
No d'Ordre: 00008/98

THESE PRESENTEE POUR OBTENIR LE GRADE
DE

DOCTEUR EN SCIENCES
DE L'UNIVERSITE NATIONALE DU BENIN

Option: Physique Mathématique
par

Marna FOUPOUAONIGNI

Laguerre· Hahn orthogonal polynornials with respect
to the Hahn operator: Fourth· Order Difference Equation
for the rth Associated and the Laguerre· Freud Equations

for the Recurrence coefficients,

Soutenue le 16 Décembre 1998 devant le JURY:

Pr45ident: Augustin BANYAGA (Penm,yJvania State University, Penm,yfvanie USA)

Rapporteurs Saïd BELMEHOI (Université des Sciences et Technologies de Flandres, Lillt> 1)

M. Norbert HOUNKONNOU (Uni~ersité Nationale du Bénin, Bénin)

W. KOEPF (Hochschule fur Technik Wirtschaft und Kultur, Leipzig, Allemangnc)

A. RONVEAUX (Facultés U.liversitaires Notre Dame de la Paix Namur-Belgique)

~)(8minateurs Jean - Pierre EZI N (Université Nationale du Bénin, Bénin)

Côme GO U DJ0 (Univer5ilé Nationale du Bénin, Bénin)

Co~_~i'!~~~~~ M. Norbert HOUNKONNOU
André RONVEAUX



Laguerre-Hahn Orthogonal Polynonüals \\-ith respect to the Hahn

Operator: Fourth-order Difference Equation for the l'th
Associated and the Laguerre-Freud Equations for the Recurrence

Coefficients

:\latna FOUPOUAG:'\IG:'\I

Institut de :\lathéntatiqllcs ct de Sciences Ph~siqllcS

Porto-Noyo. Bénin



A rnon épouse AdjonI ct III(/. fille Samillm.
A 1110 fllTl/ille. '!/les IImis el li (,ous eelJ:r qui cl'oient cl. ["cffrnt ct œU:/'Tcnt

po Il l' III Justicc. lu, ]llli}: ct 10 dignité l!1lmaine,



REMERCIEMENTS

Tout d'abord, je remercie le Professeur Augustin BANYAGA qui me fait un grand honneur en ac­
ceptant de présider le jury de cette thèse. Je remercie également les Professeurs Saïd BEL:'-IEHDI,
J(~an-Piem~EZI:\". Wolfram KOEPF et Côme GOliDJO pour ayoir accepté de faire partie du jury.

J'exprime ici ma reconnaissance aux professeurs ?--1. :'\orbert HOUl\r\:O~-:\"Oliet André RO;'\TEAl:X
pour les efforts fournis et les sacrifices énormes consentis pour la co-direction de cette thèse.

yIes remerciements 'ont aussi à l'endroit du Professeur Jean-Pierre Ezin, Directeur de l'EvISP, pour
sa constante soli ici t ude.

Je remercie profondément le Serùce Allemand d'Echanges Cniyersitaires (DAAD) qui, en m'octroyant
une bourse doctorale, a rendu possible la réalisation de ce tra'·ail. \Ies remerciements "ont aussi à l'endroit
de l'Uni,'ersité :\"ationale du Bénin et cn paniculier de l'Institut de :\Iathématiques et de
Sciences Physiqups pOllr l'hospitalité, le somien financier et les sacrifices consentis tout au long de ma
formation.

Le sl~jour ('Il Europe. de s('ptenJm' FJ!)-;- ?J mars 1(J98. a <-;t (: déterminant pour la finalisation de CP

tra,·ôil. Pour cela. je tiens il remercier le D_·L.\D pour 3yoir fim!llcé ce S(;jour, le Centre ''l'''::onrad-Zusp­
ZentnnIl für Infortnationstechnik Bterlin" (ZIB) pour m'a"oir acceuilli en son sein et aussi pour m'a"oir
offert d'excellelltPs conàitions de trayail. C'est l'occa::,ion ici de remercier le Professeur \Volfralll h:OEPF
pour son hospitalité pendant mon s';jour à I3(~rlin et aussi pour la formation qu'il m'a donnée en calcul
symbolique.

Harald B()I:-JG et le Professeur \\ïnfrieè :'\E\\-:\". tous de ZIB. m'ont aussi aidé notalllnlCllt pour la
programmation et je le:: en remercie.

Il Ille ]liait ici de remercier tri':: sillci'reI:lCnt le Profe::s(°1lr André~ RO:\"VEAlJX qui, malgré son ad­
mission ù la rctraitc, a financ(; à se~ lJlOlJH'S frai" lllOII séjour il "amur et anssi son séjour à Berlin. Ces
rapproc!lcmelll sont pe:'mis nnc éyo: nt ioti tr;Js sig,nifîcat in' du t r,n,lil.

.Je remercie <~balemcnt G<'rard L.-\G:\JACO pour rachemillP:llcllt des copies de cette thèse à :\"amur .
.JOhll TITAI\TAII pour la lecture d:; lllanus, rit ,k Cl: trén'lil. h',:ll AHEA de l'l-ni"ersité de \ïgo en Es­
pagne, 1<' Professeur Francisco :\IARCELL\:\" d<' 1TLin'r."idad Carlos III ck ?--Iadrid en Espagne pour les
discussions fruCTucnscs que nous aY<lllS eucs. le Prufe"Slur ..\ntu:lio J. DCRA:\" de l'l'niversité de S(:yjl!e
('ll Espagnc pour ;l\-oir :l.n,lllcé part i·'llenH'll1 !ll')!. _"{'je.nr à S"v:ll·· et, 1(' pru:essellr \\'alter VA:\" ASSCHE
de l'l;niversit<~ de LCU"'JIl en Bclg,i<jl~(' [Jour r.In'il d\ il): .. i'llo-pit;l:il (~~. !'ellG\c:n'llll'nt (JI le suppon financier
dOllt j'ai h{~lll'fi('i<',,, pendant mon sé.:,)1)r ;\ L('l\('l~.

:\1<'s rcnH'n:ieIllcnts vont aussi ;\ !'endr,~it l:e ILOt! pi'l" :\hussa :\10\\'Ol':\L ma mère I\:cntouma
:\lAPIE:\JFOC. Illon épouse Adjara FOliPOL\G:\"IG:\"L ma fillc Salllihra FOl-POCAG:\"IG:\"l. mc"
fri'lcs :\LJllluuda :\".Jt'TAP:\I\'OCl. :\lallla :;.10YA ..h·:ditldld '\G;\J\:EL Issofa :\IOl'l\'Dl. Ousmanou
P..\TOCOSSA ...\hdou :'\GOlîIOUO.... llH" so·urs. ;)(,[lr l,,, sa:rifice" qu'ib ont coIl5entis ;Jendanr mon
ahsellu' e\ illissi pour leur soutien i:l<,()ll,litic lllle:.

J'exprinll' aussi m;~ reconnaissa:lce aux -:nsc::gna:lts r~es DéjJ;[rtemClltS de :\lathématiques de l'Ecole
'\ormale Snpl;rieure d(- Yaoundé ct dl: lTni-:ersi:é dr: Y;rou:rdé 1. au Prof(~sscur :\lu-ise K\\-ATO :\".JOCK
pour m';l\'(Jir ('nC(JIlrar:,é à nw pr{~s(':lt('r au (OIlC',1lrS (l'ddlll:S~iO:I h l'I:\ISP ct aussi ]Jour leur suutien er
l('urs cous, ,ils.

:\1011 S("jolll ;tIT\ISP il failli Pl('r.riJ" fill (~:_ 19'J:). (('Ci;l C;:l~'~ ':(~S difiicnlr/'s a<!millisrratin:s rencontrées
;rn :\Jiliisti'l(' d(· rEduG~tioll '\atioIl,:1r' dll Cc.:I](·r(,ll1l. C":" pI{)Lli:nr'" OIlt <'-tt: l(;s(,lns :ll:UrCnSUIlcuT ct ponl
<:<'Ia je rr'l1H'I('](' sillc(~r"l[ICllt les p[l~f<..,sr'llr~ .l';l:l Pi'nf' EZl:\". :\LJh(JlllOli '\mhcn HOU:\"KO:\"'\OC ct
:\loïse K \\'A1'0 0.'.J ocr...:: P(jUl leur cOlIlpr<"llf-mivl (.\ lnr Sl;Pl;O:r. pellriallt 1'('\ \1: p<'~r iud(~ diF-icill~. Le sou­
tien dn Profl'ss('llr Alp~HllISt'; ELOI'\G Pl OYis"ur du L:.\ .;(: (L :,.L:1H:n)';ou1.a <\1' 0.'kongsamba 'J.n Call1<:rOllIl
ainsi flnc \('5 inll'ITellti(~.lIsdl' Y(J\[SSvlr'\CJL~,HE('\ :\!èI:i(: U)LISE dn :\lini..;ti~rr: rlr~ l'Educatioll :\"ari'Jlla!r-



3

du Cameroun ont été aussi importantes pour la continuation de mes ét.udes à l'IMSP et je les en remercie.

Je remercie enfin le personnel enseignant et administratif de nMSP ainsi que les étudiants pour le
bon climat de collaboration et de travail, sans oublier tous CCliX qui de près ou de loin ont contribué à
ma formation et à la soutenance de cette thèse.



Contents

1 Introduction
1.1 Historical introduction . . . . . . . . . . . . . . . . . . . . .

1.1.1 The fourth-order differential and difference equation
1.1.2 The non-linear difference equations .

1.2 Summary of the main results .
1.2.1 The fourth-order difference equation
1.2.2 The non-linear rccurrence equations

1.3 Outline of dissertation . . . . . . . . . . . .

2 Preliminaries
2.0.1 The notion of topology .
2.0.2 Notations .

2.1 Orthogonality and quasi-orthogonality
2.1.1 Orthogonal polynomials ...
2.1.2 Quasi-orthogonal polynomials
2.1.3 Other definitions . . . ...
2.1.4 Dual basis . . . . . . . . . . .

2.2 Associated orthogonal polynomials .
2.2.1 Three-term recurrence relation
2.2.2 The first associated orthogonal polynomials
2.2.3 The rth associated orthogonal polynomials

2.3 Operators D, Tw, D"" 9q and Dq .

2.3.1 Operator D .
2.3.2 Class of the D-semi-classical linear functional
2.3.3 Characterisation of D-classical orthogonal polynomials
2.3.4 Operators Tw and D", ..
2.3.5 Class of the Dw-semi-classical linear functional . . . .
2.3.6 Characterisation of 6-classical orthogonal polynomials .
2.3.7 Operators 9q and D q .

2.3.8 Class of the Dq-semi-classicallinear functional .
2.3.9 Characterisation of Dq-classical orthogonal polynomials

2.4 The q-integration . . . . . . . . . . . . . . . . . . ..
2.4.1 The q-integration on the interval [0, a], a> 0 .
2.4.2 The q-integration on the interval [a, 0], a < 0 .
2.4.3 The q-integration on the interval [a, (xl(, a > 0 .
2.4.4 The q-integrationon the interval ] - 00, a]. a < 0

3 The Dq,w-semi-classical orthogonal polynomials
3.1 Introduction.....................

3.1.1 Operators Aq,w and Dq,w .

3.1.2 Class of the Dq,w-semi-classicallinear functional
3.2 Characterisation theorems for Dq,w-semi-classical OP .

3.2.1 Dq,w-classical orthogonal polynomials .....

4

7

S
10
10
11
11

13
13
14
14
14
16
16
17
lS
lS
19
19
20
20
21
22
23
25
26
27
28
29
31
31
31
31
32

33
33
33
38
41
41



CONTENTS

3.2.2 Dq,w-serni-classical orthogonal polynomials

5

48

4 The formaI Stieltjes function 51
4.1 The Stieltjes fnnction and the Riccati clifference equation 51

4.1.1 Sorne definitions . . . . . . . . . . . . . . . 51
4.1.2 Sorne properties .. . . . . . . . . . . . . . 52

4.2 Dq,...,-Laguerre-Hahn OP as Dq-Laguerre-Hahn OP 57

5 Difference equations for the first associated OP 59
.5.1 Introduction..................... 59
.').2 q-classical weight . . . . . . . . . . . . . . . . . . 59

5.3 Fourth-order q-difference equation for P~~ 1 (x: q) 60
.5.4 Applications..................... 61

5.4.1 The first associated Little and Big q-Jacobi polynomials 61
5.4.2 The first associated D-classical orthogonal polynornials . 62
5.4.3 The first associated Dq,w-classical orthogonal polynornials 62
5.4.4 The first associated ~-classical orthogonal polynomials 63

6 Difference equations for the rth associated OP 65
6.1 Introduction............................................ 65
6.2 The associated Dq-Laguerre-Hahn linear funcrional . . . . . . . . . . . . . . . . . . . . .. 65

6.2.1 The associated D q- Laguerre-Hahn linear funct ional is a D ,,-LaguC'rrc-Hahn lincar
functional . . . . . . . . . . . . . . . 65

6.3 Fourth-order difference equation 68
6.3.1 Fourth-order differcntial equation for PAr) 74
6.3.2 Fourth-order diffcrence equation for t.he rth associateci Dq.w-Lagllcrre-Hahn orthog-

onal polynornials . . . . . . . . . . . . . . . . . . .. 75
6.3.3 Fourth-order difference equat.ion for t.he Tth associatcd LJ.-Lagucrrl2-Hahn orthogo-

nal polynomials . . . . . . . . . . . . . . . . . . . . 76
6.4 Application of difference equat.ions 1.0 classical situations. . . . . . 76

6.4.1 Coefficients Er, Fr and H r for classical si ruations ..... 76
6.4.2 Results on general associated Dq-classical orthogonal polynomials . 77
6.4.3 Fourt.h-order differential equat.ion for the rth associated D-classical ort.hogonal poly-

nomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 78
6.4.4 Fourth-order difference equation for the rt h associated LJ.-classical orthogonal poly-

nomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 78

7 Three-term recurrence relation coefficients
7.1 Introduction .
7.2 Three-terrn recurrence relation coefficients for Dq-classical situations

7.2.1 Coefficients Tn,1 and T n,2 •.•.•...............

7.2.2 Coefficients f3n and -(n for Dq-classical orthogonal polynomials
7.3 Three-term recurrence relation coefficients for D-classical situations.

7.3.1 Coefficients Tn,1 and Tn ,2 " .•..............•.

7.4 Three-term recurrence relation coefficients for LJ.-classical situations.

8 Laguerre-Freud equations for semi-classical OP of class 1
S.1 Introduction......... .
S.2 Starting the Laguerre-Freud equations
S.3 Interrnediate coefficients

8.3.1 Coefficients Tn,j
8.3.2 Coefficients B~ .
8.3.3 Structure relations

S.4 Final form of the Laguerre-Freud equations
8.4.1 Laguerre-Freud equations for Dq-classical orthogonal polynomials .

81
81
81
81
82
82
82
83

84
84
85
86
86
87
87
89
90



6 CONTENTS

8.5 Applications to D, D w and Dq,w-semi-c1assical OP of c1ass 1 . . . . . 91
8.5.1 Laguerre-Freud equations for D-semi-classical OP of class 1 . 91
8.5.2 Laguerre-Freud equations for Dw-semi-classical OP of class 1 91
8.5.3 Laguerre-Freud equations for D w-c1assical orthogonal polynomials 92

8.6 Applications to generalised Charlier and generalised Meixner polynomials of c1ass one 93
8.6.1 Laguerre-Freud equations for the generalised Meixner polynomial of class one 93
8.6.2 Laguerre-Freud equations for generalised Charlier polynomial of c1ass one 94
8.6.3 Asymptotic behaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

9 Conclusion and perspectives
9.1 Conclusion .
9.2 Perspectives.

10 Appendices
10.1 Appendix l .

10.1.1 About D-classical orthogonal polynomials .
10.1.2 About 6.-c1assical orthogonal polynomials
10.1.3 About q polynomials .

10.2 Appendix II . . . . . . . . . . . . . . . . . . . . ..
10.2.1 Results on general associated c1assical discrete polynomials

10.3 Appendix III . . . . . . . . . . . . . . . . .

96
96
97

99
99
99
99

100
100
100
105



Chapter 1

Introduction

1.1 Historical introduction

1.1.1 The fourth-order differential and difference equation

Consider the family of monic polynomials {Pn}nEN, orthogonal with respect 1.0 a linear functional 12 (see
(2.5)). 11. satisfies a three-term recurrence relation (which we denote TTRR) [Chihara, 1978]

{
Pn+l(X) = (x - (3n)Pn(x) - ~rnPn~l(X), n ~ 1,
Po (x) = 1, Pl (x) = x - (30,

\vhere (3n and ln are complex numbers \Vith ln ::f 0 'in E ~.

The rth associated of {Pn}nEN is the family of monic pol~·nomials {p~r)}nEN, defined by the previous

relation in which (3", ln and Pn are replaced by (3n~r, In+r and p~r), respectively,

{
P';~l (.1:) = (.1" - 3n+r) p,~r)(I) - rn+rPT;':l1 (x),
p~r (x) = 1. P

1
(1) (x) = X - (3r.

n ~ 1,

The rth associated of the regular linear functional 12 is, by Favard Theorem [Favard, 1935], the unique

line;1.r functional Ô r
) \vith respect to ,,·hich {p~r)}nEN is orthogonal and satisfices (Ô r1 , 1) = Ir.

Let {Pn }nEN be a famih· of polynomials. orthogonal with respect 1.0 the lincar functional 12 and S(L),
the Stieltjes function of L given by

~ !lIn
S(L)(x) = S(x) = - L xn~l '

,,>0

where Mn is the moment of order 11 of L: !lIn = (12, xn ).
\Vhen S satisfies a Riccat.i differential equation

cP(x)S(x)' = B(x) S(X)2 + A(x) S(x) + D(x),

where cP, A, Band D are polynomials, then {Pn}nEN are called Laguerre-Hahn orthogonal polynomials
[Magnus, 1984], [Ozoumba, 1985]. 1t is well-known [:'v1agnus, 1984] that these polynomials satisfy a
fourth-order linear differential equation.

Classical and semi-cldssical (continuous) orthogonal polynnomials arc particular cases of Laguerre­
Hahn orthogonal polynomials, and they satisfy a second-order linear differential equation.

The rth associated Laguerre-Hahn orthogonal polynomials are Laguerre-Hahn orthogonal polynomi­
ais, therefore they satisfy il. fourth-order linear differential equation.

The search for thesc diffcrcntial equations has been very intensive during the past few ycars. For
r = 1, Grosjean (1985, 1986) found them for Legendre and Jacobi families, and Ronveaux (1988). has
given a single equation valid for tll(' first associated classical (continuous) orthogonal polynomials.

7



8 Chapter 1. Introduction

For an arbitrary r, computer algebra packages have been very useful due to the heavy computations
involved. In this context we mention that Wimp (1987) has used the MACSYMA [ref] package to
construct the fourth-order differential equations satisfied by the rth associated Jacobi polynomials (r
in this case is integer or not). Belmehdi and Ronveaux (1989) devised a REDUCE program in order
to obtain these differential equations for the associated classical orthogonal polynomials of integer (and
fixed) order r.

Differentiai equations valid for the nh associated Laguerre-Hahn orthogonal polynomials and for
any integer r were given by Belmehdi et al. (1991) using the properties of the Stieltjes function of the
associated functional (see [Magnus, 1984]. [Dzoumba, 1985]). Then, followed some papers giving, in a
simple way, the single fourth-order differential equation for the associated classical orthogonal polynomials
of any integer order r (see for instance [Ronveaux, 1991], [Zarzo et al., 1993], [Lewanowicz, 1995]).

As it was the case for the associated orthogonal polynomial of a continuous variable, many works
have been done to give the fourth-order difference equation satisfied by the associated classical orthogonal
polynomials of a discrete variable.

Atakishiyevet al. (1996) have derived the relation (already known for classical continuous orthogonal
polynomials [Rom-eaux, 1988]) giving the link between the first associated classical discrete orthogonal
polynomials and the starting polynomials. and used this relation to prove that the first associated of the
classical discrete orthogonal polynomials are solutions of a fourth-order Iinear difference equation which
can be factored as product of two second-order linear difference equations.

Using the explicit representation of the associated ~leixner polynomials (with the real association
parameter r ~ 0) in terms of hypergeometric functions, Letessier et al.(1996) gave the fourth-order
difference equation satisfied by the rth associated Meixner polynomials and deduced by an appropriate
limit process the difference equation for the rth associated Charlier, Laguerre and Hermite polynomials.

This equation, thanks to the computer algebra system ~IATHEMATICA [Wolfram, 1993] and the
relation proved in [Atakishiyev et al., 1996] is given explicitly for the first associated of Charlier, ~leixner,

Krawtchouk and Hahn polynomials [Rom'eaux et al.. 1998a].
The question one can ask is whether it is possible to give one fourth-order difference equation valid

for the rth associated Laguerre-Hahn orthogonal polyno:nials including orthogonal polynomials of con­
tinuous, discrete \-ariable and also q-polynomials? The answer is yes and the first part of this dissertation
aimed at answering this question.

1.1.2 The non-linear difference equations

Here, wc consider that the polynomials {P,,} nEf\i. orthogonal with respect the semi-classical linear func­
tional 12 is orthonormal ((L, P"Pn ) = 1 \/n E ~. , thus, satisfying

where an and bn are complex numlwrs with (ln i= O.
The coefficients an and bn can be given explicitly for c1assical (continuous) orthogonal polynomials in

terms of the polynomials 0 and l:> appcaring in the Pearson differential equation, fx (r/lL) = 'ljJL, satisfied
by the linear functional 12 with respect to which {Pn}nEf'i is orthogonal (see for instance [~ikiforov et al.,
1983] [Chihara, 19ï8], [Szego, 1939], [Lesky, 1985j, [Koepf et al., 1996] ... ).

These coefficients are also known for classical orthogonal polynomials of a discrete variable and for
q-classical orthogonal polynomials ([l\ïkiforov et al.. 1991], :Szego, 1939], [Lesky, 1985], [Koepf et al.,
1996], [~ledem, 1996] ... ).

When the polynomials are semi-classical (instead of c1assical), except for some particular cases, it is
difficult to give, in general situation, the coefficients an and bn .

The propertics o'; the coefficients an and bn as \Vell as those of the polynom;-als Pn have been inves­
tigated by many authors .

• Firstly, we cite for example Laguerre, who, in 1885, explored the properties of the orthogonal
polynomials related to the wcight function p satisfying

p'(X) = R(
(

X; ,
PX)
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where R(x) is a rational function of x. He also studied Padé approximations and continued fraction
expansions of functions satisfying a differential equation of the form

W(x)J'(x) = 2V(x)f(x) + U(x),

where U, V and 1V are polynomials; and recoyered orthogonal polynomials Pn as denominators of
the approximants of f. He succeeded in shO\ying that the orthogonal polynomials Pn satisfy the
remarkable differential equation,

WG n y" + [(217 + W')G n - RTG~] y' -1- K n y = 0,

where 0 n and K n are polynomials with bounded degrees, whose coefficients are solutions of certain
(usnally) non-linear equations which provide non-linear equations for an and bn (see [Magnus, 1991]
for more details about Laguerre equations) .

• Secondly, we cite the works by Freud (see [Freud, 1976, 1977, 1986]) who investigated the asymptotic
behaviour of the recurrence coefficients for special families of measures by a technique producing
an infinite system of (usually non-linear) equations (called Freud equations) for these coefficients
(see [Magnus, 1991] for more details about Freud equations). For example .. if the polynomials Pn

are related to the weight p(x) = exp( _x4 ) on the whole real line, then the Freud equations are
reduced to [Nevai, 1983]

{
-1a;'(a;'+1 + a;' + a;'_I) = n, n ~ 2, ao = 0, aî = HH:l,
bn = 0, n ~ O.

It should be noted that other people found similar non-linear equations and identities (see for instance
[Laguerre, 1885], [Perron, 1929], [Shohat, 1939], see also [l\evai et al., 1986], [Nlagnus, 1991] for more
details), but these authors did not study their solutions when no simple form cauld be found.

C sing the Freud equations, Freud (1976) gave a conjecture about the asymptotic behaviour of recur­
rence coefficients when the polynomials Pn are rclated to the weight function
p(.7:) = Ixle exp( -Ixia) stating that :

Let an and bn be the coefficients of the following recurrence relation

satisficd by the polynolllials {Pn}nEN, orthogonal with respect to the weight p(x) = I.rleexp(-Ixia),
( > ~ 1, n > O. on the whole reallinc. Then an and b" obcy:

Q 2r(a)
,,!~~ [n/C(~)p/O' = 1, C(a) = f(a/2)2'

Important investigations have been devoted to the proof of Freud conjecture as weil as to the study of the
asymptotics for {Pn } nE"" the distribution of zeros, the sharp estimates of the extreme zeros ... ([Chihara,
1978], [Freud, 1976, 1977, 1986], [Lubinsky, 1984, 1985a, 1985b], [Lubinsky et al. 1986,1988] , [Magnus,
1984. 1985a, 1985b, 1986], [Bonan, 1984], [Matô et al., 1985], [Mhaskar et al., 1984a, 1984b], [Nevai,
1973, 1983, 1984a, 1984b, 1985, 1986], [Sheen, 1984] ... , for more details see [Magnus, 1984, 1985a.
1985b, 1986]).

Later, Belmehdi and Ronveaux (1994) gave a systematic way to obtain non-linear equations for the
recnrrence coefficients, valid for any scmi-cla.ssical orthogonal polynomial of a continuous variable. In
fact, given a semi-classicallinear functional L satisfying ddr. (cPL) = 'lj;L, where cP and 'lj; are polynomials,
they were able to provide two non-linear equations for the coefficients an, bn of the recurrence relation
satisfied by the polynomials {Pn}nEN associated to L, called Laguerre-Freud equations (denomination
borrowed from Magnus [Magnus 1985b, 1986]).

In the second part of this dissertation, we givc a gcneralisation of the previous results [Belmehdi et al..
1994] by giving the systcm of two non-linear differcncc equations satisfied by the recurrence coefficients:
equations which are valid for semi-classical orthogonal pol~'nomialsof a continuolls and discrete variable.
and also for q-semi-classical orthogonal polynomials (both of class 1).
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1.2 Summary of the maIn results

1.2.1 The fourth-order difference equation

1. Using the l'l'suit in [8uslov, 1989], we prove the following:

Consider 12 a regular !inear functional satisfying V q (1JL) = 'l/JL, where 'l/J is a first degree polynomial
and 1> a polynomial of degree at most two. VI is the Hahn operator defined by

_ f(qx) - f(x) --J- ._ ,
V q f(x) - ( ) ,x -r 0, q i- 0, q i- 1, V q f(O) .- f (0).

q - 1 x

Then, if {Pn}nEN is the monic family of polynomials, orthogonal with respect to L, then, the first

associated PAl) of Pn satisfies the fourth-order difference equation

O" Qi,n-I [Pn(~I(X;q)] =0.
-2,"-1 q2 (q _ 1)2 x2

Operators Qi~n-I and Q;,n-I are gi\'en by:

with

Q;,n-I

O"
~2.n-1

1>(2) Q; - ((1 + q)9 1) + 'l/J(l) t l - .\n,O ti)Çq + q (0 + 1/J t) 'Id,

(1)(3) + 'l/J(3) t3)[q2 AI + (1 + q) 1>(2) + 1/J(2) t2JQ;

_[q3 ih (lh"2) + 'l/J("2 t2) + A3 (1)(2) + q AI)] Qq

+q1>(l) [q2.4.2 + (1 + q) 1>(3) +'l/J(3) t3)] 'Id,

.\n,O
1>" qn - 1

-[n]q{'l/J' + [n - 1]1 -}. [n]q = --. q i- 1, n:::: 0, QqP(x) = P(qx) VP E IP',
q 2q q - 1

ç(qi x ), 'l/J(i) == 1.'(qi X), t, == t(q'.r), t(x) = (q -1)x,

(1 + q)1>(j) + 'l/J(j) tj - .\",0 fJ.

This l'l'suit [Foupouagnigni et aL, 1998d], i:, used to deduce the factored form of the difference
cquatiolls satisficd by the first associated classical orthogonal polynomials of a discrete variable
[Rom'eaux et aL, 1998a] and also the factore!: fonn of the differential equation satisfied by the first
associated classical continuous orthogonal polynomials [Ronveaux. 1988], \Vc have used, also, this
l'l'suit to prove that under certain condition:, on the parameters. the first associated of littl(' and
big q-Jacobi polynornials arc still classica1. \loreover, we deduce that if Pn (x; a, b Iq) (respectively
P" (x; a, b, c; q)) denotes the monic /ittle q-J acobi polynomials (respecti\'ely monic big q-Jacobi
polynomials), t!ten they are related \\'Ïth their respective first associated by:

(l). 1
p" (x, a. - Iq)

qa

(1). 1 .PTt (x, a, -, c, q)
qa,

"n (xli)a q P" -; -, a q q ,
aq a

n (x 1a Pn -; -, aq, cq; q).
a a

2. We prove t!tat tlil, rth ass(Jciated Vq-Laguerre-Hahn orthogonal polynomiaL satisfy the single
fourth-order differencc cquatioll [Foupouagnigni et aL, 1998e]

~

L Ij(n, r, q, x)V~ PAT) = 0,
J=O

where I j (n, r, q, x) are polYIloll1ials in x.
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We use suitable change of variable and limit processes to extend the above result to the rth asso­
ciated Laguerre-Hahn orthogonal polynomials of a continuous and a discrete variable, respectively
[Foupouagnigni et al 1998b].

\Ve apply this result to compute explicitly the coefficients I j (n, r, q, x) for the rth associated classical
orthogonal polynomials (including classical continuous, classical discrete and q-classical polynomi­
aIs) [Foupouagnigni et aL, 1998b, 1998c, 1998e].

1.2.2 The non-linear recurrence equations

We prove the following theorem (see 8.1) which is the main result of the second part of this Dissertation.

Theorem

The coefficients f3n and 1n of the three-term recurrence relation

satisfied by the Dq-semi-classical monic orthogonal polynomials of class at most one, {Pn }nEl\!, can be
computed recursively from the two non-linear equations

{
('th + [2n]~~)hn +1n+d = F1(q;f30, ... ,f3n;11"",'n),

('th + [2n + 1]~ ~ ),8n+ 1~ln+1 = F2 (q; f30.· .. , f3n; Il,'''' In+d·

3 2
4>j and 1/:j are the coefficients of the polynomials rjJ and 'ljJ (4)(x) = I: 4>jXj , 'ljJ(x) = I: 'ljJjX j )

j=O j=O

appearing in the Dq-Pearson equation, Dq(rjJL) = 1/)L, satisfied by the regular linear functional L. FI is
a polynomial of 2n + 1 variables and of degree 2; and F2 a polynomial of 2n + 2 variables and of degree
3, \Vith the initial conditions

(L, x)
f30 = (L, 1) , 1/)211 = -'ljJ(f3o).

\Ve use suitable change of variable and limit processes to extend the previous theorem to the D and
.6.-semi-classical orthogonal polynomials of dass at most one [Foupouagnigni et al., 1998a]. \Ve then
gin~ the Laguerre-Freud equations for the g('ncralised Charlier and generalised Meixner of class one and
use these equations (numerical and symbolic computation with :\Iaple V Release 4) to give a conjecture
about the asymptotic behaviour of the cocflicients (ln and -, 1/ of the generalised Charlier and generalised
Meixner polynomials of class one:

Conjecture

The coefficients Jn and 1" of the three-term recurrencc relation satisfied by the monic generalised Meixner
polynomials of class one obey:

and those of the three-terrn recurrence relation satisfied by the monic generalised Charlier polynomials
of class one obey:

hm ((3" - n) = 0, lim (rn - Il) = O.
n---+CXl TI---+CXJ

1.3 Outline of dissertation

In Chapter 2 wc give SOIllC results and definitiolls on orthogonal and associatcd orthogonal polynomials.
\,l';c also proye SOIllC charactcrisation thcorcllls for dassical orthogonal polynomials.
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Chapter 3 gives sorne useful properties of the operators Aq,w and Dq,w and the proof of sorne charac­
terisation theorerns for Dq,w-classical and Dq,w-serni-classical orthogonal polynornials; characterisation
theorern which are valid (by lirnit processes) for the operators ddx ' D q and b..

Chapter 4 is devoted to the study of the Dq,w-Riccati difference equation satisfied by the Stieltjes
function of the gi\'en associated linear functional. In particular, we prove that the affine Dq,w-Laguerre­
Hahn orthogonal polynornials are the Dq,w-semi-classical orthogonal polynomials and conversely. In this
chapter, it is also proved that the Dq,w-Laguerre-Hahn orthogonal polynornials can be obtained frorn the
Dq-Laguerre-Hahn orthogonal polynornials by a change of variable.

In Chapter 5 we give the factored forrn of the fourth-order difference equation satisfied by the first
associated Dq-classical orthogonal polynornials and \\2 deduce the difference equation for classical orthog­
onal polynornials of continuous and of discrete variable. 'Ve also consider the situations for which the
first associated of the little and big q-Jacobi polynomials are still classical.

Chapter 6 describes the rnethod used to obtain, for the general situation, the single fourth-order
difference equation satisfied by the rth associated D, D q and b.-Laguerre-Hahn orthogonal polynornials.
The coefficients of the fourth-order difference equation for classical situations are also given explicitly.

Chapter 1 gi\'es useful coefficients for classical orthogonal polynornials like f3n, ln, Tn,l and Tn,2'

Chapter S presents the rnethod used to obtain the two non-linear equations for the coefficients of
the TTRR satisfied by the Dq-serni-classical orthogonal polynornials of class at rnost one. We also show
how these equations can be used to obtain the two non-lînear equations for the coefficients of the TTRR
satisfied br the D and b.-serni-classical orthogonal polynornials of class at rnost one. The conjecture
about the asyrnptotic behaviour of the coefficients of the TTRR satisfied by the generalised Charlier
and the generalised Meixner polynornials of class one (conjecture obtained thanks to the two-non-linear
equations) is also given.

The appendices l, II and III contain the data for classical orthogonal polynornials as weil as the results
on the fourth-order difference equations for classical situations.

It should be mentioned that:

• Chapter 2, devoted to the prclirninaries. is based on [Chihara, 1978]. [Guerfi, 1988], [Belrnehdi,
1990a], [Salto, 1995] and [Medern, 1996].

• ChaptE'rs 3 and 4 generalîse to the operator Dq,w certain results gi\'en in the above rnentioned
rcferences.

• The original results obtained in the framework of this thesis are presented in chapters 5, 6 and 8.



Chapter 2

Preliminaries

2.0.1 The notion of topology

vVe recall the notion of wpology on polynomials and linear functional vector spaces. These notions have
been defined in [Trèves. 1967], [Maroni, 1985. 1988], [Guerfi, 1988] and [Belmehdi, 1990a]. For these
prelirninaries, we shall exploit the \\'orks by Maroni [l\Iaroni, 1988], Guerfi [Guerfi, 1988] and [Belmehdi,
1990a].

Let lP' be a vector space of polynomials in one real variable with complex coefficients, endowed with
the strict inductive limit topology of the spaces lP' n. lP'n C lP' is the vector space of polynomials of degree
at most n. It satisfies CXJ

lP'nClP'n-t-t, n~O, lP'= UlP'n,
n=O

-
and is endO\\-ed with its na,ural topology which makes it a Banach space.

Let lP" be the dual of II'. equiped with its topology which is defined by the system of semi-norms:

Il.e11,, = sup \.LÎhl,
k<n

wherc Nh dcnotes the mor:lents of the fllnctional .e with respect to the sequence {x" ln: M k = (.e)k =
(.e,xk). lP' and P' are Fréchet spaces.

,·re consider 'V the \·ect,.)r spacc gencrated by the elements {(~~r VnS} Il (D == /x) with its inductive
limit topology. 15 dmotes tI1C Dirac measurc: (15, J) = 1(0), 1 E CCXJ(IR).

L(~t F be the lincar application:

---+

---+

n

F(d) =L djxJ .

J=O

(2.1 )

F verifies the following propert ies:

i) Fis an isomorphism defined on 'V into lP'.

ii) The transpose t F of F, is an isornorphism defined on lP" into 'V'.

iii) tF =F on lP".

Thlls,
(F(L),d) = (.e,F(d)),Y.e E lP", \/dE 'V. (2.2)

Sinœ {( -~r D"J}n brms a basis of 2" [:\1aroni, 1988], that is, any clement .e of P' can be expressed
as

(2.3)

13
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it follows that

F(L) = I)L)nxn.
n2:0

'V' is therefore the vector space of formaI series.

(2.4)

Remark 2.1 Let L(lP', Ir) (respectively L(lP", lP")) be the vector space of continuaus linear applica­
tions defined on lP' inta IF' (respectively on lP" inta lp"). The transpose of any element of L(lP', lP') is
an element of L(lP",lP"). We shall use this process to define certain elements of L(lP",lP") basically
by transpasing thase of L(lP', lp').

2.0.2 Notations

We understand by linear functional any element L of lp" and denote by (L, P) the action of L E lp" on
P E lp'. We also denote bl' IR the field of real numbers, iC the field of complex numbers and by N the
set of integers. Henceforth, we will use interchangeably deg(<;6) and deg <;6 to denote the degree of the
polynomial <;6. The operator D represents the usual derivative operator (V = d~) while the Kronecker
symbol 6n ,j is defined by

{
1 if

6n ,j = 0 if
n =),

ni- j

2.1 Orthogonality and quasi-orthogonality

2.1.1 Orthogonal polynomials

Definition 2.1 A set of polynomials {Pn}nEN is said to be an orthogonal polynomial sequence (O?S)
associated to the linear functianal L E lp" if

V nE N,
V m, n E N, m i- n,
V nE N.

(2.5)

Definition 2.2 A polynomial P is said ta be monie if its leading coefficient is equal to one (P = x n +
bnxn-1 + .. .); and a manic polynomial family is a one in whieh any element is monie.

Definition 2.3 A linear f7Lnctianal L E lp" is said ta be regular if there exists an O?S assoeiated to L.

Remark 2.2 We state the fallowing praperties.

1. If L is a reg7Llar linear f7Lnctional, then there exists a unique monie (O?S) assoeiated ta L.

2. If {P"}"EN is orthogonalwith respect to L, then {P"}nEN forms a basis of lp'.

3. Any polynomial family {?n} nEN with deg( Pn ) = n Vn E ~ forms a basis of lp'.

Remark 2.3 If {Pn}nEf.O is a set of palynomials with deg(P,,) = n \:In E N and L a given linear
f7Lnctional then the follawing prap,'Tties are eq7Livalent:

i) (L, P,,?m) = 0

ii) (.c, x m ?n) = 0

\:Im,n EN, ni m and (L, PnPn ) i- 0 \:In EN.

\:Irlî,n EN, O:S: m < n and (L,xnpn ) i- 0 Vn EN.

The following theorem, prO\'cd in [Chihara, 1978], givcs a necessary and sufficient condition for the
regularitl' of a givcn lincar functional.
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Theorem 2.1 (Chihara, 1978) Let L be a linear functional and Mn the moment of order n of L
defined by Mn = (L,X n).

A necessary and sufficient condition for the existence of an orthogonal polynomial sequence for L is

~n i 0 'tin E N,

where the determinant ~n is defined by

Definition 2.4 (Chihara, 1978) A linear functional L is called positive-definite if
(L, lT(x)) > 0 for every polynomiallT that is not identically zero and is non-negative for all real x.

Theorem 2.2 (Chihara, 1978) The linear functional L is positive-definite if and only if its moments
are aU real and ~n > 0 'tin E N.

The following theorem, taken from [Belmehdi, 1990a] giyes in a more general situation sorne characteri­
sations of a regular linear functiona1.

Theorem 2.3 (Maroni, 1987, Belmehdi, 1990a) Let L be any linear functional; then the following
pmperties are equivalent:

i) The linear functional L is reg71lar.

ii) There exists a polynomia.l sequence {Pn}nEN (with deg(Pn ) = n 'tin E N) such that

iii) For any polynomial sequence {Q11 }nE:; (with deg( Qn) = n 'tin EN),

Theorem 2.4 (Szego, 1939, BelITlehdi, 1990a) Given a regular linear functional L, the monic or­
thogonal polynomials (O. P.) associated to Lare given by

(L, QoQo) (L, QOQl) (C,QOQn-l) (C, QoQn)

1
(C, QIQO) (L,QIQl) (C,QIQn-l) (C, QIQn)

Pn(x) =~ (2.6)
n-l

(C, Qn-l Qo) (L,Qn-lQl) (C,Qn-lQn-l) (C, Qn-l Q,,)
Qo QI Qn-l Q"

where {Qn}nE~ is any manie polynomial family (with deg(Qn) = n 'tin E N); and,

with the convention ~ "-1 = 1.
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2.1.2 Quasi-orthogonal polynomials

The notion of quasi-orthogonal polynomials was introduced in [Riesz. 1923] and extended by Maroni and
Van Rossum (for more information see [Belmehdi, 1990a]).

Definition 2.5 (Belmehdi, 1990a) Let L be any linear functional and {Pn}nEN a polynomial family
with deg(Pn) = n \in E N. {Pn}nEf, is said to be quasi-orthogonal of order s with respect to L if

(2.7)

{Pn }nEN is said to be strictly quasi-orthogonal with respect to L if

(2.8)

Remark 2.4 (Belmehdi, 1990a) 1. Conditions (2.7) are equi valent to

while (2.8) is equivalent to

"vt ~ 1,

"dt ~ 1,

(2.9)

(2.10)

2. ft follows from the definition 2.5 that if {Pn }nEN is orthogonal with respect to L, then {Pn }nEN is
strictly quasi-orthogonal of class s = 0 with respect to L (see also /Shohat, 1937)).

3. Notice that quasi-orthogonality of class s = 1 was investigated in [Dickinson, 1961) and that the
definition 2.5 was al50 given in [Chihara, 1957) and [Rom'eaux, 1979) but without the second
condition: :Jm E N, (L, PmPm- s) 'F O.

2.1.3 Other definitions

Definition 2.6 Given a polynomial f E ? and a linear functional !2 E P'. the product of f and L, fL,
is defined as

fL

U L, P) (L, f P) \iPE :.

Gi\"cn f an element of r, the application L ----+ f L belongs to L (r'. r') and is the transpose of the
following element of L(r, r): P ---+ f P.

Definition 2.7 Given a polynomial g E r and a linear functional LE IP", the product of Land g, Lg,
is a polynomial defined as

where

n n

Lg(r) =L L9dL xk-J)x).
j=O k=j

n

g(x) = LgjX
j
.

j=O

(2.11)

Givcn a functional C, the application P ~ LP bclongs ta L(IP'. IP'). By transposition, wc define the
product of two linear functirJllals Land. \If as:
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Definition 2.8 The product of two linear functionals Land M is defined by

(LM, P) = (L, MP), "iP E lP'.

Definition 2.9 (Belmehdi, 1990a, Dini, 1988) The operator (Je is defined as

17

where c is a complex number.

=

lP'-+lP'

{

P(x)-P(e)
x-c '

P'(c),
xi-c
x=c

(2.12)

The application Be belongs to L(lP', lP').

Definition 2.10 Consider the linear funetional L. From the above definition and by transposition (see
remark 2.1), we define the linear functional (x - C)-IL, as

where c E C.

(x - C)-IL

(x - c)-l L, P)
lP'-+C

(L, (JeP) "iF E lP', (2.13)

Corollary 2.1 (Belmehdi, 1990a) For any complex number c, and for any linear functional L the
following holds:

(x - c) [(x - c)-l L] = L, (x - c)-l [(x - c) L] = L - (L, 1)6e ,

where 6e is the Dirac measure at the point c.

2.1.4 Dual basis

(2.14)

Definition 2.11 (Maroni, 1988) Let {Pn}nEN be a manie polynomial family w'ith deg(Pn ) = n "in E
P;. Then {Pn}n E'; forms a basis of lP' and ther'efore genemtes a. unique basis of lP", called dual basis asso­
ciated ta {P,,}n-':N, denoted by {Pn}nEN and satisfying

An~' clement L of f' can be expresscd in this basis as (sec [Roman et. al.. 1978], [Maroni, 1988]):

L = L (L,Pn)P n .

n~O

(2.15)

(2.16)

Proposition 2.1 Let L be a regular lincar funetional, {Pn }nEN the corresponding monic orthogonal
family and {Pn }nE:--; the dual basis associatcd to {Pn }nEN. We have

(2.17)

Pra0[: Let us write Pfi L = L en,j P j. We obtain
j

by the faet that {Pn }n--::N is orthogonal with respect to L. Thns,

o
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2.2 Associated orthogonal polynomials

2.2.1 Three-term recurrence relation

We first give the following theorems which we shaH use further to define associated orthogonal poly­
nomials. The first is taken from [Chihara, 1978] and the second from [Favard,1935] (see also [Wint­
ner,1929], [Stone, 19321 ,[Sherman,1933], [Shohat,1938], [Peron, 1957]).

Theorem 2.5 (Chihara,1978) Let L be a regular linear functional and {Pn}nEN the corresponding
monic orthogonal polynomials. {Pn}nEN satisfy a three-term recurTénce relation

{
Pn+l (x) = (x - 13n)Pn(x) - '1nPn-l (x),
Po(x) = 1, PJCx) = x - 130,

where 3n .md -'n are complex numbers with 'In i- 0 "in E N.

n 2: 1,
(2.18)

Praof: Since {Pn}nEN is orthogonal with respect to L, it forms a basis of IP' (see Remark 2.2). We
therefore expand the polynomial xPn on the basis {Pn}nEN and obtain

n-2

xPn = Pn+1 + 13n Pn + 'In Pn- 1 + L Tln,j Pj, n 2: 1,
j=O

(2.19)

where ln, 3n and Tln,j are complex numbers.
To compute 'fIn,j, we apply the linear functional L to both sides of the equation obtained after

multiplying the previous one by Pj , j :s n - 2 to get

'fIn,j IO,j = (L, xPnPj ) = 0, j < n - 1,

with IJ,n = (1:-. PnPn ).
Cc.nsidering the fact that IO,n i- 0 "in E N (see (2.5)), it follows from the above equation that

Tln.j = 0, j < n - 1. Therefore equation (2.19) becomes

xPn = Pn+1 + Bn Pn + ln Pn- 1 . n > 1.

:\Lmicking the approach used above to computc 'fIn.j, but \Vith the previous equation, we express 'In
as

Rence ln i- 0 n :::: 1.
By convention one takes ~io = (L, 1).
Ttc converse of the above theorem is due to Favard (1935) (see also [Chihara,1978]) .

D

Theorem 2.6 (Favard's Theorem) Let {13n}nEN and bn}nEf' be tlL'O sequences of complex numbers
and let {Pn }n,,=~ be the family of polynomials defined by the recurrence formula

n 2: 1,

Then, there exists a unique linear functional L suclt that

(L,I) = '10 and (L: PnPm ) = 0 "im, nE N, ni- m.

L is ~gular and {Pn}nEN are the corresponding monic orthogonal polynomials if and only if

'In i- 0 "in E N,

while L is positive-definite if and only if

13r,,'1n E IR "in E!':I, and ln > 0 "in E N.
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Definition 2.12 Given a regular linear functional L and the corresponding monie orthogonal polynomials

{Pn}nEN, the first assoeiated of the polynomial Pn is a monie polynomial of degree n, denoted by PAl)
and defined by

p~l)(x) = ~(L, Pn+l(x) - Pn+l(t)) '<In E N,
ÎO x - t

with ÎO = (L, 1). ft is understood that the linear funetional L aets on the variable t.

I~eIllma 2.1 The monie polynomial family {PAl) }nEN satisfies the three-term reeurrence relation

{
P~~l (x) = (x - 3n+dPA

1
)(x) - ~'n+1P~~1 (x), n 2: 1,

p~I)(X) = 1, pil)(x) = X - (JI,

where (Jn and În are defined in (2.18).

(2.20)

(2.21)

PraoE: Using the three-term recurrence relation satisfied by {Pn}nEN (see (2.18)) and (2.20) we obtain

=

~(L, Pn +2 (x) - Pn - 2 (t))
ÎO x - t
~(L, (x - (Jn+dPn-l(x) - În+1Pn(X)

ÎO X - t

(t -(Jn+dPn+l(t) -În+IPn(t))
x - t

(
'" _ 0 )~(r Pn-I(x) - Pn-c-I(t))
:.1. Un-l L. -------

~!O X - t

1 P,,(x) - Pn(t) 1 ,
-În~1 -(C ) - -(L, Pn +1 (t))

~!O X - t ~(o

(x - /3 n -dPAI)(x) - În+IP~~JX) \fn EN.

o
We dcduce from Thcorem 2.6 and Lemma 2.1 that there exists a unique regular linear functional Ô I )

with respect to which {PAl) }nEI'; is orthogonal with ([(1',1) = ÎI'

Iterating the abovc process, we define the general associated orthogonal polynomials.

2.2.3 The rth associated orthogonal polynomials

Definition 2.13 Let [ be a regular linear functional and {P,,},,-=r; the corresponding manie orthogonal
palynomials satisfying (2.18).

The rth assoeiated of the orthogonal polynomial P" is a polynomial of degree n, denoted PAr) and
defined by

with

p(r-l)() p(r-I)()
P (r)( ) = (r(r-I) ,,+1 X - "+1 t)

Îr-I 71 XL, .
x-t

n 2: 0, r ~~ 1, (2.22)

(L lr
), 1) = Îr> r 2: 1,

as.mming that ÎO == (C 1), P,~O) == P", and [l0) == L; u:here [Ir-I) is the regular linear functional with

respect ta whieh {PAr-I)}71E~' is orthogonal; and it is understood that [lr-I) aets on the variable t.
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Lemma 2.2 If L is a regular linear funetional and {Pn}nEN the eorresponding monie orthogonal poly­

nomials, then, the rth assoeiated polynomials {PAr) }nEN of {Pn}nEN satisfy the three-term reeurrenee
relation

(2.23)

PraaE- We shaH prove the lemma by induction on r. For r = 1, (2.23) is satisfied thanks to Lemma
2.1. We suppose that (2.23) is satisfied up to a fixed integer r. Then using (2.22) we obtain

p(r+I)( )
n-I X

p( r) () (r) ( )...!-(d r ) , n+2 X~n+2 t )
Îr X - t

...!-(d r ), (x - f3n+r+dP~11 (x) - În+r+IPAr)(x)
Îr X - t

(t - 3n+r+dP~11 (t) - În+r+IPA
r
)(t))

x - t

( -f3 )...!-(l'(r) p~11(x)-p~11(t))
X l1+r+1 L, t

Îr x-

_~ ...!-(drl PAr)(x) - PAr)(t)) _ ...!-(L(r) p(r) (t))
fn+r+1 , t ' n+1

Îr X - Îr

( f3 )p(r+l) ( ) p(r+l) () \..1 "'T
X - n+r+1 n X - În+r+1 n-I X Vn E 1'1.

Thus {PAr)}nE"l satisfies (2.23) 'r:Ir E N.
As consequence of the previous lemma,

[Belmehdi. 199ÜbJ).

o
we daim the foHowing known result (see [Magnus, 1984],

Lemma 2.3 (Magnus, 1984, Belmehdi, 1990b) The aS.5oeiated polynomial.5 PAr) satisfy

n

P (r)p(r+l) _ p(r) p(r+l) - II =
11 n n+1 n-I - rr-k - Irn,k

k=1

PraoE- In the first step we \\Tite (2.23) for P,;11 and p,;r+l)

'r:In E N, 'r:IT' E N. (2.24)

p~11(x)

p,~r+I)(x)

(2.25)

(2.26)

In the second step we subtract the two equations obtained after mllitiplying (2.25) and (2.26) by p~~~I)

and pAr), respecti\'ely,

p(r) p(r+l) _ p(r) p(r+l) = ,(p(r) p(r+l) _ p(r) p(r+I))
n n n+1 n-I În-r 11-1 n-I n 11-2 .

Then relation (2.2-1) results by iterating the latter.

2.3 Operators D, 1:, D w , Qq and D q

2.3.1 Operator D

o

The application P -+ 'OP belongs to L(II", ?). I3y transposition, we define derivative of the linear
functional as:
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Definition 2.14 Let 1: be a given linear functional, wc define the D-derivative of 1:, DI:, as

21

DI:

(DL, P) -(C DP) VPE IF. (2.2ï)

Proposition 2.2 Let 1: be a regular linear functio nal, {Pn }nEN the eorresponding monie orthogonal
family and {Pn}nC; the dual basis assoe/atcd tu {Pn}nE::- If {Qn,dnEN is the dv,al basis assoc/ated to
the monie farnily {Qn,dne; defined by

o = DPn - 1

,.n,11/.+1'

then we have
DQn1 = -(n + 1)Pn + 1 •

Praof: This fo11ows from Proposition 3.5. o

Definition 2.15 The regular lincar funchul/al 1: and the eorresponding monie 07·thogonal polynomials
arc said to be D-semi-c/assical (or semi-c/a',ica! eontinvous) if there exist two polynomials li' of degree
at lcast one, aud <P sl/,ch that

D(ol:) = 1/'C (2.28)

Moreover, if <P is a polynomial of degrcc at most tu'o and Ji; a first-degree polynomial, then, the linear'
functional and the eorresponding orthogonal polyno mials are cal/ed D-classical (classical eontinuous).
For more details about D-scmi-c/assical orthogonal polynornials can be found in [Maroni, 1985, 1987},
[Marcel/àn, 1988}, [Belmehdi, 1990a} and references therein.

2.3.2 Class of the V-semi-classical linear functional

Let 1: be a D-scmi-classical linear functional satisfying

D( 01:) = lI' L,

whcrc <P is any lIon-zcro polynomial ;\lld (i, <1 polynomial uf degrcc al. kast one. L: satisfics
D(f<pI:) = ((JDf + (Jf)C for any polynomia: f·

Definition 2.16 We r/ejillc the rias, d( 1:) I)f thc D-sernl-c/o8s/collinefl7' functional 1: as

cl(l:) = mill
o

{max(ckg(f - 2.dcg(g) -1)},
(J..'}) ,=7",

where
RI = {(f ..IJ) E IF~ /deg(g) 2: l (mdD(fI:) =gl:}.

(2.29)

Proposition 2.3 (Belmehdi, 1990a) If 1: is a D-scmi-classicallinear fvnctional satisfyiny (2.29), then
1: is of dass s = mélx(dcg( 0) - 2, dcg( 1/J) - 1) if and only if

Il 1re l + 1(1:,1/',')1) cl 0, (2.30)

where Zr/> is the set of zems of 6. The comp/ex Tlumber r~ aud the polynomials <Pc, 1/Jc a7'e defincd by

Proof: for a proüf sec Proposition 3.4.

(2.31)

o

Remark 2.5 It fol/mus fnmt lite definitiou of the c/ass !Jf the /iumr fuuctioua/ lhal tlu: D-dassiml /iuear
funetional is a D-scmi-dassù,a/ li'T!l:IlT" fuucfllllwl of c/as., s = o.
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Lemma 2.4 Let L be a regular linear funetional.

i) If there exist two polynomials 11) i: 0, and 0 sueh that

D(oL) = 1/;L

then 9is a non-zero polynomial.
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(2.32)

ii) Conversely, if there exist two polynomials 9 i: 0 and 1/; sueh that (2.32) holds, then 1/; is of degree
at least one.

Proof: For a proof see Lemma 3.1.

2.3.3 Characterisation of V-classical orthogonal polynomials

o

The following theorern which is a corollary of the theorem 3.1 gives sorne characterisations of classical con­
tinuons orthogonal polynornials (see [Chihara, 1978~.[l\ikiforov et al., 1983], [Al-salam, 1990], [Marcellan
et al.. 199"*], ... ).

Theorem 2.7 Let L be a regular linear fu/netional, {Pn}nEh the eOT'T'esponding monie orthogonal family
and Qn,rn the monie polynomial of degree n defined by

with
(n + m)!

En.n> = Qn,O == Pn.n!

The following properties are e'luivalent:
i) There exist two polynomials, Ô of l1eyr'(;(~ at rnost two and l' of degree one, sueh that

V OL = 'le

ii) TliiTC c.rist two polynoTTuals. 0 of l1egl,(;(; nt Tnost tUiO and~' of degree one, sueh that for any integer
rn,

vr oC"') = /. ·",.L.

(Lm.Q),,,Qlllf') = /; ,i5).,.7).n E f~, Ik" -j::. 0 \:/n EN),

with the linea.r funetional Lm and tlu' [lolIjTlI)TT/,ilJ.i ~"71 defined, reeurslcely, by

1.)",-1 = Do + l'm, 00 == 1),

L'''_I = <pL",. Lo == L

and given expl1eitly by

'l;'m(X) = mo'lx) + 1/;(x),

Lm = <pm L.

lii) Then: exist two polYTlomiai." (J of degree at most two and '0 of degree one, such that
for (Lny integer' m, the foilol1!1'Tt l J seumd-order differ'ence equation Iwlds:

with the polynomialljJrn given !;y (.!.:n) and the constant >-;,,111 given oy

<pli <pif
>';,m = - TI { /. <II " {n - 1;""2 } = -Tt {'l}/ + {21T! + Tt - 1)""2 }.

(2.33)

(2.34)

12..15)
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iv) The1'e e:r;lst twu polynufTlials, 0 of degree at most two and 1/J of degree one, such that, for any
io'tc9P1' m, thc following relation halds:

(2,36)

v'ith the polynomial l'm, the linc(/7' functional L," and the constant >-;1.m gil'en, respfctiveiy, by (2.3.1).
(2.34) and (2.35).

v) There e.List a polynomial 0 of degree at most two and thrce constants Cll . n +l, cn,n, Cn,n-l with
C n . n -1 # 0 S1ICh that

vi) For any non-zero intege1' m, th ere exist a sequence of complex numbers {li n,m} nE1\i such that

Qn,1n-1 := Qn.Tn - U n -l,17,Qn--l,Tu + vn -2,ntQn-'2,Hl' 't/nEN-{O,l},

Rernark 2.6 Let us comm.ent on the aboue pmpe1,ties.

For ail m E :~. the derivative of onler m, {Qn.m }nE"l, of the family {Pn +m }nE'; is classical and orthogonal
with 1'CSPCet to the c!assical linmr functional Lm.

The functional version of the gen eralised Ro(h'igues formula [Nikiforo1J et al, 1983}, .Belmehdi, 1990c).
given below, is obtained by itemting the relation (2.36):

11-1

Qn,1ll 01Jl L = II 1 " vn(On+m 12).
J==U ~J' + (j + 2m + 11 - 1) <Pz

2.3.4 Operators ~ and Du;

Definition 2.17 The arithmetic 5hift opcmtor T"" i5 defincd by

T.. . - -----t IP'

P -----t TwP, T""P(.r) = P(.r +:..:), ~. E lIt

IVe dello/.e 0. = T.

Definition 2.18 The di1Terc!l.cc '7]JeFJfor D~, 15 defined by

(2.3ï

P -----t

lI"
P(x+:.u) -Pt;];) _

D_P, Dw P(;c) = ,..u E :::, :.u # O.
LA:

(2 ..38

Wc deTlote Dl = 6. and D_ 1 = \. ~ and V denote the fOT1L'ard rmd the backwo.rd difference opemtors.
1·e.9pecti I,e/y.

The applications P -----t TwP am: P -----t Dv..'P bclong to L(IF.lP). We, therefore. use their transposes to
ddine the action of the operator::' Tv... aml Dw on the lincar fUIlctionals.

Definition 2.19 The action of thc arithmctic shift o[!cmtol' Te; on the f1Lnctional 12 is defined by

(~C P) = (L, T-wP) 'i P E lP'.

Definition 2.20 Given a Zil/car functional L, wc rle[inc the De; rlcrivativc of C Dv..' L, as

(2.391

I? -He
(L, D w1') \lP E? (2.40)



24 Chapter 2. Preliminarics

Definition 2.21 The regular linear fU71ctional [ and the corresponding monie orthogonal polynomials
are said to be Dw-serni-classical if the1'c exist tu'o polynomials l/J of degree at least one, and 0 sueh that

D~(9L) = 1,.-[, (2.-11)

Moreover, if if; is a polynomial of degnl" at most tu'o a71d~' a first-degree polynomial, thcn, the linerlT'
functional and thc corrc.spondlng O1't1wgonal polyno'llllal.s are ealled classical dis crete.

Using the abo\'e definitions. \\'e obtain the follo\\'ing properties:

Proposition 2.4 (Salto, 1995)

T_",D_

Tu. (f 9

D~,(fg

D~lf [

DwT_~ = D __" DwD_~, = D_.D",..

T",f~g, T.oU [) = ~fT..L

f Dk·y -t- ~gD~f = T.. f D.g + 9 D~I

f Dk·[ + D",f Tu..[ = T.f D~,[ - D_f L.

lTu. - 'Id)C

~,f DAflL)- T.. f D. 9 [+ D.Ug) L. "11,9 E C. 'iL E If',

(2.-1~)

(2.,,[,3)

(2.-1-1)

(2.-1:;)

(2.-16 )

(2.-1';")

?\orice that equation (2.42) means that:

T-w Dw 4>

LT_wDw<I- ==

D~,T__ 4> = D_",4>. D",D_~if> = D __.D",if>, Vif> E ?,

D~T_.'Î> = D_",'Î>. D",D __ <f> = D __ D~,<f>, V<f> E ?'.

Proof: This follows direetly from Proposi~ion 3.1. ::::J

The following lemma prows that th,' arithmetic shift of the assoeiated orthogonal polynomials (resp,
regular linear fune1 ional) are the <lSSOI iatcc! sLiftcc: ort hogonal polynomials and shifted regular linear
funetional, rcspcctivcl:-',

Lemma 2.5 GiveT/. a "eflu1m'!inco!' fUT r-tiOTwl ~ an; {I"n }"E the cOTTC.lponding T1l'Jnic orthogonal pollJ­

1l0rnials, the rth associrzted p,'1 of P" :nd J2{1, of [ obel)

'-: r, n ::: Ii. (2.4~)

Proof: \\'(' shall ;in' tL,' plOuf ])\ indllC1: ln 0:. r. It fo::ows fro::1 L(llll1k. ;)2 that {T.. P,,},",: ;,re

the monie onhlJ12,onal polyno:ni<l1.s a,oo iiltcd te T..~,

for l' = (J 1Tu.: F,,( 1 = T.. r/,O) = T. l)" alJ(i (T... ~)(O = T, [1"1 = T..,C
Suppo:"e that (2.~t") is sari,;fÏi'd 1lp ,') ;\ fix.c1 r, Then llc:ng 2.2:':) and tll'~ :ar r Thar [ acts on r;jP

\'ariable t, \\le ~et

TLen,

T P (r+:'.
l '" J)) 1 J) =

(T f) )(r'( (P .,)
~«(T. [f . l ,,-1 X - T", ,+) )

x-t

_1.. fT [(r), 'G F~~1 (x) - T.. Pr;';,1 i t)
-'r '"-. x - t

T p(e (x 1 _ p(r) ft)
.2.(T L lr ), T, -' ,,-1. ,,~1 )
-, r ,- . ~ x - (t - _.)

(-, ( . p(r l )
..1..(['r , [>,,-1 X +-v' - ,,-1 t )
-'r .r + _. - t

T_. F//-1)(I

711 E N, 71' E N, (2A9)
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\V€~ use remark 2.3 to get

For n = 0 (see dcfinition 2.13),

V;e combine (2.49), (2.50) and (2.51) to get

25

(2.50)

(2.51)

Renee (Tw q(r+l) = Tw L(r+l), thanks to the fact that {'J... Pr;C+l)}nEN, which is orthogonal with respect
to 'r., L(r+l), forms a basis of]p'. 0

2.3.5 Class of the D",-semi-classical linear functional

Let L be a Dw-semi-classicallinear functional satisfying

(2.52)

where 0 is any non-zero polynomial and "l/J a polynomial of degree at least one. L satisfies
D_ Urj;L) = (rjJDwf + "l/JT;.;f)L, for any polynomial f·

Definition 2.22 Wc define the class cl(L) of the D",.-semi-classical linear fu,nclional L as

cl(L) = min {max(deg(J) - 2.deg(g) - 1)},
(f.g)E'R 2

where

R 2 = {(f,g) E]p'2 /deg(y) 2: 1 and DwUL) = gL}.

The following proposition giYC a characterisiltion of the class of a Dq-semi-classical Enear functional.

Proposition 2.5 (Salto, 1995) If L is a D~-81:mi-classiCll/ linear' fuuctiorwl .'atisfying (2,52), thea L
18 of da8S:; = lllax(deg(ç~) - 2,deg(l.') -1) If Ilnd on/y if

(2.53)

where Zq, i8 the set of zcros of rjJ. Thc camp/ex uurn/)C1' r c .w and the polynomials rjJc. Llc.,,- are dcfined uy

(x - c)rjJc = 1), l' - 9c = (x + w - c)~'cw + rc.w· (2.5-l)

ProuE: This follows froIll Proposition 3.4. D

More details about the class of a De.;-semi-classicallinear functional can be found in [Salto, 1996] and
[Godoy et al., 1997b].

Remark 2.7 From the definition of the cla 58 of the scmi-classical linear functional. we deduce that the
D _. -classical linear flluctioual is a D..J -8r:mi-r:fa881àll linear fu n'clional of class s = o.

Lemnla 2.6 Thc lincljr fuuctional L 18 n:qlliur if aud only if TwL is refJular.

ProoE: For a proof see LClllIlla 3.2,

Lemma 2.7 Lct L oc a 1'1:.1111 la l' lincar f1J.ncl IOrwl.
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i) If thel'e exist two polynomials 'l' :j: 0 and 4) such that

D.J(<jJL) = 1jJL,

Chapter 2. Preliminaries

(2 ..:55)

then 4) is a non-zero polynomiol.

ii) Convcrsely, if there exist two polynomials 0 :j: 0 and 1/) such that (2.55) holds, then 7j; is of dcgree
at lcast one.

Praof: This follows from Lemma 3.1. o

Proposition 2.6 (Salto, 1995) Let L be a reglllm' linear functional, {P,,}nEN the eorresponding manie

orthogonal family and {Pn} ",,:ci the dual basis assoeiated ta {Pn }" EN· If {Qn, dnECi is th e dual basis

assoeiated to the monie family {Q11,dnE~ defined by

{) _ D_.P1l-1
- 11,1 - n + 1 '

then we have

Praof for a proof see Proposition 3.5.

2.3.6 Characterisation of ~-classical orthogonal polynomials

o

The following theorem which is a corollary of Theorem 3.1 gives a characterisation of the orthogonal
polynomials of a discrete variable [Al-salam. 1990], [~ikiforov et al., 1991], [Garcia et al., 1995], [Salto,
1995].

Theoren12.8 Let L be a regidal' lincal' funetional, {Pn}"Ci the cOITesponding manie ol,thogonal family

and Q",11/ the monie polynomlll.l of Jeun:!' Tl defined by

2.56)

with

Dn,lll ==
(71 +m)'
---

n! 0",0 == P". 2.5ï)

The follo wiufj pmpcl't 1cs arc, 'jll.ivall ni.
1) Th/TC (ri.~t two ]!ulynorllial.'i, (J of dCfjJ'cc (Jt must tu.'O and l' of degree one, sucli Ihul

6.(oL:) = 1/:[,

ii) Then: exist twu polYTlollàais. 0 of dCfjrcc at most tl1'O and 1.1' of dCU1Te onc, sll.ch tllfLf for Il,ny mtcuer

111.,

6.(OL",) = ('JI1/L.

(L",.Qj,,,,On.,,,) = k"oj.", (k,,:j: 0\:/71 E N),

with the linear fu nctional L ni and th e ]!olyn omial1jJm defined, recursive1y, by

1/J m -l = .:l<jJ ~ TL' m , 1/)0 == 1jJ,

Lm-l = T(rjJ Lm)' LO == L

and UiTJcn CXIJlicitly by

C'''L(:C) = rjJ(x + m) - o(x) + V··(x + rn),
n.

L"L = Il (/i(x + j ) rH [,
J=1

(2.58)

(2.59 )
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iii) There exist two polynomials, 0 of rlegree a t most two and~' of degree one, such that
for any integer m, the following second-arder difJerence Equation holds:

with the polynomial 'I,)m given by (2.58) and the constant Àn,m given by

9" </J"À;, m = -n {1/';n + (n - 1)~} = -n N' + (2m + n - 1)-}., 2 2
(2.60)

Iv) There exist two polynomials, 9 of degree at most two and 1/J of degree one, such that, for any
integer m, the following relation hoMs:

(2.61)

with the polynomial1j;n" the linfar funct/ona! L r ; and the constant À~.m given, respective!y, by (2.58),
(2.59) and (2.60).

v) There exist a polynomial 0 of degrct at rnost two and three constants Cn .n +l. Cn."· Cn,n-l with
Cn ,n-l -::j 0 such that

vi) For any non-zero integer m. there exist sC'luence of complex numbers {un,m}nE', such that

Qn.m-l = Qn,m + 111l~I,mQll-1,r" + 1·n -2.mQn-2,m, "In EN - {O, 1}. (2.62)

Remark 2.8 1. For all mEN, the ~-derivative of order m, {Qn.m}nE"", of the family {P',-l-m}nEN

is classical discrete and orthogonal with respect to the classicallinear functional Lm.

2. The analogue of the functional vers ion of th e generalised Rodrigues formula (Nikiforov et al .. 1991),
(Salto, 1995) given below, is obtained by itemting the relation (2.61)

nt n-l 1 n~7n

Qn,1/I II </J(:r + .i)T'''L~ = II,, 6" \n( II </J(X + j)T"+rrtL).
j=1 FO L' + (2m +] +n -1'2 ]=1

S. If the linear functiona! L /05 T'é]lT'esentu! by the positive weight p on the lnterval l = :'1 .br,

(C p =~ pl.r)P(.T) VI' E f,
~

0" 'ô J

11'ith x n </J(x) p(x)l~ = 0 7/1 E IJ, ther! we have the EquivalEnce

2.3.7 Operators QI[ and D~.

Definition 2.23 The gco'//!dric shijt oJ!f:mtor ç; 105 definerl by

--t

--t

(2.63)

(2.64)

(2.65)

Definition 2.24 (Hahn, 1948) The q-rlifference operator D q • called Hahn operator 1s rlefined by

l'(qx)-P(x) _
D,/I',D,/I'x)= ( .rJE_-'.:,q-::jO,qil.

q - l)x
(2.66)

The applications r --t (i,Il' il1ld l' ----+ DqP helon~ 1.0 L(?, ?). \Ve, therdore, lt;;(~ IL·'ir transposes
1.0 dcfÎlw the action of t hl' Op(~rilt(Jr~ Ç'I alld D q 'Jn the lim'ar funl'tionals.
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Definition 2.25 The action of the geometric sh ift operator Qq on the functional L is defined by

Definition 2.26 Given a linear functional L.u:c define the Dq-derivative of L. D'IL, as

(2.67)

(Do; L, P) IfP E P. (2.68)

Definition 2.27 Given a real numbel' q # 1 and an integer n, we dcfine the l'cal number [n]" by

1 qT! - 1
[n,,, = --1' q # 1, n ?: O.

q-
(2.69)

Definition 2.28 The reglLlar lincar funetional C and tlie corresponding morlle orthogonal polynomial~

are said to be Dq-semi-classical if theroe exist tu'O polynomials 'IjJ of degrce at lea.st one, and 0 S11eh that

(2.70)

Moreot'er, if rjJ i.s a polynomial of degrce at most bro and o~, a fir.st-degree polynomial, then the lmear
funetional and the eorresponding orthogonal poly rwm ial.s are caUed D" -clas.sical or q -cla.s.sical.

From the abovc definitions, we state the following corollary of Proposition 3.1 :Medem. 1996].

Proposition 2.7 (Medem, 1996)

Q.1D.!.
q

Q,IU g)

D'Ii! g)

D"U L)
(q - I)Dq L

D,,(fgC)

Q"fQ"g· Q,,(f C) = QqfY"L.

f T'I"g - Q"yD"f = Ç.JT' ,g + gD"f,

f DqC - D,J ç" C = Qq f D'IL + D"f L.
x-:(ÇqC-C)o

QqfD" gC)-Ç,fT\y[+D,,(J,rJ)L.lff,gE?, IfLEIP".

(2.71 )

(2.721

(2.73 )

(2.74)

(207.5 )

(2.76)

:\otice r!lar the idemiries defincd i:l (2.";"'1) ,\1(' \'dIid whe:l the' operators Q" and D" aet on? and also on
?'

2.3.8 Class of the Dq-semi-classical linear functional

Let L be a D,,-sellli-classic-allinear funetiullai siirisfying

(2.77 )

where dJ is any non-zero polynomial and L' a polynomial of dcgree at least one. L satisfies
Dq (f 1J-iC) = ((lm" f +"L'Qq f) L, for all~' pülynomial f. Wc, rherefore, define the class of the Dq-semi-classical
!incar functional Cas:

Defin:ition 2.29 Wc define the class cl(C) of the Dq-semi-clas.sical lincar functional L as

cI(L) = min {mélx(deg(fi -2,dcg(g) -1)}.
If 'l)~R"

when:
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Proposition 2.8 (MedeIll, 1996) If L is a V q-semi-classical [inear fllnctional satisfying (2.77), then
[ is of class s = max(deg(4» - 2,deg(v') - 1: if and only if

II (Ir·.ql-I(L,l/Jr"I)I) -::P 0,
cEZ",

(2.78)

where Zq; is the set of ZC1"OS of o. Thc compl-o:r number rc.q and the polynomials 'Pc, 1/Jc,q arc defincd by

(I - c1cPc = 4>. V - 4>c = (qI - c)1/Jc .q + fc,q'

PraoE: For a proof see Proposition 3.4.

(2.79)

o

ReIllark 2.9 It follows from the definition of the class of the linear fUTlctional that the Dq-classicallinear
fllnctional is a V q -semi-classical linf'ar rmctional of class s = o.

LeIllIlla 2.8 The linear fllnctional L is reg1l1ar 11 and on/y if 9qL (with q -::p 0) is regular.

PraoE: This follows from LeIllIna 3.2.

LeIllIlla 2.9 Let L be a regular linUIr functlonal. wc have:

i) If there exist two polynomials ~J -::p 0, and 0 such that

o

(2.80)

then 4> is a non-zero poly Tl am ial.

ii) Conversely, if there exist two polyrwmials 6 -::p 0 and ~! sucl! that (2.80) holds, then t: is of dégree
at least one.

ProoE: For a proof sec Lemmil 3.1.

Proposition 2.9 (Medelll, 1996) Let L ·~e a rcgu.la1· tinear functional. {Pn }ne; the cnrrespon ding
monic orthogonal family and {P"},Er; the d'laillasis associated ta {Pn}nE:;'

If {CL,dT/ErI is the rluall){),/s (l,;soewted to the monie family {On.! }nE:; rlefined uy

thcn wc have

PraoE: This follO\\'s from Pro;)()sirion :3.0.

2.3.9 Characterisation of Dq-classical orthogonal polynomïals

We give sorne characterisations for V'l-cla:,sical ()rthogonal polynornials. The following theorern is a
coroliary of Theorcrn 3.1 [:\Icdem, 1996:.

TheoreIll 2.9 Let L 1)(' Il 1"CrJ1dar lwear fun dlOr, al. {P,,} nn the corresJ!(mding manie orthogonal fainily,
Ilnd Qn.rn thc rrionic polynomial of dcyrroe Tl d~fincd uy

1IJith
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The following properties are equivalent:

i) There exist two polynomial.,s. 4J of deg7'ee at most two and~' of degree one, sueh that

ii) There exist two polynomials. cjJ of degree at most two anri1/; of degree one, such that for an!J intege7'

Dq(cjJL m ) = 'li'm L ,

(Lm, Q),mQ",rn) = k ll 6),n, 'vj, nE N, (kn == U Vn E N),

with the linear fu netional Lm and the polynomial li}", defined. 7'ec ursi ('ely, by

0171+1 = Dqo + qGqL'm. 4}a == L·.

L"'+1 = Ç/q(6L n,). La == L

and given e.Eplicitly a-

o(qm x ) - orx)
'~'11l (:r) = (1 - (l''' l' (q '-. x) .

q - ;:r
m

Lm = II 6(qJ x ) G~"L.
j=1

iii) There exist tuo polynomials, cjJ of degree at most two and Jj; of degree one, such that
for any integer m. the following second-order q-difference eqlLatio77. holds:

with the polynomiale m given by 02.81) and the UJTlst'lTIt À;'"'n yi 'en ;IY

(2.81 )

(2,82)

(2.83)
... " ~ 0/1 , 2 rn ' " ~ 0"

À"TH = -[n]q{DqL' m + ln-l]~ 0} = -,n]qlj {._, -l2rn +n -1.1-2 }.
1 _ q q q

iv) Thue exist t1,'0 polynomials, 0 of dUIree ot fI/Ost tl.'O a,d l of degree one, such thllt. for any
inteyer 'TIl. the followJ.nY 7-elation llOld.'i:

(2.84)

1lIdh the polynoTTI ial :. 'TH, the li 'li. ell 7' flIndiowd L. t • 11',,1 the mil, t(m - À,l. '/1 given resJ!ectild~ hl) (2.81).
(:1.82) and (2.83;.

v) Th en: exist a polynomial 0 of dC(j'ree al 1I'O.'it'IJ'O ard t/I --cr; ·:onstants C,u,+I. C".,.' Cn 71-1 with

C",Tl-l i 0 such that

vi) For any 7l0n-.:em intc9r:7' m, there r:X1St a SfJ/'UPT1CC of comple.:: numbers {un,rn}Tl"~'; 511Ch that

Qn,r.-.-l == C2n,TH + 1l. n -l. n1 QT.-l", + l'l-~ m(2r,-~ rn~ VnEYi-{O.I}.

Rernark 2.10 1. For al! mEN, the D q ·derilatiJ ~ of OFù:r TT! , {Q n,m} ne;, of thr: family ; Pn+rn }nE~;
is q-classical and orthogonal 1lIith 7'csJI(;cf iJ) t/u q-c!a.., ;iwl line'lr funetional Lm'

2. The q-analoyue of thr: functionalJ'CT'Sion of thCjfrum:lI':d Rod~'i9ues formula [Medr:m, 1996] given

lJelow, 1:5 obtaincri by itcmting the relation 'i!.8_)
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Il: this section, exploiting the thesis of Medem [Medem, 1996]. we recall the definition of the concept of
t li(~ q-integration with the assumption 0 < q < 1 and give some properties. More details can be found in
~.Jackson. 1919] and [Gasper ct al., 1990] and [Medem, 1996].

2.4.1 The q-integration on the interval [0, a], a > 0

Let f be a real function defined on the interval [0, a] and Pq([O. a]) the "q-partition" of the inten·al [0, a]
defined by

Pq([O, a]) = { ... aqn+l < aqn < ... < aq < a}.

For any integer ~y. consider the" Riemann sum"

~ ~

As(J) = I)aqn - aqn+l )f(aqn) = a(l - q) L qn f(aq").
,,=0 ,,=0

If the limit of As (J) when N --+ CXJ is fini te, then f is said to be q-integrable and the q-integral of f on
the interval [O,a]. denoted J; f(s)dqs, is given by

l
a oc

f(s)dqs = lim AN(J) = a(l- q) L q" f(aqn).
o N-t=

n=O

(2.85)

2.4.2 The q-integration on the interval [0..0], a < 0

Let f be a real function defined on the interval [0, a] and Pq ( [a, 0]) the" q-partition" of the interval [a,O]
clefined by

Pq([a, O]) = {a < aq < .. .aqn <aq,,+l < ... } = {aqn,n EN}.

For an)" integer .V, consider the" Riemann surn"

~ s
As(J) = 'l)aqrz+l - aq")f(lIq") = -IIi 1 - q) L q" f( aq7l).

n=ü n=O

If the limit of As(J) when N --+ CXJ is finite, then f is said to be q-integrable and the q-integral of f on

-he illterval [11,0:. (knoted J;~ f(s)dqs, is gin~ll by

(2.86)

2.4.3 The q-integration on the interval [0..00[, a > 0

Let f be a l'cal function defined on the interval [II, x[ and Pq([a. xl the "q-partition" of the inten·al
a,:x[ defined by

P ([ [) { -1 -rz -11-1 } {-n lM}q a, CXJ = a < aq < ... aq < aq < . .. = aq , n E l'l .

For any integer .V, consider the" Riemann surn"

N 1 s
AN(J) = L ((1(}-1I-1 - Ilq_·")f(ulf-1I-1) = a( -; - 1) L q-n f(aq-,,-I).

n=O 1 ,,=0

If the limit of A.v (J) when /1.- --+ x is finitc, thcn f is said to be q-imegrable and the q-integral of f on
the interval [a, 00[, denoted J~X) f(s)dqs, is given hy

(2.87)
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Let f be a real function defined on the inten-al ] - 00, a] and P q (] - 00, a]) the ,. q-partition" of the inten'al
] - oc, a] defined hy

'TI (- ])' -1 ~1I-1} {-n ~'}rq _- 00, a = 1'I > aq > ... > aq > ... = aq . IL E .~ ,

For any integer "Y, consider the" R:emanll sum"

If the limit of A.s (I) when N ---+ oc is finite, then f is said to be q-integrable and the q-integral of f on
the interval] - oc,a], denoted f

x
fis)dqs, is given by

(2,88)

Remark 2.11 The q-integmtion i- eTtended to the whole real line by llsing relations (2.85)-(2.88) and
the following rules

lb f(s)dqs

100

f(s)dqs

fbXJ f(s)dqs

1-: f(s)dqs

(
Ci lbf(s)dqs + f(s)dqs \:fa, b E 3\,

J a 0.t f(s)dqs + 1°C f(s)dqs \:fa, bER, a < 0, b > 0

/~'X) f(s)dqs + lb f(s)dqs \:fa, bER a < 0, b> 0

.C-c f(s)d'I s + ,{ f(s)dqs + 1= f(s)dqs \:fa. b E Sl..

(2.89)

.b the \!5ual intet;ration, the (,-i~.tegration cnjm's some properties. Ben:-. we gin> some. which are
pro\Td \Ising the defir.ition of the C )I.r'Cpt of the q-imcgrat.ioll.

LCIllIna 2.10 1. If f is a real .:lI',ction contin/wus at 0, then we have

j," D,tf(s)d1s = f(o) - f(O)
.1)

) Fm' any fllltction f integmbl· 'Ji! [O. a:. wc ha/'(;

o.ss1LTTling tltat the o]lemt07' r'i 1l(;tS on the vaT/able a.

S. If f is a n;al function conti1l.1fJ 1lS on the inte7Tai [0, aj. then f is q-integmble on [0, a} and obeys

1" falim f(s )dq .,; = f (s )ds.
q-+ 1 a ' ()

4- If f and gare two l'cal f71nctirms, q-integra/Ile on t,he interval [0, a], the n we have

RClnark 2.12 The previ07ls lemu,a crm be exlenrlerl to t.he whole realline by 7lsing (2.89).



Chapter 3

The Dq,w-semi-classical orthogonal
polynomials

3.1 Introduction

\Ve definc the operators --l'l,'" and D'l,":' The first generalises the operators T..,. and 9'1 and the second
gencraliscs the operators D, D..: and D". \Ve give sorne definitions related to these operators and then
give the characterisation theorerns for Dq,w-serni-classical orthogonal polynomials: and deduce by lirnit
processes the characterisation theorerns for D, Du..' and Dq-serni-classical orthogonal polynomials.

3.1.1 Operators Aq,w and Dq,w

Definition 3.1 We combine the apemtaT's Tw and 9'1 ta alJtain a ne11' opemtor denoted by A",o) and
defined by

A".o) :? ---1 lP'

P ---1 A".~.P, A1..:?(J:) = 9"7:P(:r:) = P(q.)' -;- w). q ic o.

\Ve denote

Definition 3.2 (Hahn, 1948) The dilfereT/ce opemto]' D"..: is defi:ned by

(3.1 )

(3.2)

Wc denote

P ----1

IP'

P(q.r + (".:) - P(T)
D",~,P, D",,,,P(x) = ( , w E IR, q~:: 3., q 1- O.

q-1)T+W
(3.3)

(3.1)

The applications P ----1 --l",..:P and P ----1 D'l,":? bdong to L(?, lP'). \Ve, therefore, use their trans­
pO"PS to define the action of the opera tors A",u.. and D",,,, on the linear functionals.

Definition 3.3 Wc defi:ne the action of the opemtoT' .-1",..: on the fl1nctional L as

(.-1" ...:.c, P) = ~(L ,-1~, ",P) VPE lP', (q 1- 0).q ,

Definition 3.4 We definc the D(,,~,-dcriv(ltive of (l qi{'(~n liuear fl1nctional L, Dq,_.L, as

(3 ..) )

IP-tC

-- ~ (C, D,", P)q .~

33

VPE IP', (q i= 0). (3.6)
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Definition 3.5 The regular linear funetional L and the eorresponding manie orthogonal polynomials are
said ta be Dq,w-semi-classiea; If there exist two polynomials '0 of degree at least one, and 1J sueh that

(3.7)

Moreover, if cP i8 a polynOTl' /(11 of degree at T/lOst two and L" a first-degrce polynomial, then the linear
funetional and thc eOTTespon Jing orthogonal polynomials are ealled D'j,w-classieal.

Remark 3.1 The opemtors D-.I and Dq genemlise the opemtoT' dd" in the fol/owing way:

d d
lim D~ = -. lim D q = -,

...:-+0 d:r '1-+: dx

while the opemtors dd
r

, D~. aïdD j ean be obta/nedfrom the opemtor D'l,'" by thefollowing limitpT'Oeesses:

Lemma 3.1 Let L bc a T'eg ;Iar linear funetwnal.

1) If theT'C ex/st tllJO polY'omwls 'L' f: (J, mU/9 sl1eh that

(3.8 '

then 9 is a nan-zero YJlynomial.

ii) Converse/y, if there e~:i\t two polynomials 1> op a and l/J 81Jeft that (3.8) holds, then LI is of degree
at least OT/e.

Proof \\'e give the pl' Jof for the operat or D q ....: and extend it to the operators d~' D"" and D q by
limit processes (see Remark 3.1)

i) Suppose that
r

L'(I = L c'):!).

)=lJ

Wil:I Ur :je U; and l(,t lI'IZ~nE:: he the "Iollie pol:,'nolIlial famih' orthogonal with respect ta L If
(i) = (J. \\'(' apply b,)th ~irle~ uf 3,8) to t:H' polvllo:nial ,l, l'rand obtain

(J - (,r_~l~')_/rnn\
- _ L, r -- \L. rr 1 1'/'

L',.

Th'll (LPrP,) = Il -='Lis:s il ccmtrariiuion \)('ca'[::-I' {pn}"E:::S thl' lIl'JIlie (OPS) assl)ciated to L
(S('. (2.;») '. Thus ',) is Cl IH ,Il-zero polYIl' ,mia!.

ii) Stq,posc t hat 1/J i~ a 'JllS' ant denoted L'O and t :lC'n apph' bOl h sid('s of (3.8) ra the polynomial
PoPo (Po .1') = 1) and i',':t

VO (L, nn) (D'l _ Cl Li PoPo;
1

- -;ü L D;l (Po Po)) = Uq .-

Sil.·(~ (L nR,) op O. 'C(' dr·duce that Ur, = a and it results from (3.8) that

T!·.. prp\,iolls equalio:-. i-i (·quiyaicilt II) CI L = O. In faet.

D" A9 Li = 0 Ç:=:::? (D j.~ (0 L). l') = 0 VP ~ ?

Ç:=:::?

(0 L, D~,u.P) a '<:P E?

Ç:=:::?

OL O.
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Siner dJ -# 0, we pose
t

9(.];) = L r/Y;:];;.

;=0

\Vith Of -# O. Then applying both sides of (3.8) 1.0 the polynomial ;, Pt. we obtain

35

The previous equation gives a contradiction since {P" },'EN is orthogonal with respect 1.0 L. We,
therefore, conclude that the polynomial ~ is of degree al. least one. 0

Rernark 3.2 The operators Dw, Dq or D q.w transforTn any polynomial Pn of degree Tl in a polynomial
of degree n - 1.

Lernma 3.2 If L is a linear functional and y one of the difference operator {'7;;;, Qq, .-1 q,w}. q -# 0, then
the !inear fllnctional Y(L) is regular if and only if L is rcgular.

Praof: 'Ve prm'e the lemma for the operator Aq,c. and extend il. 1.0 the operators T.: and Yq. If
{Pn }nEK is the monic polynomial family orthogonal with respect 1.0 L, then {q-n A.q,wPn }nE~ is the
monic polynomial family orthogonal \\'ith respect 1.0 Aq.~ L.

In fact,
1

(Aq,w L, Aq,w Pn Aq ..<J Pm) = - 6n.TH Vn, mEN.
q

o
Wc praye the following proposition:

Proposition 3.1 For ail q, w E IR, q -# 0, q -# 1; for ail f. g E 1I"; and fOI' ail L E lI'" the following
pTO]lfTties !lold:

'i).-1q,_ .'1:.0. = .-1:.c.I.-1q •w = Id, Dq.c.,A(,.~ = qAq.<JDq~', Dq,wA:,c.' = ~.-1:,~Dq._ = ~D; ..<J'

ù)D;_,D"", = qD".:.JD;._, A",~,A:_ = ,-l;,wA"._ = Id.

iii)A; ..<J(j g) = .-1"._.f.4".",g. A".~(j L) = A,,_.j.-!,,~L

iL')D".<J(jg) = f D".wg + A,,_,gD,,_,f = A",~.j D,/~.g + gD",~.j,

l')D,,_.(j L) = f Dq.,,..L + D".wf.-1"._,L = A",wf D",ulL + D",wf L,

l'i)(q - l)Dq,~L = (x - -1!k' )-'(Aq.wL - L).
-q

D",w(fgL) = .-l",w f D",c.(gL) - A ",c.' f D",,,,-,g L + D",w(jg) L, Vf,g E JI", VL E lI"'.

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.1,))

Praof: Properties i) and ii) arc ohtaincd dircctly from the definition.
It shollid be noted that. the ident.ities in relations (3.9) and (3.10) are valid when the operators A".ul

and D",w act on li" and also on lI"'.
For iii), use of (3 ..)) gives

(A",w (j L). P)
1 •
-(1 L, .-l" :.JP)q .

~(L. f·-1;' :.JP)
q "

~(L. A;, (.4" wfPl)
q .-"

(..l" "Je .1".wfP)

(A" .<Jf.·L,.wC Pl,
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Aq.",(JL) = Aq,.,,fAq,wL.

f(qx + w)g(qx + w) - f(x)g(x)

(q-l)x+w

f( )
g(qx + Sv') - g(:r) ( ) f(qx + Sv'. - f(x)

x + 9 qx + w ~:------,------,-----=---'------'-

(q-l)x+w (q-l).r+w

f(x)Dq,,,g(x) + g(qx + w)Dq,,,·f(x).

then reversing the raIe of f and g, we deduce that

Dq,w(Jg) = f Dq,,,g + Aq.",gDq,,,,f = Aq,,,,fDq_g + gDq.",f.

We now use il, ii) and iii) to prm'e iv),

Then

(Dq,w(J L), P) -~(jL,Dq'wP)
q ,

1 •
~-(L,fDqo.'P)

1] ,

- t(L, D;.w(JP) - A;._ P D;,wf

1
(Dq,wL, f P) + q(L, D;_JA;,wP)

(jDq,wL, P) + t(D;,wf L, A;,w P )

(jDq,wL,P) + (Aq.w(D;,wfL),P)

(jDq,wL, P) + (D q.wf.-l'l. wL. P),

Dq,~(JL) = fD,/.o.L + D".wfAqwL = A'I.~fD'I _L - D"wfL.

For 1] i 1 aud 1] i 0, wc bave'

(A'I,wL - L, Hl::', IJ)

P (J') - P ( --"'-- )
(!-l'l.w L - L, _-.-1--,,-/ )

.r - l ~'I

~(L P("~~) - P( 1:) ~ (L. Plx) - P. 1:" i

, ,r-~' w )
1] -'1- - t=q :r - 1:,/

1 p( I-W - P(,r)
-(1] - 1)-(L. ------;-''---,---

1] (l-I.r-'"
'1 (1

-(1] - 1)~(L.D;o.'P)
1]

(q - I)(D'I,,,·L, Pl,

Till'U,

(1] - I)Dq,~.L = (x - ~ )-1 (A'I,'" L - L),
1-1]

The rd:itioll (3.1;:)) follows straigbtforwardly [rom (3.12) and (3.13)' 0

Remark 3.3 Thc proof of P1'OjJosition 2·4 (l'csp. Proposition 2.7) 15 obtflirJ.':ri in the SIlTat u:ay Just by
7'I:pllLl:i7Lfl Il by onc !Lnd w by zero, l'e5]Jcetivcly. In IJ1ldicullLl', to rip.ril'l: the rci(ttio7L (246) jmTTl ('3.14),
wc jil'st 1I/.uUiply both sides of 0.14) by (:r - I~q)' thcn usc (2.14) tri 'Jet

((q - 1).r + w')D,/,wL = (A",w - Id L.

Thcl'cfol'e, (2.4G) yields by ta/.:ill.1J Ij = 1 in the ]J1'cvious n:latio7L.
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Proposition 3.2 If L is a regnlar hneaT fn1Lctional, and q E lR - {O}, then we have

Irith
- 1
0= -(0 +: q - l):r + ""'Je').

q

Proof: Let rf> and V' be b\'o polynomia:~. thc-n using Proposition 1.3 we have

Dq,w(rf>L) = ViL <===:> (Dq,w(OL),Aq,wP) = ('l/JL,Aq,~P) \lP E JP'

{::=> -~(OL, D;.~,.-ii"'P) =:'l/JL. Aq,wP) \lP E lP'
q

{::=> -(oL,Aq,wD;_P) = (L-L,Aq,wP) \lP E?'

{::=> -(OL, Dq.,,-,P) = (e 'L, [ q - l)x + ""'JDq,,,,P + P) ":PI::: lP'

{::=> -(q + [(II - 1 f.r + ""']1,c L, Dq,wP) = (~)L. P) \lP E P

{::=>~(Dq' ,[(ç'!+[:q-l):r-wJ'l')LJ.P)=(VlL,P) \lPE?q ,~

{::=> D;,.:(ôL) = V'L,
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(3.16)

(3.1 i)

\\'ith Ôgi\'en by (3.1i). C

Corollary 3.1 (Salto, 1995, Medem, 1996) Fmm the above proposition, we deduce the following:

i) L is Dq,,,,-semi-classical {::=> L is D;,~ -scrni-classical.
ii) L is 'Dq-semi-classical {::=> L is Dl -,,,mi- class i cal.

o

Indced,

D'/(OL) = ~JL <==:} Dl (t;L) = 1/)12.
q

with
- 1
0= -(9 + (q - 1).1'1/')'

q

iii) L is D",-sc/fI.l-classical <==:} L is D~_ -scmi-classical. MO'l'/;OI'C7·.

when'

Remark 3.4 If)' n:presents onc of tltc OPU-at07'S: 7:., çq, A'I.":' (;~, D_., D,., and Dq,,,-, wc define th"
p01JJC7' of y, ym as

ym = yy".-l, m:::: l with yD == Id,

w/tel'C Id is the identity opcmtm'.

Rcmark 3.5 One pTOVc,~ C{Lsily that 'i P E lP' and \In E N

A;i,~,r(x) = ['«(1":1: + J..,':nLJ· ç; P(x) = P( (l'l:r). T~' P(x, = P(:r + 71_'). (3.18
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3.1.2 Class of the Dq,w-semi-classical linear functional

Let L be a D q,w-semi-classical linear functional satisfying

(3.19)

where (,; is a non-zero polynomial and 1/J a polynomial of degree at lea~t one. L sati~fi.es

Dq,w(jrPL) = (9Dq,c..f + 1/JAq.w f)L, for any polynomial f.

Definition 3.6 Wc dpfine the class cl(L) of the Dq.w-semi-classiC!lllinear fU7Ictional L as

cl(L) = min {max(deg(j) - 2.deg(g) -l)}.
1/,9)"'1<.

wheTe
R. = {(j,gl E p2/deg(g) 2:] and Dq.w(fL = yI:-}.

(3.20)

(3.21)

\re state the follO\\'ing lemmas and propostion "'hich we shall use to l'l'ove the proposition clraracterising
the class of the sCllli-classical !inear fUllctional.

Lemma 3.3 Considcr L a TegulaT linear functional, ~'; a non-zero polynomial and 0 a polynomial of
degTee at least one. TI, cn, for any zero, c. of 0, we have

D ( f")' (f" • If".- 1 (,-I.":)_r,
q,w O!...- =~)L <====> D q .,.) Oc!...-' = l..'c,q,,,,L - \!...-,1;.'c,q,":) ('!c-w " - Tc,q,.) (x - -- L,

q q q

wheTe
9 = (x - C 191" 1/J - Oc = (qx + w - c)l/Jc,q.:... + T,. 'l,w'

Praof: The proof is obtained straightforwardly by using (2.14), (3.13) and (:3.23).

(3.22)

(3.23)

o

Lemma 3.4 Let L be a 7'eglLiaT UmaT fu.nctional. If theTe exlst four polynomials 6, 0, 0 and L', with
deg(~ 2: 1), .57Lch that

then, fol' any U1'II, c. ,)f 9,

(3.24)

(3.2,5)

llIft.eTe.
~ = (x - C 11.."- = (IF + (... - (.)1.\ +1'J.- ',(1,,,,-, . 13.26)

l'roof: TIl(' secu:lll l'dation of 3.2·1) thanks to LClllllla .33 i:c ('1,lri\,:1(,llt Hi

D '/),f")_:/ f" 1'-,)' l,
q._' ({J,/-,c!...- - ~II'.;.",!...- - \L. l ",'I~' ()= - - 7

'/ (i
(3.2ï)

13.28)

where rCq,w and 41('",._ arc defined ln' (3.26). The previoHs rdat.i(,n. HSC<! to;::erhcr \\'ith ,3.13) aud the
firsl l'dation of (3.2,1) g,ives

- "', - l (' - c.:
IVI:-\.'J,,,-,q)c' + (jJD",..;or - Ur.,,_)L = - (L, 1/'1'.'1'''') ,) "-= + -"",'1._ (.r - --) -) 1:-

(/ q

Tlw lIlnltiplicatiou of the latter C'quatiou by (1' ~ C.~w), use of 2.1~ 2u(1 the rr:!dtiun (x - a)r5a = 0, gives

r-w .. .. - 1
(x - --) ~}A",w(jJ,· + ôD q ,w9c - L'r I~)[ = - T"",,,, 1:-

q q

Ir. follows frolll tlw pn'\'ious eqniltion and the faet. that L i~ rr::;n[;i~ r ;laL

r - ~. - - - l
(I ~ -- )(4;:-\.",~,oc + ç)D" .....,9c - (c.,,~ = - r',q,w'

q q

l'hns, rr.'I,": = 0 and l'A",,,,6,. + 9D,;,,-.(~c - ·~"·r,,,~. = O. \Ve, th('[('f(J~(' d(~(hce Tha! IL, 1)c.q_) = O. 0
The followiug proposition, aln'ady knOWll for the operatù:' f) . ~alt(,. ] !YJ.j', is alsa u f 'edu1 ra char­

aet.erise the dass of the D",_,-serni-dassicallinear fUllctional.
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Proposition 3.3 Cons/der <1>1. <1>2, 1J1 1 and 1J1 2, four polynomials such that: <1>1 i 0, <1>2 =1= o. deg(<I>l)::;
deg(<I>2, deg(lJ1d :::: 1 and deg(1J1 2) :::: 1. Let L be a regular lin car functional satisfying

(3.29)

If (1) denotcs the hUJhest (ommo/! factor of <1>1 and <1>2: <1> = hcf(<I>l,<I>2), then. there e.7:ists a polynomial

lJ1 such that,

(3.30)

and

max(deg(<I» - 2. deg(lJ1) - 1) ::; max(deg(<I>j) - 2,deg(lJ1j ) - 1), j = 1, 2. (3.31)

Aforeover, If <1>] is not a dit'isor of <1>2 (<1>2 =1= f <1>1, \;ff E lPJ, then the pret'ious relation becomes

ma::\.(deg(<I» - 2.deg(lJ1) -1) < max(deg(<I>j) - 2,deg(lJ1j ) -1), j = 1, 2. (3.32)

Proof:
\Ye shall give the proof mimicking the approach de\'('loped in [Salto, 1996] for the operator D w . Since

<1> = hcf(<I> 1, <1>2), there cxi~t 1.\\-0 polynomials 1>1 and 1>2 satisfying

<1>1 = <1> 1> l, <1>2 = <1> 1>2,

\\'ith 1>] and 1>2 hm'ing no common zero.
ln the first step. "'e combine (3.12), (3.15) and (3.29) 1.0 gel.

Dq.~(1)2<1>lL) = Aq,w1>21J11L - Aq.w1>2Dq,w<l>lL + D q,w(<I>l1>2).C,

Dq._.(1)] <!>2L) = A q,w1>1 1J1 2L - Aq.",1>lDq,w<l>2L + Dq,w (<!>21> dL.

ln the second step, \ve subtract the two pre\'ious equations taking care that 1>1 <!>2 = 1>2 <!> 1 , 1.0 gel.

[.41~.1>2(1J11 - 'I>D q,w1>d - ·.{q~,1>dIJ12 - <!>Dq.w1>2)] L = O.

Sinec L is regulal'. ,,-c dcducc that

A q._ 1>'2(1J1 1 - <l>Dqw 1>d = Aq,w1>1(1J1 2 - <l>Dq,w<Î>z).

(3.33)

(3.34)

(3.35)

Using the previous l'dat.ion and the fact that 1>1 and <Î>2 have no common zero. il. füllO\\'s that there exists
a polynomial \li \'('l'ih-ing

A'l.w1> l lJ1 = 1J1] - <1> D'l,'" 1>1 , .-lq,w1>21J1 = 1J1 2 - <l>Dq,w1>2'

US(' of (3.33) and (3.:36) transforms (3.29) in

A",w<Î'IDq.w(<l>L) = Aq,w1> l IJ1C

Aq,w1>2Dq.w(<I)L) = Aq,w1>2 IJ1C

(3.36)

(3.37)

(3.38)

Sinn; ,t 1 and <)')2 haH~ no COllllllon zero, thcre exist two polynomials (Bezout identity) hl and h2 such
that 1>1 III + 1>2 h2 = 1. ln the thin! step, \\'e sum the two equations obtained by multiplying (3.37) and
(3.38) h\' A,/.whl and A q._h2, respectively, and gd

Tlw latt(;r eqllation, used together with Lernma 3.1 gives dcg(lJ1) :::: 1. ln the fourth step, we use (3.33)
alld (:1.36) to gd

(3.39)

\YP. tllerdore, dedu('(' (3.31).
If \\'c assunH' that polynomials <1> 1 and <1)2 are snch that 1> 1 =1= J 1>2 \;ff E lP, then, deg( 1» <

d(:g(<J'J)' j = 1, 2. \Ye fillally use (3.39) 1.0 gel. (3.32). 0

The foliowing proposition gives a characterisation for the c!ass of sellli-c!assicailinear functional.
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Proposition 3.4 If 1: i8 a Dq,,,,-8emi-cla88ical linear fU71ctional 8ati.sfying (3.19), then 1: 1,8 of cla88
cl(l:) = max(deg(o) - 2.deg(1;,') -1) if and only if

II (Irc.q",1 + I(L c\',q_,)I) -10.
eEZ",

(3.40!

ldteT'e Zo is tht set of zeros of o. The camp/ex numb(" T'e,.;,,,, and the pO/Yllornials ge.l/-'e,q.,.; are defined
by

(3.411

Praof: \\'p first recall the definition of the class <'I(L) of J: (see (3,~O) and (3.21)).

cl(l:) = min {max(deg f) - 2,deg(g) -1 },
(I,9IER

R = {(J, g) E jp'ë / deg(g) :" 1 and Dq~(JL) = gL}.

Let (6.4') E R such that there exists a zero. c, of 6 \'(~rif:'ing re .q _ = CV'.q.:..) = O. \\'e shall prm'e
that,

cl(l:) < ma.x(deg(o) - 2,deg(l') - 1).

Equation D q ,,,, 1 01:) = c'L thanks to Lemma 3.3 is eqLi\'alent to

therefore, (ge, l'c,q.,"-') belongs ta R (see LemIlla 3.1). :doreover. the degree of 9, v, Qc and ucq ,:.. obey

max(deg oc) - 2,deg(L'e.q~ 1 ~ 1) = :nax(deg(6) - 2,deg(u) -1)-1.

Thus,
cl(l:) S max(d r:g(ge) - 2. deg L)cq",) - 1) < ma.x(deg(Q) - 2. deg(v) - 1).

\\'(' conclllcle that for anyo, c') ER such rhat cl(l:) = mi'x(cleg(o) - 2. Je:;(c') - 1). then. for any zero.
c. of o.

(3.42)

COll\'erscly. we sha:l pm\'(· rhat for an\' l'J, u) E I~ 'IlC:1 that (3.42) :lold5 for an\' zero. c, of O. tlten
ci(L) = max(df'g(rjJ) -:2. cicg(c -1). Let (()",. 1. III ! E ~ SIlC:] that cl(J:) = max deg(olli) -2 deg L m )-l
\\'e assume \\'irhollt lo~,.; CJ: gc:,errt1iry that r1c'g(oul) s: d('g! ,)). \\'e \\Tite

J = 9", f + R. R. f E Ir dq.:.(H) < ckg(o,,).

- - -
• If R -1 O. then, fronl Pr'Jposition .3.3. t:wr(' cxis's (9. ~il) ER. with 9 = hcf(<jJ.o",) surh ,hat

This is a contradiction 'JCcalls(' (0, c) .::: R. Th':s. n =o.
• If dcg(J, :" l, thcI\. it ùelds frolll L"ILIlI;\ .3.1. 'hat for any zr'ro, c. Gf f (then uf 0).

Thc pre\'ious equation r:ontradicts (3.-12).

Finally, f is a CU!lsrant and \\'C~ have (; = f (J" ..'J = f 0",· Thus,

cI(q = rIli:.x(dcg(ÇJ) - 2. rlCI',(v) - 1) = rnax(deg( <Pm, - 2. dr'gflj'nt! - 1J.

:J

The proof of tlw P:'()l"hit:')l\ is tlt<:rr'fcI[(' r;(IIIlplrt( Ir O'hould br, notu1 -h;,t thc' pro(,f uf Propositions
2.3,2.5 and 2.8 arc: c!c'rillfl'd L\· limit. pro('(:,.;,('~ hc:( n"mark 3.1).
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Remark 3.6 It folloUJ5 fmm the definit'ion of the class of the lincar fnnctional that The Dq,w-classical
linear functiO'lwl is a D" _ -semi-classical linmT' fll.nctiol/ul of class s = o.

Definition 3.7 The Pe,.rson-type diffe7'ence , (jnatlOn 0.19) is saül ta lie irTe'/lLci/),'C 0, cE Z6 if
ir,·.".~1 -+- I(C l',!~): le C MorcoueT. (3.19) i.s sairl to 1)( inedncil}le if il is nat redu'ibl· on (l'nY c E Zo-

Proposition 3.5 Let L be a rcgu.lar linear fl17Lctional. {P,.},,(CN the C07Tesl,onril "19 pwnic orthogonal
family and {P"}"E' the dual basis associateri ta {Pll}Ti;:h. If {Qn.d"EN is the (huI! b'ISis associated ta
the monic fornily {Q"d·;:·; defined by

(3A3)

then, '/L'C lun'e
(3.44)

Froof:

-q' Q",l, D q .....,P"'+l)

-q[m + l]q(Qnl' Qm.l)

-q:n + 1]qb1l .",

-q~n -+- l]q(P n- l . Pm-L]),

then

o

3.2 Characterisation theorems for Dq,...,.-selni-classical orthogonal
polynolnials

3.2.1 Dq.~-classicalorthogonal polynomials

Theorem 3.1 L ct L 1)( (1 reg 111(l1' llllcor funer i onul. {P.} ',E:; thf~ (;rnrespu n.din .' mG Ticnthogo nal farnily.
on.d (2"", the (fi 'mi, po," =JI,(jlTZlal of rlcgT"i.'e n. (/"jined ln}

VII E :'1.

lJ.·ith
TH-l

I3n,r,,(q) = II [71 -)(t - jL· (j'LÜ == P,
}=O

The fol/0I1'iIUJ pr·opcT'lic.< aTf; equiNLfcnt:
i) Thcrc (;];ist t7j'O J! Iynomials, r,? of rieyp.,: at mo.'! t,Il"() and~' of (ier;rcc (J"{(;, .~ lch that

(3A.');

(.3AG)

(.3.-17)

il) TlII'F' (':riS! tu'o ];'/ynomials. rjJ of dcqT'f" at mast hm and t0 of dCr;F:C on'>, sl1,,:h that for any integer
7/1..

D'I.w(OL",J = ô,,,L.

~Lm,(2j",C2",r,,) = 1;,,6)11' if Il E~; (1;" le (J VII. E 1'1),

wdh the /lf/fem' f71nction.~1 Lm and the polynomial I.l m rlcfincd. n:C!lni7lr:!y. In}

1.'1T1~1 = Dq'.N.C)---(l~-lq-,-,l..\Tl' '/.") =- l.'~

(3.48 )

(3.-19)

(:3.:jO)

(3.':>1 J
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and given eJ:plicitly by
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cP(q'" J.' + u.:rm] ) - cP(x 1
l/;, (x) = ,'1 + q"''Ij.!(q'''J; + ..J[m: 1)'

!q-l)x+w

'"
L T = II 9(qj:]" + u;:J]q) .4~:~L

)=1

iii) There exist twa polyr.omials, (; of degree at mast two and 1/J of degree one. such:hat
for any integer Tf1. the fo.lowing second-arr/el' diffe7'ence eqllation holds:

(;Dq,,,::J~.,,-. Qn,,,, + li", Dq.,,-, Qn.m + '\n,,,, Qn,m = 0 \in E 1'\;.

u'ith the polynomial L'", givC'; by (3.52) and the constant .\".171 given by

(3.5:2)

(3.53)

(3.5-1)

1 4J"
.\n.1Jl = -ln], {Dq 1f!171 + [fi - l]l -2 }. (3.5:])

q q

iv) There elïst two jJolY'lOmials, cP of degree at most twa and I!) of dcgrec one, su.ch that. for any
integer 111, the follou'ing rela~ion holds:

(3.56)

'IL'dh the polynomial t· m . the llnear functional Lm and the constant .\n.m given, respeetit'ely, by (3.52),
(3.53) and (3.55).

u) There exist a polynoT"ùal (; of degree at most two and three constants Cn.n+l, en . Tl , C".n-I with

C",,-l # 0 S11Ch that

(3.5 ï)

vi) Fm' any non-zero int·ge7· m, then: exi.,t a sequencE of cmnple:r number.s {un.rn}"e: such that

(3.58)

PW()f: 1) ~ ii). S:ppose that The ;>roperty i) i.; satisfied. "'e ll'illohow by induction on m
rfl<lt rll(' rd<ltio[l~ (:31'3) aIl(: 0.-19) hoid. FmI:1 (3.4ï) and thf' orthogonaiiTY of the family {Pn }nE:;, it is
(,L\'i(jll~ rh;lt rlll' l(·Ll1iUllS (.. .-18 and (3.-19) ;·.re satisfied :'01' ni = O. SI1p[lOS(, That relations (3.48) and

:3 El! an' 'atisfied \ljJ tu a r.X((1. illt('gcr fil. l',;ing Proposirion 3.1. \\T h<l""

D'I."; 6A/.~·(9L", )

D q ..; ,,)A,/._.(ÔLm) + .4'1 ...;oD".~, .-t'I~·(cP.c,")

D'I''': oA'I.~.(r,~L",) + ,.{'I..;OIJ .4'1._ DI."'; (JL",)

D'I."; 1.1,.{'1AqJL IIl ) + q ·1,1,~o ··1,1._ ((m L.)

D",,; (:)f1.'1.~.(ljJL",) + (1.4,,_~·rn .-1.i~ 0[..)

(D".~ cP + If A q ,w1/··,,) .-1.",AoLm)

't'm+l Lm-l'

Thm. rh" r..!atil)n (3.48) ho:do fur ail illtegl~r~ 1Tl.

Let J and fi hl' two intfgl~rs such that j < Tt. Csing Propusition 3.1 all(~ the faet that (3.48) and
3.·~~)) hlJld llj) ri) il fixcd int,.>g'~r TTl, wc ha\"(~

[J.L 1]q[1I + fq'L"+I.Qj,l"+10",m+l)

= (·-1.'I.~(OL", . D'I w Q)+I".,Dq ._. Q"+I,m)

= ('·LI._(OL", ,D"",; [Q"+I 171D,;w Qj+I.m] - AI._QTl+l,,,,D~ _(2)-1m)

1 • 1.• ')= --(D,/wA,;.~(0Lm),Q"-I.mD'I,~·Q)_I,"'/- -(oL11l,Q"':''''''',.,..;D~.wQj-l.m)
If If
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= o.

because deg(çi>"-1~.",Di.,",.Qj-1.m)::; deg(1Pm D".", Qj+l,m) = j + 1 < Il + 1 (see LeI':ma 3.5).
Repeated use of the following relations, proved in Lemma 3.5,
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(3.59)

(3.60)

Thus,

(L nI 1 QTl .111 Qri .171) ==
771-1

II À"+1-"-j m-1-j[ . .' F (1:. P,,+rnP,,-rn).
)=0 n +) + 1 "

(3.61)

(Lm, Q n.nJJn.m) i= 0 \:fn,1II E N.

Iteration of relations (3.50) and taking into account (3.9) lead to

rn-l

li m L qj A.~",Dq.", Q(x) + qm_-1~~1..'(X)
j=O

11l-1

L qjq--j Dq~·A.~,A)(x) + qm"-1~'",0(x)
)=0

m-1 -1)+1 A() 4. j . ( )

L " q.~ ,!-,:r -" q,w9 X m -1m . ( )
() + q "q.~' U J: .
q-1x+w

)=0

1'1111s,
. çi>(qT/l:D + ",<m],,) - çi>(x) lU 1 m -

lm (x) = () + q Ij)(q :D + .J[rn.,).
(1 - 1 .D + W

1'aking into aC:CUllut Relll<lrk 3.:). l'dation (3.::i3) fo11O\\,s dirccth' from the ircr:ltiu:; of .3.51),
i'i) ==} ùi), Assllming t.hat the' prupert.y ii) holcls. il, fo11c)\\'" that for <ln\ intc;er ln. the monie

Jlol:-'nollliai family {Q ",'" },iEN is orthogonal with respect. to t",; thus, {On m}n"·" forus a basis of :?"
From the following expansion

\\'c obtain

n

o D q.".. D~ ..",On.," + 1/)", D".", On.m = - L À).",Q.I"'"
)=0

(3.62

-(Lm, 0 Q).T/lD",wD~,c: Q".m + I,,'m Q).mD"w (je.",)

- (Lm, 0 Q),mD",wD~,w Q".,II) - (1. ',,, L"" Q).'" [;'",..: ç nm)

-(Lm, 0 Q).mD",wD;,w Q,u,,; - (D"..: 1(1) L",), Q .I.m L 1 ...:Qnm;
. 1

- (Lm' 0 Q).mD".wD;,w Onm) -L - (0 Lm. D;,w(Qj,mD"",Q".m»)
(1

1
-(Lm, OQ),mDq,wDq' wQ'l.m) -'- - (OL m.Q ).mDq* wL 1 ...:Qnm;. q .

+~ (çi> Lm, D~.,",Qj.mA.;.",Dq.JJ".",»

-(L""ÔQ),mD",wD;,wQ".m) - ir.')t""C!.I.",D 7 ..J D; ..JQn.ml
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+~(cjJL::m'Dq" wQj,mA.q" WDq,Ik,Qn,m)q , ,

+~(cjJL::m' A;,wDq,wQ),mA;,Ik,Dq,w Qn,m)
q

1 •
+ - (cjJ L:: m, A q w (D q ,Ik,Q).I1l D q .:. Qn.,"))

q "

(Aq,w(ç;L::nJ, Dq,~Qj,mD'iwQn,m)

[j]q [n]q (L::m - 1 , Qj -l.rn+l Qn-l.m+l)

ofor j < n,

by orthogonality of {Qn.m+l }IlE~' with respect to L:: m+1, TilUS,

"In E~.

Identification of thE- coefficie:1ts of x" in the previous equation give:-

Then usiug the fol1lJwing relation
(3.63)

we obtain
cjJ"

'\n,rn = -:n]q(t::r, + [n - l]l-).
q 2q

iii 1 ===} 1). A:-:3uming t~lat the property iii) holds. eler:lentary computations usin::; (3.12) and (3.54)
for m = 1 gi\"e

1 .
--(oL.D7lkDq,'WPn~1) - ('.'L,Dq,Ik Pn+:)q ,

-(CôD, 'WD~,lkP.'+l"';"IDq~' Pn~:)

(C'\"+.I P"-l)
07//':.1. (3.64)

Sine!' 'lu' filr:li:\' {('".I }"E'é :orms il basi~ of ?', it is c1!'d 'hat
D.,.w (,"L) = 1.":-.

iil, "==} L',I r='()[[lputa"irms \Ising Proposition :3.1 :-:1' 'o\' ~;r,\Ïg:,tfon\,,:!L\' that t:ivcn an integer 111,

(:3,;'>6) i,. ('qu:\",J('ll1 1(j

Sill<:e C" is ,e";llla, (s('p prqwrty ii)) it. is oln'ions that l,l"' jHTties iii) and :'o' arr~ f~qllivalclt.

i) ==;> L'. EX[L:nding tLe polynorniaIQ(.rID;._P" il] t:.(' be.sis: P"},.,,. cf?

n-]

o(x)D~,wPn = L 'n,)p),

j='J

\\.(~ o\)-a:ll, Ihi::g (:" 10).

(6L::, P)D~.~P,,)

(6L,D~w(.""'/._p'p.,) - PIlD~,:..·L/ .. Pj)

-q(D '/,w (oL), "~'J _ p) P,) - 'j (oC P.D'1": Pj )

-q(C (-l!)A./,~Pj - '~)D'I .p) P,,)

1) for j < 11 - 1.
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Thus,
6(.r:)D;,wPn = Cn,n+IPn+ 1 + cn,,,P,, + Cn.n-IPn- l ,

\Vhcn wc set j = TI - 1 in the above equations we obtain, taking into account (3.63),
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by relation (3i-!).
v) ===} il. Expanding the linear functional Dq.w(cjJ{.) in the dual basis {Pn}"E" of the orthogonal

family {PIl}"E:;'

Dq,w(q;{.) = L h"P",
n2:0

wc obtain, minI', (3.:3i).

h" (Dq,w(O{.). P,,)

- ~ (L cjJDq* w P" )
q ,

1
- -({.. Cn,,,+IP,,+1 + c",n P" + c",n-IP,,-I)

q

o for TI 2: 2,

then
h" = 0 for TI 2: 2.

On the othel' hand.

(3.65)

(3.66)

ho (3.67)

(3.68)

1)('cause hy h\'jJOthesis, ('",11-1 i' 0 fol' TI 2: 1.
ese of (:36:;)-(3.68) and the faet that Pl = (c.i:;p\){. (sce (2.1i)) givc

D ,(A.{.) = 11 P = _ (:I,O({., PoPo)PI L
,/,u- ~~ 1 1 (1({., PI PI)

Tllcn t Il!' 11 '!',Illal' !incar fune: ional {. satisfics Dq,~ (ç&{.) = t,{., whcrc

(3.69)

with ckg(!.}) ::; 2 and c1cg('lj,) = deg(PtJ = 1. Thus {. is Dq,w-c:lassical, and therefore properties i) and v)
'11'" c'C\lli\,t1 ..llt.

i) ===} ('I). SillC:e propertics i) and ii) are eqllivalcnt. assllming that the property i) is satisfied. it
yi .. lds that f{Jr any integer TTl the monie polynomial family {Q1I,m}"Eii is orthogonal with respect to Lm.
Let 111 1)(' il uou-zero iuteger. ""e expand the polynomial Q",m-I in t.he basis {qn,m}nEN of IP',

1l-)

Q71,1n-l == (2n,T1L + L 'Uj,lIt(2j,lfl

j=O
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and obtain
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) + l]q(Lm, Qn,Tll-l Q j,m)

,'Lm. Dq,wQ)+1,m-1Q",m-il

,.-1q,~' (q'JLm-l), Dq,w (Qj+l ,Tll-l Qn,m-l))

- (.-1 q,w (q'JL m-1), .-1q ,w' Q J+ l,m -1 D q,_,Qn,m-l)

- ~ (D;,...,Aq,Aq'JL,n-l ), Qj+lm-l Qn,rn-l)
q

- [n]q (Lm, A q,wQ)+1,m-1 Qn-1 ,ml
- (Dq,w (q'JLm-l), Qj+l,m-1 Qn,m-l)

- [n]q (Lm, Aq,wQ j+l,m -1 Qn-Lm)

- (L rn -1, 'Um -1Q)+1,11: -1 Qn,rn- il

- [n]q (Lm' Aq,wQ)-r Lm -1 Qn-l ,m)

ù for j < n - 2,

by the orthogonality of {Qn,"'}nE'~ aLd {Qn,m-dn,,~" with respect ta Lm and Lm-l, respeetivcly. There­
fore,

Qn,rn-l == Qn,m -11,,-I'nQ,,-1,11: + li':-2,mQn-2,m Vil E :':! - {ü, l} Vm E :1- {ü}.

iL') ::::::::;, il· Let {P n} nE:' and {Q'1,m} 'IEN be the dual basis associated ra the monie families {F,,} nE:'

and {Qn,m}nE: ,respecti\'e!y,
In the first step we expand QO,1 in the dual basis {QnO}nE'~'

QOl == L Œ)Qj,O
»0

and obtain. u:iing. (3.58)

Cl (Qu,I.Cho

(QU.I' Chi - Il)-I.;Q)-l,l + Il)-2.1Q)-2,1)

() ;01'. 2':3 '

C:iing (2.1 i). V.C, tIH'1'('fOlr', "LI ;lin,

2

QI 1 = LCl)Q),O == 2:o)p) == OL,
)=0 )=0

In the sccond ,;tep. we compUTe D;,_ Qo.~ USirlg (2.171, (.3,44) and übtain

n;.w(QO.tl == -qP l == 1.;[,

where

l'sc of (3.70)-r3.i2) jHTlllit m te! cor.c!ur:e thar

(3.70)

(3.71)

(3.72)

(3.73)
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The previous equation, thanks ta Proposit ion 3.2, is equivalent ta

Dq,w(QL) = 1i!L,

\\ith
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() = qo - [(q - l).r + W]l.

"'(' complete the proofohi) ==> il. b,' rcmarking that deg(ç!;) :s deS(P2 = 2 and deg(u) = deg(Ptl = 1
(S('C' (3.;-1) and (3./.3)).

Summing up, we have proved that i) =--=> ii) ==> iii) ==> il. iii <== iv). i) -<:=:} r) and i) -<:=:} vi);
tllllS, the proof of the theorcm is complete. 0

Lemma 3.5 Let L be (l reg1110r' linem' fl1nctionol sotisfying DiJ~.(rjJL) = l'JI:., èufteT'e (; i5 a polynomial of
dNJree at most two and 1/J a first-degr'ee polynomial. The following pn!pcrfies 11 ·}ld:

i)

ii)

i i i)

il')

Àn + I .O =f. 0 'In E ~;,

r -1- '1] "m
À . = ln ,. q q À.

n+r.m [+ 1 +.) l ".,-1+2m.O,
TI. _ml iJ

D q .w ·0m =f. () \om E N.

[n + 1];(L,,,+1, Qn.rn+lQ","'.,-I) = .\"-I.m (Lm. (.2n+~.mq·'+I.m)'

(3.74)

(3.75)

(3.76)

(3.77)

II'lfh Lm, À".,,, and Qn"" dcfincd in Theorcm S.l.

Proof: i) From the relation

fi

D~,w:J.·" = [n]~ :rn~1 + L a~)q . ..:)_-"-)
)=2

whcre a~)q, u..:) arE:' complex numbers gi"en by

• ",,' 1 ~ (]I; ( .!.' ') ,a" ,(q. ..:) = (- )J- L
.' q I;~f) .J - 1

Il',, obtain.

n

À".-IO ""-
-<:=:} --[--,-'-J .11"-1 =- LfJ MJ VII::::

/1 -;- 1 If
j=(J

(3.78)

(3.79)

IIIll're JE) == ,L, x~) is th(~ 1ll00rlC'llt of onkr j ()f the lirl<'ar f\;llti.nal L aL·I i
J

il:,' C()!L~)lrX Iltunbcrs
(';Isilv computer! as funetioll of codhciellts a;:) and ti1')S(' ()f th,· \;Jl'non~ials:)ancll'. Sille,', Lis regular.
1() han' ail its moments gi ven in the unique ";ay hy the prcvio1 Li (JI.' 'S, iris n,cccssary r 0 hé. VC

À"-I.O =f. 0 'In E :'i.

III The D",w-derivative of (3.52). taking into accouut (3.63), gin'

(3.80)

.1/

[2 ~ {j '/l, 1

rn ,/- + (r ". 2
c _ ~ C, f,
'~/I -), .'/ ~q
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then

(3.81 )Vm E N.
1jJ" _q2m

Dq,....:1/Jm = q2m(1/J' + [2m]~ 2q) = [2m + l]q À2m+ I ,O

We, therefore, conclude using (3.80) that for any integer m, 1/J'm i- 0 and wm is a first-degree polynomial.
iii) use of (3.55), (3.63) and (3.81) gi\'e

We derive the relation iv 1 using Proposition 3.1. the second property of Theorem 3.1 and the orthogonality
of the family {Qnm}nEF with respect to Lm. In fact,

[n + l]q[n + l]q(Lm+l' Qn,m+lQn.m-l)

(.-l.q,,,,. (IjJL m ), Dq,wQn+1 ,mDq,wQn+l,m)

(Aq,,,,. (IjJL m), Dq,w(Qn-l,mDq,wQn+l.m) - Aq,wQn+l,mD;,,,,.Qn+l,m)

- ~(Dq* ",.-l.q,w (IjJL m ), Qn+lmDq.wQn+l,m)q ,

1 "--(OLm - Qn+l,mAq* .;D~ .;Qn+I,,,,)q . •

- (Ln, 1fJr-,Qn-l,mDq.~Qn-l.m) - ~ (Lm, IjJQn+l,mDq* .Dq,_Qn+ l ,m)q .-

1jJ"
-ln - 1], l/J'm (Lm, Qn-+-l,mQn+l.m) - [n + l]q[n]l -2 (Lm, Qn+l,rnQn+l,m)

q q

0"
-ln -ll,;{v'm + [n]1-2 }(Lm,Qn+l.rnQn+l,m)

q q

Àn+l. m (Lm, Qn+l,mQn+I,~I)'

o

3.2.2 Dq,,,,-semi-classical orthogonal polynomials

Let C be a n:gular linear functional and {Pn } nEN the corresponding mOllie orthogonal family. When the
linea.f functional L is D q,w-serni-classical of c1ass s > 0 satisfying (3.4,;"), the characterisation theorem
(sec Theorem 3.1) is not valid anymore. In pa.:-ticular, the derivative Dq._Pn of Pn is not orthogonal with
fespr~ct to .-l.'I,w (of:) but quasi-orthogonal of class s with respect to Aq..; (IjJL). The following theorem,
which gcncralisc some results in [Salto, 199.5] and [~[edem, 1996], gives sorne characterisations for Dq,w­
scmi-classical orthogonal polynomials.

Theorem 3.2 Let L ~ a T'egular lineaT' functional and {Pn}nEN tlte corresponding monie orthogonal
farnzly. The fol/uwing pmperties aT'e equivalent:

1) TIteT'c exist two polyn omials: 1/J of degT'ee at lea.st one and ljJ suelt that

(3.82)
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ii) There exists a polynomials d> i:- 0 and an integer s with deg </> :s: s + 2 such that
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ln - ml> s
\:lm 21,

(3.83)

where polynomials Qn,l al'e defined in theorem 3.1.
iii) There exists a polynomial 6 i:- 0 and an integer s with t = deg </> :s: s + 2 such that

n+t-l

9D~,~.Pn = L çn.j Pj n> s + 1,
j=n-s-l

with
çn,n-s-l i:- 0, Tl > s + 1.

(3.84)

(3.85)

PraaE: i) ====? ii). Suppose that (3.82) is satisfied. Then </> i:- 0 by Lemma 3.1 and (3.82).
Let m and Tl be two integers such that n > m + s and pose s = max{deg(</» - 2,deg(1/;) - 1}. Using

(3.82) and Proposition 1.3, we get

[m + 1]'1 [n + l]q(.-lq,w(</>C), Qn,IQrnl)

= (Aq,~(9L:). D'l,": Prn+1Dq,w Pn+1)

= (Aq.A9L:). Dq,,,- [Pn.qDq,w Pm+d - Aq,WPn+lD;,wPm+l)

= - t(D;,wAq,,,-, (9C), Pn+1Dq,w Pm-Il - ~(ç6L:, Pn+lA~,wD;""Pm+l)

=-(L:.Pn+lVDq....,Pm+l) - ~(L:'Pn+19Aq' ",D2
q ...,Pm+1)q ,.

= 0,

because deg(~ 9A~,wD~.:...Pm+l+ ~) D q.wPm+d :::; m + s + 1 < n + 1.
Gi\-en non-zero integer ni, we have, from the previous computations,

(.-1'1''''' (qL:), Dq,w Pm+1Dq,w Pm - s+1 )

-(L:,Prn+s+I1/;Dq,wPm+l) - ~(L:'Pm+s+lOAq* wDq
2 wPm+1q . ,

-{lm + l]ql..·p6p.S +1 + [m]q[m -"-1]'1 ql-m </>t 6ts+2}JO.m--s+l
q

-lm + 1]'1 {L'p 6p .s +1 + </>t [m]1 6t,S-LdJo,rn+s+l,
q ç

where JO,m is defined by
JO,m = (L:, PmPrr.), m 20,

and the polynomials cP and '1' are given by

t l'

</>(x) = L<pJxj, 1/;(r) = L0J xJ ,

j=O j=O

(3.86)

(3.87)

(3.88)

with IOtll1/;p l ::F o.
It results from (3.86) that (Aq,w(oL:),Dq,wPm+lDq.wPm+s+l)(Io,n+s+d-l := U(m,s), takes one of

the three v;llues:

il: f < s + 2. p = s + 1.
[/(m, s) = -lm + 1: 11/ls -1 i:- 0, m 2 0,

ii): t = s + 2. p < s + 1.
0s+2U(m. s) = -[m]l [m..l- 1]'1 -- ::F 0, m 2 1,

• q
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iii); t = s + 2, p = s + 1,
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U(m,s) = -lm + l]q {1/'s+l + cPs+2 [m]l.}.
q q

C (m, s) for the case iii) is not zero by the regularity of the linear functional L.
In fact, mimicking the approach used in (3.79), we conclude that if Lis regular and satisfies (3.82),
with cP and 1/' given by (3.88) and t = P + 1, then we have

1/'p + 9p+l [ml l #- a Vm E N. (3.89)
q q

We deduce that (Aq,w(oL),Qm,IQm+s,l) #- a Vm ~ 1 and therefore that the property ii) is
fulfilled.

ii) =? iii). We assume that ii) holds and expand cPD;,wPn on the basis {Pn}nEh'

n+t
cPD;.w Pn L ~n,j Pj,

j=ü

where t = deg(6), and get

(cP L , Pj D;._Pn)

(cPL , A;,w(.-l.q,wPj Dq,wPn))

q[n]q(Aq,w(OL). Aq,,--Pj Qn-l,l)

afor Tl > j + s + 1,

by (3.83).
Moreover, for Tl > s + 1,

also by (3.83).
iii) =? i).
Let {Pn}n~N be the dual :lasis associated ta the monie family {Pn}r.EN and t the degree of ÇJ

We expand the linear funetional Dq'~'(cPL) in the basis {PT.}nEr;

Dq,w(cPL ) = LOn Pr;
n~ü

and get

0" (Dq,w(cPL), Pn)

- ~ (L,oD q" Pn )q .~

1 s+I-1
--(L, L E,n)p))

q j=n-s-l

a for Tl > s + 1.

Theil
s+l

La)Pj
j=O

s+l P
Laj } L
j=O (L, p)Pj )

1/'L

thanks to Proposition 2.1. \\'f, dcducc from the previous equations, Lemma 3.1 and the fad thal ê; #- 0,
that L' is of degrœ at least one. The lirwar fUIlctional Lis. therefore, Dq,w-semi-c1assical. 0



Chapter 4

The formaI Stieltjes function

4.1 The Stieltjes function and the Riccati difference equation

4.1.1 Sorne definitions

Definition 4.1 The formai Stieltjes function S(L) of a given linear functional { E P' is defined by

,(Lh
S(L)(X) = - L...J Hl'

X
k?O

(4.1)

where (Lh = (L,X k
), represents the moment of arder k of the linear functional L with respect ta the

sequence {xn}n?O'

We define the action of the operators D, T"" D"" 9q, D q, D, A q,,,, and D q,_. on the Stieltjes function
S(L) as is done in [:'Iedem, 1996~ (for more information see [Medem, 1996, p. 3~iï]).

Definition 4.2 (Medelll, 1996) The operators T.,;, D w, 9q, D q, D, .-I.q,w and Dq.", act on the Stieltjes
function S(L) of the lincar functional L in the following ways:

T.,;S(L)(x)

Aq.",S(L)(x)

DS(L)(:r)

S(L)(qX) - S( L)(x) = , [n + l]q (L)n
(q - l)x L..J qn+1 x n +2 .

n?O

S(L)(X +...,) - S(L)(X) = _ '(L)n ~ ( 1 1 )
w L..J w (~ + lL:)n+1 r'1+1 '

n?ü

S(L)(qx,W)-S(L)(X) __ '"'(L) 1 (1 1 )
(q-l)x+u.; - L...J n(q-l)x+w (q.r+w)n+l-xn+1 .

n?O

Definition 4.3 The formai Stieltjes function S( L) = S (see (4-1)) of the ,eglûar linear functional L
satisfies (l Riccati difJerentiai equation if 5 satisfies an equation of type [Magnus. 1984j, [Dzoumba, 1985j

51
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9(x)DS(x) = A(x)S(X)2 + B(x)S(x) + C(x), (4.2)

where 1J is a non-zero polynomial and A, Band C are polynomials.
When A = 0, the Riccati differential equation is called the affine Riccati differential equatioTl.

Definition 4.4 The formai Stieltjes function, S(.C) = S, of the regular linear functional [ satisfies a
Dw -Riccati difference equation if S satisfies an equation of type

1J(x)D:..S(x) G(x; w)S(x)T;.,S(x) + E(x; w)S(x)

+F(x;w)T",S(x) + H(x;w), (4.3)

where 1J is a non-zero polynomial and E, F, Gand H are polynomials in the variable x and depending on
w.

When G = 0, the D",.-Riccati difference equation is called the affine Dw-Riccati difference equation.

Definition 4.5 The formai Stieltjes function S(t:) = S of the regular linear functional [ satisfies a
Dq-Riccati difference equation if S satisfies an equation of type

G(x; q)S(x)ÇqS(x) + E(x; q)S(x)

+F(x; q)ÇqS(x) + H(x: q) (4.4)

where 4> is a non-zero polynomial and E, F, Gand H are polynomials in the variable x and depending on
q.

When G = O. the Dq-Riccati difference equation is called the affine Dq-Riccati difference equation.

Definition 4.6 The formai Stieltje.5 function, S([) == S, of the regular linear functional [ satisfies a
Dq,cJ-Riccati difference equation if S satisfies an equation of type

G(x; q,w)S(x).-1q,,,-,S(x) + E(x;, q,w)S(x)

+F(x; ,q. ..J).4,.",S(x) + H(x;q,w), (4.5 )

whe7'e 1J is a non-zero polynomial and E. F, Gand H are polynomials in the variable x and depending on
q and :.ù.

When G = O. the Dq.~.-Rl(c{]tidifference equation /s called the affine Dq.w-Riccati difference equation.

Definition 4.7 Let y be any one of the four opemtors {ddx ' D, D'l' D'l,..)}' Then, the regular linear
functional [ and the corresponding monic orthogonal polynomials belong to the Y-Laguen'e-Hahn class
(resp. affine Y-Laguerre-Hahn class) if the Stieltjes function of [ satisfies a Y-Riccati difference equation
(an affine Y·Riccati difference equatlon). The regular linear functional and the corresponding orthogonal
polynomials 6elonqin.'j to the Y-Laguerre-Hahn class are caUed Y-Laguerre-Hahn linear functional and
Y -LaguelTe-Hall7l orthogonal polyno mials, respectively (see (AIagnus, 1984), (Dzoumba, 1985). (Cuerfi.
1988j. (Medwl. 1995), (Salto, 1996j. (Marcellàn et al .. 1998}).

4.1.2 Sorne properties

Proposition 4.1 The formai Stieltjes function, S(.c). of a git'en linear functional .c E 11'" obeys the
relations

i) S(o[ + ;3M) = oS(C) + ;3S(M) Va,;3 E C, VM E 11'"

ii) S(J.c) = fS(t:) + [Bof, Vf E 11".

iii) Aq._. S(.c) = S(A",w [),

il!) S(Dq,wL..) = Dq,,,-,S([).

(4.6)

(4.7)

(4.8)

(4.9 )
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PraDE: i) Let a, f3 be two complex numbers and 1:-. M two linear functionals. Then,
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S(aL + f3M)

-a """"" (L x
k

) _ f3" (M., x
k

)
~ x,+l ~ Xk+ l
I,?O k?O

OS(L) + pS(}./1).

ii) Let k be an integerj we shaH praye that

and use praperty i) to deduce that (4.8) holds for any f E IF.
In fact,

S(x k L)(X)

~ (L,X m
) .

- ~ mo-Hl (takmg k + n = m)
x

m=k

_Xk(~ (L,X m
) _ ~ (L,X m

))

~ X m + l ~ Xm + l
m=O ",,=0

k-l

XkS(L)(X) -,- L (1:-. .rm)xk-l~m
m=O

k

XkS(LI(X) -7-- L (L, Ik~) )x j - l (taking k - In = j)
)=1

XkS(L)(X) -+- LBox k
.

For propert~· iii),

S(Aq.wL)(X)

whcrc

G) = {

n'
Pl n-j)!

o
if j ::; TL

if j > n.
(4.10 )
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Then,
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On the other hand, using the series expansion of (q.r+:)n+l'

we obtain

(4.11)

(4.12)

Aq,wS(L)(X)

Then changing the \·ariable n + p = j, the pre\'ious equation gives

Aq,wS(L)(X) _~~ (j) (_w)j-n (L, xn)
~ ~ n (qX)l+1
1=0 n=O

S(Aq,wL)(x),

by (4.11) after reversing the raie of n and j.
To deri\'€ relation i\'), we compute both sides of (4.9) and remark that they are the same. In fact,

S(Dq,wL:)(x)

1 x (CD;,.)x")
qL x,,-l

n=l

1 x 1 ("'---"-')" - :1'''
- ~ _([, Il )
~ 11+1 'x-~ .q x --x
n=l Il

TheIl, using the relations (derived by induction on n),

(a + b)"

an _ bIt

we obtain

SI D q ,,- L)(X)

On replacing n by Tl + 1, we obtain,

t (n) al br.-j 'la. b E <C in E N,
j=O J

ri. -1

(a - h)~ al b,,-l-l \-1 1 -ro \-1 E ['"~ va, ) E ~ yn '0,

1=0

(4.13)

(4.14)

(4.15)
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Let us compute Dq,wS(.c)(x).
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Dq,_S(.c l(x)

Dq,wSI.c)(x)

Use of (4.14) transforms the pre\"ious relation into

Xl (.c Xn) n ..
~ , ~(qx + w)) X n - J

L (qx + w)n+l Xn+1 L
.. =0 )=0

Xl n (.c,rn )

L L (qr + ..ù)n- j +l X j +1 .
'1=() j=O

Rewriting this equation, taking into account the series expansion of (qr+...,~n J+l (see (4.12)), leads to

x n (Lxn) 00 (n+k-j)!(-""y
L L ---;:J+l L k! (n - j)! (qx)n+k-j-H
n=O)=O k=()

Xl n oc (n+k-j)!(-..J)I(.c,xn )

L L L k! (n _ j)!Xn+k+2 qn+k-j+l'
n=O J=O k=O

The change of variable, n + k = t. transforms the latter equation into

oc t t-k (t-j)!I-w)I.'([,x t - k )

L L L k! (t - k _ j)! r t - 2 ql-F-l .
t=o 1.'=0 )=0

We obtain after replacing in ~ he pre\'ious equation t - j by m t hat

Xl 1 1 ml (-..ùli.c:rl-I:)

L L L k! (rn - k)' xt-2 qm+l
1=01.'=0 m=k

Xl 1 1 C;;')(-..ù)kt.cxl-I:)

LL L xl+2qm-l
1=0 k=() m=O

Xl 1 m (Tn) (_ ,)k i.c I-k
~~~ 1 . -'-' ·.r )
L L L X~+2 q-n-l .
1=0 m=OI.·=()

Again, replacing m - k by 1 in the abovc cquation. wc obtail1

Dq,wS (.c)( x)

by (4.15): hCllCC thc proof of Proposition -1.1 is completr~. C\\-c gi·.·c -om(- C()I1'(~quenccsof the previous
proposition, alrcady gin'n in [Guerfi. 1983], [Salto. 1995], [:\1edem, 19'j6'.
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Corollary 4.1 The formai Stieltjes funetion S(L:) of a given linear funetional L: E jp" obeys the relations:

T",S(L:)

çq S(L:)

S(TwL:), S(Do.,L:) = DwS(L:),

S(Qq L:), S(DqL:) = DqS(L).

We announce another coroUar:-' of Proposition 4.1. This result has been given for the operators D, D q

and Do.' (see [Dzoumba, 1985]. :Guerfi, 1988], [~edem. 1996]).

Theorem 4.1 Let L: be a reg'U/ar linear funetional. L: belongs to the affine Dq.w-Laguerre-Hahn class if
and only if L: is Dq.w-semi-cla< ,ieal.

Praof: Suppose that L: i:o Dq,o.,-semi-classical and satisfies Dq'~'(cPL:) = '!/JL:, where cP is a non-zero
polynomial and '!/J a polynomi2.: of degree at least one. We first use Propositions 3.1 and 4.1 to compute
S(Dq,o. (cPL:)) and obtain

5(Aq...ADq,wL: + Dq,wcPL:)

.-1. q,wÇJS(Dq,wL:) + (Dq,,,- L:)6o..-iq,u.:o + Dq,woS(L:) + L:()oDq,w1>

.-1.q,wÇJDq,o.S(L:) + (Dq.o. L:Wo A q,o.' 0 + Dq,woS(L:) + L:()oDq,w1>.

Secondly, we use again Propos:cion 4.1 to compute S(L'L:) and we obtain

S('!/JL:) = 'L'S(L:) -L L:()o1f·.

Since Dq,w(cPL:) = '!/JL: and 1> is a non-zero polynomial, we deduce from the above computations that S(L:)
satisfies the affine Dq,w-lliccaL difference equation

1>(qx + ;;,})D;,..;S(L:)(x) ('!/J(x) - Dq.~.<p(x))S(L:)(x) + L:()o'1'(x)

-(Dq,,,- L:)()oO(qx + t.,') - L:()oDq,A(x).

Thus, L: belongs to the affine Dq,w-Laguerre-Hahn cl~s.

Conversely, assume that t:le Stieltjes functioll SI L:) of the regular linear funceional L: satisfies an
affine D q.,,;-Riccati difference t: wation

..-i(x)Dq,o.S(L:) x) = Bi x)5 i L:)(x + C(x).

where Band C are any polyn Illials and ..4 is a non-ZEcro polynomial. Using Propositions 3.1 and 4.1 we
obtain

S(.4(X)[, ;..;L: - B(I)L:)( r)

il :riS L:)(I) + C(x)

5 Erx L:)(I) - L:()oB(r) + C(x)

! Dq,",C )()o..-l.(x) - C()oB(x) + C(x).

The right hand-side of the pw;ious equation is a polynomial w:-lÎle the left hand-side is, by definition of
the Stieltjes function of a giFn linear functional. an infinite ('ln!e:os it vanishes) Enear combination of
{~. n EN}. Therefore. hoT:. sides of the previûus e/..juation "anisb and we ohtain

..-i(x) Dq,,,,,,L: - B(x)L: = tJ

and
(L/,..;L:)8oA(x) - L:()oB(x) +C(X) = 0 Vx E R.

Again. we use PrrJposition 3.1 (0 deduce that (4.16) i:o equivalent to

D qw(.-lq" "A L:) = (B - ~Dq" ,A)e.',- '! ,-

(4.16)

(4.17)

(4.18)

The previous cquation, used "ogcther with Lemma 3.1 taking :nto account the fart that A f:. 0, aUows
us ta concludc that the dpgrr·' of B + l D q" A is at :CiJ.jl one. Th~~n the regular Enear functianal C is(1 ,-

Dq,w-semi-classical. 0
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4.2 Dq,Lv.-Laguerre-Hahn orthogonal polynomials as Dq-Laguerre­
Hahn orthogonal polynomials

In this section we proye that the Dq,,,-.-Laguerre-Hahn orthogonal polynomials can be deduced from 1)q­

Laguerre-Hahn orthogonal polynomials by a change of yariable and then we give sorne consequences.

Theorem 4.2 Let 1:- be any regular linear functional, then we have:

i) 1:- is a Dq,w-Laguerre-Hahn linear functional if and only if .4a , l~. 1:- is a Dq-Laguerre-Hahn linear
functional. This means that the Stieltjes function S(I:-) of 1:- satisfies

ÇJ(qx +.-.) )Dq.~ S(I:-)(x) = G(x; q, w)S(I:-)(x).4q,wS(I:-)(x) + E(:r; q,w)S(C (x)

+F(x: q,I.•.:)A.q,.S(I:-)(x) + H(x; q, Lv·), (4.19)

where Il is aT'.y non-zero real number, rjJ is a non-zero polynomial, E, F, Gand H are polynomials
in the l'Uriable x, If and only if the Stieltjes function S(.4a ~I:-) of .4a --",--_1:- satisfies

'l-q '1-1

6(x: q, v..:)S(.ë)(x)Qq S(.ë)(x) + E(x: q. :,;)S(.ë)(x)

+F(x; q. :.J)QqS(.ë)(x) + H(x; q,w), (-1.20)

where ë= a- I .4a .7"""'-9. 1> = .4a.~<I> for <I> E {C E. F, G, H} .
• -q l-q

ii) Let 1:- be a Dq.w-Laguerre-Hahn linear functional satisfying (4.19). If {Pn}nEN and {l\}nEN ,ep­
resent the monic orthogonal families associated to 1:- and .4a ~I:-, respective/y, then we have the

'l-q

following ,esults:

- . ~

Pn(x) = a- n Pn(ax + --) 'Ix E IR,
1-q

- ----- Lv'
f3n(q,w, 6,E,F,G,H) = af3n(q,O.rjJ,E,F,G,H) + --,

1-q
2 -----

-(n('J,w, 0,E.F,G,H) = Il in(q,O.cjJ,E,F,G,H),

(-1.21)

where 3n. -"n· 3n Ilnd ':::'] (Ln coejicients of the three-term reCU1Tence relation satisfied by {Pn}nEfi and
{Î)n }nEN:

{

~n-'-] ~I : (.T =~n(q:.J, ~. IF, ~J~.1!))!n (X)_-:::,n(q,Lv'~ 6,_E,_F,_G,_H)!n._d x ), n ::::.0,
Pn~l 11 - (x 31l (q. 0, O, E, F,C, H)Pn(x) ·n(q. O. rjJ. E, F, G, H)pn-l (x). n :::: U,
P_ 1 ( •• ) = o. Po(x) = L P -1 (x) = 0, Po (x) = l.

Proof: :) w~ use the [(·latiün [Guerfi, 1988], [~Iedem. 1996]

.-ta ,-"'- Dq,_ = a-IVq.4a~,.4a ~ A q_ = Qq.4a -"'-, ql-l. a 1-0
l-q 'l-q 'l-q' 'l-q

and get

j( q:f + Lv·IDq,~.E(I:-)( x) = Gr x; q. :...:)S!I:-)(x).4q.wS(I:-)(x) + E(x: q, _)S(I:-)(x)

+F(x: 1/, ",,' Aq,c.. S(I:- (x) + H(J;; q,:.J)

~

.-1.,j'~q .'t,_ 6(x A.a, ,~. Dq,wS(I:-)(x) = G(x;q, ..J)Aa,,~.S(.c)(X)A'L':. AqwS(L:)(x)

+EI.f: fi, ",,' ,A". :~. S 1:-)( x) + F(x; q, ,.... )Aa. 1'::.. AqwS(I:-)(x) + if (I; r/ • ..J)

fI -] ç" A ... <. <P x) V 7 A a . ,'::.. S(L:) (x) = G(x: q. v.:)Aa, I~. S(I:-)(x) Qq A a, l~. S(L:)(x)

+ Er.c: q, ",,' ..1", : ~. S I:-)(x) + F(x; q, w) Qq A a , <. S(I:-)(x) + H(x: q. .:)

~

2J. q:r )1),/)1 .ë)(x) = ë(x: q, Lv' )S(C)(x )Qq 5 (f.)( x) + Ë(x; q.:.J )S!.ë)(l')

+F' r:q.",,·,QqS:.ë)(x) + if(x;q,..J),

(-1.22)

(-1,23)
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by the relation (4.8): S(Aq,w L) = A q.w S(L).
ii) Since the family {Aa, 1:" Pn}nE~ is orthogonal with respect Aa'l'::q L (see Lemma 3.2), we deduce

that Pn = a-n.-la --"'---Pn, thanks to the uniqueness of the monic orthogonal polynomial family associated
, l-q

to a given regular linear functiona1.
Since {Pn }nEN is orthogonal with respect to the linear functional L, it satisfies

Pn+l(X) = (x - 8,,(q,w. (j),E.F,C,H))Pn(x) - rn(q,w,o,E,F,C,H)Pn-dx),

where 8n(q, w, ctJ, E, F, C, H), ~',,(q, U-'. (j), E. F, C, H) are complex numbers depending on q, U-'. (j), E, F, C
and H.

After applying the operator A-a , 1 ='q to both sides of the previous equation, we obtain that

w
Aa,--"'--- Pn+l(x) = (ax + -- - 8n(q,u.;, (j), 0))Aa --"'--- Pn(x) - rn(q,w, 6,7I'H'a --='- Pn-l(x).l-q l-q 'l-q 'l-q

This lattel equation. used together with (4.21), gives

- w 1 - 1 -
Pn+l(x) = (x + - -r3n(q,u:.(j),V!))Pn(x) - ---;:;rn(q.w,o,'ljJ)Pn-l(x).

1 - q a a a-

We complete the proof of the theorem by identifying the coefficients of the previous equation with the
ones of the three-term recurrence relation satisfied by family {Pn } nEN, orthogonal with respect to the
Dq-semi-classicallinear functional A o . l'::q L

Pn +l (x) = (x - ~n (q, O. ~, 1.--,) )Pn (x) - in (q. 0,~,;J, )Pn - l (x). n 2: 0,

with ~ and -J; defined by (4.24. o

Rernark 4.1 Since the results stated in Theorem 4.2 are valid for any real number a =1- 0, 1L'ithout loss of
generality. we choose a = 1. In this case Al --"'--- = T --"'--- and we, therefore, get the following consequences:

'l_q l-q

Corollary 4.2 Let L be any regular linear functional, {Pn}"E~ an d {Pn }nE~ represent the orthogonal
families associated to Land T---,- L, respectively. Then, we have the following reslllts:

.-q

1. L 15 Dq,~ -semi-classical if and only if T,:'q L is Dq·semi-classical, i.e.,

Dq_(OL) = li; {::=;. Dq(;f>L) = /jJL.

u'hC'T'e 9 is any polynom:1l1 and 1,' Il polynomial of degree at least one, u'ith

- - (;.' - ""
L = T --"'--- L. ÇJI x) = rj;(x + --). Ô(l:) = v(x + --l-q 1 - q 1 - q

2, Th~ coefficients of the TTRR satisfied by {Pn}nEh and {Pn}nE~; are related by

- - - u-'
3n (q,"".(j),t-') = 8n(q,0. rj;, t') - --,

l-q

-In(q.""'.rj;,t-') = i,,(q,O.~,;:)),

(4.24)

ln- 8n and ~" are coefficients of the three-term rec urrence relation

{

~n+dx) : (x - ·~,,(q''';'9'~))~n(X) - ;n(q,W,!? 1;)I!n-l Îx), n ~ 0,
Pn+l(x) - (x - .3n(q,O,(j).1j;))Pn(x) - Yn(q,O,r/J.l.'J)Pn- 1 (x). n ~ 0,
P- l (x) = 'J, Po(x) = 1, P-tfx) = O,po(X) = 1

anri 0, C, given by (4.24 '

Prou:' The proof is sirni~ar to the one given for Dq,w-Laguerrr,·Hahn case. In particular, we have,

Ç=:::} T-=- Dq,w(c/d) = T-='- 1,; T --"'-- L
l-q 1-'7 1-'1

Ç=:::} Dq T-",- ((/iL) = T--=- l.JT-=- L
l-q l-q l-q

Ç=:::} D'I(T-='- cP T-"'- L) = T --=- 1) T~ C
I-q· l-q I-q 1-7

o



Chapter 5

Difference equations for the first
associated classical orthogonal
polynomials

5.1 Introduction

In this chapter we derive the single fourth order difference equation satisfied by the first associated of
the q-classical orthogonal polynomials. We giye this equation in the factored and simple form, we then
use Theorem 4.2 to deduce the single fourth order difference (resp. differential) equation satisfied by
the first associated of the classical orthogonal polynomials of a discrete variable and continuous variable,
respectiyely.
Although the main result of this section is contained in the general theory given in the next chapter, this
method is worth to be communicated because it uses the properties of the functions of a discrete variable
of the seconù kind [Suslov, 1989] rather than the properties of the Stieltjes function which are used in
the nex' chapter. Ir also allows us to have a factored aad simple form for ~ he fourth-order difference
equation anù to confirm the results obtained by the general theory.

5.2 q-classical weight

Let p(x 1 he a positive ,,·eight function defined on the interval 1 =]a. b[ and let {: be a linear functional
dcfined by

(C, P) =1P(s) p(s)dqs.

The mthogonality weight p (defined in the interval 1) is said to be q-clas5ical if P satisfies:

i) Thrre exists a monic polynomial family {Pn}nE~~' orthogonal with respect to P, i.e.,

ii) Th(~re exist two polynornials cP of degree at most t·wo and 1.. (jf degree one such that

with

59

(5.1)

(5.2)

(5.3)

(5.4)



60 .Chapter 5. Difference equations [or the nrst associated OP

Lemma 5.1 The [inear functional 12 represented by the q-classical weight p (see (5.1)) is Vq-classical
and satisfies

(5.5)

Proof: If Pis any element of IP', we use (5.1)-(5.4) and geL

1
-- (rjJL, Dl P)

q q

= -~! rjJ(s)ù ~P(s) p(s)dqs
q J '

-~ !(DdrjJi qs) p(qs) P(s)) - Dl (o(qs)p(qs)) P(s))dqs
q J q q

= -1 (Dq(rjJ(s' p(s) P(s/q)) + Vq(cjJ(s IP(s)) P(s))dqs

= -rjJ(s) p(s) P:s/q)l~ + 1'l.'(S)p(s) P,s)dqs

= 1'l'J(s)p(s) P(s)dqs

= (1/;12, P).

Hence, Dq(oL) = !/Je We complete the proof by remarking that {P,,}ne; is orthogonal with respect to
12 (see (5.2)). 0
The monic polynomials {Pn}nEN, orthogonal with respect to L, satisfy the second order q-difference
equation (see Theorem 3.1),

(5.6)

an equatioIl which can be written in the q-shifted form,

wi:h

rjJ"
-[n]q{ V,I + [n - 1h -2 },

q q

_ o(q'x), 1/;(1)::::: t!!(q'x), ti == t(q'x 1, t x) = (q - l)x.

5.3 Fourth-order q-difference equation for PT~~l (x; q)

TLe firs! associated P~~I(X;q) of P"-I(X:q) i,:,: a monic poIYIlorr~:al (,: degrce Tl - 1 definec1 by

P (l) .) = ~(r P,,(s;q) - P,,(x;q)) = ~ j P,,(s: (1) - P,,(x;q) ()d
n-l (x, q ,L, P s qS,

ÎO s - x ~ICJ J S - x

wherc -la is given by rO = (12,1) = Jp(s)dqs.
. J

Relarion (,5.9) can be rcwritten as

PJ('~l(X;q) = p(x)Qn(x:q) - Pnx:'l)p(x) Qo(x;q),

whcre
1 j P·l(s; '1) ,

Qn(-x;q) = ( (lsid;s.
~I'J px) J S - l'

(.S.8)

(5.9)

(5.10)



5.4. Applications

It is well-known [Suslm', 1989] that Qn(x;q) also satisfies Equation (5.6); hence. by (5.10)

[

(1) ( ) ]P1l - 1 x; q
Q2,n p(x) + Pn(x; q)Qo(x; q) = O.

61

(5.11)

In a first step, we eliminate p(x) and Qo(x; q) in Equation (5.11) using Equation (5.3) and Equation (5.6)
for Pn(x; q). This can be easily carried out using a computer algebra system-we used :\laple V Release
4 [Char et al., 1991]-and gives the relation

(1J(l) + u(1) td Q;,n-I [p'~~I(x;q)] = [eQq + fId]Pn(x;q), (5.12)

with

O'
~2,ll-1

e

f

cp 2) 9; - ((1 + q)1J(1) + 1/J(I) t l - Àn,o tî)9q + q (1J -,- 1/J t) Id.

(6~' _ '0 /) ((1 + q)cjJ(1) + 1/J(i) t l - Àn,o ti) t l ,

cjJ"-(2' - v') ((q + l)cjJ(1) + V(l) tIl t l ·

(5.13)

(5.14)

In a second step, wc use Equations (5.12), (5.13) and the fact that the polynomials Pn(x;q) satis­
fy Equation (5.6), again. This gives-after sorne computations with Maple "A-the operator Qrn-I
annihilating the right-hand side of Equation (5.12),

(cjJ(3) + 1/J(3) t 3)[q2 AI + (1 + q) cjJ(2) + 1/J(2) t2]9;

_[q3 AI (cjJ(2) + '1/)(2) t2) + A3 (cjJ(2) + q Adj 9 q

+qcjJ(1) [q2 A2 + (1 + q) cjJ(3) + 'lj.'(3) t3)]Id,

where A j = (1 + q)6 )) + '0U) tj - Àn •O t;'
\\"e, therefore, obtain the factored form of the fourth-order q-differencc equation satisfied by each

P~~I (x: q),

0" Q:i,n-I [p(1) ( . )] - 0
-2.n- I q2(q_1)2x2 n-I x,q - .

5.4 Applications

5.4.1 The first associated Little and Big q-Jacobi polynomials

For the Little q-Jacobi polynomials, p,,(x; a, blq) [Arca et al., 1998a],[Koekoek et. al, 1996]

)
x (x - 1) () 1 - a q + (abq2 - 1) X

cjJlX = ,1/J x = .
q q(q - 1)

and for the Bi>!; q-J acobi polp.omials, Pn (x; a, b, c: q) [Arca et al., 1998al,[Koekoek et. al 1996]

( .) )
X2 , () cq + aq(l - (b + c)q) + (alxl - l)x

Cl:J: = aeq - a + c x + -, 1jJ x = ,
q q(q - 1)

(5.15)

the constan t ,," - 2c" is equal t 0 2 (\-_a
l
b q). Therefore, the first associated of the Little q-J acobi polynomials

(resp. Big q-Jacobi polynomials) is still in the Little q-Jacobi (resp. Big q-Jacobi) family when a bq = 1.
Let tJ,,!aJilq) and ~rn(a,t.lq) ( resp. f31l(a,b,c:q) and 'Yn(a,b,c;q)) be the coefficients of the three­

tenn rpliiTioll (sec (2.18) sat:sfied by the Little q-Jacobi polynomials P1l(x:a. blq) and the Big q-Jacobi
polynorniiils P" (x: (I. b, c: q), r~spcctively.

Ir folln\\'s immec.iately frGm Lemma 7.1 that they obey:

f3 ( 1) 1 1 1,"" 1
11-1 a·-Iq =qa,31l(-,aq q), 'Yn+l(a,-iq) ==q-(j-~,"!-.aq q),

qa a qa a

(
1 1 1,) 1

tJn-l a. -,c;q) ==a.3n (-,aq,cq;q), ~rn+l(a,-.c;q)= a"'Yr,(·-,aq,cq;q).
qa a qa Il
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The previous equations used, together with (2.23), gi\'e:

Theorem 5.1 The monic Little q-Jacobi (resp. monic Big q-Jacobi) polynomials and their respective
first associated are related by

1
p~l)(xja, -Iql

qa

(1). 1 .P" (x,a, -,c,q)
qa.

n" (xli)a q p" - j --, a q q ,
aq a

"P (x 1 )a ,,-j-,aq,cq;q.
a a

(5.16)

(5.17)

5.4.2 The first associated 'D-classical orthogonal polynomials

Since lim Dg = dd , from Equations (5.13) and (5.14). we recover by a limit process the factored form of
g->1 x

the fourth-order differential equation satisfied by the first associated P~~1 (x) of the (continuous) classical
orthogonal polynomials P"-1 [Ronveaux. 198~],

QU': O'C [pl 1) ( )J - 0
2,1î-l-.e.'2,n-l n-l X - ,

with

. Q2, 11 -1 d
2

(' ) d (" , )
11m 2( 1)') '2 = 4>-d2 + 20 - 1/; -d + cf> - 1/; + À" Id,
g--+l q q -- -x x x

4
}( ) lim '2 Q2~";)\ .) = 0dJ22 + (4)' + 1/;)dd + (1/;' + Àn)Id ,
'f' X g--+l q \q -- -x- x x

where
_ . ' 4>" ,

Àn = hm ÀnO = -nl(n-1)- +1/;J,
g-I 2

5.4.3 The first associated Dq._-classical orthogonal polynomials

(5.18)

In this subsection we apply the result (jf TLeorem -1.2 to deduce the fourth-order difference equation
satisfied by the Dg.u..-classical orthogonal polVl:omials and then deduce the difference equation for cIassical
orthogonal polynomials of a discrete variable.

In the first step we replace in (5.15). the polynomials 4> (resp. 1/; and Pr~~1 ) by T,",-q4>, ~",-q{; and

T P-I) . 1 .
':q n-I' respective y. Le ..

_ . - " _c (1) . _ -(1).(; - T~Q, 1-. - T-=- U, Pn - I (x, q) -- T --"'- Pn - I (x, q. w)
l-q 'J-q l-q

(5.19)

and get an equation which Illultiplied by T-=-__ , taking into account (4.23) and Proposition 3.5, gives
1-·;

where

0'-
0"+ -'2.'1-1 [/>(1) (. )] -- 0
-2.n-l ((q __ l,X +..;)2 n-l x, q,w - ,

Q;~-1 = 4>:21 .-l;u. - ( 1 + q )~[I + Ü[I; fi -- À",o fi )Ag.-.I + q (4) + if;[) Id,

Q;~:-I = (Qy -+- 1..~[J f~ )[r/ .~1 + (1 ~ q) 6[21 + {;[21 t2]A·;,w

- [q3 .4:; (0[2 -"- 1..-:[2] H + X: (Çl[2: + q AI) J Ag,-.!

+q4>:t] [q2.4.~ + (l + q 4>::11 + 0[3] t3)] Id.

(5.20)

wit h the notations

, - -'- :;:2'" ".
Aj(x) =: AJ = (1 + qjo:J + 1,'/ tJ - À",o t j , oU] == Ç>(qJ X + w [jJg), 1/;U] =: 'ljJ(qJ x + w [j],,) ,

fj == qjT-~ t(x) = qJ ((q -- 1Jx +.-J, to == nx) = (q - l)x +w,
t=q
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Sinc~ {Pn}nEN is Vq-classical with respect to L (see (5.5)), it follows immediately from Theorem 4.2
that {Pn}nEN (v..·ith Pn(x;q,w) = T-w Pn(x;q)) is Dq,w-classical \Vith respect to l = T-w L, where

l-Q l-q

the linear functional l satisfies D q ,w(4Jl) = -J;l. Therefore (5.20) is the factored form of the fourth-

arder difference equation satisfied by the first associated P~~l (x; q. w) of the Dq_-classical orthogonal
pol.\·nomial Pn~l(X;q,W) ,

5.4.4 The first associated .6.-classical orthogonal polynomials

We obtain the difference equation satisfied by the first associated P'~~l of the pol."nomial of a discrete

\'ariable, Pn - 1 , orthogonal with respect to the classicallinear fUllctional.ë (with L satisfying 6.(~.ë) = J.ë)
[At akishiyev et al., 19S5], [Ronveaux et al. 1995a], [Foupouagnigni et al., 1995b] by limit processes
( lim Dq,w = 6.) :

q--+l, w--+l

where

and

Q*d
2.n-l lim Q;~-l

w--+l, q--+l '

(5.21)

Q**d
2,n-l

wit h the notations

(0(3) + -J;(3))(Àn - 24J(1) - 1/;(1) - 2~(2) - 1/;(2)) r
+[0(3) (2~(2) + 49(1) +21/;(1) - 2À n ) +0(2) (2~(1) + 1/;(1) + 0(3) - 2Àn )

+2 ~(l) (1/;(2) + 1/;(3) - Àn ) + (0(2) + 0(3))(0(1) - À11 ) + À n (À" - 1/;(1))]T

+O(1)(Àn - 2~(2) - 0('2) - 2~(3) - 1.!'(3))'Ld ,

cP(]1 == o(x + j), JJ(j) == tix + j), À n = lim ÀIlO = ~n (1/;' + (n - 1) ~2/1 ).
q--+ 1

The results given in this chapter (see Equations (5.12) aud (.5.14)), which agree \Vith the ones obtained
using the Stieltjes propertics of the associated linear functional [Foupouagnigni et al., 9Se19], can be used
for connection problems (see [Askey, 1965, 1975], [Askey et al.. 198-1], [Lewanowicz, 1995, 1996], [Godoy

et al.. 1997al [Arca et al.. 1995b]) , expanding the first associatcd Pr~~l in terrns of Pn , in the same spirit
as in [Lewanowicz, 1995]: and also in order to represent finite modifications inside the Jacobi matrices
of the q-classical starting family [Ronveaux et al., 1996]. \\'c have also comput cd the coefficients of
the fourth order q-differencc equation satisfied by the first associatcd q-classical orthogonal polynomials
appearing in the q-Hahn tableau. In particular, from the Big q-Jacobi polynornials, we derive by limit
processes [Koekoek et al.. 1996] the fourth-order differential (resp. q-difference) equation satisfied by the
first associated classical (resp. q-classical) orthogonal polynomials.

For the Little q-Jacobi polynomials, for example, the operators Qi,n-l and Q2~n-l are given below,
with the notation: v = q",

Q;,n-l [
2 ) 2 l ') 2qx (q x-l 9q-v- (-v-Cv+(rxabv +qx)9q

+ a (-1 + b q X) Id] ,
v- 1 q4 x 2 [qa(-l +bq 4x ) x

(q3 xabv + q3 xabv2 + q2 xv + II - qv - qWI - V - av)9~

V- 1 (q5 X2 + av2 + qv2 _ q2 xv2 _ q3 Ial)//3 + (/ x 2a2b2 v 3

q3 xa2bv 3 - q"xabv3 + q2a'2 v 2 _ (/,xabv 2 _ q5 xa2bv 2 + q2 av2
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lxa2bv 3 - q2 xav - q4 xav - q2xv - q4 xv - q3 xav + q5 x 2v

q3 xv + q7 x 2a2b2 v 4 + q6 x2abv _ q4xa2bv 3 + qa2v 2 _ q2 xav2

+ 2q6x 2abv2 + q6 x 2abv 3 + 2qav2 + v2 - q4 xabv 3)'Tq

+ (-1 + qx)(q4 xabv + q4 xabv2 + q3 xv + q3 x - qv

qav - v - av)Id].



Chapter 6

Difference equations for the Tth
associated Laguerre-Hahn
orthogonal polynomials

6.1 Introduction

Using the properties of the Stieltjes functiOll of a giyen Laguerre-Hahn linear functional, we derive the sin­
gle fourth-order difference equation satisfied by the rth associated Dq-Laguerre-Hahn orthogonal polyno­
mials [Foupouagnigni et al., 1995d, 1995e]. We deduce by the limit process, lim D q = dd , the four th-order

q--+ 1 x

differential equation satisfied by the rth associated D-Laguerre-Hahn orthogonal polynomials [Belmehdi
et al., 1991].

\1oreover, we use Theorem 4.2 to give the founh-order difference equation satisfied by the rth associ­
ated Dq,w-Laguerre-Hahn orthogonal POlYlloIllials. Then fol1ows, immediately, the fourth-order difference
equation satisfied by the rth associated 6-Laguerre-Hahn orthogonal polynomials [Letessier et al., 1996],
[Foupouagnigni et al., 1995b, 1995c].

6.2 The associated Dq-Laguerre-Hahn linear functional

6.2.1 The associated 'Dq-Laguerre-Hahn linear functional is a 'Dq-Laguerre­
Hahn linear functional

Theorern 6.1 (Foupouagnigni et al., 1998e) The associated of any integer order of the regularlinear
functional belonging to the Dq-Laguerr'e-Hahn class belongs to the Dq-Laguerre-Hahn class.

The proof of the aboye theorern is giYCll lJy induction on the order of association using the following
proposition.

Proposition 6.1 (Foupouagnigni et al., 1998e) Let ( be a given regular linear functional; (Ir) the
associated of order r of ( and Sr(= s(((r))) the Stieltjes function of ((r).

If Sr satisfies the Dq-Riccati difference equation,

Q(qx)DqSr(x). Gr(x; q)Sr( x)Q"Sr(x) + Er(x; q)Sr(X)

+ Fr(x; q)QqSr(x) + Hr(x; q), r 2: O. (6.1)

where 1J is a non-zero polynomial and Er. F~. Gr and H r aT'e polynomials in the variable x depending on
q, then the same property hold.s for Sr+ 1 :

9(qx)Dq,w Sr+1 (x)

65
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with

+Er+1(x:q)Sr+l(X)

+ Fr+1(x: q)9q Sr+dx) -"- Hr-'-l (x: q),

Hr

fr
Hr

(qx - Jr)- - Fr,
fr

Hr(x - (3r)- - Er.
fr

Praof: Application of the V q -derivative rule

f(qx) fi x) .
V

q
(L) (x) = 9friX) - 9(X) _ g(x)Vq f(x) - f(x)Dq g(x)

9 - (q - 1)x g(x)g(qx)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

ta (6.21) gins

DqSr(x) = fr[1+D q Sr+1(x)]
(qx - 3r + 9 qSr+!(x)) (x - 3r + Sr+l(X))'

Using (6.21), (6.1) and (6.8), we obtain the Vq-Riccati difference equation for Sr+l

)
Hr

<f;(qx VqSr+1 = -Sr-r-! 9qSr+l
fr

+[(qx - (3r) H
r

- Fr ]Sr+! - [(x - (3r) ~r - Er j9qSr+l
fr Yr

-o(qx) + frGr - (qx - 3r Er - (x - 3r)Fr.

Identification of the pre\'ious difference equatioll with (6.2) complete:, the proof.

Remark 6.1 ese of (6.4 )-(6.6) gives the followmg ]iropaties:

i)

(6.8)

o

(6.9)

(6.10)

Hl" H r H r +1
Er+1Fr-'-1 - Er Fr = 0(qX) - + - H r Gr- (6.11)

-'r- fr

ii) Knowing polynomials cP, Eo , Fa, Gal Ho, :3" rllld Ino Tt 2: 0, wc can compute the coefficients Ei ,
Fi and Hi for ail i 2: 1 u.sing cqlLations (6·4)-16.6).

Note that the coefficients (3n and f11 of the titree-t'Tm reClLrrence relation (see (2.18)), for o Vq-semi­
dassimi orthogonal polynomzals of class one ar':' 'liVeT, by Theorem 8.1.

Let L be a rcgular Dq-Lagncrrc-Hahn linear fUilftional. By T~leorem 6.1, the rth associated of L,
[<r), belongs 1,0 the Dq-Laguerre-Hahn class and its St:dt.ics function Sr satisfies the following D q -Riccati
differencc equat ion

Qi!Jx )VqSr (x) Gr i x: fi )S, .r )9'r'J,· (X) + Er (x: q)Sr (x)

+ Fr(x:q)9~S,(x) + Hr(x;r;), r 2: 0,
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where 4J is a non-zero polynomial and Er, Fr> Gr and H r are polynomials in the variable x depending
eventually on q. The following proposition proves that the degrees of the polynomials Er, Fr> Gr and Hr

are bounded.

Proposition 6.2 (Foupouagnigni et al., 1998e) The polynomial coefficients Er, Fr, Gr and H r sat­
isfy:

deg(Hr ) ::; m - 1. deg(Er )::; m and deg(Fr )::; m, 1':::: 0,

where m is given by m = max{deg(Eo). deg(Fo ), deg(Ho) + 1}.

(6.12)

PraoE: For l' = 0, (6.12) holds by hypothesis. Suppose that (6.12) holds up to a fixed integer r.
Then using (6.4), we obtain

(6.13)

by the above hypothesis. Likewise, using (6.5), we have deg(Fr+1 ) ::; m. Finally use of (6.4) and the fact
that the last two inequalities of (6.12) hold for any integer 1', give

deg(Hr-d ...:... 1 = deg(Fr-"-l + E r+2 ) ::; m.

D

Corollary 6.1 Let L be a Dq -semi-classical linear functional satisfying

(6.14)

where 9 is any non-zero polynomial, 'l,.. a polynomial of degree at least one, and Er, Fr, Gr and H r are
defined by (6.1). Then the following properties hold:

deg(Hr ) < max{deg("IjJ), deg(4J) -1} - 1 \/1' E K

deg(Er) < :nax{deg(1jJ), deg(4J) - 1} \/1' E ~,

deg(Fr ) < max{deg("IjJ), deg(4J) - 1} \/1' E ~.

PraoE: We shall giw the proof by showing that

m = max{deg(Eo). deg(Fo l, deg(Ho) + 1} ::; max{deg("IjJ), deg«/J) - Il,

(6.15)

then use Proposition 6.2.
In faet, since L is Dq-semi-classical satisfying (6.14), we deduce from Theorem 4.1 that L is a Dq ­

Laguerre-Hahn linear functional and it s St ieltjes function 50 satisfies

where

Eo(x:q) = UrI) - DqÇ>(x),
Fo(x:q) = G01x;q) ==: 0,
Ho(x; q) = [J},)"IjJ(x) - (Dq L)80o(qx) - L80Dq 4J(x).

From (6.16) rcsults immediately

deg(Fr) ::; degrEo) ::; max{deg("IjJ), deg(<t» - 1}.

It follows from (2.11) and (2.12) that

deg(LBot0) ::; deg("IjJ) - 1, deg(L80Dq<t» ::; deg(<t» - 2.

(6.16)

(6.17)

(6.18)
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we assume

and deduce that

deg((Vq L)801J(qx) :::; deg(1J) - 2,

Tl

O(qI) = L 1Jl
Xj

j=oO

(6.19)

80 1J(qx)
n-l

"'. j~ Oj+1X ,

j=O

n-l

L6jxj
,

j=O

with

It tums out that

11-1

6j = L 0k+dVqL, I
k

-
j

).

k=j

- 1
9n-l = 4Jn(Dq L.l) = --1Jn(L,V;I) = 0,

q

then deg((Vq L)804J(qX)) :::; deg(4J) - 2.
Using (6.18) and (6.19), we deduce that

deg(Hol ~ max{deg(l!J), deg(1J) -1}-1.

It results from (6.17) and (6.20) that

TH = max{deg(Eo), deg(Fo , deg(E)) + 1} ~ max{deg(w), deg(4)) - 1}.

The pre\'ious equation, combilled \\"ith Pro;Josition G.2, completes the proof of the corollar~·.

6.3 Fourth-order difference equation

(6.20)

Through the following steps, wl' will show that the nh associated Laguerre-Hahn orthogonal polynomials
are solution of a single fourth-order linear difference equation with polynomial coefficients. To do this. we
shall need the follO\\'ing identities gi\"ing relation bel ween Sr and the associated orthogonal polynomials.

Lemma 6.1 (Sherman, 1933, Maroni, 1986a) Let L be a given regular linear functional,- {Pn }nE~;

the eorTesJ!on(Ling monie orthogonal J!olynomials satisfying (2.18),- L( r) the rth assoeiated of Land SrC=::
S(Ô r

))) the StiEltjes funetion of Ô F
),- then. we hat·'O

(6.21 )

u:here f3n and ITl are defincd ùt (2.18).

Lemma 6.2 (Dzoumba, 1985) Let L be a given regular linear functional; {Pn}nEf'.i the eorresponding

manie or·thogonal ;alynomials satisfying (2.18),- [(r the assoeiated of order r of L; {p~r; }nEM the orthog­
onal J!olynomial.5 assoeiated to [ir) and Sr ( = 5 (L< ri)) the Stieltjes funetion of L( r). Then. the follcJU'ing
identity halds:

(6.22 )

where f3n and ln are defiT/cd in (2.18).
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'Ve suppose that L is a regular linear functional belonging to the Dq-Laguerre-Hahn class, that 1:.<r) is

the rth associated of L, and that {PAr)}nE:'< is the family of monie polynomials, orthogonal with respect
to L( r). If Sr represents the Stieltjes function of L(r) , then by Theorem 6.1, for any integer r, Sr satisfies
a Dq-Riccati difference equation (see (6.1)). We first apply the difference operator Qq to (6.22) and obtain

9 (r+l) ç S ç p(r+l)
9

S _ _ q Pn + q n+r+l g n-I
q r - Î'r (r) (r)

9 q Pn+! + 9 q Sn+r+!çq Pn

Secondly. we apply the quotient mIe (see (6.7)) to (6.22) and obtain

(p(r) S p(r») (ç p(r) ç S ç p(r») Dg Sr
n+l + n+r+l n q n+1 + q n+r+l q n -::y;:--

(ç p(r+I)D p(r) _ 9 p(r) D p(r+l») Sq n q n q n+1 q n-I n+r+1

+ (9 p(r+I)D p( r) _ ç p(r)D p(r+l») ç S
q n-l q Tl-"-I q Tl q Tl q n+r+1

(9
p(r)D p(r+l) 9 p(r+I)D p(r») S 9 Sq n q n-I - q Tl-I q n n+r+l q n+r+1

9 p(r) D p(r+l) + ç p(r+I)D p(r)
q n+l q n q n q n+l

+ (9 p(r+l)ç p(r) 9 p(r+l)ç p(r) ) D Sq n q n - q n-I q n+1 q n+r+l'

(6.23)

(6.24)

Further, we replace Sr, Çq5r and DqSr , giyen by (6.22), (6.23) and (6.24), respectively, in (6.1) and
obtain after taking into account (2.24), the Dq-Riccati difference equation for Sn+r+l; an equation which
when compared with

Gn+r+I (x; q)Sn+r+l (x)9q Sn+r+1 (x)

+En +r+1(x; q)Sn+r+l (x)

+Fn +r+1(x; q)çq Sn+r+dx) + H n+r+1(x; q),

gives the following proposition:

Proposition 6.3 (Foupouagnigni et al., 1998e) The coefficients of the Dq-Riccati difference equa­
tion for Sn+-+I are given by

-"'«(IX) (ç p(r+llD p(r) _ ç p(r) D p(r+I»)
~, q n q n q n+l q n-l

-E p(r+I)9 p(r) _ F p(r)ç p(r+l)
r n-I q n+1 r n q Tl

+ H r p(r)ç p(r) + Î'rHr-1 p(r+l)ç p(r+l)
~. n q n+1 n-I q n ,
Ir Î'r-I

~«(Ir) (9 p(r)D p(r+l) _ ç p(r+I)D p(r) )
'p. q n q n q n-l q n+1

-E p(r+ ll 9 p(r) _ F p(r) C p(r+l)
r- Tl q n r n+ l 'dq n-l

+ H r p(r) 9 p(r) + Î'rHr- 1p(r+I)9 p(r+l)
-'r n+1 q n Î'r-I n q n--I ,

_A.(qx) (ç p(r+I)D p(r) _ ç p(r) D p(r+I»)
~, . q n q n+1 q n+ 1 q n

-E p(r+l)ç p(r) _ F p(r) ç p(r+l)
r n q n+1 r n+l q n

+ H r p(") ç p(r) + Î'rHr-1 p(r+1)ç p("+I)
Îr n+i q n+1 Î'r-I 71 q Tl ,

(6.25)

(6.26)

(6.27)
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where 7r n ,r is given by (2.24).

_Jo(qx) (9 p(r+l)v p(r) _ 9 p(r)v p(r+I))
'f' q n-I '1 n '1 n '1 n-I

-E p(r+1 19 p(r) _ F: p(r)9 plr+l)
r n-l q n r n q n-]

+ H r p(r)9 p(r) + rrHr-1 p(r+I)9 p(r+l)
n '1 n n-I '1 n-I '

Tr rr~1

(6.28)

\Ve combine (2.24) and (6.25)-(6.28) to obtain:

Theorem 6.2 (Foupouagnigni et al., 1998e) The associated polynomials obey:

E 9 P (r) F p(r)
- n+r+ 1 '1 n - r n

+ H n+ r 9 p(r) + rrHr-1 p(r+l)
~'n+r '1 n+1 rr-I n-I

(r+l) (r+l)
-En +r +19q Pn-I + ErPn_1

+ H n + r 9 p(r+l) _ H r p(r)
q n n ,

'n+r rr

F 9 P
(r) F: p(r)

n+r+1 '1 n+1 - r n+1

-H 9 p(r) + rrHr-1 p(r+l)
n+r+1 '1 n n'

rr-I

F 9 p(r+l) + E p(r+l)
n+r+1 '1 n r fi

H 9 (r+l) H r p(r)
- n+r+1 '1 Pn~1 - - n+l'

Tr

(6.29)

(6.30)

(6.31 )

(6.32)

Pra0[: We subtract the two equations obtained after multiplying (6.25) (and (6.28), respecti\"ely)

9 Ir) 9 p(r+l) dl'by qPn , '1 n+1 an 0 ltalll

- E 9 p(r) H 9 p(r)
Iln.r n-r+l q 11 - Îfn-l. r n+r q 11+1

_ Jo( ') (9 p(r)9 p(r+l) 9 pir) 9 p(r-I)) V p(r)
- -'f' qJ '1 n q n - '1 n+1 '1 n-1 '1 n

~ (9 p( rl 9 p(r+11 _ 9 p(r) 9 plr+I)) F p(r)
q 11 q n q n+l q 1l-1 r n

+ ('~ p1rl9 p(r+l) _ C p(") C p1r+I)) rrHr~ p(r+l)
':=fq n q n .lq n+l.lq n-1 n-I .

-'--1

Then use of the relation obtaincd hom (2.24)

9 P ,r)9 p(r+l) _ 9 p(r) 9 p(r+l)
q 11 q n q n+l q 11-1 - "n,T,

and the fact that
7r ll,r

1r71 -1.7"

rn+r

(6.33)

(6.34)

transform (6.33) in (6.29).

f ( ) ( () 1 ) b 9 P I r+l) 9 p(r+l) db'Again, wc multiply hoth sides 0 6.25 and 6.28, respecti\'c y y '1 n-l . '1 n an 0 talll
two cquations whir:h subtracted gin'

E 9 P (r+l) H 9 p(r+lJ
7rn .r n+r-'-I '1 n-I - 7rn -l.r n+r q n

__ Jo' .. ) (9 p(r)9 p(r+l) _9 prr) 9 p(r-I)) V p(1~1)
- 'f'~qx '1 n q Tl '1 n+l '1 n-I q n-l

+ (9 pi r )9 p(r+l) _ 9 p(r) 9 p(r+I)) E p(r+l)
q n '1 n q n+l q n-I r n-I

+ (9 p 1rl 9 p(r+l) _ 9 p(r) 9 p(r+J)) H r p(r)
q 11 q n ft 11+ 1 q n -1 ""fr n .

(6.35 )
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(6.37)

Then use of (6.34) transforms (6.35) in (6.30).
Equations (6.31) and (6.32) are obtained in the same \Vay by combining (6.26), (6.27) and (6.34). 0

For the sake of simplicity and uniformity we shaU present difference equations in terms of powers of
the operator Aq,w instead of Dq,w. This is possible because for q =1= 1 or w =1= 0, aU powers of the operator
Dq,O- can be expressed in terms of the powers of Aq,w and conversely. To do this we present the foUowing
lemma (proved by solving system of equations).

Lernma 6.3 The powers of the operators Dq,w and Aq,w are linked by the following relations:

D~,w A~,w = Id.

((q - l)x + w) Dq,w Aq,w - Id,

((q - l)x + wf D~,w q-I A~,w - [2]q q-I Aq,w + Id,

((q - l)x + w? D;,w q-3 A~,w - [3]q q-3 .-1~,w + [3]q Aq,w - Id,

((q - l)x + W)4 D:,w q-6 A~,w - (q - 1) [4]q q-6 .4;,w + (1 + q2)[3]q q-5 A~,w

_[4]qq-3 Aq,w +Id.

((q - l)x + W)3 D~,w q-10 .-1~,w - [5]q q-IO .-1:,~, + (1 + q2) [5]q q-~I A~,w

-(1 + q2) [5]qq-7 .4~,..: + [5]q q-4 Aq,O-' - Id,

A~,w D~,w = Id,

Aq,w ((q - l)x + w)Dq,w + Id,

A~,w q ((q - l)x + w)2 D~,O- + (1 + q) ((q - l)x + w)Dq,O-' + Id,

A;,w q3 ((q - l)x + w)3 D;.w + q[3]q ((q - l)x + w)2 D;,w + [3]q ((q - l)x 7 w)Dq,w + Id,

A:.w q6 ((q - l)x + w)4 D:.w + q3 (q - 1) [4]q ((q - l)x + w)3 D;...,

+q (1 + q2) [3]q ((q -1)x + -..:)2 D;,w - (q - 1) [4]q ((q - l)x + w) Dq,_ + Id,

A~.w qlO ((q - l)x + w)5 D~, ... + q6 [5]q ((q - l)x + w)4 D:.w

+q3 (1 + q2) [5]q ((q - l)x + ;..})3 D;,w + q (l + q2) [5]q ((q - l)x - Lv)" D;,_

+[5]q ((q - l)x + u.:) Dq.w + Id.

Rernark 6.2 If we take ;..} = 0, q f- 1 (resp. ;..) f- 0, q = 1) in the previo1Ls lem ma, we find the link
bet'Ueen the powers of the operators Dq and Qg (resp. Do- and Tw).

Theorem 6.3 (Foupouagnigni et al., 1998e) Let L be a reg1Llar linear f71nctional belonging to the

Dq-Lag1Lerre-Hahn class, L(r) the rth associated of L and {p~r)}nEI'i the family of monie polynomials,
orthogonal with respect to L(r). If Sr represcnts the Stieltjes f1Lnction of !:Cr), by Theorem 6.1, for any

integer r, Sr satisfies a V q-Riccati difference eq71 ation (see (6.1)). The associated ,polynomials p~r) satisfy

Dr,n [Pr;')] = Yr +1n- 1 [pl~~I)] , (6.36)

D- [p(r4-l)] ,-r [pcr)]
r+l,n-l n-l ==. r,n n ,

where the operators Vr,n, .,Vr+l,n-l' Dr+l,n-1 and A'r,n are given by

Vr,n = a2 Q~ + al Qq + aOId, '\·r+l,n-1 = al Qq +âoId,

Vr+l,n-1 =b2 Q;-I)IÇg +boId, A'r,n=bIQq +boI,j.

The coefficients aj, bJ, aJ and hj arc aefined as

(6.38)

(6.39)

a2 = K3 ,0(I\'I,1 K 7 ,1 - K 3 . 1 K"'.I!,
al = -K2,1 (I{3,0 K 7 ,1 + KI,o K 3,I),

ao = K 3 ,I(K2 ,0 K 2 ,1 + K 4 . 1 K("O),

al = K 4 ,1 (K3 ,0 K 7,1 + K I .o K 3,1 J,
ao = -K3 ,1 (K2 ,1 K 4 ,0 + K 4 ,1 Kou),

b';! = K 30 (I{I,1 K 7 ,1 - K 3 ,1 K 8 ,1)

bl = -K5 ,1 (K3 ,0 K 7 ,1 + Kl,o K3.I)
bo = K 3.1(K5 ,0 K 5 ,1 + K 4 ,0 KIl,Il
hl = K 6,dK3 ,0 K7 ,1 + KI,o K:1,IJ
bo = -J{3.1 (K5,1 K 6 ,0 + K 61 K 20 ),

(6.40)
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where the coefficients Ki,j are given below with the notations:

{
Ki == Ki,o(X; T, n, q) = Ki(x; T, n, q),
Ki,j == K;,j(X;T,n,q) = Ç~K;(x;T,n.q) = K;(qjx;T,n,q).

K = cj>(qx) E () l.' cj>(qx) - F ( . )
1 (q-l)x+ n+"+lx;q,r,2=(q_l)x rx,q,

K
3

= Hn+r(x; q) ,K
4

= { Ir Hr~:~~:q) ~f T ~ 1

In+r la Go if r = 0

K cj>(qx) +E ( . ) l.( = _ Hr(x;q)
5 = ( ) r X, q , r 6 ,

q-lx ~

K- = cj>(qX) () K = _ Hn- r+1 (x; q)
, ( 1) - Fn + r + 1 J'; q, 8 Ir.-,-r+1 _ .

q - X 'n+r+1

PraoE: Use of the relation

(q - l)xVqP(x) = ÇqP(x) - Px) VP E lP'.

transforms relations (6.29)-(6.32) in

(6.41)

(6.42)

KI çq p,;r)

K ç p(r+l)
1 q n-I

]" ç p(r)
\7 q n+1

K- e p(r+l)
,'::Iq n

]( P (r J( ç p(r) . Tf p(r-I)
2 n + 3 q n+1 --:- r,4 n-I ,

K- p(r-I) + K ç p(r-I) + K p(r)
o n-I 3.; n 6 n ,

K p(r + K ç p(r) --l- K p(r-I)
2 n-'-I 8 q n ' 4 n ,

y p(r-I) + r (; p(r-I) + K pir)
\5 n \.8'::1.; n-I 6 n+l'

(6.43)

(6.44)

(6.4.5)

(6.46)

where K) are given by (6.42).

In the first stt'p, we solve equatiolls (6.-13) and (6.-14) in ,erIn:" of çq Pn11 and çq Pr~r+1 i and obtain

l.' ç p(r J' p(r l.' p(r+l)
(ri 1\1 q n - \2 n -H4 n-Içq Pn - I = --:....----J,---'------­

\3

_ J'. p(r-I) _ J( p(r)
\'J 71-: 6 n

In the second step we apply the operator çq TO buth sicles of (6.45) and (6.46) and get

(6.47)

J ' ç p(T J' ç2 p('-' K ç p(r+l)
\2.1 '1 T1-\ + \8,1.; n + 4,1 q n ,

F ç p(T-11 Jr (;2 p r+1 l.' ç p(r)
1\,'},1 '1 TI -,- \8,1 ""q -,-1 + H6,1 q n+l'

Then, we replace çq P~~: and Ç'I p,;r+l giyr~n !J,. (6.47) a.'1d (6.48) respectivel)", in the two previous
equations and obtain

ç 2 pir+1
IJ 11

(6.49)

(6.5U)



6.3. Fourth-order difference equation

In the third step \ve apply the operator 9q ta both sides of (6.43) and (6.44) and obtain

73

](1,1 9~ p~r)

]( 92 p(r+1)
1,1 q n-I

I -- , p(r) }( 92 p(r) ]( 9 p(r+l)
\'2,liJq n + 3,1 q n+1 + 4,1 q n-I .

]{_ C p(r+l) +]( 92 p(r+l) +]( 9 p(r).
",1 -q n-I 3.1 q n 6.1 q n

Finally, usc of (6.49) and (6.50) transforms the two previous equations in

](3,0(](l,l h-7 ,1 - ](3,1 K s,d9; PAr) - ](2,1 (](3,0 ](7,1 + ](1,0 ](3.I)9q p~r)

+](3,1(K2.L ](2.1 + K 4 ,1 ](G,O)p~r) =

](4,I(K3 ,0 K 7 ,1 + ](1,0 h'3,dÇq PT;~~l) - ](3,d K 2,1 ](4,0 + ](4,1 K5,0)P~~~I),

K 3,0(KI ,1 K 7 ,1 - ](3,1 }\'s,d9; p~~~l) - ](5,1 (K3 ,0 K 7 ,1 + KI,o ]{3,d9q p~~~l)

+K3 ,1 (I{5.C, ](5.1 + K 4 ,0 K G,l )p~~~l) =

](6,1 (I{3,0 ]Ù,l + KI,o ]{3,dÇq p,\r) - ](3,1 (](5,1 ](6,0 + ](6,1 ](2.0)P~~~1).

thus the proof of Theorem 6.3 is complete. D

After proving Thcorem 6.3. wc ha\'e no\," ail ingredients to derive the single fourth-order difference

equation satisfied by PAr).

In fact, wc apply the aperator 9q to bath sides of (6.36) and eliminate 9q 2p~~~1) in the equation
obtained, by using (6.37) a~d obtain

C 9 3 p(r)
3 q Tl

with polynomials c) and c) gi\'en by

+ C29 2 p(r) + CI 9 p(r) + r'n p(r)
q n Q n '--V 11

_ 9 p(r+l) + - p(r.J- 1)
CI q n-I Co n-I , (6.51)

C,3 b2a21, C2 =b2 a 1,1, Cl =b2aO,1-b1âl,l

c) -bOOI,I, CI = b2o O,I-bl âl,l, CD = -/iOOI,I.

where Xi.) = 9~Xl for Xi E {a;.b;,o;,b;}.

TIy the same proccss, ',,'C apply the opcrator 9q to both sides of (6 ..51) and eliminate 9 q 2 p,;~~l) in
the equation obtaiIlcd. by 'Jsing (6.37) and get

with

9 'p(rdl q' n + d 3 9 q 3 PAri + d 2 9 q 2 p:,r) + dl 9 q p~r) + do p~r

d- 9 p(r+1) + d- p(r-I)
1 q n-I 0 n-I , (6.52)

d 4 b2 b2 ,l a 2.1, d 3 = b2 b2 . l au, d2 = b2(aO.lb2 ,1 - âl,lbi.l)'

dl (b l b 1,1 al,l - b1 ao,lb 2,d - b2 bo,lâl,l), do = (Ol,l bu - ao,1 b2,dbo ,

dl (b l bl,l al,l - b l ao,1 h,l) - b2 bo.1QI,I), do = (QI, 1 bl .1 - ao,1 b2,dbo .

Wc, thcreforc. dcducc froITe (6.36), (6.51) and (6.52) the following rcslllt:

Theorem 6.4 (Foupouagnigni et al., 1998e) The associat~d polynomials p~r), for any integern and
for any intcgcr T. sati.sfies the single fo urth-order differencf; eqlluliort

92 p(r) 9 p,(r) pIT)
Q2 q Tl + al q n + Uo n

9 3 pi r ) 92p(r) 9 p(r) p(r)
C3 q n + C2 q Tl + CI q n + Co Tl

d 94 p(r; + d 93 p(r) + rI 92 p(r) + d 9 p(r) + ri p(r)
4 q Tl 3 q Tl 2 q n IqTl Url

al ao

CI Co = 0,

dl do
(6.53)
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which by Lemma 6.8 can be written in the two different forms:

..l

" I· ( .' ('j p(r) ( ) - 0~ J r,n,q,xJ!:f q n x - ,
j=O

L I;(r,n,q;x)D~p;,r)(x) =0.
j=O

where I j (r, n, q; x), I; (r, n. q; x) are polynomials in the variable x and dependin 9 on r, n and q.

(6.54)

(6.55)

6.3.1 Fourth-order differential equation for p~r)

We deduce from the previous results and by the limit process, lim D q = : ' the fourth-order differential
q--71 .I

equation satisfied by the nh associated orthogonal polynomial of the D-Laguerre-Hahn class [Belmehdi
et al., 1991]. Moreover, we recoYer relations used in [Belmehdi et al.. 1991] to der ive the fourth-order
differential equation satisfied by the rt!: associated D-Laguerre-Hahn orthogonal polynomials.

From (6.55) and by the limit proce~s "'e get

4 .

L I;(r, n, 1: x) dd
x

J
p~r)(x) = 0, (6.56)

J=O

where I;(r,n.l;x) = lim I;(r,n,q: x).
Q--71

To compare more easily the equations obtained from (6.29)-(6.32) by this limit process with those
given in [Belmehdi et al., 1991], we state the following lemma:

Lemma 6.4 If Er(x; 1), Fr(x; 1) are the limit when q -t 1 of Er(x; q) and Fr(x; q) respectively, we have

E n+ r+1(x: 1) - L(x: 1) = F1l +r+1(I; 1) - Fr(x; 1) Vn E N.

Proof: \\'c shall pro\'e the le:lIma using the relation

easil~' derin:cl by limit process frOI:l (6.~).

In facto use of the previous relation gin's:

n

(6.57)

E n - r +1 (:r: 11 - Er(x: 1) L E]+r+l lx: 1) - EJ+r(x: 1)
)=0

n

c
When we take the limit of equations (6.29)-(6.32) as q -r 1, we obtain, taking into accouIlt the previous
lelfllna [\lagnus. 198{, [Dzoumba. 1985] [I3clmehdi et al., 199,r,

dJ 5!.-. p( ri
dI n

d p(r+ll
o dx n-l

d p(r
dJ dI n-l

O~ p(r+:)
dx n

Cn - r- 1 + Cr p r; Dn+r plr) ~ D p1r+l)
2 '1 + _ 11+1 + r-l n-l ,

'n+r Ir-l

_ Cn- r - 1 - Cr plr_ll -'- D n +r p(r+l) _ Dr p(r)
2 n-l rn+r Tl TT n ~

C n +r - 1 - Cr pl-) _ D plr) +~ D p(r+l)
2 T1-1 7!+r~1 Tl '"' T-l n ,

Ir-l

C n+ r - J + Cr pl-+l) _ D plr-l) _ Dr plr)
2 r. n+r-l n-: Ir n+l'
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where the polynomial coefficients CT and DT are given by

75

(6.58)

;\iotice that the previous four differential equations, already known earlier [Magnus, 1984]. [Dzoumba,
1985], are exactly those which allo,," Belmehdi et al. (1991) to deriye the fourth-orcler differential equation
satisfied by the associated orthogonal polynomial of the D-Laguerre-Hahn class. The coefficients CT and
DT, for the associated D-classical orthogonal polynomials, are giyen by

where c/J and 'U are the polynomials appearing in the Pearson differential equation satisfied by the regular
linear functional L: D(c/JL) = 'UL, with

6.3.2 Fourth-order difference equation for the rth associated Dq.w-Laguerre­
Hahn orthogonal polynomials

We deduce the difference equation satisfied by the associated Dq,w-Laguerre-Hahn class from Theorem
G.4.

Consider L a Dq-Laguerre-Hahn linear functional and {Pn}nEN the corresponding family of monic

orthogonal polynomials. Let PAT) and ,LCT) be the rth associated of Pn and L, respectiyely. The Stieltjes
function ST of !:CT) satisfies (6.1):

c/J(qx)DqST(x) GT(x; q)ST(X )QqST(X) + ET (x; q)ST (x)

+ FT(x; q)QqST(X) + HT(x; q), r 2 0,

where 0, ET' FT, GT and HT are polynomials in x and depending on q. It fol1ows from Theorem 6.4
that p~T) satisfies the fourth-order q-difference equation (6 ..54) where the polynomials I j (r, n, q; x) depend
on the polynomial coefficients c/J, Er, FT, GT and Hr. To be more explicit, we denote Ij(r,n.q;x) =
IJ {,., n,q: x; c/J, ET, FT, GT, R T).

It results from Theorem 4.2 aLd Lemma 2.5 that the polynomials {Fn }nE~;' ,,"ith Fn = T~ Pn, are
1-q

orthogonal "'ith respect to .è = T-='- Land that the Stieltjes function Sr of .è(r) satisfies
i. -q

~(qx + w)Dq,,- sT(X) Gr(x;q,W)ST( x).4.q,", ST (x) + ËT(x; q. c..!) sT(X)

+ FT(x;q,w) ..J.q..,sr(X) + HT(x;q,..v), r.~ 0,

,,"Lere ~ = T~c/J. and <Ï>(x;q,..v) = T-=-<I>(x;q), <1> E {ET.FT,GT.HT}.
l-q 1-1

\\'e state the following

Theorem 6.5 The rth associated p~r) of the polynomial Pn satisfies the fourth-order difference equation

4

L IJ(r.n,q,w;x) ..J.~..,p~r)(X) =0.
,'=0

(6.59)

whrre the polynomial coefficient IJ r, n. q, w; x) dependln'j on 6, Ë r, FT' GT, HT and denoted IJ (r. n, q, ,..:; x) =
I%(r. TUJ.w;x;Ô,Ër,FT,ëT,H,.J, Gre given by



76 Chapter 6. Difference equations for the rth assocÏated OP

PraoE: We replace in (6.54) p~r) by T~p~r), i.e.,
l-q

p(r) = T~p(rl.
n 1-q n '

and obtain an equation which multiplied b~' the operator T~ gives
l-q

4

"T-w Ij(r.n,q;x)T~ÇtT..~.p,\r)(:r) = o.
~ 1-'1 l-q l-q

j=O

We therefore use the relation (4.23): T,-_w
q
çt T ,: q

= .-1tw to transform the previous equation in

4

L w. -(1')
I J (r, n. q; x - --) AJq u: Pn (x) = O.

1- q ,
j=O

We complete the proof by identifying the coefficients of A~.-,-, p~r) (x) in the previous equation with the
ones of (6.;)9). 0

6.3.3 Fourth-order difference equation for the rth associated ~-Laguerre­

Hahn orthogonal polynomials

From the fourth-order difference equation satisfied by the rth associated orthogonal polynomial of the
Dq,~.-Laguerre-Hahn ciass, we deduce, again, by the limit process the fourth-order difference equation
satisfied by the rth associated orthogonal polynomial of the ~-Laguerre--Hahnclass [Foupouagnigni et
al., 1998b]

4

" l'::''(r n' x) Ti p(r1(x) = 0L....) , , n' 1

)=0

with
If'(r,n:.r:) = I.::n IJ(r.TI.q,w;~·;o,Er,t"è-,Ît).

t.:_~ q-+l

6.4 Application of difference equations to classical situations

6.4.1 Coefficients Er, Land Hr for classical situations

Here we suppos<:c that the rcgular lirwar fU:lCtional L satisfi.'s the 'Dq-Pearson linear functinnal equation,
'Dq (0 L) = 1..' L, where rP is a polynomial c·f degree at mas! two, and LJ is a first-degree polynomial gi\'en
by

rP(x) = 02 x2 + OrX +01, C.·(I) = l/Jl x + ~!'O, 11..11(1031 + 192 + \01\ + 1001: i= o.
lt follows from Proposition 6.2 tl:at H r is constant and Er and Fr are polynomials of degrœ at most one.

Let us compute first polyno:nials Er. Fr, and ~{~ in terrilS of 0 and W. The first 'D 7 -derivative of

(6...1). (6.5) and the first and second Dq-dqi\'atiw of 16.6) giw, respecti\'ely,

Hr
q ---::: - 'Dq Fr, T 2: 0,

Hr
~ - 'Dq Er, r::: 0,
Ir

-q9q Dq 0 - ((lI - /3,./'D" Er - ('IX - /3,./D q F,.
I-/,.

+(1- q)(qx - /3, )~, r 2' (J,

'1'
, Hr ·)+ DqF~ =q~ -Q-rjJ;2, T >(J.,,.

(6.60)

(6,61)

(6.62)

(6.63)
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In the first step, we solve equations (6.60), (6.61) and (6.63), taking into account the initial conditions

(6.16)

Ho(x, qi = .ceo~·(x) - (Dq.cWo1>(qx) - .ceoDq'!/J = ('!/JI - 92ho,
Dq Eo(x. q, lC) = 0' - D;o(x) = J/JI - (1 + q) 1>2.

Fo(x,q) = O.

and obtain [Foupouagnigni et al., 199Se]

(6.64)

In a second step, \ve compute the coefficients Er and Fr using (6.62), (6.64) and the equation übtained
after iterating (6.9):

r-I H
k

Er - Fr = ((q - l)x) L - -'- V - Dq 1>
k=O "'fk

and we get huge expressions for Er and Fr. Finally. use of Maple V.4 and the simplification procedures
for q-hypergeometric terms de\'elopped in [Boing et al., 1995: allow us to have readable expressions for
Er and Fr [Foupouagnigni et al., 199Se] ,

Er(x;q) = ((qr_q2)1>2-qrvI(q-l))((qr_q)(qrxq-qrx+xl-x·q)1>2 (6.65)

+ (q -1) (qr - q) 01 + qr (q - 1) (qr xq'l'I + q00 - qr X '!/JI -1/'0)) j

(q _ 1)2 ( qr _ q) (qr + q) 92 + (qr)2 01 (q -1)),

Fr(:r;q) (-l+q") (f/-q)(qrxq2_qrxq+xl-xq2)o/+ (6.66)

(qr (q _ 1 (gr _ q) rP) _ qr \q - 1) (qr X q2 1,.'1 - Uo q2 - qr X q t6 1 + q -UO)) 02

+ !/JI (qr)2 (q - If 1>tlq j(qr (q - 1)2((qr - q) (qr + q) 1>2 + (1()2 '!/JI (q - 1)) 1.

Remark 6.3 1. For q-classical situations, coefficients K,. K4 , ]((j and](8 (see (6.42)) are~onstant

w-ith respect to the ['aria ble x.

2. For r = 0, ](4 = 0, then it follou;s fram (6.40). (6.42) and (6.64)-(6.66) that (6.36) and (6.37) (for
r = 0 and for Vq-classical situatIOns) are. re5pective/y, equivalent to equations (5.7) and i 5.12).

:J vVhen the rcgular functronai .c is Dq-scmi-classical, K 4 = "'fo Go = 0 (for r = 0). This allows us
to olitain the factored form of the fOllrlh-order difference equation for the first associated Vq-semi­
c1a.5sical orthogonal polynoTTllals.

6.4.2 Results on general associated Vq-classical orthogonal polynomials

The coefficients 1)(1', TL, q; x) (sec (6.53)) can be compmed using the algorithm described in (6.21 )-(6 ..53).
But this iJlyol\"es hea\"y comput.ations due to huge expressions containing powers of q which ne€d t.o be
faf:tored. Ta él.\"oid these difficultil':'s, ,,-e again used ~1aple \'.4 to compute symbolically the coefficients
1) (1'. TL q: x) and ro simplify CfJmmon factors as was dfmc for the associated classical discre:e orthogonal
prJlyneJlIliai [Follpouagnigni et al., 1997c] to obtain

Theorern 6.6 (Foupouagnigni et al., 1998c, 1998e) The coefficients l)(r,n,q;x) of the
fourtlt-onlr:.r q-difJenT/te equation satisfied by tltt rth aS.5ocifJ.ted Dq-classical o1"t!w.fjonal polynomials are
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given by

14 K9,2(KlO,oKIO,I-KI2,oKI2,1)'

h K 10 2 (K 12, 0 (k2,3 KI 2, 1 + KI 3, 1) - K 10, 0 K 10, 1 (K'2, 3 + K". 2)) + K 9. 1 K 10, 0 K 12, 2 ,

h K IO . 1 (K IO ,2 (K IO .o I{IO, 1 + K 13 .0 - 1\'5,1 K I2 .0)

- K 9,1 KIO,o) - K 12 1 (K I2 ,2 K 13 .0 + k ll ,2 K I2 .0), (6.67)

h KIO,o K 12 ,2 (k2,2 1\12.0 + K I3 ,0) + K lO ,2 K 12 ,0 (Kg,o - K IO .o K lO ,1)'

10 K 9,-1 (K IO ,I K IO,2 - K I2 ,I K 12,2),

where the coefficients Ki,j are obtained J'rOm (6.41), (6.42) and

Kg(x)

K 11 (x)

K I3 (X)

K 7 (qx)K1(qx) - K 3(x)K8 (x), KIO(x) = Kï(qx) + Kdx).

= K 2(q,r)K2(x) + K 4 (x)K6 (x), K 12 (x) = K 2(qx) + K,,(x),

K 5(q.r)K5(x) + K 4 (x)K6 (x), K I4 (;1') = K,,(qx) + K 2(x),

with coefficients En, Fn, and H, given by (6,64)-(6,66).
1n

:'\otice that coefficients I j (r, n. q; x). are given in appendix III. for sorne Dq-classical orthogonal poly­
norn:als,

6.4.3 Fourth-order differential equation for the ,-th associated D-classical or­
thogonal polynomials

From the relation lim D q = dd and by the limit process, we recO\'er using :"1aple \' Release 4 the fourth-q-> 1 x

orde:- differential equation satisfied by the 'l'th associated classical continuous orthogonal polynomials
(see :Belmehdi et aL, 1991], [Zarzo et aL, 1993]) [Lewanowicz, 1993], [Foupouagnigni et al., 1998e]), This
equation is given in terms of the factored form of the fourth-order differential equation satisfied by the
first associated classical continuous orthogonal polynomials as already done earlier [Lewanowicz, 1995:.

(6.6S)

whc:-e

O(r,n,q;x) = L IJ(r,n,q;x ç~
j=O

and

witI.

OC. 1',71; :c)

(( T'. TI)

7/( T'. TI)

1 l' O(r,n.q;x)
lin .

20(x) TI(r, n) q->1 q2(q - 1)2x2

Q;~~Q;~n + (1- r)((n,r)Q~n'

(P , d ( 1/
2qJ-., + 3Q - - TL TL - 2)0 Id.

d:r- dx
((71 + r - 1)ô" + 2l/J'),

(n + 1)((n - 2'1' - 2)(1)'' + 2L").

(6.69)

Qi> and Q:;cn are giWIl by (5.1.3 and (5.14).

6.4.4 Fourth-order difference equation for the ,-th associated D.-classical or­
thogonal polynomials

\Vc first deducc the fourth-ordpr differcncc cqu<ition for the 'l'th associated Dq ...I-ciassical orthogonal
polynornials using Theorems 42 and 6,6, Ül('n (kducc the difference equation for the 'l'th associated
~-c~assicalorthogonal polynom:al hy th.. limit PWCf'è:i: lim Dq,u. = ~.

w-> 1 ,q-> 1
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We assume that {Pn}nEN, orthogonal with respect to L, is Vq-classical with L satisfying Vq(cPL) = '/jJL
where cP and 'IjJ are polynomials of degree at most t\\'o and degree one, respectively. The rth associated
p~r) satisfies Theorem 6.6. It yields from Theorem 4.2 and 6.6 that {Fn}nEN, with Fn = T-~ Pn,

l-q

is orthogonal with respect to l = T-~ Land l is Dq.",-classical satisfying D q ,,,, (1)l) = 1fl. where
. -q

;p = T-='- cP and 1[; = T-=,-~'. Again. we use Theorem 4.2 and 6.6 to conclude that the rth associated FAr)
l-q l-q

of the Dq,,,-,-classical orthogonal polynomial Fn satisfies the fourth-order difference equation

4

L Ij(r. n, q, w; x; 1>, 0) Aq,l./ FAr) (x) = o.
j=O

'''e, therefore, use the limit process to state the following:

Theorem 6.7 (Foupouagnigni et al., 1998c) Let Fn be the classical orthogonal polynomials of a dis­

crete variable associated with the linear functional f- satisfying 11(1» = ~f-. Then, the rth associated p~r)
of ?n satisfies the fourth-order difference equation

4

L If(r,n;x) T) p~r)(x) = 0,
j=O

u'here the coefficients If are given by

If K 9 ,2(KIO ,oK lO ,l -I{12,oKI2 .tl,
If' K IO ,2 (1(12,0 (k2. 3 K 12 ,1 + K 13, Il - KIO,o K IO ,1 (K2,3 + K 5 , 2)) + Kg, 1 Kw,o K 12 . 2,

If KW,I (1(10,2 (K10,0 K 10 . l + K 13 ,0 - K 5,1 K 12 ,o)

- Kg, 1 K lo .o) - K I2 ,I (K I2 ,2 K 13 .0 + kil, 2 K I2 ,0), (6.70)

If KI O. 0 K 12. 2 (k2,2 K 12 ,0 - K 13, 0) + K 10, 2 K 12, 0 ( Kg, 0 - Kw. 0 K 10, ], ),

I~ Kg, -1 (K IO 1/(10.2 - j{1~ lKu . 2),

v'ith the notation: Ki) == ~'ilx -'- j). Coefficients k j read as:

k,(x)

k lO (x)

k13 (x)

- - - - HJ-
rjJ(x + 1) + En~r+l (x), J..'2(X) = 6(x -+- 1) - Fr(x), k3(x) = ~,

~rn+r

{
l' fi r - 1 if r > 1 - - if

r ~,r-l -. k5 (x) = 4>(x + 1) + Er(x), k6 (x) = -~,
o lf r = 0 ~:r

J(x + 1) - Fn+ r+1 (x), ks(x) = -ifn+r+ l , kg(x) = k7 (x + l)k l (x + 1) - k3 (x)ks(x),

= k7(x + 1) - kdx), kil (x) = k2(x + l)k2(x) + k4(x)k6(x), k I2 (X) :::: k2(x + 1) + k;(x),

k5 (x + 1)1..:; (x) + k4 Ix)kr,(x). kl-l (x) = k;(x + 1) + k2 (x),

u'ith

Er(x, 0, v)
...J - -

lim Er(x - --. T-",-cP, T_",_ c')
~'-+I,q-+I 1 - q l-q l-q

(02 n - 202 + UI) x

+ (02 Tt - 2 ~2 + J};:) (1)2 71 2
-1>2 + ~I Tl + 1/)1 Tt - 1>1 + t/Jo)

2(n-l)92+ U I '

lim Fr(x - ~, T -",-1>, T --"'- 0)
:"'-+1.q-+1 1 - q l-q l-q

(P2 X Tl

- - -2 -2 2 -2 - - ~ - ~ -
_ Tl (0201 + 3 02 ~ !/J2 Tt - 44>2 Tt - 202 -01 - 92 91 71 + VI Tl 02 + 92 1:'0 - t/Jl <PI)

2(n-l)1>2 +Vl

...J -- - --
lim Hrlx - -1-' T-',,--!/J, T--",-v) = «2r -1)4>2 -l- vll1'r.

~·-+l.q-+I _ q l-q l-q
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ft should be mentioned that Er, Fr and H r are gi/'en by (6.64). (6.65) and (6.66), respectively. The
coefficients f3n, ~In are given in Lemma 7.1.

3"
- - - - - w
f3n (rP, l!)) = hm (/3n(T-"'- 0, T-"'- 'L') + --)

~'~),q--+) l-q l-q 1 _ q

~2 (0) + 2~Jl n2
- (1,-) + 2 6d (-'L-') + 02) 11 - ;;"0 (--0) + 262)

CL') + 262 Il) (2 (n - 1) 02 + Cd

= 1n(6,0) = lim Î"(T-",-~.T--,,,-::1jJ)
w'--+l,q--+l l-q 1-~

-((n - 2) (n - 1)4 6~
2 - 2 f? 7 - - - - -3+(4 (Tl - 2) (n - 1) rPo + (n - 1) 3 1p) n- + 2 Tl Uo - 8 '!/J) n - 4 '!/Jo + Ll '!/J) ) ) rP2 +

'. 2 -2 - ( 2 -;-, - -(-\n - 2) (n -1) <p) - 'L'dn - 2) ,11 - 1) 9) -r 4'!/Jdn - 1) (-3 + 2n) 90

+ (00 +;j;) n - 1.\) (n;j;o - 2 00 + 4-0) - ï 0) Tl + 3 L-:) n2))~~
- J -2 ~ - - -. - - ï 2 -

+(-'l')\n-l)(-3+211)9)-1)) -élL)n+3t')-J.tt'o+nuo+2u)n )rP)
-2 - - - 7 - . - 2 - -2 -;-., - 2 7 - --

+ v) (-6 + Lln) rPo + '!/J) (lPo - U) -1 - 1.)) )02 - '!/J) (n - 1) tPï - v) (1,:'0 +!/J) n -!/J)) rP)

+ 00 Cr)n / (( (2 n - 1) 02 + 'L-'d (i - 2 ~ 211) 62 --:-;j;) 2 (( -3 + 2 n) 62 + 0d).

~ - -
Relnark 6.4 The coefficients Jo (r,n,x), as ueU as opemtors Vr,n, .Vr,n. Dr,n and J\/r,n (see Theorem
6.3), are given in Appendix II for al! classical orthogonal polynomial of a discrete variable. They are
obviously deduced [rom those of q-classical case by Theorem 4.2.



Chapter 7

Three-term recurrence relation
coefficients for classical situations

7 .1 Introduction

\Ve describe the methad used ta compute the coefficients (3n and În for the Vq-classical case.
This method, already used in [Koepf et al., 1996] but for classical continuous and classical discrete

cases. consists to deri\'e from the second order difference equation satisfied by {Pn } nEN (3.54) a system
of equations satisfied by Tn .1 , Tn •2 and .\n.O [Foupouagnigni et aL, 1998a], then solve these equations and
deduce coefficients (3n and În'

7.2 Three-term recurrence relation coefficients for Dq-classical
situations

7.2.1 Coefficients Tn,l and Tn ,2

Let L be a Dq-classicallinear functional satisfying
Dq(c/>[) = 'cc. wh'?re 0 is of degree at 1:lOst t\\·o and 0 a first-degree polynomial i.e.,

It follows from Th~orem 3.1 that {PTl}.,c; satisfies

(i'.1 )

"in EN, (i'.2 )

\yith .\n,O gi\'en by (3..55).
l-se of the expans:ons (sec [Foupouagnigni et al.. 19~8a], sel' also (8.8)),

Tl

P ( ~ 7' n-j V n [] n-1
n X) = Ln.) x , qX = n q x

)=(

al1rJWS us to writp (7.:n as
n

L d n . j x n -) = Q.

;=0

\Vr; r ompute the first thrœ coefficients d,.. ) and otHain, with p = qn,

81

(7.3)
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(2l (- P + q) (- P + q2) cPl - 2 q3 P(q - 1) (- p + q) 'l/Jo) A(n)

+ 12 q4 P(q _ 1)2 >'n,O + 2 q2 (- p + q2) (q3 _ p) cP2 - 2 q2 P (q - 1) (- p + q2) 'If'1) B(n)

- 2 q4 (p - 1) (-p + q) 60

(q4 P (q _ 1)2 >'n.O + q3 (- p + q) (- p + q2) cP2 - q3 P (q - 1) ( - p + q) VI) A(n)

- q4 (p - 1) (- p + q) cP1 + q4 P(p - 1) (q - 1) Lia·

\Ye solve the equations dn,O = 0, dn,1 = 0 and dn,2 = 0 in terms of >'".0, Tn,1 and Tn,2 and get

(p - 1) (- cP2 p + P'01 - q P 'l/JI + cP2 q) = _[ ] (./, + [ _ 1] cP2)
( )

') n q 'PI Tl . l ,
pq-1- q q

(-1 + p) q (q - 1) (q - p) cPl - P q (q - 1f (-1 + p) 'l/Jo
(q - 1)2 (q2 92 - 'l/JI q p2 + 1fJI p2 - cP2 p2)

~ \2 q2 (-1 + p) (q - 1)3 (q + p) (q - p)2 00 cP2

_ 2 q2 (-1 + p) (q _ 1)2 (_p + q2) (q _ p)2 cPl 2

-i- 2 q'2 P (- 1 + p) (q - 1) 3 (q - p) (- 2 p + l + q) Va cP 1

') ') 4 . ') 2. 4 2 /- 2 p- q- (-1 + p) (q - 1) (q - p) 'l/JI 00 - 2 p- q (-1 "7" p) (q - 1) (q - p) 'If'a )

( ) ( ) 4 ( 2 2 3· '») ( 2 ')" 2»(q + 1 q - 1 -'l/JI q p + 'l/JI p + (h q - 02 p- q 6 2- 'l/JI q p- + 1fJI p- - cP2 P .

7.2.2 Coefficients 13n and ln for Vq-classical orthogonal polynomials

(7.4)

\Ye use the fol1owing identities already given in [Foupouagnigni, 1995a] (see also (8.8)i

13n = Tn,1 - Tn+I,I, ~(n = T",2 - Tn+ l ,2 - (3n Tn,1

to compute the coefficients 13" 1 În and get:

Lemma 7.1 (Medem, 1996) The coefficients 3n and În of TTRR satisfied by the polynomials {Pn}nE"
(sec (2.18)), orthogonal with respect to the Dq-classical linear functional L, satisfying Dq(cPL) = 1{'L,
where Ô and u aT defined in (7.1), are given by.·

3 n ((]. ç\ L') - p( (- (q + 1) (-1 + p) (-q + p) ÔI - (q - 1) (- ,J q2 ~ q - q p + p2 ) '00 • cP2

- P (q - 1) (q + 1) (-1 + p) 1/)1 0 J - p2 (q - 1)2 ,_ '0 1/;1) /

2 2((-1+p)(p+1)cP2+p (q-1)LI)(-(-q+p (q+P)9'2-P (q-11/;1),

!,,(q,O,1/;î -(-1+p)((-p+q2)02- r q-1)pud(:-Q+p)2(q+p)2 00cP'/
2 ') ")+ (-q p (-q + p) cPl - - q (J 1fi - l' (-q + (J - ""'0 01

+ 2 p2(q-1)(-q+p)(q+p)Jj'100+q2 p2 q-1)2 L '02)02

_p2 q (q _ 1)( -q + p) 1}'1 OJ 2 - q p3 (q - 11200 1/;1 0 1

+ pl (q _ 1)21/;1 2 cPO) P q / W-If -0- (2) cP2 + p2 (q - 1) uJl x

((q - p) (q + p) cP2 - p2 (If - 1)ld2 ((q3 - p2) 6 2 - p2 (q - 1) 1/;d).

7.3 Three-tenn recurrence relation coefficients for D-classical
situations

7.3.1 Coefficients T,t.l and Tn ,2

If we denote by In,l and Tn.2 the coefficients Tn,1 and Tn 2 whcn t:-le linear functional L is D-classical

satisfying V( ÔL) = L'L, wc obtain Tn .1 and i n ,2 by lirnit process [Koepf et al., 1996]:

- . n(ln-1)cPl +çvJ)
Til 1 = Inn T" 1 = ,

, q-+I' 21T! - 1)(:>2 +1/):
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Tn,2 lim Tn 2
q--+,I '

1 2 2 2 (2n(2 (n - 1) 4>002 + (n - 2) (n - 1) QI + 1{!0 (n - 1) 2 n -- 3) <Pl

+ l'I (11 - 1Î 4>0 + '1/'02 (11 - 1))) /«(2 n - 3) 92 + ~'I) «2 n - 2) <P2 + l'l )).

1311 =

We, therefore, use (7.4) to deduce coefficients ~n and in and get [Lesky. 19851, [Koepf et al., 1996] ....

~n = lim 8
n

= _ (2 n (11 - 1) <PI - 21{!0) 02 + 2 <Pl 1{!1 n + 1{!0 1{!1 ,
q--+,l (1{!1 + 2 9211) «2 n - 2) <P2 + 1/.'1)

lim ~! n = - n (-1 <Po (n - 2) (n - 1)2 O} + (- (n - 2) (11 - 1) 2 4'/
q--+,l

-+ 4(n-l)(2n-3)t'Jl cPo+(n-2)1j;02)<p/+(-'L'I(n-1)(2n-3)oI2

+ (2 - 11) 1{!0 0 101 + (-6 + 5 nh'12<po + ~'021{!1) <P2

+1{!12 (-n + 1) <P1 2 - 'L'o <Pl 1{!12 + 90 1{!13) /

«(211 -1) <P2 + 1{!d «2 n - 2) 02 +01?(2n - 3) cP:.! + 1{!1 1).

7.4 Three-term recurrence relation coefficients for ~-classical

situations

We state the following:

LemITIa 7.2 (Salto, 1995, Koepf et al., 1996) Let {Pn}nE~ be a family of monic polynomials, or­
thogonal with respect to the !:>.-classicallinear functional f. satisfying ~(';f.) = Ji:. If Ô" and~" are the
coefficients of TTRR satisfied by {Pn}nEN, then, they are git'en by

~2(l~1 +201)112 - (l,jl-'-291)(-"j;1 +62)n-1f--'O(-~--'l +2~2)

(01 -t- 292 n) (2 (n - 1) 62 + "j;1)

~" = - ((n - 2) (n - 1) ~ ~~ x

~(4(n - 2) (n -1 )2~0 + (n - 1)2 (3,,]:1 n 2
- 211 00 - 81.-1 TI - 4~'o +5l~tÎ) 6~

2 ~.~ - ') - - -:-
-H-(n - 2) (n -1) Ç>ï - VI (11 - 2) (11 -lt91 +41;01 (11 -1) (-3 +2n)oo

+ (l\ + 0111 -;PI) (11"j;0 - 2L'0 + 4,,]:1 -7"j;1 n + 3"j;17!2))6~
- . -2 -- _ -;- -- - -- c 0--

+( -VI (n - 1) (-3 + 2 n) 01 - 1{!1 (-;:> lJl n + 3 'L'l - 2 Va + n wo + 2 th n-) 01
-0 _ c c -;- - .,. 2 - c2 ,-0 -- 2 -- - ----

+ 0ï (-6 + 0n)00 + VI (vo + 1{!1 n - vI! )<P2 -1;-'1 (11 - 1)4>ï -l'l (Jj;o + 'L'I n -VI) <PI

+ 60 J';r)n / (( (211 - 1) ~2 + ~'d « -2 + 2 n) ~2 + ùd 2 « -3 + 2 n; ~2 + ~'I)!'

The corresponding coefficients Tn,l and Tn ,2 are deduced by the same way !Koepf et al., 1996).
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Laguerre-Freud equations for the
recurrence coefficient of the
semi-classical orthogonal
polynomials of class one

8.1 Introduction

We a'isume that [ is a regu!ar !inear funniona! satisfying

wit h po!ynolllia!s ÇJ and u C;i ven hy

t p

61.r) == :2..» ,rJ
• l'(X == L~))xj. p?l, ic,tll1/'rl 1- o.

=(J ;=0

(8.1 )

(8.2)

\\'e SUPP(JSé tLat (8.1) is IF)t Il,dèlCibk ;ifl,l tha t t Il.' class 0: the linear functional [, ci([) is r:l( [) := s ==
ma.x{dcglo - 2.deg(1/J) -l}. {Pn }",:> which is a fami!y of monic polynornia!s orthogonal with respect
tn L satisfies the TTRR:

{
Pn+;(x) == (T- l3n )Pn(X.I -rnPr.-l(X),

porT) == l.Pj(XI == l - ')0,
n>1.

where .ln a:ld ln are corn[)~ex Humbers \,'i ~ h ~: n 1- ij Vn E ~.

\VheL L :s D, Dq or ~-cla.~sica!, rh.> coeffici'clHS Pn and -fn can he given explicit!:; :n tcrms of
polynomia/s (, and 1..' appe;irini'; in 18.1 (see the prc\'ious chapter).

nut i: [ i' D, D~ or .6,sl'n;Î-r:las~ic(tl .A class s > 0, it i" very difficult to gin; the codfici'·nts 3n and
-'JI expJic:t.!~; i:l tern:s of tl.(: pfJ1nl(JIIlia:s 0 and 1,).

\Ve Pf0jJ(j,e a n~ethod whir:L enahlps us to compute them recur"i\'ely when the linear Lnctiona! [
is Dq-sen.i-clé..'isica! of cla" 8 == 1. Then, we use Theorcm 4.2 to extend this resu!t to t !l<' .3.-classica!
(jrthogoIla! p<JiYIlolllia!s.

This :n.,tJ.0d ('or.:sists t j <1(':i';(' rwo nO:l-!iw'ar erluatiom satisrred by PH and ~:". ca!kd Lag'l(:rre-Freud
<:qllatiom.

84
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8.2 Starting the Laguerre-Freud equations

85

The initial form of the Laguerre-Freud equations is obtained by applying both sides of (8.1) to the
polynomials PnPn and PnPn~l, respectively

(Dq.w(QL), PnP,,) = (1jJL, PnPn),

(Dq,w(QL), PnPn+l ) = (1jJL, PnPn+I ).

Thea, we apply the "ules (3.6) and (3.12) to the previous equations and obtain

(L, OV1PnÇ1Pn ) + (L, qiV1Pn Pn) = -q (1jJL, PnPn ),
q q q

(L, OV1Pn + 1ç lPn ) + (L, qiV1Pn Pn+l ) = -q (1jJL, PnPn+l ).
q q q

The respective right-hand sides of the pre\'ious equations are given by

Lernrna 8.1 (Belrnehdi et al., 1994)

{
(?j'L, PnPn) = [v«(3n) + Q2(rn + In+dJIo,n,
(1j'L, PnPn+l ) = [1jJI + 1jJ2«(3n + (3n+dh"+1 IO,n.

PraoE: Using the three-term recurrence relation (8.3), we first deri\'e the relation

IO,n+1 = In+1 Io,n 'Vn E N

and then use it together with (8.3) to prO\'e the lemma. In fact, use of (8.3) and (8.7) give

(8.4)

(8.5)

(8.6)

(8.7)

l'sing (8.7) we obtain

I O.n + l (12. Pn+lPn+l )

(12. Pn+l «x - (3n)Pn - I"P,,-d)

(12. Pn+lxPn )

(12. Pn(P"+2 + (3n+IPn+ l + ~ln+lPn))

~(n+l (L, PnPn)

~(,,+l IO,n-

'ljJo (L, PnPn) + VI (L, xPnPn) + l/J2 (L, x 2PnPn)

'ljJoIo,n + 1jJl (L, (Pn+1 + (3n Pn + ~lnPn-dPn)

+'02(12. (Pn+l + (3n Pn + In P n_l)'2)
2 ')

'ljJoIo.n + 1jJl(3n IO.n + 1jJ2(IO,n+1 - .3nl o,n + ~';Jo,r.-d

['ljJ«(3n) + 1jJ2(rn + In+d]Io,n.

('lj.iL, PnPn- l ) = 'ljJo(L, PnPn+ l ) + 1jJI (L, xPnPn+l ) + 0'2 (L, x 2Pn-1Pn .,'

"h (L, (Pn+l + (3n Pn + InPn-1 )Pn+l )

+'ljJ2(L, (P"~2 + (3n+1 Pn+1 -;- In+l P1l)1 P"+l + (3n P n + InP,,-I))

'ljJllo,n+l + v2«(3n+do,n+l + In+l(3n)!r,.n

['l/il + 'Ij>2(t3" + (3n+dhn+lIO,n

o
Iri order to express ail terms of (8.4) and (8.5) in terrns of (3n and '·n. wc need to expand the polynomials
Pn in the basis {xn

}nEN with coefficients depending on (3n and ln'
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8.3 Intermediate coefficients

8.3.1 Coefficients Tn,j

Lemma 8.2 (Foupouagnigni et al., 1998a) Ail basic coeffieie1lts T"i in the expansion of

n

Pn (:r) = LTn,iXn-i
i=O

can be computed recursively f1"OTn the relations:

(8.8)

Tl,!

Tn .o

Tn+l,l

Tn+l. j

Tn+l,n+l

-Po,
l, Tl ~ 0,

Tn,l - 13n, Tl ~ 1,

T",j - ,8nTn,j-l --:-rnTn-l,)-2. 2:S: j :s: Tl,

-,3"T",n - ~fnTn-l,n-l' Tl ~ 1.

(8.9)

(3.10)

(8.11)

(3.12)

Praof: \\'e use the relation (8.8) and the three-term recurrence relation (8.3) to obtain

11 n-7"-l n 71-1

LT",iXn+l-i = LT"-'-l.iX"+I-i + f3n LTn,jXn-) + -'Il L Tn_l,kXn-l-k.
i=O i=O )=0 k=O

We replace the yariable j and k in the previous equation by j - 1 and k - 2, respectively, to obtain

n n+l n+l 11+1
LTn.iXn+l-i = LTn+l.i:rn+l-i + f3n LTn,j_lXn+ l -) + rn L Tn_l,k_2Xn+l-k,
;=0 i=O j=l k=2

an equation which is equivalent to

(T"+lO - T",o).r"+l + (T"+l.l - Tn,l + f3nTn,O)l:"

"
+ L(Tn+l,k, - T".k· + .1"T".k-l + I"Tn_ l ,k_'J:l;l!+l-k - Tn+l,n+l + f3nT",,,

k=2

+'nT,,-l,n-1 = O.

From the relation Pl = Tl ,0 :r + Tl .1 = :1: - ;30 , it follows that T1,o = 1 and Tl,1 = -Po. \\'e complete
the proof by idclltifying 1,0 zero al! codlîcients of the polynomial on the left hand-side of the preYious
equatioll. 0

Corollary 8.1 Using Lemma S,j, wc compute the coefficicnts I~,,) j = 0.3 as:

T,,+l,l -L (J" 11 ~ 0,
o Il

"L J,/J) - L'i' TL> l,
(J'/i< I:;'n i=1

"L d;/J)fh + L h,!J) + 3,-,)) +/JoLli
1).- 1'/J<k~ll 1~l<)~ll i=1

-L (j'-Ill' Tl> 2.
,.1

8.13)

Ail otlH'r tenus ("an b(· rOIll\lllll'd in tll!' Salll(' Wiry, but for c1as,'i S = l, (Jnly thcse 3 t(~nllS wil! 1)(' Ilsed.
Let us elIlphasise that tlu, t.\\., Il'rms T".l and T",2 ar~ a!rl'ady giV(~Il ill [Chihara, EI78]: thl' nJmpll­

t.atioll of the hip;!ler order codlicir'lllS allows 1,0 p;I'Ilerate Lagllerr<~-Freud eqllatiolls for iUlY arbit.ran· class
S > 1. TIH'se codficieIlt.s play t.Ilf' 1011' (lmt in a simpler way) (Ir t.lw Tl1rall determillallts illTro<!II('d in
[Iklul<'hdi et al., Elg4] showiIlP; Ill{' jlll('n·st. of Lap;llc!Te-Frelld l'ljllatiolls.
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8.3.2 Coefficients B~

The coefficients B~ appear from the action of the linear functional 12 on the polynomial x n +k Pn

n k (r n+k P )
11 == ~. X 11 ,

\\'ith the initial condition
B~ = (12, In Pn ) = (L, P" Pn ) = IO,n'

From the relation 0 = (L, PnH Pn .); k :::: 1 and (8.8) we deduce that

k

B k ~ T B k - i" = - L n+k.i n '

i=1

\\Te use the previous equation to compute, recursively, the coefficient B~. In particular, we have:

87

(8.14)

-Tn+l.1Io.n,

(Tn+ 1,I T n+2.1 - Tn + 2 ,2)Io .n ,

[Tn + 1,1 (Tn -'-3.2 - Tn~2.1Tn+3,1 Î + Tn+3.1Tn+2,2 - T n - 3 ,3] Io,n.

(8.15)

:\'otice that the connection between B~ and the coefficients G;\ introduced in [Belmehdi et al., 1994],

2n+k

x,,+k p (x) = ~ Cn+k p. (x)
n ~ J.n J '

j=O

is obviously
B k cn+kl

n = O,n 0,0·

8.3.3 Structure relations

\Ye 5rst recall the structure relation (3.84):

',+t-l

cPD~Pn = L E,nj Pj, , n > s.
)=n-5-1

with t = deg(o). E,n,1I-8-1 f::. 0, Tl > s + 1 and then ar,pl\' the linear functional 12 to both sides of the
equ,Hion ohtained when multiplying the pre\'icJus one b:.' Pj and gC't

TbC':l. u~illg (8.2). (8.14) and the pn'\'ious equation wc ;e\

(8.16)

E,n ) In.)

1 n

(L, Pj LOiX') L:n + 1 - k] ~ T n ,k-l xn
-

k
)

i=::O k=:
n-t-}

L cdq)(Lxkp;.1
k=O

n-i-l

L r·dq)(Lxkp~.1

k=j

n--t-l
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with

Thus,

n+I-1

L
i+)=k. i::;t. j::;n-I

<Pi [j + 1]1 Tn,n-j-I.
q

(8.17)

(8.18)
,,+1-1

çn,jlo,) = L Ck(q)B~-j.
k=j

Once (8.18) is derived, we are now able to compute the coefficients Çn.i in terms of 13n. rn and the
polynomials <P and 1/;, by using (8.2) (8.15) and (8.18). To be more precise, we assume that the linear
functional L is of class at most one, this implies that

3 Z

<p(x) = L<Pj xj, 'I/;(x) = L'I/;jXj ,
j=O j=o

with
(l<Pol + 1911 + [021 + 1>3)(1'1/;11 + l'I/;zl) # O.

\Ye use the method described above to compute the coefficients çn,j, n - 1 ::; j ::; n + 2 and get

ql-n {[n]q1>1 + [[n]q13n - Tn,tl<P2 + [[n]q(rn + In+1 + {3~)

+T~,I - 13n Tn.1- (1 + q) Tn,z]<P3},

ql-n {[n]q<po - Tn1 91 - [T~1 - (1 + q)Tn,2 + [n]qrn]92

-[-T~,I + (1 + q)TnZ - -In Tn,1 - [3]q Tn,3 + [n]q rn(Pn-1 + (3n )]63 }.

The search for ç,.. n-'2 req'lires the constant T,,; \\'hich is huge and needs hea\'y computation. To get rid
of this difficulty we. agaiIl, use (3.12), (8.1) an,:: (8.16) to get

hr,nec

çn,j IO,j == (oL,p] !J~Pn),
(OL, V~ :,·t,.~,p)p,,] - VIAq.wP) P,,)

. q

== -fl:V rJ( ~)L)~ QqP) PH) - q(</JL~ DqP) Pn )

-q(L. l .JqP) Pn ) - q(<pL, V 1 Pj P,,)

-q'c. ( .ç"p) + 6Dq P))Pn ),

It follo\\'s immcè:ately thdt

Çn,n-2 IO "-2 = -q('::.' q" -Z'C'2 + [n - 2]1<P3 )X" Pn ).

\\'e use (3.G3) au! 18. i) t') simplify the p:qm's-:(J:! of Ç".1l-2 and get

ç - . /( - , ,[ 2] 1J3) - ~(,."n.n-2 - --fJ /.2. Î- Tl - .1-- ,'Tl ,'n-l·
q q

Ir. t!IC saIllP W<1\. \\,P com;)ute <inut.il(:r r'xpn'.-< .Il for ç",n-J which we dCllote b\' Ç;:-,n-1

ç-; n-I IO."-1 = -11(C. (I,',-L, _ ['",,1 + 1JDq Pn - 1 )P"I

= - /1([, [(lIio + 1;>1 x - 1'"2:!: q"- 1 f
n- I + qn-z TH .. !.l :rn -"2

+(01 + OIT + o:;x"2 + 9:I ) :11 - l]"x n
-

Z + [n - 2;q T~,- .. I LTl-3)~p,,)

( ;;;.19



SA. Final [orm o[ the Laguerre-Freud equations

and get, after simplifications,

q[n - 1]'1 Î" T n,103 - q([n - 2]'11',,-1,1 + [n - l]qfJ"h,,<P3

-q[n - 1]qÎn 01 + q"~,,, Tn,11f;2 - (q1.,)l + q1f;23" + l'n-1,1 1hhn q"-l.

8.4 Final form of the Laguerre-Freud equations

We prm'e the following theorem which is the main result of this chapter.

Theorem 8.1 The coefficients 13" and În of the three-term recurrence relation

89

(8.21)

satisfied by the Dq-semi-classical orthogonal polynomials of class at m ost one, {PT!} nEN, can be computed
recursively from the two non-linear equations

{
(1f;2 + [2n]~ 1Jq3 )hn + În+d = Fdq,; (30,'" ,/3";Î1.· .. ,În),

(1f;2 + [2n + 1] ~ ~ )3n+1 În-1 = F2(q.; 130,' .. , 3,,; ~'l,··· , În+1)'

<Pj and 1f;j are the coefficients of the polynomials cP and 1f; appearing in the Pearson equation, Dq(<PL) =
WL, satisfied by the regular linear functional C FI is a polynomial of 2n + 1 variables and of degree 2
and F2 a polynomial of 2n + 2 variables and of degree 3, with the initial conditions

(8.22)

as

_ (L, x) / _ _ )
Po - (C 1)' 1fJ2 Î1 - 1f;(fJo·

PraoE: In the first step we use the structure relation (3.84) to transform Equations (8.4) and (8.5)

Ç","-2 (L, ç ~ Pn P,,-2) + Ç:,n-1 (L, ç ~ Pn Pn- I ) + (1 + q-n) Çn,n Io,n

= -q(C1f; P" P,,),

Çn+1,n-1 (L, ç1. P n Pn-1) -+- Ç"+I,n q-n Io,n + Çn,n-I IO.n+1
q

= -q(C1f;P" P,,+l).

In the second step we compute (L,Ç1. P" P,,-l) and (L,Ç1. P"Pn- 2) using (8.8) and get
q q

(L,Ç1. P" P"-l) (L, (q-n l'' + q1-" 1'",1.];,,-1) P,,-l)
q

(8.23)

(8.24)

q-" B~'-l + q1-n 1'",1 IO,n-l

q-n(q - I)Tn.1 IO,n-l,

(L (q-" l'' + q1-" l' X"-I + q:2-n T X"-2) P _?), n,l n,2 n ...

-"B2 1-" l' BI "~-Tl T lq ,,-:2 + q n,l n-2 + (r ".2 O,n-,"

III the t hird step wc use (8.6) and the prc\'ioll;; eqllations to simplify (8.23) and 1'3.24) and obtain:

211+1 ( 1 [2] cP3) ( [ 2 [2 ] (3:2 ( 2,,) (1'2 'J T )-q 1;12 + n 1. - În +~',,+I = q Tl qh, +q q+q ,,1 - .J" ,,1'/ q , ,

-(q + 1)(r? + q2")T",2]1>3 + [q"[2n:,f3" - q(q + q2n)T".d9:2 + q2[2n]q<i>1 + q2"-"-23;, (8.25)

+q2n (q _ 1)1h [qT~,l - q fJn 1'".1 - (1 + q)Tn.2]+ (/"-'--1 [q,3r. - (q - 1)T",rJ1/JI + q2"+2lj;o,

2"+1(.1 [2 1] <i>:l)~ '3 {33 (' 1)021'-q '1'1 + n + 1. -'n+1 J n+: = !" + q - !)n ,,:
'/ q

') 2
+[(q + 2h" - (q - 1) T,~,l + (q - 1) 1'n,2 + (1 + [2n + 1]'1)-".~rJf311 (8.26)

+[(l- I)Tn,1 + [3]'1 (:in -dÎll - 1',:;,1 - [(q + 2) 1'",2 - (1 + (/',+1 b,,+J! 1'",1 - [3]'1 T",3}Ç>3

+{(:i~ + (q - 1)(3" 1'",1 + (q + 1)~'11 + 1',~,1 - (q + 1) 1'".2 + [2T1 + l]qÎ,,~ddJ2 + (;'3" - T".dol

+[n + l]q<Po + l"~1 (:i1l~i"+ll.·2 - (l"( q - I)Î"-'--IT".I~'2 + q2" ",I În +I1/J1.
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The first initial condition is obtailJed by applying the linear functional L to PI = X - f30 while the second
cullles frolll the application of bath sides of (~.l) to the polyuol1lial ?o?o.

In fact, it follows from (8.1) that

The previous equation used together with (8.6) gives 'IjJ(f30) + ri 'ljJ2 = o.
We complete the proof of the theorem by saying that:

1. For any non-zero integer n, the coefficients 'l/J2 + [j] l .'hl., j = 2n, 2n + 1 of the right-hand sides
q q

of the two previous equations, thanks to the fact that the 'Dq-semi-classical linear functional C. is
regular (see (3.89)), are non-zero (except if 4J3 = 'l/J2 = 0).

2. The left-hand sides of the previous equations contain only constants, sums and products of coef­
ficients f3j and rj. Polynomials FI and F2 are obtained by replacing Tn,j, j = 1,2,3 in equations
(8.25) and (8.26) by (8.13).

o

Notice that we can also obtain the second Laguerre-Freud Equation (8.26) by identification of the two
expressions Çn,n-I and Ç~,n-I'

Equation (8.25) gives, linearly, rn+1 in terms of f3j, j = 0, n and rj, j = 1, nj when (8.26) gives
(3n+1 in terms of (3j, j = 0, n, rj, j = 1, n and the previous rn+1 via the non-linear term ('ljJ2 + [2n +
1]~ ~ )f3n+Iin+l'

The fact that (3n+ 1 is not obtained linearly (except for the classical case) in terms of the previous
f3j and rj exemplify the fundamental barrier between semi-classical of class s > a and classical situation
in which both 4J3 and 'l/J2 are zero. For Vq-semi-classical of class s > 0, both relations (8.25) and (8.26)
must be used simultaneously, starting with the initial values given by (8.22). In the classical situation
Equations (8.25) and (8.26) can be dccaupled.

8.4.1 Laguerre-Freud equations for 'Dq-classical orthogonal polynomials

When we take 4J3 = 'l/J2 = a in Equations (8.25) and (8.26), we obtain the Laguerre-Freud equations for
'Dq-classical orthogonal polynomials:

n-I
[(1 + q2n-1 )(h + (q - 1)q2n-I'ljJJl L (3j

j=O

n

+ (1 + q)(h L rj
j=O

11-1 n-l

= -(2..: ;Jj)'~ 1)~ -1- [(11 - 1)<p'2;J" - <Pd L;Jj
j=O j=O

(8.27)

(8.28)

+(1] - 1)4J'2
n-I

L
0:Si<j:Sn-1

Remark 8.1 Using Maple V.4 and the simplification procedures for q-hypergeometric terms developped
in {Boing et al., 1998J, we have solved (8.27) with the initial condition f30 = -t to get f3n'

Taking into account the (3n obtained above, we have solved (8.28) with the initial condition ri =

- <p;~;l to get rn' Obviously the coefficients f3n and rn obtained coincide with the ones given in Lemma
7.1.
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8.5 Applications to D, Dw and Dq,~-semi-classical orthogonal
polynomials of class one

8.5.1 Laguerre-Freud equations for V-semi-c1assical orthogonal polynomials
of c1ass one

We obtain these equations by computing the limits of (8.25) and (8.26) as q --+ 1 to obtain [Belmehdi et
al., 1994], [Foupouagnigni et aL, 1998a]

n-l n-I

+ 4cP3 L 1i + 2 L (){3n cP((3i) = -('l/J2 + 2ncP3)(rn + rn+1),
i=1 i=O

n

L cP((3i)
i=O

where

+ 3cP3~ 1. ((3i-l + 8i) + [(2n + 1)')',,+1 + 2~~(i] cP2 + 21n+1(n3n +~ Bi )cP3

+ [WI + 'l/J2 Jnhn+l = - ['l/J2 + (2n + 1 'l cP3Ji3n+I 1n""-l' (8.29)

8
a

<:/J(x) = o(x) - cP(a),
x-a

with the initial conditions
_ (L,x) . _ 1

(30 - (L, 1)' 1..2rl - -1JJ((30).

8.5.2 Laguerre-Freud equations for D..J-semi-c1assical orthogonal polynomials
of c1ass one

It follows from Theorf'm 4.2 t hat the Laguerre-Freud equations for D q semi-classical linear functional of
class one is obtained just by replacillg 3) (rp~Yl. n and L' ) i'l (~.25) and (8.26) by J j - l':::q (Ti':q cP and

T,:q Wrespectively). For t!lis reason, \ye need to control the be!laviour of Tn . l . Ta;:. and Tn .3 when (3) is
replaced by (3j - ,':::q'

Lemma 8.3 If the coefficients T'l.j, j = 1,2.3 rcpresent the coefficients Tn,j, j = 1,2,3 in which (3) lS

rcplilced by (3) - l':::q' then, they are rtlatcd by

- nw
Tnl=Tn ,+--,. . 1 - fj

7_'. - T (n - 1) 1.<,' T w:' (n)
1.. 2 - n.:' + 1 n.1 + -1--)-c-2 2 '

- '1 1 -? ,

_ ,(n-2)1.<,· w:: ('n-l\ ~,3
T 3 = 7 3 + T .) -+- 1T 1 + ---

Il. n. 1 n._· 1 )') 2 n, (1 )3-'1 . -Cf-. ) -'l'

(8.30)

?roof:
Thr proof follows immediatdy from (8.13). 0

Wc replace 0 and 'I/J in (8.25) and (8.26) by T,':qc, and ~:q'<.)' respectiyely (and implicitly,Jj by

.3) - ,:q)' taking into account the previous lemma a:Hi obtain the Laguerre-Freud equations for the

reCl!f[(,nce coefficient~ of the Dq.w-sem;-cl<l.ssical·[.\zata~~ollHal, 1998] orthogonal polyw)mials {Pn}n€!'i'
TIl('~e polynornials au' ort hogonal with respect tu t :IC li:l('ar functi0aal L, of c1ass aè mo" t one, satisfying
D"._ (yL 1 = tJL. Hf~lj{'e we take t.lw limit of tlJf'Sf, t'Wu r·-jllarions a~ '1 --+ 1 and o!>r;,:n:

Thcorem 8.2 (Foupouagnigni ct al., 1998a) The r{J('fjzr:ients 3] flTld rj of a,c thre,,-tu'm reCUITencc
rf'!fltioTt.

P"+1 = (x - (l,,) P" -- ~fll P',_I' TI ~ (J. P- 1 = o. nI = 1,
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satisfied by the monic polynomials {Pn}nEN, orthogonal with respect to the D w -semi-classical linear func­
tional L, of class at most one, satisfying D w (4)L) = 'l/JL, are given by

und

'l/J((3n) + 44>3~ li + 2~ BOn 4>((3i) +w~ BOn 'l/J((3i) + 2 (~) w24>3

+ (;) W2 'l/J2 = -('lj;2 + 2n4>3)('11 +111+1),

B
a

4>(x) = 4>(x) - 4>(a)
x-a

(8.31)

n

L <P(/3i) +
i=O

n n

+ 3</>;1 L ,i((ji-l + (ji) + 2,11+ 1(n(jll + L (j;)</>;1
i=1 i=O

+ nw1/;2In+l - (n; I)W<Pl + [-nw ~/3i + (n; l)w2] <P2

- W [o~~~n ~'~j +n t, ~,~, + (2n - 1) t, 0' +non+<] 1,

+ [(;)w' t,~, -(n: 'H 13 + [,p, +Mhn+'

-['l/J2 + (2n + 1)4>3](3n+l In+l, (8.32)

with the initial conditions
(L, x)

/30 = (.c, 1),1/;211 = -1/;(/30)'

8.5.3 Laguerre-Freud equations for Dw-classical orthogonal polynomials

The Laguerre-Freud equations obtained in (8.31) and (8.32) contain, obviously, the classical cases when
'l/J2 = 4>3 = O. We use the notation of [Salto, 1995] sa that we can compare more easily with the results
therein.

4>(x) = ax2 + bx +c and 'lj;(x) = px + q.

Equations (8.31) and (8.32) rcduce to:

n-l
1/;(/3n) + 2a L /3i + 2nb + 2na(jn = -nwp,

i=O

(8.33)

n

L cjJ(/3;) +
;=0

+

[(2n + 1),,,+1 + 2~ li] a _ (n; l)wb

[-nw t,~;+ (n; 'H a= -pyn+' (8.34)

Rewriting the second equation with n -t n - 1 and subtracting we get:

4>(/3n) + [P + (2n + l)a]rn+l - [P + (2n - 3)a]rn

n-l ( )
-nw/! - a1/w(j1l - aw L l'J, + aw2 ~ = o.

.=0

(8.35)
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Using symbolic computation with Maple \'.4 we have checked positively that for the classical discrete
orthogonal polynomials, the coefficients f3n and ln, given explicitly in terms of polynomials cP and 'l/J (see
Lemma 7.2), are solutions of Equations (8.33) and (8.34) (with w = 1).

Equations (8.33) and (8.35) are exactly the ones derived in the thesis [Salto, 1995] taking into account
the D w derivati\'e of the !inear functional given by definition 2.20 and the one used in [Salto, 1995]. Let us
remark, however, that in [Salto, 1995] the ln cquation is obtained using the so-called De..' representation,
expanding a classical orthogonal polynomial Pn as a sum of (see (2.62)) (maximum tlHee) DwP;(i =
n + l, n, n - 1). This technique cannot be extended to the class l, because of the non-existence of such
a representation for semi-classical orthogonal polynomials of class s > O.

8.6 Applications to generalised Charlier and generalised Meixner
polynomials of class one

8.6.1 Laguerre-Freud equations for the generalised Meixner polynomial of
class one

These polynomials with f. parameters were introduced in [Ronveaux, 1986] in arder to show the quasi­
orthogonality character of the D..; derivative (with w = 1). The weight pis given by:

i l

p(i) = (~)l II f(i + Q)), (0 < Il- < l,a) > O),i = 0, l, 2, ....
)=1

(8.36)

Generalised ~1eixner polynomials are denoted by m~à,I'), where il = (QI, ... ,Qi), which reduce. of course,
to the well-known classical Meixner polynomials when il is the scalar Q (f. = 1).

If f. = 2, QI i= 1 and Q2 i= 1, the weight p obeys

with

(8.3i)

The family is, therefore, discrcte semi-cl2.ssicéll of class one.
In fact, wc have

cP(x) = ;coo(x). 1J(x) - oo(x) = (x + l)lj:o,l(xl + 1'0,1,

with

(8.38)

Sincc the only root of 1J is zero. il follo"',-s from Proposition 2.5, and the fact that 1'0.1 i 0 (f0r (Q] ­
1)(02 - 1) i 0). that for e= 2 and for 0'1 - 1)(02 - 1) i O. the genera!ised \1r'ix:wr ~)o:-.-nolIlial is of
class one.

Of course, when 0] = 1 (or 02 = 1), tlw cla~s reduce ta 0 and wc obtain the c:ascical \Ieixncr

polynomials m;:2,l'i [Nikiforov et al., 1991]. In particular for QI = Q2 = l, the ~enE:ra::sed :\leixner
polnlOmials of class 1 reduces ta the particular case of the l\leixner polynomials. call·~d disccte Laguerre
polynomials and denotcd [Chihara. 1978:

(8.39)

"'i' ha\'e checked, positively, the Lagnnre-F,cl]d equations whcn t.v' ~ 1 with the ~;nov'-n 3,., -'n of the
classical Mi'ixner polynollliais and the di .,Cle' i~ Laguerre polynomials.

It ShOllld be Ilotcd t.hat for { = 2 anr:l for arbitrar:- P()sili\"i~ QI and 0", tlIi~ ",n'igbt gi'.-er. by Eqllat.iun
(8.36), is [H)7 a polynoll1iallllodification 'Jf tl.!' \[eixner weigh', cxcepl Whl'll ni or 0.2 is al. intf:ger.
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Replacing in Equations (8.31) and (8.32) w by one and polynomials cP and 'l/J given by Equation
(8.38), we obtain the Laguerre-Freud equations for the generalised Meixner polynomial of class s = 1 :

(1 - /l)(rn + ')'n+l) = (/l- 1)( G) + !J~) + ((1 + /l)n

n-l
+/l(al + a2))!Jn + (1 + J.L) L l3i

i=O

(8.40)
n

-n L!Ji + ((1 + /l)n + /l(al + a2) + 1) ')'n+l
i=O

(8.41)

with initial values
!Jo = Ml = /laI a2 2Fl(1 +al,l +a2 ;2;/l),

Mo 2Fda1,a2;1;/l)
(8.42)

8.6.2 Laguerre-Freud equations for generalised Charlier polynomial of class
one

The generalised Charlier polynomials introduced in [Hounkonnou et al., 1998] are discrete semi-classical
orthogonal polynomials associated with the weight

/lX
p(x) = (x!)N' N ~ 1, (/l> O),x =0,1,2, ....

The generalised Charlier weight p is semi-classical and satisfies the Pearson equation

6.(cPp) = 'ljJp,

with

(8.43)

(8.44)

If N = 2, the orthogonal polynomial family associated to the weight p(x) = (f!~2 is discrete semi-classical
of class one (and called generalised Charlier polynomials of class one).

Replacing in Equations (8.31) and (8.32) w by one and the polynomials cP and 'l/J given by Equation
(8.44) (but with N = 2), we obtain the Laguerre-Freud equations for the generalised Charlier polynomials
of class one:

')'n + ')'n+l

with initial values

!Jo

')'1

- (~) -!J~ + n!Jn + ~!Ji + /l,

n (n + 1) "2 n
-'IL ~ {Ji + 'IL ')',,+1 + 3 +~ (Ji + 2t; ')'i + ')',,+1,

Ml ..fift(2..fi) /loFd2;/l)
Mo = 10 (2..fi) = oFd1; Il) ,

/l- !J6,

(8.45)

(8.4G)

(8.47)

where lo(x) and ft (x) are the modified Bessel functions of order 0 and 1, respectively.
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Remark 8.2 The polynomials Pn have been computed for the generalised Meixner and Charlier polyno­
mials of class one, up to n = 10 /rom Bn , ~fn generated by the Laguerre-Freud Equations given above
and also fram the Hankel representation of polynomials (see (2.6)) which requires the computation of the
moments !11) up to j = 19. These moments were computed fram the moment rec'Urrence relation for the
generalised 1Ifeixner and Charlier polynomials of class one, respectively:

The polynomial coefficients in both appraaches are written in terms of Mo and 1111 using the initial values
of the Laguerre-Freud recurrence given by Equations (8.42) and (8,47). The polynomials obtained in these
two ways coincide, of course, and the Laguerre-Freud appraach is obviously more efficient.

8.6.3 Asymptotic behaviour

In the first step we compute numerically, up to n = 100000, the coefficients (3n and ln Using (8.40) and
(8.41), for seyeral values of the coefficients al. 02 and J1. and the result of the plot for all cases indicates
that the sequences ~ and i3nn are convergent. Assuming that they conwrge, their limits, a(J1.) and b(J1.)

(8.48)

are obtained using Maple V.4 and Equations (8.40), (8.41) with the approximations:
ITl ~ a(/l) n2 and Bn ~ b(J1.) n, for n large.

In the same \Vay. but with (3n and ~''l replaced by (3n - b(J1.)n and ln - a(J1.)n2
, respectively, us­

ing numerica! and symbolic computation with \Iaple V.4 and analysis of Equations (8.40) and (8.41)
[Foupouagnigni et al.. 1998(, we observe the asymptotic beha"jour for the coefficients .Bn and ~(n'

The same process, applied to (8.4,)) a:1d (8.46), allows to observe the asymptotic behaviour for the
generalised Char:ier polynomials of class one. \'"C, therefore, give the followinl~ conjecture about the
asyrnptotic beha\"Ïour for the generalised Charlier and :Y1eixner polynomials of class one, These results,
obtained by the Laguerre-Freud equations with Maple \".4, are under im'cstigatioll [Foupouagnigni et aL,
1995fj in arder tG give a suitable proof.

Conject ure 8.1 The coefficzents (3Tl and -'n of the three-term reeurrenee relation satisfied by the monie
generalised 1Ifeixner polynomials of class one obey:

1·· (3 1-J1 11 (0 1 +0 2 -1)) ( 1· (_. 11(H+CtI -1)(n+02 -1))_
1111 ." - ~- 11 - = '. llll 'n - .) - 0,

Tl-X 1-11 1-Jl Tl-:xl (l-ll,"

and those of the t!tree-ttrTn reellrrenee relc.tion satisfied by the munie generalised Charlier polynomials of
clas.< oTle obe.il

lirn ((3n - n) = o. lim (~'n - J1.) = O.
Tl---t'X n-----..,:x:>

Ir shonld be rnr:n~ioned that the coefficien~s /3 and ln of the generaliscd Meixner polynomials of class 1,
a[(~ knfJ\nl wc"w1! (l] (JI" (12 is an illteger [Re·m'caux et aL, 1998b:' They o!J~iousl~" confirm the asymptotic
lwhaviouI" of :1." ,·odfiu'nts :3 and "(" stared ill tll'~ pn'vious conjcct.ure,



Chapter 9

Conclusion and perspectives

We first Iist our Illain contributions to the theory of orthogonal polynomials, then give sorne open problems
which can be illvestigated as the continuation of this work.

9.1 Conclusion

Chapter 1 introduces the work while Chapter 2 recalls sorne known materials on orthogonal polynomials.
The main results of Chapter 3 are tllCorellls 3.1 amI 3.'2. Theorelll 3.1 gives a general caraclerisatioll of

classical orthogonal polynomials. This result gives a more general caracterisation of classical orthogonal
polynomials, and is valid for classical orthogonal polynomials of a continuous variable, classical orthogonal
polynomials of a discrete variable and also for q-classical polynomials. It constitutes a unified theory for
c1assical orthogonal polynomials.

Theorem 3.2 caracterises the semi-c1assical orthogonal polynomials, It gives sorne links between the
semi-c1assical aspect of the orthogonal polynomials, the quasi-orthogonal aspect of the derivative of these
orthogonal polynomials and the structure relations satisfied by these polynomials.

In Chapter 4, we study the properties of the formaI Stieltjes fUl1ction. We mention two results.
The first is th!' tllCorelll 4.1, statillg lhat the affilie Dq,w-LaguCl'r<:-IIallll orthogonal polynolllials and the
Dq,w-semi-classical orthogonal polynomials are the same. This result is used to obtain the coefficients
of the affilie Dq,w-Iliccati differcnce eqllation amI the l'Ocfficients of the fourth-order difference equation
satisfied by the associated Laguerre-Hahn orthogonal polYllomials.

The second l'l'suIt is theorelll 4.2. It proves that the Dq,w-Laguerre-Hahn orthogonal polynomials
can be deduced, using a suitable change of variable, from the Vq-Laguerre-Hahn orthogonal polynomials.
This result is very interesting and could have lot of applications. We have used it to dedncc the coeffi­
cients of the fourth-order diffewnce cquation satisfied by the 7·th associated 6-Lagucrre-Hahn orthogonal
polynomials [rom the coefficients of the fourth-order differcncc equation satisfiexl by the ,.th associated
Vq-Laguerre-Halm orthogonal polynornials. The Laguerre-Freud equations for the recurrence coefficients
of the D",,-sellli-classical orthogollal polynomials of class 1 have also been obtaincd using theorem 4.2.

In Chapt.(,r 5 wc, IIS<' a l'l'suIt hy Suslov [SIIS!OV, 1089] 1,0 obtain the fact.ored fonn of t.he fourt.h-order
difference equation satisfied by the first associated Vq-dassical orthogonal polynomials. We have again
used them'em 4.2 to deduce the factored form of the fourth-order difference equation satisfied by t.he first
associated L1-classical orthogonal polynomials.

We mention that eouation (5.12) can be used to obtain sOllle families of classical orthogonal polyno­
mials for which the first associatcd is still classical. These families:

1- For classical continuous orthogonal polynomials we note the Grosjean polynomials [Ronveaux et
al., 1996] of the first kind G~ for which the first associated is a Grosjcan polynomial of the second kind
g~ [Grosjean , 1985, 1986], i.e.,

(GCi)(I) = (7- Ci -1<0:<0
11 • n , ,
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where G~(X)::": 1',;",-1 "\1:), -1 < (\ < 0 and !J;;(X);:;" r,\n,l-n)(:J.:),1 <Il < 2.

PAer
,!3) represents the monic Jacobi [lolYlIomials \Vith the pnrameters (\' and {J.
2- For the classical ortilOgoual jlOlYlllllllials of a disl'l'de variaiJk, Wt' Ilote t.lJat. t.lJe first. associat.eti of

the monic Hahn polynomial Hn(x, (\', ("i, N) \Vith (~ + {3 + l = 0 is classical and is related to the Hahn
family by [Area et a!., 1996]

Hn(x, a, /3, N)(1) = 1T,,(x - a - 1, -a, 1 + a, N - 1).

3- For the q-classical polynomials, we have already pointed out the situations for which the first
associated little q-Jacobi polynomials Pn(.7:; a, /Jlq) and hig q-Jacobi polynomials Pn(x; a, h, c; q) are still
classical.

The monic little q-Jacobi (resp. monic big (l',Jacobi) polynomials and their respective first associated
are related by

1
p;,l) (x; a, -jq)

qa

n(l) ( ,. a 1 c" Cl')1-11 \J~, ,-, .'1

qa,

nn (xli)a q Pn -; -, a q q ,
aq Cl

x 1
an Pn(-; -,aq,cq;q).

a a

In Chapter 6 we have proved (see theorclll 6.1 and propositioll 6.1) that the associated of any integer
order of the Laguerre-Hahn lincar functional is a Laguerre-Hahn !incar functiona!. Wc also gave upper
bounds for the degrees of coefficients Er, F;., Gr and H,. of the Dq-Riccati differencc equation satisfied
by the Stieltjes function SI' of the l'th a"s()(:iaL('d c(r) of [, (sec proposition 6.2).

Theorem 6.3 gives foncianH'ntal relations which lead to UlC fourth-order difference equation for the
l'th associated Dq- Laguerre-Hahn orthogonal polynomials

4

~ ['('1' n q' x)C j p(T') ::..: 0L...J J 1 " ;;/q n .
j=O

given in theorem 6.4. Theorem 6.3 and 6.4 are~ valid for D-La~llerre-Hahn orthogonal polynomials (by
limit process) and for D.-Laguerre-Hahn orthogonal polynomials (via theorem 4.2). We have also given
explicitly coefficients El" F", G", HI' and I j (1', '/1, q;.7:) for c1assical situations.

Chapter 7 contaill" knowll lIlat,(:rials lI<'(!<li'd {'o!' t,his worl(,
The main result of Chapter g is t\worem 8.1 which shows that it is possible to compute recursivcly

via two non-linea!' eqllat.ions, coefficients Pli and Til of the tilrl'C-lC'l'ln reCllITene8 relation satisfied by the
Dq-semi-classical orthogonal polynollliais of dass one. This new result (theorem 8.1 ) is used, together
with theorem 4.2 and lemma 8.3, 1.0 obtain Theorem 8.2 giving the Laguerre-Freud equations for the
recurrence coefficients of the Dw-semi-classical orthogonal polynomials of class one.

Using theorem 8.2, wc have l'.iven a conj(~cture about the asymptotic behaviour of the coefficients /3n
and Tn of the three-tenn rccurreIle8 relation satisfiPd by the generalised Charlier and gcneralised Meixner
polynomials of class 1.

9.2 Perspectives

As the continuation of tilis \York, milny in\'cstigaLions Ci\Il be done:

1. Theorem 4.2 proves that the ~-LaguclTe-Hahnorthogonal polynomials cali bc obtainccl from the
Dq-Laguerrc-Hahn orthogonal polynomials. In principle, this result means that any result obtained
for the Dq-Laguerre-Halm orthogonal jJolynol1lials l'an be extended to the D.-Laguerre-Hahn or­
thogonal polYllomials. It will be intercsting 1.0 sec how these rcsults are cxtended and sel' their
consequences in the applications of orthogollal polynomials.

2. It might lw possibk to Silllplify and writte the fourth-orr1er differcllcc equation for the Dq-classical
orthogonal polynOlllials in t1H' compact fmm as was donc for D-classical orthogonal polynomials
(sec (6.69)) [Lcwallowicz, J905].
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3. One can use the fourth-order difference equation satisfied by the rth associated Dq-classical or­

thogonal polynomials p,(r)

4

M(r, n, q; x) p,~r) = L Ij(r, n, q; x)9~ p~r) = 0,
j==O

to expand the T'th associated p~r) in the basis {Pn}nEN

n
P~")(x) = L C(n,j) Pj,

j==o

as was done for D-classical orthogonal polynomials and 6-classical orthogonal polynomials (see
[Lewanowicz, 1996,1997], [Area et al. ,1998a, 1998b], [Godoy et al., 1996], [Askey 1965,1975],[Askey
et al, 1984J ... ).

4. The fourth-order difference equation can be established for the general Laguerre-Hahn orthogonal
polynomials. We mention for example that Bangerezako [Bangerezako, 1998], had derived the
[ourth-urder differelJce equaLioll [or tlw Laguerre-IIallll J>o\YlJolllials orthogonal 011 special IlOIl­

uniform lattices (snul).

5. The Laguerre-Freud equations for class .9 > 1 can be obtaim~d by mimicking the approach developed
in this thesis. This gencralisation is a\rcady undcr invcstigation [Ar,atassou ct al., 1998J.

6. The conjecture obtained using the Laguerre-Freud cquations need to be proved and extended to
the semi-classical orthogonal polynomials of cIass s > 1. For this purpose, It may be hcpful to have
a look at the papers giving the proof of Freud's conjecture (see the Introduction).



Chapter 10

Appendices

10.1 Appendix l

10.1.1 About 'D-classical orthogonal polynomials

We give the polynomials cjJ and 'lj! appearing in the Pearson equation satisfied by the weight p
(V (cjJp) = 1/Jp) defining the classical orthogonal polynomials of a continuous variable [Chihara, 1978],
[Nikiforov ct al., 1983, 1991], [Szcgo, 1939].

IM:I:) = 1- :r2
, ~)(:r) = -(ct + fi + 2) x + (J - ex

2. Laguerre L~(x)

cjJ(x) = x, 1/J(x) = -x + ex + 1

3. Hermite Hn(x)
cjJ(:r) = 1, 'Ij!(x) = --2 x

4. Bessel B(x)

10.1.2 About 6-classical orthogonal polynomials

We give the polynomials 0 and/I) appearing in the Pearson eqllation satisfied by the weight p

(6.(cjJp) = 1/Jp) defining the classical orthogonal polYllomials of a discrete variable [Chihara, 1978], [Niki­
forov et al., 1983, 1991.], [Szego, 1939].

H 1 1(<>,I1)()1. a 1Il ln :r

cjJ(:r) =:r (N + ct - x), 'ljJ(J;) = -(ct + fi + 2) x + (fi + I)(N - 1)

0(:1:) = x,IjJ(X) = /l// + (/1 - 1) X

3. Krawtchollk k~)(x)

0(x) = .T, 1/J(x) = (N p - x)
I-p

4. Charlier ck) (J:)
rj!(x) = x, 1/J(x) = IL - X

99
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10.1.3 About q polynomials

We give the polynornials' cP and 'IjJ appearing in the Pearson equation satisfied by the weight p ('Oq (cPp) =
1j;p) defining the polynomials appearing in the q-Hallll tableau. [Koekoel< cl, al, 1996], [Koortlwindcr,
1994]. Notice that these polynomials cjJ and 'Ij) \Vere already i!;iven case uy l:ase in [Medelll, l!HJG] and [Ivan
et al, 1998].

1. Big q-Jacobi Pn(;I:; a, b, Cj q)

() ()
X2 ,I,() c'1-x+aq(l-(b+c)q+bqx)

c/J x = a cq - a + c x +-, ''1' X = --------c-----C----
2 (-l+q)q

2. Little 'l-Jacobi Pn(x; a, bl'l)

x(x-l) l-x+aq(bqx-l)
cjJ(x) = q ,'IjJ(x)= (-l+q)q

3. Stieltjes-Wigert Sn(x;'1)
x 'lx-l

cjJ(x) = q' 'IjJ(x) = (-1+'1)'1

4. '1-Meixner mn(x; b, c; '1)

A.. ( ) = -b c x ,1,( ) = c + '1 - bc q - '1 x
'1' X C + ,'1' x (1)

'1 - '1 '1

5. Alternative '1-Charlier Kn(x; aj b)

c/J(x) = x(l-x), 'Ij)(x) = -l+x(l+a'1)
q (-1 + Il) '1

6. Little q-Laguerre/Wall L~a)(x;q)

!/>(x) = x (1 - x), 'IjJ(x) = -1 + a'1 + x
'1 (-1+'1)'1

7. Il-Charlier U,\") (;);j q)
, l+a-x

cjJ(x) = a - (1 + a) x + x 2
, 1p(x) = --­

q - 1

8. Discrete q-Hermite hn(q; x)
x

cjJ(x) = x2
- l, 'IjJ(x) = -­

1-'1

10.2 Appendix II

10.2.1 Results on general associated c1assical discrete polynomials

We use ThcOl'elll 4.2 and 6.3 to obtain operators Vr,n. Nr+1,n-l' Vr+1,n-l and Nr,n for the cla.ssical
orthogonal polYIIOInials of a disnet(~ variable (sec FOIIJlouagnigni ct al. 1998h]. These hasic operators
(sel' (6,38) and (6.39)) and the coefficients of the fourth order difference equation for associated classical
discrete orthogonal polynornials (sec (6.7)) are written down in each case (for notations see [Nikiforov et
a1.,1991]).
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Charlier case Cf::(x), Il > 0

cP(x) = x, 'IjJ(x) = -x + IL,

Vr,n IL (2 + x) T 2
- (2 + x - 1') (x - TL - l' + l + /1) T

-(-3 x - 2 + 3 l' - x2 + 2 x l' - 1'2 + l' /1) Id,

N''+l,n-l = -1"L(x-n-1'+1+/1)T+1'IL(/1+2+x-1')Id,

Dr+1,n-l = /1 (2 + x) T 2
- lL(x - n - l' + 1 + IL) T + /1 (-1' + Il) Id,

Nr,n = -(-x + n + l' - 1 - /1) T - (Jl + x + 1 - 1') Id,
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l o(1',n,x) =
11 (1',n,x) =
h(7',n,x) =

h(1',n,x) =
14 (1',n,x) =

/1 (1 + x) (-2 + n + 2R),

(2:r /1 + 2 R + 4'L - 2 R3 + n R - 3 n R2 - n2R),

(2:r /1 + 2 R + 4/1- 5 /I. n - 2 x /1 n - 4/1 x R + 4 R 3
- 10/1 R - 6 R 2

,

-4nR+ GnR2 + 4n2R - n2 + n 3
),

+ (- 2 x p. - 4 R - 6 /1 - 2n - 2 R3 + 6 R2 + 7 n R - 3 n R2 -- n2 R + 2 n2),

/1(4+x)(n+2R),

where R is given by R = l' - :1: - IL - 2.

Meixner case MAV,/l·)(x), v> 0, 0 < Il < 1

q;(x) = x; 4)(:r;) = (JL - l):r + ILV,

Vr,n /1 (x + 2) (x + 1 + v) (/1 - 1)T2

+( -2 - x + 7') (1 -+:1: - l' - n + ILV + x IL + 1'11 + n Il + Il) (/1 - l)T

-( -l'Il + l' /1 v + 1'2 IL - 3 x - 1'2 + 2 x l' - x2 - 2 + 31') (/1 - l)Id ,

Nr+1,Tl-l = +1' (V + l' - 1) (1 + x - l' - n + ILV + :1: IL + l'IL + n Il + /1 )ILT

-1' (v + l' - 1) (/1 v + x IL + x - l' + l' /1 + 2)/1Id,

Dr+1,n-l /1 (x f- 2) (x + 1 + v)T2

- (:r; + 1 + v + 1') (1 + x - l' - n + ILV + x /1 + l' /1 + n /-1 + /1) ILT

+(1' - l' V + x IL + l'Il + 1'2 IL + /1 v2 + X
2Il + 2 x ILV + 2 l' ILV

+2:1: IL l' + IL v - 7'2)llId ,

.Iv", Tl - (JI - 1) (1 + x - 7' - n + /-1'/ + x /-1 - 7' IL + n /-1 + IL) T

+(JI - 1) (x IL + Il + 111/ + 7' Il - 7' +:r + l)Id ,

10(7',71, :1:) = -Il (-311 + AI + 2 R - ,3) (.7: + 1/) (x + 1),

h (7', n, x) = -6/-12x - 2 x2IL2 - 41L2 - 4/12 V - 2 X /-12 V - 31L R2 - 3/1 111 R - 6 x /-1

-2 x2 p. - 411 - 4,LV - 2 X /-LV - 3111 R - 3 R2 + 1112 R + 3 R2111 + 2 R 3
,
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h(1',n,x) = _4R3_6p?_4M2R-9Iiv-14J..t2x-4J..tR-2J..tM-5M-M3

-6 J..t - 4 x2 J..t2 - 4 x2 J..t - 4 x J..t 1.1- 4 XJ..t2 /.1 - 14 x J..t - 9 J..t /.1 + 2 + 16 R x J..t + 10 RJ..t /.1

+12 J..t R2 + 4 R x2 J..t + 4 R x I~ v + 8 J..t M x + 12 J..t M R + 12 M R +2 J..t3 + 4 M
2

- 10 l R

+5 M J..t 1.1- 6 R2 M + 2 x2 J..t M - 5 J..t2 M + 2 x J..t v M - 10 R + 12 R
2 + 4 J..t M

2
,

h(l', n, x) = 2R~ + M 2R +Gli v + 10 112 x + 21/1 R + 12/l M + 6 M +2 x
2

It
2

+2 x2J..t + 2 x J..t J..t + 2 x J..t2 /.1 + 10 x J..t + 6 J..t /.1 - 4 - 9 J..t R 2 - 9/1 M R - 9 N R - 4/13

-2 M 2 + 12/12 R + 3 R 2 M + 6/12 M + 12 R - 9 R 2
- 2/1l'vf

2
,

14 (1',n,x) = -(x+4)(x+3+v)(-/1+M+2R-1)/1,

where R = l' - X - 2 - /1(1' + x + v), and M = (n + 1)(1 - /1).

Krawtchouk case k~)(x), p> 0, q > 0, P+ q = 1

1
cjJ(x) = x, 1/J(x) = -((1 - q)N - x),

q

V r •n = (q - l)(x + 2) (-x - 1 + N) T2

+( -2 - x + 1') (-2 q - 2 x q + q N - N + x + l' + 1 + n) T

+(-3 x q - 2 q - N l' q + l' - 1'2 - x2q + l' N + 2 x q l' + 2 l' q) Id,

N;'+l,n-l (q - l)(N - l' + 1) (-2 q - 2x q + q N - N + x + l' + 1 + n) l' T

+(q _ 1) (N - l' + 1) (q N - N - 2 q - 2 x q + l' + x) l'Id,

Dr+l.n-l = q(q-1)(x+2)(-x-1+N)T
2

+(q _ l)(N - x - l' - 1) (-2 q - 2 x q + q N - N + x + l' + 1 + n) T

_ (q _ 1)( - 2 x q N + qN 2 - q N + 2 l' q + 2 x ql' + x2 q + x q - N l' q + 2 l' N
22'2-1' -1'-2x1'-N +N+2Nx-x -X)Id,

Jlfr,n _(-x - l' - q N + 2 q + 2 x q - n - 1 + N)T - (-2 xq - 2 q + qN + l' + x - N + l)Id,

Io(1',n,x) = q(1+x)(x-N)(q-1)(2R+n),

h(1',n,x) = (6xq+9nq-4Nq-12 q2

_ 4 x q3 N + 2 n'2 _ 2 x N q + 2 x2 q - 8 q3 N + 12 x q3 + 4 x2q3 + 8 q3

_ 9 n q2 + 4 q _ 2 n _ 4 R - 3 n 2 q + 12 q2 N + 6 x q2 N - 18 X q2 - 6 x
2

q2

_ l'2nqll- 'JnH2 _ '21{1 - 18 Hq'2 - 1'2ljj{2 - n 2 1l + 7nH + 18Rq + GR
2

),

fz(1',n,x) = -(10xq-8nq-6Nq- 42q2
_ 5n N q2 + 8 x q2 n - 4 x q3 N + 2x2 n q2 + 5n N q + 2x N qn + n

2

_ 2 x N q + 2 x2q - 12 q3 N + 20 x q3 + 4 x 2 q3 - 2 x N q2 n + 28 q3 + 6 n q2

+ 14 q - 2 R - 8 x qn - n 3 - 4 n2q + 18 q2 N + 6 x q2 N - 30 X q2 - 2 x
2

n q

_ 6 x 2 l - 12 n q R - 4 x 2 q R - 6 n R 2
- 4 R 3 + 12 R l - 12 q R

2
- 4 n

2
R

+ 4 n R _ 12 R q + 6 R2 - 10 q2 N R - 16 x q R + 16 x q2 R - 4 X q2 N R

+ 4 x N q R + 10 N q R + 4 x2 l R),
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h(r,n,x) = -(10xq + nq - 6N q - 42 q2 - 4 xq3N - 2:1: N q + 2x2q -12 q3N

+20 X q3 + 4 x2q3 + 28 q3 - 3 n q2 + 14 q - 2 R - n2q + 18 q2 N + 6 x q2 N

-30 X q2 - 6 x 2 q2 + 3 n R 2 + 2 R 3 - 6 R q2 + n2 R - n R + 6 Rq),

!4(r,n,x) = q(4+x)(x+3-N)(q-1)(n-2+4q+2R).

where R is given by R = r + x - 2xq + qN - 5q - N + 2.

Hahn case h~Q,I3)(x,N) Œ> -1, (3 > -1,

rj;(.T) = x(N + a - x), 'l/J(:r) = ((3 + l)(N - 1) - (Clé + (3 + 2)x
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The r th associated PAr) of the Hahn polynomials, with n + r ::; N, is annihilated by the following
difference operator, by a decornposition already used in the r associated Meixner case (sec [Lewanowicz,
1997]).

4 4

M,'.") == L iJ(r,n,x)Tj =Vr,"n Vr,n + (r -1) L Jj(r,n,x)TJ,
J~O j=O

where from (5.21) ,

Dr,n = (:1: + 2) (Clé + N - :r - 2)T2

+(7 + n (3 + n + a) - 3 N + 6:1: - (a + 2 N) x + 2 x2 + (3 (3 + n + x - N))T

+(x + (3 + 1) (N - x - l)Id ,

15" = (x + 4 + (3) (N - x - 4) (20 + 3 n + n2 - 8 N - 4 (N - 4) x + 4 x 2
l,n

+(3(6+n-2N+2x)+Clé(n-2x-2))~

+ (360 + 141 n + 56n2 + 6n3 + n4
- 260N - 45Nn -15Nn2 + 44N2

-2 (52 + 3n (3 + n) - 20N) (N - 5)x

+2(3n(3+n) + 152+4(-15+N)N)x2 -16(N - 5)x3 +8x4

+0'" (n - 2 - 1;) (n - 2 x - 2) + (32 (3 + n + x - N) (n + 8 - 2 N + 2 x) + 0'(

2 n3 + 2 n2 - 3 n2x - 2 (x + 1) (38 - 12 N + 23 x - 4 N x + 4 x2)

+n (35 - 15 N + 21 x - 6 N x + 6 x2)

+(3 (2 n2 + 7 n - 3 N n + 4 (N - x - 4) (x + 1))) + (3(2 n3

+n2 (17 - 3 N + 3x) + n (80 + 39 x + 6 x2 - 24 N - 6 N x)

+ 2 (N - :1: - Il) (- 23 + 9 N +- 4 N :1; - 17:1: - 4 :1: 2))) T

+(:1: + 1) (x + 1 - N - Clé)( -'Il (3 + n) + 0'(4 - n + 2 x) - (3 (n + 8 - 2 N + 2 x)

-,J() + 12 N - 2:1 :1' + il N :1' -- 4 ;1;2) Id,

lo(r, n, x) = -2(x + 1) (x + 1 - N) (x + 1 - N - a) (x + (3 + 1) (r + (3 + n + 1 + a),

Il (r, n, x) = (r + (3 + n + 1 + a) (840 x - 24.,. N a + 18 a N (3 + 4 a (3 r + 74 n /3

- 234 N (3 + 58 (3 r + 58 a r + 50 n a - 30 N (32 - 10 a r2 + 14 r (32

- 24 N.,.2 + 20 n2 + 58.,.2 + 36132 + gO N 2 + 2 r4 + 27013 - 420 N - 150 a

+ 40n + 600:r2 + 192x3 + 24x4 + 58rn - 420'/3 + 66N 0'+ 14/3r2

+ 120'2 - 24 r N /i + 56 (3 x n + 48 (3 N 2 + 6 N 2 /32 + 4 a r3 + 27,2 /32 + 4 (3 r3

+ 6 ;r" fj" + 34813;1; - 252 :z: Cl' - 132 x20'+ 156 x2 (3 + 30/32 X + 48 x 1'2

+ 24/3 :r:l - 24 x 3 a + 12 x2r2 + 6 x 2 0'2 + 18 x 0'2 - 10 r 0'2 + 20'2 1'2

(10.1)
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- 600 N x - 6, N a fJ + 4 a ,2 fJ - 6,2 N fJ - 6 N [32 7' + 24 fJ N 2 x

- 12 x 2êl {3 + 12 x2{3, + 12 x 2a, - 12 {32 N x - 48 x a {3 + 84 a N x

,201 fJ N :r: 1- 21 N :1: 2 0 -+- 4R x ()' r -+- 4R:1: fJ, - 4R (j N x 2 - fi x ()' ,2

- 12 x N ,2 + 6 x {3 ,2 + 6 {32 x, - 12 {3 N x r - 12 a N x r + 12 a N x {3

- 6 x a 2 r + 24 n2x + 4R 11. X + 24 N 2x 2 - 12 N 11.2 + 16 n x 2 + 8 n2 x 2

- 48 N x 3 - 24 N n - 288 N x 2 + 14 n /p + r 2 n + 4 r 3 n + :{ 1'211. 2 + r n 2

+ 9/311.2 - lUna2
- 30:n2 + 0:2 11. 2 + 71

2 /32 + 'ftl fJ + 'ft:] 0: + r'ft1 + 9GxN2

- 8 N 'ft2 :r: - 16 N 'ft:r: - 6 N (32 n + 3 (32 7, n + 7,2 n fJ + 1ri 7' 71 fJ -+- 4 ()' n (j

- 4 N 13 n2 + 413 r n2 + 30:2 , n + 70: r 2 n + 40:, n2 + 20:13 n2 + 60: r n 13

- 6 No: n 13 - 6 N r n 13 - 32 N 13 11. - 9 a l' n - 24 Nan - 24 N 7' n

+ 6(j2 :rn + 4(j:rn2 - 6Xêl2 n - 4:rêln 2 + 40xon + 12:r2 on
o 2+ 12 x· /3 n + 12 x '/' n + 4.8 x l' 'ft - 6 x 0: r n +G:r l' n fJ - 12 li N:r: n

12fJ N ,Tn - 12x N ,n +4.'10),

12(" n, x) = - 2 (r + (3 + n + 1 + 0:)( 1540 x - 30 r N 0: + 19 0: N 13 + 4 a 13 r

+ 140nj3 - 326N fJ + 88j3, + 88a, + 60na - 36 N j32 - 13a,2

+ 177-fJ2 - 3UN,2 + 131n'2 + 88,2 + 54fJ2 + 133N2 + 2,1 +475/3

- 770 N - 2950:+ 238 n + 858 x 2 + 220 x 3 + 22 x 4 + 88 r n - 55 a j3

+ 103 No: + 17 j3 ,2 + 24 a 2 - 30, N j3 + 76 j3 x n + 55 j3 N 2 + 6 N 2 j32

+ 4 a ,3 + 2,2 j32 + 4 j3 ,3 + 6 x 2 j32 + 489 j3 x - 369 x 0: - 153 x 2a

+ 177 x2{3 + 36132 x + 60 x ,2 + 2213 x 3 - 22 x 3 a + 12 x 2 ,2 + 6 x2 0:2

+ 24 x a 2 - 13 ,ri + 2 a 2 ,2 - 858 N x - 6, Na fJ + 4 Cl ,2 (3 - 6,2 N (3

- 6 N (32, + 2213 N 2 x - 10 x2a j3 + 12 x 2 j3 l' + 12 x 20: l' - 12 j32 N x

- 50 x 0: j3 + 98 a N x - 232 j3 N x + 22 N x 2a + 60 x a r + 60 x 13,

- 4413 N x 2 - 6 x a ,2 - 12 x N ,2 + 6 x j3 ,2 + 6 j32 x, - 12 j3 N x ,

- 12 a N x r + 10 a N x j3 - 6 x a2 , + 12 n3 + 80 n2x + 3 n4 + 160 n x

+ 22 N 2x 2 - 40 N n2 + 3211. x 2 + 16 n2x 2 - 44 N x 3 - 80 N n - 330 N x2

+ 19 n 132 -+- 9,2 n + 41'3 n + 77-2n 2 +9, n2 + 3513 11.2 - 11 11. a 2 - 50:11.2

+ 2a2n2 + 2712 j32 + 5n3 j3 + 5n3a +5,n3 + 110xN2 -16Nn2x

- 32 N n ,r - 6 N j32 n + 3132 , n +71'2 n 13 + 26, n 13 + 80'. n j3 - 8 N j3 n2

+ 8 j3 r 11. 2 + 3 a 2,11. + 7 a ,211. + 80: r 11.2 + 40: 13 11.2 + 6 a r 11. 13 - 6 Nan 13

- 6 N , 11. 13 - 46 N j3 11. - 4 a , 11. - 30 Nan - 30 N , 11. + 6 j32 Xli. + 8 13 x 11. 2

- 6 X 0:2 n - 8 x a n 2 + 44 x 0: n + 12 x2 0: n + 12 x 2 j3 11. + 12 x2 , n

+ 60 :1: l' 71 - 6 J: ()' l' n + 6 :r: l' n fJ - 12 ()' N J: 11. - 12 fJ N x n - 12 x N, n

+ 10(3),

13 (1', n,:I;) = (r + fJ + n + 1 + 0:)(2760 x - 367' N 0: + 300: N (3 + 40: (3 r

+ 150nj3 - 486 N j3 + 118j3, + 118a, + 9411.0: - 42 N j32 - 160:7.2

+ 20,132 - 36N,2 + 100n2 + 118,2 + 72[32 + 210N 2 + 2,4 +81013

- 1380N - 5700: + 200n + 1320x2 + 288x3 + 24x4 + 118,n - 102aj3

+ 174 N a + 20 j3 r 2 + 36 a 2
- 36, N 13 + 8013 Xli. + 72 {3 N 2 + 6 N 2(32

+ 40:1'3 + 2,2 j32 + 4 j3 ,3 + 6 x'2 j32 + 732 ,B x - 588 x a - 204 x 2a

+ 228 x 2 fJ + 42 j32 X + 72 x 1'2 + 24 {3 x 3
- 24 x 3 a + 12 x21'2 + 6 x 2

0:
2

+ 30 x a 2 - 167' a 2 + 2 a 2 1'2 - 1320 N x - 6 l' N a jJ + 40: 7. 2 jJ - 67.2 N {3
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- GN (32 l' + 24 (3 N 2X - 12 x 2a (3 + 12 x 2 (31' + 12 x 2 a l' - 12 (32 N X

- 72 x a (3 + 132 a N x - 300 (3 N x + 24 N x2
0: + 72 x a l' + 72 x (3 r

- 48 (3 N x 2
- 6 x a 1'2 - 12 x N 1'2 + 6 x (31'2 + 6 (32 X l' - 12 (3 N x l'

- 12 a N x l' + 12 a N x fJ - 6 x a 2 /' + 2250 + 56 n 2 x + 112 n x + 2,1 N2;);2

- 28 N n 2+ 16 n x 2 + 8 Tl
2 x 2 - 48 N x~ - 56 N Tl - 432 N x 2 + 2() n /j2 + 1'2 n

+41'3 n +31'2 n 2 +rn2 + 17(3n2 -1Gna2 -11an2 +(in2 +'112(32 +'113 (3

+ '11 3 n + '1' '1/.3 + H~ :/: N2_- RN 11
2 :r: - Hi N n ,7: - fi N (32 n + :l (32 1'1/

+ 71'2 n (3 + 211' n (3 + 4 a n (3 - 4 N (3 n 2 + 4 (3 '1' 1(2 + 3 a 2
l' n + ï u /,2 n

+ 4 a l' n'}, + 2 a (3 Tl
2 + 6 a l' Tl (3 - 6 N Cl n /j - 6 N l' Tl (3 - 44 N (3 n

- 15 a T' n - 3G N 0: Tl - 3G N l' H + G(32 X n + 4 (3 x '11
2

- Gx a 2 n - 1 J: n 11
2

+ 64xo:n + 12x2an + 12:r2 (3n + 12x21'n + 72x1'n - 6xc~1'n

+ 6x l' n (3 - 12 a N x n - 12 (3 N x n - 12 x N l' n),

14(1',n, x) = -2(x + 4) (:r + 4 - N) (x + 4 - N - a) (x + 4 + (3) (1' + (3 + n + 1 + a).

lOG

10.3 Appendix III

We give the coeflicients 1) (l', n, I}i x) of the fourth-orJer Jifference equation satisfied by the 1'th associated
V q-c1assical orthogonal polynomials, cPj and 4)j are the coefficients of the polynomials cP and 'ljJ, both
relaLed to the q-Pcarson eqllatioll: V,/(cP[,) = '1/)["

Coefficients Ij(r, 71, q; x) for sorne q-classical orthogonal polynornials

For the discrete q-Hermite and ~tieltjes-Wigert cases [see Koekoek et aL, 1996], we compute the coeffi­
cients 1j (1', n, q; x) usillg the reslllts given in Theorem 6,6 and obtain after cancelling cornmon factors the
fqllowing results with the notations: v = rl and p = qn,

1. Discrete q-Herrnite case (cP(x) = x2 - 1, 'ljJ(x) = I=q ),

10 (1', n, q; J:)

h (1', H, qi x)

h(1', n, qi x)

(x 2 pl/ + r/ x2 - r/ v p -l v p - // pq - V p)

(qx - 1) (qx + 1),
(ql" x 6 _ v3 p2 + 2 V2 r? I}IO x 2 + 2 V2 Pq9 x 2 _ q8 V Px4

+ r/ V2 Px 2 + q4 l x 2 V3 + 2 q6 x2 v2 p2 + 2 V2 p2 q8 x 2 ._ 2 v p q12 x4

+ 2 v2 p2 x 2q7 _ 2 v p q13 x4 + 2 v2 p rl x 2 + 2 v2 p2 q9 x 2 _ V p2 q13 x4

_ qll x~ V P - qlO :r~ v p + 2 v2 pq6 x 2 _ q9 V px4 + 2x2 pv2 q5

+ V2 p2 r/ I x 2 + V2 PqlO x 2 _ V3 p2 q9 x2 + v2 p2 q5 x 2 _ V3 p2 q8 x2

+ v:l p2 x 2 q5 _ V p2 r/1 J;'1 + 2 v2 px2 q7 _ vql2 x~ _ ql1 x~ v + :r(; pqlfi

- v3 p2 rl - 3 v3 p2 rl - 4 V3 p2 rl _ 3 v3 p2 r/ _ 2 V3 p2 q - 2 v3 p2l)
-1 -2 -3P V q ,

_ (1jJ7 x6 + 3 v2 p2 qlO x 2 + 3 q6 x 2V2 p2 + 4 V2 p2 q8 x 2

_ 2V pql2 x~ + 4 v2 p2 x 2 q7 _ 2 V pq13 x 4 + 4 v2 p2 q9 x 2 _ 2 V p2 ql3 x~

_ ql 1 :r~ v p _ ql0 x4 V p + 4 V2 p3 q8 x 2 + 4 V2 p3 q9 x 2 + 2 v2 p2 q1l x2

+ 21/2 p2 q5 x 2 _ 2 v / ql4 x4 _ v3 p3 _ V x4 ql5 p2 _ V p3 q17 x 4

+ V2 p3 ql5 x 4 _ vq16 p:l x 4 + V2 p2 ql4 x4 _ V p2 ql2 x 4 __ V pql4 x 4

_ 2 V p3 q14 x 4 + V2 ql3 p3 x~ _ 2 V3 p3 ql0 x 2 + 4 v2 p3 qlO x 2

+ 2//2 p3 ql2 J;2 _ 2 V3 p3 q7 x 2 + 3//2 qll p3 x 2 _ V px4ql5 _ 2 V3 p3 q8 x 2

+ 2 V2 p3 rl :r 2 _ 2 V3 p3 q9 x2 + 3 v2 l q7 x 2 _ 2 V p3 q1O' x 4 + V2 p2 ql2 x 4
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_ y p2 qll X1 _ y p~ q12 X 1 _ y / 1}16 X 1 _ y 1}1~ p~ X 1 + q18 X 6 P+ 1}19 X6 r/'

,"j IJ~ r? 1/ 11J~ r? 1/ -- ,1 li {? Il - Gli fJ~ 1/ - I? r/ 1/ - 2 Il:
J fI:J 1/6

- 2 y3 p3 q + 'l'lU x G (3)y-2 p-2 q -fi,

(_y3 p2 + 2 y2 p2 ql0 x 2 + 2 y2 Pq9 x 2 + q6 x2 y2 p2

+ 2 y2 p2 q 8 x 2 + 2 y2 p2 x 2 q7 _ 2 y Pql3 x 4 + 2 y2 Pq8 x 2 + :2 y2 / q!) x 2

+ '2 y2 p Il' x 2 + x 2 P y2 qfJ + '2 y2 p2 qll x 2 + 2 y2 Pq 10 :[:2 _ y~ / q8 x 2

- y / ql1 :[:1 +_ 2 y2 fJ :[2 q7 + I?O X 6 - - y X 1 1J1[' r? 2 Il () 1]11 :('4 Il fi :('41/1[,

_ IJ q12 x4 _ IJ3 fl2 q6 _ ~ y3 p2 q4 _ 4 y3 p2 q3 _ 3 y3 p'2 q2 _ :2 y3 p" q

_ 2 y3 p2 q5 _ Y q13 x 4 _ y Pql6 x 4 _ y Pql8 x 4 _ y Pq17 x 4 _ y3 p2 x 2 q7

+ 112 (1 qll .7"2 + 113 (12 qll :r2 + 11 3 (12 ql2 X 2 + y2 (12 q12 .7"2 + q21 X D (1)

y-2 P 1 q fi,

(X 2 Pq6 + q5 X
2

_ q3 Il P - q2 Y P - y Pq - y p)

(q4 X -1) (q4 X + l)q-G.

2. Stieltjes-Wigert case ( rjJ(x) = ~, VJ(x) == q~:=:))

10 (T,n,q;x)

Il (T, n, q; x)

f:J(T,n,qjx) =

Bibliography

(q3 X Y P + x y q2 + q + 1) q x,

_ (q1 p2 x3 y:J +1/ x2 y2 p2 + q3 x3 y3 p + 2 q3 y2 Px 2

+ q3 x y P _ q2 X + x y q2 + q2 y2 x 2 + q2 x 2 y2 p + y Pq2 X + q + q x y

+ q x
2

y2 p + y Pq x + 1 + x y + x) q,

(1 + 2 q + 21/ y2 Px 2 + q6 x 2 y2 p2 + q2 y2 x 2 + 2 q x y

- 2 Il x + x 2 P y2 q5 + 2 y2 p 2 l x 2 _ 2 q3 X + q~ y2 Px 2 + 1/ x 2 y2 /

+ 2 y Pq2 X + q2 + 2 q3 X Y P + 2 x y q2 + 2 q3 x 2 y2 + 2 q3 X Y + q4 x 2 y2

_ Y q3 x 2 _ y q4 x 2 + q4 x3 y3 + y3 p2 q6 x3 + y3 p3 q 7 x3 + y3 Pq5 x3

- y Pq4 x
2

_ y Il x
2

p +2 q 4 x y pl,

_(y3 p2 x3 q7 + y3 pq6 x3 + y2 pq6 x2 + y2 p2 q5 x2

+ x 2 fJ y2 1/' + r/ x y p + 1/ x + 21/ y2 P;J:2 + q3 x 2
y2 + 1/ X Y + q3 x y P

- q2 X + x y q2 + y Pq2 X + q + q x y + 1),

(Y Pq2 X + q + q x y + 1) q3 X.
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