IMHOTEP Vol.1, n°1 (1997) 41

THE DUALS OF BERGMAN SPACES IN SIEGEL DOMAINS OF TYPE 11

Anatole TEMGOUA KAGOU

Abstract : In every homogeneous Siegel domain of type Il , for some real number p, > 2,
we characterize the dual of the weighted Bergman space AP'" when 1 <p <p, . In the

symmetric case, we also characterize the dual of Ap,r with p; <p <1 for some p;e (0,1),

and extend this to two homogeneous non symmetric Siegel domains of type I1.

Résumé : Dans les domaines de Siegel homogénes de type I, nous caractérisons le dual de

I'espace de Bergman avec poids AP" | lorsque 1 <p < po , ot le nombre réel p, dépend du

domaine. Dans le cas ou le domaine est symétrique, nous caractérisons également le dual

de AP lorsque p, < p <1, avec pie (0,1) , et nous généralisons ce résultat & deux

domaines de Siegel homogénes et non symétriques de type II.

I. INTRODUCTION.
Let D be a homogeneous Siegel domain of type Il. Let dv denote the Lebesgue
measure on D and let H(D) be the space of holomorphic functions in D endowed with the

topology of uniform convergence on compact subsets of D. The Bergman projection P of
D is the orthogonal projection of LZ(D, dv) onto its subspace A2(D) consisting of

holomorphic functions. Moreover, P is the integral operator defined on L2(D, dv) by the

Bergman kernel B(C, z) which, for D, was computed in [G].

1991 AMS Subiject Classification : 32A07, 32A25, 32H10, 32M15.
Keywords : Siegel domain of type Il, weighted Bergman space, Bergman kernel,
Bergman projection, Bloch space.



The duals of Bergman spaces

Let r be a real number. Since D is homogeneous, the function £ +— B(C, £) does

not vanish on D, we can set:
LT (D) = Lp(D, B~'(¢, g)dv(g)) ,0<p<ow.

Let p be a positive number. The weighted Bergman space AP'" (D) is defined by
APT D)=L (D)~H(D).

Ifr =0, then AP'" (D) is simply denoted AP (D).

The weighted Bergman projection P is the orthogonal projection of
L2'8(D) ontoAZ’g(D) . It is proved in [BT] that there exists a real number ep <0 such

that A2'8(D) = {0} if € <ep and that for e >ep, P is the integral operator defined on

L2'8(D) by the weighted Bergman kernel Cg Bl+8(§, 2) . In all our work, we shall assume

that e >ep.

The "norm" ||||p . of APT(D), with 1> ep, is defined by:

1/p
"f”p,f:[I |f(Z)|pB_r(Z,Z)dv(Z)J . feAPT (D).
D

Let p be a positive integer. S.G. Gindikin [G] has defined a differential
polynomial Ap in D that satisfies the property:

(Ap)CB(Q,z)chBl"'p(Q,z) ¢,zeD).

A holomorphic function g in D is said to be a Bloch function in D if g satisfies the estimate:
Jol. = sup{|(ap)z92]8 P 2.0)} <o
zeD

Let NV = {g e H(D) :Apg = 0}. The Bloch space Bo of D is defined by :
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JB p ={Bloch functions}/ A

For p > 1, the space cg,r (D) is the quotient space by (A of the space of holomorphic

functions g in D satisfying the estimate
0 1/p
- -r
"g"Cg,r(D) :[é ‘B p(z,z)Apg(z) B (z,z)dv(z)j <o .

For r =0, the space cg r (D) is simply denoted cg (D).

In the upper half-plane, n+ = {z €C: Im z > 0}, R. Coifman and R. Rochberg
proved the following fact: the dual of the Bergman space Al(n+) coincides with the Bloch
space of holomorphic functions in n+, and can be realized as the Bergman projection of

L (n+). A few years later, D. Békollé in [B4] carried out the same study on symmetric
Siegel domains of type Il. In fact, he proved that for homogeneous Siegel domains of type
Il associated with self-dual cones, the dual space of Al coincides with the Bloch space of
holomorphic functions, and for symmetric Siegel domains, this space can be realized as the

Bergman projection of L”. On the other hand, for bounded symmetric domains, K. Zhu ([Z]

and [Z1]) studied the dual of the Bergman spaces AP with small exponents (0 < p < 1) and
obtained that their dual is equal to the Bloch space.

Furthermore, in [Bg] , D. Békollé proved that when p € (4/3 , 4) , the dual of
AP (R3 +iT) , where T is the spherical cone in R3, is equal to A'OI(R3 +il) (p'is the
conjugate exponent of p ) and when p e (1, 4/3] , the dual of AP (R3 + il') coincides with

the space cg' (R3 +il) with p=1.
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The duals of Bergman spaces

The purpose of this work is to extend these results to the weighted Bergman space
APT(D) , 1 < p < p, in homogeneous Siegel domains of type 11, where pg is a real
number greater than 2 and depends on the domain D ; when D is symmetric, we also show
that the dual of AP" (D), p; <p<1, where p; depends on D , is equal the Bloch space.
This latter result is also true for two non symmetric domains.

The first aim of this work is to show that there exists pg > 0 such that whenever
pP>p0

1° when D is homogeneous and 0 < p <1, Bo is isomorphic to a subspace of

the dual space (AP (D))* of AP:" (D) and the two spaces are isomorphic whenp =1;

2°  the two spaces are equal when p1 < p <1 when D is symmetric, and the
same is true for two particular non symmetric domains.

To show the first claim , let g be in J8, and consider the linear functional ¢ on

AP" (D) defined by
g1t
o(f) = p(Ap)a(2)B~ Pzaf@B P (z2)dv() (fe APT(D)).
1_1+r

Ince Z Z,Z)dv(Z) <oo TOr al € ' , 1t follows that ¢ Is bounded,
Since [plf(z))B P d for all f ¢ AP (D), it follows that ¢ is bounded

hence belongs to (AP:" (D))* and is represented by g .

Conversely, assume p = 1 . To obtain B, = (Al‘r(D))*, let ¢ e (Al‘r(D))*;

then there exists b LOO(D) such that
o(f) = Ipb@f (B (2. 2)dv(2) , fe A (D).

since f(z) =cr, 5 lp BL* TP (2, 0)f ()BT ~P(5,0)dv(S) , if we set
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9@ =¢r plpB T P ObEB T (V)
we easily get :
o(f) = [p9@f (B~ Pz 2)dv().
In fact, since p > poy, g isaholomorphic function on D satisfying the estimate

sup
zeD

l9(2)B7P(z,2)

< cfp].-

On the other hand , by a lemma of Tréves [Tr], there exists he H(D) such that Apﬁ =g.

Let h be the equivalence class of all holomorphic solutions of this equation. Then h belongs

0 Bp and the equality
o(f) = [p Aph@F (2B~ ~ P (2, 2)dv(z)
. . Lr \\&_
yields the equality (A™ (D)) ™= -

We next assume that 0 < p < 1. Let us now define two homogeneous Siegel

domains Dg and Dq. Set

M1 M2 M3 22

Vo=ii=[%1p Agp O |: 7»11-%—%” , A9 >0, Agz>0}.
e 0 o 22 33
13 33

Observe that Vg is a non self dual cone of rank 3. Define Dg by Dg = R5 +iVp. Then Dg is

a homogeneous,non symmetric, tubular domain. On the other hand, D, is the first example,

due to Piateckii- Chapiro , of a homogeneous non symmetric Siegel domain of type Il, and
2

o 3 M2

is defined as follows. Let V1 =<\ = (xll,xlz,xzz)e R”: 99 >0,A11 i 0 be the
22

45



The duals of Bergman spaces

spherical cone in R5 , and consider the V1 - Hermitian form F1 in C defined by
F:CxC—C3

(V) (U\_/,0,0).

Then Dq ={(z,u) eC3 xC %— F(u,u) evl}.
i

The restrictions on D, p and p are as follows : D is either a symmetric Siegel

domain of type Il, or D = Dg, or D = D1 . Then there exists p1 € (0,1) such that for all p €

(p1.,1), we have (Ap' r(D))* CBo- Here are the main steps of the proof. Let ¢ be an

element of (Ap’ r(D))* and set a=pp + r+l, with p large enough. Let f ¢ AP "(D).

Then, in view of the molecular decomposition theorem [BT1], there exists {Aj }< | P such

that
o 1+r-a

f@)-3 1B @z)B P (i),
|

where {zj} is a lattice in D. Then we get

o 1_%

o(f)=Ip 0oBP (.2)f@)B P (z,2)dv(2).
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o

Now, since ¢ Bp(.,z) is holomorphic, then by the same lemma of Tréves, there exists g

o

ngp such that Apg(z)=(p BP (.,z) | by the choice of a. Hence ¢ is represented by a

Bloch function.

To go further, let helL®(D). Take p large enough ; then the function

u»&ﬂ:bs“wzgmgm@)wmmsme%mmmsmﬂmﬁmﬂulﬂsﬂwm
zeD

and G is holomorphic in D. Hence, by the same lemma of Tréves, there exists a function ge
J3p such that
@) (Ap)g=G.

Now, let P be the operator from L™ (D) into Bp which to each h e L (D) assigns the

element g = Ph defined by (1). This operator P is called "Bergman projection” of LOO(D)

into Bo for the following reason : although P is not the integral operator 73 which is

associated with the Bergman kernel B(c , z) , which has no meaning on L™ (D), it is easy

to show that for h e L2 AL® (D), the element Ph of JBp can be represented by zoh .

The second aim of this paper is to show that the "Bergman projection” P is

bounded from L™ (D) onto J3 o In order to achieve this goal, we prove that for each real

number p sufficiently large and for each GeH(D) such that
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sup {|G(z)|B_p(z,z)} <o,
zeD
one has the reproducing formula :
G(©) = ¢, [pBH*P(6,2)G(2)B™ (2, 2)dv(2) (z€D).
Hence, foreachg e J3, if we set h(z) = (Ap)9(2)B™P(z,2), then he L*(D) and Ph

:g_

The third aim of this work is to determine on a particular Siegel domain D, of type
Il, a kernel K(g , z) that determines P in the following way : for each heLOO(Dg ), a
representative of the element Ph of Bp is given by the function
C [pK(& 2)h(z)dv(z) . D. Békollé has determined such a kernel K in three different
Siegel domains of type Il, namely, the Cayley transform of the unit ball in c" [B1], the
tube over the spherical cone ([B2] and [B3] ), and finally, the tube over the cone of

symmetric positive-definite matrices [Bs] . The domain we consider is

Dzz{(z, u)eMy xMyo: Z_2|Z —U*UEV},

where My (resp. My 2 is the set of complex matrices of order 2 (resp. with r lines and 2
rows) , and V the cone of Hermitian positive-definite matrices of order 2. We determine a

kernel Bg such that
@  (B-Bo)(CV).(u)e LMDy dv(zu) (. V) € D2);
@ (Ap),BolEW.@w)=0.

Thus Ph can be represented by :
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PNEV) = Ip, B-Bo)(GV),(zu)h(z u)dv(z,u)  (he L™(D2)).
Unfortunately, for Siegel domains of type Il associated with cones of rank greater than 2,

the determination of a kernel Bg such that (2) and (3) simultaneously hold seems out of

reach.

The fourth aim of this work is to prove that there exists pg € (2,0) such that
whenever p'g < p < pg (P’ is the conjugate exponent of pg ) , the dual of AP (D) is

equal to AP*" (D), and when 1 <p<po, the dual of AP (D) is equal to CS,} (D) with
pP>p0-

The plan of this work is as follows. In section II, we recall some preliminary

results about affine-homogeneous Siegel domains of type Il and we give precise statements

of our results. In section I1l, we prove that Bo is contained in (Ap’r(D))* when 0 <p
<1, and that Bp= (Al’r(D))* (Theorem I1.7) ; under some additional assumptions on D,

p and p, we prove that J3 , = (Ap'r(D))* (Theorem 11.8). In section IV, we show that

PL*(D) = Bo (Theorem 11.9). In section V, we determine a defining kernel B-Bg of a

representative of the Bergman projection of a bounded function in the particular domain

Do (Theorem 11.10). In section VI, we prove that (Ap’r(D))* = Ap"r(D) if p'o<p<po,

and (AP" (D))" = ¢ (D) if 1 < p < po (Theorem 11.12).

Forp=1and r =0, the above results were first presented in [T]. In the sequel, as

usual, the same letter ¢ will denote constants that may be different from each other.
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Il. STATEMENTS OF RESULTS.
Let V c R , n > 3, be an irreducible, open, convex homogeneous cone which

contains no straight line. We first recall the canonical decomposition of V as stated in [G].

NOTATIONS. (i) At the j th step, j =1,2,..., the real line will be denoted by Rj; ; at the k th

step, k =1,2,..., Rk will stand for the nk- dimensional Euclidean space.
(ii) Let T < R® be a convex homogeneous cone which contains no straight line

and let @ be a homogeneous T" - bilinear symmetric form defined on R'x R". The real
homogeneous Siegel domain P =P (T, o) is defined by
P=P,0)={(y,) e R°xR": y-o(tt) eT}.
We shall denote by V(P) the homogeneous cone defined by:
V(P) ={(ytr) e R°xR" xR: r>0,(ryt) e P}
In order to describe the canonical decomposition of the cone V, we consider at the first

@) M)

step, the cone V and with a

)

= (0,%0) c R11. At the second step, we associate with V

homogeneous V"’ - bilinear symmetric form (p(z) defined on Ro , the real Siegel domain

p@ - p(v(l) ,(p(z)) < R11 x Ry and then, the convex cone

v@® —v(P@)c Ry xRy xRy .

(k-1) (

. . . k-1 . .
At the k th step, we associate with the cone V and with a vV ). bilinear symmetric

form (p(k) defined on Ry, areal Siegel domain p® =p (V(k_l) ,(p(k)) < R11 xRox...xRk
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and the cone
V(k) = V(P(k)) [ Rll X R2 X R22><...><Rk X Rkk .
It follows from the results of [G] that every homogeneous cone V which contains no

()

straight line can be decomposed in the form V (up to a linear isomorphism). The

required number of steps to obtain V in this form is called the rank | of V, V= V(I ) ; this

yields the following decomposition of the space R" that contains V :

|
@  R"=Ry; xRy xRoox.xRy xRy, n=I+ nj .
i=2

(k)

Furthermore, the projection ‘Pi(ik) of ¢ 7 onto Rjj (i <K) is a non-negative form. Thus

‘Pi(ik) is positive definite on a subspace Rjix of Rk with dim Rjk = njk . We then have:

k-1 k-1
) Rk= II Rjk , Nk = Znjk .
i=1 i=1

We denote by G(V) the simply transitive group of linear transformations of V

described in [G]. With respect to its canonical decomposition, the cone V can be described

in the following quantitative manner : letx € V and let Xj, j =2,...,1 (resp. xjj ,i=1,...1)
denote the projection of x onto Rj (resp. R;j ) ; then there exists a unique transformation h
€ G(V) such that (h(x))j=0,j=1,.,1. Weset X="h(x). The functions y j defined for j
=1..0, by xj(x) = >~<jj ,j =1,..,1, define the cone V in the following sense : a point x of
R" belongs to VV if and only if j(x) >0, j=1,..,l.

Since the decomposition (4) of R" yields in a natural way the following
decomposition of c

ch =C11 ><C2 X C22><...><C| X C|| ,
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the functions y; ,j=1,...,I, can naturally be extended as rational functions on c".

Let p=(p1,.--,P1) eCI ; we define the rational function (z)p on " by :

N n
@) _Hl(XJ(Z)) zeC.

J:

Fori=1,.1, set mj= 7% nj and dj = —(1+@) , and let d denote the vector
i>]

of RI whose components are dj . In the sequel, e will denote the point of V whose
components are ejj =1, ¢j=0, i=1,.,I , j=2,..]|
Let us recall the definition of the conjugate cone V' of V. Consider the inner

product <, > defined on R" with respect to the canonical decomposition of R" by :

<XY> = ZXiYii +2_Z_(Pi(ij)(xi Vi)
I

i<j

Then V' is defined by :

V= IxeR™ <xy> >0,y eV -{0}}.

The adjoint group G*(V) of G(V) with respect to <, > is the simply transitive group of

linear transformations of V . The cone V is an irreducible, convex, homogeneous cone

which contains no straight line, and it is also of rank I .

We shall denote by X]f the defining functions of V" . We have the following :
nij = Nij(V*) = N jatlmist (L<i<j<l).

i=1,.,1, and we also define the function

For peCI, we define p=I= by p;‘ =Pl_j4p ]
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(z)p* on " by:

*

*

(5@)".

The Siegel domain of type Il, associated with the homogeneous cone V of R"and a

. I
(27 =1
j=1

V-Hermitian, homogeneous form F : c™xc™s " , is defined by :
D=D(V,F) :{(z,u) ec"xcM ; %— F(u, u) ev} .
i

The domain D is then an affine-homogeneous domain. Let Fjj denote the projection of F

onto Cjj , and C(I) the complex subpace of c™ on which Fii is positive definite. Set

. I I i
oF — dimc(® ; then m= > g; and cM= 11 C(I) . We shall denote by g the vector of
C i=1 i=1

| .
N’ whose components are g, i=1,...,I.

We now recall the following two expressions of the Bergman kernel B((C,v),(z,u))
of D=D(V,F) :

1.1 PROPOSITION [G] . The Bergman kernel B((Z,v),(z,u)) of D is given by

= 2d-q
B((G, V), (z,u))= c(% - F(v, u)j

B . ~ C -7 ~ _ d* + q* .
=cly exp( <A,—2i F(v,u) >](k)* dA.

NOTATIONS. For az(al,...,a|)eR| , the notation 1+a stands for the vector

(I+oq,....1+ o). Let oc'=(0c'1,...,a'|)eR| ; we set oar'= (oqot'y ..., a'f) and by
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o> o', we meanthat oj> o'jforalli e {1,..,13}. For (g,v)and (z,u) inD c c"xc™ , we

let b denote the kernel

-7 2d-q
b((CV).(2.1)) = [%— R, u)) |

. 1+ | . .
Notice that B = cb. Moreover, b*andb™ , o € R, will denote the expressions :

b (V). 2.W)) = (ﬁ— F(v,u)

(2d-q)a
)

and

5 2d—g+(2d—-q)a
b (G zw) = (TZ— F(v, u)j .

Letr bea vector of R . For p e (0,%), we set LPM(D) =LP(D,b™"(z,2)dv(z)) and
define the weighted Bergman space Ap‘r(D) by Ap‘r(D) = Lp’r(D)mH(D). We equip
Ap'r(D) with the Lp’r(D) - " norm" || || p,r- The weighted Bergman projection Py is the

orthogonal projection of L2’r(D) onto Az’r(D). Recall (cf. [BT] ) that Az’r(D) = {0} when

nj+2

fi sm for some i e{1,...,I } and otherwise, Py is equal to the integral operator
—q)i

defined on L2’r(D)) by the weighted Bergman kernel ¢, bl+r((§,v),(z,u)) .
Let us now state some prerequisite results :

1.2 THEOREM [BT]. Let e and € be in RI and (&,v)eD. Then we have :

Ib bt (¢, v), (2, u)[b~® (2, 1), (z, u))dv(z,u) <eo
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+2 n;
and o —¢gj I

if and only if & > 2 SN
2(2d - q); -2(2d -q);

=1,...I. In this case, the

following equality holds :

Ioptt (G V). (2 W) E (2,u), (2, W)dv(z,U) = cg b TE (G V)G V)).-

We shall need the following reproducing formulas which, indeed, improve those
obtained in [BT] (Theorem I1.6.1, p.225), and whose proof, based on ideas of [BBR], will
be given in the appendix:

N +2 foralli=1,.,1 andpa

1.3 THEOREM. Let r be a vector of RI such that rj > ———
2(2d - q);

nj —2(2d-q)i(1+r1)
nj

. Then forall ¢ e RI such that

real number such that 1<p < min{

€j >ni—+2p_—l+r_i (i =1,..,1), the reproducing formula P¢f =f holds for all f
2(2d-q)j p

)

11.4 PROPOSITION [BT]. Let ae RI be suchthataj >0,i=1,...,1. Then:

‘ba (G V), (z,u)| < co b (V). (G, V)

and
‘b“((C,V)HC‘,V'),(Z,U) +(Z' V) g b* (G V). (G V).,

for all (C,v), (C'\V), (z,u) and (z',u) in D.

1.5 LEMMA [R] . Forall f € Ap’r(D) (p > 0), we have the estimate :
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Fz WP < o™ (z,u), Z WFE

*
DEFINITION : A vector pe RI is a V-integral vector if (k),,E’ is a polynomial in A.

In the sequel, p will be a V-integral vector. We associate to p the differential

polynomial (Ap)g inc" inthe following way : for Ae Cn,

(Ap)eexp(<hc>) = (B exp(<hc>)  (ce ).

Let us now recall the following lemma due to F. Tréves [Tr] which is crucial in our

work.

1.6 LEMMA [Tr]. For each holomorphic function G in D, there exists a holomorphic

function g in D such that (A, )z 9(E,v)=G(E,v) for all (C,v) € D.

DEFINITION : A function g € H(D) is a Bloch function if :

p

lofl, = sup ‘(Ap)zg(z,u)‘b —20+0 (2, 1), (z,u) L <.
(z,u) eD

Set N = {geH(D) : (Ap)g = 0 }. We define the Bloch space Bo and the space

p .
-2d+q

Cg,r (D) in the following manner, where we set ¢ =

Bo ={Bloch functions in D}/W ,

while Cg,r (D) is the quotient space:
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N -
feH(D):||f||cgr=[jD‘(Ap)Zf(z,u)‘ b~ PO r((z,u),(z,u))dv(z,u)jp < /dv
These two spaces have the following topological property:

LEMMA : (Bp , ||||* ) and (cg,r (D), ""Cg r(D)) are complex Banach spaces.

Our first two results read as follows:

1.7 THEOREM. Let D be a homogeneous Siegel domain of type Il. Let p be a real

nj+2

——— i=1,..,1.Then the
2(2d -q)j

number and r a vector of RI suchthat 0 <p<1and r; >

following assertions hold:

(1 Bo is isomorphic to a subspace of (Ap‘r(D))*,

.. i 1r ® nj . . i

(||)Jgp isequal to A" (D)) ) if pj >?,|=1,...,I, with equivalent norms.
The duality (A"'(D)), 33, ) is given by

(f.9) = Ip(Ap) z9(z, )b (2,u), (2, uDf(z, Wb~ ((z,u),(z,W)dv(z,u),

p

where ¢ = .
-2d+q
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1.8 THEOREM : LetD c CN be either a symmetric Siegel domain of type I, or D = Dy,

i+ 2 .
orD=D;j. Letp= 2—N and let r be a vector of R such that r; >n'—+, i=1,
2N +1 2(2d - q);

Then forall p € (p1,1) and all pe R' such that

ni+2 1+2ri

pj > — +(-2d +q); + (=2d +q)j, i=1..1,

we have = (Ap’r(D))*, with equivalent norms.
B

Moreover, the duality (Ap’r(D)), Bo ) is given by

1
L Ler

(f,g)=ID@)ZQ(Z,U)b_G((Z,U),(Z,U))f(Z,U)b P ((zu), (2 u)dv(z,v),

P

with o = .
-2d+q

REMARK: In the symmetric case, R.R. Coifman and R. Rochberg ([CR], p. 43-44) stated

1-1+3"

that Ap’r(D)) and A P (D) have the same dual. The proof of Theorem 11.8 relies on
their atomic decomposition theorem . For a proof of the atomic decomposition theorem, cf.

[BT1].

Theorems 11.7 and 11.8 will be proved in section Il1.

Let he LOO(D) and let p be a V-integral vector such that pj > % (i=1,.,1). Then,

in view of Theorem 11.2, the following function G is holomorphic in D:

G(5V) = [pb™ 7 (V). (z.u)h(z, u)dv(z,u),
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p
—2d+q

where o= By Lemma 1.6, there exists §eH(D) such that

(Ap)zg(z, u) = G(z,u) . Let g be the equivalence class of all holomorphic solutions of this
equation. Theng e Bo: hence, we can define an operator P from LOO(D) into Bo in the

following way :
Ph=g.

P is called the "Bergman projection” of LOO(D) into B Let us justify this name : the
Bergman projection 79 is usually the integral operator defined on LZ(D) by :

PIE V) =]p B V), @ W)h( udv(z,v) (h e (D).
Now, let h e Lzm LOO(D) ; since (Ap)qb((q,v),(z,u))=cpb1+c((§,v),(z,u)) (recall

C = P
-2d +q

), one easily obtains that #dh is a representative of the element Ph = g of
Bo-
Our third result reads as follows:

11.9 THEOREM. Let D be a homogeneous Siegel domain of type Il. Let p be a V-integral

vector such that pj > % (i=1,...,.). Then PLOO(D) = Bp and P has a bounded right

inverse.
Theorem I1.9 will be proved in section IV .

Our fourth result reads as follows :
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*
Z-7

11-10 THEOREM: Let D, ={(z,u) eMy x My

—u*u ev} and p =(5,5). Then

there exists a kernel bg in Dy such that :

(i) with respect to (C, v) , bo ((€, V), (z ,u)) is holomorphic in D> and
(Ap)gbo (€, v),(zu) =0,

(ii) for all (£, v) Do, (b-bo) ((€, V), (z,u)) € L1 (D2, dv (z,u)) .
Hence, for each h LOO(DZ) , the function gph defined on Dy by

PhCV)=Ip, (b=bg)((&. V), (z,u))h(z,u)dv(z,u)

is a representative of Ph.
This result will be proved in section V.
Our fifth result focuses on the case p > 1 and reads as follows:

11-11 THEOREM : Let D be a homogeneous Siegel domain of type Il. Let p be a real
nl +2

number and r a vector of RI such that rj>—"——
2(2d - q);

(i=1,.,1) and

1<p<min
i

{Zni +2-2(2d - q)iri}

nj
Then we have the following assertions.

2nj +2-2(2d -q)jr
nj +2-2(2d-q)jr;

2nj +2-2(2d-0q)jr
nj

@i If m_ax{ <p< m_in{ } then (Ap’r
i

(D))* = AIOI’r (D) (p'is the conjugate exponent of p).
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(i) (A'O’r (D)* = cgr (D) whenever pj >%, i=1,..,1, with equivalent norms.
. p,r p‘ .
The duality (A™" (D), cp,r(D)) is given by

(f.h) =Ip b_G((z,u),(z,u))(Ap)Zh(z,u)f(z,u)b_r((z,u),(z,u))dv(z,u),

P

where ¢ = .
-2d +q

This theorem will be proved in section VI.

I11. PROOFS OF THEOREMS I1.7 AND 11.8.
111.1 PROOF OF THEOREM I1.7

(i) Letg e J3pand consider the linear functional ¢ defined on AP (D) by :

1

o0 =Ip (Ap),8ELT(EWEVIIED P (EW.EV)

P
-2d +q

where ¢ =

and 0<p <1.ByLemma Il5, we have the estimate :

1 r

b [fevb P (€. @wdvEv)
<o Ip PTG v& ) e vl P
<clff, -

Hence ¢ possesses the following property:
Lol < cligll«/fllp.r

and thus ||o|| < c||g||« . Therefore o € (Ap’r (D))*. This proves the inclusion of J3p into
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A" oy*.

(ii) Let p =1, and let ¢ be in (Al’r (D))*. Then by the Hahn-Banach theorem,

there exists a bounded function k in D such that

o(f)=Ip k(z,u)f(z,u)b_r((z,u),(z,u))dv(z,u).
On the other hand, by Theorem 1.3, we have the following reproducing formula for every f

e AM (D)

fz,u)=Jp b1 O((Z,u), (G VG VDT~ O(E W), (€ W)VE V).

Therefore by the Fubini theorem, we easily get
o()=Ip (Ip B (L EWKED (G, EVHEVE Y|
fz,ub™ "~ ((z u), (2, W)dv(z,v).
Set g(z.u) = Jp b1 O ((2,), (G V))KE WD (G W), (G V)V(G,v) . Observe next that
g € H(D) and that by Theorem 11.2, the following estimate holds :

la(z,u)| < K|, b ((z,u).(z,u)) ((zu) € D),

n;

since oj >————i
—2(2d - q);

=1,...,1. Then in view of Lemma II.6, there exists h in J3, such

that Aph =g. Therefore
o(f) = I (Ap) h(z, u)f (z,u)b ™"~ ((z,u), (2, u))dv(z, u)
z
and thus, ¢ is represented by the element g of J3, . This proves the reverse inclusion of

AY O)* InBp O
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We shall now prove another reproducing formula whose proof relies on the

dominated convergence theorem. In view of this formula, the Bergman weighted

projection Py also reproduces functions which satisfy certain uniform estimate.

111.L2 PROPOSITION : Let r and ¢ be two vectors of RI such that

£j SO f >n'7++ai, i=1..1. Let G be in H(D) such that
-2(2d-q); 2(2d-q);

sup {|G(2)|b®%(z,2)} <. Then P,G =G.

zeD

PROOF : Consider the sequence {Gy, } defined by
G (2) = G(Z+Ejb°‘(£,iej,
n n

where the positive exponent o is to be specified later. There exists ¢ > 0 such that for every

z in D and every positive integer n :

‘G(z+£j < cbg(z+£,z+£)
n n n
<o)
n'n

where the latter inequality is yielded by Proposition 1.4 since g > 0. Then , when we

keep n fixed, the function z G(z +E) is bounded and the following inequality holds :
n

b~ (z,2)dv(2).

Ip |Gn(z)|2b_r(z,z)dv(z)anjD ‘bza(ﬁ,ie)
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We choose o so that 2oj —1- 1 forall i =1,..,I. Hence by Theorem 1.2,

ni
> —
-2(2d - q);
the latest integral converges and furthermore, Py G, = Gp forall n.

On the other hand, by Proposition 11.4, since oj >0 and &j > 0, we have :

IGh@|b” F(z.2) <

G(z +E‘b_ €z, 2) <c.
n

. n;
Also, by Theorem 112, under our assumptions &>  and
-2(2d-0);
ni+2 .
i >————+¢&j, i=1..1 weqget:
2(2d-q);

i [pH Mo ECowE <=

Henceforth, by the dominated convergence theorem, we easily obtain the equality P,G = G.

REMARK : This result extends the one obtained in [B] for symmetric Siegel domains of

type Il, via the bounded circular realization of the domain. Our proof is straight and

includes all homogeneous Siegel domains of type II.

1.3 COROLLARY : Let p € (0, 1] . Let o and rbe vectors of R' such that

oF >L+l+ri and 1 >ni—+2 for all i=1..,1, Then for all
- 2(2d - q); 2(2d - g);
p,r * -
ee(A™ (D))™ and for all zg in D, we have
o

o o o
= 1-=

Ip bP(z0.2)0 bB(.,z) b P(z2)dv(2)) =9 bg(.,zo) :
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PROOF : By Propaosition 111.2, it is sufficient to show that
a l+4r-a
® sup |op/bP(LZ)[b P (z2)<w
zeD

But since ¢ € (Ap’r(D))*, we obtain that

o o a-1-r

(pb;(.,z) scb;(.,z) <cb P (z2),

p.r
where the latest estimate follows from Theorem 11.2. This proves Corollary 111.3 .

O

111.4 PROOF OF THEOREM 11.8

LetD c CN be a symmetric Siegel domain of type Il, or let D be equal to Dg or

,1) and r eR satisfying rj > , the domain

nj +2
D1 . Remark that for p € ( 2N _Nite
2N +1 2(2d - q)j

D satisfies the hypotheses of the molecular decomposition theorem [BT1] for functions in

Bergman spaces AP (D) ; more precisely, for such values of p and r, there exist constants

¢ =c(p,r) and C = C(p,r) such that for every f € Ap'r(D), there exists an | ” -sequence {Ai}

such that

o 1+r-a

f(Z)=§ KibE(ZyZi)b P (Zi,Zi) (ze D) ,
i=0

where {z;} is a lattice in D and the following estimate holds :

el <=fil® <clflp,

65



The duals of Bergman spaces

I . . . -
Moreover, the vector o of R is defined as follows. Let p denote a V-integral vector in R

such that when we setc = P

, the following condition is satisfied:
nj +2 1+2r

cj > +1+ i=1..,1
2(2d - q); p

The vector a is given by o = op+1+r.
Let ¢ e(Ap’r (D))*. For fe AP (D), define the sequence {fy} of functions in
D by
o 1+r-a

N &
() fin@= > ApP@Ezb P (z,7) (ze D).

i=0

Then  {fN} converges to fin AP’ (D). Hence o(fN) goes to ¢(f) as N tends to infinity.

Now, in view of Corollary I11.3, we get :

o o o o
1-=

® bF(.,zi) =Ip bg(zi,z)(p bE(.,z) b P(z,2)dv(z)) (i e Z4),

and combining this with (7) yields for every positive integer N :

s -2

ofn)=Ip TIN@a bP ()b P @2)dvE)..

This easily implies that for every positive integer N :

o 12

(8) o(fN) =Ip TN@o bP (2) b Pz 2)dv(2).

Now, let N tend to infinity in identity (8). On the one hand, ¢( fn) goes to ¢(f). On the
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other hand, it follows from (6) that

1-% 1ot

b N - )29 bF(.,z) b P@oadv@|<Clp [fN-F)2 P @2dvE)

o

<Cp |Ffn-H)@)|Po "z v

where the latest inequality follows from Lemma 11.5. Henceforth, since {f\} converges to f

in Ap’r(D), we conclude that the right hand side of (8) tends to

o 1_%

Ip f(2)9| b P(.z)|b  P(z,2)dv(z)). We have then proved that for every f in AP (D)

o -

o(f)=[p F@)e bP (L2)p P (z2)dv(2).

o

Now,by Lemma 11.6, since the function z+ o| b P (.,2) | is holomorphic in D, there exists

o

g in H(D) such that Apg(z) = o b p (.,2) | Furthermore, with the choice of o and with

a-1-r

o= , we deduce from (6) that for every ze D, the following estimate holds :
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o

sup || bP(.,2)||b7%(2,2) <.
zeD

Hence g is a Bloch function in D, and g clearly represents the bounded linear functional
(pe(Alo‘r (D))* in the following manner :

1

o(f) =IpA,9(2b~°(2.@f@b P (22dv(2).
Moreover, [g||, <c|o| This proves the inclusion of A" (0)* in B - Theorem 11.8 is

entirely proved. O

IV. PROOF OF THEOREM I1.9.

Since PLOO(D) c JBp » let us prove that JB, < PLOO(D). Let g € JBp and set

h(Q,v)=(Ap)cg(g,v)b_c((gv),(Q,v)) with & = _2§+q. Then h e L°(D) . We are

going to show that Ph = g. It suffices to prove the equality :

(Ap)gg(g,v) -Ip b1+6((§,v),(z,u))(Ap)Cg(z,u)b_G((z,u),(z,u))dv(z,u).

Setting € = o, this equality follows from Proposition I11.2. To complete the proof, let us

determine a right inverse of P. Define R as follows:

RaE ) =[Ap), 96D (€. G ¥) 0e, )

Then PRg = g and Rg € L~ (D). Furthemore "Rg||L°°(D) <|gf, and thus |R|<1 This

completes the proof of Theorem 11.9. O
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V. PROOF OF THEOREM 11.10.

V.1 Preliminaries on D».
The cone V = {z € My, z Hermitian , z > 0} is of rank 2 and linearly equivalent

to the spherical cone in R ; moreover, it is self-conjugate with respect to the inner

product

<C,z>=011211 +812212 + 821221 + 822222,

z z 10

where £ = G 612 and z=| 11 12 belong to M». Set e= . We also

2 0
C21 G22 221 222 1

have ni2=2,n1=0,ny=2,d = (-2,-2) . The functions that define the cone V are

defined by

X1(C)=C11—% » X128 =C90 (CeMy)

LetF:Mr 2 xMro — Mo be defined by F(v,u) = u™ v where u = (ug, u2)
and v =(v1,Vvp)arein Mro with vi ,vo in c' (i=1,2). Hence F11 (v,u) = ul*vl,
Foo (v,u) = u2* vo and it is clear that Fjj is concentrated on c' xc " andis positive

definite on C " (i=1,2). Therefore q = (r,r).

Let p = (5,5) be a V-integral vector. It is straightforward that
5

ol e 7
Pl (06110800 06120801
and

1+ (;)
(Ap)gs((c.v),(z,u))=cp B 20+4(¢v).(zu),
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where B is the Bergman kernel of D». It then follows from Theorem 11.2 that

(AP)C B((Q,v),(z,u)) is integrable with respect to (z,u) in Do since p = (p1, p2), p1 >0,

p2 > 1. We are now ready to state the following lemma whose proof is just computational.

V.2 LEMMA : Let ag and oy be two integers such that oy € {-4,-3,-2,-1,0} or ape{-3,
—op —oqfG—z* )
-2,-1,0,1}. Then (Ap)CXZ X1 BT u*v|=0, where (z,u) and (&,v) belong to
i

Do.

The proof of the next lemma is somewhat lengthy and will be given in the

appendix.

V.3. LEMMA : The following functions are integrable in D5 :

@ Jugf*g G r)xg(sﬂ)(—ie;iz*) :

(b) |uz|5XI(5 - r)XE(Q - r)(—ie ;iz *j ;

(5+r)X§(9+r)(ie—Z*) :

©  |ug[*z1011 T

@ |”2|4221x1_(5”)xg(9+r)(ie—z*) ;

2i

e) |U2|5221X1_(5+r)xg(g”)(ie;iz*) :

7
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(f) |u1||uz|4xl_(5+r)xg(gﬂ)(ie;iz*) ;

() |u1||uz|5XI(5+r)X£(9+r)(ie;iz*j ;

) |u1||U2|4X1_(5+r)X£(9+r)(ie ;iz*j .

We shall also use the following lemma.

V.4. LEMMA : Let (&, v) be in Dg. Then there exists two positive constants c1 and ca

such that for all (z,u) € Do, the following estimates hold :

(ie—z*j< (C_Z*—u*v) (ie—z*j
20 )T 2%

(55 <o S5 e <o 255

i
PROOF : This is a straightforward consequence of the following lemma due to A.

a) c1 <Co

b) C1 <

<Co

Koranyi:

LEMMA ([CR], cf. also [BT1 ]) Let D be a symmetric Siegel domain of type Il and let d
denote the Bergman distance on Dy. Then there exists a constant Cp such that forall , z,

B(;2)
B(,.2)

z'inD, l‘ <Cpd(z,z') whenever d(z,z') < 10.

We are now ready to handle the proof of Theorem 11.10 :
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PROOF OF THEOREM 11.10. We can define bg in the following manner :

* ® *
-4 g-z * -4 v~z s (L
(b_bOX(C'V)’(Z'U))_[Xl( K )[2 V()H

-4 C-z* —(4 ie—z*
{Xz( e
—(5 ie—z*\ —(@4 C-z* —(4 ie—z*
B o L R )
e —(6+r1)(ie—z* ie—z* B Ciz*—u*v 2
1 i )\ 2l T ) ey
. . 3
—(7 ie—z* ie—-z* L-z* -
b H)[ 2 j[XZ( 2 ]_XZ[ T Vj] ]

where az(4+r)2(5+r)’B=(4+r)(5+r)(6+r) and (g(l),v(l)j{[i 0 J(O’VZ)}

2 0 &2

Then bg ((€,v),(z,u)) is a holomorphic function of ({,v) in Dy. Furthermore, in view of

¢ -z» €
Lemma V.2 and the fact that x4 T u*v does not depend on {11 , C21 and
i
C12 , we have (Ap)C bo((Q,V),(z, u)) = 0. This proves the first assertion.

n
Using the identity a~("*D _p=("+1) _(p_a) 5 a=(K+Dp-(n+1-K) o4
k=0
in view of Lemma V.4 , we have the estimate :

(b-bo (& V), (z,u)
Coo —i ie—z*
[& o)

<y G+ r)x5(8+r)(ie—2*j
Qilzézl\ +|c12]|z21] +|C21212] + 2lca2|vo | + 2Cao|ug||va| + 2val|z24]|u)| +4\“2H“1H"1HV2\)

2i

4 2 )&
ol al? 4

Flugvg]
4

72



A. Temgoua Kagou

Hence in view of Lemma V.3, (b-bg ) ((€,v) ,(z,u)) is in L1 (Dy, dv(z,u)). This completes

the proof of Theorem 11.10. O

VI. PROOF OF THEOREM I1.11.

VI.I. THEOREM [BT] . Leteand r be in RI such that «; >ﬁ and
_q |
(42
f>— "% j=1,...1.ThenP; isbounded from L”" (D) into A™" (D) if
2(2d - )
max 1'2ni +2-2(2d - q)jr; <p< min 2nj +2-2(2d - q)r; .
i=1..1 Nj+2-2(2d-q)jgj i=1...,1 nj

1.2 PROOF OF THEOREM I1.11. (i) In view of Theorems I1.3 and VI.1, we have P, f =

f for every f ¢ AP (D), and ||Prg||IO L < Cp,r"g"p .- One easily obtains the announced

results from the Hahn-Banach and Riesz representation theorems.

(ii) Let pe (Ap’r (D))* . By the Hahn- Banach theorem , there exists g e Lp"r (D)
such that for all f € A™'(D) , we have
o(f)=Ip 9z, u)f(z,u)b~"((z,u),(z,u))dv(z,u).

Seto=—F . By Theorem I1.3, P4 f=f,f e AP! (D) , then
-2d+q

o(f)=p 9(z,u)Py £z ub™((z u), (z,u))dv(z,u)
=Ip To+r.r9@ Wiz wb™ "((z u),(z uv(z u)

where T4y ¢ is the adjoint operator of Pg.4r With respect to the inner product

<f,g> =jD f(z,u)g(z,u)b_r((z,u),(z,u))dv(z,u),
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and it is expressed in the following way :
To 4, FwW) =b~ C(w,w)jp b1 O+ T(w, (2, u)f 2, u)b™ " ((z u). (2. W)dv(z,u)
(w e D).

2n +2-2(2d -q)jr
nj +2-2(2d - q)jr

n:
Since p; >?' and p'> max[

J , it follows from Theorem VI.1 that

[To v rrsl,, , =eorllly o

Clearly, the function z+— bG(z ,Z ) To+r,rg(2) belongs to H(D) , then by Lemma

.6, there exists h e such that Aph(z)= b (z,2) Tg+r.rg(z) for every z in D. Then
11.6 , there exists h eH(D) such that Aph(z)= b°(2,2) To+r9(2) f in D. Then h

€ cg:r (D) and HhHCS:r (D)< c|o]. Thus, finally, h represents ¢ in the following way :

o(f) =Ip b_G((z,u),(z,u))(Ap)h(z,u)f(z,u)b_r((z,u),(z,u))dv(z,u).

Conversely, leth e cgr (D) ; then the function z—~ b’ G(z ) Aph (z) belongs to

Lp“r (D) and the linear functional ¢ defined by

oM =1p b_G((z,u),(z,u))(Ap)h(z,u)f(z,u)b_r((z,u),(z,u))dv(z,u)
(feA™'(D))

is such that || < CHth,?'r(D)' Hence e (AP" (D))* . Therefore this proves assertion (ii)

and Theorem I1.11 is entirely proved.

REMARK : Let r and p satisfy the hypotheses of assertion (i) of Theorem 11.11, and let

n:
p be a vector of R such that Pi >?' for all i = 1,...,1. Then Cg,r(D) is equivalent to
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Ap‘r(D) in the following manner : every equivalence class in Cg,r(D) contains one and
only one representative f belonging to Ap’r(D) , and conversely, every feAp‘r(D) is a
representative of an equivalence class in Cg,r(D) . In fact, first let g e Cg,r(D)- Set
h(z)=b6(z,z)Ap g(2) and f = P, h ; then by Theorem V1.1, f belongs to Ap‘r(D) under our
assumptions on p, since h belongs to L IO’r(D). Therefore Apf = Pr,Lc,(Ap g ). On the other
hand, A, ge A” ®P7(D) ; then Prig(Ap g ) =A, g . Hence Apg = A, f and then, f i

, Ap ge (D) ; then Preg(Ap g ) =Ap g . Hence Apg = Ay f and then, f is a
representative of the class g in Cg, r(D).

Next, let f ¢A”"(D) be such that A, f=0. Thenf = Py f, and this implies that

Trio,rf(2) = b"G(z,,z) Apf(z) = 0. By the Fubini theorem, one easily obtains that

PI’ (Tr + o, I’f XC)

=cfp f)b™"(n, n)(JD bt T+ Oz mbt T 2b~ "0, z)dv(z))dv(n)

—cjp f(2)b~ "(n,mb* (& mdv(n),

where the latest equality follows from the reproducing formula Pyiq (b1+r(. Q)M =

b (n . ©) for all n and € in D, since the function b™*(. , ¢) belongs to A P'(D) and

n
Pj >?' for all i = 1,...I . Finally, we conclude that Py(Tr+sr f) = Py (f) = f, and since

Trigr T = 0, this implies that f = 0. Hence each class in Cg,r(D) has only one

representative in A IO’r(D) .
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Conversely , let f ¢ A™'(D) ; then Py f = fand A C (G0 =T, 4 (D),

for all £ in D. Hence, by Theorem VL1, Trgr f belongs to Lp’r(D) since

2nj +2-2(2d — Q)i :
p > max i +2-2(2d - 0); and p; DU for all io= 1,1 Therefore f is a
i | Nj+2-2(2d-0q)ir 2

representative of a class in Cg, r(D).

APPENDIX

PROOF OF LEMMAV. 3.
We first remark that for all (z, u) € Dy :

ie—z*
2i

™ Jugl® <lat

)|
By this remark (*), we have the estimate :

2i

< -
2i

(5+r)x5(8+r)(ie—2*) .

I(5+r)X£(6+|r)(ie—z*)_

ooy

This latest function is integrable by Theorem 11.2. Hence (@) is proved . The same estimate

permits to conclude that (b) is true . For the next three integrals, by the previous remark (*),

it is sufficient to prove that for a suitable choice of § (& = 0 for (c) and (d) and & = 0.5 for

(e) ), the following function is integrable in Dy :

05 (20) = 10, O+ g T2
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To this aim, we shall use computational techniques due to Békollé in [Bo] . Let aq

and oo be two real numbers such that 0 <oy <1 and 1 < ap <3 + 28, and consider the sets

|

In D1, |gs (z, u)| is dominated by an integrable function in D2 by our assumption

D3 and D4 defined by :

Dy ={(z,u) €Dy |95(z,u)| < X1—(4+r+oc1)X£(4+r+a2)(ie;iz*j

D4 =Dy \Dg.

on a1 and ap and Theorem 11. 2. In Dy , it is obvious that

95 (z,u)| < chs W),

where hg(z,u)is equal to :

hS(Z, U) = 712)(1

(6+r—oq)/2 —(10-0ao +r+238)/2(ie-z*
*2 2i

From the very definition of x7 and y2, we have :
O —(r-a1+4)/2_—(8-0ay +r+26)/2(ie—z*)
hs(z,u)=c— —_— .
8(2.1) 82{X1 *2 2i
Therefore one easily gets :

(x)XZ(r—-al)/Z

()da,

=i B2 e B

A
2 )1l

* AMoA *
where 1 (L) =Aoo — % and y o (L) = Aq1 are two defining functions of V*=V.
11

Hence, by the Plancherel-Gindikin formula [BT] with C™ = Mo, we get :
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i, Ihg @ w]2dv(z, ) = clem dv(u)

2—0ag+r+28 *r
X

(jvexp(< Ae >]7M12|2X1 5 M+r-2()exp(-2 <A u*u > dkj

j2—oc2+26

, o 95 2 2
= c'fyexpliqg + AopJrgg)*2 ~ %1~ 20 4(7\11K22—|7\12| Ao dh,

since [om exp(-2<A,u*u>)v(u) =cr); 9 = C(XI (x)x’é(x)j_ '

By a polar coordinate change of variables, the integration with respect to A12

converges if ap <3+ 28, and we have :

2 —o1,4—-a9+28
JD2|h5(z,u)| dv(z,u) = [ IF exp(-(hy1 +Ap))Ayq Thngy 2 dhgqdigy.

Henceforth, this integral converges by our assumption on o1 and oo . This proves
assertions (c), (d) and (e) .
Following the same pattern, it is sufficient to prove that the function fg(z, u)

defined by :

(5+r)X

fs(z,u) =|uglxy 2

—(6+r+93) e_z*
2i

is integrable in D» ( for (f), take & = 1; for (g), take 8 = 0. 5, and for (h), take § =0 )

The techniques used before imply that it is sufficient to prove that if 0 <o <land 1< o

<2+25,we have:

ifs (2| < [Ks @)

6-oq+r 8—ap+r+23

[ S ia_ 7%
where K5(z,u)=c|u1| X1 2 %o 2 (lezz )is square integrable in
i

Dy. Itis clear that :
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4—op+r1+28 2—aq +T

K(z,u) = clug|fyy exp(— <5 ;iz >j el 2 1 2 (\)dn;

then :

I, [Ks( u)dv(z, )

2-a9 +T+208 o

2 % * +r
=cff exp(-<e>|u|“xq (Mo (A)drdv(u)

1—0(1 + 20
2) d

24y — 26—
=clyexp(= (\q + App gphyg~ 4 T2 0‘1(%117%2. _r2]
=cl@IE exp(— (g + App) g Mhgg3t 20~ %24y gdhg,.

This converges by our assumptiononag and ap . [

PROOF OF THEOREM 11.3.

We first prove the following lemma:

A LEMMA. Letpe[ 1, ) and let r be a vector of RI suchthatrj >-1(i=1,..,l). Letf e
Ap'r(D). Then for every (y,u) € V x c™ such that y - F(u,u) € V, the holomorphic
function fy  defined on R" +iv by

fy, u(2) = f(z+iy,u)
belongs to the Hardy space HP (R"+iV). Moreover, there is a constant C = C(p,r) such that

forall f e Ap’r(D) and (y,u) € V x c™ satisfying y - F(u,u) € V, then

p 1+ 5 . p
”fyvUHHp(R” +iV) =Cb ((Iy’u)'('y'u))"f"p,r'
Proof of Lemma A. First take (y,u) = (e,0). Let P be a polydisc centered at (ie,0) with
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closure contained in D. Let (Rq ,...,Rn+m) be the multiradius of P. Then :
) |f(x+ ie,0)|p < CJP+(x,O) |f(§+ in,v)|pd§dndv(v) .
If P’ isthe projection of Pon iV x c™ , We obtain :
@ fpy(xo) [FE+ in,v)|P dedndv(v) < e x| <Ry (JP. I+ in,v)|pdndv(v)jd§.
Combining (1) and (2) yields

RN [f(x+ ie,0)|Pdx < C(Rl)ann (Ip [FE+ in,v)|pdndv(v))d§.
Since P' is a compact set contained in {(in,v) eiVxCM:in-Fu,u)e V}, there are two
positive constants ¢, and ¢’y such that ¢y < b—r((g+ i, V), (C+ iTLV)) <cr for all (in,v) €
P’and § R", Hence, for every f € H(D) , the following holds :

JrM [f(x +ie,0)[Pdx
<Crlrn (fpr [f&+in,v)Pb7 (€ +in,v), (€ +im,v))ndv(v) e
< Cr”f”B, r

Next assume that (iy,u) is an arbitrary point of D. Since D is affine-homogeneous, there is g

€ G(D) such that g'l(x+iy,u) = (x+ie,0) forevery x in R" . Set h= fog. Then

frn [FOx+ iy, u)Pdx = [gn |h(x +ie)Pdx
<Crlp [N +in v’ (€ +in ), (€ +in,v)Hzdndv(v).

Make the change of variables & = & , (inVv) = g'l(in‘ V). Then the equality

|detg|_2 =cb((x +iy,u), (x + iy, u))
yields that
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b((& +in,v), (& +in,v)) = b((E+in', V'), (E'+in', V')

2
det g‘

= cb((E+in', '), (E'+in' ,v‘))b_l((x +iy,u), (X +iy, u)).

|
Furthermore, for r € R, one can prove that

b™T((& +in,v), (& +in,v)) = c b ((E+in', v'), (E+in', V)b ((x + iy, u), (x + iy, u)).

Hence:

[rN [fx+iy,u)Pdx<c'y b T (x+ iy, u), (x+ iy, u))||f||B' .

So,
“fyuupp nooo=sup [gN [FOc+ ity +m)u)Pdx
UIHPRM +iv) Ty
<c sup [gn b1+r((x+i(y+n),u),(x+i(y+n),u))|f||gr
nev '
=c'y b1+ r((x + iy, u), (X + 1y, U)mf"B’ r
The last equality follows from Proposition 11.4 since rp > -1 (i = 1.1 ).
0

The following corollary can be deduced from results in [SW] :

B COROLLARY. Let pe[ 1, ) and let r be a vector of RI suchthatry > -1 (i=1,..,1).

Let (iy,u) € Dand y* V. Then for all f ¢ A”" (D),

[rN [Fx+iy+y)wPdx < [gn [f(x+iy)|Pdx

and
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lim [gn [f(x+i(y+y"),u)-f(x+iy, u)|pdx =0.
y'—0
y'ell

nj+2

PROOF OF THEOREM 11.3 : Let € be a vector of RI such that gj > m
—q)i

(i=1..1)

Recall that for every f € A2' ¢ (D), P¢ fis given by the following formula:
Pef(z,u) =cglp b+ E((2,u), (V) FE VD E((G V). V)IvEY) (@) € D).

Hence P, extends as an operator on LPT (D) if

r
-
ip BT w.v) b P (EVEv)ivEy <=

whenp>1 (resp. if
sup {\b“ (2o E)b e r)((cyv),c,v))} <o
(C,v)eD
when p = 1) for all (z,u) € D. By Theorem 11.2 (resp. by Proposition II.4) , this is the
case if and only if

nj+2 p-1

P=2 i =1,.1)and p<_min {”‘ —2(2d=9q)i(1+1i)

nj

Ej>——— whenp >1
2(2d-q)i p p i=1,..,l
[resp. if 1+ej > ¢j-ri >0 (i =1,.,1)whenp =1 ] For p = 1, this reduces to the two

conditionsrj>-landgj >rj (i=1,..,1).
It suffices to show that for every (£ ,v) € D, under our assumptions on €, randp,

the bounded linear functional ¢, v) defined on AP! (D) by
o) (B =FEV) —celp b E(G V). (2 W)F(z,ub ™8 ((z,u). (2 1))dv(z, )

which is identically 0 on AP (D) N A2' ¢ (D) , vanishes identically on AP (D). The
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desired conclusion follows from the following lemma :

nj+2
2(2d -q);

C LEMMA : Let € and r be two vectors of RI such that g;j > ri >

i—an
2(2d -q);

(i=1,..,1). Then for every p € [1,), the subspace AP r(D)mAZ’ ¢ (D) is dense in AP r(D).

Proof of Lemma C. We use the following notations : for z = (x+iy) € D , we write

z for (x+|y Lj , and we write ie for (ie,0). Let f AP (D). Let a be a positive
n

n 'Jn
number to be chosen later. Consider the sequence {fq} defined by

fq(z)=caf(z+5jb°‘(5,iej zeD),

q q

wherecy, = b ¢ (0, ie). We will show that for o large , fg € AP r(D) 8 A2’ ¢ (D) for every
q

positive integer g, and that  lim “1‘—fq ” =0.
q— oo p,r

The function z+— f(z +£) is bounded by Lemma I1.5 and Proposition 11.4. Take
q

o big enough so that the function z+ ba(i,iej =c,b%(z,qie) belongs to AP ! (D) N
q

A2' ¢ (D) for every ge N. Next, by the Minkowski inequality, we have the estimate :
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L

p
cabo‘(i, iej —4 dv(2) P
q
f[z + Ej -f(2)
q

By Lemma 11.4, there is a positive constant A, such that for all z € D and g € N, we have

z .
cabo‘(a,le)

the right side of the estimate goes to 0 as g goes to infinity. Now, to study the second

=l < 1o

A

L
p

P p
+Ip b~ "(z,2)dv(z) | .

q

cyb® z iej

<A . Hence, by the dominated convergence theorem, the first integral on

integral, it suffices to prove that

f(z+i—ej —f(2)
q

goes to 0 when g goes to infinity. Set z = (x+iy, u) € D and obtain that I is equal to

f[x + iy[+ Ej,u] —f(x+1iy,u)
q

Observe that Corollary B yields the following two facts :

p
lg=Ip b~"(z,2)dv(2)

p
dx (y = F(u,u))~ (4= Drgy ldv(u).

R v 5 Fu,u)| RD

p
JgD f[x+i[y+3}u}—f(x+iy,u) dx <2Pjpn [F(x +iy)|Pdx
q
and
o p
lim [gpn f(x+i(y+—j,u]—f(x+iy,u) dx =0.
q— o q

On the other hand, since f € A™ " (D), the function (y,u) - RN [f(x~+iy, ulP dx
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is integrable on {(y,u) : y € V+F(u,u) ,u e Cm} with respect to the measure
(y-F(u,u))'(Zd'Q)r dydv(u) . Hence, by the dominated convergence theorem, it follows that

Iq goesto 0 as g tends to infinity. Lemma C is proved. O

Thus Theorem 1.3 is entirely proved.
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