ]. The following statements are equivalent.

(i) There is f̂ ∈ S[X, σ ]<k(1) × · · · × S[X, σ ]<k(�) such that
for every minimal solution, U, of the key equation we
have U (l) = U (0) f (l), for l = 1, . . . , �.

(ii) The Gröbner basis
�
V(r,s)

�
0≤r≤�, s∈[S]∗ has the follow-

ing properties:

1) P(l)(0,1) = 0, for l = 1, . . . , �;
2) α(0,1) − k(0) < α(r,s) − k(r), for all r ∈ {1, . . . , �}

and s ∈ [S]∗ ;
3) V (l)

(0,s) = V (0)
(0,s)Q

(l)
(0,1), for all l ∈ {1, . . . , �} and

s ∈ [S]∗\ {1}.
Proof: (i)�⇒ (ii):

1) Since V(0,1) is a minimal solution of the key equation,
we have V (l)

(0,1) = V (0)
(0,1) f (l), for l = 1, . . . , �. Consequently,

Q(l)
(0,1) = f (l) and P(l)(0,1) = 0, for l = 1, . . . , �.

2) Suppose there are r ∈ {1, . . . , �} and s ∈ [S]∗ such that
α(r,s) − k(r) ≤ α(0,1)− k(0). Then, V(0,1)+V(r,s) is a minimal
solution of the key equation. Consequently, we have V (r)

(0,1) +
V (r)
(r,s) =

�
V (0)
(0,1) + V (0)

(r,s)

�
f (r). Since V (r)

(0,1) = V (0)
(0,1) f (r),

we then have V (r)
(r,s) = V (0)

(r,s) f (r). Hence, deg
�

V (r)
(r,s)

�
=

deg
�

V (0)
(r,s) f (r)

�
, i.e., deg

�
V (r)
(r,s)

�
≤ deg

�
V (0)
(r,s)

�
+ k(r) − 1

which is absurd because w.r.t. �(k(0),...,k(�)), ind(lm
�
V(r,s)

�
) =

r .
3) Let s ∈ [S]∗\ {1}. Since deg

�
V(0,s)

�
is minimal among

the degree of all U ∈ M with ind(lm (U)) = 0, lc (U) ∈
[s], then we have α(0,s) ≤ α(0,1). If α(0,s) < α(0,1), then
V(0,1) + V(0,s) is a minimal solution of the key equation and
consequently we have V (l)

(0,s) = V (0)
(0,s) f (l). If α(0,s) = α(0,1),

then V(0,1) + V(0,s) − lc
�

V (0)
(0,s)

�
V(0,1) is a minimal solution

of the key equation and therefore we have V (l)
(0,s) = V (0)

(0,s) f (l).
(ii)�⇒ (i): Let U be a minimal solution of the key equation.

Then, by Theorem 4.16,

U =
�

0≤r≤�, s∈[S]∗
w(r,s)V(r,s)

where w(r,s) ∈ S[X, σ ], w(0,1) = 1, for all s ∈ [S]∗\ {1},
deg

�
w(0,s)

�+ α(0,s) < α(0,1)

and for all (r, s) ∈ {1, . . . , �} × [S]∗,
deg

�
w(r,s)

�+ α(r,s) − k(r) ≤ α(0,1) − k(0).

Let (r, s) ∈ {1, . . . , �} × [S]∗, then w(r,s) = 0 because
α(0,1) − k(0) < α(r,s) − k(r). Therefore U (l) = U (0)Q(l)

(0,1), for

l = 1, . . . , �, because V (l)
(0,s) = V (0)

(0,s)Q
(l)
(0,1), for l = 1, . . . , �

and s ∈ [S]∗.
The previous lemmas allow to give Algorithm 4.

Algorithm 4 Unique Decoding

Input: a received word y = �
y(1) · · · y(�)� ∈ Sn(1)+···+n(�)

of the interleaved Gabidulin code
I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
.

Output: "decoding failure" or the element f̂ in
S[X, σ ]<k(1) × · · · × S[X, σ ]<k(�) such that for
every minimal solution, U, of the key equation
we have U (l) = U (0) f (l), for l = 1, . . . , �.

1 t0 ←
��

minl∈{1,...,�}
�
d(l)

�− 1
�
/2

�
2 Compute a Gröbner basis

�
V(r,s)

�
0≤r≤�, s∈[S]∗ for the

module M[y, g] as in Algorithm 2 w.r.t. �(k(0),...,k(�))
3 α(r,s)← deg

�
V (r)
(r,s)

�
4 if there is r ∈ {1, . . . , �} and s ∈ [S]∗ such that
α(r,s) − k(r) ≤ α(0,1) − k(0) then

5 return "decoding failure"

6 for l ← 1 to � do
7 Compute the quotient Q(l)

(0,1) and the remainder P(l)(0,1)
on the left Euclidean division of V (l)

(0,1) by V (0)
(0,1) in

S[X, σ ].
8 if there is l ∈ {1, . . . , �} such that P(l)(0,1) �= 0 then
9 return "decoding failure"

10 else
11 if α(0,1) ≤ t0 then
12 return Q̂(0,1)
13 else
14 if there is l ∈ {1, . . . , �} and s ∈ [S]∗ \ {1} such

that V (l)
(0,s) �= V (0)

(0,s)Q
(l)
(0,1) then

15 return "decoding failure"
16 else
17 return Q̂(0,1)

We have the following theorem.
Theorem 5.5: (a) If there is f̂ ∈

S[X, σ ]<k(1) × · · · × S[X, σ ]<k(�) such that
rank

�
y − �

f (1)
�
g(1)

� · · · f (�)
�
g(�)

��� ≤ t0, then Algorithm 4
returns f̂ .

(b) If Algorithm 4 returns f̂ , then it is the unique
element in S[X, σ ]<k(1) × · · · × S[X, σ ]<k(�) such that
rank

�
y − �

f (1)
�
g(1)

� · · · f (�)
�
g(�)

��� = tmin.
Proof: (a) Since V(0,1) is a minimal solution

of the key equation, then, by Lemma 5.2, there
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is f̂ ∈ S[X, σ ]<k(1) × · · · × S[X, σ ]<k(�) such that
rank

�
y− �

f (1)
�
g(1)

� · · · f (�)
�
g(�)

��� ≤ t0 if and only
if α(0,1) ≤ t0 and P(l)(0,1) = 0, for l = 1, . . . , �.

(b) This result is a direct consequence of Lemma 5.3 and
Lemma 5.4.

Recall that we may have tmin ≤ t0 or t0 < tmin. Thus,
Algorithm 4 can uniquely decode beyond the error correction
capability. The following example is given as an illustration.

Example 5.6: Let

R = Z4, S = R [z] /
�

z4 + 2z2 + 3z + 1
�

and a = z+�
z4 + 2z2 + 3z + 1

�
. Then, S is a Galois extension

of R where the Galois group is generated by a power map
σ : a �→ a2. Set g(1) = g(2) = (1, a, a2, a3),

y(1) = (3a3 + 2a2 + 2, a2 + 2a,

a3 + 2, 2a3 + 2a2 + 3a + 3)

y(2) = (a2 + 2a + 3, 2a3 + a2 + 2a + 3,

a3 + a2 + 2a + 3, 2a3 + 3).

We consider the received word y = �
y(1) y(2)

�
of the inter-

leaved Gabidulin code I Gab(1,1)
�
g(1), g(2)

�
. Using SageMath-

Cloud [28], Algorithm 4 returns
�

f (1), f (2)
�

where f (1) =
2a3+3a and f (2) = 3a2+2a+1. Therefore, the error vector is
ε = y− �

f (1)
�
g(1)

�
f (2)

�
g(2)

� �
and rank (ε) = 2 > t0 = 1.

Remark 5.7: In finite fields, Sidorenko et al. [56] gave an
algorithm for decoding interleaved Gabidulin codes beyond the
error correction capability and an upper bound of the failure
probability. We implemented Algorithm 4 and compared it to
[56, Algorithm 4]. We observed that these two algorithms fail
in the same cases. Thus, it would be interesting to study if
there exists the connection between the two algorithms.

C. Error-Erasure Decoding

As in [6], we define row and column erasures of interleaved
Gabidulin codes. We then show that errors and erasures
decoding of an interleaved Gabidulin code is reduced to errors
decoding of another interleaved Gabidulin code.

Let y = �
y(1) . . . y(�)

� ∈ Sn(1)+···+n(�) be a received vector
for a transmitted codeword

�
f (1)

�
g(1)

� · · · f (�)
�
g(�)

��
of the

interleaved Gabidulin code I Gab(k(1),...,k(�))
�
g(1), . . . , g(�)

�
.

Assume that the error vector

ε =
�

y(1) . . . y(�)
�
−

�
f (1)

�
g(1)

�
· · · f (�)

�
g(�)

��
(7)

is decomposed into

ε = ε(E) + ε(R) + ε(C) (8)

where
· ε(E), called the full error, is unknown, rank

�
ε(E)

� = t(E);
· ε(R), called the row erasure, can be expressed in the form

ε(R) =
�

a(R,1)B(R,1) · · · a(R,�)B(R,�)
�

with a
(R,l) ∈ St (R,l) is known, rank

�
a(R,l)

� = t(R,l), and

B(R,l) ∈ Rt (R,l)×n(l) is unknown, for l = 1, . . . , �;

· ε(C), called the column erasure, can be expressed in the
form

ε(C) =
�

a(C,1)B(C,1) · · · a(C,�)B(C,�)
�

with a(C,l) ∈ St (C,l) is unknown, B(C,l) ∈ Rt (C,l)×n(l) is known,
f reerank

�
B(C,l)

� = t(C,l), for l = 1, . . . , �.
By Proposition 3.15, there are the monic skew polynomials

P(R,l) ∈ S[X, σ ] of degree t(R,l) such that P(R,l)
�
a(R,l)

� = 0,
for l = 1, . . . , �.

By [42, Proposition 2.9], there are the free column matrices
F(C,l) ∈ Rn(l)×�

n(l)−t (C,l)
�

such that B(R,l)F(C,l) = 0, for l =
1, . . . , �.

Theorem 5.8: With the above notations, the relation (7) can
be transformed into

ε	 =
�

y	(1) . . . y	(�)
�
−

�
f
	(1)

�
g	(1)

�
· · · f 	(�)

�
g	(�)

��
where y	(l) = P(R,l)

�
y(l)

�
F(C,l), g	(l) = g(l)F(C,l),

f 	(l) = P(R,l) f (l), for l = 1, . . . , �, and rank
�
ε	

� ≤ t(E).
Proof: Set ε(E) = �

ε(E,1) · · · ε(E,�)� where

ε(E,l) ∈ Sn(l) , for l = 1, . . . , �. Then, by (7) and (8), we have

ε(E,l) + ε(R,l) + ε(C,l) = y(l) − f (l)
�

g(l)
�
, for l = 1, . . . , �.

Let l ∈ {1, . . . , �}. Since ε(R,l) = a(R,l)B(R,l) and
P(R,l)

�
a(R,l)

� = 0, we have

P(R,l)
�
ε(E,l)

�
+ P(R,l)

�
ε(C,l)

�
= P(R,l)

�
y(l) − f (l)

�
g(l)

��
i.e.,

P(R,l)
�
ε(E,l)

�
+P(R,l)

�
a(C,l)

�
B(C,l) = P(R,l)

�
y(l) − f (l)

�
g(l)

�� (9)

because ε(C,l) = a(C,l)B(C,l). If we right multiply both sides
of (9) by F(C,l) we get

ε	(E,l) = y	(l) − f 	(l)
�

g	(l)
�

where ε	(E,l) = P(R,l)
�
ε(E,l)

�
F(C,l).

Set ε	 = �
ε	(E,1) · · · ε	(E,�)�, then

ε	 =
�

y	(1) . . . y	(�)
�
−

�
f 	(1)

�
g	(1)

�
· · · f 	(�)

�
g(�)

��
.

As rank
��

ε(E,1) · · · ε(E,�)�� = t E ,
we have rank

�
ε	(E,1) · · · ε	(E,�)� ≤ t E .

Set k 	(l) = k(l) + t(R,l), n	(l) = n(l) − t(C,l) and assume
that k 	(l) ≤ n	(l), for l = 1, . . . , �. Then, according to
Theorem 5.8, the error and erasure decoding of the interleaved
Gabidulin code I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
is reduced

to the error decoding of the interleaved Gabidulin code
I Gab(k	(1),...,k	(�))

�
g	(1), . . . , g	(�)

�
. In particular we have the

following:
Corollary 5.9: With the above notations, If

2t(E) ≤ min
1≤l≤�

�
n(l) −

�
k(l) + t(R,l) + t(C,l)

��
then the transmitted massage i.e., f (1), . . . , f (�), can recover.

Proof: Assume that

2t(E) ≤ min
1≤l≤�

�
n(l) −

�
k(l) + t(R,l) + t(C,l)

��
.
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Then,

2t(E) ≤ d 	 − 1,

where d 	 is the rank distance of the interleaved Gabidulin
code I Gab(k	(1),...,k	(�))

�
g	(1), . . . , g	(�)

�
. Hence, we can use

Algorithm 4 to determine f 	(1), . . . , f 	(�) and then use the
left Euclidean division of f 	(l) by P(R,l) to determine f (l) for
l = 1, . . . , �.

As in [9], [57], [58], simultaneous correction of errors and
erasures allows to recover the transmitted codeword in random
linear network coding. As an illustration, see subsection VI-B.

VI. APPLICATIONS

A. Space-Time Block Codes From Codes Over Finite
Principal Ideal Rings

A space-time block code is a finite set of complex matrices
of the same size. Recall that the rank criterion [10] for space-
time block codes states that, in order to achieve the maximum
diversity, the rank of the difference of two distinct codewords
has to be maximal. In this subsection, we generalize to finite
principal ideal rings the methods of [7], [12], [14], [19] in
the construction of space-time block codes. More precisely,
we show that there is a rank-preserving map from a finite
principal ideal ring to a complex signal set and we use it to
construct space-time block codes that are optimal under the
rate-diversity tradeoff [10]–[12].

Let T be a principal ideal ring such that there exists a
surjective ring homomorphism ϕ : T → R. Let ϕ∗ be a section
of ϕ, i.e., a map from R to T such that ϕ ◦ ϕ∗ = idR . The
extension of ϕ (resp., ϕ∗) coefficient-by-coefficient to the set
of matrix T m×n (resp., Rm×n ) is also denoted by ϕ (resp.,
ϕ∗). As an example, we may have T = Z[i ], R = Z[i ]/ηZ[i ],
where η is some positive integer, ϕ(x) = x + ηZ[i ] and
ϕ∗ (a + bi + ηZ[i ]) = (a mod η) + (b mod η) i , for all x ∈
Z[i ], a ∈ Z, b ∈ Z.

Lemma 6.1: Let A ∈ T m×n . Then,

rankR (ϕ (A)) ≤ rankT (A) .

Proof: Let r = rankT (A) and {b1, . . . ,br } be a generat-
ing set of col (A). Then, {ϕ (b1) , . . . , ϕ (br )} is a generating
set of col (ϕ (A)). Consequently,
rankR (ϕ (A)) ≤ rankT (A).

Theorem 6.2: Let M ⊂ Rm×n be a rank code of rank
distance d and let d 	 be the rank distance of ϕ∗ (M), then
d ≤ d 	. Moreover, if M is an MRD code, then d = d 	.

Proof: Let ϕ∗ (M1), ϕ∗ (M2) ∈ ϕ∗ (M) such that
ϕ∗ (M1) �= ϕ∗ (M2). Then, M1 �= M2 and by Lemma
6.1, rankT (ϕ

∗ (M1)− ϕ∗ (M2)) is greater than or equal to
rankR (ϕ (ϕ

∗ (M1)− ϕ∗ (M2))). But,

rankR
�
ϕ

�
ϕ∗ (M1)− ϕ∗ (M2)

�� ≥ d.

Thus, d ≤ d 	.
Assume that M is an MRD code. Then,��ϕ∗ (M)

�� = |M| = |R|min{m(n−d+1), n(m−d+1)} (10)

Using the same arguments as in the proof of Proposition 3.20,
we can show that��ϕ∗ (M)

�� ≤ ��ϕ∗ (R)��min{m(n−d 	+1), n(m−d 	+1)} (11)

It follows from (10) and (11) that d 	 ≤ d .
By the previous theorem, we can use an MRD code in R

to construct an MRD code in T . The following example is a
generalization of [7], [13].

Example 6.3: Since S ∼= R[X]/ (h) where h is a monic
polynomial, set h = a0 + a1 X + · · · + am−1 Xm−1 + Xm ,
α = X + (h) and g = �

α, α2, . . . , αm
�
. Then, the Gabidulin

code Gab1 (g) is a free S-linear rank code generated by g.
Thus, Gab1 (g) is a free R-linear rank code generated by�
g, αg, . . . , αm−1g

�
. The matrix representation of g in the

basis
�
1, α, . . . , αm−1

�
is

Ag =

⎛
⎜⎜⎜⎜⎜⎝

0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

...
. . .

...
...

0 0 · · · 1 −am−1

⎞
⎟⎟⎟⎟⎟⎠

and the matrix representation of αi g is Ai+1
g for i =

1, . . . ,m−1. Therefore, the matrix representation of Gab1 (g)
is a R-linear rank code generated by

�
Ai

g

�
1≤i≤m

. Its image in

T is an MRD code of rank distance m. Moreover, all code-
word have the full rank. By Proposition 4.2, the interleaved
Gabidulin code I Gab(k(1),...,k(�))

�
g(1), . . . , g(�)

�
with k(l) = 1

and g(l) = �
α, α2, . . . , αm

�
, for l = 1, . . . , �, have the same

proprieties. Thus, we can use it to construct optimal space-time
block code in T .

B. Decoding of Random Linear Network Codes Over Finite
Principal Ideal Rings

In this subsection, we consider random linear network
coding over finite principal ideal rings. To improve the error
correction, we combine the encoding schemes of [9] and [20],
that is, we consider that the transmitted matrix is represented
by the matrix X = �

0m×β0 Im M
�

where M is a code matrix
of some matrix code M ⊂ Rm×n . The channel equation is
given by

Y = AX+ E (12)

where the transfer matrix A ∈ Rmr×m and rank (E) := β.
Recall that the random matrices A and E are unknown to
the destination and the problem is to recover the transmitted
matrix X from the received matrix Y. As in [9] and [57],
we will show that this problem can be reformulated as an
error-erasure decoding problem for rank-metric codes.

When the matrix Y is received, the Smith normal form
is used to successively transform the decoding problem into
error-erasure decoding. In the following, we give these trans-
formations.

1) First Transformation: Set

Y = �
Y0 Y1 Y2

�
,

where Y0, Y1 and Y2 are submatrices of Y of sizes mr × β0,
mr ×m and mr ×n, respectively. Set f reerank (Y0) := α0 f .
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Then, using the Smith normal form, there exist the invertible
matrices P, Q and the diagonal matrix D2 such that

PY0Q =



Iα0 f 0
0 D2

�
.

Set

�Q = 

Q 0
0 Im+n

�
and

P =



P1
P2

�
where P1 and P2 are the submatrices of P of sizes α0 f ×mr ,
and

�
mr − α0 f

�×mr , respectively. If we multiply both sides
of (12) by P and �Q we get the following:

Lemma 6.4: With the above notations,

Y	 = A	
�

Im M
�+ E	 (13)

where Y	 = P2
�

Y1 Y2
�
, A	 = P2A and E	 is a matrix with

rank
�
E	

� := β 	 ≤ β − α0 f .
2) Second Transformation: Set m	r := mr − α0 f and

Y	 := �
Y	1 Y	2

�
.

where Y	1 and Y	2 are submatrices of Y	 of sizes m	r ×m and
m	r × n, respectively.

Set rank
�
Y	1

� := α1, f reerank
�
Y	1

� := α1 f . Using the
Smith normal form, there exist the invertible matrices P	, Q	
and the diagonal matrix D	 = diag (d1, . . . , dr ), with
d1 = · · · = dα1 f = 1, such that

P	Y	1Q	 = D	.

Using Proposition 3.8, if we decompose E	 as in [57, Eq.
(29)] then we get the following:

Lemma 6.5: With the above notations,

Y		2 = D	M	 + E		. (14)

where Y		2 = P	Y	2, M	 = Q	−1M and E		 is a matrix with
rank

�
E		

� ≤ β 	.
3) Third Transformation: Set

D	 =



D	1
0

�
and

Y		2 =



Y		21
Y		22

�
where D	1 is the submatrix of D	 of sizes α1 × m, Y		21 and
Y		22 are submatrices of Y		2 of sizes α1×n and

�
m	r − α1

�×n,
respectively.

Let α22 f := f reerank
�
Y		22

�
. If α22 f �= 0 then, using the

Smith normal form, there is a α22 f ×
�
m	r − α1

�
matrix U,

such that the free rank of the matrix Y			22 := UY		22 is α22 f .
Let �Y22 be the matrix defined by �Y22 := Y			22 if α22 f �= 0

and �Y22 is a 1× n zero matrix else.
Let D		1 be the m × m matrix and Y			21 be the m × n

matrix obtained respectively from the matrices D	1 and Y		21
by inserting all-zero rows below the last row if α1 ≤ m and
by deleting the α1 − m last rows else.

Set �D1 := Q	
�
D		1 − Im

�
and �Y21 := Q	Y			21. Note that, �D1 =

0 if α1 f ≥ m and rank
��D1

� ≤ m − α1 f else. We have the
following:

Theorem 6.6: With the above notations, the matrix �Y21 can
be decomposed into

�Y21 =M+�D1W1 +W2�Y22 +�E,
where M is the transmitted codeword, the matrices W1, W2
and �E are unknown, rank

��E� ≤ β − α0 f − α22 f .
Proof: Set

E		 =



E		1
E		2

�
,

where E		1 and E		2 are submatrices of E		 of sizes α1 × n and�
m	r − α1

�× n, respectively. By (14), we have

Y		21
Y		22

�
=



D	1
0

�
M	 +



E		1
E		2

�
.

Thus,

Y		21 = D	1M	 + E		1 (15)

and

Y		22 = E		2 .

• Assume that f reerank
�
Y		22

� �= 0. As Y			22 = UY		22, set

E			 :=



Iα1 0
0 U

�
E		. Then,

rank
�
E			

� ≤ rank
�
E		

� ≤ β 	 and E			 =



E		1
Y			22

�
. Since

f reerank
�
Y			22

� = α22 f , by [42, Proposition 2.11], there are�
n − α22 f

� × n matrix Y3, n × �
n − α22 f

�
matrix F1 and

n × α22 f matrix F2 such that

Y3
Y			22

��
F1 F2

� = In .

As

In =
�

F1 F2
� 


Y3
Y			22

�
= F1Y3 + F2Y			22,

we have

E		1 = E		1F1Y3 + E		1F2Y			22,

that is,

E		1 = E3 + E4Y			22, (16)

where E3 = E		1F1Y3 and E4 = E		1F2. Moreover, since

E			
�

F1 F2
� = 


E		1F1 E		1F2
0 Iα22 f

�
,

we have,

rank (E3) ≤ rank
�
E		1F1

� = rank
�
E			

�− α22 f ≤ β 	 − α22 f .
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By (15) and (16),

Y		21 = D	1M	 + E4Y			22 + E3.

Let E	4 be the m × α22 f matrix and E	3 be the m × n matrix
obtained respectively from matrices E4 and E3 by inserting
all-zero rows below the last row if α1 ≤ m and by deleting
the α1 − m last rows else. Then,

Y			21 = D		1M	 + E	4Y			22 + E	3. (17)

If we left multiply both sides of (17) by Q	 we get

�Y21 =M+�D1W1 +W2�Y22 +�E.
where W1 =M	, W2 = Q	E	4 and �E = Q	E	3.
• Assume that f reerank (Y22) = 0. Then, by (15), we have

�Y21 =M+�D1W1 +�E,
where W1 is defined as above and �E = Q	E5, where E5 is
the m × n matrix obtained from the matrix E		1 by inserting
all-zero rows below the last row if α1 ≤ m or by deleting the
α1 − m last rows else.

Theorem 6.6 and Corollary 5.9 imply the following result.
Corollary 6.7: With the above notations, assume that M is

the matrix representation of an interleaved Gabidulin code of
rank distance d . If

rank
��D1

�+ rank
��Y22

�+ 2rank
��E� ≤ d − 1,

then the transmitted codeword can be recovered.
Example 6.8: See Appendix.

VII. CONCLUSION

We have studied some properties of rank-metric codes that
are extended from the case of finite fields to finite principal
ideal rings. We have first generalized the rank metric and
established the rank-metric Singleton bound. As in the case of
finite fields, we have shown that Gabidulin codes achieve this
bound and that collaborative decoding of interleaved Gabidulin
codes can be translated to the problem of reconstruction
of skew polynomials. We have used the theory of Gröbner
bases of modules over skew polynomials to give the unique
decoding, minimal list decoding, and error-erasure decoding
algorithms of interleaved Gabidulin codes. These codes are
then applied in space-time coding and in random linear
network coding. Specifically, we have shown that there is a
rank-preserving map from a finite principal ideal ring to a
complex signal set and we have used it to construct an optimal
space-time block code. Using the lifting construction, we have
shown that the decoding problem for random linear network
coding over finite principal ideal rings can be reformulated as
an error-erasure decoding problem for rank-metric codes.

Analogous to the case of finite fields, we have given an iter-
ative algorithm that can uniquely decode interleaved Gabidulin
codes beyond the error correction capability. It would be
interesting to study the complexity and the failure probability
of this algorithm.

APPENDIX

EXAMPLE

The following example exemplifies the application to ran-
dom linear network codes from Section VI-B. It was computed
in SageMathCloud [28].

Let R = Z8, S = R[z]/ �
z5 + 4z3 + 7z2 + 2z + 7

�
and a =

z + �
z5 + 4z3 + 7z2 + 2z + 7

�
. Then S is a Galois extension

of R where the Galois group is generated by a power map
σ : a �→ a2. Set g(1) = g(2) = �

a, a2, a3, a4, a5
�
; f (1) =

1+ 2a+ 3a2+ 5a3; f (2) = 1+ 4a+ 7a2+ 2a3+ 5a4; c(1) =
f (1)

�
g(1)

�
; c(2) = f (2)

�
g(2)

�
. Then

�
c(1) c(2)

�
is a codeword

of the interleaved Gabidulin code I Gab(1,1)
�
g(1), g(2)

�
. Let

M = �
M1 M2

�
where M1 and M2 are respectively the matrix representations
of c(1) and c(2) in the basis

�
1, a, a2, a3, a4

�
.

The transmitted matrix is

X = �
05×2 I5 M

�
.

Assume that

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

5 6 6 3 3
3 2 7 1 0
4 6 0 6 7
4 1 2 1 0
1 4 5 6 2
2 5 7 5 0
4 4 1 3 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

and

E = BZ

where

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

6 4 2
4 5 5
2 5 4
6 7 6
3 7 2
2 7 1
6 0 7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

and

Z = �
Z1 Z2

�
with

Z1 =
⎛
⎝ 0 7 7 0 6 3 3 1 5

0 0 7 5 2 4 5 2 3
6 3 0 5 5 7 2 3 7

⎞
⎠

and

Z2 =
⎛
⎝ 2 6 7 4 3 4 1 2

0 3 0 4 5 5 6 5
0 4 3 5 1 5 2 5

⎞
⎠ .

The received matrix is

Y = AX+ BZ.

By Theorem 6.6, there are the matrices W1, W2 and �E such
that �Y21 =M+�D1W1 +W2�Y22 +�E (18)



7734 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 12, DECEMBER 2019

with rank
��E� ≤ 1, where

�Y21 =

⎛
⎜⎜⎜⎜⎝

0 6 5 4 5 7 3 6 4 4
5 7 5 1 3 5 6 7 4 6
0 2 4 7 3 5 2 1 0 3
7 1 7 3 5 7 5 1 2 1
5 7 3 6 4 0 2 2 0 1

⎞
⎟⎟⎟⎟⎠

�D1 =

⎛
⎜⎜⎜⎜⎝

0 0 0 0 4
0 0 0 0 6
0 0 0 0 4
0 0 0 0 7
0 0 0 0 7

⎞
⎟⎟⎟⎟⎠

and

�Y22 =
�

0 7 6 2 1 6 7 5 5 1
�
.

The vector representation of (18) in the basis�
1, a, a2, a3, a4

�
is

y = c+ a(R)B(R) + a(C)B(C) + ε(E)

where y, c, a(C), ε(E) are respectively the vector representa-
tions of �Y21, M, W2, �E and B(C) = �Y22, B(R) is the last row
of W1, a(R) = 7a4 + 7a3 + 4a2 + 6a + 4.

Set

y = �
y(1) y(2)

�
where y(1) ∈ S5 and y(2) ∈ S5. Then

y(1) = c(1) + a(R)B(R,1) + a(C)B(C,1) + ε(E,1)

y(2) = c(2) + a(R)B(R,2) + a(C)B(C,2) + ε(E,2).

Let

P(R) = X + 5a4 + a3 + 6a2 + 2a + 2,

F(R,1) =

⎛
⎜⎜⎜⎜⎝

0 0 0 1
7 6 2 0
1 2 7 0
0 1 0 0
1 0 0 0

⎞
⎟⎟⎟⎟⎠

and

F(R,2) =

⎛
⎜⎜⎜⎜⎝

1 5 5 1
7 3 3 6
0 0 1 0
0 1 0 0
1 0 0 0

⎞
⎟⎟⎟⎟⎠ .

Then, P(R)
�
a(R)

� = 0, B(C,1)F(R,1) = 0 and B(C,2)F(R,2) = 0.
Set y	(l) = P(R)

�
y(l)

�
F(C,l), g	(l) = g(l)F(C,l), c	(l) =

P(R,l)
�
c(l)

�
F(C,l), for l ∈ {1, 2}. Thus, by Theorem 5.8, there

is ε	 ∈ S8 such that�
y	(1) y	(2)

� = �
c	(1) c	(2)

�+ ε	

where rank
�
ε	

� ≤ 1.
When we apply Algorithm 4 for the received

word
�

y	(1) y	(2)
�

of the interleaved Gabidulin code
I Gab(2,2)

�
g	(1), g	(2)

�
, it returns

�
f 	(1), f 	(2)

�
where

f 	(1) = (7a4 + 5a3 + 5a + 1)X + 4a4 + 3a3 + 4a + 1 and
f 	(2) = (5a4+ 7a3+ 5a2+ 4a+ 6)X + 2a4+ 5a3+ 3a2+ 5a.
The left Euclidean division of f 	(1) and f 	(2) by P(R) gives
respectively f (1) and f (2).
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