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Abstract

In this paper, we define the classes of bifiltrations and we make
their classification. We characterize (I, .J)-good bifiltrations, a concept
of B-reduction of bifiltrations is introduced.
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1. Introduction

Throughout this paper, A denotes a commutative ring.

The classes of filtrations were introduced in the theory of filtrations, we
define these classes for the bifiltrations and we study the relations between
these classes.

The concept of reduction of ideals was introduced by D.G. Northcott and
D.Rees in [5]. It was actively studied in the literature since its introduction.
Since powers of ideals are special filtrations, the concept of reduction of ideals
was generalized to filtrations by J.S. Okon and L.J.Ratliff,Jr in [6], where the
authors had given many important results on the subject.

Here we introduce a concept of S-reduction for rings bifiltrations similarly
to the case of filtrations.
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2. Bifiltrations

2.1. Filtrations

Let us recall the following definitions which will be used in the sequel.

(2.1.1) By a filtration on the ring A, we mean a family f = (I,,)nez of
ideals of A such that Iy = A, 1,41 C I, for all n € Z and [,I, C I,,,, for all
p,q € Z. 1t follows that if n <0, then I,, = A.

(2.1.2) If I is an ideal of A, then the filtration f; = (I"),ez, where I" = A
for all n <0, is called the [-adic filtration of A

(2.1.3) Let f = (In)nez and g = (Jp)nez be filtrations on a ring A. The
filtration f is called a reduction of ¢ if f < g and if there exists an integer

N
N > 1suchthat J, = > I,_,J, foralln > N, see [OR | for more information.
p=0

2.2. Bifiltrations.
The set Z? is partially ordered as follows :
For all m,n,p,q € Z, (m,n) < (p,q) if and only if m < p and n < q.

(2.2.1) A bifiltration on the ring A is a family F' = (I,n) (m,n)cz2 of ideals
of A such that

(1) 1070 =A

(ii) For all m,n € Z, Lyt11.n C Ly and Iy i1 C I,

(ill) Lnndpq C Lintp, ntq for all m,n, p,q € Z.

It follows that if m < 0, then (m,0) < (0,0), hence A = Iy C I, SO
Im70 = A.

Similarly, if n <0, then I, = A.

In particular, if (m,n) < (0,0), then I,,, = A.

(2.2.2) Throughout this paper all the bifiltrations F' = (I n)(mn)ez2 are
supposed to satisfy the following additional conditions :

(EPI) For all (k,l) € Z* I, = Ixo if k > 0 and [ < 0 and Iy; = Io; if
k<0and!l>0.

Such a bifiltration is said to be of Essentially Positive Indices type
(EPI type for short).

This definition will be extended to bifiltrations F' = (Ipn)(mmnenz with
indices in N? where negative sub-indices may occur in I, .

(2.2.3) Let F' = (Inn) mmyenz and G = (Jinn) (mmn)ez2 be bifiltrations on A.
We set F' < G if and only if I,,,,, C J,,., for all (m,n) € Z2.

3. Some classes of bifiltrations

3.1 (I, J)-good bifiltration
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3.1.1 Definition

Let I and J be two ideals of a ring A . A bifiltration F' = (L) mnen is
said (I, J)-good if :
IIm,n g Ierl,n
(1) Ym,neN,
) G

(#7) there exist mg, ng € N such that :
Ijm,n = Im+1n
V. .m > mg,n = ny,
J[m,n - [m,n+1
3.1.2 Remark
If F=(Inn)mnen is (I, J)-good bifiltration then :

_[J]m7n g ]m+1’n+1 W m,n € N

IJIm,n = Im+1n+1 V'm > mo, N > ng .

3.1.3 Proposition
F = (Inn)mmnen s a (I, J)-good bifiltration if and only if F is (I0,1o1)-

good .
Proof
Suppose F'is (I, J)-good, then we have :
Iy C I ICly
and since Ipp=A then
JIoo C Ioq J C o

[Im,n g [1,OIm,n g [m+1,n
So Vm,neN,
JIm,n g IO,IIm,n g Im,n-‘,—l

]Im,n = Im+1n
and V m > mg,n > ny,
J[m,n - [m,nJrl
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Il,OIm,n = [m—i-l,n
whence YV m > mg,n > ny,

IO,IIm,n = Immn+1

So F'is (11, Lo1)-good.

The reciprocal is obvious.
3.1.4 Consequence

If Fis (I,J)-good bifiltration then there exist mg, np € N such that
[pJq[mO,no = Imo+p,no+q Vp, qE€ N

Indeed Vp,q € N we have

1P I e = TP T T Ly e = TP JO o = TP JO2 ] o= [PJI72] L =

_ _ -1 _ —1 _ _
t = ijmo,noﬂl =17 I[mo,noJrq =17 [m0+17n0+q — 7" = fmo+pnotq

3.1.5 Definition
A bifiltration F' = (L) (mm)ez2 is good if there are two ideals I and J
such that F'is (I, J)-good.

3.2 EP Bifiltration
Let F = (Imn)mm)ezz be bifiltration of EPI type of a ring A.
The bifiltration F' = (I, 1) (mn)ez2 of a ring A is called EP
if there exist two integers N; > 1 and Ny > 1 such that
N; N
Ym>Norn>Ny, Ion= 55 Inpoalpg
p=1q=1
3.3 Strongly EP Bifiltration
Let F = (Imn)mmezz be bifiltration of EPI type of a ring A.
The bifiltration F' = (I n)(mn)ez2 of a ring A is said to be strongly EP
if there exist k; € N* and ky € N* such that
[m+k1,n+k2 = Im,n Ikl,kg Vm,n € Z with m > k’l or n > k’g .

3.3.1 Proposition
If the bifiltration F' = (L n)mnez is strongly EP, then F is EP.

Proof

Suppose F' = (L )m.nez is strongly EP, then

there exist k; € N* and ky, € N* such that

Itiyniky = Lo Iy gy Vm,n € Z with m >k orn > ks .

If m>2k or n>2ky,wehave I, = Ln_k n—ks Lk ko
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2k

[z

50 Imn C

2ko
> dmin—ili; C Imn
=

=1

2k1 2ko

i=1 j=1

So Fis [EP bifiltration.

3.3.2 Proposition

Let F = (Lnn)(mmyezz be a bifiltration of a ring A .
If Fis (lip,1o1)-good then F is strongly EP.

Proof

If F is (I1,/01)-good then there exist mg ,ny € N* such that

IV oI5 1 Imm = Imipiniq Vp,q € N and YV m > mg, n > ng .( see
consequence 3.1.4 ).

we know that 78, CI,, Vp,geN |

P 719
50 [1,010,1Im,n C Ipglmn

whence Vp,q € N and V m > mg or n > ny,

Intpntg = 1ol 1 Imn € Ipglnn © Intpntq -
By posing k; =mg and ke = ng , we have

Iipntg = Imn Ipg With  m>kjorn>ky.

So F' is strongly EP bifiltration.

3.4 Noetherian bifiltration
The bifiltration F' = (I,n)mmnez is said to be noetherian if it generalised
Rees ring of F, R(A, F)= & I,,X"Y" is a Noetherian ring.
zZ

m,n €
In this case the ring A is noetherian ring.

3.5 Strongly Noetherian bifiltration
The bifiltration F' = (I,,n)mnez is said to be strongly noetherian if
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the ring A is noetherian and if F is strongly EP bifiltration.
3.6 Some examples of bifiltrations

Example 1

If f=Un)mez and g = (Jn)nez are two filtrations of a ring A then
h = (LnJn)mnez is a bifiltration of A.

Let I and J be two ideals of A. We agree that I™J" = A,V m <0 et
n < 0.We pose fr;=I"J")mnez,

fr.s is a bifiltration of A called (1, J) -adic bifiltration of A.

Example 2

_ Z[X] _ 2
Let A= ) and let o = X+ (X?).

Consider the following family of ideals :

Ino=A1,, =AY m<0 and n<0, [, =(x)V 0<m <2and
0 <n <2 with (m,n) # (0,0)

Iypn=0 Vm>3orn>3, Ihn=1», V m<0 and n>0 and
Ijnn=1In0 V m>0 and n<0

Then F' = (Lmn)mnez is a (11,01o1)-good bifiltration, but not (I 0/ 1)-adic
bifiltration.

Example 3

Let A = K[X] be the ring of polynomials at an indeterminate X over a
field K.

We pose
]070:A,Im7n:AVm§0 et TLSO, ]:X, Im,n:-lo,n i
m<0et n>0 et Lypn=Ino V m>0ct n<0et

Vm>0and n >0 I, =

m+

(X™2) if m and n are of different parities

{ (X™2") if m and n are of the same parity

then F' = ( In)mnez is an EP bifiltration but not strongly EP.
Example 4
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Let A = K[X] be the ring of polynomials at an indeterminate X over a
field K.

Let Ny and Ny be two integers such that Ny > 2 and Ny > 2.

We pose Iyg=A, Inn =AY m<0 and n<0, I, =1L, V
m<0 and n>0 and I,,=1L,0 YV m>0 and n<0and [ = (X)

and

(X)) =1"" ifm > Ny+1lorn> Ny+1
Vm>0and n>0 I, =
(X NNy = NN i ) < < Ny and 0 <n < N,

then F' = ( Ly n)mmnez is a strongly EP bifiltration but not (149, Io 1)-good.
3.7 Classification

From all the above, we obtain the following classification:

(L)

F(1,J)-adic % F (1,J)-good X F strongly EP Y F EP

()
F (1, J)-adic 2 F (1,J)-good - strongly noethrian

Avec { (1) : A is any ring

(2) : A is a noetherian ring

4. Reduction of bifiltrations

4.1 Definition.

Let F'= (Imn)mmezz and G = (Jimn)(mn)ez2 be bifiltrations of EPI type
on the ring A with F' < G.

We call F' a reduction of G if there exist integers » > 1 and s > 1 such
that L

(RED) Jpn = D3 Impngtpy for all (m,n) € N? with m > r or

p=04¢=0
n > s.

4.2 Example.

Each bifiltration F' = (Inn)mn)ezz is a reduction of itself. Indeed let
(m,n) € N? with m > r or n > s where r and s are arbitrary positive
integers. If m > r and n > s, then we have
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Z Z [m—p,n—anq =lmn+ Z Im—p,n—q]p,q = ]m,n

p=0g=0 0<p<r
0<q<s
(p,9)#(0,0)
since

Ln—pn—qlpq C I,y for all p, g
If m >rand n <s, then

szmpnqpq Zzlmpnqpq+zzlmpnqpq

p=0g= p=0g= p=0 g=n+1
We have
S
Z L —p,n—q pq Z L pO = Iim—p,0 Z I
q=n—+1 qg=n+1 qg=n+1

= m—p,OIp,n—i-l C Im,n—l—l C ]m,n
r on r s
Since 3 >- Im—pn—qlpg = I, then 32 3° I pn—glpg = I

p=04¢=0 p=04¢=0
The case m < r and n > s is similar to the previous one.

5. [— reduction

Let F = (Imn)mmezz and G = (Jmn)mn)ezz two bifiltrations of a ring
A of EPI type such that F < G.

We say that F'is a f-reduction of G if there exist k,l € N* such that

Vm>k orVn>Il, Jniknit = ImnJii -

5.1 Consequence

If F'is B-reduction of G then G is strongly EP bifiltration.
Sure enough, if F'is f-reduction of G then

Ym Z k orVn Z l, Jm—i—k,n—i—l = ImkaJ Q Jm,an,l Q Jm+k,n+l-

So Vm Z korVmn 2 l, Jm+k,n+l = Im,nl]kl = JmkaJ.

Whence G is strongly EP bifiltration.

6. F-good bifiltrations

Let F = (Imjn)mnezz and G = (Jyn)mn)ezz two bifiltrations of a ring
A of EPI type such that F < G.

The bifiltration G is called F-good if there exist Ny, No € N* such that

N1 Np

Vm > Ny or Vn > Ny, Jpp = >, Z[

m—p,n—q pq
p=1 g=
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7. F-fine bifiltrations

Let F = (Imn)mmnezz and G = (Jymn)(mn)ezz two bifiltrations of a ring
A of EPI type such that F < G.

The bifiltration G is called F-fine if there exist N1, No € N* such that
N1 N,
Vm > NyouVn > Noy Jpn = > lequ —pn—q-

p=1 g=

7.1 Remark
Let F = (Imn)(mm)ezz a bifiltration of A of EPI type.
Then F'is F-good < F'is EP < F-fine.

7.2 Proposition

Let F = (Iny)mnezz and G = (Jpp)mnyezz two bifiltrations of a ring
A of EPI type such that F < G.
Suppose G is F'-good. So
i) G is G - good, so EP.
ii) F' is a reduction of G.

Proof
i) Since G is F-good then there are Ny, Ny € N* such that
N1 N
Vm > NyorVn> Noy,  Jpp =Y. Z—fmpnqpq
—1
N1 N g "~ N1 No
We know that J,,,, = szm —pin—qJpq C szm —pn—qJpq © Jmmn
p=1q= p=1g=
N1 No
p=lq=

Whence G is G- good so EP.

ii) For m > Ny or n > No,

N1 Na N1 No
Z me —p,n— quq— mn"‘z-]mn qJOq"‘ZIm —p,n p0+ Z Z[m —p,n— quq

p=0 q=0 q=1 p=1¢=1
- m,n+ Jm,n - Jm,n

because I, ,—qJo,g C Jmn and In_pndpo C Jmn

So F'is a reduction of G.

7.3 Theorem
Let F = (Ipn)mmyezz et G = (Jmn)mmnezz two bifiltrations of a ring A
of EPI type such that F' < G.
If F is a p-reduction of G then :
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i) G is strongly EP.

it) G is F-good.
iii) G is G-good, so EP.

iv) F is a reduction of G
v) G is F-fine if F is EP.

Proof

i) Suppose that F'is a S-reduction of G then F' < G and there exist k, [ € N*
such that Vm >k or Vn > 1, Jyikntt = LmnJki-

We have Vm Z k orVn Z l, Jm+k,n+l = [m,an,l Q Jm,an,l Q Jm+k,n+l-

So Ym>korVn>I, Jypikntt = Jmndi-

Therefore G is strongly EP.

ii) Let m,n such that Vm > 2k and Vn > 21, Jyiknei = Lok -

We have Vm > 2k or V' n > 21, Jpyn = Ln—kn—1Jk,

2%k 2 2%k 2l
So Jmn C > Z[mfp,nfq*]p,q c > ijfp,nfq']p,q C Jmn
p=1 ¢=1 p=1 ¢=1
2% 2
Therefore  Jmn = >, D Ln—pn—qdpg
p=1 q=1

By putting N; =2k and N2 = 2l, there exist N;, Ny € N* such that

Vm > Ny or Vn > N, mn—Z Z[m pn—qJp,q

p=1 q=
So G is F-good.
iii) See proposition 7.2 (i)
iv) If F'is a B-reduction of G then G is F-good according to (ii), F is a
reduction of G (see Proposition 7.2 (ii))
v) Suppose F' is EP bifiltration.
If Fis a f-reduction of G then F is a reduction of G (from v), so there
exist r, s € N* such that
Vm,n € N*, mn—z Z]mpnqpq withm >7r orn>s
p=0 ¢q=0
Since F'is EP bifiltration then there are Ni, Ny € N* such that
Ny N,
‘v’m>N10rn>N2, mn_z ZIm ,n—7j z]

i=1 j=

We pose N = max(r, N;) and N} = max(s, Ny)

/ /
/ /
We have Vm > Ny or Vn > N3, I ppnq= ZZImpmqu”
=1 j=
r s NN

Vm > NjorV¥n > Ny, mn_ZZIm —pn—gdpg = ZZZZImp im—g—ilijIpq

p=0 g= p=0 ¢=0i=1j=
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N N T

S
then Vm > Nj or Vn > Ni, Jopn = > Z > YT p—in—q—iJpg
i=1 j= p:0 q=0
N! N}
So Vm > Ny or Vn > Nj, Jpn C Z ZI”Jm in—j
=1 j=
Since I; ; C J;j then [ ;jJm—in—; C Jw Im—in—i € Jmn
N/ N}
So Jm,n g Z ZIi,ij—i,n—j g Jm,n
i=1 j=1

/ 2
whence Vm > Nj or Vn > NJ, Jp,, = Z ZIUJm in—j
=1 j=
So (G is F-fine.

7.4 Theorem

Let F = (Iyy)mnezz  and G = (Jyp)mn)eze two bifiltrations of a ring
A of EPI type such that F < G.
If F is strongly EP, then the following assertions are equivalent :
i) Fis a B-reduction of G.
ii) F'is a reduction of G.
iii) G is F-good.

Proof
i) = ii) See the theorem 7.3 (iv) .
i) = 1)
Suppose F' is strongly EP then there are k; € N* and k; € N* such that
Likey ks = Lo Iy gy, With  m > kyorn > ks .
Since F'is a reduction of G then there exist r, s € N* such that
Vm,n € N*, mn—z ZIm —pn—qdpg With  m >rorn>s.

p=0 ¢=
We pose k = max(ky,r) and [ = max(kg, s) then

Vm > korVn >, Jm+k,n+l Z EIerk —p,n+l—q pq Z ZImn[k —p,l— quq

p=0g= p=0 g=
Im,n Z ij—p,l—qu,q = ]m,an,l
p=0 q=0
So there exist k,l € N* such that Vim > kor Vn > 1, Jpiknti = Imndri -
Whence F'is a S-reduction of G.
i) = iii) See Theorem 7.3 (ii).
iii) = ii) See proposition 7.2 (ii).
7.5 Proposition

Let F'= (Imn)mmezz  and G = (Jmn)mmezz two bifiltrations of a ring
A of EPI type such that F < G.
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If Gis (Ip1,11p) - good then F is a B-reduction of G.

Proof

If Gis (Ip 1, [10)- good then there exist mg, ny € N such that V m > mg,n >
no,
II,OJm,n = JIm+1n

IO,llm,n = Jm,n+1

We have I{ o Ig 1 Jmn = Jmapntq VP,q > 1 and V- m > mg,n > ny accord-
ing to the consequence 3.1.4 .

We obtain Vp,q > 1 and ¥ m > mo,n > no, Jmipniq = 1 ol51 mn C
IpqImm S JpgImm S Jmipntq

S0 Jmapntqg = IpgImn ¥V m>porn>gq with p=mgorqg=ng.

Whence F'is a S-reduction of G.

7.6 Theorem

Let F' = (Imn)mmezz and G = (Jmn)(mnyezz be two bifiltrations of EPI
type of a ring A such that F < G. Assume that the ideal J,, is finitely
generated for all m,n.

Then F is a reduction of G if and only if R(A, G) is a finitely generated
R(A, F)-module.

Proof. See [3]

8. Bifiltration strongly integral over another

Let F = (Imn)mmyezz €t G = (Jmn)mn)ezz two bifiltrations of ring A
of EPI type.

G is said to be strongly integral over F'if F' < G and if R(A, G) is a finitely
generated R(A, F')-module.

8.1 Theorem

Let F = (Imn)mmezz  and G = (Jmn)mmezz two bifiltrations of a ring
A of EPI type such that F < G.

If A is noetherian ring then F is a reduction of G if and only if G is
strongly integral over F'.

Proof
Suppose that F' is a reduction of GG, since the ring A is noetherian then
JIm,n 1s of finite type; according to Theorem 7.9, we have the result.
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8.2 Theorem
Let F' = (Imn)mmyezz and G = (Jmn)(mmyezz two bifiltrations of EPI
type of a Noetherian ring A.
If F' s strongly EP bifiltration, then the following assertions are equiv-

alent:
i) F'is a B-reduction of G.
it) F is a reduction of G.
iti) G is F-good.
) G is strongly integral over F.
Proof

(i)< (i)« (iii) according to Theorem 7.4

(ii)< (iv) according to Theorem 8.1

References

[1] P. Eakin, The converse to a well known theorem on Noetherian rings,
Math. Ann., 177 (1968), 278-282. https://doi.org/10.1007/bf01350720

[2] Henri Dichi, Daouda Sangare, Mahamadou Soumare, Filtrations, inte-
gral dependence, reduction, f-good filtrations , Communications in Algebra, 20
(1992), no. 8, 2393-2418. https://doi.org/10.1080,/00927879208824470

[3] Idrissa Yaya and Daouda Sangare, On a reduction criterion for bi-
filtrations in terms of their generalized Rees rings, Annales Mathématiques
Africaines, 6 (2017), 45-54.

[4] Moussa Sangaré, Daouda Sangaré and Yoro Dakité, On a characteri-

zation of EP bifiltrations on commutative rings, Africa Mathematics Annals
(AFMA), 6 to appear.

[5] D.G. Northcott and D. Rees, Reductions of ideals in local rings, Math.
Proc. Cambridge Philos. Soc., 50 (1954), 145-158.
https://doi.org/10.1017/s0305004100029194

[6] J.S. Okon and L.J. Ratliff, Jr., Reductions of Filtrations, Pacific Jour-
nal of Mathematics, 144 (1990), no. 1, 137-154.
https://doi.org/10.2140/pjm.1990.144.137



332 Idrissa Yaya

[7] L.J. Ratliff Jr., D.E. Rush, Note on I-good filtrations and Noetherian
Rees Rings, Comm. Algebra, 16 (1988), 955 - 975.
ttps://doi.org/10.1080/00927878808823612

[8] Shiro Goto and Kikumichi Yamagishi, Finite generation of Noetherian
graded rings, Proceedings American Math. Soc., 89 (1983), no. 1, 41.
https://doi.org/10.1090/s0002-9939-1983-0706507-1

[9] M. Traoré-H. Dichi-D. Ssngaré Bifiltrations, Polynomes de Hilbert-
Samuel, Multiplicités, Annales Mathématiques Africaines Série 1, 2 (2011),
7-21.

Received: October 10, 2018; Published: November 15, 2018



