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Résumé en Francais

Cette thése est une contribution a I’étude de la géométrie des fibrés cotangents des groupes
de Lie et des espaces homogénes.

Nous caractérisons complétement les groupes des automorphismes des fibrés cotangents
des groupes de Lie et montrons qu’ils sont des groupes de Lie super-symétriques (Theorem
2.3.2). Dans le cas particulier d'un groupe de Lie orthogonal, c’est-a-dire un groupe de
Lie muni d’une métrique bi-invariante, nous utilisons la métrique pour réinterpréter les
relations et retrouver des résultats connus de cohomologie.

Le fibré cotangent 7T*G d’un groupe de Lie G peut étre identifier au produit cartesien
G x G*, ou G* est I'espace dual de 'algébre de Lie § de G. On peut alors munir 7*G de la
structure de groupe de Lie obtenue par produit semi-direct de G et §* via la représentation
coadjointe. Cette structure de groupe de Lie fait de 7*G un double de Drinfel’d.

Nous avons également étudié les préderivations des algébres de Lie des fibrés cotangents
des groupes de Lie. Nous montrons que 1’algebre des préderivations des algebres de Lie des
groupes de Lie fibrés cotangents des groupes de Lie sont réductives. Miiller a montré que
toutes les préderivations d’une algébre de Lie semi-simple sont des dérivations (interieures).
Nous étendons ce résultat en montrant que si un groupe de Lie est semi-simple alors toutes
les préderivations de 'algébre de Lie de son fibré cotangent sont des dérivations quoi que
le fibré cotangent soit non semi-simple (Theorem 3.4.1).

Un autre théme abordé dans cette thése est I’étude des métriques bi-invariantes sur les
fibrés cotangents des groupes de Lie. Nous caractérisons toutes les métriques bi-invariantes
sur les fibrés cotangents des groupes de Lie et étudions le groupe de leurs isométries.
L’algebre de Lie de ce groupe d’isométries n’est rien d’autre que 1’algeébre de toutes les
préderivations de 1’algebre du fibré cotangent qui sont antisymétriques par rapport a la
structure orthogonale induite sur ’algébre de Lie du fibré cotangent.

Enfin, nous avons fait une introduction a la géométrie du groupe de Lie des transfor-
mations affines de la droite réelle. Nous donnons des expressions explicites d’une forme
symplectique, d’une structure affine, des géodésiques de cette structure affine. La forme
symplectique donnant lieu a une solution des équations Classiques de Yang-Baxter, nous
avons également étudié le groupe de Lie double de Drinfel’d du groupe des transformations
affines de la droite réelle.
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(General Introduction

This thesis is a contribution to the large task of studying the geometry of cotangent bundles
of Lie groups and the geometry of homogeneous spaces.

One of the greatest importance of the cotangent bundle 7T*G of a Lie group G is that
it is a symplectic manifold on which G acts by symplectomorphisms with a Lagrangian
orbit. A symplectic Lie group is a pair (G,w) consisting of a Lie group G and a closed
non-degenerate 2-form w which is invariant under left translations of G. If identified with
the Cartesian product G x G*, the cotangent bundle T*G possesses a Lie group structure
obtained by semi-direct product 7*G := G x §* using the coadjoint action of G on the dual
space G* of the Lie algebra G of G. This Lie group structure together with the Liouville
form is not a symplectic Lie group. But, if G carries a left-invariant affine structure, then
its cotangent bundle carries a symplectic Lie group structure. This particular Lie group
structure, sometimes called "cotangent” , is obtained by taking the semi-direct product of
G and the dual space G* of its Lie algebra G by means of a natural action given by the
affine structure on G. The corresponding Lie algebra is the semi-direct product via the left
multiplications given by the left-symmetric product. The two Lie group structure on T*G
defined above are not isomorphic.

It is also well known, since the works of Drinfel’d ([32]), that 7*G (with the Lie group
structure performed by semi-direct product G x G* via the coadjoint representation of GG
on §* ) is a particular case of the large class of the so-called Drinfel’d double Lie groups.
As a Drinfel’d double Lie group, 7*G admits a metric which is invariant under left and
right translations (|32]). This Lie group structure on 7*G does not admit a left-invariant
symplectic form, except in the Abelian case.

In this thesis we deal with the Lie group structure which make 7*G a
Drinfel’d double Lie group of G.

Studying the geometry of a given Lie group is to study invariant structures on it. The
cotangent bundle T#G of a Lie group G can exhibit very interesting and rich algebraic and
geometric structures (affine, symplectic, pseudo-Riemannian, Kéhlerian,...[56], [47], [34],
[32], [28], [5])-

Such structures can be better understood when one can exhibit the group of transfor-
mations which preserve them. This very often involves the automorphisms of 7*G, if in
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General Introduction 2

particular, such structures are invariant under left or right multiplications by the elements
of T*G. This is one of the reason for which we deal with automorphisms of cotangent bun-
dles of Lie groups in Chapter II of this dissertation. We study the connected component
of the unit of the group of automorphisms of the Lie algebra D := T*G of T*G. Such a
connected component being spanned by exponentials of derivations of D, we often work
with those derivations. Let der(G) stand for the Lie algebra of derivations of G, while J
denotes that of linear maps j : § — G satisfying j([z,y]) = [j(x),y], for every elements
x,y of §. We give a characterization of all derivations of 7*G (Theorem 2.3.1) and show
that in particular, if G' has a bi-invariant Riemannian or pseudo-Riemannian metric, then
every derivation ¢ of D can be expressed in terms of elements of der(§) and J alone. Fur-
thermore, we give prominence to the fact that the Lie group Aut(D) of automorphisms
of D is a super symmetric Lie group and its Lie algebra der(D) possesses Lie subalgebras
which are Lie superalgebras, i.e. they are Z/2Z-graded Lie algebras with the Lie bracket
satisfying [z, y] = —(—1)%9@49W) [y 7] (Theorem 2.3.2). We also consider particular cases
(e.g. orthogonal Lie algebras, semi-simple Lie algebras, compact Lie algebras) and recover
by simple methods interesting cohomological known results (Section 2.3.6).

In Chapter III we completely characterise the space of prederivations of D, that is
endomorphisms p of D which satisfy

p([z. [y, 2]]) = [p(x), [y, 2] + [z, [p(y), 2]] + [z, [y, p(2)]],

for every elements x,y, z of D. The Lie algebra der(D) is a subalgebra of the Lie algebra
Pder(D) of prederivations of D. Prederivations can be used to study bi-invariant metrics
on Lie groups ([6], [9], [64]). One of the important results within this chapter is: If G is
a semi-simple Lie group with Lie algebra G, then any prederivations of T*G (not semi-
simple) is a derivation. This is an extension of the result of Miiller ([64]) which states that
any prederivation of a semi-simple Lie algebra is a derivation, hence an inner derivation.
We also give a structure theorem for Pder(D) which states that Pder(D) decomposes into
Pder(7*G) = G0 @ G1, where Gy is a reductive subalgebra of Pder(D), that is [F0, 0] C o
and [0, 91] C 9. Semi-simple, compact and more generally orthogonal Lie algebras are
also considered in this chapter.

We study bi-invariant metrics of cotangent bundles of Lie groups in Chapter IV. In
this chapter we characterise all orthogonal structures on 7*G (Theorem 4.3.1) and their
isometries. It is known that if (G, u) is a connected and simply-connected orthogonal Lie
group with Lie algebra G, then the isotropy group of the neutral element of GG in the group
I(G, ) of isometries of (G, i) is isomorphic to the group of preautomorphisms of § which
preserve the non-degenerate bilinear form induced by p on G and whose Lie algebra is the
whole set of skew-symmetric prederivations of G (|64]). We characterise the isometries of bi-
invariant metrics through the skew-symmetric prederivations with respect to the orthogonal
structures induced on 7*§ by the bi-invariant metrics (Proposition 4.3.2). In the case where
G possesses an orthogonal structure, we proved that any orthogonal structure on 7*SG can
be expressed in terms of the duality pairing and endomorphisms of § which commute with
all adjoint operators (Theorem 4.4.1). If G is a semi-simple Lie algebra, we prove that any
prederivation of 7*G which is skew-symmetric with respect to any orthogonal structure on
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T*§ is an inner derivation (Proposition 4.5.1); that is the connected component of the unit
of the Lie group of isometries of any bi-invariant metric on 7*G is spanned by exponentials
of inner derivations of 7%G. Examples of the affine Lie group of the real line, the special
linear group SL(2,R), the group SO(3,R) of rotations and the 4-dimensional oscillator
group are given.

The geometry of the Lie group of affine motions of the real line is explored in Chapter
V. The geodesics of the left invariant affine structure induced by the symplectic structure
are studied as well as integrale curves of left invariant vector fields. Since, the symplectic
form considered on the affine Lie group corresponds to an invertible solution of the Classical
Yang-Baxter equation, we have also studied the geometry of the corresponding double Lie
group. The affine and complex structures on the double introduced by Diatta and Medina

(]28]) are considered.
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CHAPTER ONE

INVARIANT STRUCTURES ON LIE GROUPS

Contents

1.1 Orthogonal Structures on Lie Groups . . ... ... ......

1.2 Poisson Structure on Lie Groups . . ... ... ... .. .... 7
1.3 Yang-Baxter Equation . ... ...... ... ... . .00 11
1.4 Symmetric Spaces . . . . . . . it e e e 12
1.5 Reductive Liealgebras . . ... ... ... ............ 13
1.6 Lie Superalgebras .. ... ... ... ... . 0000, 13
1.7 Cohomology of Lie Algebras . . . ... ... ... ........ 15
1.8 Affine Lie Groups . . . . . ¢ ¢ ¢« v i v v v i v v it e e e e e 16

This chapter is to make this thesis as self contained as possible. It defines basic notions
and terminologies which might be useful throughout this dissertation.

1.1 Orthogonal Structures on Lie Groups

1.1.1 Definition and Examples

Let G be a Lie group, € its identity element, G its Lie algebra and T'G its tangent bundle.
Let G* stand for the dual space of G and let K stand for the field R of real numbers or the
field C of complex numbers.

Definition 1.1.1. A bi-invariant pseudo-metric on G is a function p: TG — K which is
quadratic on each fiber, nondegenerate and invariant under both left and right translations
of the group G.

A bi-invariant pseudo-metric on the Lie group G corresponds to a non-degenerate
quadratic form ¢ : § — K for which the adjoint operators are skew-symmetric; that is,
if v also denotes the corresponding symmetric bilinear form on G, we have

u([z,y),2) + p(y, [z, 2]) =0 (1.1)

for every x,y, z in G.
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Orthogonal Structures on Lie Groups 5

Conversely, if § admits a non-degenerate symmetric bilinear form for which the adjoint
operators are skew-symmetric, then there exists, on every connected Lie group with Lie
algebra G, a bi-invariant pseudo-metric.

Throughout this work, a non-degenerate symmetric bilinear form on G for which the
adjoint operators are skew-symmetric is called simply a bi-invariant scalar product or an
orthogonal structure on G as well as a bi-invariant pseudo-metric on G is called a bi-
invariant metric or an orthogonal structure on G.

Lie groups (resp. Lie algebras) with orthogonal structures are called orthogonal or
quadratic (see e.g. [58], [60]). In [3] orthogonal Lie algebras are called metrizable Lie alge-
bras.

In |58], Medina and Revoy have shown that every orthogonal Lie algebra is obtained
by the so-called double extension procedure.

Consider the isomorphism of vector spaces 0 : § — G* defined by

(0(x),y) = p(z,y), (1.2)

where (,) on the left hand side, is the duality pairing (z, f) = f(z), between elements x of
G and f of §*. Then, 0 is an isomorphism of G-modules in the sense that it is equivariant
with respect to the adjoint and coadjoint actions of G on G and G* respectively; i.e.

foad, =ad; o0, (1.3)
for all x in G. Which is also
0 oad =ad, 007", (1.4)

for all # in G. The converse is also true. More precisely, a Lie group (resp. algebra) is
orthogonal if and only if its adjoint and coadjoint representations are isomorphic. See
Theorem 1.4. of [60].

Example 1.1.1. Any Abelian Lie algebra with any scalar product is an orthogonal Lie
algebra.

Example 1.1.2. Semi-simple Lie algebras with the Killing forms are orthogonal Lie alge-
bras.

Example 1.1.3 (Oscillator groups or diamond groups). Let A = (A1, Ag, ..., \,), where
0 <X <X <--- <\, are positive real numbers. On R?"*2 = R x R x C", define the
operation

(t,s5 215000y 2n) - (U85 21,0, 20)
1 . . ,
(t ' shs 0 Im(zze™) 5 At e g+ z;e“"t), (1.5)
j=1
where t,t',s, s’ are real numbers while z;, 2/, i = 1,2,...,n, are in C. Endowed with the

operation (1.5) and the adjacent manifold structure, R*"*? is a Lie group of dimension
2n + 2. This Lie group is noted by G, and is called Oscillator group in [12], [29], [35],
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Orthogonal Structures on Lie Groups 6

[68] (for dimension n = 1), twisted Heisenberg group in [73| and diamond group in
other literature (|73]).

The Lie algebra of GG, called oscillator algebra of dimension 2n + 2, is the vector
space spanned by {e_1, g, €1, €2, ..., 6,61, Ea, ..., E,} with the following non-zero brackets:

leei] = Né; 5 le1, 6] = =Njej 5 ey, €5] = eo. (1.6)

The oscillator Lie algebra is noted by G,. Every element = of G, can be written:
r = ae_y + feg + Z aje; + Zﬁjéj. (1.7)
j=1 j=1

where o, 3, a;, B; (1 < j < n) are real numbers. Then the following quadratic form defines
an orthogonal structure on Gy (see [12]):

kx(z,z) = 2045—#2 (af +52) (1.8)

Oscillator groups are subject of a lot of studies ([29], [31], [35], [36], [50], [59], [68] ). They
appear in many branches of Physics and Mathematical Physics and give particular solutions

of Einstein-Yang-Mills equations (|50]).

1.1.2 Hyperbolic Lie Algebras, Manin Lie Algebras

Definition 1.1.2. A hyperbolic plan E is a 2-dimensional linear space endowed with a
non-degenerate symmetric bilinear form B such that there exists a non-zero element v of
E with B(v,v) = 0. A hyperbolic space is an orthogonal sum of hyperbolic plans.

Remark 1.1.1. A hyperbolic space is of even dimension.
For more about hyperbolic spaces, see [48|.

Definition 1.1.3. A hyperbolic Lie algebra is an orthogonal Lie algebra which contains
two totally isotropic subspaces in duality for the orthogonal structure.

Definition 1.1.4. A Manin Lie algebra is an orthogonal Lie algebra G such that:
e G admits two totally isotropic subalgebras by and ho;
e Iy and by are in duality one to the other for the orthogonal structure of G.

In this case, (G, b1,b2) is called a Manin triple.
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1.2 Poisson Structure on Lie Groups

1.2.1 Poisson Brackets, Poisson Tensors on a Manifold

Definition 1.2.1. A C*-smooth Potsson structure (Poisson bracket) on a C>-smooth
finite-dimensional manifold M is an R-bilinear skew-symmetric operation

e (M) x (M) —s €=(M)
(fr9) — A{f 9}

on the space C°(M) of real-valued C>*-smooth functions on M, such that
o (€*(M),{,}) is a Lie algebra;

(1.9)

e {,} is a derivation in each factor, that is it verifies the Liebniz identity

{f.gh} ={f.gth+g{[f.h} (1.10)
for every f,g,h in C®(M).
A manifold equipped with such a bracket is called a Poisson manifold.

Example 1.2.1. Any manifold carries a trivial Poisson structure. One just has to put
{f, g} =0, for all smooth functions f and g on M.

Example 1.2.2. Let (z,y) denote coordinates on R? and p : R*> — R be an arbitrary
smooth function. One defines a smooth Poisson structure on R? by putting

(g} = (ﬂ@ - ﬁ@) » (1.11)

for every f,g in C>(R?).

Example 1.2.3. A symplectic manifold (M,w) is a manifold M equipped with a non-
degenerate closed differential 2-form w, called a symplectic form. If f : M — R is a
function on (M,w), we define its Hamiltonian vector field, denoted by Xy, as follows:

ix,wi=w(Xy,)=-Tf, (1.12)

where T'f stands for the differential map of f. One defines on (M,w) a natural bracket,
called the Potsson bracket of w, as follows:

1,9} =w(Xy, Xy) = —(T'f, Xy) = = Xy(f) = X(9), (1.13)

for every f,g € C*°(M). Thus, any symplectic manifold carries a Poisson structure.

Let (M,{,}) be a Poisson manifold. To every f in €>(M) corresponds a unique vector
field Xy on M such that

Xi(g) ={f, g}, (1.14)

for every g € €*(M) (see e.g. [57]). This is an extension of the notion of Hamiltonian vector
field from the symplectic to the Poisson context. Thus, X is called the Hamaltonian
vector field associated to f as well as f is called the Hamaltonian function of X;.
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Definition 1.2.2. A map ¢ : (My,{, }1) = (Ma, {, }2) between two Poisson manifolds is
said to be a Poisson morphism if it is smooth and satisfies

{fo¢7go¢}1 :{f,g}gogb, (115)
for every f,g in C®(My).

Example 1.2.4. If (My,{, }1) and (Ms,{, }2) are Poisson manifolds, then M; x M, has a
Poisson structure characterized by the following properties:

1. the projections m; : My X My — M;, 1 = 1,2, are Poisson morphisms;
2. {fom,gom}s =0, for any f in C®(M;) and g in C°(My).

Example 1.2.5 (Kirilov-Kostant-Sauriau (KKS)). Let G be a finite dimensional Lie alge-
bra seen as the space of linear maps on its dual §*; i.e. § = (§*)* C C*(G*). Let f,g be
in €*°(9*) and « belongs to §*. If T, f and T,g denote the differentials of f and g at the
point « (seen as elements of G), one defines a linear Poisson structure on §* by putting:

{f7g}(a) = <C¥, [Tocfa Tag]9>7 (116)

where (,) in the right hand side stands for the pairing between § and its dual.
This structure plays an important role in many domains of mathematical physics, quan-
tization, hyper-kidhlerian geometry, ...

Let M be a smooth manifold of dimension n (n € N*) and p a positive integer. Denote
by APT'M the space of tangent p-vectors of M. It is a vector bundle over M whose fiber over
each point x € M is the space APT, M = AP(T,M), which is the exterior antisymmetric
product of p copies of the tangent space T, M. Of course AYTM = TM.

Let (z!,...,2") be a local system of coordinates at * € M. Then APT,M admits a

. . . . 8 8 . . . .
linear basis consisting of the elements 77 A ... A 5% (x) with i) < iy < ... <.

Definition 1.2.3. A smooth p-vector field m on M is a smooth section of APT M, i.e. a
map © from M to APT M , which associates to each point x of M a p-vector w(x) of NPT, M,
i a smooth way.

Given a 2-vector field m on a smooth manifold M, one defines a tensor field, also denoted
by m, by the following formula:

{f,h} =n(f,h) = (Tf ANTh,n) (1.17)
Definition 1.2.4. A 2-vector field w, such that the bracket given by (1.17) is a Poisson
bracket, is called a Poisson tensor, or also a Poisson structure.
Any Poisson tensor 7 arises from a 2-vector field which we will also denote by 7.

Example 1.2.6. The Poisson tensor corresponding to the standard symplectic structure
w=>1_ dz* Ndy* on R*™is Y7, % A a;:k'
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1.2.2 Poisson-Lie Groups

Definition 1.2.5. Let G be a Lie group. A Poisson-Lie structure on G is a Poisson
tensor ™ on the underlying manifold of G such that the multiplication map

GxG — G

(9,9) = g9 (1.18)

is a Poisson morphism (is grouped as said in [32]); G x G being equipped with the Poisson
tensor product ™ X 7.

A Lie group G with a Poisson-Lie structure 7 is called a Poisson-Lie group and is
denoted by (G, 7).

The Definition 1.2.5 is equivalent to the following:
m(gh) = Ty Ly - w(h) + T, Ry, - w(g), (1.19)

for every g, h in G, where the differentials T,L;, and T,R) of the left translation L, and
the right translation R, are naturally extended to the linear space A*T,G; i.e.

T,Ly- (X AY) = (T,Ly - X) A (T,Ly - Y), (1.20)
T,Ry,- (X AY) = (T,Ry- X) A (T,Ry-Y), (1.21)

for any X,V in T;G.

Definition 1.2.6. Let G be a Lie group. A tensor field m on G s called multiplicative if it
satisfies Relation (1.19).

Example 1.2.7. To every Lie algebra corresponds, at least, one Poisson-Lie group. Indeed,
the dual space (seen as an Abelian Lie group) of any Lie algebra, endowed with its linear
Poisson structure given in Example 1.2.5 is a Poisson-Lie group.

Every Lie group possesses, at least, one non-trivial Poisson tensor (see [24]).

1.2.3 Dual Lie Group, Drinfel’d Double of a Poisson-Lie Group

Let G be a Lie group with Lie algebra G, m a Poisson-Lie tensor on G with corresponding
bracket {, }. One obtains a Lie algebra structure [, ]. on the dual space §* of G by setting

v, Bl == T S, 97, (1.22)

where f and g are smooth functions on G such that « and [ are equal, respectively, to the
differentials of f and ¢ at the identity element € of G: T.f = o, T.g = .

Definition 1.2.7. 1. The bracket (1.22) is called the "linearized” bracket of ™ at € and
the pair (G, [, ].) is said to be the "linearized" or the dual Lie algebra of (G,7) or
of (G, \), where X :=T.w : G — A%G (X is the transpose of [,]. : A’G* — G*).

2. FEvery Lie group, with Lie algebra (G, [, ]«) is called a dual Lie group of (G, ).
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3. A subgroup H of a Poisson-Lie group (G,7) is said to be a Poisson-Lie subgroup of
(G, m) if it is also a Poisson submanifold of (G, ).

Definition 1.2.8. Let G be a Lie algebra.

1. A Lie bi-algebra structure on G is a 1-cocycle \ : G — A%G for the adjoint rep-
resentation of G such that its transpose \' : A2°G* — G* defines a Lie bracket on the
vector space G*.

2. A Lie algebra, with a Lie bi-algebra structure, is called a Lie bi-algebra.
A Lie bi-algebra will be denoted by (G, \) or (G, §*).

Theorem 1.2.1. (/32]) Let G be a simply connected Lie group. A Poisson structure, with
Poisson tensor m, on G bijectively corresponds to a Lie bi-algebra structure A =T, on the
Lie algebra G of G.

Let (G,[,]) be a Lie algebra. Suppose (G, G*) is a Lie bi-algebra and let [,]. denote the
induced Lie bracket on G*. Then, the transpose of the Lie bracket of G is a 1-cocycle of
the Lie algebra (9%, [,]+). Hence, the Lie algebras (9, [,]) and (G, ][, ]+) act one to the other
by their respective coadjoint actions. The space § x G* can be equipped with the scalar
product:

((, f); (y,9)) = [(y) + g(2), (1.23)

for every z,y in G and every f, g in G*.
We have the following result due to Drinfel’d.

Theorem 1.2.2. (/32]) The following are equivalent:
1. (G,9%) is a Lie bi-algebra;

2. D:=(9xG%(,)) is equipped with a unique structure |,]p of orthogonal Lie algebra
such that:

(a) G and §* are Lie subalgebras of D;
(b) G and G* are totally isotropic and in duality for the scalar product ().
In this case, for every x in' G and g in G*,
[z, 9lp = ad,g — adyx (1.24)
Definition 1.2.9. The Lie algebra D of the Theorem 1.2.2 is called the Drinfel’d double

Lie algebra of (G,m) or of (G, := T.m). Every Lie group, with Lie algebra D, is called a
Drinfel’d double Lie group of (G, ).

The Lie bracket on D reads:
(2, 1), (v, D)o = ([x, 4] + ad}y — ad}z, [f, 9]« + adyg — ad; f) (1.25)
for every (x, f) and (y,g) in D.

Since its introduction in 1983 ([32]), the notion of Drinfel’d double attracted many
researchers ([2], [13], [18], [21],[22], [24],[28], [46]).
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1.3 Yang-Baxter Equation

Let M be a smooth manifold. For any integer p, let €2,(M) stand for the space of smooth
sections of APT'M and let Q.(M) be the direct sum of the spaces Q,(M), where

o (,(M)={0},ifp<0;
o Qy(M) =C€>(M);
(M)

(

= X(M) (smooth vector fields on M) ;

M) ={0}, if p > dim M.

Theorem 1.3.1 (Schouten Bracket Theorem). There erists a unique bilinear operation
] Qu(M) x Qu(M) — Q. (M) natural with respect to restriction to open sets, called the
Schouten Bracket, that satisfies the following properties:

1. [,] is a biderivation of degree —1, i.e. for all homogeneous elements A and B of

Q.(M) and any C in Q.(M),

o deg[A, B =degA+degB —1 ; and
e [A\BAC]=[A B AC+ (—1)desAtDdes Bp A [A (] ;

2. [,] is defined on C*(M) and on X(M) by

(a) [f,9] =0, for any f,g in €*(M) ;
(b) (X, fl=X-f, for all f in C°(M) and any vector field X on M ;
(c) [X,Y] is the usual Jacobi-Lie bracket of vector fields if X andY are in X(M) ;

3. [A,B] = (—1)desAdee B[p 4],
In addition, we have the graded Jacobi identity
(_1>degAdegCHA7 B]? C] + (_1>degBngA[[B7 C]u A] + (_1>d€ngeg3HC, A]? B] =0 (126)

for all homogeneous elements A, B, C' of Q..(M).

Let G be a Lie group with Lie algebra G. On the Z-graded vector space AG := @,ezAPS
we consider the structure of graded Lie algebra obtained by the extension of the Lie bracket
of G satisfying the properties of the definition of the Schouten’s bracket.

Let r € A%2G and note by 7 the 1-coboundary defined by
n(g) = Adgr —, (1.27)

for all g in G.

Let r* and r~ denote the left invariant and right invariant tensor fields associated to
r respectively. One wonders whether the corresponding multiplicative tensor 7 := r* —r~
is Poisson. The answer is given by the
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Proposition 1.3.1. (/51]) Let A be a contravariant skew-symmetric 2-vector field on a
manifold M.

(i) A is Poisson if and only if [N, A] =0 (this is equivalent to the Jacobi identity);
(i1) If [A,A] =0, then the map

9: QM) — Q.(M)
[

e AP (1.28)

is an operator of cohomology, i.e. Oy o Oy = 0.

Definition 1.3.1. The cohomology defined by (it) of Proposition 1.3.1 is called the Poisson
cohomology of the Poisson manifold (M, ).

According to the Proposition 1.3.1, the tensor field 7 is Poisson if and only if the
3-tensor field
[ﬂ-aﬂ-] = [T+7r+] + [T_a ’f‘_] = [Ta T‘]+ - [n T]_ (129)
vanishes identically or equivalently, for every g € GG, the 3-tensor
(7, 7]y == T(Adg[r,r] — [r,7]) (1.30)

equals zero. Hence, 7 defines a Lie-Poisson tensor if and only if the 3-vector [r,r] is Adg-
invariant, ¢.e. for all g € G,

Adglr,r] = [r,7] (1.31)
Definition 1.3.2. 1. Equation (1.31) below is called the Generalized Yang-Bazter
Equation (GYBE) and its solutions are called r-matrices.

2. In the particular case where [r,r] =0, one says that v is a solution of the Classical
Yang-Bazter Equation (CYBE).

1.4 Symmetric Spaces

Let G be a connected Lie group with Lie algebra G and identity element e.

Definition 1.4.1. A symmetric space for G is a homogeneous space M = G/H such
that the isotropy group H of any arbitrary point is an open subgroup of the fized point set
Gy, :={9g€G:0(9) =g} of an involution o of G.

The involution ¢ is in fact an automorphism of G and fixes the identity element e.
Hence, the differential at € of ¢ is an automorphism, also denote by o, of the Lie algebra
G with square equal to the identity mapping of G: 0 = Idg. Then the eigenvalues of o are
+1 and —1. The eigenspace associated to +1 is the Lie algebra § of H. We denote the —1
eigenspace by m. Since o is a automorphism of G, we have the following decomposition

S=hdm (1.32)
with
b,hlCh 5 [hmCm ; [mm|Ch. (1.33)

Conversely, given any Lie algebra § with direct sum decomposition (1.32) satisfying (1.33),
the linear map o, equal to the identity on h and minus the identity on m, is an involutive
automorphism of G.
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1.5 Reductive Lie algebras

Let G be a finite dimensional Lie algebra over a field K of characteristic zero.

Definition 1.5.1. A subalgebra by is said to be reductive in G if G is a semisimple h-module;
that is G is a sum of simple h-modules in the adjoint representation of b in G. The Lie
algebra G is said to be reductive if it is a reductive subalgebra of itself.

Let G be an arbitrary finite dimensional Lie algebra over K, V' be a semisimple G-module
and I be the ideal I = {zx € §G: 2 -V = {0}}. Now set h = G/I. By a result (see [16]) due
to E. Cartan and N. Jacobson, we have h = [h,h] + Z(h), where Z(h) is the center of b,
[h, b] is semisimple, and V' is semisimple as a Z(h)-module.

Now suppose that G is reductive. Since the center Z(G) of G is a G-submodule of G,
there is an ideal J of G such that § is the direct sum J @ Z(G). By the result we have cited
above, we have J = [J, J| + Z(J), where Z(J) is the center of J and [J, J] is semisimple.
But, of course, [J,J] = [9,G] and Z(J) = {0}. Hence, § = [3,9] + Z(9) and [9, 9] is
semisimple. Conversely, it is clear that if a finite dimensional Lie algebra G over K satisfies
these last conditions, then G is reductive.

1.6 Lie Superalgebras

Let K be an Abelian field of characteristic zero.

1.6.1 Definition of a Lie Superalgebra
Definition 1.6.1. A K-linear space L is a K-superalgebra, with superbracket [-,-], if

a) it is Z)27-graded, i.e.

L=Lg®L; ; [Ly L)Ly ; [Lg,Li]C Ly ; |[Li,Li]C Lg (1.34)

b) for every homogeneous elements a,b, c of L,
(=)l [b, ¢]] + (=D)PHeb, [¢, a]] + (= 1)I[e, [a, b]] = 0. (1.35)

where |a| (respectively |b| and |c|) stands for the degree of a (respectively b and c).

For a K-superalgebra L = L® L1, Lg is an ordinary Lie algebra while Lg is a Lg-module.
Each element z of L can be uniquely written:

z =25+ 27 (1.36)

where 25 € Ly and 271 € Li. One says that zg is the component of degree 0 of z and 27 is
the component of degree 1 of z.
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1.6.2 Derivations of Lie Superalgebras

See [42] for more about Lie superalgebras.
Definition 1.6.2. Let L be a Lie superalgebra over K.
1. A derivation of degree 0 of L is an endomorphism D : L — L such that
D(Lg) C Ly ; D(Li)CLi ; Dla,b]=[D(a),b]+[a, D(b)] (1.37)
for every a,b € L.
2. A derivation of degree 1 of L is an endomorphism D : L — L such that
D(Ly) C L1 ; D(Li) C Ly 5 Dla,b] =[D(a),b] + (~1)"[a, D(B)]  (1.38)
for every homogeneous element a of L and every element b € L.

3. More generaly, a derivation of degree r(r € Zsy := 7Z/27) of a Lie superalgebra L is
an endomorphism D € End,.(L) := {¢ € End(L) : p(Ls) C Lyis}.

Note by derg(L) the set of derivations of L of degree 0 and by deri(L) the set of
derivations of L of degree 1. Then,

der(L) = derg(L) @ deri(L) (1.39)

Hence, to know the derivations of a Lie superalgebra L it sufficies to know the derivations
of degree 0 and the derivations of degree 1. If d is in der(L), we write

d=dg+ds (1.40)
with dy € derg(L) and di € dery(L).
Proposition 1.6.1. Let d = dy + di € der(L). Then,
1. About dg:
a) do|r, + Lo — Lo is a derivation of the Lie algebra Ly.
b) If z5 € Ly and 21 € L1, then

dolz0, 1) = [do(20), 21] + [20, do(21)]; (1.41)
that is the endomorphism dyy, Ly — Ly verifies
(s, ad; )L, = ad(dﬁ(zﬁ))\Li' (1.42)
¢) For every 21,21 € Ly,
dg[21, 21] = [do(21), 21] + [21, do(21)] (1.43)

2. About dy:
a) The morphism dijr, + Lo — L1 verifies
dilz5, 2] = [di(2), 2] + [20, di(%5)]; (1.44)
for every 2, 2§ € Lg; i.e. dijz, © Lo — L1 is a 1-cocycle.
b) The morphism dijp, + L1 — Lg satisfies
dilzg, 21] = [di(2p), 21 + [20, di(21)] (1.45)

for every 25 € Lg and every 21 € Ly
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1.7 Cohomology of Lie Algebras

Let G be a Lie algebra over a field K of characteristic zero.

Definition 1.7.1. A G-module is a linear space V' of same dimension than G with a bilinear
map ¢ : G xV =V such that

QD([ZE,y],U) - QD(JZ,QD(yﬂ})) - 90<ya ()0(1‘77}))7 (146)
for every elements x, y of G and every vector v in V.

A G-module corresponds to a representation of G on the linear space V', that is a
homomorphism ® : § — gl(V') defined by:

O (z)(v) = p(z,v) == - v, (1.47)
for every x in G and every v in V.
Definition 1.7.2. Let V be a G-module and p be a non-zero integer (p € N*).

o A cochain of G of degree p (or a p-cochain) with values in V is a skew-symmetric
p times
p-linear map from g =g x --- X g to V.

e A cochain of degree O (or a 0-cochain) of G with values in V' is a constant map from

StoV.

Note by €P(G, V) the space of p-cochains of § with values in V. We have:

Hom(APG, V), sip>1;
CP(G,V)=¢ V sip=0; (1.48)
(0} sip < 0.

The space of cochains of § with values in V' is denoted by €*(G,V) := &,CP(9,V). One
endows CP(G, V) with a §-module structure by setting :

(@ @) (1, wp) =2 B, ywp) = Y Blan,. . wi, [5,2], 2, 1p)  (LA9)

1<i<p

forall x,24,...,2, in G and all ® in CP(G, V). This structure can be extended to the space
(S, V).

Let us now define the endomorphism d : €*(G,V) — €*(G,V), called coboundary
operator:

o If ®isin C%G,V) =V and z is in G, then

(d®)(x) = dP(x) = x - D. (1.50)
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e Forp>1,xy,...,2p11 in g and ® in CP(g, V),

(Ad) (1, wpr) = > (1) Moy R(ay,. . de . Tpn) (1.51)
1<s<p+1
+ Z S+tq) xs,xt] .1'1,...,is,...,it,...,merl)
1<s<t<p+1

This endomorphism sends (G, V') on C?™1(G, V). One denotes by d,, the restriction of
d to the space CP(G, V) of p-cochains. We have the

Proposition 1.7.1. d* :=dod = 0. More precisely d, o d,_1 = 0, for every integer p.
The proof can be readed in [37].
Set ZP(G,V) := kerd, and B*(9,V) := Imd,_.

Definition 1.7.3. An element of ZP(G,V) is called a cocyle of degree p (or p-cocycle) of
G with values in 'V while an element of BP(G, V) is said to be a coboundary of degree p (or
p-coboundary) of g with values in V.

Since d? = 0, one has: BP(G,V) C ZP(G,V). Then, we set, for p > 1,
HP(G, V) :=ZP(G,V)/B"(G,V). (1.52)

Definition 1.7.4. H?(G,V) is the space of cohomology of G of degree p (or p™ space of
cohomology of G) with values in V.

1.8 Affine Lie Groups

Definition 1.8.1. A n-dimensional affine manifold is smooth manifold M equipped with a
smooth atlas (U;, ®;); such that the transition functions ®; o &5 @, Uin;) Q,;(U;NU;) —
il WUy

Q,(U; NU;), whenever they exist, are restrictions of affine transformations of R™.

The definition below is equivalent to the following: if (U;, ®;) and (U;, ®;) are two
charts of the atlas satisfy U; N U; then there exists an element 6;; of the affine group
Aff(R™) = GL(n,R) x R™ of R™ such that

P, 0 d ! =0,

io|e;UinUy) T H @ (UNU;)

(1.53)

Recall that Aff(R™) is the group of diffecomorphimsms of R™ which preserve the standard
connection V of R™:
a 0
VxY = X - 1.54
X Z( fe)m— oy’ ( )
k=1
where Y = >0, fk%. Every open set U; is then endowed with a connection V¢ which
is the reciprocal image by ®; of the connection induced on ®;(U;) by V. The connection
V¢ is torsion free and without curvature. Since the transition function preserve V, the

connections V’ can be perfectly glued into a zero-curvature and torsion free connection on
the manifold M.
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Definition 1.8.2. An application f : M — N between two affine manifold is called an
affine transformation if

e it is smooth ;

e for all charts (U, ®) of M and (V,¥) of N such that f~*(V)NU # 0, the function
Vo fodl:d(f Y (V)NU)—= U(fHV)NU) is the restriction of an element of
Aff(R™).

Definition 1.8.3. A Lie group G endowed with a left-invariant affine structure is called
an affine Lie group. In other words, an affine Lie group is a Lie group equipped with an
affine structure for which the left translations are affine transformations.

The existence of affine structures is a difficult and interesting problem ([39],[63], [54], [52]).
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2.1 Introduction

Let G be a Lie group whose Lie algebra G is identified with its tangent space T.G at the
unit €. Throughout this work the cotangent bundle T*G of G, is seen as a Lie group which
is obtained by the semi-direct product G x G* of G and the Abelian Lie group §*, where
(G acts on the dual space §* of G via the coadjoint action. Here, using the trivialization by
left translations, the manifold underlying 7*G has been identified with the trivial bundle
G x G*. We sometimes refer to the above Lie group structure on 7*G, as its natural Lie
group structure. The Lie algebra Lie(T*G) = G x G* of T*G will be denoted by TG or
simply by D.

It is our aim in this work to fully study the connected component of the unit of the
group of automorphisms of the Lie algebra D := T*G. Such a connected component being
spanned by exponentials of derivations of D, we will work with those derivations and
the first cohomology space H'(D, D), where D is seen as the D-module for the adjoint
representation.

Our motivation for this work comes from several interesting algebraic and geometric
problems.

The cotangent bundle T*G of a Lie group G can exhibit very interesting and rich
algebraic and geometric structures ([5], [28], [32], [34], [47], [56]). Such structures can be
better understood when one can compare, deform or classify them. This very often involves
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the invertible homomorphisms (automorphisms) of 7*G, if in particular, such structures
are invariant under left or right multiplications by the elements of 7*G. The derivatives at
the unit of automorphisms of the Lie group T*G are automorphisms of the Lie algebra D.
Conversely, if G is connected and simply connected, then so is T*G and every automorphism
of the Lie algebra D integrates to an automorphism of the Lie group 7*G. A problem
involving left or right invariant structures on a Lie group also usually transfers to one on
its Lie algebra, with the Lie algebra automorphisms used as a means to compare or classify
the corresponding induced structures.

In the purely algebraic point of view, finding and understanding the derivations of a
given Lie algebra, is in itself an interesting problem (|23], [30], [40], [41], [49], [69)]).

On the other hand, as a Lie group, the cotangent bundle 7*G is a common Drinfel’d
double Lie group for all exact Poisson-Lie structures given by solutions of the Classical
Yang-Baxter Equation in G. See e.g. |27]. Double Lie algebras (resp. groups) encode in-
formation on integrable Hamiltonian systems and Lax pairs (|4], [10], [32], [55]), Poisson
homogeneous spaces of Poisson-Lie groups and the symplectic foliation of the correspond-
ing Poisson structures ([27], [32], [55]). To that extend, the complete description of the
group of automorphisms of the double Lie algebra of a Poisson-Lie structure would be a
big contribution towards solving very interesting and hard problems. See Section 2.5 for
wider discussions.

Interestingly, the space of derivations of D encompasses interesting spaces of operators
on G, among which the derivations of G, the second space of the left invariant de Rham
cohomology HZ, (G,R) of G, bi-invariant endomorphisms, in particular operators giving
rise to complex group structure in G, when they exist.

Throughout this work, der(SG) will stand for the Lie algebra of derivations of G, while
will denote that of linear maps j : § — § satisfying j([z,y]) = [j(z),y], for every elements
x,y of G. We consider Lie groups and Lie algebras over the field R. However, most of the
results within this chapter are valid for any field of characteristic zero.

We summarize some of our main results as follows.

Theorem A. Let G be a Lie group, G its Lie algebra, T*G its cotangent bundle and
D=9 x G = Lie(T*G). A derivation of D, has the form

0w, f) = (a(@) + 6(f). Ba) + [ o (j = ),
for all (x, f) in D; where
e a: G — G s a deriwation of the Lie algebra G;
e the linear map 7:G — G isin J;
e 3:G— G is al-cocycle of G with values in G* for the coadjoint action of G on G*;
o V: G — G is a linear map satisfying the following conditions: for all x in G and all

frg i G,
Yoad, =ad, o and ady g = adyg [

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Introduction 20

If G has a bi-invariant Riemannian or pseudo-Riemannian metric, say j, then every
derivation ¢ of D can be expressed in terms of elements of der(G) and J alone, as follows,

¢z, f) = (a<x) +jo07 (f),00d (x)+ folf — a)),
for any element (z, f) of D, where a, o’ are derivations of G; the maps j,j" are in J and
0:G — G with 0(x)(y) := p(x,y), for every elements x,y of G.

Theorem B. Let G be a Lie group and G its Lie algebra. The group Aut(D) of auto-
morphisms of the Lie algebra D of the cotangent bundle TG of G, is a super symmet-
ric Lie group. More precisely, its Lie algebra der(D) is a Z/27-graded symmetric (super-
symmetric) Lie algebra which decomposes into a direct sum of vector spaces

der(@) = 90 ) 91, with [91, 91/] C 9i+i/7 ’L',il € Z/QZ = {O, 1}

where Gy is the Lie algebra
G0 = {6:D > D.6(x, f) = (ale) , fola=7)), witha € der(3) and j €7}

and Gy is the direct sum (as a vector space) of the space Q of 1-cocycles : G — G* and
the space U of equivariant maps ¢ : G — G with respect to the coadjoint and the adjoint
representations, satisfying

ady g = ady f,

for every elements f,q of G*.

Moreover, Gy @ 91 and Gg D 9’1 are subalgebras of der(D) which are Lie superalgebras,
i.e. they are Z/27-graded Lie algebras with the Lie bracket satisfying

[z, y] = _(_1)deg(m)deg(y) ly, ],
where Gy := Q and G} := U are Abelian subalgebras of der(D) and deg(x) =1, if & € G;.

The Lie superalgebras Gq & G, and Gy @ 9'1 respectively correspond to the subalgebras
of all elements of der(D) which preserve the subalgebra G and the ideal §* of D.

Theorem C. The first cohomology space H'(D,D) of the (Chevalley-Eilenberg) coho-
mology associated with the adjoint action of D on itself, satisfies

H'(D,D)=H (3.9 ®d & H'(3.5)a Y,

where H'(G,5) and H'(G,5G*) are the first cohomology spaces associated with the adjoint
and coadjoint actions of G, respectively; and J* = {j',j € J} (space of transposes of
elements of J).

If G is semi-simple, then ¥ = {0} and thus H'(D,D) = . Moreover, we have J = RP?,
where p is the number of the simple ideals s; of G such that § = s, © --- © s,. Hence, of
course, H'(D,D) = RP.
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If G is a compact Lie algebra, with centre Z(9), we get

a'(9,9) = End(Z(9)),
J = RP@ End(Z(9)),
HY(9,5%) = L(Z(9),2(9)"),
U= L(Z(9),2(9)).

Hence, we get

HY(D,D) = (End(R*))* & R?,

where k s the dimension of the center of G, and p is the number of the simple components
of the derived ideal [G,G] of §. Here, if E,F are vector spaces, L(E, F) is the space of
linear maps £ — F.

Traditionally, spectral sequences are used as a powerful tool for the study of the co-
homology spaces of extensions of Lie groups or Lie algebras and more generally, of locally
trivial fiber bundles (see e.g. [44], [65] for very interesting results and discussions). However,
for the purpose of this investigation, we use a direct approach. Some parts of Theorem C
can also be seen as a refinement, using our direct approach, of some already known results
(|44]). Its proof is given by different lemmas and propositions, discussed in Sections 2.3.6
and 2.4.

The chapter is organized as follows. In Section 2.2, we explain some of the material
and terminology needed to make the chapter more self contained. Sections 2.3 and 2.4 are
the actual core of the work where the main calculations and proofs of theorems are carried
out. In Section 2.5, we discuss some subjects related to this work, as well as some of the
possible applications.

2.2  Preliminaries

Although not central to the main purpose of the work within this chapter, the following
material might be useful, at least, as regards parts of the terminology used throughout this
chapter.

2.2.1 The Cotangent Bundle of a Lie Group

Throughout this chapter, given a Lie group G, we will always let G x §* stand for the Lie
group consisting of the Cartesian product G' x §* as its underlying manifold, together with
the group structure obtained by semi-direct product using the coadjoint action of G on G*.
Recall that the trivialization by left translations, or simply the left trivialization of T*G is
given by the following isomorphism ¢ of vector bundles

(: T"G—-GxG", (0,v,) = (0,V50T.L,),

where L, is the left multiplication L, : G — G, 7+ L,(7) =07 by o in G and T.L,
is the derivative of L, at the unit €. In this chapter, 7*G will always be endowed with the
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Lie group structure such that ¢ is an isomorphism of Lie groups. The Lie algebra of T*G
is then the semi-direct product D := G x G*. More precisely, the Lie bracket on D reads

(2, [), (v, 9)] == ([, 9], adrg — adf), (2.1)

for any two elements (z, f) and (y, g) of D.

In this work, we will refer to an object which is invariant under both left and right
translations in a Lie group G, as a bi-invariant object. We discuss in this section, how T*G
is naturally endowed with a bi-invariant pseudo-Riemannian metric.

The cotangent bundle of any Lie group (with its natural Lie group structure, as above)
and in general any element of the larger and interesting family of the so-called Drinfel’d
doubles (see Section 2.2.2), are orthogonal Lie groups (|32]), as explained below.

As above, let D := G x G* be the Lie algebra of the cotangent bundle T*G of G, seen
as the semi-direct product of G by G* via the coadjoint action of G on G*, as in (2.1). Let
o stand for the duality pairing (, ), that is, for all (x, f), (v, g) in D,

po((@, ), (5:9)) = F) + 9(a). (2:2)

Then, 1 satisfies the property (1.1) on D and hence gives rise to a bi-invariant (pseudo-
Riemannian) metric on T*G.

2.2.2 Doubles of Poisson-Lie Groups and Yang-Baxter Equation

We explain in this section how cotangent bundles of Lie groups are part of the broader
family of the so-called double Lie groups of Poisson-Lie groups.

A Poisson structure on a manifold M is given by a Lie bracket {,} on the space
C*(M,R) of smooth real-valued functions on M, such that, for each f in C*(M,R), the
linear operator X; := {f,.} on €°(M,R), defined by g — Xy-g := {f, ¢}, is a vector
field on M. The bracket {,} defines a 2-tensor, that is, a bivector field 7 which, seen
as a bilinear skew-symmetric form’ on the space of differential 1-forms on M, is given
by 7(df,dg) := {f,g}. The Jacobi identity for {,} now reads [r,7]s = 0, where [,]g is
the so-called Schouten bracket, which is a natural extension to all multi-vector fields, of
the natural Lie bracket of vector fields. Reciprocally, any bivector field 7 on M satisfying
(7, m]s =0, is a Poisson tensor, i.e. defines a Poisson structure on M. See e.g. [55].

Recall that a Poisson-Lie structure on a Lie group G, is given by a Poisson tensor m
on (G, such that, when the Cartesian product G x G is equipped with the Poisson tensor
7 x 7, the multiplication m : (o,7) +— o7 is a Poisson map between the Poisson manifolds
(GxG,mxm)and (G, ). In other words, the derivative m, of m satisfies m, (7 x 7) = 7. If
f, g arein §* and f, g are € functions on G with respective derivatives f = f.c, g = Guc
at the unit € of G, one defines another element [f, g]. of §* by setting [f, 9]« :== ({f, 7} )x.c-
Then [f,g]. does not depend on the choice of f and g as above, and (G*,[,].) is a Lie
algebra. Now, there is a symmetric role played by the spaces G and G*, dual to each other.
Indeed, as well as acting on G* via the coadjoint action, G is also acted on by G* using the
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coadjoint action of (G*,[,]«). A lot of the most interesting properties and applications of
7, are encoded in the new Lie algebra (5@ G*,[,],), where

[(z, ), (, 9= := ([, y] + adpy — adgx, adyg — ad, f +[f, g].), (2.3)
for every xz,y in G and every f, g in G*.

The Lie algebras (5 @ G*,[,].) and (G*,[,]+) are respectively called the double and
the dual Lie algebras of the Poisson-Lie group (G, 7). Endowed with the duality pairing
defined in (2.2), the double Lie algebra of any Poisson-Lie group (G, 7), is an orthogonal
Lie algebra, such that § and §* are maximal totally isotropic (Lagrangian) subalgebras.
The collection (§® G*, G, G*) is then called a Manin triple. More generally, (S1 @ G2, G1, G2)
is called a Manin triple and (91, 92) a bi-algebra or a Manin pair, if G; @ G, is an orthogonal
2n-dimensional Lie algebra whose underlying adjoint-invariant pseudo-Riemannian metric
is of index (n,n) and Gy, G, are two Lagrangian complementary subalgebras. See [27],[32],
[55] for wider discussions.

Let 7 be an element of the wedge product A?S. Denote by r* (resp. 77) the left (resp.
right) invariant bivector field on G with value r = (resp. r =r_) at e. If m, := 1T — 1~
is a Poisson tensor, then it is a Poisson-Lie tensor and r is called a solution of the Yang-
Baxter Equation. If, in particular, r* is a (left invariant) Poisson tensor on G, then r
is called a solution of the Classical Yang-Baxter Equation (CYBE) on G (or §). In this
latter case, the double Lie algebra (G @® G, [, ]+, ) is isomorphic to the Lie algebra D of the
cotangent bundle T*G of G. See e.g. [28|. We may also consider the linear map 7 : §* — G,
where 7(f) := r(f,.). The linear map 0, : (5 ® 9%, [,]..) = D, 0,(x, f) :== (x + 7(f), f), is
an isomorphism of Lie algebras, between D and the double Lie algebra of any Poisson-Lie
group structure on G, given by a solution r of the CYBE.

2.3 Group of Automorphisms of D :=T"G

2.3.1 Derivations of D :=T"*G

Consider a Lie group G of dimension n, with Lie algebra G. Let us also denote by D the
vector space underlying the Lie algebra D of the cotangent bundle T*G, regarded as a D-
module under the adjoint action of D. Consider the following complex with the coboundary
operator 0, where do 0 = 0:

0— D — Hom(D,D) = Hom(A*D, D) — --- — Hom(A*"D, D) — 0. (2.4)

We are interested in Hom(D,D) := {¢ : D — D, ¢ linear }. The coboundary ¢ ofthe
element ¢ of Hom(D, D) is the element of Hom(A?>D,D) defined by

0o(u,v) = adu(¢(v)) — ad, ((b(u)) — o([u,v)), (2.5)

for any elements v = (z, f) and v = (y, g) in D. An element ¢ of Hom(D, D) is a 1-cocycle
if 0p =0, i.e.

olfu,v]) = ady(6(v)) - adu(6(w)),
= [1,6(0)] + [6(w), ] (2.6
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In other words, 1-cocycles are the derivations of the Lie algebra D. In Section 2.3.6, we
will characterize the first cohomology space H(D, D) := ker(9?)/Im(9") of the associated
Chevalley-Eilenberg cohomology, where for clarity, we have denoted by ' and 0? the
following restrictions 8! : D — Hom(D,D) and 0* : Hom(D, D) — Hom(A*D, D) of the
coboudary operator 0.

Theorem 2.3.1. Let G be a Lie group, G its Lie algebra, T*G its cotangent bundle and
D := G x G* the Lie algebra of T*G. A 1-cocycle (for the adjoint representation) hence a
derivation of D has the following form:

0w, ) = (ale) + (F), @) + £(F)). (27)

for any (z, f) in D; where
- a: G — G s a derwation of the Lie algebra G,
- B:G — G is a 1-cocycle of G with values in G* for the coadjoint action of G on G*,

-£:5 =G and ¢ : G — G are linear maps satisfying the following conditions:

€ ad;] = ady,). V€S, (2.8)
Yoad, = adyov, Vzxegq, )
The rest of this section is dedicated to the proof of Theorem 2.3.1.

Aiming to get a simpler expression for the derivations, let us write ¢ in terms of its
components relative to the decomposition of D into a direct sum D = G @ G§* of vector
spaces as follows: for all (z, f) in D,

0@, ) = (61(@) + o2 (f), dralw) + 622(1) ) (211)

where ¢11 : G — G, ¢12: G — G, 921 : G — G and ¢o : G — G* are all linear maps. In
(2.11) we have made the identifications: z = (x,0), f = (0, f) so that the element (z, f)
can also be written x 4+ f. Likewise, we can write

¢(9U) = (¢11($), ¢12(«’L’)) ) ¢(f) = (¢21(f)7¢22(f))> (2-12)

for any x in G and any f in G*; or simply

¢(x) = on(x) + d2(z) 5 O(f) = du(f) + P2a(f). (2.13)

In order to find the ¢;;’s and hence all the derivations of D, we are now going to use
the cocycle condition (2.6).
For z,y in § C D we have:

¢([z,y]) = o[z, y]) + dra(lz, y]) (2.14)
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and

[P(z), y] + [z, 0(y)] = [on(x) + dr2(2), y] + [z, o11(y) + P12(y)]
= [pu(2),y] — ad;(¢12(z)) + [z, 611 (y)] + ad;(P12(y)). (2-15)

Comparing (2.14) and (2.15), we first get

o[z, y]) = (P11 (), y] + [z, d11(y)], (2.16)

for every x,y in G. This means that ¢ is a deriwation of the Lie algebra G.
Secondly, for all elements z, y of G, we have

d12([z,y]) = ady(b12(y)) — ady(P12(7)). (2.17)

Equation (2.17) means that ¢15 : § — G* is a 1-cocycle of G with values on G* for the
coadjoint action of G on G*.
Now we are going to examine the following case: for all x in G and all f in G*,

o([z, f]) = ¢(ad;f),
= ¢ lad,f) + ¢a2(ad; f), (2.18)

and

[9(x), f1+ [2,0(f)] = [p11(x) + Pra(®), f] + [2, P21 (f) + d22(f)],
= ady, [+ [z, 021 (f)] + ad;, (p22(f))- (2.19)

Identifying (2.18) and (2.19) we obtain on the one hand

On(adyf) = [z,0n(f)],
= ady(¢(f)),

for every x in G, and every f in G*. We write the above as
¢21 o ad; = adm O ¢217

for all z in G. That is, ¢o1 : §* — G is equivariant (commutes) with respect to the adjoint
and the coadjoint actions of G on G and G* respectively.
We have on the other hand

b lad’f) = ad:(6m(f)) + adsy o, (2.20)
for all z in G and all f in §*. Formula (2.20) can be rewritten as
P22 0 ady, — ady, © gy = ady,, (y),

i.e. for any element x of G,
(6220 =

Last, for f and g in §*, we have

o(Lf,9]) =0, (2.21)
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and

() 9] +[f:0(9)] = [P(f) + d22(f), gl + [f, P21(9) + P22(9)],
= adz‘;m(f)g —adg, o f- (2.22)

From (2.21) and (2.22) it comes that for all elements f, g of §*,

ady,, (19 = adgy, o) f-
Noting a := ¢11, B := @12, ¥ := o1 and & := oo, we get a proof of Theorem 2.3.1. [
Remark 2.3.1. (Notations ) From now on, if G is a Lie algebra, then

1. & will stand for the space of linear maps & : §* — G* satisfying Equation (2.8), for
some derivation o of G;

2. set

So={0: D = D,6(x, /)= (a(x),£(f)) 0 € der(9), € € £, €, ad3] = ady,), Vo € G}

3. we may let Q stand for the space of 1-cocycles :G — G* as in (2.17), whereas ¥V
may be used for the space of equivariant linear 1:G* — G as in (2.9), which satisfy
(2.10);

4. we will denote by G, the direct sum G, := Q ® V¥ of the vector spaces Q and V.

Remark 2.3.2. The spaces der(G) of derivations of G, Q and ¥, as in Remark 2.3.1, are
all subsets of der(D), as follows. A derivation o of G, an equivariant map ¥ in V, and a
1-cocycle B in Q are respectively seen as the elements ¢q, ¢y, ¢p of der(D), with

QSa(fL',f) = (a(x),—foa);
¢¢(l’,f) = (Qﬂ(f),[)),
os(z, ) = (0,6(z)),

for all (x, f) in D.

Corollary 2.3.1. Every derivation of G is the restriction to G of a derivation of D.

2.3.2 A Structure Theorem . the Group of Automorphisms of D

Lemma 2.3.1. The space &€, as in Remark 2.53.1, is a Lie algebra.
Namely, if £&1,& in E satisfy

&1, ady] = ady, ) and [§2, ad;] = ad;

oy (x az(z)?

for all z in G and some oy, s in der(G), then their Lie bracket [£1,&5] is in € and satisfies

Hfla 52]7 ad;] = adrm,m](l’)'
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Proof. Using Jacobi identity in the Lie algebra G1(G*) of endomorphisms of the vector space
G*, we get: for any z in G

[[61, &), ady] = [[61,ady], &) + [€1, [§2, ady]]
= [ad}, (), & + [§1, adg, ()]
= —aalzgw1 + aalzlm2
= ad[a1 as)(z)-

Lemma 2.3.2. The space G, as in Remark 2.3.1, is a Lie subalgebra of der(D).

Proof. This is a consequence of Lemma 2.3.1. If ¢1 := (ay,&1), and ¢ := (g, &) are in
G0, then [¢1, ¢o] = ([an, asl, [€1,&2]), as can easily be seen, below. For every (z, f) in D, we
have

G602 f) = o1(a@).a() -6 (m@).a(f)
= (wea(@), Go&f) — (aom@) , &oalh)
= (low, asl(@) [60,&21(1).
[l

Lemma 2.3.3. Let 5 and ¢ be in Q and U, respectively. Then [3,¢] = (= o 3,8 0 1)
belongs to Go, more precisely fo isin €, Yo B isin der(§G) and [ o), ad}] = —ady, 5,
for any x in G.

Proof. First, 8 being a 1-cocycle is equivalent to
Boad.(y) = ad; o B(y) — ad, o B(x), (2.23)

for all z,y in G. Now for every x in G and every f in G*, we have

[Bot,ad](f) = Bovoady(f)—adyoBoy(f)
= foad, oY(f)—ad;oBo(f), now take y =¥ (f) in (2.23)
= ad}oBoY(f) —ady ;B(x) — ad; o Bov(f),
= —adyB(z), take g = B(z) in (2.10)
= —ady.p,f = ady,y f, where a = —1o f.

Next, the proof that ¢ o 8 is in der(9), is straightforward. Indeed, for every elements x,y
in G, we have

voBleyl = v(adiBy) - adB(a))
ad, 01 0 B(y) — ady 0 1 0 H(x)
= [z, oyl +[¥ebz)yl

Hence [, ] belongs to Gy, for every 5 in Q and every 1 in . ]
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Lemma 2.3.4. Let ¢ := (a,§) be in Go, 5 :G — G* and ¥ : §* — G be respectively in
Q and V. Then both [¢, 5] and [p,1] are elements of G1, more precisely [¢, 5] is in Q and
[, 0] is in W. Moreover, we have [Q,Q] =0 and [¥, V] = 0.

Proof. Let ¢ = (a,€) be in Gg, f: § — G* a 1-cocycle and ¢ : §* — G an equivariant
linear map. Using ¢ and ¢, as in Remark 2.3.2, we obtain

6,05lw.y) = 6(0,8(x)) - 65 (), £(f)
- (o, £o 5(:@) - (o, Bo a(:c))
= (0. (€op-poa)m).

Now, let us show that 3 :=¢o08—Boa: G — G*is a l-cocycle. Indeed, on the one hand
we have

gobzyl) = ¢(adBly) - adB(x))

— (I&.adz) + ad; 0 €) (BW)) — (1€, ady] + ady o €) ((x)

= adyq)B(y) + ady(§ 0 By)) — ady,) B(x) — ady (€ o 5(x))

= ady(§0 B(y)) — ady(§ o Bx)) + ady, By) — ady, B(z)  (2.24)
On the other hand, we also have

Boa(lz,y]) = B(la(x).y]) + B(lz. a)])
= adyy B(y) — ady(B o a(2)) + ad, (B o afy)) — ady,)B(z)  (2.25)

5) from (2.24), we see that B[z, y] now reads
Bley] = adi(§oB—Boa)ly) —ady(&of—Foa)(x)
= ad;f(y) — adyB(w)

Hence B is an element of Q.
In the same way, we also have

[¢,¢w]($7y) = ¢(¢(f)a0)—¢w(a($)af(f)

)
(ao(f),0) — (Yo &(f),0)
= ((@op—o&)(f), 0)

The linear map ¢ := a0t — 1 o : §* — G is equivariant, i.e. is an element of U. As
above, this is seen by first computing, for every elements = of G and f of G*,

aoy(adyf) = a(lz,v(f)]) = [a(), ()] + [z, a0 ¥ (f)] (2.26)

Subtracting (2.2

and
olladif) = o ([ adl] + ad;o&)(f)
W (ads f)+1/1(ad§ 1)
= [a(@),v()] + [z, o &(f

)], (2.27)
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then subtracting (2.26) and (2.27).
Now we have

[¢ﬁ’ ¢ﬁ/]($, f) - ¢6(07 /B/(ZL’)) - ¢5'(07 ﬁ(l‘)) =0
and
(G, D], f) = du (V' (f),0) = @y ((f),0) = 0,
for all (z, f) in D. In other words, [Q,Q] = 0 and [V, V] = 0. O

We summarize all the above in the

Theorem 2.3.2. Let G be a Lie group and G its Lie algebra. The group Aut(D) of auto-
morphisms of the Lie algebra D of the cotangent bundle T*G of G, is a super symmetric Lie
group. More precisely, its Lie algebra der(D) is a Z/2Z-graded symmetric (supersymmetric)
Lie algebra which decomposes into a direct sum of vector spaces

der(@) = 90 & 91, with [92, 9]] C 9i+j> Z,j c Z/QZ = {0, 1} (228)

where Gg is the Lie algebra of linear maps ¢ : D — D, ¢(x, f) = (a(z),&(f)) with a a
deriwation of G and the linear map & : G* — G* satisfies,

[57 ad;] = ad?;(a:)) (229)

for any x of G; and G, is the direct sum (as a vector space) of the space Q of 1-cocycles
G — G* and the space U of linear maps G* — G which are equivariant with respect to the
coadjoint and the adjoint representations and satisfy (2.10).

Moreover, Gy @ G, and S ® 9’1 are subalgebras of der(D) which are Lie superalgebras,
i.e. they are Z/2Z-graded Lie algebras with the Lie bracket satisfying

[:Ev y] = _(_1)deg($)deg(y) [ya CL’],

where Gy := Q and G} := U are Abelian subalgebras of der(D) and deg(x) =1, if x € G;.

Remark 2.3.3. (a) In Propositions 2.5.1 and 2.3.2, we will prove that every element &
of € is the transpose & = (j — ) of the sum of an adjoint-invariant endomorphism
J € d and a derivation —a of G.

(b) The Lie superalgebras Go & G, and Go D 9’1 respectively correspond to the subalgebras
of all elements of der(D) which preserve the subalgebra G and the ideal G* of D. The
Lie superalgebra Go & G can be seen as part of the more general case of derivations
of a semi-direct product Lie algebra G x N which preserve the ideal N and which are
discussed in [65], among other interesting results therein.

Let us now have a closer look at maps &, ¥ and [.
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2.3.3 Maps ¢ and Bi-invariant Tensors of Type (1,1)
Adjoint-invariant Endomorphisms

Linear operators acting on vector fields of a given Lie group G can be seen as fields of
endomorphisms of its tangent spaces. Bi-invariant ones correspond to endomorphisms j :
G — G of the Lie algebra G of G, satisfying the condition j[x,y|] = [jz,y], for all z,y in G.
If we denote by V the connection on G given on left invariant vector fields by

1

vmy = §[x7y]7

then using the covariant derivative, we have Vj = 0, (see e.g. [70]). As above, let
J:={j:9— G, linear and jlz,y| = [jz,y],Vz,y € G}.

Endowed with the bracket

[, j')=joj —j oy
the space J is a Lie algebra, and indeed a subalgebra of the Lie algebra GI(3G) of all endo-
morphisms of G.

In the case where the dimension of G is even and if in addition j satisfies j2=—identity,
then (G, j) is a complex Lie group.
Maps ¢ : G — G*

Proposition 2.3.1. Let G be a Lie algebra and o a derivation of G. A linear map &' ©' G — §
satisfies [§', ady] = adu(y, for every element x of G, if and only if there exists a linear map
7:9 — G satisfying

i([z,9]) = (), 9] = [2,5(y)]; (2.30)

for all x,y in G, such that & = j + a.

Proof. Let « be a derivation and £ an endomorphism of G satisfying the hypothesis of
Proposition 2.3.1, that is, [, ad,| = adae) = [, ady], for any = in G. We then have,

[ — a,ad,] =0, (2.31)

for any x of G. So the endomorphism j := ¢ — o commutes with all adjoint operators.
Now a linear map j : § — G commuting with all adjoint operators, satisfies

0= [j, ad.](y) = j([z,y]) — [=, j(v)], (2.32)

for all elements z,y of G. We also have,

for all z,y in §. From (2.32) and (2.33), we have j([z,y]) = [j(x),y] = [z, j(y)], for any
x,yin G.
Thus, (2.31) is equivalent to & = j + «, where j satisfies (2.30). ]
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Remark 2.3.4. The above means that the space J is the centralizer of the space adg of
inner derivations of G in GlI(G) :={l: G — G linear }, i.e.

d = Zgyg(adsg) =={j: G — G linear and [j,ad,| =0,Vz € G}.

Proposition 2.3.2. Let G be a nonabelian Lie algebra and S the space of endomorphisms
§ G — G such that there exists a derivation o of G and [, ad,| = ady for all x € G.
Then 8 is a Lie algebra containing J and der(SG) as subalgebras. In the case where G has a
trivial centre, then 8 is the semi-direct product 8 = der(SG) x J of d and der(9).

The following are equivalent

(a) The linear map £ : G — G* is an element of € with « as the corresponding derivation
of G, i.e. & satisfies (2.8) for the derivation .

(b) The transpose & of & is of the form & = j — «, where j is in J and « in der(9).
(c) & is an element of 8, with corresponding derivation —c.

The transposition & — &' of linear maps is an anti-isomorphism between the Lie algebras

& and 8.

Proof. Using the same argument as in Lemma 2.3.1, if [£], ad;] = ad,, () and [§5, ad,] =
ada,(z), for every x in G, then [[£], &), ady] = adja, az)(x), for any element z of §. Thus 8 is
a Lie algebra. From Proposition 2.3.1, there exist j; in J such that & = a; + j;, i = 1,2.
Obviously, 8 contains J and der(G). Thus, as a vector space, 8 decomposes as § = der(9G)+J.
Now, the Lie bracket in S reads

€1, &) = [an + j1, a0 + ja] = [, g 4 [, Jo] + 1, 2] + [41, ja] (2.34)

Of course, [, as] is in der(§). From Section 2.3.3, we know that J is a Lie algebra, hence
[71,72] is in J. Tt is easy to check that

[a, ] € 3, (2.35)
for all & in der(9) and for all j in J. Indeed, the following holds
o g)([2, ) = a(li@),y]) —j([a(z),y] + [z, a(y)])

= [aoj(@),y]+[i(x), aly)] = j o a(z),y] = li(z), a(y)]
= [l gl(2), 9], (2.36)

for all z,y in G. The intersection der(§)NJ is made of elements j of J whose image Im(j)
is a subset of the centre Z(9) of §. Hence if Z(G) = 0, then 8§ =der(G)®J and as a Lie
algebra, 8 = der(G)xd. Using this decomposition, we can also rewrite (2.34) as

[€1, &) = [(a1, 1) , (
The equivalence between (b) and (c¢) comes directly from Proposition 2.3.1.

Now let £ € €, with [, ad}] = ad? () @ € der(G), then

—Gda(x) = [67 ad;]t = _[£t7 (ad;)t] = [gt, adm]

a2, J2)] = ([an, o], [j1, J2] + [au, jo] + [J1, a2]) (2.37)
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Hence ¢' € 8, with ady(z) = [£', ad,], for all € G, where o/ := —a. Thus, (a) implies (c).
From Proposition 2.3.1, there exist j € J such that & = —a + j. Now it is straightforward

that if (b) &' = —a+ j with « a derivation and j in g, then £ satisfies [, ad}] = ady, ., for
all z in G. Hence (c) implies (a).
Of course, we also know that [§;, &)t = —[€L, &L, for every &;,& € €. O

Lemma 2.3.5. Let & : G — G be a linear map such that there exists o :' G — G linear and
€', ady] = adyyy, for all x in' G. Then & preserves every ideal A of G satisfying [A, A] = A.
In particular, if G is semi-simple and G = 51 © 52 D ... D 5, 15 a decomposition of G into a
sum of simple ideals sy, ...,s,, then &'(s;) C s;, fori=1,...,p.

Proof. The proof is straightforward. Indeed, every element x of an ideal A satisfying the
hypothesis of Lemma 2.3.5, is a finite sum of the form x = Z[ml, y;] where x;,y; are all

elements of A. But as A is an ideal,

5’([[@, yz]) = 5/ © adiﬁz(%) = ([6,7 adﬂﬂz] + adl‘i © 6,) (yl)
= (adaa,) + ady, 0 &) (yi) = o), yi] + 4, (1))

is again an element of A. Hence we have &'(z) = Z ([a(zs), ys] + [24, €' (yi)]) isin A, O
2.3.4 Equivariant Maps ¢ : §* — §G

Let G be a Lie algebra. In this section, we would like to explore properties of the space
U of linear maps v : §* — G which are equivariant with respect to the adjoint and the
coadjoint actions of G on G and G* respectively and satisfy: for all f, g in G*,

adyy g = adyJ-
Lemma 2.3.6. Let G be a Lie algebra and v an element of V. Then,
(a) Ima) is an Abelian ideal of G and we have 1/J(adz(g)f) =0, for every f,g in G*;
(b) ¢ sends closed forms on G in the center of G;
(c) [Imy,G] C ker f, for all f in ker;

(d) the map ¢ cannot be invertible if G is not Abelian.

Proof. (a) For every elements f of §* and z of G, we have,

[W(f), 2] = =(adz 0 )(f) = — (¥ 0 ady)(f) € Imy.

Hence Im(%) is an ideal of G.
Now, for every f, g in G, since ¢(f) and ¥ (g) are elements of G, we also have Yoady, ;=
ady(py o and o ady = adyg) o 1. On the one hand,

(Voadyy) (9) = (adycs) o) (9)
Wadfp(f)g) = [¥(f),¥(9)] (2.38)
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On the other hand,

(Yoadyy) (f) = (ady ov)(f)

ladyg f) = [(g), ¥(f)] (2.39)
Using (2.38) and (2.39) we get
[W(f), ¥ (9)] = ¥ladys9) = Y(adyq f) = [¥(g), v (f)] (2.40)
Equation (2.40) implies the following
[ (), ¥(9)] = v(adyf) =0, (2.41)

for all elements f, g of §*. So we have proved (a).

(b) Let f be a closed form on G, that is, f in §* and ad:f = 0, for all x in G. The relation
(2.10) implies that adz(f)g = 0, for any g in G*. Thus, for any element y of § and any
element g of G*,

g([b(f).y]) =0,
and hence [¢(f),y] =0, for all y in G. In other words ¥ (f) belongs to the center of G.
(c) If f € ker, then ady,,\ f = ady ;g = 0, for any g in G*, or equivalently, for every = in
G and g in 9%, f([¢(g9),z]) = 0. It follows that [Ima, G| C ker f, for every f of ker 1.

(d) From (a), the map 1 satisfies w(adfp(g)f) = 0, for any f,g in G*. There are two possi-
bilities here:

(i) either there exist f,g in §* such that ady, ) f # 0, in which case ad,, f belongs to
ker ) # 0 and thus 9 is not invertible;

(ii) or else, suppose ady, [ =0, for all f,gin §*. This implies that ¥ (g) belongs to the
center of G for every ¢ in G*. In other words, the center of G contains I'm(¢). But
since G is not Abelian, the center of G is different from G, hence v is not invertible.

]

Lemma 2.3.7. The space of equivariant maps 1 : G — G bijectively corresponds to that
of G-invariant bilinear forms on the G-module G* for the coadjoint representation.

Proof. Indeed, each such 1 defines a unique coadjoint-invariant bilinear form (,), on G*
as follows:

<f>g>¢ = <w(f)7g>a (242)

for all f, g in G*, where the right hand side is the duality pairing (f,z) = f(x), x in G, f
in G*, as above. The coadjoint-invariance reads

{ady f, 9)y + ([ adyg)y = 0, (2.43)

for all z in G and all f,g in G*; and is due to the simple equalities

(adyf,g)y = (ladyf),g) = (ad(f), )
= —(U(f),adyg) = —(f,ad,g)y.
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Conversely, every G-invariant bilinear form (,); on G* gives rise to a unique linear map
Y1+ §° — G which is equivariant with respect to the adjoint and coadjoint representations
of G, by the formula

(1(f).9) = ([, 9)1- (2.44)
O

If 1 is symmetric or skew-symmetric, then so is (, ), and vice versa. Otherwise, (, ), can
be decomposed into a symmetric and a skew-symmetric parts (, ), s and (, )y, respectively,
defined by the following formulas:

<f7g>¢,s =
<fag>1l),a =

(fogho+ (9. £)o). (2.45)
[(f, 9)e =9, f)w] (2.46)

N — DN —

The symmetric and skew-symmetric parts (,); s and (, )1, of a G-invariant bilinear form
(,)1, are also G-invariant. From a remark in p. 2297 of [60], the radical Rad(,), := {f €
G*,(f,9)1 = 0,¥g € §*} of a G-invariant form (, );, contains the coadjoint orbits of all its
points.

2.3.5 Cocycles G — G*.

The 1-cocycles for the coadjoint representation of a Lie algebra G are linear maps
B G — G satisfying the cocycle condition 3([x,y]) = ad;B(y) — ad;B(x), for every
elements z,y of G.

To any given 1-cocycle 3, corresponds a bilinear form Q5 on G, by the formula

Qﬁ(xvy) = <5($),y>, (247)

for all z,y in G, where (,) is again the duality pairing between elements of § and G*.

The bilinear form €3 is skew-symmetric (resp. symmetric, nondegenerate) if and only
if B is skew-symmetric (resp. symmetric, invertible).

Skew-symmetric such cocycles 3 are in bijective correspondence with closed 2-forms
in G, via the formula (2.47). In this sense, the cohomology space H'(D,D) contains the
second cohomology space H?(G,R) of G with coefficients in R for the trivial action of §
on R. Hence, H'(D, D) somehow contains the second space H2,,(G,R) of left invariant de
Rham cohomology H}  (G,R) of any Lie group G with Lie algebra G.

Invertible skew-symmetric ones, when they exist, are those giving rise to symplectic
forms or equivalently to invertible solutions of the Classical Yang-Baxter Equation. The
study and classification of the solutions of the Classical Yang-Baxter Equation is a still
open problem in Geometry, Theory of integrable systems. In Geometry, they give rise to
very interesting structures in the framework of Symplectic Geometry, Affine Geometry,
Theory of Homogeneous Kéhler domains, (see e.g. [28] and references therein).

If G is semi-simple, then every cocycle [ is a coboundary, that is, there exists fg in §*
such that f(z) = —ad} f3, for any x in G.
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2.3.6 Cohomology Space H'(D,D)

Following Remarks 2.3.1 and 2.3.2, we can embed der(9) as a subalgebra der(G); of der(D),
using the linear map o — ¢,, with ¢.(z, f) = (a(x), f o @). In the same way, we have
constructed Q and ¥ as subspaces of der(D). Likewise, J* := {j*, where j € J} is seen as
a subspace of der(D), via the linear map j* — ¢;, with ¢;(x, f) = (0, f o j).

We give the following summary.

Theorem 2.3.3. The first cohomology space H'(D, D) of the (Chevalley-Eilenberg) coho-
mology associated with the adjoint action of D on itself, satisfies

H'(D,D)=H'(S,9) @d @ H'(S,9) 0V

where H'(G,5) and H'(G,5G*) are the first cohomology spaces associated with the adjoint
and coadjoint actions of G, respectively; and J* = {j',j € J} (space of transposes of
elements of J).

If G is semi-simple, then W = {0} and thus
HY(D,D) = g
Moreover, we have § = RP, where p is the number of the simple ideals s; of G such that
G=26,®...Ds, Hence, of course, H'(D,D) =

If G is a compact Lie algebra, with centre Z(9), we get

H'(S.9) = End(Z(9).
d = RP@ End(Z(9)),
H'(S.9%) = L(Z(9).2(9)).
U= L(Z(9), Z(9).

Hence, we get
H'(D,D) = (End(R"))" & R”,
where k is the dimension of the centre of G, and p is the number of the simple components

of the derived ideal [G,G] of §. Here, if E,F are vector spaces, L(E, F) is the space of
linear maps £ — F.

The proof of Theorem 2.3.3 is given by Proposition 2.3.3 below and different lemmas
and propositions, discussed in Section 2.4.

For the purpose of this investigation, we have favored a direct approach to exhibit
detailed calculations of the first cohomology space, instead of the traditional powerful
spectral sequences method commonly applied in the more general setting of locally trivial
fiber bundles (see e.g. [44], [65]). Some parts of Theorem C can also be seen as a refinement,
using our direct approach, of some already known results (|44]).

As a vector space, der(D) is isomorphic to the direct sum der(§) & J* & Q& ¥ by

P:der(§) @I QDY — der(D); (a, 5, 8,0) = ¢a + ¢j + b5 + by (2.48)
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In this isomorphism, we have ®(der(G) @ J*) = der(9); ® J* = Go and ®(Q & V) = G;.

Now an exact derivation of D, i.e. a 1-coboundary for the Chevalley-Eilenberg coho-
mology associated with the adjoint action of D on D, is of the form ¢y = dvy = ad,, for
some element vy := (g, fo) of the D-module D. That is,

¢o(@, f) = (@o(), Bo(x) + &o(f)),

where
ao(z) := [0, 7], Bo(w) = —ad,fo, &(f) = adzof-
As we can see ¢y = ¢o, + P, = P, 0, o, 0) and

Proposition 2.3.3. The linear map ® in (2.48) induces an isomorphism ® in cohomology,
between the spaces H(G,G) ® 3 ® H(G,5*) ® ¥ and H' (D, D).

Proof. The isomorphism in cohomology simply reads

®(class(a), j*, class(B), V) = class(pa + ¢ + b5 + dy).

2.4 Case of Orthogonal Lie Algebras

In this section, we prove that if a Lie algebra G is orthogonal, then the Lie algebra der(9) of
its derivations and the Lie algebra J of linear maps j : § — § satisfying j[z,y| = [jz, y], for
every x,y in G, completely characterize the Lie algebra der(D) of derivations of D := Gx G*,
and hence the group of automorphisms of the cotangent bundle of any connected Lie group
with Lie algebra G. We also show that J is isomorphic to the space of adjoint-invariant
bilinear forms on 9.

Let (G, 1) be an orthogonal Lie algebra and consider the isomorphism 6 : § — G* of
G-modules, given by (0(z),y) := u(x,y), as in Section 2.2.1.

Of course, 61 is an equivariant map. But if G is not Abelian, invertible equivariant linear
maps do not contribute to the space of derivations of D, as discussed in Lemma 2.3.6.

We pull coadjoint-invariant bilinear forms B’ on §* back to adjoint-invariant bilinear
forms on G, as follows B(z,y) := B'(0(x),0(y)). Indeed, we have

)
B([z,yl,2) = B'(0(x,y])
B'( )

I
|
% 5
—~
>
—~
<
N~—
Q
\_/&‘
8 ¥
>
—~
N
~
~—

Proposition 2.4.1. If a Lie algebra G is orthogonal, then there is an isomorphism between
any two of the following vector spaces:

(a) the space J of linear maps j : G — G satisfying jlx,y] = [jz,y|, for every z,y in G;
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(b) the space of linear maps ¢ : §* — G which are equivariant with respect to the coadjoint
and the adjoint representations of G;

(c) the space of bilinear forms B on G which are adjoint-invariant, i.e.
B([z,y],2) + By, [z, 2]) = 0, (2.49)
forall x,y,z in G;

(d) the space of bilinear forms B’ on G* which are coadjoint-invariant, i.e.
B'(adif,g) + B'(f,adlg) =0, (2.50)

forallx inG, f,g in G*.

Proof. e The linear map ¥ +— 9 o # is an isomorphism between the space of equivariant
linear maps ¥ : §* — G and the space J. Indeed, if ¢ is equivariant, we have

Vo b([z,y]) = —v(adyf(x)) = —ad,y(0(x)) = [ 0 6(x), y].
Hence 1 0 6 is in J. Conversely, if j is in J, then j o 7! is equivariant, as it satisfies
jo# toad:=joad, 00 ' =ad,0jof .

This correspondence is obviously linear and invertible. Hence we get the isomorphism
between (a) and (b).

e The isomorphism between the space J of adjoint-invariant endomorphisms and adjoint-
invariant bilinear forms is given as follows

j € d — Bj, where Bj(z,y) = u(j(z),y). (2.51)
for any x,y in §. We have, for any x,y,z in G

Bj([ZL‘,y],Z) = ,u(j([x,y]),z) = M([IE,](?/>],Z) = _:u(j(y)a [ZL‘,Z]) = _Bj(ya [x7z])

Conversely, if B is an adjoint-invariant bilinear form on G, then the endomorphism 7,
defined by
u(j(x),y) == B(z,y) (2.52)

is an element of J, as it satisfies
1(i [z, yl), 2) == B([z,y],2) = B(x, [y, 2]) = p(j(x), [y, 2]) = u([i (), y], 2),
for all elements z,y, z of G.

e From Lemma 2.3.7, the space of equivariant linear maps v bijectively corresponds to
that of coadjoint-invariant bilinear forms on G*, via ¢ — (, ). ]
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Now, suppose 9 is skew-symmetric. Let w, denote the corresponding skew-symmetric
bilinear form on §:

wy(@,y) = p(Y o 0(z),y), (2.53)

for all z,y in G. Then, wy is adjoint-invariant. If we denote by 0 the Chevalley-Eilenberg
coboundary operator, that is,

(0u,)(w,9,2) = —(wi([2, 5], 2) + wolly, 4 2) + wul[2.2], ),
the following formula holds true
(Owy)(2,y,2) = —wu([z, 4], 2).

for all z,y, z in G.
Corollary 2.4.1. The following are equivalent.

(a) wy is closed;

(b) ¥ob(x,y]) =0, for all x,y in G;

(¢c) Im(v) is in the centre of G.
In particular, if dim[G, §] > dim G — 1, then wy, is closed if and only if ¢ = 0.

Proof. The above equality also reads

8("}1#'(1‘79’ z) = _wlﬂ([‘ray]’z) = _N(¢ 0‘9([177y])’2)v (2'54)

for all z,y,z in G; and gives the proof that (a) and (b) are equivalent. In particular, if
G =19, 9] then, obviously dwy, = 0 if and only if ¢ = 0, as 6 is invertible.

Now suppose dim[G, §] = dim G — 1 and set § = Ry @ [, G], for some element z of G.
If wy, is closed, we already know that 1 o @ vanishes on [3, §]. Below, we show that, it also
does on Rxzy. Indeed, the formula

0= _ww([$7y]7$0) = W¢($0, [:L‘,y]) = M(¢ © 9($0)7 [:L‘,y]), (255)

for all z,y in G, obtained by taking z = z( in (2.54), coupled with the obvious equality
0 = wy (o, z0) = (1 0 B(xp), x0), are equivalent to 1 o §(xy) satisfying p(1) o 0(xp),x) =0
for all x in §. As p is nondegenerate, this means that ¢ o 6(z¢) = 0. Hence ) 0 0 = 0, or
equivalently ¢ = 0.

Now, as every f in G* is of the form f = 0(y), for some y in G, the formula

Yol([z,y]) =voadb(y) =ad, o old(y) =[x, 00(y)], Yo,y € G. (2.56)
shows that ¥ o §([z,y]) = 0, for all =,y on G if and only if Im(v)) is a subset of the center
of §. Thus, (b) is equivalent to (c). O

Now we pull every element £ of € back to an endomorphism &’ of G given by the formula

£:=0"oco0d.
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Proposition 2.4.2. Let (G, 1) be an orthogonal Lie algebra and G* its dual space. Define
0:G— G by (0(x),y) = u(z,y), as in Relation (1.2), and let € and 8§ stand for the same
Lie algebras as above. The linear map Q : &+ & =071 o0& 00 is an isomorphism of Lie
algebras between € and S.

Proof. Let £ be in &, with [¢,ad}] = ady,,, for every z in §. The image Q&) =: & of &,
satisfies, for any x in G,

€ ad,] = & oad, —ad,of
= O lotofoad, —ad,00 ool
= 0 lotoadiof—0toad ool
= O lo(Coad —adiof)ob

= 0'o ady, ) o 0, since [€, ady] = adyy .
= 0" ofoady, using (1.4).
= ada(x).

Now we have [Q(&1), Q(&)]) = Q([&1,&2]) for all £1,& in &, as seen below.

[Q(61),Q(&)]) = Q(&)Q(E2) — Q(§2)Q(&1)
= 0o ohof ool -0 00000 0 00

= 07" o[&,&]00
= Q([&1, &) (2.57)

]

Proposition 2.4.3. The linear map P : B+ Dg:= 010, is an isomorphism between
the space of cocycles f: G — G* and the space der(G) of derivations of G.

Proof. The proof is straightforward. If 5 : § — G* is a cocycle, then the linear map
Dg:G— G, z+ 07(B(x)) is a derivation of G, as we have

Dyglz,y] = 0~ (ad;B(y) — adyB(x)) = [2,07"(B(y))] — [y, 07" (B(2))].

Conversely, if D is a derivation of G, then the linear map Bp := P~1(D) =00 D : § — G*,
is 1-cocycle. Indeed we have: for every x,y in G

Bplr,y| = 0([Dx,y] + [z, Dy]) = —ad,(0 o D(x)) + ad, (6 o D(y)).

2.4.1 Case of Semi-simple Lie Algebras

Suppose now G is semi-simple, then every derivation is inner. Thus in particular, the deriva-
tion ¢1; obtained in (2.16), is of the form

P11 = ady,, (2.58)
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for some x( in G. The semi-simplicity of G also implies that the 1-cocycle ¢15 obtained in
(2.17) is a coboundary. That is, there exists an element f; of G* such that

¢12(I‘) = —ad;fo, (259)
for all x in G. Here is a direct corollary of Lemma 2.3.6.

Proposition 2.4.4. If G is a semi-simple Lie algebra, then every linear map ¢ : §* — G
which 1s equivariant with respect to the adjoint and coadjoint actions of G and satisfies
(2.10), is necessarily identically equal to zero.

Proof. A Lie algebra is semi-simple if and only if it contains no nonzero proper Abelian
ideal. But from Lemma 2.3.6, Im(v)) must be an Abelian ideal of §. So I'm(y)) = {0} and
hence ¢ = 0. O

Remark 2.4.1. From Propositions 2.3.3 and 2.4.4, the cohomology space H'(D,D) is
completely determine by the space J of endomorphisms j with j([z,y]) = [j(z),y], for all
x,y in G, or equivalently, by the space of adjoint-invariant bilinear forms on G.

Corollary 2.4.2. If G is a semi-simple Lie group with Lie algebra G, then the space of
bi-invariant bilinear forms on G is of dimension dimH"'(D,D).

Proposition 2.4.5. Suppose G is a simple Lie algebra. Then,
(a) every linear map j: G — G in d, is of the form j(x) = Az, for some X in R;
(b) every element & of € is of the form
§ = ad, + Ndg-, (2.60)
for some xg in G and X\ in R.

Proof. The part (a) is obtained from relation (2.31) and the Schur’s lemma.

From Propositions 2.3.1 and 2.3.2, for every £ in €, there exist « in der(9) and j in J such
that & = a+j. As G is simple and from part (a), there exist 2o in § and X in R such that
¢ = ad,, + \ds. O

We also have the following.

Proposition 2.4.6. Let G be a simple Lie group with Lie algebra G. Let D := G x G* be
the Lie algebra of the cotangent bundle T*G of G. Then, the first cohomology space of D
with coefficients in D is H' (D, D) = R.

Proof. Indeed, a derivation ¢ : D — D can be written: for every element (z, f) of D,
(b(x:f) = ([wax] ’ ad;of—ad;fo—k)\f), (261)

where xq and fj are fixed elements in G and G* respectively. The inner derivations are those
with A = 0. It follows that the first cohomology space of D with values in D is given by

HYD,D) = {¢:D—D:6(x,f) = (0,Af), A € R}
= {/\(O,]dg*),)\E]R}
= RIds

]
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As a direct consequence, we get

Corollary 2.4.3. If G is a semi-simple Lie algebra over R, then dim H'(D, D) = p, where
p stands for the number of simple components of G, in its decomposition into a direct sum
§=51D - Ds, of simple ideals 51, ...,5,.

Consider a semi-simple Lie algebra G and set § = 51 © 5o @ --- ® 5, p € N*, where
s;, i = 1,...,p are simple Lie algebras. From Lemma 2.3.5, £’ preserves each s;. Thus
from Proposition 2.4.5, the restriction & of & to each s;, i = 1,2,...,p equals £ =
admoi + A\ Ids,, for some xg, in s; and a real number \;. Hence, &' = ad,, ®"_; \;Id,,, where
To = To, + To, + -+ To, €51 DS D - D5, and B_ A\ Ids, acts on 51 D5y D --- D 5, as
follows:
(@B_ Nilds, ) (w1 + 20+ +2p) = M1+ Xazo + - - + Az,

In particular, we have proved

Corollary 2.4.4. Consider the decomposition of a semi-simple Lie algebra G into a sum
G =51D5:D- - DSy, of simple Lie algebras s;, 1 =1,...,p € N*. If a linear map j : G — G
satisfies jlz,y] = [jz,y], then there exist real numbers A1, ...\, such that

= Mids, @ -+ B Nyids,

More precisely
j(ml_i_—'_ajp) :A1$1+...+Ap$p7

ifx;isins;, 1=1,...,p.

Now, we already know from Proposition 2.4.4, that each i vanishes identically. So a
1-cocycle of D is given by:

o, ) = (o0, a], ads, f = adfo + Y Nifi) (2.62)
=1

for every x in G and every f:= fi+ fo+ -+ f,ins] @65 - D5, =G, where zp is in
G, foisin G* and \;, i = 1, .., p, are real numbers. We then have,

Proposition 2.4.7. Let G be a semi-simple Lie group with Lie algebra G over R. Let
D = G x G* be the cotangent Lie algebra of G. Then, the first cohomology space of D
with coefficients in D is given by HY(D,D) = RP, where p is the number of the simple
components of G.

2.4.2 Case of Compact Lie Algebras

It is well known that a compact Lie algebra § decomposes as the direct sum § = [G, §|BZ(9)
of its derived ideal [G, 9] and its centre Z(9), with [G, §] semi-simple and compact. This
yields a decomposition §* = [G,G]* & Z(9)* of §* into a direct sum of the dual spaces
G, 9%, Z(9)* of [9,G] and Z(G) respectively, where [G, G|* (resp. Z(G)*) is identified with
the space of linear forms on § which vanish on Z(9) (resp. [G,G]). On the other hand,
|9, G] also decomposes into as a direct sum [G, 9] = 51 @ ... & s, of simple ideals s;. From

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Case of Orthogonal Lie Algebras 42

Theorem 2.3.1, a derivation of the Lie algebra D := G x G* of the cotangent bundle of
G has the following form ¢(z, f) = (a(m) +o(f), B(z) + §(f)>, with conditions listed in
Theorem 2.3.1.

Let us look at the equivariant maps v : §* — G satisfying adz( ng = ad:;( 9) f, for every
f,g in G*. From Lemma 2.3.6, Im(¢) is an Abelian ideal of G; thus Im(¢)) C Z(9). As
consequence, we have ¥ (ad’ f) = [z, (f)] =0, for every x of G and every f of G*.

Lemma 2.4.1. Let (G, 1) be an orthogonal Lie algebra satisfying G = [G, 9] Then~ every
g in G* isa finite sum of elements of the form g; = ad} g;, for some T; in G, g; in §*.

Proof. Indeed, consider an isomorphism 6 : 9 — 9* of 9 modules. For every g in 9* there
exists x, in G such that g = 0(z,). But as G = [, G], we have z, = [x1,31] + ... + [Ts, Ys]
for some xz;,9y; in G. Thus

g = O(z,ml]) +... +0([zs, ys])
ady, O(y1) + ...+ ad;_0(ys)

= ady g+ ... +ady gs,

where Z; = z; and g; = 0(y;).
]

A semi-simple Lie algebra being orthogonal (with, e.g. its Killing form as p), from
Lemma 2.4.1 and the equality 1 (ad:f) = 0, for all z in G, f in G*, each ¢ in ¥ vanishes on
(G, G]*. Of course, the converse is true. Every linear map ¢ : §* — G with Im(¢) C Z(9)
and 9([9, 9]*) =0, is in V. Hence we can make the following identification.

Lemma 2.4.2. Let § be a compact Lie algebra, with centre Z(G). Then ¥ is isomorphic
to the space L(Z(G)*, Z(9)) of linear maps Z(9)* — Z(9).

The restriction of the cocycle 8 to the semi-simple ideal [G, §] is a coboundary, that
is, there exits an element f; in G* such that for every x, in [G, ], B(z1) = —ad}, fo. Now
for x in Z(G), one has 0 = Bzs,y] = —ad,(x2), for all y of G, since x5 is in Z(9). In
other words, S(z2)(ly, 2]) = 0, for all y,z in G. That is, B(x2) vanishes on [, §] for every
x9 € Z(9). Hence, we write

px) = —ady, fo+n(x2),
for all x := x1 + 22 in [G, 9] ® Z(G), where n : Z(G) — Z(G)* is a linear map. This simply
means the following.

Lemma 2.4.3. Let § be a compact Lie algebra, with centre Z(SG). Then the first space
H'(G,5*%) of the cohomology associated with the coadjoint action of G, is isomorphic to the
space L(Z(G), Z(9)*).

We have already seen that & is such that £ = a + j, where « is a derivation of § and j
is in J. Both a and j preserve each of [G, §] and Z(G). Thus we can write a = ad,,, ® ¢,
for some g, € [G, 9], where ¢ is in End(Z(9)). Here « acts on an element z := 1 + xo,
where x; is in [G, G|, x2 belongs to Z(G), as follows:

a(z) = (ady, ©¢)(1+ 2)
= ady,, r1 + ©(x2).

We summarize this as
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Lemma 2.4.4. If G is a compact Lie algebra with centre Z(G), then
H'(S,9) = End(Z(9)). (2.63)
Now, suppose for the rest of this section, that G is a compact Lie algebra. We write
j=®_Ailds, © p,

where p: Z(G) — Z(G) is a linear map and j acts on an element = := 1 + x5 as follows:
p P
jz) = <@)\ijdsi ¥ P) (1 + 12+ 21y + 1) = Z Aiz1i + p(w2)
i=1 =1

where z1 1= 11 + T2+ -+ + 21 i in [G, 9], 22 is in Z(G) and xy; belongs to s;. Hence,

Lemma 2.4.5. If G is a compact Lie algebra with centre Z(§), then § = RP & End(Z(9)),
where p is the number of simple components of [, 9].

So, the expression of & now reads
§ = [— ad;m + (@le)\zjdg;k)} P QOH,

with (@) (x2) = p(22) + p(x2), for all x5 in Z(G), where z; is in [, G, \; is in R, for all
1=1,2,...,p.
By identifying End(Z(9)), L(Z(9)*, Z(S)) and L(Z(S9), Z(9)*) to End(R¥), we get

HY(D,D) = (End(R*))* @ R?. (2.64)

2.5 Some Possible Applications and Open Problems

Given two left or right invariant structures of the same ‘nature’ (e.g. affine, symplectic,
complex, Riemannian or pseudo-Riemannian, etc) on TG, one wonders whether they are
equivalent, i.e. if there exists an automorphism of 7*G mapping one to the other. By
taking the values of those structures at the unit of 7*G, the problem translates to finding
an automorphism of Lie algebra mapping two structures of D. The work within this chapter
may also be seen as a useful tool for the study of such structures. Here are some examples
of problems and framework for further extension and applications of this work. For more
discussions about structures and problems on T*G, one can have a look at [5], [28], [32],
[34], [47], |56].

2.5.1 Some Examples

Here, we apply the above results to produce the following examples.

Example 2.5.1 (The Affine Lie Algebra of the Real Line). The 2-dimensional affine Lie
algebra G = aff(R) is solvable nonnilpotent with Lie bracket

[617 62] = €2,

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Some Possible Applications and Open Problems 44

in some basis (€1, e2). The Lie algebra D = T*G of the cotangent bundle of any Lie group
with Lie algebra G, has a basis (e, ez, €3, e4) with Lie bracket

[e1, €] = €2, [er,ea] = —eq, [ea, 4] = €3,

where e3 := €] and ey := €5. This is the semi-direct product Re; x H3 of the Heisenberg
Lie algebra Hsz = span(esg, €3, e4) with the line Rey, where e; acts on Hs by the restriction
of the derivation of ad,,. The Lie algebra der(D) has a basis (¢1, ¢2, @3, ¢4, ¢5) where

p1(e1) = , O1(es) = —e3 , Pa(es) = e,
Paes) = —es , ¢3(e1) = e3 , ¢aler) = —ey,
¢4(€2) = ) 9255(63) = €3 ) 9255(64) = €4,

the remaining vectors gbi(ej) belng zero, so that the Lie brackets are

(2, 01] = &1, (D2, 03] = D3, [d5, 03] = D3, [P, 0] = ¢a.

This is the semi-direct product R? x R? of the Abelian Lie algebras R? = spang(¢1, ¢3, ¢4)
and R? = spang (¢, ¢5). It has a contact structure (this is the Lie algebra number 18, for
p = q =1, in the list of Section 5.2.

Example 2.5.2 (The Lie Algebra of the Group SO(3) of Rotations). Consider the Lie
algebra so(3) = span(ey, ez, e3) with

[61’ 62] = —€3, [61763] = €2, [627 63] = —e.
The Lie algebra D = TG has (ey, €3, €3, €4, €5, €6) with Lie bracket

[61,65] = —€ , [61766] = €5 ) [62764] = €e;,
[62,66] = —€4 |, [63764] = —€ , [63765] = €4,

where e3; = ef, i = 1,2,3. The Lie algebra der(D) is spanned by the elements ¢;, ¢2, ¢3,
¢47 ¢5a ¢67 ¢7a where

p1(e1) = , 1(ez) = , ¢1(eq) = —es,
p1(es) = , ¢aler) = , ¢a(es) = e,
Pa(es) = , ¢ales) = , ¢3(es) = —es,
P3(e3) = , ¢3(es) = , ¢3(es) = es,
Pa(er) = , Galez) = , ¢s(e1) = —es,
Ps(e3) = , Peles) = , 9eles) = es,
Pe(es) = , ¢r(es) = , ¢r(es) = es,

so that we have the following Lie brackets

(1, 02] = =3, (D1, 03] =2, [b1,05] = —p7 , [01,07] = o5,
(2, 03] = —p1 , @2, Pu) =7, [D2, 7] = —u , [P3,04] = —5, (2.65)
(3, 05] = da, [Pas6] = =4, (b5, 06) = —F5 , [P, P7] = br.

This is the Lie algebra der(D) = s0(3) x G;4, where s0(3) = span(¢y, 2, ¢3) and G;q is the
semi-direct product G;q = Reg x R? of the abelian Lie algebras R® = span(¢y, ¢5, ¢7) and
Rgg obtained by letting ¢ acts as the identity map on R3. Thus der(D) is also a contact
Lie algebra, as it is the Lie algebra number 4 of Section 5.3 in [26].
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Example 2.5.3 (The Lie Algebra of the Group SL(2,R) of Spacial Linear Group). The
Lie algebra G = s[(2,R) of SL(2,R) has a basis (e1, e2, €3) in which its Lie bracket reads

[€1>€2] = —2ey [61763] =2e3 [62, 63] =—€ (2-66)

Set e} =: ey, €5 =: e5, €5 = eg, the Lie bracket of D :=T™G in the basis (e1, 2, €3, €4, €5, €5)
is given by

le1,e0) = —2ey , [er,es] = 2e3 , [eg,e3] = —ey,
[61, 65] = 265 s [61, 66] = —266 s [62, 64] = €6, (267)
lea,e5] = —2eq4 , [es,eq] = —e5 , [ese6] = 2e4.

The Lie algebra der(D) is 7-dimensional. It has a basis (¢1, @2, @3, ¢4, Ps5, Ps, P7), Where

$1 = —ex +es33+ es5 — 6 , G2 = e+ es5+ e,

¢3 = —ep+2e3 —2e45+e54 , Gu = e13— ey + 2e45 — e, (2.68)

G5 = —es3+ eq , Qs = eq — es1, '

G7 = €43 — €61

Hence, the Lie bracket of der(D) reads

(D1, 03] = ¢z, [P1,04) = —b4 , [D1,06] = @,
(b1, 07] = —¢7 , [p2,5] = &5 , [p2,06] = s, (2.69)
[¢27 ¢7] = ¢7 ) [(b?n 9254] = 2¢1 ) [¢37 ¢5] = _2¢67 ‘
(@3, 07 = —05 , [¢1,05] = 207 , [¢s,06] = —0s.

One realizes that der(D) = s[(2,R) x G;4, where s[(2, R) = span(¢1, @3, ¢4) and as above, G4
is the semi-direct product G;y = Ry X R? of the Abelian Lie algebras R? = span(¢s, ¢, ¢7)
and R¢y obtained by letting ¢» act as the identity map on R3. Again, der(D) is also a

contact Lie algebra, with 1 := s¢7 + t¢f as an example of a contact form, where s, €
R — {0}.
On the Lie algebra D = sl(2,R) x sl(2,R)*, consider the following two forms
e1((z, f)(w.9)) = fly)+9(y) (2.70)
w2 ((z, 1), (,9)) = fly)+9(y)+ K(z,y) (2.71)

where K stands for the Killing form of sI(2,R). The matrix of ¢; has two eigenvalues, —1
and +1, both of multiplicty 3. Therefore ¢ is of signature (3, 3). Now the matrix of ¢ has
four eigenvalues : 4 — \/1_7, -2 — \/5, 2 — \/3, 2+ \/3, -2+ \/3, 4 4+ +/17. The three first
eigenvalues are less than zero and the three last ones are positive. Hence the signature of
2 is (3,3), too. It is now straightforward to check that

der(D) = adp & Reo (2.72)

where adyp := span(¢y, ¢3, @4, ¢5, Ps, ¢7) is the space of inner dérivations of D, ¢, being, up
to multiplication by a scalar, the unique exterior derivation of D.

Let us look at the restrictions of ¢; and ¢y to the Levi subalgebra sl(2,R) of D.
Since the restriction of ¢y to sl(2,R) is degenerate, so is the restriction of ¢ to the

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Some Possible Applications and Open Problems 46

image exp(¢;)(sl(2,R)) of s(2,R) under the standard exponential map of any of the inner
derivations ¢;, i = 1,3,4,5,6,7, of D. That is because special automorphisms exp(¢;),
i =1,3,4,5,6,7, preserve the Levi subalgebra sl(2,R) of D. Suppose that there exists a
special automorphism exp(¢;), i = 1,3,4,5,6,7, mapping ¢ to @, i.e.

e1((exp(@)(@. £), exp(6)(:9)) = 2 (. 1), (4.9)) (2.73)

for all z,y in sI(2,R) and all f, g in s[(2, R)*. But the restriction of ¢; to exp(¢;)(sl(2,R)) is
degenerate while the restriction of v, to s[(2,R) is equal to the Killing form K of s[(2,R),

which is not degenerate. Hence, ¢ and ¢, are not homothetic via special automorphisms
of D.

Now, what about exp(¢2) ? One has exp(¢s) = €11 + €92 + €33 + €2, where e := exp(1).
For any elements (x, f) and (y, g) of D, we have,

o2 (exp(@2)(, 1), exp(@2)(,9)) = wa((@e), (v, 9)
= esol((x,f),(y,g)) + K(z,y)
# ei(@ 6. .9) (2.74)

Hence, the automorphism exp(¢s2) too do not map ¢z to ¢;.

2.5.2 Invariant Riemannian or Pseudo-Riemannian Metrics

As discussed in Section 2.2.1, the Lie group TG possesses bi-invariant pseudo-Rieman - -
nian metrics.

Among others, one of the open problems in [60], is the question as to whether, given
two bi-invariant pseudo-Riemannian metrics pq and g on a Lie group é, the two pseudo-
Riemannian manifolds (G, 1) and (G, p2) are homothetic via an automorphism of G. If
this is the case, we say that p; and po are isomorphic or equivalent.

When G = T*G, the question as to how many non-isomorphic bi-invariant pseudo-
Riemannian metrics can exist on TG is still open, in the general case. For example,
suppose G itself has a bi-invariant Riemannian or pseudo-Riemannian metric ¢ and let p
stand again for the corresponding adjoint-invariant metric in the Lie algebra G of G. Then
o induces a new adjoint-invariant metric (,), on D = Lie(T*G), with

(@, 1), (v, 9 = (2, f), (4, 9)) + (), (2.75)

for all x,y in G and all f, g in G*, where (,) on the right hand side is the duality pairing
((z, ), (y,9)) = f(y) + g(x). In some cases (see Section 2.5.3), the two metrics can even
happen to have the same index, but are still not isomorphic via an automorphism of G. If
[ is a bilinear symmetric form on G* satisfying fi(ad’ f, g) = 0, for every z in G and every
f,gin G*, then

((, ), (W90 = (2, f), (y, 9)) + ([, 9), (2.76)

forall z,yin G, f, g in G*, is also another adjoint-invariant metric on D. Now in some cases,
nonzero such bilinear forms ji may not exist, as is the case when one of the coadjoint orbits
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of G, is an open subset of §*, or equivalently, when G has a left invariant exact symplectic
structure.

More generally, these equivalence questions can also be simply extended to all left (resp.
right) invariant Riemannian or pseudo-Riemannian structures on cotangent bundles of Lie
groups.

2.5.3 Poisson-Lie Structures, Double Lie Algebras, Applications

The classification questions of double Lie algebras, Manin pairs, Lagrangian subalgebras,
.. arising from Poisson-Lie groups, are still open problems [32], |55]. In [32], Lagrangian
subalgebras of double Lie algebras are used as the main tool for classifying the so-called
Poisson Homogeneous spaces of Poisson-Lie groups. A type of local action of those La-
grangian subalgebras is also used to describe symplectic foliations of Poisson Homogeneous
spaces of Poisson-Lie groups in [32], [27].

It would be interesting to extend the results within this chapter to double Lie algebras
of general Poisson-Lie groups. It is hard to get a common substantial description valid for
the group of automorphism of the double Lie algebras of all possible Poisson-Lie structures
in a given Lie group. This is due to the diversity of Poisson-Lie structures that can coexist
in the same Lie group.

Among other things, the description of the group of automorphisms of the double Lie
algebra of a Poisson-Lie structure is a big step forward towards solving very interesting
and hard problems such as:

the classification of Manin triples ([55]);

the classification of Poisson homogeneous spaces of a Lie groups ([27], [55]);

a full description and understanding of the foliations of Poisson homogeneous spaces
of Poisson Lie groups. The leaves of such foliations trap the trajectories, under a
Hamiltonian flow, passing through all its points. Hence, from their knowledge, one
gets a great deal of information on Hamiltonian systems.

- etc.

2.5.4 Affine and Complex Structures on 7"G

In certain cases, T*G possesses left invariant affine connections, that is, left invariant zero
curvature and torsion free linear connections. Here, the classification problem involves
Aut(T*@G) as follows. The group Aut(7*G) acts on the space of left invariant affine connec-
tions on T*G, the orbit of each connection being the set of equivalent (isomorphic) ones.
Recall that among other results in [28], the authors proved that when G has an invertible
solution of the Classical Yang-Baxter Equation (or equivalently a left invariant symplectic
structure), then 7*G has a left invariant affine connection V and a complex structure J
such that V.J = 0.
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CHAPTER THREE

PREDERIVATIONS OF LIE ALGEBRAS OF
COTANGENT BUNDLES OF LIE GROUPS
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3.1 Introduction

In the sense of Felix Klein ([43]), studying the geometry of a "universe" is studying its
invariant structures under the action of a suitable Lie group. In semi-Riemannian geometry,
one of the suitable group used in this task is the group of isometries of pseudo-Riemannian
metrics. So it seems reasonable to well known isometries of pseudo-Riemannian metrics.
Among tools used, for instance in the case of bi-invariant (or orthogonal) Lie groups,
there are prederivations of Lie algebras. Miiller (|64]) gives an algebraic description of the
group I(G,u) of isometries of a connected orthogonal Lie group (G, ). He proves that
if (G,p) is a connected and simply-connected orthogonal Lie group with Lie algebra G,
then the stabilizer of the identity element of G in I(G, p) is isomorphic to the group of
preautomorphisms of § which preserve the non-degenerate bilinear form induced by g on G
and whose Lie algebra is the whole set of skew-symmetric prederivations of §. In [9], Bajo
studies the algebra of prederivations and skew-symmetric prederivations of a direct sum of
Lie algebras and this study allows him to generalize some results in [6], [7] and in [72].

Prederivations also present an interest in the purely algebraic point of view. As well
as Jacobson ([40]) proves that a Lie algebra admitting a non-singular derivation is neces-
sarily nilpotent, the author quoted above establishes in [8] that a Lie algebra possessing a
non-singular prederivation is necessarily nilpotent. Prederivations are also useful tools for
construction of affine structures on Lie algebras (see Section 3.5.2).
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In this chapter, we deal with prederivations of the Lie algebra of the cotangent bundle
of a Lie group; which Lie algebra appears as the semi-direct sum G x A of a Lie algebra G
and an Abelian Lie algebra A. In the sequel, we will take G to be the Lie algebra of a Lie
group G, A = G*, the dual space of G and TG := G x G* will be the semi-direct sum of
the Lie algebra G and the vector space §* via the coadjoint representation.

Our aim is to explore the structure of the Lie algebra Pder(7*9) of prederivations of
T*G. We will have a particular attention to Lie algebras admitting quadratic or orthogonal
structures.

The main results within this chapter are the following.
Theorem A. A prederivation p : TG — TG is defined by :

ple, f) = (al@) +0(f), B(x) +£()

for any element (x, f) of T*G, where a : § — G is a prederivation of G and § : § — G*,
Vv :G"—= G and £ : G — G* are linear maps satisfying the following four relations :

B([a. [y, 2])) = —adi, (B(@)) + ad; (ad; (5(=)) - adz(8(1)))
o adf‘mvy] = adjg ) 0V
ad; (ady )9 — adiyy /) = 0.

[5» adf;’y]] = (o (2),5)+lz.0(m)

for every elements x and y of G and any elements f and g in G*.

About the structure of the Lie algebra of the Lie algebra Pder(7™*G) of prederivations
of T*G, we have the

Theorem B. Let G be any finite-dimensional Lie group with Lie algebra G. Then the Lie
algebra Pder(T*S) of prederivations of the Lie algebra T*G of the Lie group T*G decomposes
as follows : Pder(T*G) = G, ® G, where G, is a reductive subalgebra of Pder(T*S), that is
S0, S6] € Gp and [S5, G1) C ).

Recall that the Lie algebra of the cotangent bundle Lie group of a semi-simple Lie
group is not semi-simple. Any way, as well as Miiller proves that any prederivation of a
semi-simple Lie algebra is a derivation we prove the following

Theorem C. Let G be a semi-simple Lie group with Lie algebra G. Then every prederivation
of the Lie algebra T*SG of the cotangent bundle Lie group T*G of G is a derivation.

The chapter contains five (5) sections. In Section 3.2 is explained the link between
prederivations and isometries of bi-invariant metrics on Lie groups. In Section 3.3 we study
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the structure of the Lie algebra Pder(7*G) of prederivations of the Lie algebra T*G of the
cotangent bundle T*G of a Lie group G with Lie §. The particular case where the Lie
group G possesses a bi-invariant metric is studied in Section 3.4. In Section 3.5 we give
examples and some possible applications.

3.2 Preliminaries

3.2.1 Prederivations of a Lie algebra

Definition 3.2.1. Let G be a Lie algebra. A bijective endomorphism P G — G such that

P([z,[y,2]]) = [P(2),[P(y), P(2)]], (3.1)
for all x,y,z in G, is called a preautomorphism of G.

The set of all preautomorphisms of § forms a Lie group (see [64]) which we note by
Paut(7*G). Its Lie algebra is the subset of the set GI(9) of endomorphisms of G consisting
of elements p which satisfy the following relation.

p([z, [y, 2]]) = [p(x), [y, 21] + [z, [p(y), 2]] + [z, [y, p(2)] (3.2)

for every elements x,y, z of G.

One can easily convince himself that any derivation of a Lie algebra is a prederivation.
Furthermore, there exists a class of Lie algebras that are such that any prederivation is
a derivation. Semi-simple Lie algebras belong to that class of algebras (see [64]). We will
prove in Section 3.4.2 that the Lie algebras (which are not semi-simple) of the cotangent
Lie groups of semi-simple Lie groups are also members of this class.

As well as Jacobson ([40]) proves that a Lie algebra admitting a non-singular derivation
is necessarily nilpotent, Bajo ([8]) shows that a Lie algebra which possesses a non-singular
prederivation is necessarily nilpotent. The converses of the both results are false since there
are nilpotent Lie algebra that admit only singular derivations and prederivations (see [8]).

3.2.2 Prederivations and Isometries of Orthogonal Structures

Miiller ([64]) proves that if (G, 1) is a connected and simply-connected orthogonal Lie group
with Lie algebra G, then the isotropy group of the neutral element of G in the group (G, i)
of isometries of (G, u) is isomorphic to the subgroup of GL(G) (group of endomorphisms
of §) consisting of preautomorphisms of § which preserve the non-degenerate bilinear form
induced by 1 on G and whose Lie algebra is the whole set of skew-symmetric prederivations
of G. See Section 4.2.3 for wider informations.
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3.3 Preautomorphisms of 7§

3.3.1 Prederivations of 7§

Let G be a Lie algebra and let 7*G := G x §* stand for the semi-direct product of § with
its dual via the coadjoint representation. The Lie bracket of T*G is given by

(@), (9)] = ([ ), adig — ad; f), (3.3)
for any elements (z, f) and (y,g) of T*S.
Let p: T*G — T*G be a prederivation of T*G and set

pla, ) = (al@) + (F), Blx) + £(F)). (3.4)
where : G — G, v :§" =G, :9— G and £: G* — G* are linear maps.

Let x,y, 2 be elements of G. We have :

([ v, 21]) = a([z, [y, 21]) + B ([, [y, 211) (3.5)

J/ J/

~ -~

€9 €g*

On the other way, since p is a prederivation, then

p(lsly =) = |p@)ly. 2] + |2 o), 2)] + [ [y p(:)]
= |a@) + B@). [y, 2] + |2, law) + By), 2] + [, [y, al2) + BE)]|
a(a). [y, 21 - adi, 4 (8@)) ) + [, [2(y), 2] = ad2 (3(9)) |
.y, (=) + ad; (5(2)) |
)

o), Iy, 2| = adj, . (B@) ) + (|2 [aw), 2]] - ad; 0 adz(8(»)))

Il
(—~ + —~ + —~r—

€9
+ (=0}, (5@)) — ads 0 ad2 (8(9)) +ad; 0 ady (5()) ) . (39)
s
From relations (3.5) and (3.6) we have :
o |2.1.2)]) = |a(@). n.2l] + |2 [ay),2]] + |2, [ a(2)]]- (3.7)

for any z,y,2 in G ; that is « is a prederivation of . Relations (3.5) and (3.6) also give

ﬂ([m, [y, Z]D = —adj, (B(z)) — ad o ad’(B(y)) + ady; o ad, (B(2)). (3.8)
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Now let x be an element of G and f, g be in §*. We have

p([z, [, g]]) = p(0) = 0. (3.9)

We also have

p([z, [f, g]])

Ww[ﬂ [[m@b{[ Uﬂ
0+ [z [u( )9l + [ +¢(9)]]

[Clraadf H[ : adwg f]
[z, adw(f)g — adyg) f]

From (3.9) and (3.10) it comes that

for every x in G and every f,¢g in G*. That is adj‘p(f)g — ad:z(g)f belongs the centralizer
Zr+g(G) of G in T*G, for any f and g in G*.

Let us now consider the following case. Let x and y be in § and f be in G*.

p([o 1)) = v ([l 11]) +€( [ 11)) (3.12)

€5 €5r

Since p is a prederivation, one has

[zl 1) = [p@. . 0] + pmw} [ f}
= |a@) +B@). [y, )] + . [0 ) 1] + [0 () + 60|
= |a@) + Bx).adyf| + hmh] Lu<n+w )|
= ady,y 0 ady(f) + ad; o adiy,) (f) + [, [y, 0(F)]] + ad; 0 ady (€(1))
= [z [y, ¥ (f)] +\(adz ) 0 ad; + ad’ o ady ) + ad o ad’ o 5)( ) (313)
€9

I_l

€gr
On one hand, relations (3.12) and (3.13) imply

(|2l 0)) = lolyv)
v(adioadyf) = adyoadyou(f),

that is
Y oady o ad, = ad, o ad, o, (3.14)

for any z and y in G. On the second hand relations (3.12) and (3.13) give

{([w,[y,f]}) = (adam)oad*—i—ad*oad* +ad*oad*of>(f)
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§oad,oad,(f) = (ad;( o ad, + ad; o ady,,, + ad; o ad; o f) (f)
(5 oad’ o ad; — ad’ o ad;; o g) (f) = (adz(x) oad; + ad’ o ad;(y)) (f)

It comes that

€, ad}, o ady] = ad}y,, o ad, + ad}, o ady,, (3.15)

o(z)

Let us summarize in the

Theorem 3.3.1. A prederivation p : T*G — T*G is defined by :

pla.f) = (@) + v (F), Bla) + () (3.16)
for any element (x, f) of T*G, where
e a:G — G s a prederivation of G and

e 5:G -G v:9 =G and £ : G — G* are linear maps satisfying the following four
relations :

B[z [y, 2))) = —adi, , (8(x)) + ad; (ad; (5(2) — ad:(B(w)))
Y oad; o ad, = ad, o ad, o1,

ad;(adz ng — ady, g)f> =0
€, ad;, o ad;] = ady,, o ad, + ad;, o ad;,

."'
—
co

o
—_
Ne)

(y)’
for every elements x and y of G and any elements f and g in G*.

3.3.2 A Structure theorem for the Lie group Paut(7*9)

Let us introduce the following notations :
1. Pder(7™*G) stands for the space of prederivations of T*G ;
2. Pder(G) represents for the space of prederivations of G ;
3. Q' is the space of linear maps 5 : § — G* satisfying relation (3.17) ;
4. &' is the space of linear maps £ : §* — G* such that
€, ad;, o ady] = ady,y o ady + ad;, o ady,,),

for some prederivation « of G and any elements x and y of G.

5. W' stands for the space of linear maps ¢ : §* — G satisfying (3.18) and (3.19).

6. G stands for the space of maps ¢n¢ : T*G — TG, (z, f) — (a(x),ﬁ(f)), where «a is
in Pder(9), { in & and [§, ad;; o ad}] = ady,,y o ady + adj o ady ), for all 7,y in G ;

7. G =V @ Q (direct sum of vector spaces).
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Lemma 3.3.1. The space &' is a Lie algebra. Precisely, if &1, in & satisfy

S ady0ady] = ady, ) 0 ady + ad; o ady, )
[527 ad; 0o ad;] — adZQ(I) ¢) adz + ad; e} CLd:;Q(y)

for all x, y in G and some oy, ay in Pder(G), then [£1,&s] belongs to &' and satisfies
[[5“ &2l ad; o “dzﬂ = adjy aq)(z) © ady T ad; 0 adjg, o))
for all elements x,y of G.

Proof. Consider & and &; as in Lemma 3.3.1. We have,

[6.6)ad; 0 ad;| = [G0& —& ok, ad;oad;]
= [&10&, adoad)] — [&0&, ad; o ady) (3.21)

[fl o0&, ad, o ad;‘j = (§o0&)oadio ad, — ad;, o ad; o (£, o &)

13 (@ oad’ o ad*) _ (ad;; o ad’ o gl) 0,

= <§1oad oad, + & oady o ady, ., + & oad, oad, o§2>
<§1 oad, o ad, — ady, o ad, — ad; o adal(y)) o0&y (3.22)

a1(x)
Hence,

[51 &, ady o ad?ﬂ = &o ad:w(x) o ad; + & o0ad, o adZQ(y)
+ad31($) oad,o& +ady o adzl(y) o0& (3.23)

We also have :

[{2 o0&y, ad; o adm = &§oady, ,yoad, +&oad;o adal(y)
+ady, ) © ady o 51 + ad;, o ad, .,y © & (3.24)

Now we have
6,6], adzoads] = (€ 0adiy 0 ad) +& oad o adsy,
+ady,, () © ady o & + ady o ady, () © §2>
({2 o ady, ) © ad, + & o ad, o adal(y)
tady, ) ©ad, 0 & +ady o ady,, ) © §1>

_ (51 o ad;m o ady — ad},, .,y o ady o §1>
+(§1 o ad} o ad}, o(y) — ad,, o ada )
+(“ ar(a) © ady 0 &2 = &2 0 “dalm o ad, >
+(adz 0 ads, g 0 & — &0 ad 0 ad )
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= [ 1, adg, () © adZ] + [él,adz o adzg(y)}
[ 2, ady, () oad*] — [&,ad* o ad;, y)}
- (a aroas(e) © Ay + adg, g © adal@)
+ (a o (z) © ad;, nt+ ad;, o adaloaz(y)>
(a S oad* + ady, ) © adg,(, )
< Ozg(a:) O CLd y) + ad (©] ada2oal(y)>
We then have
[[&7 52] ) ad; © ad;;] o ad [a1,a2](z) © ad + ad* © ad[al az](y)-
O
Lemma 3.3.2. The space G, is a Lie subalgebra of the Lie algebra Pder(T*9).
Proof. Let ¢q, ¢, and ¢q, ¢, be two elements of G.
<¢a17§1 °© ¢6¥2,£2> (Ia f) = ¢01,51 (Oég(l‘), gQ(f))
= <a1 o ay(x),& 0 fz(f))
We then have
(¢a1,€1 o ¢a2,§2) = (041 O (v, 51 o 52) .
By the same way, we have
(Gass 0 b0 ) = (001,620 61).
Hence,
[¢a1,§1) ¢a2,§2] - ([alu 052], [517&2]) S 96
m

Lemma 3.3.3. [G;, V'] C V' and (G, Q'] € Q. Hence, [, 9] C G-
Proof. Let ¢ ¢ and ¢y o be elements of G and U’ respectively. We have

G © 0u0(@, ) = ae(V(£),0)
= (ozoz/;(f),O).

Ouo© bael@, f) = duo(ale). (1)
= (veetn).0).
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Then,
0. 01(2. ) = (@0 =0 08)(1).0).

Let us show that (a0t — 1) o &) belongs to V. For any elements = and y in G, we have

(votp)oad,oad, = ao(yoad,oad,)
= «ao(ad,oad, ow)
= (aoad oad)oz/;

Let z be an element of G. We have

(voad,oady)(z) = ofr,
= ot } @ la(y), 2] + 2.y, a2)]

= <a )oad + ad, o ady ) + ad, o ad, oa)(z)

Then
a o ad, o ady, = ady() o ad, + ad, o ady,) + ad, o ad, o a.

It comes that :
(o)) oad; oady, = adyw) o ady, o + ad, o adyy) 0 Y + ad, o ad, o a0 1. (3.25)
Now, what about (¢ o §) o ad} o ad; ?
(Yof)oad,oad, = ¢o(§oad§oad§)
— o ([5, ad’ o ad’) + ad’, o ad’, o g)
— Yo <ad* oad’ + ad’, o adsy,, + ad’ o ad: og>
Hence,
(¥ 0&) oad’ o adl, = o ad’,, o ad’, + v o ads o adsy,y + o adioad o (3.26)
From (3.25) and (3.26), we have :

(votp—yo&)oad,oad, = (adys) o ady o)+ ad, oady ow—i—ad oady, oao))
—(¢ o adyy, oad* + ¢ oad; oad* + Y oad; oad*oﬁ)

It comes that (« o) — 1 o) satisfies (3.18) as it verifies
(o) —tpo§)oad, oad, = ad,oad,o(aor)—1hof).
Let now f and g be elements of G*.

T = adlaoy—yog)(1)9 = ooy —or)(o) f
= adaoy ()9 ~ Wyog(p)9 ~ aoy(g)f + adiog(g) f
For any x in G, one has the following
ady o adyq, ;) = 1€, ady o ady ] — ady ) o adjyp
O/d; @) ad:éo,l/}(g) = [5, O/d; e} O/d:;(g ] U/da(r o a,d:;(g)
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Then

ad oT' = ad} o (adfaw pot) (NI~ Winoy—yoe) () ] )
= f o ad* ¢ ad:z) (g) ad; 2 ad:;, §( ) oz(x © ad:;({) (g)
—€oad, o ad¢(g (f) +ad,o ad¢(g o &(f)+ (g (g © adw(g)(f>
ad 9] ad¢o§(f (g) + ad o ad¢of (f)

= ¢ (“dfc o adys)(g) — cad o ady, (f )> +ada (adlw)(f ) — adyg) (9)>

=0, becat?s,e of (3.19) =0, beca,t?s,e of (3.19)
tad; o adyey) f — ady 0 adyeg)) f +ad; 0 ady () g — ad, © adyeg )9 -

=0 =0

Hence,
ad; (“dfaow—woa(f)g = all{aop—yog) ()] ) =0, (3.27)

for any f,¢g in §* and any x in G. We then have shown that (a0 ) — 1 o £) belongs to V.
Hence, [Gp, ¥'] C V.

Now we are going to show that [f, Q'] C Q'. For this goal, let ¢, ¢ and ¢ g be elements
of §j and Q' respectively.

Gag 0 00(7.f) = bug(0.8(2))
= (0.605)) (3.28)

0030 bas(w.f) = 605(ale),€())
= <0 Bo a(m)) (3.29)
Then,
[90: 0)(x, ) = (0, (€0 8= Boa)(a)) (3.30)
Does (£ o B — (B o «) satisfies relation (3.17) ?

(€oAlw .2l = &( —adi, 4 (B@) — ad; 0 ad’ (8(y)) + ad; o ad ((2)) )

= —¢oad . ( (z)) — €& oad; oadi(B(y)) + & o ad, o ady(5(2))
= —foadjo ad*( () + £ o ad} o ad; (B(x))
—£o ad* oadi(B(y)) +Eoad; o ad* (5(2))
= —[¢ ad,oad;](5(x)) - ad, o ad’ o £(B()]
€. ad o ad’]((x) + ad: o ad) o £(5(x))
~ (€. ad: o ad”)(B(y)) — ad o ad’ o E((y))
[f ad, 0 ad,[(5(2)) + ad,, o ad, 0 £(5(2))

= 0 ad:(B(x)) — ad o ad’,(B(x)) — ad} o ad: o £(B(x))

+ada(z) oad,((z)) + ad; o ad* (,B(x)) + ad* oad; o &(B(x))

0 ad(B(y)) — ad: o ad* (5( )) — ad: o ad: o £(5(y))

+ada (@) ¢ ad,(5(2))+ad;, o adg (5( ))+ad;; o ady o §(B(2)) (3.31)
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(Boa)le.ly.2) = B(la@)ly. 2l + v, [ay), 2]l + [, [y, ()]

[
(

= —adj, (ﬁ(a(x))) ady,,) o ad; By ) +ady,, o ad;, (ﬂ(z))
adjo ) 2] (ﬁ(m)) —ad} o ad*( (a(y))) +ad} o ada(y (5(2))
adjy o) (B(x)) —ady o ad,.) (B(y)) +ad;, o ad*( z))) (3.32)

We then have

(€08 -Boa)nly2ll = —adi, (€0 Aw)) —adiyy 4 (B@) —adi, 0y (B@))
—ad; 0 ad:( (€ B)(y) ) + ad; o ady((€ 0 B)(2))
tadi, (80 )(w)) +adiy,, 4 (Be)+ad; 0 ad: (80 a)(y))
+ad, ..y (B(z)) — ad; o ad,, <(5 o 04)(2)>
= —adi, (€0 B=Boa)(@)) ~ad; 0 ad: (€0 B-Foa)(y))
tad; o ady (€0 8~ Boa)(2)) (3.33)
That is (£ o f — [ o «) satisfies relation (3.17) and then [Gj, Q'] C Q'. It is now clear that

S0, 91] < G-
O

We summarize the Lemmas above in the

Theorem 3.3.2. Let G be any finite-dimensional Lie algebra. Then the Lie algebra of
prederivations of T*G decomposes as follows : Pder(T*G) = G, @ G), where G, is a reductive
subalgebra of Pder(T*G), that is

(S0, Sol € Go and [Sp, G1) < G-

Remark 3.3.1. Pder(T*SG) is not a symmetric space as is der(T*G) (see Theorem 2.3.2)
since (G, G4 is not a subset of Gj. Precisely, let ¢y, p, and ¢y, 5, be two elements of .
Then,

1. [¢¢1,517 ¢¢2,52] = ((wl 0By — o ﬁl) ) (51 01y — By 0 ¢1)) ’
2. [Opyp1s Py o] do mot belong to Gy even (11 o Ba—1)o 0 1) is a prederivation of G.
3. (51 o lZJQ — 52 o ZZJl) 1s not linked to (wl o 52 - ’QZ)Q o ﬁl) by (320)

Indeed, let ¢y, 5, and ¢y, 5, be two elements of G.

(Gunsn © Gua)@ 1) = buu (¥2(), o))
= (10 Ba@), By o () (3.34)

By the same way

(D85 © 1) (@, f) = (% o fi(x), B2 0 @Dl(f)) (3.35)
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It comes that
(6000 Gu:) (@, F) = (W10 o= 20 B1) (@), (Brown = Brown)(f))  (3.36)

Let us see if (1)1 o 3 — 19 0 (1) is a prederivation of G.

01 (= adi, 4 (Ba(2) — ad; 0 adZ (Ba(y)) + ad; 0 ady (52(2)) )
—th1 o adj, (B2(x)) —th1 0 ad}, o ad(Ba(y)) +11 0 adyy o ad;, (B2(2))
—ady o ad, oy (52(:10); +ad, o ady o Yy 52(1’)3

(¥10 B2, [y, 2|

—ad oad, o1 (Ba(y)) + ady o ad, O%Eﬁz(z)
= [ z,¢1 0 P 95)]} + [ Y, ¥ 0 Ba )]]
— |,z 0 Bolw)]] + [ Iy, 1 0 B2 (3.37)
We also have :
(W20 B[yl = = [1slz v 0 @] + [2 [y b2 0 Bi(2)]
|7 a0 Bl + [w a0 ()] (338)

Now we have :

(V1o By = 0 B0l [y, 2l) = = [0 2,91 0 Bu@)] [+ 2., ¥ 0 Bo(a)]
— |7 2,61 0 Baw)] [+ [y, v 0 (=)

Ayl v Bi(@)]| = 2 g, v 0 B
|z [ b2 0 W) = [,y v 0 Bi(2)]]
—{% (1 0 fa—thy 0 B1)(x }%—[ [y, (¥1 0 Bo—tpz 0 B1)(x ]
‘[ [, (@010/32##2051 }+[ [y, (¥1 0 Ba—tpa 0 B1) Z]
[(191052—1/12051 ]Jr[ﬁ, (11 0 Bo—tha 0 B1)(y }

+ |2l (0 Bo—tir 0 ﬁn(z)ﬂ

), 2]
(3.39)
Then (¢ o B3 — 19 0 B;) is a prederivation of G.

We are now going to verify if (31 o 1) — 2 0 91) satisfies relation (3.20). Let x and y be
two elements of § and f be in G*.

[B1otby — Baothy,ady, oad,[(f) = [B1os,ad, oady|(f) — [B2 0, ad; oad](f)
= ﬁlowgoadfcoadz—adzoad;joﬁlO%)(f)

<ﬁ quoad*oad*—adfcoad;;c’&ow?)(f)

<6load o ad, oy — ad;oadZO&O@/)g)(f)

(52 o ad, o ady, o, — ad’ o ad; o By o ¢1>(f)
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= b ([% Y, %(f)“) —ad; o ad’; (51 (%(f)))
([, Iy vr (D)) + ads 0 ady (B2 (11 (1) )
)) —ad; o ad@(f (51(3/))

+ady g, gy P2 ZU)) +ad;, o ady, s ( y)
)) +ad’ o ad’ (52(¢1 ))
)) +ady gy 0 ad (8
)

1\T

(31@)
+ ad;, oad¢1(f)< 2(2)
—ady, j 0 ad;(&(m)) + ad; o ady, ;) < 2(y)

= —ady o adjy 5, f + adjyp 0 ady ()
—ad, o ady, s, () f + ad, o ady, s, f

_ad:ﬁl(f) © “dz <5Q(I)) + ad;, o adjbl(ﬁQ(y))f (3.40)

N—— N

Yy

Hence,

[Br oy — Brothy,ady oady)(f) = adyoady s pop ) f T ady 0 adiy op,—yop) ) f
tad), o ady (Bi(2)) - d% o ady (By(x)) (3.41)

The map (1 o ¢ — P2 0 1h1) does not satisfy the relation (3.20) (with the prederivation
(11 0 By — 19 0 B1)) because of the term adZQ(f) o adz <51 ) ad* o ad;; (62(a:)>

3.3.3 Maps £: G — G

Proposition 3.3.1. Let G be a Lie algebra and let o be a prederivation of G. A linear map
¢ G — G satisfies [¢, ad, o ad,] = —(ada(x) o ad, + ad, o ada(y)), for any elements x and
y of G if and only if there exists a linear map j : G — G satisfying

j,ad, o ad,] = 0, (3.42)
for any x, y and z in G, such that &' = j — «
Proof. Let & and « be as in the Proposition 3.3.1. For any z,¥, 2z in G, one has

§ oad, oady(z) —adyoad, o0& (2) = —ady) o ady(z) — ad, o aday)(2)
- [a(x), [ya ZH - [ZL‘, [a(y)’ ZH
= —a([z, [y, 2]]) + [, [y, a(2)]]
= —aoad,oady(z)+ ad, o ady o a(z).
We then have
(€ +a), ad, o ady} —0, (3.43)

for any elements xz,y of §. To finish the proof we just take j = &' + «.
]
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Let us note by J’ the space of linear maps 7 : § — G which satisfy
j,ad, o ad,] = 0, (3.44)
for every x,y, z in G.

Proposition 3.3.2. Let G be a non Abelian Lie algebra with dual space G*. A linear map
§: G — G* satisfies [§, ad}, o ady] = adg,,y © ad, + ad; o ady, . for some prederivation o
of § and every x,y in G if and only if its transpose £ © G — G is of the form £ = j — «,
where j is in J'.

Proof. Consider a linear map £ satisfying the hypothesis of Proposition 3.3.2. That is, for
every z,y in §, [{, ad; o ad}] = ady, ) o ad; + ad; o ad},,, for some « in Pder(§). Taking
transposes of the two sides one has

t
€, ad’ 0 ad?) = (ada(x oad’ + ad’ o ad;;(y))

B [£t7 (ad? o adZ)t} = (ada(x o ad;;)t (ad o ada(y)>t

— [ft, ad, o adm} = ady 0 ady(z) + ady(y) © ad,
[St, ad, o adx} = (ad 0 ad(z) + aday) © adx> . (3.45)
From Proposition 3.3.1 we conclude that & = j — a, where j is in J'. [

As a consequence, we have the following corollary of Theorem 3.3.1.

Corollary 3.3.1. A prederivation p : T*G — TG is defined by :

pla, ) = (@) + 0()), B@) + o (j - ) (3.46)

for any element (z, f) of T*G, where a : G — G is a prederivation of G, j: G — G isin ',
B:G—G" and  : §* — G are linear maps satisfying relations (3.17), (3.18) and (3.19).

3.4 Orthogonal Lie algebras

3.4.1 Maps a, 4, ¥, £ in orthogonal Lie algebras

All over this section we consider an orthogonal Lie algebra (G, it). Let 6 : § — G* still stand
for the isomorphism defined by (6(z),y) := p(z,y), for all z,y in .

Lemma 3.4.1. The map B +— ag := 07" o B is an isomorphism between the space Q' of
linear maps B satisfying relation (3.17) and the space Pder(G) of prederivations of §.

Proof. Let 8 be an element of Q'. For any x,y, z in G, we have

ag([w.ly.2]]) = B([wly. =1])
= 0 1( [y B (5(5’3)) +ad; o ady (8(2)) — ad; o ad} (B(y)))
= —adp, ) 007" o B(x)+ad, oad, 007" o B(z)—ad, o ad, o0~ o B(y)
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= —[lv.2les(@)] + [2. [y, a5(2)]] — [2, [z, as(2)]] (3.47)

Then az belongs to Pder(G). Conversely, let a be a prederivation of § and set 3, := 6o a.
For any z,y, 2 in G one has

B[, 19, 4]]) = e([a<x>,[y,zu + [2.[0(y), 2] +[ v, a(2)]])
= —Hoad[w]( )+90ad( )+90ad ([ (Z)])
— —ad;, (00 a)(z) +ad’ 0 6 — ¥)) + ad’ o0 o ady (a(2))
- [yz]ﬁa( z) — ad, oad*ﬁa(y)—l—ad* oad*ﬁa( )

Then S, is an element of Q'. This correspondence is obviously bijective. O]

Now we are going to look at maps v’s in the case where G is an orthogonal Lie algebra.

Lemma 3.4.2. The map ¢ — jy := 1 o 0 is an isomorphism between the space of linear
maps ¥ : G — G which satisfy relations (3.18) and the space J'.

Proof. Take v as in the Lemma 3.4.2. Then for any elements x,y, z in G, we have

[¢00,ad, 0ad,] = oboad,oad,—ad,oad,oof
= g)oad;oad;;oe—@boad;oad;oﬁ

Then j, :=1 06 is an element of J'.
Now consider an element j of J’ and set ¢; := j o §~'. Taking two arbitrary elements x
and y of G, we have

Yjoad,oad, = jo@fload;;oadz
= joad,oad,o07!
= adgzoady,ojor
= ad,oady, o), (3.48)

Then 1); satisfies relation (3.18). This correspondence is linear and invertible. O

Lemma 3.4.3. The maps £ — 071000 is an isomorphism of Lie algebras between the Lie
algebra & of linear maps & : §* — G* satisfying [§, ad’ o ad*] = ad;(:E o ady, + ady o ada(y),
for some prederivation o of G and any x and y in G, and the Lie algebra S of linear maps
§ G — G such that [¢', ad, o ady] = adyy) © ady + ad, o adyy), for some prederivation o

of G and every elements x,y of G.

Proof. Consider an element & of & and set d¢ := 0! o &0 6. For z,y,z in § we have

[0¢,ad, 0 ad,] = 0¢0ad, o ad, — ad, o ad,, o 0¢
= 8_1o§o€oadzoady—admoadyoe_lofoe
0_lo§oad;oad200—6’_1oad;oadZOSOH
= 8_10(§oad;‘:oad2—ad;oad;o§)09
= 0'o €, ad, o ady] o 0
— 9o (adj;(x) o ad’ + ad’, o ad;(y)) o0, for some a € Pder(9)

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Orthogonal Lie algebras 63

= <ada(x) oad, + ad, o ada(y)> 00 1od
= ady(z) © ady + ad, o adyy). (3.49)

Then ¢ is an element of §'.

Now consider an element & of 8’ with a as corresponding prederivation of G. Then
€:=00¢& 007! is an element of & as one can see in the following. For any elements z,y
in G we have

€,ad, oady] = §oad;oad;, —ad,oad,of

= 905’09_10ad;oadz—adioadZo@og'oe_l
fof oad,oad, 00 —0oad,oad, o0& of!
0o (¢ oad,oad,—ad,oady,o&)of™!
0ol¢, ad,oad,)od™!
90(ada(x)oady—i—adxoada(y))09_1

= (adz(x) o ad, + ad;, o ad;, > 0fof?

a(y)
= adZ(m) O ad; + ad; (@] adz(y)

It comes that £ := 0o & o0~ ! belongs to &'.
Now note by 6 : & — 8, £+ 6 := 07 o0& of. For any & and & in &', we have :

[0¢,,0¢,] = 0, 00g, — b, 0 0gy
= 0o ool ool —00& 0000 000
= 0o ool —0"10& o0& 00
= 0'o [£1,&2] 00
= 0.8

Thus, the map £ — 07! o £ 0§ is an isomorphism of Lie algebras. O]

Now we have the following result which states that Pder(7*9G) is completely determined
by Pder(G) and J'.

Proposition 3.4.1. Let (G, i) be an orthogonal Lie algebra and G* its dual space. Consider
the isomorphism 0 : G — G* defined by (0(x),y) := u(x,y). Any prederivation ¢ of T*G
has the following form

0w, f) = (a(@) + 1 0 07(F), 00 anlw) + (7 — a)(f)). (3.50)
for every (x, f) in T*G, where
- oy, g are prederivations of G,
- j1,7J2 are in J', with ad;(ad;log,l(f)g - ad;log,l(g)f) =0, forall x in G; f,qg in §*,

- jt and o are the transposes of jo and oy respectively.
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Remark 3.4.1. 1. Recall relation (3.18) :
Y oad; o ad, = ad, o ad, o1,

for all x and y in' G. We can also write
Y oad; o ad, = ad, o ad, o1,

for all x and y in G. Substracting the above two relations we have, for all elements
z,y of G,
Yo lady, ady] = |ad,, ad,] o v

which can be written

o ad’[kw} = adjg ) 0 .
Hence, if 1 satisfies relation (3.18) then

Yoad, = adyy o, (3.51)
for any x and y in G.

2. By the same way, we recall relation (3.20) :

€, ad}; o ad;] = ady,, o ady + ad;, o ad}y,

a(z)
for any x and y in G. Changing the roles played by x and y we obtain

€, ad;, 0 ady] = ady,, o ad;, + ady, o ady,,).

Substracting again the two last relations above, we have

&lads adi]] = [adi,).ady] + [ad, ady,)
Gadiy| = adiyy +adi gy
That s
€ adi. ] = ooy ot (3:52)

for all x and y in G.

3.4.2 Semi-simple Lie algebras

A semi-simple Lie algebra is an orthogonal Lie algebra. Moreover, if G is semi-simple, then
any prederivation is a derivation and hence an inner derivation (|64]). In this case, we can
write relation (3.52) as follows

[ﬁadf;,y]} = ady (o) (353)
for all 2,y in G. Since [G, G] = G, we can simply write
[57 ad::] = ad;(ax) (354)

for any x of G. The following lemma is an immediate consequence of Section 2.4.
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Lemma 3.4.4. If G is a semi-simple Lie algebra, then &' is nothing but the space of linear
maps & : G — G* such that
€, adl] = ad,

a(z)?

for some derivation o of G and any x in G. Furthermore, if G decomposes into simple ideal
as follows G =5, © s, D --- D5, (p €N), then

P
¢ = ad;, + @ Niids;, (3.55)
i=1
for some o in G and some real numbers Ai, A, ..., Ap.

Now we work on the maps 8 and the relation (3.17). The maps 8 — «ag := 60710 3
defined in Lemma 3.4.1 is then an isomorphism between the spaces der(§) and Q'; since
Pder(9) = der(9). From Proposition 2.4.3 it comes that if ag is a derivation then § = foag
is a 1-cocycle of G with values in G* for the coadjoint representation of G on G*. We then
proved the following lemma.

Lemma 3.4.5. If G is a semi-simple Lie algebra, then any element 8 of Q' is a 1-cocycle
of G with values in G* for the coadjoint representation of G on G*.

Lemma 3.4.6. If G is a semi-simple Lie algebra, then W' = {0}.

Proof. Relation (3.19) means that the linear form ady, ; g —ady,, f is closed, for any linear
forms f and g on G. Since G is semi-simple, it is perfect ; that is G is equal to its derived
ideal ([G, 9] = 9). It is known that any closed form on a perfect Lie algebra is zero. Then,
the closed form adfb(f)g — adfp(g)f is equal to zero for any f and ¢ in G*, i.e.

for every f and ¢ in §. Again because [G, ] = G, Relation (3.18) becomes
Yoad;, = ad, o (3.57)

Now we conclude with Proposition 2.4.4.
m

We summarize all the above by the following

Theorem 3.4.1. Let G be a finite dimensional semi-simple Lie group with Lie algebra G.
Then every prederivation of the Lie algebra T*G of the cotangent bundle Lie group T*G of
G is a derivation.

Proof. This is direct consequence of Lemmas 3.4.4, 3.4.5, 3.4.6 and the fact that any
prederivation of a semi-simple Lie algebra is a derivation. O
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3.4.3 Compact Lie algebras

Lemma 3.4.7. Let G be a compact Lie algebra. Then every prederivation o of G is of the
form a = ad,, ®p, where xq belongs to the derived ideal of [S,G] and ¢ is an endomorphism
of Z(G). That is for any x1 in [9, 5] and x4 in Z(9),

Oé(iL'l + fEQ) = [iL‘o, iBl] -+ (,0($2>, (358)
where xq in [G, G|, where ¢ is an endomorphism of Z(9).

Proof. Recall that a compact Lie algebra is a Lie algebra G which decomposes into the sum
§=19,9] @ Z(9) of its derived ideal and its centre, with [G, §] semi-simple and compact.
A prederivation « of such a Lie algebra preserves each of the factor [G, §] and Z(G). Then
it can be written as a direct sum of a prederivation oy of [G, G| and a prederivation asy of
Z(9). Since [G, 9] is semi-simple, the prederivation «; is an inner derivation. Furthermore,
the derivation as of Z(9) is just an endomorphism of Z(9) because Z(9) is an Abelian
ideal of G. Hence, we can write

a = adg, ¢, (3.59)

where z( is an element of the derived ideal of § and ¢ is an endomorphism of Z(G). The
prederivation « acts on G as follows. If z = x1 + x5 with z; in [§, §] and 3 in Z(9),

alx) = a(xy + x) = [xo, 1] + p(22). (3.60)
]

Lemma 3.4.8. If G is a compact Lie algebra. Then the space V' is isomorphic to the space
End(Z(9)) of endomorphisms of the centre Z(9) of §.

Proof. A compact Lie algebra admits an orthogonal structure, then from Lemma 3.4.2
the space of linear maps ¥ : §* — G which are equivariant with respect to the adjoint
and coadjoint representation of [G,G] on G and G* respectively is isomorphic to the space
J’. The correspondence is given by 1 = j o 871, for some j in J’. For any element z of
§=19,9]® Z(9), we write x = x1 + x9, where x; is in the semi-simple ideal [G, G] while
x9 belongs to the centre Z(9) of G. Set

() = (Ju (1) + jar(22)) + (Jra(1) + Joa(2)), (3.61)

J/

g

€[] ez(9)
where ji 2[5, 9] = [9, 5], jiz : [9, 5] = Z(9), jar : Z(5) — [, G] and jao = Z(G) — Z(9)
are linear maps. For any z,y, 2z in G, we have
i([leso=]) =[] (=)
i([enmla]) = [enyin() + ()]
= [len,ml dn(z)] + (21,01, j21(22)] (3.62)

If we take zo = 0, then j([[ajl, y1), zl]> = [[azl, yl],jn(zl)} for all z1,y1, 21 in [G, G]. Relation
(3.62) gives [[z1,y1], j21(22)] = O for all 21,y in [G, §] and 25 in Z(G); that is joi(22) belongs
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to the centre of [G,G] which is {0} since [G, G| is semi-simple. It comes that js; = 0. On
the other way

j([[%,yl],zl}) = jll([[$1ayl]vzl]>+j12<[[$17?/1]721}>

[z, 01], i (z1)] = gh([[ﬁhyl]aﬁ])-I—z'm([[xl,yl],zl]) (3.63)

~ /

€l5.9) €(5.9] e2(9)

J/ J/

It comes that ju([[xl,yl],zl}) = 0, for all z,y1,2 in [G,G]. Then Jj5 = 0 on the semi-

simple ideal [G, §]. Now we have just
J(x) = jun(z1) + Joa(wa), (3.64)

where j;; is an endomorphism of [, §] satistying

ju ([l wl 21]) = [lenml (=), (3.65)

for all z1,91,21 in [G, 9] ; and jao is in End(Z(G)). Since [, §] is perfect then (3.65) can
be written

Ju(lz, 1)) = [z1, ()], (3.66)
for all 21,y in [G, §]. Tt comes, from Corollary 2.4.4, that

P
Ju(z) = Z N1 + Joo(x2), (3.67)
i=1

where 1 = 211 + 12 + - -+ + 21, is the decomposition of z; into elements of the simple
components of [G, §]. Now we have,

w(f) = o0 ()
= J(D07 ) + 07 ()

p
= SN (fu) 067 (o) (3.68)
i=1
From Lemma 3.4.6 the restriction of ¥ to the semi-simple ideal must be zero, then
O(f) = jaz 0 07 (f2). (3.69)
and we are done. O

Lemma 3.4.9. If G is a compact Lie algebra, then the space Q' is isomorphic to the space
adig.q) ® End(Z(G)), where adjg g stands for the space of inner derivations of the derived

ideal [G, 9] of G.

Proof. The proof is straightforward. Lemma 3.4.1 asserts that Q' is isomorphic to Pder(9)
and Lemma 3.4.7 implies that Pder(G) = adg.q ® End(Z(9)). O
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Lemma 3.4.10. Let G be a compact Lie algebra. Then any linear map £ : G — G*
satisfying relation (3.20) can be written as

p
€= (@ Nidy, + ad;0> o, (3.70)
=1

where 1 is an endomorphism of Z(S*), xo is an element of [3,G] = 1 ® 52+ B 5,;
A1, A2, ...y Ay are Teal numbers and p is the number or simple components of [G,G]. More
precisely, if f = fi + fa is an element of §* with fi = fu1 + fiz + fis + -+ fip in
5.9 =st@ss@®---®s; and fy in Z(9)*, then

§U) = D Nifi+ adi fr +n(fa) (3.71)

Proof. We have already seen that the transpose &' of € has the form £ = j — «, where j is
in J'. From the proof of Lemma 3.4.8 (see Relation (3.67)) we have

p
j= (@ mdsi> ® p1,

i=1

where p; is an endomorphism of Z(G). Hence,

p
= (EB M’%) @ p1— (ady, @ 1),
=1

since a prederivation « of the compact Lie algebra G is given by a = ad,, ® ¢1, where x;
is in [G, 9] and ¢, is an endomorphism of Z(G) (see Lemma 3.4.7). We simply write

p
¢t = (@ Niids, — adm) ® 2,

=1

where ps = p1 + 1 belongs to End(Z(G)). It comes that

p
€= (@ Nidgs + ad;0> S,
=1

where 7 = b is the transpose of . ]
The following Proposition holds and is a direct consequence of the Lemmas above.

Proposition 3.4.2. Let G be a compact Lie algebra. Let 0 : G — G* be the isomorphism
defined by (0(x),y) := u(x,y), where p is an arbitrary orthogonal structure on G. Then any
prederivation of T*G has the following form :

o, f) = <[x°’$1]+901(x2)+902 0071 (f2) , 0([yo, 21])+0 0 ps(x2)
—I—Z /\ifu—l-ad;ofl-i—n(fg)), (3.72)

where
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- o, Yo are in [9, G];
- 1, P2, 3 are endomorphisms of Z(9);
n s in End(Z(9)*);

- Vi, N, 1 =1,2,...,p are real numbers;

-r=x1+ry=sn+Te+ -+ T,+12€95=[99® Z(9)

~and f=fitfo=fut+fot- o+t fed =95 Z(9);
p being the number of simple components of [3,5] =51 ® 52 ® -+ - D 5.

Proof. Let § = [G,5] & Z(9) be a compact Lie algebra. From Proposition 3.4.1 we have
that any prederivation ¢ of G has the form

0w, f) = (eu(@) + 10 07(f), B0 as(w) + (5 = at)()).

for every (z, f) in T*G, where ay, s are prederivations of G, ji, j» are in J’, j and of are the
transposes of jo and o respectively. Now Lemma 3.4.7 implies that a1 (x) = [xq, 21]+¢1(22)
and as(x) = [yo, 1] + w3(x2), for every x = 21 + 29 € §=1[9,9] & Z(9) where 2 and y,
are fix elements of the derived ideal [G, G]. From the proof of Lemma 3.4.8, we have

P
Jilz) = ZVi$1i+902($2),

i=1
p
jolz) = Z)\ifﬁu‘i‘%(@),
i=1
where z =21+ 2y =211 + 212+ -+ 21, + 22 € (5,9 B Z(9), \,v4,i =1,2,...,p being

real numbers. Then, for any f = fi+ fo = fuu+ fie + -+ fi, + f2in [G,G]" & Z(9)*, we
have

1007 (f) = ]'1(971(]0))

p

= Z Vi (efl(fu)> + 02(07(f2))- (3.73)

=1

The restriction of ¢ := j; 0 7! to the dual space of the semi-simple ideal [G, §] must be
zero (see Proposition 2.4.4). Then we have

J1o07H(f) = 2007 (fo), (3.74)
forall f=fi+fo=/fu+fia+--+fip+f2in[G 5] Z(9)".

Let us, now have a look at maps 3 := 6 o as. We have

B(r) = 9([3407 331]) + 0 0 p3(x2) (3.75)
forall z =2 +25in §=1[9,5] ® Z(9). O

We finish this chapter by giving some situations where prederivations are used.
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3.5 Possible Applications and Examples

3.5.1 Examples

Example 3.5.1 (Affine Lie algebra of the real line). Let Aff(R) stand for the affine Lie
group of the real line and note by aff(R) its Lie algebra. We recall (see Example 2.5.1) that
Dy := T*aff(R) = span(ey, e, e3) with the following brackets

[e1, €] = €2, [er,e4] = —eq, [e2, 4] = €3,

One can readily verify that Pder(D;) = der(D;) = R? x R? (semi-direct product of the
Abelian Lie algebras R3 = spang(¢1, @3, ¢4) and R? = spang(¢s, ¢5)) with the following
brackets (see Example 2.5.1) :

(2, 01] = 01, (P2, 03] = D3, [P5, 03] = D3, [P5, Pa] = P

Example 3.5.2 (The Lie Algebra of the Group SL(2,R) of Special Linear Group and
the Lie Algebra of the Group SO(3) of Rotations). The Lie algebra sl(2,R) is simple,
then Pder(7*sl(2,R)) = der(7"sl(2,R)) (See Example 2.5.3). By the same argument,
Pder(T*so(3,R)) = der(7T*s0(3,R)) (see Example 2.5.2).

Example 3.5.3 (The 4-dimensional Oscillator Group). In Example 1.1.3 we have define
the Oscillator Lie group and its Lie algebra. The 4-dimensional oscillator algebra, is the
space G\ = span{e_1, eg, e1,€é1} (A > 0) with the following brackets :

[671, 61] = )\él ) [671, él} = —)\61 ; [81, él] = €. (376)

Let (e, €5, et,€7) stand for the basis of G5 dual to (e_1, e, €1, €1). Then, the Lie algebra
T*G, = span(e_q, g, €1, é1,€" 1, €5, €f, €7) with the brackets

le_i,el] = Aer ;5 e, é] = —Xer 5 e, é] = e
[6—1» eﬂ = Aé} ; [6—1, éﬂ = —Aej [€1> 63] = —€ (3.77)
[élv eﬂ = _)\eil ; [617 éﬂ = )\eil ; [éla 68] = €1<

Consider the form py defined on G, by

_ _ 1 w1
pa(z,y) = a7y + 2%y + X(fb’ly1 + &'yh) (3.78)

for all z = 7 te_; + 2% + zle; + #'¢, and y = y~te_; + 1y ey + yleg + ytér. It is readily
cheiked that the form (3.78) defines an orthogonal structure on Gy (|12]). The isomorphism
0 : Gy — Gy defined by (A(x),y) = ur(x,y), for all x,y in G, is given by

1 1
Ole_1)=¢; , 0O(eg)=¢€¢"y , 0O(e1) = Xe’{ , 0(é) = Xé’{, (3.79)

The inverse map of 6 reads :

0t ) =e , ONe)=ec1 , O07He)=Xer , 071&) = Néy (3.80)
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Since G, is an orthogonal Lie algebra, any prederivation ¢ of T*G, can be written as
follows.

0w, f) = (@) + 1 0 07(F), D0 anlw) + (7 — a)(f)).

for every (z, f) in T*G, where ay,ay are in Pder(G,) and j;,j2 are in J’ with conditions
listed in Proposition 3.4.1. Now we have :

e A prederivation « of G can be represented in the basis (e_1, eq, €1, €1) by the following

matrix.
0 0 0 0
21 2a33 Q23 A24
a = ) 3.81
— a3 0 a3z a3q ( )
—Adags 0 —azs ass

where a;;’s are reals numbers. We can put

0 0 0 O 0 0 0 0
o = 21 2a33 A23 QA24 oy = bay 2b33 baz Doy
—Aag3 0 33 a34 ’ —Abys 0 bzs b3y
—Aagy 0 —ass as3 —Abyy 0 —b3s b33

e A linear map j : §x — G which satisfies (3.44) has the following form :

Jgu 0 0 0
.| Jz o Ju 0 0
0 0 0 Jn
where 717 and j2;. We set
ap 0 0 0 bp 0 0 O
. ag a1 0 0 . . b2 b1 0 0
1= O O a 0 3 J2 = 0 0 bl O
0 0 0 a 0 0 0 b
It follows that
0 ag 0 O bai  2bzz  bog b4
. 4| a1 az O 0 . _ 0 0 0 0
et =19 o Aa; 0 3 foos= —bys 0 $hss b
0 0 0 Mg —by 0 —$bss b

If we consider the fact that ad (ad;loe,l(f)g — adjlog—l(g)f) =0, for all x in G, and any f,g
in G3, we obtain

e}

Q
)

jroft =

o O O O
o O

o O O O
o O OO
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Now we write the matrix of a prederivation ¢ of T%G,.

0 0 0 0 0 0 0 0
21 2a33 23 azy 0 a2 0 0
—AXazs 0 ass asa 0 0 0 0
—Aaga O —azs asz3 0 0 0 0
¢ = (3.83)
ba1 2033 ba3 bag b1 by —an Aagz Adgy
0 0 0 0 0 by —2ass 0 0
—bas 0 %bszs §b34 0 — @23 by — as3 34
—byy 0 —3bas bz 0 —amy —azy by —aszs

It comes that Pder(7T*G,) = span{¢;, 1 <i < 13}, where

$1 = €21 — €5 G2 = 2ex + €33+ eqq — 2e66 — €77 — €83
G3 = —eo3+ Aegp — Aesy + erg Gy = €94 — Aey + Aesg — egp
05 = e Gs = —Aesy+ Aegz — Aerg + Aegy
¢7 = es s = 2e;+ %673 + %684 (3.84)
P9 = —Aesz+ Aen P10 = Aesy — Aegy
P11 = €55+ €6+ €77 + esg P12 = €56
P13 = —€py+ eg3
with the following brackets
(61, 02] = —h (01, 08] = —2¢7 (2, 03] = ¢3
(P2, 04] = 4 (P2, 5] = 205 (P2, 98] = —2¢%
(P2, P9] = —dpg (2, p10] = —odo (2, P12] = 2012
(2, P13] = —2¢13 (3, 06] = Ay [p3, 03] = —§CJ59
[f3,013] = 10 [ps,06] = —Ao3 [01,05] = —30u0 (3.85)
(4, p13] = —oy (5, 08] = —2¢12| [d5,01] = s
(6, po] = —Adwo| [Ps,010)] = —Abwo| o7, 01] = —o7
(s, d11] = —os (b9, P11] = —oy (D10, P11] =  —d1o
(P11, P12] = 12 (P11, P13) = P13

One realizes that
Pder(T*Gy) = adpeg, ® [1128 x (R? i Rf”)}
— (R?xRY) x [R2 x (R? R?’)}
— (span(6s, éus) x span(dy, 61, o, 610)
X [Span(%, ¢11) X (span(¢1, ¢5) X span(dr, @s, ¢12)] (3.86)
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3.5.2 Possible Applications
The existence of affine structures is a difficult and interesting problem ([39],[63], [54], [52]).

Let G be a Lie algebra. If D is an invertible derivation of G, one defines an affine

structure by the formula
V.y = D ' oad, o D(y), (3.87)

for every = and y in G. Unfortunately, there are Lie algebras that admits only singular
derivations. Nilpotent such algebras are called characteristically nilpotent Lie algebras.

If the Lie algebra G admits no regular derivation, then one uses a regular prederivation
whenever it exists. The idea of the construction is the following ([15]). Given an invertible
prederivation P, set w(z,y) = P([z,y]) — [z, P(y)] — [P(x),y], for all z,y € §. Now we
define

1
V.y =P 'oad, o P(y) + §P*1 ow(z,y), (3.88)

for every x,y € G. In general the map z — P~ !oad, o —|—%P*1 o w(z,-) might not be a
representation. However, in many cases, (3.88) gives rise to an affine structure.
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4.1 Introduction

A Lie group endowed with a pseudo-Riemannian metric which is invariant under both left
and right translations, is called an orthogonal, a bi-invariant or a quadratic Lie group. The
corresponding Lie algebra is called an orthogonal or quadratic Lie algebra.

Such Lie groups are important in Mathematics and in Physics. These objects are, for
instance, useful in pseudo-Riemannian geometry, in the theory of Poisson-Lie groups, in
relativity, in the theory of Hamiltonian systems,... ([4], [5], [10], [29], [32], [35], [50])-

According to the works of Medina and Revoy (|60],[58]), any orthogonal Lie algebra is
obtained by the so-called double extension procedure. This is the case of orthogonal Lie
algebras called hyperbolic and whose quadratic form is of signature (n,n) (where 2n is the
dimension of the concerned Lie algebra). One particularly interesting case is the one where
the Lie algebra admits two totally isotropic subalgebras which are in duality. These latter
Lie algebras named Manin-Lie algebras describe simply connected Poisson-Lie groups.

It is known that the cotangent bundle 7*G of a Lie group G with Lie algebra G,
considered with its Lie group structure obtained by semi-direct product of the Lie group

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Introduction 75

G and the Abelian Lie group §* (dual of §) by means of the co-adjoint representation,
possesses a hyperbolic metric : the duality pairing.

Here we seek to characterize, up to isometric automorphisms, all orthogonal structures
on T*G by means of the duality pairing and adjoint-invariant endomorphisms; hence, all bi-
invariant metrics on 7*G; and to determine the corresponding group of isometries. We will
focus our study on orthogonal Lie algebras and on the more particular class of semi-simple
Lie algebras.

We will take G to be the Lie algebra of a Lie group G, §* will be the dual space of G
and 7*G := G x §* will be the semi-direct sum of the Lie algebra G and the vector space
G* via the coadjoint representation. Recall that Pder(G) stands for the Lie algebra of all
prederivations of the Lie algebra G while J’ is the set of all endomorphisms j of § which

SatiSfy .7( [[l’, y]v Z:|) = [[l’, y],](Z)] ) for any r,y,z in 9
Among others, here are some of the important results contained in this chapter.

Theorem A

1. Let G be a Lie algebra. Any orthogonal structure p on TG is given by

M((% 1), (%9)) = <9J11(I)> + <f7j11(y)> + <97j21(f)> + <j12($), y>, (4.1)
where 711 :G— G, J12: 9 — G*, Jo1 : G — G are as in Proposition 4.3.1.

2. If (G, ) is an orthogonal Lie algebra, then any orthogonal structure pp on T*G has
the form

s (@), (w.9)) = (9, @) +(f 5 in(®)+(9.32007(F) + (905 (@), y), (42)

for all (x, f), (y,q) in T*G, where 0 is the isomorphism induced by the p through the
formula (1.2) and j11, j1, jo satisfy conditions listed in Lemma 4.4.1.

3. Let G be a semi-simple Lie algebra. Any orthogonal structure p on T*G is given by

w((z, f), (y.9)) = Z il (i, 1), (yiagi)>5i + ZVkKk(xk»yk)a (4.3)

k=1
Jorallz,y € G =61 Ds2®---Ds, and f,g € G =61 Ds5D - Ds, ; where \; € R*,
v; € R and K; stands for the Killing form on s; for alli=1,2,...,p.

Theorem B

1. Let G be a Lie algebra and let pp be an orthogonal structure on T*G. A pp-skew-
symmetric prederivation ¢ of T*G has the form

o, f) = (ala) +(f), B) + (" = a)(f). (44)

where j': G — Gisind, a: 9 — G isin Pder(G), 5:G— G and ¢ : " — G are

as in Theorem 3.5.1, with the additional conditions listed in Proposition 4.3.2.
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2. Let (G, 1) be an orthogonal Lie algebra. Then any prederivation ¢ of T*G which is
skew-symmetric with respect to any orthogonal structure pp on T*G can be written
as follows

o, f) = (@) +1007(F) s Ooas(e) + (G’ —al)(f),  (45)

where aq, o are in Pder(9); ji,j5 are in @ with the additional conditions listed in
Proposition 4.4.1.

3. Let G a semi-simple Lie algebra. Then any prederivation of T*G which is skew-
symmetric with respect to any orthogonal structure pp on T*G is an inner derivation

of T*G.

In Section 4.2 is given some basic notions useful to make the chapter understandable.
Section 4.3 is dedicated to the characterization of orthogonal structures on the Lie algebras
of cotangent bundles of Lie groups and their groups of isometries. In Sections 4.4 and 4.5
are respectively studied the case of orthogonal Lie algebras and the case of semi-simple Lie
algebras. The chapter finishes with some examples given in Section 4.6.

4.2 Preliminaries

4.2.1 Orthogonal Structures and Bi-invariant Endomorphisms

Let (G, 1) be an orthogonal Lie group with Lie algebra §. The metric x4 induces on G an
adjoint-invariant symmetric non-degenerate bilinear form (), i.e. a symmetric and non-
degenerate form (,) such that

([z,9],2) + (y, [z, 2]) = 0, (4.6)

for all z,y in G. The form (,) is called an orthogonal structure on §. It is well known ([60])
that any other non-degenerate symmetric bilinear form B on G can be written as

B(z,y) = {(j(@),y), (4.7)

for all z,y in G, where j is a (, )-symmetric automorphism of the vector space G. Further-
more, the bilinear form B is adjoint-invariant, i.e. is an orthogonal structure, if and only
if 7 commutes with all the adjoint operators ad,, (x € §); that is

(e, yl) = li(@),y] = [2,5 ()], (4.8)

for every x,y in G.

An endomorphism j of § which satisfies Relation (4.8) is called a bi-invariant or an
adjoint-invariant endomorphism.

From what is said above it comes that if one orthogonal structure (,) is known on §
then we will be able to characterize all the orthogonal structures on § by characterizing
all the (,)-symmetric bi-invariant tensors on §.
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4.2.2 Isometries of Bi-invariant Metrics of Lie Groups

Let us begin by some reminders.

Definition 4.2.1. Let M be a smooth manifold equipped with a pseudo-Riemannian metric
. An isometry of the pseudo-Riemannian manifold (M, 1) is a diffeomorphism f : M — M
such that f*p = p, where f* stands for the "pull-back” via f. More precisely, for all  in
M and any vectors X, Y|, in the tangent space T, M,

We denote by I(M, u) the set of all isometries of (M, ). Nomizu shows in [66] that
the set Aff(M,V) of all affine transformations of the induced affine connection on M,
with the compact-open topology, is a Lie transformation group. But I(M, u) is a closed
subgroup of Aff(M,V). Then, equipped with the compact-open topology, I(M, p) is a Lie
transformation group.

Let (G, p) be an orthogonal Lie group with Lie algebra §. We note by I(G, p) = I(G)
the set of all isometries of (G, i), by F(G) the set of those isometries which fix the identity
element € of G and by L the set of all left translations of G. We recall the following result
due to Miiller.

Lemma 4.2.1. ([64]) Let G be a connected Lie group endowed with a bi-invariant metric.
1. F(Q) is a closed Lie subgroup of I(G) ;
2. Lg is a closed connected subgroup isomorphic to G ;
3. I(G) = LgF(G), with Le N F(G) = {id}; id : G — G is the identity map of G ;
4. the manifolds I(G) and G x F(G) are diffeomorphic.

4.2.3 Isometries of Bi-invariant Metrics and Preautomorphisms

Let (G, i) be an orthogonal Lie group with unit element € and let G be its Lie algebra. We
will often note by (,) := g the resulting non-degenerate adjoint-invariant bilinear form
on G. The fact that GG is orthogonal is equivalent to the one that the geodesics through e
are the one-parameter subgroups of G (see |38, Exercise 5, page 148]).

Let exp : § — G denote the exponential map of the Lie group G. Consider an open
neighborhood U of 0 in G such that the restriction exp;; : U — exp(U) of exp to U is a
diffeomorphism and note by log : exp(U) — U the inverse of expy;.

Definition 4.2.2. A local isometry at € is a diffeomorphism ¢ : Vi — V5 between two open
neighborhoods Vi and V5 of € in G such that

o ¢ firese, ie. p(e) =€ ;

o o' = on Vi, where p* stands for the pull-back via ¢.
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Now, let ¢ be a local isometry at € and x any arbitrary element of G. The local isometry
@ maps any geodesic through e onto a geodesic through € on a neighborhood of €. Then
there exists an element y of G such that

¢(exp(tz)) = exp(ty), (4.10)
for t small enough. Derivating relation (4.10) with respect to ¢ at ¢t = 0, one has
Tp-x =y, (4.11)
where T, is the tangent linear map of ¢ at e. From relation (4.10) we have
y = log op o exp(x). (4.12)
Relations (4.10) and (4.11) give the following nice formula
o = expoT.polog (4.13)
on a suitable neighborhood of € in exp(U).

Thus if we identify two local isometries at € that agree on a neighborhood of €, it comes
that a local isometry at € is uniquely determine by its differential at €. A local isometry at €
can be uniquely extended to an isometry on G. Indeed, it is well known that if M and N are
two connected simply connected and geodesically complete pseudo-Riemannian manifolds,
then every isometry between connected open subsets of M and N can be uniquely extended
to an isometry between M and N ([45], [67], [71]).

Now we have the following theorem which establishes a link between local isometries
at € and the so-called preautomorphisms of the Lie algebra G of G.

Theorem 4.2.1. ([64]) Let (G, 1) be a connected orthogonal Lie group with Lie algebra S.
Let (,) := pye stands for the resulting orthogonal structure on G and let P be an endomor-
phism of G. Then there exists a local isometry ¢ of G at € with T.po = P if and only if P
satisfies

1. (P(x),P(y)) = (x,y), for any z,y in G ;
2. P([a:, [y, z]]) = [P(a:), [P(y), P(Z)H, for all x,y,z in G.

Now, the author quoted above proves that once the Lie algebra of F'(G) is known one
can readily construct the Lie algebra of I(G). Here is his construction.
For g in G we define the following maps :

Ly:G - G ; Ry:G —- G ;5 I,:G - (G

h o gh h — hg h o ghg! (4.14)

This maps are respectively the left transformation, the right translation and the inner
automorphism by the element g of G.
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Let £ be in § and exp : § — G be the exponential map of G. Then, Lexpte), Rexpte)s
Ioxp(t) are one-parameter subgroups of I(G). Let us note by X&%*, X% and X&' their
respective infinitesimal generators. Now, we set

X8 = XOF 4 X80 and X% = XOF — X6 (4.15)

If {a1,9,...,q,} is a basis of the Lie algebra F(G) of F(G) and {&1,&,...,&,} a basis
of G then {ay,an, ..., qp, X8 X3 X1 ig a basis of the Lie algebra J(G).

It remains to compute the brackets on J(G). Let us first define some useful objects.

Let Paut(9) be the group of preautomorphisms of § and denote by F(9) the subgroup of
Paut(9) consisting of those preautomorphisms which preserve the orthogonal structure on
§. Now consider the map T, : F(G) — F(9) which associates to any element ¢ of F/(G) its
differential T.¢ at the neutral element e of G. The map T, induces a map 9, : F(G) — F(9)
between the Lie algebras F(G) and F(G) of F(G) and F(G) respectively :

0.0 = (T lexwic 1)) (1.16)

|t=0

Note that F(9) consists of prederivations of § which are skew-symmetric with respect to
the orthogonal structure on G.

The following theorem gives the brackets on J(G).

Theorem 4.2.2. ([64]) Let €, n be in G and D be an element of F(G). Then,
1. [Xé,s7Xn,s] - [X&a’Xn,a] — _Xénla ;
2. [D, X% = X0DP©:s .

Now we conclude that if we know the prederivations of § which are skew-symmetric
with respect to the orthogonal structure on § we can calculate the Lie algebra J(G) of the
group I(G) of isometries of the orthogonal Lie group (G, u).

4.3 Bi-invariant Metrics on T*G

Let G be a Lie group with Lie algebra §. We have already seen (Section 2.2.1) that the
duality pairing (,) given by

((, f); (y,9)) = f(y) + g9(@), (4.17)

for all x,y in G, defines an orthogonal structure on the Lie algebra 7T*G = G x G* of the Lie
group T7G.
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4.3.1 Bi-invariant Tensors on 77§

Let (,) stand for the duality pairing on T*G, a bi-invariant metric on T*G is given by an
invertible linear map j : T*G — T*§ satisfying

g, v]) = fu, 5 (0)]; (4.18)
(J(u),v) = (u,j(v)), (4.19)

for all u,v € T*G.

Lemma 4.3.1. Any linear map j : T*G — T*G satisfying (4.18) can be written as

jlx, f) = <j11(90) + jar(f) 5 Jra(z) +j22(f)>7 (4.20)

for any (z, f) € T*G ; where j11 : G — G, j12: G — 9%, jo1 : " — G and joo : §* — G* are
linear maps such that for all x in G, the following relations hold :

Juoad, = ad,ojn (4-21)
Jizoad, = ad;o jio (4.22)
Junoad, = adyojy =0 (4.23)
[jos,adi] = 0 (4.24)
ady o (jo2 — j11) = 0, (4.25)

where ji, stands for the transpose of the map ji1.

Proof. If we write u = (x, f) and v = (y, g), then

i([u,v]) = j([=,y],adrg — ad; f)
= <j11([$, yl) + jar(adyg — ady, f) , jra([x, y]) + jo(adig — ad;}f)) (4.26)

and

[u,jv] = [(z, f), (ju(y) + j21(9), jr2(y) + Ja2(9))]
= ([x,ju(y)] + [, 21 (9)], ad}; (J12(y) + Ja2(9)) — adj,, () +J21(g)f) (4.27)

Considering the case where f = g = 0 the equality between (4.27) and (4.28) gives

jullz,y]) = [2, ju(y)] and jia([z, y]) = ad; (512(y)),

for all z,y € §. The two relations above are equivalent to (4.21) and (4.22) respectively.

The equality between (4.26) and (4.27) now gives

<j21(ad;g—ad;f) ) j22(ad;9—ad2f)> = <[$7j21(9)]> ad, (j22( )) @dm Yo ( g)f> (4.28)

Taking f = 0, we get on one hand

j21(ad;g) = [x7j21(g)]7
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for all z € G and all g € §*. Then Relation (4.23) is proved. On the second hand we have

Jez(adyg) = ady(ja2(9)),

for every g in G* ; that is
j22 o a/d;; = ad: o j22, (429)

which is nothing but Relation (4.24). Now if we take z = 0, we get from Eq. (4.28)
(j21(_ad2f>7j22<—ad2f>) = (0,—ad},, ()+jn()f)- (4.30)
The equality above implies the following two relations

j21(—ad2f) = 0,
j22<_adzf) - ad;n )+i21(g )f

forall y € G, f € G*. These equations are equivalent to

j21 e} (ld; == 07 (431)
j22 @) ad; = ad;ku (432)
adi, ) = 0, (4.33)

for all y € G and g € G*. The relations

ad; O0jJag = J220 ad*
= ad;

11 (y

= ad, o]n, (4.34)

for all y € G, coming from (4.29) and (4.32), give
ady o (ja2 — j11) = 0, (4.35)
for all y € G ; which means that (jo — j%,)f is a closed 1-form, for every f € G*. O

Remark 4.3.1. 1. The equality ad;fm(g) =0, for all g is equivalent to

Im(jx) C Z(9), (4.36)
where Z(9) is the centre of G. So if Z(G) = {0} then jo; = 0.

2. Relation (4.34) also gives

—(J2(f),[y,2]) = (jaalad;(f)),z)
= —(f,in(y),z])
= —(foju, [y, 7)), (4.37)

for all f in G and any x,y in G.
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Lemma 4.3.2. Any linear map j : T*G — T*G which is (,)-symmetric can be written as

jlx, f) = <j11(x) + jar(f) 5 Jra(z) +J'f1(f)>> (4.38)

for any (x, f) € T*G ; where j11 : G — G, ji2: G — G, jo1 : §* — G are linear maps with
the following relations valid for all x,y in G and all f,qg in G*.

(2(x),y) = (z,512(y)) (4.39)
(Ja(f),9) = (f ja(9)). (4.40)

Proof. Let u = (z, f) and v = (y, g) be two elements of T*G.

(ju,v) = <(j11($) + Ja1(f), Jrz(x) + j22(f))> (yvg)>
= (Ju(),g9) + (Ga(f), 9) + (r2(z), y) + (Ga2(f), v) (4.41)

wiv) = (@), (i) +in(9)jnb) +i=9) )
= (foiu@) + (f,J21(9)) + (z, j12(y)) + (x, j22(9)) (4.42)

For f = g =0, the equality between (4.41) and (4.42) implies that for all z,y in G,

(J12(2), y) = (z, j12(y))-

So (4.39) is established. By the same way, for x = y = 0, Relation (4.40) is obtained, as

(J21(f), 9) = ([, J21(9))-

Now the equality between (4.41) and (4.42) can be written

(11(x), g) + (2 (f)s y) = (f, J11(y)) + (2, j22(9))-

We take y = 0 to obtain

(2, 711(9)) = (n(2), 9) = (2, j22(9))
for all z in G and g in G*; or equivalently
Ji1 = Je2
O

Remark 4.3.2. Relations (4.39) and (4.40) mean that jio and jo; are symmetric with
respect to the duality.

Lemma 4.3.3. Let G be a Lie algebra without centre, that is Z(G) = {0}. A (,)-symmetric
bi-invariant endomorphism j : T*G — T*G defined by (4.38) is invertible if and only if ji1
15 invertible.
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Proof. Let j : T*G — T*G be defined by (4.38) with conditions listed in Lemma 4.3.1. We
have seen in Remark 4.3.1 that if Z(G) = {0} then jy; = 0. The determinant of j is

, Jin J21 Jin O
det(j):’ :'jm i

e = (det(jn))™. (4.43)

]

Let us summarize the above three Lemmas in the

Proposition 4.3.1. Let G be a Lie algebra. Any (, )-symmetric and adjoint-invariant tensor
7:T*S —T*G has the form

i@ ) = (in (@) +in () @) + (). (4.44)

for any (x, f) € T*S ; where j11: G — G, ji12: G — 9%, jo1 : §* — G are linear maps with
the following relations valid for all x,y in G and all f,qg in G*.

Juoad, = adgo ji (4.45)
Jrzoady = ad; o jn (4.46)
Jnoad, = ad,ojyn =0 (4.47)
(2(),y) = (z,J12()) (4.48)
(21(f)r9) = (fiJ2l9))- (4.49)

If, in addition, the centre Z(S) of the Lie algebra is {0}, then the endomorphism j is
wnwvertible if and only if 711 1s invertible.

4.3.2 Orthogonal Structures on 7%§G

In the sequel we will use the duality pairing on 7*G and Relation (4.7) in order to determine
all non-degenerate symmetric and adjoint-invariant form on 7%G, hence all bi-invariant
metrics on T*G. Precisely, any other orthogonal structure p on 7§ is linked to the duality

pairing (,) by

(@, 1), w.9)) = (.. 0.9)). (4.50)
for every (x, f), (y,g) in T*G; where j is an endomorphism of 7*G such that :
e j is invertible;
e jis symmetric with respect to the duality, i.e. (j(u),v) = (u, j(v)), for all u,v € T*G;

o j([u,v]) =[j(u),v] = [u,j(v)], for all u,v € T*G.

We have the following characterization of all orthogonal structures on 7™*G.

Theorem 4.3.1. Let G be a Lie algebra. Any orthogonal structure p on T*SG is given by

u((az ), (y,g)> = (g.g11(x)) + (f, 1)) + (9. 421(f)) + (Jr2(), 9), (4.51)

where j11: G — G, j12: G — G, Jo1 : §G* — G are as in Proposition 4.3.1.
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Proof. Indeed, an orthogonal structure 1 on TG is defined by

i@, 0. 0.9) = (i@ ). 0.9)).

where j is given by (4.44) and condition listed in Proposition 4.3.1. We then have

(@) :9) = (@) +ialf), o) +74(0). (.9))

<9 Ju (@) + jau ( )> + <J1 (z )+J11(f)7y>

= <g ju () > <g J21(f)> + <]12 Y >+< f)7y>
<g Ju(z) > <g le(f)> + <j12 Y >+ <f jn(y)>

4.3.3 Skew-symmetric Prederivations on 77§

Let G be a Lie algebra. On T*§G we consider the orthogonal structure p defined by (4.51).
We seek to characterise all prederivations of TG which are skew-symmetric with respect
to t he orthogonal structure p.

Let us first recall the space J' = {5/ : § — G linear : [j’, ad, o ad,] = 0,Vz,y € G}.

Proposition 4.3.2. A p-skew-symmetric prederivation ¢ of T*G has the form

0w, f) = (ale) +v(f), B@) + (" = a)(f), (4.52)

where 7' G — Gisin J, a: G — G is a prederivation of G, 5: G — G* and ¢ : §* — G
are as in Theorem 3.3.1, with the additional conditions

(B(x),j11(y) + (B(y), ju(2)) + Gz o f2),y) + (2o afy),z) = 0 (4.53)

_l’_
(g0 (g)) + (g, jin 0 W) + (f,5" 0 (9))
(9,5 0 g (f)) — {f, 0 jar(9)) — (g, @0 ju ()

[Ju, } +jnofB+join+vojn =
for every elements x and y of G and any elements f and g in G*.

Proof. Recall that according to Corollary 3.3.1 a prederivation ¢ of T*G can be written as

6w, f) = (a@) +%(f), Ba) + (" = a)(f)),

where j’ belongs to " and «, 3,1 are as in Theorem 3.3.1. The prederivation ¢ is u-skew-
symmetric if and only if

(o, ), (v, 9)) + 1((z, ), ¢(y, 9)) =0, (4.56)
for all (z, f) and (y,¢) in 7*G. On one hand, we have

(6@ ), :9) = n((a@)+w(), B@) + (" =), (1.9))
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+ (1)) + (B@) + (" =), jul))

<
(9. i (B@) + (" = a)(N) ) + (Jrz(al@) +¥(f) , )
<g J1

, Jnoal@)+{(g, ju O¢(f)>+<5(l‘) : jll(y)>+<f7 "o ji1(y))
—(f, Oéojll(y)> +{g, jn Oﬁ( N+ (g, jaoi(f))
—<97j21004 >+<]12004 >+<J12O@/} f) > (4.57)

On the other hand,

pl(@ )o.9) = n(@.f), (aly) +609), B) + (" = a)(9))
= (B) + (" = aN9) . ju@))+(f . julaly) +¥(9))
+@@%Hﬁ a%m.muw+<mm»mw+ (9))

= (f, ]11004 y)+ (f, juov(y >+< y), ju(z))
+(g,J oyn(:c); gg aoju(z)) + (By) , jalf))
+(g, j' 0 jar(f)) — (g, 0 jor(f)) + (jrz o ay) , x)

+{ji20®(g) , x), since jo; is (,)-symmetric (4.58)

Summing (4.57) and (4.58) and taking f = g = 0, Relation (4.56) becomes

<5(5U) s July >+<]12004 >+<5 j11($)>—|—<j1200z(y) ) $> =0
So (4.53) is proved.
Now we rewrite (4.56) and take x = y = 0 to obtain (4.54).

Last, (4.55) is obtained by summing (4.57) and (4.58), simplifying and taking y = 0.
[

4.4 Case of Orthogonal Lie Algebras

Let G be a Lie algebra. We recall that an orthogonal structure p on G induces an isomor-
phism 0 : § — G* by the formula (0(x),y) = u(x,y), for all z,y in G. We also recall the set
d=17:9-=9:j(lx.y]) = [i(x),y],Vz,y € G}.

4.4.1 Bi-invariant Metrics On Cotangent Bundles of Orthogonal
Lie groups

Lemma 4.4.1. Let (G, ) be an orthogonal Lie algebra. Any bi-invariant (,)-symmetric
invertible endomorphism 7 : T*G — T*SG s given by

j(z, f) = (jll(»”‘?) +j2007'(f), Ooji(x) +Jf1(f))7 (4.59)

for any (x, ) in T*G; where ji1, j1, jo are elements of J such that

® ji1 is tnvertible,
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® j1 is u-symmetric
o and jo satisfies the following two relations
jeoad, = 0, (4.60)
(72007 (f), 9) = (f, 2007 (9)) (4.61)
for all x in G and all f,g in G*.

Proof. We have already seen that any bi-invariant (, )-symmetric invertible endomorphism
of TG is given by

iz, f) = (jn(l’) + j21(f) , jra() +jf1(f)>7
with conditions listed in Proposition 4.3.1.

The linear maps 071 0 j15 : G — G and jo; 06 : G — G commutes with all adjoint
operators of G; that is there exists ji, j» in J such that 67! o ji5 = j; and jo; 0 0 = jo. It
comes that jio = 6 0 j; and jo = jo 0 071

Now, (4.47) is equivalent to jo 0 71 o ad’ = 0, for all z in G. Since 67! o ad’ = ad, o 67!,
for all z in G, we have jy 0 ad, 0 0~ = 0, for any z in G. It comes that j, o ad, = 0, for all
xin G, since #~! is an isomorphism.

Relation (4.48) becomes (0 o ji(z),y) = (z,6 0 j1(y)), for any z,y in G. The latter can be
written (j1(z),y) = p(x, j1(y)), for any z,y in §.

Last, Relation (4.49) reads (j2 0 071(f),g) = (f,ja 0 07 (g)), for all f, g in G*. O

Remark 4.4.1. The relation js o ad, = 0, for all x in G means that jo vanishes identically
on the derived ideal [G,G] of G. So, if G is perfect, then jo vanishes identically on all §.

The following comes immediately from Lemma 4.4.1 and Remark 4.4.1

Corollary 4.4.1. Let (G, ) be an orthogonal and perfect Lie algebra. Then, any bi-
invariant {,)-symmetric invertible endomorphism j : T*G — T*G is given by

i@ ) = (jn@) 9o a@) + (D). (462)

for any (x, ) in T*G; where ji1,j1 are bi-invariant tensors G such that jy is p-symmetric
and ji1 s invertible.

Theorem 4.4.1. Let (G, 1) be an orthogonal Lie algebra. Any orthogonal structure jip on
T*G is given by

MD((x,f), (?J,g)) = <9 ; j11($)> + <f ; j11(?/>> + <9>j2 o 9_1(f)> + <00j1(9€),y>, (4.63)

for all (x, f), (y,q) in T*G, where ji11, j1 and js satisfy conditions listed in Lemma 4.4.1.

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Case of Orthogonal Lie Algebras 87

Proof. Any orthogonal structure pup on 7*G is linked to the duality pairing by means of
amap j: T*G — T*G defined by (4.59) through the following formula valid for all (z, f),
(y,9) in TG :

po (@, 1), 0.9)) = Gl ). (v9).

(z,
jua(@) +ja 0 6” (f) eoj1<>+jil<f>) 4.9))

= <97]11(33 + 207! >+<9°]1 z) + ),y> "
= et ézzzl%iii AT SR AR,

]

We have the following consequence coming from Theorem 4.4.1 and Remark 4.4.1.

Corollary 4.4.2. Let (G,p) be an orthogonal and perfect Lie algebra. Any orthogonal
structure pp on T*SG is given by

MD((% 1), (y,g)) = (g, @) +(f, july)+{8oji(z), y), (4.64)

for all (x, f), (y,g) in T*SG, where j11 and jy are are bi-invariant tensors of G such that ji1
15 tnvertible, j1 s p-symmetric.

Let us now characterise skew-symmetric prederivations of 7*G in the case where G is
an orthogonal Lie algebra.

4.4.2 Skew-symmetric Prederivations

Proposition 4.4.1. Let (G, 1) be an orthogonal Lie algebra. Then any prederivation ¢ of
T*SG which is skew-symmetric with respect to the orthogonal structure pp defined by (4.63)
can be written as

0w, f) = (er(e) + ji 007(f) B0 as(e) + (5’ — abl)(f), (4.65)
where aq, ay are in Pder(§); j1, 7% are in §" with the following additional conditions:

fojioa;+alofoj+abofoj; = 0 (4.66)
(jllongrj;on—alojz)oe—1+j209—1o(j;t—a§)+0‘tojgtoj§1 = 0 (4.67)
i, 1] +jaoas+gy0gin +0 0] 0o = 0,(4.68)

where 07t is the transpose of 071,

Proof. From Proposition 3.4.1, if G is an orthogonal Lie algebra, then any prederivation of
TG is given by

0w, f) = (a1(@) + 1 007 (F), D0 as(w) + (' = al)(f)).
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for every (z, f) in T*G, where a1, as are prederivations of G, 7, j5 are in J’. The prederiva-
tion ¢ is pp-skew-symmetric means that

o (602, 1), (4.9)) + o ((.1). 09, 9)) = 0, (4.69)

for all (z, f), (y,g) in T*G. Firstly, we compute pp (¢(:z:, ), (y,g)).

o (60, ), (0:9)) = o (@) + 310 671(f) B0 an(a) + (5" = a))() » (4.9))
= (9, du(o@) +5i067(N)) + <f,111(y)>
+(g, j2007 (90 az(x) + (i3 — ad)(
+(0051 (@) +j1007(5)) y>
= <9;J'110041(1’)>+<9 juojiof™! f)>+ (f,11(y))
+(g. jzoas(@)) + (g, 2087 0 4(f))
<g J2 06~ O&i(f)>+<90310041(3?),y>
+(00di0i007(F), y). (4.70)

Secondly,

o (@), 00.9)) = no((@, ). (rly) + 71007 (g), U0 azly) + (5" = ab)(9))
= (Bo0a(y)+ ('~ a))(9), du(@)+(f . in(a)+iio 67 (9))
+<eoa2<y> (5 = al)g) 2067 (f)
+(0odi(a), arly)+ 51067 (9))
= (foasy) . @)+ (5'(0) . dule >> (i(9)  dun(@))

<f7]110041 > <f juojiof! )>

+{00a(y), 2007 () + (j5'(9), 120 07'(f))

<a 9209 f)>+<9011 , y)>

oo nm. o0 ). ()

Now, if we take f = ¢ =0, (4.69) gives

<9 oj10a(x), y> + <9 o as(y) , jn(a:)> + <9 o ji(x), al(y)> =0
which can be written

<90jloa1(a:) : y> + <y, aZOHOjH(x)>+ <a’i090j1(1') , y> =0
for all z,y in G. Then,

Hojloal—i-ofioﬁojl—i—ozéoonn:O.
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We can rewrite (4.69) as follows

<97 j110a1($)>+<9 Jinojiof! >+ fu(y))
+<g j2o@2( )>+<g 20910]2 > < 209100‘1(f)>
<9°]1 0 jiof ' (f), > < jn( > < , Ju(x )> (4.72)
+<ft]11oa1 >+<f ]1103109 (g )>+<90042( ) ]209 )>
+(72'(9) s Ja o071 (f))—(ailg) . Joao 07 (f))+(0oji(x), j1007}(g))=0
If we take x =y = 0, (4.72) becomes
(g, oot () + (9. 200 o' () (g, ot~ 0al(f)) W)
+(f 1 dnojio0e) + (35 (9) s 2007 () = (akle) , 2007 () =0
which is
(9. jnodiot™ (1)) +{g, ot ot ()= (g, ot oal(f)
+(0 0 i ot (f) 9) + {9, hoi087 () = (g, aro ot (f)) =0,
for all f, g in G*, where 6% is the transpose of 1. This latter equality is equivalent to
(juoji+jsoja—mojs)of + 007 o (j —al) + 6" ofi 0l =0
Last, (4.69) have a more simple expression :
(g, joaa(@)+{f.ju(y)) + <t9 , J20 042( )
+(@ojrojio0(f), y)+(jb(9), .711 > (ad(g) , julz)) (4.74)
+<f , J11© CY1(?J)> + <9 oas(y), joob! >+<9 OJ1( ), Jio 971(9»:0-
We take y = 0 and obtain
(95 Juoan(z))Hg , jacaa(®))Hg , jroin(r))—~(g, arojn(z))+Hbosj(x), j109_1(9)> =0
The latter equality is equivalent to

Ui, aa] + ja o ag 4+ jho i + 07 o1t 0o = 0.

4.5 Case of Semi-simple Lie Algebras

Let § =5, @®s3,@ --- @5, be a semi-simple Lie algebra, where 5;,, i = 1,2,...,p (p € N¥)
are simple ideals.
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4.5.1 Bi-invariant metrics On Cotangent bundles of Semi-simple
Lie groups

Lemma 4.5.1. Any (,)-symmetric and invertible bi-invariant tensor j : T*G — T*G is

defined by
jz, f) = <Z AiTi Z vl (1) + Z )\ifi>7 (4.76)
i=1 k=1 i=1

where v =11+ To+ - +2, €5, D52 B D8y, f= fi+ ot + [, €SO D5,
i, (i =1,2,...,p) are non-zero real numbers, v; (i = 1,2,...,p) are any real numbers
and 0 : G — G* is the isomorphism induced by any orthogonal structure on G through the
formula (1.2).

Proof. According to Corollary 4.4.1, any bi-invariant, (, )-symmetric and invertible endo-
morphism 7 : T*G§ — TG has the form

i@ ) = (ju@). 00 () + 34 () (4.77)
for all (z, f) in T*G, where j;; and j; are bi-invariant endomorphisms of G such that
e ji1 is invertible,
e j; is symmetric with respect to any orthogonal structure on G.

Now we have seen in Section 2.4.1 that the map j;; must have the form

p
i=1

fe=a14+22+--+2,€5 DSy D--- D5y, where \;,¢ =1,2,...,p are real numbers. It
comes that »
Ju(f) = Z)\ifia (4.79)
i=1

iff=fi+fot - +frEsiBss B - D5

We also have )

Ji(z) = Z VT, (4.80)

k=1

where v, k =1,2,...,p, are real numbers. So we have
p
0 Ojl(l') = 0<Zyk$k>
k=1

P

= > wb(ay) (4.81)
k=1

We then can write j as follows

j(z, f) = (Z)\ﬂ:iazyke(xk) + Z&fz) (4.82)
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Now j is invertible if and only if j1; = > 7, \;Id;, is invertible.

For all ¢ = 1,2,...,p, note by n; the dimension of the simple ideal s; (n; := dims;).
The matrix of ji;, in some basis {e11,€12,...,€1n,:€21,€22, - - -, €2ms5 -5 €p1,€p2, -, Epny |4
is the following

A, O ... O
O Ay, ... O
. . (4.83)
: : 0
O O ... A
where A; is the n; X n;-matrix defined as follows
A O . O
O N . O
— - . 0
n; times O O )\z
The determinant of j;; is then
P
det(jn) = [ A+ (4.85)
k=1
Then, j;1 is invertible if and only if each of \; is non-zero. O
Remark 4.5.1. The matriz of j in the basis {€11, €12, - ., €1ny; €21, €92, « -« €2y« - -}
€p1y €p2; -+ -y Epnys €115 €12+ -+ 5 €lpys €315 €9y vy €205 e 51 Epose iy e;np} s given by
Ay O O O O O
O A O O O O
: : O : :
O O A, O O O
A, O 0 (4.86)
O A, O
O O A,
and the determinant of j is
P
det(j) = [ 2™ (4.87)
k=1

Note by (, )s, the duality pairing between s; and its dual space s;. The following theorem
characterizes all orthogonal structures on 7.

Theorem 4.5.1. Let G be a semi-simple Lie algebra. Any orthogonal structure p on T*G
15 given by

p p

/J,((%, f)v (y, g)) = Z )‘Z<<xl7 fl)? (yia gi>>5i + Z Vk<6<xk)7 yk>5k7 (488)

i=1 k=1
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forall x,y in G =5, ®sD - Ds, and f,g in §* =] Ds; D - D sy ; where for all
i=1,2,...,p, (A, ;) belongs to R* x R.

In particular, if G is simple, then any orthogonal structure can be written

w((@, 1), (y,9) = M=, ), (y,9)) +v{0(x),y), (4.89)
for all (x, f), (y,q) in T*G, where (\,v) is in R* x R.

Proof. Any orthogonal structure on 7*§ is given by an adjoint-invariant invertible and
(,)-symmetric endomorphism j through the formula

Mj(<x7f)7(y=g)) = <j<I,f), (y,g)), (490)

We have seen in Lemma 4.5.1 that

P p p
= (Z N Z () + Z Aifi);
i=1 k=1 i=1

Wherex:x1+x2+~'+xp 651@52@“'@5p,f:f1+f2+"‘+fp 651@53@“'@5;,
iy Vi, (i =1,2,...,p) are real numbers, \; # 0, for all i = 1,2,...,p. We can write

(@, ), (y.9) = Z Aig(@:) + Z v () (y) + Z Aifi(y)
= Z/\z( (i) + fily >+ZVk9$k
- ZA () + i) + 3 mblen) )

|
kS

= Z/\i«xz‘,fi)u (yi7gi)>5i + vi(0(zk), Y )s, (4.91)

So, the first part of the theorem is proved.

Now, if G is simple, then § = sy, © = 1, f = f1 and Relation (4.91) becomes

i (@, 1), (5, 9)) = M(x, ). (g, 9)) + v{0(x),y) (4.92)
where A € R* and v € R. O]

Remark 4.5.2. If§ = 5,Ds:®D- - - D5, is a semi-simple Lie algebra, where s;,1 =1,2,...,p
are simple ideals, then on any of the ideals s; the Killing form K, defines an orthogonal
structure. Thus, Relation (4.88) can be written

w((z, ), (y,9)) = Z Nl (i, fi)s (yis gi)>5i + Z v K, (21, i) (4.93)

and Relation (4.89) can be expressed as

i (2, 1), (y:9)) = M(, 1), (y,9)) + VK (z,9), (4.94)
where K stands for the Killing form on SG.

Let us now study the group of isometries of bi-invariant metrics on 7*G, when G is a
semi-simple Lie group.
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4.5.2 Skew-symmetric Prederivations

Proposition 4.5.1. Let G be a semi-simple Lie. Then any prederivation of T*G which is
skew-symmetric with respect to any orthogonal structure p on T*SG is an inner derivation
of T*SG; that is if ¢ is a p-skew-symmetric prederivation of T*G, then there exist x¢ in G
and fo in G such that

¢(I‘, f) = ([,Io, LE], (Zd;of - a’d;fO)v (495)
for every x and f in G and G* respectively.
Proof. We have shown in Theorem 3.4.1 that if G is a semi-simple Lie algebra, then every

prederivation of T*G is a derivation. From Relation (2.62) we have that, if G is semi-simple,
any derivation of TG has the form

&z, f) = ([xo, 2], adsy, f — adifo+ > vif:) (4.96)
=1

for every x in G and every f:= fi+ fo+ -+ [, in s D65 @ - - Ds; = §*, where g is in
9, foisin G* and ~v;, i = 1, .., p, are real numbers. To prove the Proposition it suffices to
prove that ¢ is p-skew-symmetric if and only if v, =0, for alli =1,2,...,p

u(qﬁ(w,f),(y,g)) = u(([xo,w],ad;f—adifoJri%fi),(y,g))
= i)\z<($07 (ad;, f—ad*fO‘i‘Z%fk > ylagl)>

p

+Zuk< [0, ]k>5k

S5

That is
p(o@. D). r.9) = 3o [gx[xo, 2]:) + (ads, )i (y:) = (ad o). (Z%fk> ]
+ > vlO(ur), [0, z]r) (4.97)
k=1

By the same way we obtain

u((@.0).0(0.9)) = ZA [fz 70,)s) + (ads, 9)i() = (ad; fo)i( (Zm) ]
—I—ZVk [Eo, k> (498)

Now ¢ is pu-symmetric means that

0 = (0. ). 0.9) +n((x.1).6(.9))
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= - Z A (ad fo)i(w) + <ad;fo><xi>} + (B, o, ali) + (B, gl )
—l—i)\igi([xo, +Z)\ (ad?, f +il (Zy,{f& )
+iw@-<[xo,ym n ;wdz Z (zyg) @

_ Z)\ fo( i Ui t[yi,xil) + k: yk[ge(yk), [ro.24]) <9(y,:), [xo,ka
+;Az- -g/z'([xo#v]z’) + (adsy0) () +Z 1(0r0:310) + (ads, Pily)
+;A (Z wh) Vi) (é %%) | (xi)] : _ (4.99)

We then have
Z i [(Z 7kfk> yi) (Z ’Ykgk) (ZUZ)] =0
Z Ai [%’fz‘(yz') + %gi(xi)] = 0 (4.100)

for all z,y in G and all f, g in G*. Now if we take y = 0, we obtain

p

Z/\ (Z%gk> ;) =0, (4.101)

for all z,y in G and all f, g in G*. That is
p
Z Aivigi(wi) = 0, (4.102)

foralz=o1+22+ --+2,€Gand forall g=g; + g2 +---+ g, in §*. Since, \; # 0, for
any ¢ = 1,2,...,p, then we have v, =0, forany : = 1,2,...,p
O

4.6 Examples

4.6.1 The Affine Lie Group of the Real Line R

Let G := Aff(R) be the Lie group of affine motions of R and let G := aff(R) its Lie algebra.
We note by 7%G := T*aff(R) = G x G* the Lie algebra of the cotangent bundle of the Lie
group G. If G := span{ey, es} and {e3, e4} denotes the dual basis of {e1, es}, we have the
following brackets:

le1,e0] = €9, ler,eq] = —eq, [ea, 4] = e3 (4.103)
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Proposition 4.6.1. Let (,) denote the duality pairing between G and G*.

1. Any orthogonal structure p on T*G is given by the following expression:

u((x, £, (y,g)> = a((z, ), (y,9)) + brays, (4.104)

for all (z, f) = x1e1 +zoea + f3es + faeq and (y, g) = yre1 +yae2 + gses + gaeq in T*G,
where a € R* and b € R.

2. Any orthogonal structure p on T*G is of signature (2,2).

Proof. On the basis (eq, e, e3,€4) of T*G an invertible bi-invariant tensor j : T*G — T*§
has the following matrix

a 0 0 0

0 a 00 «

b0 a0 ,a € R*, beR. (4.105)
000 a

We note j,p := j if j is defined by (4.105). One can verify that j,; is (, )-symmetric.

Now any adjoint-invariant scalar product on 7*G is given by an adjoint-invariant invertible
and (, )-symmetric endomorphism j,p. We note it by p;,, or simply by p,;. We have

Hab <(ZL‘, f)v (y, g)) = <ja,b(x> f)a (ya g))? (4'106)

for all (z, f) and (y,g) in T*G. Now if we set (z,f) = wie; + xa2es + fies + fieq and
(Y, 9) = 11e1 + yaea + gses + gaey, then we have

Ma,b((ma 1) (v, 9)) = <G$161 + amgey + (bry +afs)es +afy, yier + yoeo + gzes + 94€4>

= ax1g3 + avags + (bxy + af3)yr + aya fa
= a(x193 + 2291 + Y1 f3 + Yo fa) + bx1y1.

That is
ua,b<(x, f); (y,g)> = a{(z, ), (y,9)) + br1y1,

for all (z, f) and (y,g) in T*G, where a € R* and b € R.

Let us study the signature of the scalar product ji,p. The matrix of p,p on the basis
(€1, e9,€3,e4) of T*G is given by

b 0 a 0O
My = 2 8 8 0 (4.107)
0 a 00
The characteristic polynomial of M, is
P.y(t) = (t —a)(t +a)(t* — bt — a?), (4.108)

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Examples 96

for any ¢t € R. It is now a little matter to check that M, ; has four eigenvalues :

b— Vb2 +4a? b+ b?% + 4a?
—a a _— B
b) ) 2 b 2

Two of these eigenvalues are less than zero and two are greater than zero. Hence, fi, is of
signature (2,2) for all (a,b) € R* x R. O

Let G, stand for the identity connected component of G. We also note by i, the
bi-invariant metric induced on the Lie group 7*G by the orthogonal structure fi,, given
by (4.104).

Proposition 4.6.2. Any p,-skew-symmetric prederivation ¢ of T*S is an inner derivation

of T*S.

Proof. A prederivation « of T*G has the following matrix on the basis (ej, €2, €3, €4) of T*G
(see Examples 2.5.1 and 3.5.1):

0 0 0 0
azr  axp 0 Q24 (4 109)
Q31 Qi3g (33 —Q21 .
—azy 0 0 a3 — g
A pigp-skew-symmetric prederivation o of T*G is characterised by
Hab <Oé(£L', f)> (y, g)) = _,Ua,b<<x> f)a O‘(Q? g)) ) (4110)

for all (z, f) and (y,g) in T*G. The left hand side of the equality above is

Hab (Oé($7 1), (v, g)) = Ma,b((amxl +a9oTo+oq fa)ea+ (171 + asarot+ass f3—aor fi)es

+(—asa1+(ass — ag) fa)es , yrer + y2e2 + gses + 94€4>

= @<(0421$1 + eyt g f1)ea+ (3121 + aaa+ g3 f3— a1 fa)es
+(—azri+(ass — a)fa)es , yier + yoe2 + gses + 9464>

=a [(0421$1 +aTo+ s f1) gat (171 + azama+ass f3—aw fa)y
H—auzamy + (a3 — Oé22)f4)y2]

= a [0621 (2194 — Y1 f1) + Q22T99s + Qs fags + aziT1Y:1
+ag2(T2y1 — T1Y2) + a33y1f3 + QuaTays + 0444y2f4] (4.111)

The right hand side gives

_,ua,b<(m7 f),aly, 9))2 —Hab (%61 + x9es + fzes + fies , (ol +anys+aougs)es
Hoaz1yr + asaya+a3393 — 1 ga)ez+(—azan +a42y2+a44g4)64>
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=—a [(a21y1 +vooYo+a4gs) f1+ 1 (a31y1 + Q32ys + 3393 — 21 04)
2 (—u3oy1 + QoY+ aa9a)
= —a [0421<—$194 + y1f1) + aoaya fi + avafagatazizin
Fasa(—22y1 + T1Y2) + A33T193 + QaTays + 0444xgg4] (4.112)

The equality (4.110) then implies that asy = a3 = ag3 = 0. In this case a can be
written o = 11 + Q2202 + aga¢4. One can readily check that ¢, = —ad,,, ¢2 = ad,,,
¢4 = _ade4- Il

Let us now focus our attention on isometries of bi-invariant metrics on 7*G;. Recall
first the following materials.

e The operation law of 7*G} is given by (see Proposition 5.3.1) :
Ty = (xl + Y1, T2+ yee™ T3+ ys + 2oyae ", T+ y4€7m1)- (4.113)

The unit element is € = (0,0,0,0) and the inverse of an element = = (x1, z3, 3, x4)

is the element 7! = (—zy, —w2e™®', —23 + Toxy, —T4€").

e The exponential map of T*G; is defined as follows (see Chapter 5, Corollary 5.3.1) :
let & = &1eq + Eaeo + E3e3 + €464 be in TG,

<07§27%§2§4+€3,§4>, if& =0
exp(§)=
( y %[exp@l)—u, ssﬁ%% exp(—6)-1], %[pr(—sl)]) i€ £ 0.

For i = 1,2,3,4, note by X X the infinitesimal generators of the one-parameter sub-
groups Legp(te;) and Rezpie,) respectively. It is readily checked that for all g = (1, z2, 23, 24)
in T*G4, we have :

XM= (1,2,0,—24) , X% =(1,0,0,0)

lg lg
Xpt=(0,1,24,0) , Xp=(0,e",0,0)
(4.114)
Xt =1(0,0,1,0) , X =1(0,0,1,0)
X;©=1(0,0,0,1) X, =(0,0,z0¢7,0).
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It is now easy to obtain

X‘ZS = (27 T2, 07 —.1'4) ) X‘;’a = (07 — T2, 07 .’,174)
Xt = (0,14 €™, 24,0) X0 = (0™ — 1, —24,0)

(4.115)
Xp*=(0,0,2,0) . X3 =1(0,0,0,0)

X@S =(0,0,zpe™ ™1, 1 +€e7"1) | Xﬁg’a = (0,0, z0e™ "1, 7" — 1)

Now {¢1, P2, g, X15, X35 X3 X451 is a basis of the Lie algebra J(G;) of the Lie group
I(G4) of isometries of any bi-invariant metric on 7*G;. Now we just have to compute the
brackets on J(G1) by Theorem 4.2.2. The non-vanishing brackets are the following :

[¢17 ¢2] = _¢1 ) [¢17 XLS] = X5 ) [¢17 X4’s] = —Xs

[¢2,X2’8] — X2’S 7 [¢2,X4’S] — _X4,s 7 [¢4,X1’S] — X4’S 4116
[¢47 X2,s] — —X3’S 7 [}(1,57 X?,s] — _X2,s 7 [Xl’s, X4,s] — X4,s ( . )
[)(2,37 X4,s] — _X3,s'

4.6.2 The Special Linear Group SL(2,R)

Let G denote the special linear group SL(2,R). Set Gy := s[(2,R) = span{ey, 3, €3} and
T*Gq := Gy x G5 = span{ey, eg, €3, €4, €5, €6 }. We have the following brackets (see Example
2.5.3):

[61, 62] = —2e [61, 63} = 2e3 [€1> 65] = 2es
[61, 66] = —266 [62, 63} = —€1 [62, 64] = € (4117)
[62, 65] = —2ey [63, 64} = —6€5 [637 66] = 2ey

An element (z, f) of T*Gy can be written (z, f) = x1e1 + xoe2 + x3€3 + faes + fse5 + foes.

Proposition 4.6.3. Let (,) stand for the duality pairing between Go and G5 and p be any
orthogonal structure on T*Gs. Then,

1. there exist (a,b) in R* x R such that

N(((E, f)? (y7 g)) = (Z<($, f)a (y7 g)> + 4b(2$1y1 + Tays + .T3y2>, (4118)
for all (x, f) and (y,g) in T*G.
2. The orthogonal structure p on T*Gs is of signature (3,3).

Proof. 1. Since G5 is a simple Lie algebra, Theorem 4.5.1 asserts that any orthogonal
structure fi, on TG, is given by

tap((z, f), (,9)) = a((x, f), (y,9)) + b(0(x), y), (4.119)

for all (z, f), (y,g) in T*Gy, where (a,b) € R* x R. Because of the simplicity of Go
every orthogonal structure on Gy is a multiple of the Killing form. So, we let € be
induced by the Killing form K of G, i.e. (0(x),y) = K(x,y), for all z,y in G5. Then,

w((z, f), (y.9)) = al(z, f), (y,9)) + bK (z,y),
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for all (z, f), (v, g) in T*Gs.
By definition, the Killing form is given by
K(z,y) = trace(ad, o ad,), (4.120)

for all z,y in Go. On the basis of (e1, ez, e3) of G2, we have the following matrix of K

o O
- O O
O = O

Now it is a little matter to checked that

tap (2, 1), (y,9)) = a{(z, f), (y,9)) + b(Ba1ys + 4aoys + 4asys)

2. The matrix of ji4p on the basis of TG, is

8 0 0 a 0 0

0 0 40 0 a O

0 4 0 0 0 «a
Mup = e 0 0 000 (4.121)

0O a 0 0 0 O

0 0 a 0 O O

The characteristic polynomial of M, is

Poy(t) = (t* — 8bt — a®)[t* — 2(a® + 8b*)t* + a*], (4.122)

for all t € R. The roots of F,; are

t, = 4b— a2 + 1662 oty = 4b+ Va2 + 1602

ts = —\Ja? 180 —ABV@ T AR ; t = 4o + 88 — 4fplVa? § 45

ts = —\/a2+8b2+4|b|\/a2+4b2 P te = JF\/‘LQ+8b2+4\b|\/a2+452

The roots t1,t3 and t5 are negative while o, ¢4 and ¢ are positive. Then, the signature
of the bilinear form i, is (3, 3), for all (a,b) € R* x R.
O

From Theorem 3.4.1, any prederivation of 7%Gs is a derivation. Then the space of

prederivations of T*G, is Pder(T*SQ) = der(T*G,) = span(¢y, ¢2, 3, G4, ¢5, Ps, ¢7), Wwhere
oi, 1 =1,2,3,4,5,6,7 are defined in Example 2.5.3. If ¢ is a prederivation of TG,

O = 101 + a2 + azPs + s + asds + agPs + ardr, (4.123)
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where oy, © = 1,2,3,4,5,6,7, are real numbers. Now, since Gy is simple then ¢ is skew-
symmetric with respect to the form (4.118) if and only if it is an inner derivation (Propo-
sition 4.5.1). Hence, s = 0 and then any p,-skew-symmetric prederivation of 7*G, has
the form

¢ = a1d1 + azds + quds + asPs + s + a7, (4.124)

where «;, 1 = 1,3,4,5,6,7, are real numbers. In the basis of T*G,, such prederivation has
the following matrix

0 —Q3 iy 0 0 0
—204 —a1 0 0 0 0
20(3 0 o 0 0 0
0 (675 (0% 0 2044 —2043 (4125)
—0Op 0 —0Q5 (6% (0%} 0
—Qar Qs 0 —a4 O —ay

4.6.3 The 4-dimensional Oscillator Lie Group

In Example 3.5.3 we have defined the 4-dimensional osciallator Lie group G, and its Lie
algebra G,.

Proposition 4.6.4. Any bi-invariant metric on the 4-dimensional oscillator group is
Lorentzian and its induced orthogonal structure (,)x on the Lie algebra G\ has the fol-
lowing form :

(z,y)x = kpa(x,y) +maty™, (4.126)

for any x = x7te_; + 2%y + ale; + 3¢ and y = y~te_i + yeq + yler + yié in Gy, where
iy s the orthogonal structure on Gy given by (3.78) and (k,m) is in R* x R.

Proof. We have already seen that the form pu, given by (3.78) is an orthogonal structure on
. Then, any other orthogonal structure (, ) on G is given by (z,y)x = px(j(z), y), for all
x,y in Gy, where j : G5 — G, in an py-symmetric and invertible bi-invariant tensor. Now,
one can check that such map j is given by j(z) = kz~te_; +(ma~'+kx°)eg+ kx'e; + ki'ey,
where (k,m) is in R* x R. So, we have

(m,9)x = i (lm’le,l + (ma™t + ka%eo + kxtey +kiter, y e 1 + 140 +yler + glél)

1

= ko' + (mat + ka®)y 4+ S (katyt + k2tyt)

A
1
= ke 'y +ma Tty + k¥ + X(kxlyl + kityh)
1
_ k[x_lyo T X(%1y1 )]+ maty

= kpa(z,y) +maty

Now the matrix of (, ), on the basis (e_1,eq, e1,é1) of G, is given by

m k 0 0
k000

M, = (4.127)
00 %0
000 %
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The characteristic polynomial of M) is Py(t) = (t — 5)2 (1> — mt — k?) and its roots are

)
k 1 1
=5 5 h= §(m +Vm2+4k?) ;= 5(m — vVm? + 4k?) (4.128)
ty and t3 are simple roots while ¢; is of multiplicity 2. It is clear that ¢; > 0, t3 < 0 and ¢,
has the same sign as k. O

Proposition 4.6.5. Any orthogonal structure py on T*Gy can be written as

11 ((1‘, ), g)>=A<(w, ), (y, B (z,y)+C(x g +y  fOHDa "y HE fO°, (4.129)

for all elements (x, f) = v e_y + 1% + ax'le; + #'é; + fre* | + fOel + flef + flét and
(v,9) =y leity’eotylertyiertg et +ges+gtei+glet in TGy, where (A; B,C, D, E)
is in R* x R* and (,) stands for the duality pairing between Gy and G.

Proof. Since G, is an orthogonal Lie algebra, then (see Theorem 4.4.1) any orthogonal
structure py on 1§, is given by

ui((l‘,f), (y,g)) =g, ju(x)+{f, @) +(g.42007(f)) + (00 ji(x),y),

for all (z, f), (y,9) in T*Gy, where 0 : Gy — G, (0(2),y) = pa(z,y) for all z,y in Gy; ju,
J1 and jo commute with all adjoint operators of G and satisfy the following conditions :

1. 711 is invertible ;
2. ji is py-symmetric ((, ), being defined by (4.126));
3. jooad, =0 and (jo 0 07(f),g) = (f,j2007'(g)), for all z in G and all f,g in G*.

One can easily establish that the endomorphisms j;1, j; and j; have the following matrices
on the basis (e_1,eq,e1,€1) of Gy :

aigr 0 0 O bu 0 0 O 0O 00O
. g1 Q11 0 0 L b21 bll 0 0 L Co1 0 00
=0 0 an 0 |71 0 0 by 0 |27 0 000
0 0 0 aii 0 0 0 b11 0 0 00

where a1y # 0, as1, b11, b1, Co1 are real numbers. It is also readily checked that, with respect
to the basis (e_1, e, e1,€¢1) and (e_1,eg,e1,¢61) of Gy and G5 respectively, 6 and 6~ have
the following matrices :

0100 0100

1000 ]| . [1000

=loo 2o [ T|looaxo (4.130)
000 4 000 A

It is now a little matter to establish that

ui((x, ) (v, g)) = an((z, f),(y,9)) + bupa(z,y)
tan (2" +y ) F by e fO0. (4.131)

This latter equality is nothing but (4.129); one just has to put A = ay1, B = by, C = as,
D:bgl, E2021. ]
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CHAPTER FIVE

KAHLERIAN STRUCTURE ON THE LIE
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5.1 Introduction

An almost complex structure on a Lie algebra G, when it exists, is defined by a linear
endomorphism J : § — G, J? = —Id (Id is the identity map of §). If, in addition, J
satisfies the condition

J['Tay] - [‘]:E7y] - [QZ, Jy] - J[J:L” Jy] = O>

for all z and y in G, we will say that J is integrable. Now, an integrable almost complex
structure is called a complex structure. In this case the pair (G, J) is called a complex
algebra.

A metric x4 on a complex algebra (9, J) is called Kéhlerian if it is hermitian, that is,

pw(Jz, Jy) = p(z,y),

for all vectors x and y in G, and if J is a parallel tensor with respect to the connection
arising from p. Likewise, given a Lie algebra with metric p, we shall say that a complex
structure J on G is Kéaahlerian if p is Kéhlerian with respect to J in the above sense. Such
a pair (J, u) defines a Kéhlerian structure on 9.

A Poisson-Lie structure on a Lie group G, is given by a Poisson tensor 7 on G, such
that, when the Cartesian product G x G is equipped with the Poisson tensor 7 x m,
the multiplication m : (o,7) +— o7 is a Poisson map between the Poisson manifolds
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(G x G, mx7)and (G,7). If f, gare in §* and f, g are € functions on G with respective
derivatives f = f.., ¢ = Gs. at the unit € of G, one defines another element [f, g, of G*
by setting

[f? g]* = ({fvg})*,€

Then [f,g], does not depend on the choice of f and g as above, and (G*,[,].) is a Lie
algebra. Now, there is a symmetric role played by the spaces G and G*, dual to each other.
Indeed, as well as acting on G* via the coadjoint action, G is also acted on by G* using the
coadjoint action of (G*,[,]«). A lot of the most interesting properties and applications of
7, are encoded in the new Lie algebra (5@ G*,[,],), where

[(ZE, f)a (y7g)]7r = ([ZE, ?/] + ad;("y - ad;;x, (ld;g - ad;f + [f: g]*)’ (51)
for every z,y in G and every f, g in G*.

The Lie algebras (5 @ G*,[,]x) and (G*,[,]s) are respectively called the double and
the dual Lie algebras of the Poisson-Lie group (G, 7). Endowed with the duality pairing
defined in (2.2), the double Lie algebra of any Poisson-Lie group (G, 7), is an orthogonal
Lie algebra, such that § and §* are maximal totally isotropic (Lagrangian) subalgebras.

Let r be an element of the wedge product A*G. Denote by r* (resp. r~) the left (resp.
right) invariant bivector field on G with value r = v+ (resp. r =r ) ate. lf m, :=r"—r~ is
a Poisson tensor, then it is a Poisson-Lie tensor and r is called a solution of the Yang-Baxter
Equation. If, in particular, r* is a (left invariant) Poisson tensor on G, then r is called a
solution of the Classical Yang-Baxter Equation (CYBE) on G (or §G). In this latter case,
the double Lie algebra (G @ G*,[,]x,) is isomorphic to the Lie algebra D of the cotangent
bundle T*G of G. See e.g. [28]. We may also consider the linear map 7 : §* — G, where
7(f) :==r(f,.). The linear map 0, : (§& 5*,[,].,) = D,

00 (x, f) = (x+7(f), f),

is an isomorphism of Lie algebras, between D and the double Lie algebra of any Poisson-Lie
group structure on GG, given by a solution r of the CYBE.

Let G = Aff(R) denote the group of affine motions of the real line R. It possesses a lot
of interesting structures : symplectic ([1],|5]), complex, affine (|11]), Kélerian (|53]). Note
by § = aff(R) its Lie algebra. We wish to study the geometry of G as a Kéhlerian Lie
group. This supposes to describe the symplectic structures, the complex structures, the
affine transformations and transformations which preserve those structures. Furthermore,
the symplectic structure corresponds to a solution of the Classical Yang-Baxter equation
r (see |28]). So we will also study the double Lie group D(G, r) of G associated to .

In Section 5.2 we show how can man construct a sympectic structure on G, determine
the induced left-invariant affine structure, study the geodesics of this affine structure and
compare these geodesics with the integral curves of left-invariant vector fields on G. In
Section 5.3 we deal with the geometry of a double Lie group of GG associated to a solution
of the Classical Yang-Baxter equation. As explained below, the Lie algebra D(G,r) :=
G x G*(r) of any double Lie group D(G,r) of G is isomorphic to the Lie algebra 7% of the
cotangent bundle 7*G := G x §*(|28]). The Lie group structure on T*G considered here is
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the one obtained by semi-direct product via the coadjoint action of G on the dual space G*
of G, considered as an Abelian Lie group. We construct a double Lie group D(G,r) with
Lie algebra D(G,r) ~ T*G. The double Lie group D(G, r) admits an affine structure and a
complex structure ([28]). We study the both structures.

5.2 The Affine Lie Group of the Real Line

5.2.1 The Affine Lie Group of R and its Lie algebra

An affine transformation of R is a function R — R, x — ax + b, where a and b are real
numbers (a # 0). Let Aff(R) denote the set of all such transformations. We identify the
sets Aff(R) and R* x R by putting f = (a,b) if f : z — az +b. Now consider the operation

(a1,b1)(ag, by) := (arag, arbs + by), (5-2)

for all (ay,by), (ag,by) in Aff(R). Tt is readily checked that, endowed with the composition
rule (5.2) Aff(R) is a group. The identity element is € := (1,0) and the inverse of the

element (a,b) € G is given by (a,b)”! = (=, ——). Considering the underlying manifold
a  a
R* x R, G is a Lie group. We will note it by G.

Remark 5.2.1. The operation law (5.2) is nothing but the composition law of maps.
The Lie algebra of G is G = R? (as a set). The bracket on § is given by

(v, 0"), (u,v)] = (0, —uv" + vu). (5.3)
In some basis (e, e3) of G we have the following :

[e1, €2] = €2 (5.4)

5.2.2 Symplectic and Affine Structures on the Affine Lie group

We first recall the affine Lie group of R” (n € N) and how can man construct a symplectic
form on it (see [1]). The affine group of R™ is the even dimensional Lie group

Aff(R™) = {( ’3 71’ ) , Ae GL(n,R), v e ]R”} (5.5)
Its Lie algebra is
aff(R™) := {( jg 8 ) , Aegl(in,R), ve R”} (5.6)

Let e;; be the matrix such that the (i — j)-entry equals 1 and the other entries are zero.

(€ij) 1<i<n forms a basis of aff(n,R). Denote by (e};) 1<i<, its dual basis and set
1<j<n+1 1<j<n+1

ap = Zezjkﬂ and  wp = —day. (5.7)
k=1
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Hence, if z,y belong to aff(n, R),

CUO(CC, y) = _dQO('x7 y)7
= Oéo([x, yD
One can check that the 2-form wy is non-degenerate and gives a left invariant symplectic
structure w on Aff(n,R) by the following formula :
wg(X|g, }/|g) = wo(Tng_1 . X‘g, Tng—l . }/|g), (58)

for all g in Aff(n,R) and all vectors X|,, Y|, in T Aff(n, R), where L, : Aff(n,R) — Aff(n,R),
h — g - h stands for the left translation by g in G.

From now on we focus our attention on G = Aff(R). The Lie algebra of G can be

written
U

5= () = {

(10 ) (01
€11 ‘= 00 ) €12 (= 00 .

Then G = vect{ei1, e12}. We rename the vectors as follow : e;; = eq, €10 = e5. We have

8);%@6]&} (5.9)

[e1, ea] = ea. (5.10)
Now we put
ap = €], = €5 and wy = —day = —de3,
that is
wo(z,y) = e;([z,y]), (5.11)
for all z,y in G. We then have
woler,e1) =0 ;5 woler,e2) =1 5 wolez,ea) =0. (5.12)

wp is a non-degenerate 2-form on §. It induces a symplectic form w on G by relation (5.8).

For any € in G, let X¢ denote the associated left invariant vector field. That is
XE =Tl €, (5.13)
for any g in GG, where € is the identity element of GG. One defines an affine connection V on
G by the following formula (see [17]) : V &,n,0 € G,
W(Vxe X" X9) = —w(X" [X, X)). (5.14)
We obtain
Veer=—e1 ; Veea=0 ; Veer=—e ; Ve =0. (5.15)

Note by I'}; the symbols of Christoffel, that is V.e; = '}, (Einstein’s summation). We
then have the following symbols of Christoffel

1o 4 .12 R AV o2
Iy = 05 015 = -1 5 Iy =05 I, =0

In the sequel, we will consider the connected component of the unit € of G. Let us note
it by Go. That is Go = R xR = {(z,y) € RxR,z > 0}. We endow G with the connection
(also denote by V) induced on G¢ by the connection V defined by relation (5.15).
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5.2.3 Geodesics of (Gy, V) at the unit

Let (£,70) be an element of G and let v = (71,72) be an auto-parallel (Vs ¥(t) = 0, for
all t) curve such that

(0) =e=(1,0) ;5 +(0) = (£o0;m0)- (5.17)

The curve y satisfies the equations :

51— 42— 0. (5.18)
Y2 — Y172 = 0. (5.19)

Now we consider the following two cases.

Case 1. v(0) = (1,0) and #(0) = (0,n9).
If ~; is not constant, then for any ¢t € R such that ~;,(t) # 0, we can solve equation (5.18)
as follows :

M

2

& —,i:t—l—c, ceR
24!

& lt) =-—

-At=0 & =1

. 5.20
t+c ( )

From the condition 4;(0) = 0, we obtain : —% = 0, which is not possible, then 4, (t) = 0,
for all t € R. We then have :

e v (t) = constante = a, for all real number ¢ ;
e Equation (5.18) gives 1(t) = bt + d, for all ¢ in R, where b and d belong to R.
From conditions v(0) = (1,0) and 4(0) = (0,70), we have :
a=1 ; d=0 ; b=mno. (5.21)
So, for any (0,79) in G the geodesic through e with velocity (0,7) is given by

7(t) = (L, m0t), (5.22)

for all t € R.

Case 2. Now we consider an element (£, 1) of aff(R), with & # 0. Equation (5.18) can

be solve as above and ]

Vi(t) = — . 9.23
) = (5.23)
1
From the condition 4, (0) = & we obtain : = o, Ge. ¢ = & Now we have :

0
i 1 &o 1
t = — = - ’ i -
71( ) t - gio got _ 1 ;é é-()

n(t) = —1In|&t — 1| + cste. (5.24)
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Since v, (0) = 1, we have cste = 1. It comes that :

20() = 1 Infgt 1, (5.25)
1 l1—e 1+e | U .
for any t # & and : <t< = since 71 (t) > 0, if it is defined. Equation (5.19) now
0 0 0
becomes
o + % Ay = 0. (5.26)
ot — 1
So we have
alt) = T (5.27)
: ot — 1| '
where (] is a real number. Since 542(0) = 1y, we have C; = 1y and
. "o
t) = ——. 5.28
72( ) |fot —_ 1| ( )
Integrating the latter we have :
1(t) = 2= k|t — 1)), (5.29)
€o
1 1— 1
where k£ > 0, t # — and Cct< —|—e' Since 72(0) = 0, we have £ = 1 and
&o €o o
(t) = P n gt — 1, (5.30)
€o
1 1-— 1
for any t # §_ and ¢ <t < + ‘ Hence, for any element (&, 10), with & # 0, the
0 0 0
geodesic through e with velocity (&, 7o) is given by :
1) = (1= nléor =11, Enléot 1)), (5.31)
0

1 1-— 1
forallt;égand €e<t< 2—6.
0 0 0

Now we can summarize.

Proposition 5.2.1. A geodesic through the unit element of (Go, V) with velocity (§,7) in
G s given by

(L,m1) if £€=0,
() = . (532)
(1—1n|€t—1|,51n|5t—1|) if £#0.

1 1—e 1+4+e
for all t # — and <t< .
3 3 3

In order to represent them, let us write Cartesian equations of the geodesics. Set

(1) = (y(t), =(1)). (5.33)
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e If ¢ =0, the Cartesian equation of the geodesic through e with velocity (0,7) reads
y=1. (5.34)

This is the unique complete geodesic and is just a horizontal line through e.
o If £ # 0 and n = 0, the Cartesian equation of the geodesic through e with velocity

(£,0) is given by
r = 0
{y o (5.35)

This geodesic is not complete and is the vertical line through € contained in the
half-plan {(y,z) € R? : y > 0}.

o If £ # 0 and n # 0, the Cartesian equation of the geodesic through e with velocity
(&n)isy = —§a: + 1 and y > 0. We can simply write
n

y = ar+1
{ y > 0. a # R. (5.36)
These geodesics are oblique lines through e. They are not complete.

The Figure 5.1 represents the geodesics of (Gg, V) through e.

Geodesics of the unit connected component of the affine Le group of R

| {\\
L \ ...... X

Axe des ordonnees
[#a]

D | 1 1
-10 -8 -6 -4 -2 0 2 4 3 8 10
Axe des abscisses

Figure 5.1: Geodesics of Gy through e

We just take the geodesics at ¢ = 1, whenever it is possible, to get the
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Corollary 5.2.1. The exponential map of the affine structure V on Gy is defined for any
(&,n) in G such that E #1 and 1 —e<{<1+e, by

(1777) Zf 5:0’
Exp(&,n) = (5.37)
(I-In[¢—1], ¢n[¢—1]) i &F#0.

Let us now look at the inverse of Fxp., whenever it exists. Let (y,z) be an element of
G.. We wish to find (&¢,7n) in G such that Exp.(&,n) = (y, x).
1. If y = 1, then the unique solution is (§,7) = (0, z).

2. Suppose now y # 1, then the equation Exp.(§,n) = (y,x) gives the following two

equations :
l-In|l¢—-1] =y (5.38)
Thje-1 = 2 (5.39)
§
Equation (5.38) is equivalent to
nfe—1] = 1-y
€1 = exp(l-y)

1 = exp(l—y) if &>1
(-1 = —exp(l—y) if €<1

l+exp(l—y) if &>1
£ = (5.40)
l—exp(l—y) if £<1

Relation (5.39) becomes
Ui

-1l-y) = =
ﬁ )
n = <,
-y
1+?%1_wx i1
n = (5.41)
Lo =y) oy o
-y

It comes that the logarithm map of (Go, V) which is the inverse of Exp, is defined only
on the subset {(1,z),x € R} of Gj.

Proposition 5.2.2. The Logarithm map of (Go, V) is defined on {(1,z),z € R} and is
given by
Log.(1,z) = (0, z). (5.42)
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5.2.4 Integral curves of left invariant vector fields on G

If g = (y,x) et h = (y,2') are two elements of Gy, the left translation L, by ¢ acts on h
as follows :
Lgh = (yy',y2' + ). (5.43)

It comes that the differential map at e of L, on the basis (eq, e2) has the following matrix :

y 0
r- (1),

Let & = &1e1 + 262 be an element of §. We wish to compute the exponential exp (&) of €.
Let X¢ stand for the left invariant vector field associated to &. We have :

0 £ 0 9,
ng =Tely - &= < g y ) ( 5; ) :Z/fla—y‘i‘yﬁz%- (5.44)

Now let v = (y1,72) be the curve such that

v(0) = € = (1,0) and 4(t) = X¢

¢ (5.45)

We then have the following equations :

n(t) = 0
{%(t) = nt)é. (5.46)

The first relation of the system (5.46) has the following solution :

7(t) = kexp(&t), t € R, (5.47)
where k& > 0. Since 7;(0) = 1, we have k = 1 and

11 (t) = exp(&it), t € R, (5.48)

Now the second equation of the system (5.46) becomes :

Y2(t) = & exp(&it). (5.49)
We consider two cases :
(i) If & =0, then we have
) = &
7(t) = &t+q, (5.50)

where ¢ is a real number. But 72(0) = 0, then ¢ = 0 and

Y(t) =&t, tER. (5.51)
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(ii) If & # 0, then the equation (5.49) integrates to

’yg(t) = %exp(flt) + r, (552)
1
: _ 52 . . . 52
for some real number r. Since, 72(0) = 0, then f_ +r=0,0er= —5—. Hence, we
1 1
have : .
Y(t) = 2 [eXp(&t) - 1}, (5.53)
&1

for all ¢t in R.
We then summarize in the

Proposition 5.2.3. For any element { = &e1 + &aea in G, the integral curve e of the
left-invariant vector field associated to & is defined by

(1, &t) if & =0
A () = (5.54)
(expl@rt), Elexplet) 1)) if & #0,

for all t in R.

It is readily checked that the Cartesian equation of these integral curves are given as
follows. Set v¢(t) = (y, z).

o If £, = 0, then the Cartesian equation of ¢ is y = 1. These curve is complete.

o If & #0 and & =0, then x = 0 and y > 0. This is a non-complete integral curve.

o If & # 0 and & # 0, we have the equation : y = ?m + 1 and y > 0 or simply

2
=ax + 1 and y > 0, where a is a non-zero real number.

Remark 5.2.2. The integral curves of the left-invariant vector fields associated to the
elements of G globally coincides with the geodesics through € of Gy obtained in (5.32).

Corollary 5.2.2. The exponential map of the group Gy is defined by
(1, &) if & =0;

expg(§) = (5.55)
(exp() s Elexp(e) =1]) i & #0.

for all § = &er + &aep in G.

Let us now define the Logarithm map of Go. Let (y,2) € G = R% x R. We want to find
¢ € G such that exps (&) = (y, x).

1. If y = 1, then the unique solution is £ = (0, z).

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Double Lie groups of the affine Lie group of R 112

2. Suppose y # 1, then

(exp(én), Llexplén) - 1) = (.2) (5.56)
1
That is
exp(&1) =y
(5.57)
Zlexple) -1 = @
1
and then
& = Iny
5.58
& = ——luy. %)
y—1
We get,

Proposition 5.2.4. The map exp s invertible and its inverse is the map Logs : G — G
defined by

(0, ) if y=1

Loga(y, x) = .
(lny,

y—1

(5.59)

lny) if y#1

5.3 Double Lie groups of the affine Lie group of R

5.3.1 Double Lie group of the affine Lie group of R

Let G := Aff(R) be the affine Lie group of R and let § := aff(R) stand for the affine Lie
algebra. It is shown (see [28]) that the double Lie algebra D(G,r) (where r : §* — G is
a solution of the Classical Yang-Baxter Equation), of a double Lie group D(G,r) of G, is
isomorphic to the Lie algebra TG of the cotangent bundle 7*G = G x §* endowed with
the Lie group structure obtained by semi-direct product via the coadjoint action of the Lie
group G and the Abelian Lie group G*. The Lie bracket of 7*G, on some basis (e1, €2, €3, €4),
reads :

le1,e0] =ex , ler,eq) = —eq ,  [e2,eq] = es. (5.60)
We write T*G = Re; X Hy (see Example 2.5.1), where e; acts on the Heisenberg Lie algebra
Hs = span(ey, e3,e4) by the restriction of ad.,. Set D := ad., = diag(1,0,—1). One Lie
group of T*G is then the group R x Hs, where Hj is the 3-dimensional Heisenberg group
(Lie(Hs) = H3) and R acts on Hj via the standard exponential of the endomorphism D
by p: R — Aut(Hs). Precisely,

Pt 1Y > eXpy, (Exp(tD)Y), (5.61)

where expy, stands for the exponential map of the Lie group Hjs, Exp is the standard
exponential of endomorphisms and Y is an element of G such that expy,(Y) = y. The
product on R x Hjs reads :

(t.x)(s,y) = (t+ 5,2 pu(y)), (5.62)
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where x - p;(y) is the product in the Heisenberg group of the elements = and p;(y). We then
need to know the exponential and the logarithm map of the Heisenberg group.

Lemma 5.3.1. Let expy, and Ing, be the exponential and the logarithm maps of the Heisen-
berg group Hs. Then,

1. the exponential map is defined by : for all & = (§2,&3,&4) in Hs,

1
expy, (§) = (&2, &+ 55254 ) (5.63)
2. while the logarithm is given by
1
Ing, (y) = (Y2, y3 — §y2y4 , Ya), (5.64)

for any (y2,ys,ys) in Hs.
Proof. Recall that the multiplication of Hj is given by :
Ty = (72,73,24) - (Y2,Y3,Ya) = (T2 + Yo, T3 + Y3 + ToYs, T4 + Ya) (5.65)

and the unit element of Hj is ey, = (0,0,0). The differential map at ey, of the left trans-
lation by an element x has the following matrix on the basis (es, €3, €4) :

10 0
ToLe=|01 o |. (5.66)
00 1

Let us compute the exponential map expy,. Consider an element { = &€ + E3e3 + {aey
of H3z and let X¢ be the associated left invariant vector field. We note by ¢ the integral
curve of X¢ with initial conditions v¢(0) = ey, and ¢(0) = £&. We have :

Xivswpon) = TLoaan) - € = (€2, & + 2264, &) (5.67)
and
"YE(Z) = X\i&(l)- (5.68)

If we set e = (7, 7¢,7¢), e obtain :

%) = & (5.69)
Yel) = &G+ (5.70)
W) = & (5.71)
With the initial conditions we obtain the following solution
%(l) = &l (5.72)
1
7e(l) = &l+ §f2§4l2 (5.73)
B = el (5.74)

On the Geomeiry of Cotangent Bundles of Lie Groups Bakary MANGA ©OURMPM/IMSP 2010



Double Lie groups of the affine Lie group of R 114

It comes that ]
expy, (§) = (&2, &+ 55254 , &4)- (5.75)
Let now Y = (Y3, Y3,Y)) be an element of H;3 such that expy,(Y) = y. Then
1
(}/27 Ys+ 53/2}/;1’ Y;L) = <y2a Ys, y4)

We obtain that

1
Yo=wp 5 Ys=uys—gtoys 5 Yi=uys (5.76)
That is .
s (y) = (y2 5 Y5 = 5Y294 5 Ya), (5.77)
where Ing, is the inverse map of expy,. O]
Now we have :
et 00
Exp(tD) = diag(e',1,e")=1 0 1 0 . (5.78)
0 0 et
Hence,
pe(y) = expy, <Ewp(tD)Y>
1 _
= expy, (yzet ) Y3 = Y2y s Yae t)
_ ¢ . 1 1 t —t —t
= \%€ , U3 23/21/4‘1‘ 5 Y2¢ X yse =, yse
= (?/2675, Ys y4€_t> (5.79)

Now we can write the multplication on R x Hj as follows :
(t,x)-(s,y) = (t,x2,23,24) - (5,Y2,Y3,Y1)
= (t + 5, (2,23, 4) - pt(yz,y37y4)>
= (t + 5, (22,3, 24) - (y26", s, y4€_t>>
= (t + 5, To+ys€', T3+ Y3+ Toyue "t T4+ y4e’t>. (5.80)

Hence, the product of two elements x = (z1, 29, x3,24), ¥ = (Y1, Y2, Y3, ys) of R x Hy is
given by

Ty = <:c1 Y1, T2+ Y™ T34y + Toyae” " T+ y4e’“>- (5.81)

The unit element is € = (0,0,0,0) and the inverse of an element x = (x1, z2, x5, x4) is the

element 27! = (—xy, —woe ™™, —I3 + ToTy, —T4€").

We have prove the following

Proposition 5.3.1. Endowed with the product (5.81), R x Hs is a double Lie group of the
affine Lie group of R.

Let D(G, ) denote the double Lie group of G defined in Proposition 5.3.1.
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5.3.2 Connection on the double of the affine Lie group

Among a lot of possibilities, we are interested in the left invariant affine connection on
D(G, ), introduced on any double Lie group of a symplectic Lie group by Diatta and
Medina in [28] :

Va4, 8)" = (v -y + aday, ad; )8 + ad; 5)", (5.82)

where x - y is the product induced by the symplectic structure on G through the formula
w(x -y, z) = —w(y, [z,z]), (5.83)
for all z,y,z € G.

Proposition 5.3.2. On the basis of D(G,r), the connection is given by

Veger = —e ; Veer = 0 5 Vees = e 5 Veger = —ep—ey
V6261 = —€3 ; V€2€2 = 0 y V6263 = 0 ) v62€4 = €3
Ve,e1 = e 7 Veea = 05 Veges = 05 Ve, = —es
Veer = —er—es ; Ve = e3 ;3 Veges = 05 Veer = —ey
Proof. We have (see Relation (5.12))
w(ep,ex) =1 (5.84)
and (see Relation (5.15))
€1 €1 =—e ; €9-e] = —e. (5.85)
Let us compute the bracket [e3, e4], on G*(7).
€3, ea] = ady ., ea — ady ., €3, (5.86)
where 1= ¢~ : §* — G, with (q(z),y) = w(z,y).
(g(e1),e1) = wler,er) =0. (5.87)
(g(e1),e2) = wler,eq) = 1. (5.88)
Then, q(e1) = €5 = ey.
(qlea),er) = wleg,e1) = —1. (5.89)
(g(e2),e2) = w(ez,e9) =0. (5.90)
Hence, q(e2) = —ej = —e3. We then have the matrix of ¢ on the basis (e1,e2) and (e3, e4)

of G and G* respectively :
0 —1
e (0. oo

The matrix M est invertible and its inverse reads :

M= ( _01 é ) : (5.92)
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It comes that r(e3) = —ey et r(ey) = e1. Hence,
les,eq)s = —adi,eq — ad} es.
= +e40ade, + €30 ad,,. (5.93)
-1 =i
eq 0 ade,(e;) = { 0 s j_o T@o° ade, = —es3. (5.94)
ez o ade, (e;) = { 8 : ; i é = ez oad., =0. (5.95)

We then have [es, e4], = —es.

We can now compute the connection on the basis of D(G, 7).

Veer = e-e=—ey. (5.96)
Ve s = e1-e3=0. (5.97)
Vees = adier+ad; e3 = ad;er = —e1 0 adey g.(,) = €2 (5.98)
Vees = adle +ad; ey =—e o dey|g-(py + —€4 0 de, g = —€1 — €4 (5.99)
Ve,€1 = e3-e1 = —és. (5.100)
Ve, = e3-e9=0. (5.101)
Ve,e3 = adles +ad,es =0. (5.102)
Vees = adies+adl ey, = e3. (5.103)
Veer = Vee3 = e (5.104)
Vees = Vees=0. (5.105)
Vees = ady, ez = —ad;,e3 = 0. (5.106)
Vees = adp,es = —ad;,es = —e3. (5.107)
Vee1 = Vees=—e —ey. (5.108)
Veea = Ve,eq4 =es. (5.109)
Vees = ady,e3 = adg ez = 0.

Vees = ady,e1=ad; ey = —ey. (5.110)
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this connection are :

Fh = -1 F% = 0 F%l = 0 ; FZﬁ =0
Fb 0 ) F%z = 0 ; Fib = 0 5 Flllz =0
Il 0 ; I 1 ;I3 = 0 ;T =0
Fh -1 F%zx 0 F?f4 = 0 ; F4114 = -1
F%l 0 : I‘%l = —1 ;I %1 = 0 ; Fél = 0
F%Q = 0 : F%Q = 0 ; F§2 = 0 ; F‘212 = 0
F%3 = 0 : F§3 = 0 ; F§3 = 0 ; F‘213 = 0
1%4 =0 : F§4 = 0 ; F§4 = 1 ; F‘214 =0
I’%l =0 : I’?ﬂ = 1 ; I’gl = 0 ; I’§1 =0
I %,2 =0 ) F§2 = 0 ng = 0 F§2 =0
F§3 =0 : F§3 = 0 ; F§3 = 0 ; F§3 = 0
F§4 = 0 X F§4 = 0 ; F§4 = -1 ; F§4 = 0
F}u = —1 ; Fil = 0 ; Fil = 0 ; Fﬁl = —1
r, =0 ;1% =0 ;1I% =1 ;T% =0
I 4113 =0 ) Fz213 = 0 Fig = 0 Fig =0
F41L4 =0 ) Fz214 = 0 ; Fi4 = 0 F?14 = -1
The only non vanishing symbols are :
ry = -1;0nm”% =1 ;T = -1; 7T} = -1
F%l = -1 F§4 = 1 3 F%l = 1 3 F§4 = -1
F}u = -1 Fjlll = -1 F§2 = 1 ; Fi114 = -1

5.3.3 Geodesics of (D(G,r),V)

Now let y(t) = (vi(t),72(t),73(t),74(t)) be a geodesic such that v(0) = (0,0,0,0) in
T*G ~ D(G,r) and %(0) = (£1,£2,83,&4) € D(G,r). We have the following non-linear
differential equations which are the equations of geodesics of D(G, ).

=A== =0,
Y2 + 1Y — Y2 + 113 = 0,
Y3+ YoYa — Y3Ya + YoYa = 0,
4= 3 — 1Ya — 1¥a = 0.

We rearrange the latter equations as follows :

=9~ 209 =0, (5.111)
Yo —NY2 + 21173 =0, ( )
Y3 — Y3 + 29292 = 0, (5.113)

A =i — 27192 = 0. ( )

Unfortunately we do not yet have a solution for this system.
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5.3.4 Integral curves of left-invariant vector fields on the double
Lie group of the affine Lie group of R

Let & = &1ey + Exea + Ezes + Egeq be in D(G, 7). The left invariant vector field X¢ associated
to £ is given by

Xﬁftfl,mzwam) = TeL($17w27w3,w4) &
1 0 0 0 &
. 0 e 0 0 &
a 0 0 1 x9e™™ &
0 0 0 e™ &,
= (&, &e™, Lt aalue™™ , Le ™). (5.115)

Let v the unique curve such that v¢(0) =€, 4¢(0) = £ and

Fe(t) = X, (5.116)
If e (t) = (vé (1), ¥2(t), 72 (t), 7 (t)), we have the following equations coming from (5.116) :
) = & (5.117)
YE(t) = Eexply(t) (5.118)
Ye(t) = &+ &g (t) exp[—ve (1)) (5.119)
Ye(t) = Eaexp[—(t)]. (5.120)
Resolving relation (5.117) and taking care with the initial conditions we have :
Ve (t) = &t (5.121)
Relation (5.118) is resolved as follows.
o [f & =0, then
’7?@) = £2t+b, beR
= &t since 7£(0) = 0. (5.122)
o If & # 0, then we have
’yg(t) = %exp(flt) +b, b €R;
1
= %[exp(&lt) — 1], since 752(0) =0. (5.123)
1

Now we come to the relation (5.119) and again consider two cases.
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o If & = 0, the equation (5.119) can be written as
Ye(t) = & + Eaat. (5.124)
The latter equation is solved as follows :
3 1 2
Ve (t) = &t+ 5545215 +c1, ¢ €R;

1
= &t+ 55452752, as 72(0) = 0. (5.125)

o If & # 0, the relation (5.119) can be written as

580 = &t 62 lexp(Ert) — 1 exp(—6at)

&1
= &+ %[1 — exp(—&it)]. (5.126)
and is integrated as
3 o §2&4 1
() = Est+ = [t + = exp(—&t)} + ¢
& &1
= &t + f2bs [t + L exp(—glt)] - %, since 72(0) = 0.
&1 &1 i
= (53 + %> t+ % lexp(—&it) — 1]. (5.127)
& &1

Let us now solve equation (5.120).

e If & = 0, then (with the condition 7£(0) = 0)

() = &at. (5.128)
o If& #0, then
() = —%exp(—flt) 1d, deR:
— S exp(-€i0), siuce 5£(0) =0 (5.129)

Let us summarize all the above.

Proposition 5.3.3. The integral curve of the left invariant vector field associated to any
element £ = &1e1 + aea + Eze3 + Eseq of D(G, 1) is defined by

Ye(t) = <0 ; &at %5254152 + &3t 5475) : (5.130)

if & = 0; and by

5254) " §284

et~ lexplenn) -1, (6525 ) 125

& [exp(=&it)-1], 5—4[1~exp(—§11t)]) (5.131)
if & # 0.

&1
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As an immediate consequence, we have the

Corollary 5.3.1. The exponential map of the double Lie group D(G,r) of the affine Lie
group of R is defined as follows. For any & = &1eq + &xea + E3e3 + Epe4,

(0.6 ja6+e. ), 6 =0

eXPa ) (§)=
( ; %[eXp(fl 1), ot 20
1

& |
& 5% [GXP(_gl)_l], —[1—exp<_§1>]) if & 7& 0.

&1

We are now going to deal with the invertibility of the exponential map above. Let
(z,y,2,t) be an arbitrary element of D(G,r). Our goal is to find & in 7*G such that
eXpD(G,r) (5) = (33', Y, =, t)

1. If x =0, then

(0752, %fz& + 537f4> = (z,v, 2,t)

( 0 = x (0 =2
&2 =y & =y
= 1 (5.132)
%5254 +& = 2 & = 22— §yt
\ 54 = t L 54 e t

We then have that

Lemma 5.3.2. The restriction expiggs of the exponential map of D(G,r) to the
subset {0} x R? of D(G,r) is invertible and its inverse is given by
1

2. Suppose x # 0, then we have

(517 5—2[651 - 1],€3+%+52—§4[e—&—1], 5—4[1—6—&]) = (z,y,2,1) (5.134)

&1 1 1 S

( 51 = I ( 51 =
Zjes -y |6 = 2

4 & + +
£3+%+%[6_& = o (er — 1??6_” —1) - exy— 1

xt
\ %[1_6_&] =1 \ &= 1—e>®
Hence,
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Lemma 5.3.3. The restriction expg-.ps of the exponential map of the Lie group
D(G,r) to the subset R* x R is invertible and its inverse is the map defined as :

Ty Yyt [ T ] xt
t) — 1|, —— 5.135
(7,9, 2,t) (x’ex—l’z—'—ex—l e Ul D pp (5.135)

The precedent two Lemmas imply

Proposition 5.3.4. The exponential map of the Lie group D(G,r) is invertible ans its
inverse is the map Logpary : D(G,r) — D(G,7) defined as follows :

Logpar(x,y, 2,t) =
’ Ty yt [ T } xt )
1 0
(x7ew—1’z+ew—1 P R it a7
(5.136)

5.3.5 A Left Invariant Complex Structure On The Double of The
Affine Lie group of R

From [28], the following formula defines a left-invariant complex structure J on any Lie
group with Lie algebra D(G,r) :

J((m, a)+) = ( —r(a), q(m))+, (5.137)

for any (z,«) in D(G,r). We have

1 0 0 0 0 0
0 e 0 0 0 0
+ + _ + o
0 0 0 e™ 1 e o
1 0 O 0 0 0
0 et 0 0 0 0
+ N -
J€2 - <Q(e2>> - 63 0 O 1 1;26—;51 1 1 (5139)
0 0 0 e™ 0 0
1 0 O 0 0 0
0 e 0 0 1 et
+ _ + o+ _
Jes = (—r(es))” = e 0 0 1 ze™ 0 0 (5.140)
0 0 0 e™ 0 0
1 0 0 0 1 1
0 e 0 0 0 0
+ _ R —
Jegy = (—r(es)) €] 0 0 1 mem 0 o | (3:141)
0 0 0 e™ 0 0
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Let us summarize

Jei = xge_mlaimg—i—e_“% (5.142)

Jey = —aixg (5.143)

Jeg = emli (5.144)
0y

Jet = -2 (5.145)
o0xy

This tensor is not bi-invariant, that is it does not commute with the adjoint operators
of §. Indeed, if j := J|., we have

o jlei,ea] = jeo = —e3;
o [e1,jes] = [e1, —e3] =0,

then jle1, es] # [e1, jeal.
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(GGeneral Conclusion

In this thesis we study some aspect of the geometry of cotangent bundles of Lie groups
as Drinfel’d double Lie groups. Automorphisms of cotangent bundles of Lie groups are
completely characterized and interesting results are obtained. We give prominence to the
fact that the Lie groups of automorphisms of cotangent bundles of Lie groups are super-
symmetric Lie groups (Theorem 2.3.2). In the cases of semi-simple Lie algebras, compact
Lie algebras and more generally orthogonal Lie algebras, we recover by simple methods
interesting co-homological known results (Section 2.3.6).

Another theme in this thesis is the study of prederivations of cotangent bundles of Lie
groups. The Lie algebra of prederivations encompasses the one of derivations as a subalge-
bra. We find out that Lie algebras of cotangent Lie groups (which are not semi-simple) of
semi-simple Lie groups have the property that all their prederivations are derivations. This
result is an extension of a well known result due to Miiller ([64]). The structure of the Lie
algebra of prederivations of Lie algebras of cotangent bundles of Lie groups is explore and
we have shown that the Lie algebra of prederivations of Lie algebras of cotangent bundle
of Lie groups are reductive Lie algebras.

Prederivations are useful tools for classifying objects like pseudo-Riemannian metrics
(19], [64]). We have studied bi-invariant metrics on cotangent bundles of Lie groups and
their isometries. The Lie algebra of the Lie group of isometries of a bi-invariant metric
on a Lie group is entirely determine by prederivations of the Lie algebra which are skew-
symmetric with respect to the induced orthogonal structure on the Lie algebra. We have
shown that the Lie group of isometries of any bi-invariant metric on the cotangent bundle of
any semi-simple Lie groups is given by inner derivations of the Lie algebra of the cotangent
bundle.

Last, we have dealt with an introduction to the geometry of the Lie group of affine
motions of the real line R, which is a Kéhlerian Lie group (see |53]). We describe, through
explicit expressions, a symplectic structure, a complex structure, geodesics. Since the sym-
plectic structure corresponds to a solution 7 of the Classical Yang-Baxter equation (see
[28]), we also study the double Lie group associated to .

Admittedly, questions remain. Can it be otherwise ?

Let G be a Lie algebra. We have said that the Lie algebra Pder(7*9G) of prederivations
of T*G contains the one der(7*G) of derivations as a Lie subalgebra. It would be interesting
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to know :

e if Pder(7*G) can be decomposed into a semi-direct sum of der(7*3G) and a subspace
b of Pder(7*9) : Pder(T*9) = der(7*9) x b ;

e if der(7*9) is an ideal of Pder(7™9).

We have seen that if G is semi-simple, then Pder(7*G) = der(7T*G). It would be a great
step to find necessary and sufficient conditions for which the latter equality holds.

Another open question is the following. As the cotangent bundle of any Lie group is
a Drinfel’d double Lie group, it seems to be a good idea to extend the results within this
thesis to the class of Lie groups which are double Lie groups of Poisson-Lie groups.

One other step is to list all orthogonal Lie groups of low-dimension using the double
extension procedure of Medina and Revoy. Studying the isomorphic classes, up to isomet-
ric automorphisms, of bi-invariant metrics on cotangent bundles of Lie groups is also an
interesting subject. It seems to be reasonable to begin by simple Lie algebras.
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