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THE DUALS OF BERGMAN SPACES IN SIEGEL DOMAINS OF TYPE II 

 

Anatole TEMGOUA KAGOU 

 

 

Abstract :  In every homogeneous Siegel domain of type II , for some real number p0 > 2, 

we characterize the dual of the weighted Bergman space A  when 1 � p < pp r,
0   . In the 

symmetric case, we also characterize the dual of  with  pAp r,
1  < p < 1  for some p1� (o,1), 

and extend this to two  homogeneous non symmetric Siegel domains of type II. 

 

Résumé : Dans les domaines de Siegel homogènes de type II, nous caractérisons le dual de 

l'espace de Bergman avec poids , lorsque 1 � p < pA p r,
0 , où le nombre réel p0 dépend du 

domaine. Dans le cas où le domaine est symétrique, nous caractérisons également le dual 

de lorsque pA p r,
1 < p < 1 , avec p1� (o,1) , et nous généralisons ce résultat à  deux  

domaines de Siegel homogènes et non  symétriques de type II.   

 

I. INTRODUCTION. 

 Let D be a homogeneous Siegel domain of type II. Let d� denote the Lebesgue 

measure on D and let H(D) be the space of holomorphic functions in D endowed with the 

topology of uniform convergence on compact subsets of  D. The Bergman projection P of 

D is the orthogonal projection of  L2(D, d�) onto its subspace A2(D) consisting of 

holomorphic functions. Moreover, P is the integral operator defined on L2(D, d�) by the 

Bergman kernel B(�, z) which,  for D,  was computed in [G]. 

_________ 
1991 AMS Subject Classification : 32A07, 32A25, 32H10, 32M15. 
Keywords : Siegel domain of type II, weighted Bergman space, Bergman kernel, 
Bergman projection, Bloch space. 



The duals of Bergman spaces 

 Let r be a real number. Since D is homogeneous, the function  �  B(� , �) does 

not vanish on D, we can set: 

�

 � �)(d),(B,DL)D(L rpr,p ����� �  ,  0 < p < � . 

Let p be a positive number. The weighted Bergman  space (D) is defined by Ap r,

 A (D) = . p r, Lp r D H D, ( ) ( )�

If r = 0, then A (D) is simply denoted (D). p r, Ap

 The weighted Bergman projection  is the orthogonal projection of 

onto A . It is proved in [BT] that there exists a real number  such 

that = {0} if  � � �  and that for ,  P  is the integral operator defined on 

 by the weighted Bergman kernel . In all our work, we shall assume 

that . 

P
�
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�D � 0
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z�( , )

 The "norm" . p r  of (D), with , is defined by: , A p r, r D� �

 ,
p/1

D
)z(d)z,z(rBp)z(fr,pf
�
�

�

�

�
�

�

�
� �	
   f� (D). Ap r,

 Let � be a positive integer. S.G. Gindikin [G]  has defined a differential 

polynomial  in D that satisfies the property: ��

                   (� , z � D) . �� � � �
� ��

�
	 


�
� 
 �B z c B z( , ) ( , )1

A holomorphic function g in D is said to be a Bloch function in D if g satisfies the estimate: 

 g g z B z
z D

z* sup ( ) ( ) ( , )� �
�
�

�
�
�
� 	

�

�

�

� z . 

Let N = � �0g :)D(Hg 
��� . The Bloch space B  of  D is defined by : �
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 B� ={Bloch functions}/N. 

For p � 1, the space (D)  is the quotient space by N  of the space of holomorphic 

functions g in D satisfying the estimate 

C�,r
p

 ��
�
�

�

�

�
�

�

�
	


��
�



�
�

p/1
)z(d)z,z(rB

p
)z(g)z,z(B

D
)D(p

r,Cg  . 

For r = 0, the space  (D) is simply denoted C (D).   C
�, r
p

�

p

 In the upper half-plane, 	+ = {z �C : Im z > 0}, R. Coifman and R. Rochberg 

proved the following fact: the dual of the Bergman space A1(	+) coincides with the Bloch 

space of  holomorphic functions in 	+, and can be realized as the Bergman projection of  

L� (	+). A few  years later, D. Békollé in [B4] carried out the same study on symmetric 

Siegel domains of type II. In fact, he proved that for homogeneous Siegel domains of type 

II associated with self-dual cones, the dual space of A1 coincides with the Bloch space of 

holomorphic functions, and for symmetric Siegel domains, this space can be realized as the 

Bergman projection of L�. On the other hand, for bounded symmetric domains, K. Zhu ([Z] 

and [Z1]) studied the dual of the Bergman spaces Ap with small exponents (0 < p < 1) and 

obtained that their dual is equal to the Bloch space. 

 Furthermore, in [B6] , D. Békollé proved that when p � (4/3 , 4) , the dual of 

(RAp 3 + i
) , where 
 is the spherical cone in  R3, is equal to (RAp' 3 + i
) ( p' is the 

conjugate exponent of p ) and when p � (1 , 4/3] , the dual of (RA p 3 + i
) coincides with 

the space  (RC
�

p' 3 + i
) with  � = 1. 

 43

 



The duals of Bergman spaces 

 The purpose of this work is to extend these results to the weighted Bergman space 

(D) , 1 � p < pA p r,
0, in homogeneous Siegel domains of type II,  where p0 is a real 

number greater than 2 and depends on the domain D ; when D is symmetric, we also show 

that the dual of  (D) , pAp r,
1  < p < 1 , where p1 depends on D , is equal the Bloch space. 

This latter result is also true for two non symmetric domains. 

 The first aim  of this work is  to show that  there exists �0 > 0 such that whenever 

� > �0  ,  

 1°   when D is homogeneous and 0 < p � 1 , B�  is isomorphic to a subspace of 

the dual space ( (D))* of A (D) and the two spaces are isomorphic when p = 1 ; A p r, p r,

 2°    the two spaces are equal when p1  < p < 1  when D is symmetric, and the 

same is true for two particular non symmetric domains. 

 To show the first claim , let g be in B�  and consider the linear functional ��
n 

(D) defined by A p r,

 )z(d)z,z(p
r1

1
B)z(f)z,z(BD )z(g)()f( �

�
�

��
� ����  (f� (D)) . Ap r,

Since ���

��

� )z(d)z,z(p
r11

BD )z(f

A p r,

 for all f � (D), it follows that ��is bounded, 

hence belongs to ( (D))* and is represented by g . 

A p r,

 Conversely, assume p = 1 . To obtain B�  = (A1,r(D))*, let  ��� (A1,r(D))*; 

then there exists b � L�(D) such that  

 )z(d)z,z(rB)z(fD )z(b)f( ��
��� ,  f� A1,r(D) . 

Since , if we set )(d),(rB)(f),z(D
r1B,rc)z(f ����������

���
��
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 ,  )(d),(rB)(b),z(D
r1B,rc)z(g ��������

���
��

we easily get : 

 )z(d)z,z(rB)z(fD )z(g)f( ����
��� . 

In fact, since ��>  ���,  g  is a holomorphic function  on  D  satisfying the estimate  

 � �sup ( ) ( , ) .
z D

g z B z z c b
�

�
�

�
�  

On the other hand , by a lemma of Trèves [Tr], there exists .  

Let h be the equivalence class of all holomorphic solutions of this equation. Then h belongs 

to B  , and the equality 

~ ( ) ~h H D such that h g� ���

�

 )z(d)z,z(rB)z(fD )z(h)f( ����
� ���	  

yields the equality (A1,r(D))*= B . �

 We next assume that 0 < p  < 1. Let us now define two homogeneous Siegel 

domains D0 and D1. Set  

 V0 = �

� � �

� �

� �

�
�
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 . ,

Observe that V0 is a non self dual cone of rank 3. Define D0  by D0 = R5  +i V0 . Then D0 is 

a homogeneous,non symmetric, tubular domain. On the other hand, D1  is the first example, 

due to Piateckii- Chapiro , of  a homogeneous non  symmetric Siegel domain of type II, and 

is defined as follows. Let V1 = � �

�
�
�

��
�

�

�
�
�

��
�

�

�
	

	

	�	�			�	 0

22

2
12

11 ,022  : 3R22,12,11  be the 
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The duals of Bergman spaces 

spherical cone in R5 , and consider the V1 - Hermitian form F1 in  C defined by 

 
� �

F C C C

u v uv

1
3

0 0

:

( , ) , , .

� �

�

 

Then D1 = ( , ) : ( , ) .z u C C z z
i

F u u V� �
�

� �
�
�
�

��

�
	
�


�

3
2 1  

 The restrictions on  D, p and � are as follows :  D is either a symmetric Siegel 

domain of type II, or D = D0, or  D = D1 .  Then there exists p1 � (0,1) such that for all p � 

( p1 ,1) ,  we have (Ap, r(D))* � B . Here are the main  steps of the proof. Let  ��be an 

element of  (A

�

p, r(D))* and set  �����p + r+1 ,  with ��large enough. Let f � Ap, r(D). 

Then, in view  of the molecular decomposition theorem [BT1] ,  there exists {�i }� l p such 

that  

 f z B z z B z z
i

i
p

i

r
p

i i( ) ( , ) ( , )� �

� �

�

� 1 �

, 

where {zi} is a lattice in D. Then we get 

 � �

� �

�( ) ( (., ) ( ) ( , ) ( )f D B p z f z B p z z d z� �
�1

. 
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.functionBloch

abydrepresenteisHence.ofchoicetheby)z(.,pB)z(gthatsuch

gexiststhere,Trèvesoflemmasamethebythen,cholomorphiis )z(.,pBcesin  ,Now

��

�
�
�
�

�
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�
�
�
�

�

� �

�	
�
�

�
�
�
�

�

�

�
�
�
�

�

� �

�

B  

To go further, let . Take �  large enough ; then the  function              

 satisfies the estimate 

h L D�
� ( )

)(d) ��(h),z(B)z(Gz D
1 ���� ��

� � �
z D

G z B z z c h
�

�

�
�sup ( ) ( , )�  

and G is holomorphic in D. Hence, by the same lemma of Trèves, there exists a function g� 

B�  such that 

(1) . ( )�� g G�

Now, let P be the operator from  into B�  which to each assigns the 

element g = Ph defined by (1). This operator P is called "Bergman projection" of   

into B  for the following reason : although P is not the integral operator P which is 

associated with the Bergman kernel B(� , z) , which has no meaning on ,  it is easy 

to show that  for , the element Ph of B�  can be represented by Ph . 

L D� ( ) h L D�
� ( )

L D� ( )

L D� ( )

�

h L L D� � �2 ( )

 

 The second aim of this paper is to show that the "Bergman projection" P is 

bounded from  onto B �  .  In order to achieve this goal, we prove that for each real 

number � sufficiently large and for each G�H(D) such that 

L D� ( )
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The duals of Bergman spaces 

 � �
z D

G z B z z
�

�
� �sup ( ) ( , )� , 

one has the reproducing formula : 

               (z�D). G c B z G z B z z dvD( ) ( , ) ( ) ( , ) ( )� ��
� �

�
�

�
�1 z

Hence,  for each g � B ,  if we set ,  then  h�  and Ph 

= g. 

� h z g z B z z( ) ( ) ( ) ( , )�
�

��
� L D� ( )

  

The third aim of this work is to determine on a particular Siegel domain D2 of type 

II, a kernel K(� , z) that determines P in the following way : for each h�L�(D2 ) , a 

representative of the element Ph of B  is given  by the function 

. D. Békollé has determined such a kernel K in three different 

Siegel domains of type II, namely, the Cayley transform of the unit ball in  C

�

� ��� D )z(d)z(h)z,(K�

n  [B1], the 

tube over the spherical cone ([B2] and [B3] ), and finally, the tube over the cone of 

symmetric positive-definite matrices [B5] . The domain we consider is   

	


	
�
�

	


	
�
�

��
�

�� � Vuu
i2
zz

  : MM)u,z(D *
*

2,r22 , 

 where M2 (resp. Mr,2 is the set of complex matrices of order 2 (resp. with r  lines and 2 

rows) , and V the cone of  Hermitian  positive-definite matrices of order 2. We determine a 

kernel B0 such that 

(2)                        ((� , v) � D))u,z(d,D(L))u,z(),v,)((BB( 2
1

0 ���� 2 ); 

(3)  � ���
�

�B v z u0 0(( , ), ( , )) �  . 

Thus Ph  can be represented by : 
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 P h(        (h� L,v) = (B- B0D2
� �� )(( , ),( , )) ( , ) ( , )v z u h z u d z u�

�(D2 )). 

Unfortunately, for Siegel domains of type II associated with cones of rank greater than 2, 

the determination  of a kernel B0 such that (2) and (3) simultaneously hold seems out of 

reach. 

 

 The fourth aim of this work is to prove that there exists p0 � (2,�) such that 

whenever p'0  < p < p0  (p'0 is the conjugate exponent of  p0 ) , the dual of  (D) is 

equal to (D) ,  and when 1 < p < p

Ap r,

�,
'
r

pAp r',
0 ,  the dual of (D) is equal to (D)  with 

� > �

Ap r, C

0 .  

 

 The plan of this work is as follows. In section II, we recall some preliminary 

results about affine-homogeneous Siegel domains of type II and we give precise statements 

of our results.  In section III,  we prove that  B  is contained in  when 0 < p 

� 1, and that B =   (Theorem II.7) ; under some additional assumptions on  D, 

p  and �, we prove that B =  (Theorem II.8).  In  section IV,  we show that 

P = B�  (Theorem II.9). In section V, we determine a defining kernel B-B

�

(

( , ( ))*Ap r D

)D(r,'pA

�

)*D  =

( , ( ))*A r D1

� (

C�,
'
r

p

, ( ))*Ap r D

L D� ( )

( ,Ap r

0 of a 

representative of the Bergman projection  of a bounded function in the particular domain  

D0 (Theorem II.10). In section VI, we prove that   if  p, ( ))*Ap r D  = '0 < p < p0, 

and  (D) if 1 < p < p( ) 0 (Theorem II.11). 

  

For p = 1 and  r = 0, the above results were first presented in [T]. In the sequel, as 

usual, the same letter c will denote constants that may be different from each other. 
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The duals of Bergman spaces 
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II. STATEMENTS OF RESULTS. 

 Let V � Rn , n � 3, be an irreducible, open, convex homogeneous cone which 

contains no straight line. We first recall the canonical decomposition of  V as stated in [G]. 

 

NOTATIONS. (i) At the j th step, j =1,2,..., the real line will be denoted by Rjj ; at the k th 

step, k = 1,2,..., Rk will stand for the nk- dimensional Euclidean space. 

 (ii) Let 
 � R� be a convex homogeneous cone which contains no straight line 

and let �  be a homogeneous 
 - bilinear symmetric form defined on  R� 
� R� . The real 

homogeneous Siegel domain P = P (
, �) is defined by 

 P = P(
,�) = {(y,t) � R� 
� R� :  y - �(t,t) �
}. 

We shall denote by V(P) the homogeneous cone defined by: 

 V(P) = {(y,t,r) � R� 
� R� � R :  r > 0 , (ry,t) � P }. 

In  order to describe the canonical decomposition  of the cone V, we consider at the first 

step, the cone V(1) = (0,�) � R11. At the second step, we associate with V(1) and with a 

homogeneous V(1) - bilinear symmetric form �(2) defined on R2 , the real Siegel domain  

P(2) = P �
�
� � RV( ) , ( )1 2� �

�
� 11 � R2 and then, the convex cone 

                   .  V V P R R R( ) ( )( )2 2
11 2 22� � � �

At the k th step, we associate with the cone V(k-1) and with a V(k-1) - bilinear symmetric 

form �(k) defined on  Rk , a real Siegel domain P(k) =P � RV k k( ) , ( )��
�
� �

�
�1 � 11 �R2�...�Rk 
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and the cone  

V V P R R R R Rk k
k k

( ) ( )( ) ...� � � � � � �11 2 22 k

l

k

jj

. 

         It follows from the results of [G] that every homogeneous cone V which contains no 

straight line can be decomposed in the form V(l  )   (up to a linear isomorphism). The 

required number of steps to obtain V in this form is called the rank l of V,  V= V(l  ) ;  this 

yields the following decomposition of  the space Rn that contains V : 

(4)  ,    . R R R R R Rn
� � � � � �11 2 22 ... l l n ni

i
� � �

�

l
l

2

Furthermore, the projection  of  ��ii
k( ) (k) onto Rii  (i < k) is a non-negative form. Thus 

 is positive definite on a subspace R�ii
k( )

ik of  Rk  with dim Rik = nik . We then have: 

(5) Rk =  , . ik
1k

1i
R�

�

�

n nk i
i

k
�

�

�
�

1

1

           We denote by G(V) the simply transitive group of linear transformations of V 

described in [G]. With respect to its canonical decomposition, the cone V can be described 

in the following quantitative manner :  let x � V and let xj , j = 2,...,l  (resp.  xii , i = 1,...,l ) 

denote the projection of x onto Rj (resp. Rii ) ;  then there exists a unique transformation h 

� G(V) such that  (h(x)) j = 0 , j = 1,...,l .  We set . The functions j  defined for j 

= 1,...,l ,  by 

~ ( )x h x� �

� j x x( ) ~
�  , j = 1,...,l , define the cone V in the following sense : a point x of 

Rn  belongs to V if and only if (x) > 0,  j = 1,...,l . � j

        Since  the decomposition  (4)  of  Rn  yields in a natural way the following 

decomposition of  Cn : 

  , Cn C C C C C� � � � � �11 2 22 ... l ll
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The duals of Bergman spaces 

the functions j  , j = 1,...,l ,  can naturally be extended as rational functions on  C�
n . 

         Let  ; we define the rational function (z)� � �� ( ,..., )1 l
lC�

i

� on  Cn by : 

 (z)� =  , z � C� ��
j

j z j

�1

l
�

�
( ) n. 

          For i = 1,...,l ,  set and m nj j
i j

�

�

� d
n m

i
i i

� � �

�

(1
2

)

)

, and let d denote the vector 

of Rl  whose components are di . In the sequel, e will denote the point of  V whose 

components are  eii =1,  ej = 0,  i = 1,...,l  ,  j = 2,...,l 

          Let us recall the definition of the conjugate cone V� of  V.  Consider the inner 

product < , > defined on Rn with respect to the canonical decomposition  of  Rn by : 

 <x,y> = x y� . x yii
i

ii ii
j

i j
i j

�

�� 2 �
( ) ( ,

Then V� is defined by : 

 V� = � �x R x y y Vn
� � � � � � �: , ,0 0� � . 

The adjoint group G�(V) of G(V) with respect to < , >  is the simply transitive group of 

linear transformations of V�. The cone V� is an irreducible, convex, homogeneous cone 

which contains no straight line, and it is also of rank l . 

           We shall denote by  the defining functions of  V� j
� � . We have the following :  

     (1 � i < j � l ). n n V nij ij j i
� �

� � � �
� �( ) ,l l1 1

 For , we define ���Cl � by � �  , i = 1,...,l , and we also define the function i i
�
� � �l 1
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� �z
�

�
�  on  Cn  by : 

qi � di

1

 . � �z
j

j z j
�

�
�
� ��

�
� �

�
	

�
� 


�* ( )
1

l

           The Siegel domain of type II,  associated with the homogeneous cone V of Rn and a 

V-Hermitian, homogeneous form  F : Cm
� Cm � Cn ,  is defined by : 

 D=D(V,F) = ( , ) : ( , )z u C C z z
i

F u u Vn m� �
�

� �
�

�

�
�
	2� . 

The domain D is then an affine-homogeneous domain. Let Fii denote the projection of F 

onto Cii , and C(i) the complex subpace of Cm on which Fii is positive definite. Set 

;  then  and  . We shall denote by q the vector of  

N

C
C im ( ) m i

i
� �

�1

l
q C Cm

i

i
�

�1

l
�

( )

l  whose components are qi ,  i = 1,...,l . 

             We now recall the following two expressions of the Bergman kernel B((�,v),(z,u)) 

of D=D(V,F) : 

 

II.1 PROPOSITION [G] . The Bergman kernel B((�,v),(z,u)) of D is given by 

� �

.dV
qd)()u,v(F

i2
z

,expc                     

qd2
)u,v(F

i2
zc)u,z(),v,(B

�� �
����

���
�

�
	



�
��

�

����

�
�
�

�
	



�
�

�

�


 . 

 

NOTATIONS. For  , the notation 1+� stands for the vector 

. Let �R

� � �� ( ,..., )1 l
lR

� � �' ( ' , ..., )� 1 'l

�

)�( ,...,1 1� �� l
l  ;  we set  and  by �� � � � �' ( ' , ... , ' )� 1 1 l l

 53

 



The duals of Bergman spaces 

� > �' ,  we mean that  �i > �'i for all i � {1,...,l}.  For (�,v) and (z,u) in D � Cn
�C m , we 

let b denote the kernel  

 b((�,v),(z,u)) = � �
�

�
�
�

�
�
�

�z
i

F v u
d q

2

2
( , )  . 

Notice that B = cb. Moreover,  b� and b1+� ,  � � Rl ,  will denote the expressions : 

 b�((�,v),(z,u)) = � ��
�

�
�
�

�z
i

F v u
d q

2

2
( , )

( )
�
�
�  

and 

 b1+�((�,v),(z,u)) = � ��
�

�
�
�

�
�
�

� � �z
i

F v u
d q d q

2

2 2
( , )

( )
. 

        Let r  be a  vector of  Rl . For p � (0,�) , we set  and 

define the weighted Bergman  space A

L D L D b z z dv zp r p r, ( ) ( , ( , ) ( ))	 �

p,r(D)  by Ap,r(D) = Lp,r(D)�H(D). We equip 

Ap,r(D)  with the Lp,r(D) - " norm" ||  || p,r. The weighted Bergman projection Pr  is the 

orthogonal projection of L2,r(D) onto A2,r(D). Recall (cf. [BT] ) that A2,r(D) = {0} when 

r
n
d qi
i

i
�

�

�

2
2 2( )

 for some  i �{1,...,l } and otherwise, Pr  is equal to the integral  operator  

defined on  L2,r(D))  by the weighted Bergman kernel cr b
1+r((�,v),(z,u)) . 

         

      Let us now  state  some prerequisite results : 

 

II.2 THEOREM [BT]. Let � and � be  in  Rl  and (�,v)�D. Then we have : 

 b v z u b z u z u d z uD
1� �

�
� � � �(( , ),( , )) (( , ), ( , )) ( , ) <� 
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if and only if  �i
i

i

n
d q

�

�

�

2
2 2( )

 and  � � , i = 1,...,l.  In this case, the 

following equality holds : 

i i
i

i

n
d q

� �

� �2 2( )

 b v z u b z u z u d z uD c b v v1� �
� � �� � � � � �

� � � �(( , ),( , )) ( , ), ( , )) ( , ) , (( , ), ( , )) . 

  

 We shall need the following reproducing formulas which, indeed, improve those 

obtained in [BT] (Theorem II.6.1, p.225), and whose proof, based on ideas of [BBR], will 

be given in the appendix: 

 

II.3 THEOREM. Let r be a vector of Rl such that 
i

i
i )qd2(2

2nr
�

�

�  for all i = 1,...,l  and p a 

real number such that 1
2 2 1


 �
� � �


�



�

�
�p

n d q r
n

i i
i

min
( ) ( i )

. Then for all  � � Rl   such that  

�i
i

i
in

d q
p

p
r
p

�

�

�

�

�

2
2 2

1
( )

  (i = 1,...,l ), the reproducing formula  P�f = f   holds for all f 

�Ap,r(D). 

 

II.4 PROPOSITION [BT]. Let �� Rl   be such that �i  � 0, i = 1,...,l . Then : 

 b v z u c b v v� � �
� � �(( , ), ( , ) (( , ), ( , ))
  

and 

 � �b v v z u z v c b v v� � � �
� � �( , ) ( ' , ' ), ( , ) ( ' , ' ) (( , ), ( , ))� � � , 

for all (�,v), (�',v'), (z,u)  and (z',u)  in  D. 

 

II.5  LEMMA [R] . For all f � Ap,r(D)   (p > 0) , we have the estimate : 

 55

 



The duals of Bergman spaces 

 f z u cb z u z u fp r
p r
p( , ) (( , ), ( , )) ,�

�1  . 

 

DEFINITION : A vector �� Rl   is a V-integral vector if  is a polynomial in �. � �
�

�
��

        

 In the sequel, � will be a V-integral vector. We associate to � the differential 

polynomial  ( )�� �  in Cn  in the following way : for �� Cn, 

 (�� )�exp(<�,�>) = � � exp(<�,�>)          (�� C
�

�
��

n). 

           Let us now  recall the following lemma due to F. Trèves [Tr] which is crucial in  our 

work. 

 

II.6 LEMMA [Tr]. For each holomorphic function G in D, there exists a holomorphic 

function g in D such that    ( )�� � g(�,v)=G(�,v) for all (�,v) � D. 

  

DEFINITION : A function g � H(D) is a Bloch function if : 

  g
z u D

zg z u b d q z u z u� 	
�

�
� �

�

�
��

�
�
�

�

�
��

�
�
�

� �sup
( , )

( ) ( , ) (( , ), ( , ))��

�

2 . 

Set N = {g�H(D) : ( )g � 0 }. We define the Bloch space B�  and the space 

(D) in the following manner, where we set 

��

C�,r
p

�
�

�
� �2d q

 : 

 B� ={Bloch functions in D}/N  , 

while (D) is the quotient space: C�,r
p
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�
�
�

��
�

�

�
�
�

��
�

�

�	


�

�



�

�
��

���
���

�
� p

1

)u,z(d))u,z(),u,z((D
rpb

p
)u,z(fz)(p

r
f:)D(Hf

,C

�

/N. 

These two spaces have the following topological property: 

.
�

C�,r
p

. C ,� r
p ( )D

r
n
d qi
i

i
�

�

�

2
2 2( )

,,...,1i ,
2
ni

i l	�

�

( , ) ( ) ( , ) (( , ), ( , )) ( , ) (( , ),( , )) ( , )f g D zg z u b z u z u f z u b r z u z u d z u� �
� ���
� �

�
�
� �2d q

.

 

LEMMA : (B  , ) and  ( (D) , )  are complex Banach spaces. 

 

 Our first two results read as follows: 

 

II.7 THEOREM. Let D be a homogeneous Siegel domain of type II. Let p be a real 

number and r a vector of  Rl  such that 0 < p � 1 and , i = 1,...,l . Then the 

following assertions hold: 

 (i) B�  is isomorphic to a subspace of  (Ap,r(D))�, 

 (ii) B �  is equal to A1,r(D))� ) if �   with equivalent norms. 

The duality  (A1,r(D)), B ) is given by 

 , 

where �  
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II.8 THEOREM :  Let D � CN  be either a symmetric Siegel domain of type II, or D = D0, 

or D = D1. Let p1 = 2
2 1

N
N �

 and let r be a vector of R such that r
n
d qi
i

i
�

�

�

2
2 2( )

, i = 1,...,l . 

Then for all p � (p1 ,1) and all �� Rl  such that 

      l,...,1i    ,i)qd2(
p

ir21
i)qd2(

2
2in

i 	��
�

����
�

��� ,  

 we have B � = (Ap,r(D))�, with equivalent norms. 

Moreover, the duality (Ap,r(D)), B� )  is given by 

 )u,z(d))u,z(),u,z((p
r1

1
b)u,z(f))u,z(),u,z((b)u,z(gz)D ()g,f( �

�
�

��
� ��� , 

with .
qd2 ��

�
��  

 

REMARK: In the symmetric case, R.R. Coifman and R. Rochberg ([CR], p. 43-44) stated 

that Ap,r(D)) and A

r
p

1 1 1,
( )

� �
�

D  have the same dual. The proof of Theorem II.8 relies on 

their atomic decomposition theorem .  For a proof of the atomic decomposition theorem, cf. 

[BT1]. 

           

 Theorems II.7 and II.8  will be proved in  section III. 

 

           Let   h � L�(D) and let � be a V-integral vector such that �i > 
ni
2

 (i = 1,...,l) . Then, 

in view of Theorem II.2, the following function G is holomorphic in D: 

 , G v b v z u h z u dv z uD( , ) (( , ),( , )) ( , ) ( , )� ��� �
�

1
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where .
qd2 ��

�
��

( , ) ( , )g z u G z u�

 By Lemma II.6, there exists  such that 

. Let g be the equivalence class of all holomorphic solutions of this 

equation. Then g � B ; hence, we can define an operator P from L

~ ( )g H D�

( ) ~
�� z

�

�(D) into B  in the 

following way : 

�

 Ph = g. 

P is called the "Bergman projection" of  L�(D) into B . Let us justify this name : the 

Bergman projection P is usually the integral operator defined on L

�

2(D) by : 

 Ph(� ,v) =                 (h � L� � )u,z(d)u,z(h)u,z(),v,(BD ���
2(D)). 

Now, let h � L
2
� L

�(D) ; since  (recall ( ) (( , ),( , )) (( , ),( , ))�� � � �
� �b v z u c b v z u� �1

�
�

�
� �2d q

�

), one easily obtains that Ph is a representative of the element Ph = g of 

B . 

 

         Our third result reads as follows: 

 

II.9 THEOREM. Let D be a homogeneous Siegel domain of type II. Let � be a V-integral 

vector such that �i > 
ni
2

 (i=1,...,l). Then PL�(D) = B �  and P has a bounded right 

inverse. 

 

 Theorem II.9 will be proved in  section IV . 

 

 Our fourth result reads as follows : 
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II-10 THEOREM: Let D z u M Mr u u V2   z - z
2i

 and = (5,5).� � �
�
� �

�
�
�

	�



�
�

��
( , ) *2 2 
 Then 

there exists a kernel b0 in D2  such that : 

           (i)  with respect to (� , v) , b0 ((� , v) , (z ,u)) is holomorphic in D2  and 

(��)� b0 ((� , v),(z,u)) � 0 , 

                         (ii) for all (� , v) �D0 , (b- b0 ) ((� , v) , (z ,u)) � L1 (D2 , d� (z,u)) . 

Hence, for each h � L�(D2 ) , the function Ph  defined on D2 by 

 � �� �Ph( ,v) = D2
� �� �b b v z u h z u d z u0 ( , ), ( , ) ( , ) ( , )�  

is a representative of Ph. 

 

 This result will be proved in  section V. 

                 

 Our fifth result  focuses on the case p > 1 and reads as follows: 

 

II-11 THEOREM : Let D be a homogeneous Siegel domain of type II. Let p be a real 

number and r a vector of Rl   such that  ) 1,...,=(i 
iq)2(2d

21n
ir l

�

�

� and 

��

�
�
�

��

�
�
� ��	

in
iriq)2(2d2i2n

i
min<p<1 . 

 Then we have the following assertions. 

(i)  If  max
i

2ni 2 2(2d q)i ri
ni

< p < min
i

2ni 2 2(2d q)i ri
ni

� � �

� � �

�
�
�

��

�
�
�

	�

� � ��
�
�

��

�
�
�

	�2 2 2( )
,

d q i ri
 then (Ap,r 

(D))* = Ap',r (D) (p' is the conjugate exponent of p). 
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(ii)  (Ap,r (D))* =  whenever �C
�, r
p' ( )D i >

ni
2

, i = 1,...,l , with equivalent norms. 

The duality (Ap,r (D), C ) is given by  
�, r
p' ( )D

  � �� � � �( , ) ( , ),( , ) ( , ) ( , ) ( , ),( , ) ( , ),f h D b z u z u
z

h z u f z u b r z u z u d z u� �
� ��

� ��  

where � = 
�

� �2d q
. 

 

                 This theorem will be proved in  section VI. 

 

III. PROOFS OF THEOREMS II.7 AND II.8. 

III.1 PROOF OF THEOREM II.7 

 (i) Let g  � B� and consider the linear functional � defined on Ap,r (D) by : 

               � � � � � �� �
� � � � � � �( ) ( , ) ( , ),( , ) ( , ) ( , ), ( , )f D g v b v v f v b

r
p v v� �

�
�

�

	
1 1

�   

where � = 
�

� �2d q
  and  0 < p  � 1. By Lemma II.5, we have the estimate : 

� �

� �

.r,pfc                                     

p1
r,pf)v,(d)v,),v,(rbp)v,(fDc                                     

)v,(d)v,(),v,(p
r11

b)v,(fD

�

����
�
�

�
	

 ������

����

�
�

��

  

Hence    �  possesses the following property: 

            | �(f)|  �  c||g||�||f||p,r , 

and thus ||�|| �  c||g||� . Therefore   � � (Ap,r (D))*. This proves the inclusion of B� into  
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(Ap,r (D))*. 

  

 (ii) Let p = 1, and let  � be in (A1,r (D))*. Then by the Hahn-Banach theorem, 

there exists a bounded function k  in D such that  

 � �� �( ) ( , ) ( , ) ( , ), ( , ) ( , ).f D k z u f z u b r z u z u d z u� �
�   

On the other hand, by Theorem II.3, we have the following reproducing formula for every f 

� A1,r (D) : 

  � � � � ).v,(d)v,(),v,(rb)v,(f)v,(),u,z(r1bD)u,z(f ������������
��

Therefore by the Fubini theorem, we easily get 

     
� � � �

� � ).u,z(d)u,z(),u,z(rb)u,z(f                             

)v,(d)v,(),v,(rb)v,(k)u,z(),v,(r1bDD)f(

����

�
�
��

�
	 
�

�

���
��
�

 

Set g(z,u) =  . Observe next that 

g � H(D) and that by Theorem II.2, the following estimate holds :  

� � � �D b r z u v k v b r v v d v�
� � �1 � � � � � 
 �( , ), ( , ) ( , ) ( , ),( , ) ( , )

 � �g z u C k b z u z u( , ) ( , ), ( , )� �
�    ((z,u) � D), 

since l.,...,1i,
i)qd2(2

in
i �

��

�� Then in view of Lemma II.6, there exists h  in B� such 

that  ��h = g. Therefore 

 � � � �� �
� �( ) ( , ) ( , ) ( , ), ( , ) ( , )f D z

h z u f z u b r z u z u d z u� �
� ��  

and thus, � is represented by the element g of B� . This proves the reverse inclusion  of  

(A1,r (D))*  in B�.      � 

 

 62



                                                                                 A. Temgoua Kagou 

 We shall now prove another reproducing formula whose proof relies on the 

dominated convergence theorem. In view  of this formula, the Bergman weighted 

projection  Pr  also reproduces functions which satisfy certain uniform estimate. 

 

III.2 PROPOSITION : Let r and ���be two vectors of Rl such that  

l..,...,1i,i
i)qd2(2

2in
irand

i)qd2(2
in

i ���

�

�

�

��

��   Let G be in H(D) such that 

� �sup ( ) ( , ) .
z D

G z b z z
�

�
� �

�  Then  PrG = G. 

 

PROOF : Consider the sequence {Gn } defined by  

 Gn z G z ie
n

b z
n

ie( ) , ,� �
�
�
�

�
�
�

�
�
�

�
�
�

	  

where the positive exponent ��is to be specified later. There exists c > 0 such that for every 

z in D and every positive integer n : 

 
G z ie

n
cb z ie

n
z ie

n

cb ie
n

ie
n

�
�
�
�

�
�
� � � �

�
�
�

�
�
�

�
�
�
�

�
�
�

	

	

,

, ,
 

where the latter inequality is yielded by Proposition  II.4 since �i�>  0 . Then , when we 

keep n fixed, the function z � G z ie
n

�
�
�
�

�
�
�  is bounded and the following inequality holds : 

 D Gn z b r z z d z Cn D b z
n

ie b r z z d z�
� � �

�
�
�

�
�
	

�( ) ( , ) ( ) , ( , ) ( ).2 2
 � 
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We choose ��so that 2 1
2 2

� i ri
ni
d q i

� � �

� �( )
 for all i = 1,...,l.  Hence by Theorem II.2, 

the latest integral converges and furthermore, Pr Gn =  Gn for all n .  

 On the other hand, by Proposition II.4, since �i����� and��i�������we have : 

 .c)z,z(b
n
iez(G)z,z(b)z(nG �

��
��

��  

Also, by Theorem II.2, under our assumptions 
i)qd2(2

in
i

��

��  and 

l,,...,1i,i
i)qd2(2

2in
ir ���

�

�

�  we get : 

 D b r z b r d�
� � � � �1 ( , ) ( , ) ( ) .� � � � � �  

Henceforth, by the dominated convergence theorem, we easily obtain the equality PrG = G. 

 

REMARK : This result extends the one obtained in [B2] for symmetric Siegel domains of 

type II, via the bounded circular realization of the domain. Our proof is straight and 

includes all homogeneous Siegel domains of type II. 

 

III.3 COROLLARY : Let p � (0, 1] . Let ���and r�be vectors of Rl such that 

ir1
i)qd2(2

in
i ��

��

��  and l,,...,1iallfor
)qd2(2

2nr
i

i
i �

�

�

�  Then for all 

��(Ap,r(D))*  and for all z0 in D, we have  

 � � � � � � � �D b p z z b p z b p z z d z b p z�

�

�

�
�
��

�

�

�
�
��

�
	

�

�

�
�
��

�

�

�
�
��




�


 


� �




0
1

0, ., , ) ( ) ., . 
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PROOF : By Proposition  III.2, it is sufficient to show that  

(6)        sup
z D�

� � � ��

� �

b p z b

r
p z z., , .

�

�

�
�
��

�

�

�
�
��

	 


� �

1

 

 But since � � (Ap,r(D))*, we obtain that  

 � � � ��

� � �

b p z c b p z

p r

c b

r
p z z., (., )

,

' ,

�

�

�
�
��

�

�

�
�
��
	 	


 
1

,  

where the latest estimate follows from Theorem II.2. This proves Corollary III.3 .                       

�  

 

III.4 PROOF OF THEOREM II.8 

 Let D � CN be a symmetric Siegel domain of type II, or let D be equal to D0 or 

D1 . Remark that for p � 2
2 1

1
2

2 2
N

N
and r R satisfying ri

ni
d q i�

�
�
�

�
�
� � 	

�



,

( )
,

l
 the domain 

D satisfies the hypotheses of the molecular decomposition theorem [BT1] for functions in 

Bergman  spaces Ap,r (D) ; more precisely, for such values of p and r, there exist constants 

c = c(p,r) and C = C(p,r) such that for every f � Ap,r(D), there exists an  l p -sequence {�i} 

such that 

 � �f z ib
p z zi b

r
p

i
zi zi( ) ( , ) ,�

� �

�

�
� �

� �1

0
           (z� D) , 

where {zi} is a lattice in D and the following estimate holds : 

 c f C fp r
p i

p
p r
p

, ,� �� �  . 
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Moreover, the vector ��of Rl  is defined as follows. Let ��denote a V-integral vector in Rl   

such that when we set �   �
�
� �2d q

the following condition is satisfied, :

 l.,...,1i
p

ir21
1

i)qd2(2
2in

i �

�

��

�

�

��  

The vector ��is given by������p+1+r. 

 Let  � �(Ap,r (D))*. For  f � Ap, r  (D), define the sequence {fN} of functions in 

D by  

(7) � �f z ib
p z zi b

r
p

i

N
zi ziN ( ) ( , ) ,�

� �

�

� �

� �1

0
          (z� D). 

Then  {fN} converges to f in Ap, r  (D). Hence �(fN) goes to �(f) as N tends to infinity. 

Now, in view of Corollary III.3, we get : 

 � � � � � � � ��

� �

�

� �

�b p zi D b p zi z b p z b p z z d z., , ., , ) ( )

�

�

�
�
��

�

�

	
	
		

 �

�

�

�
�
��

�

�

	
	
		

�1
  (i � Z+), 

and combining this with  (7)  yields for every positive integer N : 

 � � � � ).z(d)z,z(p
1

bz.,pb)z(NfDNf �

�
�

�
�
�
�

�

�

�
�
�
�

�

	 �


��
 .    

This easily implies that for every positive integer N : 

(8) � � ).z(d)z,z(p
1

bz.,pb)z(NfD)Nf( �

�
�

�
�
�
�

�

�

�
�
�
�

�

	 �


��
  

Now, let N tend to infinity in  identity (8). On the one hand, �( fN) goes to �(f). On the 
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other hand, it follows from (6) that 

� � � � � �

� � )z(d)z,z(rbp)z(fNfD'C 

)z(d)z,z(p
r11

b)z(fNfDC)z(d)z,z(p
1

bz.,pb)z(fNfD

�����

�

�
�

����

�
�

�
�
�
�

�

	










�

� �


��
 

where the latest inequality follows from Lemma II.5. Henceforth, since {fN} converges to f 

in Ap,r(D), we conclude that the right hand side of (8) tends to 

� � �D f z b p z b p z z d z�

�

�

�
�
��

�

�

�
�
��

�
( ) ., , ) ( )	


 


�
1

� . We have then proved that for every f in Ap, r  (D) : 

 � � ).z(d)z,z(p
1

bz.,pb)z(fD)f( �

�
�

�
�
�
�

�

�

�
�
�
�

�

	 �


��
  

Now,by Lemma II.6, since the function z b p z� �

�

(. , )

�

�

�
�
��

�

�

�
�
��

is holomorphic in D, there exists 

g in H(D)  such that ��g(z) = .Furthermore, with the choice of � and with )z(.,pb
�
�
�
�

�

�

�
�
�
�

�

� �

�

�

�

�

� �1 r
p

, we deduce from (6) that for every z� D, the following estimate holds : 
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  sup
z D�

� � � ��

�

�b p z b z z., , .

�

�

�
�
��

�

�

	
	
		


 � �  

Hence g is a Bloch function in D, and  g  clearly represents the bounded linear functional 

��(Ap,r (D))* in the following  manner : 

 � �
� �( ) ( ) (( ), ( ) ( ) ( , ) ( ).f D g z b z z f z b

r
p z z d z� �

�
�

�

	
1 1

 

Moreover, g c
�
� � .  This proves the inclusion of  (Ap,r (D))*  in  B� . Theorem II.8 is 

entirely proved.       � 

 �

IV. PROOF OF THEOREM II.9. 

  Since PL�(D) � B� , let us prove that B� � PL�(D). Let g � B� and set 

� � � �h v g v b v v with
d q

( , ) ( , ) ( , ),( , ) .� �
�

� � � � �
�

� � �
� �

�
2

 Then  h � L�(D) . We are 

going to show that  Ph = g. It suffices to prove the equality : 

                � �  � �� � � �� �� �
� � � � �

� �g v D b v z u g z u b z u z u d z u( , ) ( , ),( , ) ( , ) ( , ), ( , ) ( , ).� �
� 	1

Setting  � = � , this equality follows from Proposition III.2. To complete the proof, let us 

determine a right inverse of  P. Define R as follows: 

             Rg  � � � � � �v g v b v v g( , ) ( , ) ( , ), ( , ) .� �
�

� � � � �� � �� B

Then PRg = g and Rg � L�(D). Furthemore Rg L D g and thus R� 
 � 
( ) .1  This 

completes the proof of Theorem II.9.     � 
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V. PROOF OF THEOREM II.10. 

V.1 Preliminaries on D2.  

 The cone V = {z � M2 , z Hermitian , z > 0} is of rank  2 and linearly equivalent 

to the spherical cone in  R4 ;  moreover, it is self-conjugate with respect to the inner 

product  

         < � ,z > = �11 z11 + �12 z12 + �21 z21 + �22 z22 ,  

where  Set   We also 

have   n

.2Mtobelong
22z21z
12z11z

zand
2221
1211

��
�

�
��
�

�
���

�

�
��
�

�

��

��
�� e �

�

�
�

�

�
�

1 0
0 1

.

12 = 2 , n1 = 0 , n2 = 2 , d = (-2,-2) . The functions that define the cone V are 

defined by 

         � �222)(2,
22

2112
11)(1 �������

�

��
���� .�  

 Let F: Mr, 2   � Mr,2   � M 2  be defined by  F(v,u) = u* v  where u = (u1, u2) 

and  v = (v1 , v2) are in Mr,2   with  v1  ,v2  in  Cr  (i = 1,2) .   Hence F11 (v,u) = u1*v1, 

F22 (v,u) = u2* v2  and it is clear that Fii is concentrated on  Cr � C r and is positive 

definite on C r  (i = 1,2). Therefore q = (r,r). 

 Let � = (5,5) be a V-integral vector. It is straightforward that 

 � ��� �

�
�� ��

�
�� ��

� �
�

�
	
	




�
�
�

2

11 22

2

12 21

5
   

and 

 � � � � � ���
�

� �

�

�B v z u c B d q v z u( , ), ( , ) ( , ),( , )�

�
� �

1
2 , 
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where B is the Bergman kernel of D2. It then follows from Theorem II.2 that 

 is integrable with respect to (z,u) in D� � ���
�

�B v z u( , ),( , )� 2  since � = (�1, �2), �1 > 0, 

�2 > 1. We are now ready to state the following lemma whose proof is just computational. 

 

V.2 LEMMA : Let �1  and  �2 be two integers such that �1 � {-4,-3,-2,-1,0} or �2�{-3, 

-2,-1,0,1}. Then � ��� �
�

�
�

� �
2

2
1

1
2

0� � �
�

�
�	



��



z
i

u v
*

* , where (z,u) and (�,v) belong to 

D2. 

  

The proof of the next lemma is somewhat lengthy and will be given in the 

appendix. 

 

V.3. LEMMA : The following functions are integrable in D2 : 

 (a) u  r r ie z
i2

4
1

5
2

8
2

� �� � � � ��
�
�

�
�
	

( ) ( ) * ;

 (b) u  r r ie z
i2

5
1

5
2

9
2

� �� � � � ��
��

�
�	

( ) ( ) *
;

 (c) u z   r r ie z
i2

4
12 1

5
2

9
2

� �� � � � ��
�
�

�
�
	

( ) ( ) * ;

 (d) u z  r r ie z
i2

4
21 1

5
2

9
2

� �� � � � ��
�
�

�
�
	

( ) ( ) * ;

 (e) u z  r r ie z
i2

5
21 1

5
2

9
2

� �� � � � ��
�
�

�
�
	

( ) ( ) * ;

 70



                                                                                 A. Temgoua Kagou 

 (f) u u  r r ie z
i1 2

4
1

5
2

9
2

� �� � � � ��
�
�

�
�
	

( ) ( ) * ;

 (g) u u  r r ie z
i1 2

5
1

5
2

9
2

� �� � � � ��
�
�

�
�
	

( ) ( ) * ;

 (h) u u  r r ie z
i1 2

4
1

5
2

9
2

� �� � � � ��
�
�

�
�
	

( ) ( ) * .

 

 We shall also use the following lemma. 

 

V.4. LEMMA :  Let (�, v) be in D0. Then there exists two positive constants c1 and c2 

such that for all (z,u) � D2 , the following estimates hold : 

a) c ie z
i

z
i

u v c ie z
i1 2 2 2 2 2 2 2

� �
�

�
��

�
�

�
�
	 


�
�

�
��

�
�	



��
�
�

�
�
	

* * * * ;  

b) c ie z
i

z
i

u v c ie z
i1 1 2 1 2 2 1 2

� �
�

�
��

�
�

�
�
	 


�
�

�
��

�
�	



��
�
�

�
�
	

* * * * .  

 

PROOF : This is a straightforward consequence of the following lemma due to A. 

Koranyi:  

 

LEMMA ([CR] , cf. also [BT1 ] ) Let D be a symmetric Siegel domain of type II and let d 

denote the Bergman distance on D2. Then there exists a constant CD  such that for all � , z , 

z' in D , B z
B z

CDd z z( , )
( , ' )

( , ' )�

�

 
1  whenever d(z,z') � 10. 

 

 We are now  ready to handle the proof of Theorem II.10 : 
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PROOF OF THEOREM II.10.  We can define b0 in the following  manner :  

� �� �

,
3

v*u
i2

*z
2i2

*zie
2i2

*zie)r7(
2

2
v*u

i2
*z

2i2
*zie

2i2
*zie)r6(

1

i2
*zie)r4(

2v*u
i2

*z)r4(
2i2

*zie)r5(
2)r4(

i2
*zie)r4(

2v*u
i2

*z)r4(
2

)1(v*u
i2

*z)1()r4(
1v*u

i2
*z)r4(

1)u,z(),v,(0bb

�
�

�

�

��
�

�
��
�

	
�
�

�
�
�

	




�
�
�

�

�
�
�

	 

��

�

�
�
�

	 


��


��
�

�
��
�

	
�
�

�
�
�

	




�
�
�

�

�
�
�

	 

��

�

�
�
�

	 


��
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�
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�
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�

��
�

�

�

��
�

�

	

�
�

�

�

�
�

�

	




�

�
�
�

�
�
�

	




�

���


 

where � � .2v,0
220
0i)1(v,)1(and

2
)r6)(r5)(r4(,

2
)r5)(r4(

�
�
�

�
�
�
�

�
��
�

�
��
�

�

�
��

�
��

�
��

			
�


		
��  

Then b0 ((�,v),(z,u)) is a holomorphic function of (�,v) in D2. Furthermore, in  view  of 

Lemma V.2 and the fact that � �
1

1

2
1( ) * * ( )




�

�
�
�

�

�
	
	

z
i

u v  does not depend on  �11 , �21 and 

�12 , we have � � � ���
�

�b v z u0 0( , ),( , ) .�  This proves the first assertion. 

 Using the identity a n b n b a
k

n
a k b n� �

�
� �

� �

�

�
� � � � �( ) ( ) ( ) ( ) (1 1

0
1 1 k)  and 

in view of Lemma V.4 , we have the estimate : 

� �� �

� �.2v1v1u2u42u21z1v21v2u1222v12212z2121z122112

i2
*zie

24
1

1v1u
i2

i112
2v4

2u
i2

i22
i2

*zie)r8(
2

)r5(
1c                

)u,z(),v,(0bb

������������

�
�

�
�
�

� 	

��

	�
�
�
�

�
�
�
�

�
�

	�
�
�

�
�
�

� 	�	
�	
�

�	
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Hence in view of Lemma V.3 , (b-b0 ) ((�,v) ,(z,u)) is in L1 (D2, d�(z,u)). This completes 

the proof of Theorem II.10.      � 

 

VI. PROOF OF THEOREM II.11. 

VI.I. THEOREM [BT] .  Let � and r be in Rl  such that 
i)qd2(

1
i

�

��  and 

,
i)qd2(2

2in
ir

�

�

� i=1,…,l. Then P�  is bounded from Lp,r (D) into Ap,r (D) if  

max
,...,

,
( )

( )
min

,...,

( )
.

i

ni d q i ri
ni d q i i

p
i

ni d q i ri
ni�

� � �

� � �

�
�
�

��

�
	
�


�
� �

�

� � �

1
1

2 2 2 2
2 2 2 1

2 2 2 2

l l�
 

 

I.2 PROOF OF THEOREM II.11. (i) In view of Theorems II.3 and VI.1, we have  Pr f  = 

f for every f � Ap,r (D), and P g c gr p r p r p r, , , .�  One easily obtains the announced 

results from the Hahn-Banach and Riesz representation theorems. 

 (ii) Let �� (Ap,r (D))* . By the Hahn- Banach theorem , there exists g � Lp',r (D) 

such that for all f � Ap,r(D) , we have 

 � �� �( ) ( , ) ( , ) ( , ), ( , ) ( , ).f D g z u f z u b r z u z u d z u� �
�  

Set � �
�
� �2d q

.  By Theorem II.3, P�+r f = f , f � Ap,r (D) , then 

 
� �

� � )u,z(d)u,z(),u,z(rb)u,z(f)u,z(gr,rTD      

)u,z(d)u,z(),u,z(rb)u,z(frP)u,z(gD)f(

��
����

��
�����

 

where T�+r ,r  is the adjoint operator of P�+r with respect to the inner product  

 < f , g >2, r = � �D f z u g z u b r z u z u d z u�
�( , ) ( , ) ( , ),( , ) ( , ),�  
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and it is expressed in the following way :   

     
� �

).Dw(                   

)u,z(d)u,z(),u,z(rb)u,z(f))u,z(,w(r1bD)w,w(b)w(fr,rT

�

�����
�

�����

Since �i
ni and p

n d q i ri
ni d q i ri

� �
� � �

� � �

�

�
�
�

�

	



2

2 2 2 2

2 2 2
' max

( )

( )
, it follows from Theorem VI.1 that 

T r rg
p r

c g p rp r� �
�, ' , ' , .,  

 Clearly, the function  z  b�
�(z ,z ) T�+r,rg(z) belongs to H(D) , then by Lemma 

II.6 , there exists h  �H(D) such that ��h(z)= b�(z,z) T�+r,rg(z) for every z in D. Then h 

� and C
�, r
p' ( )D C�, r

p' ( )Dh c� � .  Thus, finally,  h  represents � in the following way : 

 � �� � � �� �
� �( ) ( , ), ( , ) ( , ) ( , ) ( , ), ( , ) ( , ).f D b z u z u h z u f z u b r z u z u d z u� �

� ��  

 Conversely, let h � C ; then the function z  b
�, r
p' ( )D �

- �(z ,z ) ��h (z) belongs to 

Lp',r (D) and the linear functional � defined by 

 � �� � � �� �
� �( ) ( , ),( , ) ( , ) ( , ) ( , ),( , ) ( , )f D b z u z u h z u f z u b r z u z u d z u� �

� ��  

 (f�Ap,r(D))  

is such that .h )D(p'
r,

c
�

�� C Hence �� (Ap,r (D))* . Therefore this proves assertion (ii) 

and Theorem II.11 is entirely proved. 

 

REMARK : Let r and p satisfy the hypotheses of  assertion (i) of Theorem II.11, and let 

��be a vector of Rl  such that �i
ni

�
2

for all i = 1,...,l. Then C is equivalent to �, r
p ( )D
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Ap,r(D)  in the following manner : every equivalence class in  C contains one and 

only one representative f belonging to A

�, r
p ( )D

p,r(D) , and conversely, every f�Ap,r(D) is a 

representative of an equivalence class in C . In fact, first let g � . Set 

h(z)=b

�, r
p ( )D

)

C�, r
p ( )D

�(z,z)�� g(z) and f = Pr h ; then by Theorem VI.I, f belongs to Ap,r(D) under our 

assumptions on p, since h belongs to L p,r(D). Therefore ��f = Pr+�(�� g ). On the other 

hand, �� g� Ap, �p+r(D) ; then Pr+�(�� g ) =�� g . Hence �� g  = �� f  and then, f  is a 

representative of the class g  in  C  �, r
p (D .

),(

r1b),z(

�

��

d),(r

r1b

����

��� )(d)z ���
	

d)z,z( ���

�, r
p (D)

 Next, let f �Ap,r(D) be such that �� f � 0. Then f = Pr f , and this implies that 

Tr+�,rf(z) = b--�(z,,z) ��f(z) � 0. By the Fubini theorem, one easily obtains that 

� �

1b),(rb)z(fDc

(rb)z,(D),(rb)(fDc         

)(fr,rTrP

���
��

�
�

 ���������

���

 

where the latest equality follows from the reproducing formula Pr+� (b
1+r(. , �) ) (�  = 

b1+r(� , �) for all � and���in D, since the function b1+r(. , �) belongs to A p,r(D) and 

�i
ni

�
2

 for all i = 1,...,l .�Finally, we conclude that  Pr(Tr+�,r f) = Pr (f) = f, and since 

Tr+�,r f � 0, this implies that f � 0. Hence each class in C  has only one 

representative in A p,r(D) . 
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Conversely , let f � A p,r(D) ; then Pr f = f and  

for all � in D. Hence, by Theorem VI.1, T

�� � � � � � �f( )b- ( , ) , ( )� �Tr r f ,

r+�,r f belongs to Lp,r(D) since 

p
d q i ri

and i
ni�

� � �

� � �

�
�
�

��

�
	
�


�
�max

i

2ni 2 2(2d q)i ri
ni 2 2 2 2( )

�

�, r
p ( )D

 for all i = 1,...,l. Therefore f is a 

representative of a class in  C .      

          

          

       
APPENDIX 

 

PROOF OF LEMMA V. 3 . 

 We first remark that for all (z, u) � D2 : 

(*)  u ie z
i2

2
2 2

�
�

� ( *) . 

By this remark (*), we have the estimate : 

 u r r ie z
i

r r ie z
i2

4
1

5
2

8
2 1

5
2

6
2

� � � �� � � � ��
�
�

�
�
	 
 � � � � ��

�
�

�
�
	

( ) ( ) * ( ) ( ) * .  

This latest function is integrable by Theorem II.2. Hence (a) is proved . The same estimate 

permits to conclude that (b) is true . For the next three integrals, by the previous remark (*), 

it is sufficient to prove that for a suitable choice of !  (! = 0 for (c) and (d) and ! = 0.5 for 

(e) ), the following function is integrable in D2 : 

 g z u z r r ie z
i� � � �( , ) ( ) ( ) * .� � � � � � ��

��
	

�12 1

5
2

7
2
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 To this aim, we shall use computational techniques due to Békollé in [B2] . Let �1 

and �2 be two real numbers such that 0 < �1 < 1 and 1 < �2 < 3 + 2!, and consider the sets 

D3  and D4  defined by : 

 
D z u D z u r r ie z

i

D D D

3 2 1
4 1

2
4 2

2

4 2 3

� � �
� � � � � � ��

�
�

	


�

�


�

�
�
�

�

( , ) ( , ) ( ) ( ) *

\ .

 :  g� �
�

�
�

 

 In D1 ,  "g� (z, u)" is dominated by an integrable function in D2 by our assumption 

on �1 and �2 and Theorem II. 2. In  D4 , it is obvious that  

,)u,z(hc)u,z(g 2
�� �  

)u,z(h   where � is equal to : 

 h z u z r r ie z
i� �

�
�

� �( , ) ( ) / ( ) / *
�

� � � � � � ��
�	



��12 1

6 1 2
2

10 2 2 2
2

. 

From the very definition of  #1 and  #2 , we have : 

 h z u c
z

r r ie z
i�

�

�
�

�
�

� �( , ) ( ) / ( ) / *
�

� � � � � � � ��
	



�
�



�
�
�

�
�
�1

1 4 2
2

8 2 2 2
2

. 

Therefore one easily gets : 

V. =V*  of functions defining  twoare 11)(*
2  and  

11
2112

22)(*
1  where

,d)(V
2/)1r(*

2)(2/)2r24(*
112i2

*zie,expc)u,z(h  

����
�

��
�����

���
��

��
�����

��	



�
�



�
�

�
�����

 

Hence, by the Plancherel-Gindikin formula [BT] with C , we get : 2r
m M�
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� �

� �� �

� � � � .
r

)(2)(1c*qc)u(du*u,2expmCcesin

,d2
12

2222
122211

421211V 2211exp'c

V du*u,2exp()(2r1r*
2

2r22*
1

2
12e,exp

mC )u(dc)u,z(d2)u,z(h
2D

�
�
�
��

�
� �	
�	
��

	���
����

��
����

�
�
�

�
�
� ������������ ����

�
�

�
�
�

�
� �
��������



�����


�
��

� �����

 

 By a polar coordinate change of variables, the integration with respect to �12  

converges if   �2 < 3 + 2!, and we have : 

h z u d z u d dD � � � � �
�

�
� �

� �( , ) ( , ) exp( ( )) .2
11 22 11

1
22
4 2 2

11 22002
� � �

� � ��
	

�
		

Henceforth, this integral converges by our assumption on �1 and �2 . This proves 

assertions (c), (d) and (e) . 

 Following the same pattern, it is sufficient to prove that the function f�(z, u) 

defined by : 

 �
�

�
�
�

� �
��	

����
��

� i2
*zieu)u,z(f

)r6(
2

)r5(
11  

is integrable in  D2   ( for (f), take ! = 1;  for (g), take ! = 0. 5 , and for (h), take ! = 0 ). 

The techniques used before imply that it is sufficient to prove that if 0 < �1 < 1 and 1 < �2 
< 2 + 2! , we have : 

 |f��(z,u "���"K��(z,u �"
��

where K z u c u

r r
ie z

i� �

�

�

� �

( , ) *
�

�
� �

�
� � ��

�

	
	
	




�

�
�
�

��
�	



��1 1

6 1
2

2

8 2 2
2

2
is square integrable in 

D2. It is clear that : 
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          ; d)(2
r12

22
2r24

1i2
*zieexpV1uc)u,z(K ��

�
�
�
�

�

�

�
�
�
�

�

� �	

��


��	

���

�

�
�
�

�
�



��
��
  

then : 

)u(dd)(
r1

2)(
2r22

1
2

1ue,exp(c        

)u,z(d2)u,z(K
2D

���
������

�����
		

��
����

��	
 

� �� �

� � .22d11d223
22111)2211(exp0 0c  

d
2112

12.22111222
1122V 2211expc

���������������
�
�
��

�
����

	



�
�



�
�������������� �����

 

This converges by our assumption on �1 and �2 .    � 

 

PROOF OF THEOREM II.3. 

 We first prove the following lemma: 

A  LEMMA. Let p�[ 1, � ) and let r be a vector of Rl  such that ri  � -1 (i = 1,...,l). Let f � 

Ap,r(D). Then for every (y,u) � V � Cm such that  y - F(u,u) � V,  the holomorphic 

function  fy, u  defined on Rn +iV  by 

  fy, u (z) = f (z+iy,u) 

belongs to the Hardy space Hp (Rn+iV). Moreover, there is a constant C = C(p,r) such that 

for all f � Ap,r(D) and (y,u) � V � Cm  satisfying  y - F(u,u) � V, then 

 .  f))u,iy(),u,iy((r1Cb
p

)iVnR(pHu,yf p
r,p

�
�

�

 

Proof of Lemma  A.  First take (y,u) = (e,0). Let P be a polydisc centered at (ie,0) with 
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closure contained in D. Let (R1 ,...,Rn+m) be the multiradius of P. Then : 

(1) f x ie p C P x f i v p d d d v( , ) ( , ) ( , ) (� � �� �0 0 � � � � � ) . 

If  P’ is the projection  of  P on  iV � Cm , we obtain : 

(2)     .d)v(ddp)v,i(f'P1Rx)v(dddp)v,i(f)0,x(P ��
�
�

�
�
� �		
��� �
���	�	
�� 
  

Combining (1) and (2) yields  

 � � � �Rn f x ie pdx C R n
Rn P f i v pd d v d� � � � � �( , ) ' ( , ) ( )0 1 � � � � �.  

Since P'  is a compact set contained in � �V)u,u(F:CiV)v,i( m
������

�c b i v i v cr
r

r' ( , ),( , )� � � �� � � � �

, there are two 

positive constants cr and c'r  such that  �  for all (i�,v) � 

P’ and $ � Rn. Hence, for every f � H(D) , the following holds :                                                 

� � � �

.p
r,pfrC  

p)v,i(f'PnRrC              

dxp)0,iex(fnR          

�

������

��

d)v(dd)v,i(),v,i(r ����������b              

Next assume that (iy,u) is an arbitrary point of D. Since D is affine-homogeneous, there is g 

� G(D) such that g-1(x+iy,u) = (x+ie,0)  for every x  in Rn . Set  h = fog. Then     

   
� � ).v(ddd)v,i(),v,i(b)v,i(hC

dx)iex(hdx)u,iyx(f

rp
Dr

p
R

p
R nn

��������������

�����

�

 

Make the change of variables $ = $‘ , (i�,v) = g-1(i�‘ ,v’). Then the equality              

� �)u,iyx(),u,iyx(cbgdet                      2 ����   

yields that 
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� � � �

� � � �

b i v i v b i v i v g

cb i v i v b x iy u x iy u

( , ), ( , ) ( ' ' , ' ),( ' ' , ' ) det

( ' ' , ' ),( ' ' , ' ) ( , ), ( , ) .

� � � � � � � �

� � � �

� � � � �

� � �
�

� �

2

1
 

Furthermore, for r � Rl , one can prove that 

         .  � � � � � �b r i v i v crb r i v i v br x iy u x iy u� � � � � � � � �( , ),( , ) ( ' ' , ' ), ( ' ' , ' ) ( , ), ( , )� � � � � � � �

Hence: 

 � �Rn f x iy u p dx c r b r x iy u x iy u f p r
p

� � � � � �( , ) ' ( , ), ( , ) ,
1 .    

So, 

dxp)u),y(ix(fnR
V

sup
p

)iVnR(pHu,yf ����
��

�
�

 

 
� �

� � .p
r,pf)u,iyx(),u,iyx(r1br'c

p
r,pf)u),y(ix(),u),y(ix(r1bnR

V
supr'c

����

�������
�

��
�

 

The last equality follows from Proposition II.4 since ri � -1 (i = 1,...,l ).                                              

� 

 

         

 The following corollary can be deduced from results in [SW] : 

 

B  COROLLARY. Let p�[ 1, � ) and let r be a vector of Rl  such that ri � -1 (i = 1,...,l ). 

Let (iy,u) � D and y’ �V. Then for all f � Ap,r (D) , 

 Rn f x i y y u pdx Rn f x iy pdx� � � � � �( ( ' ), ) ( )   

and 
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 lim
'
'

( ( ' ), ) ( , )
y
y

Rn f x i y y u f x iy u pdx
�
�

� � � � � �
0

0

�

. 

 

PROOF OF THEOREM II.3 : Let � be a vector of Rl  such that �i > 
n
d q
i

i

�

�

2
2 2( )

 (i = 1,...,l ). 

Recall that for every f � A2, � (D) , P� f is given by the following formula: 

               ((z,u) � D). � � � �P f z u c D b z u v f v b v v d� �
� 	 	 � 	 	 
 	( , ) ( , ), ( , )) ( , ) ( , ), , ) ( , )� �

� �1 v

Hence P�  extends as an operator on  Lp,r (D)  if  

 � � � �D b z u v
p

b

r
p

p
v v d v�

�
� �
�

�



�

�
�

� �1 � 	
�

	 	 
 	( , ), ( , )
' '

( , ), , ) ( , )    

when p > 1   (resp. if  

             � � � � � �sup
( , )

( , ), ( , ) ( , ), , )
�

� � � � �
v D

b z u v b r v v
�

� � ��
�
�

	


�
� 
1     

when p = 1)   for all (z,u) � D. By Theorem II.2  (resp. by Proposition  II.4) , this is the 

case if and only if  

� i
i

i
in

d q
p

p
r
p

�

�

�

�

�

2
2 2

1
( )

 (i = 1,...,l ) and p  when p > 1 

[resp. if 1+�

i
n d q r

n
i i

i
�

�

� � ��
�
�

�
	



min
,...,

( ) (
1

2 2 1
l

i )

i � �i-ri � 0 (i = 1,...,l ) when p = 1 ]. For p = 1, this reduces to the two 

conditions ri � -1 and �i � ri  (i = 1,...,l ). 

 It suffices to show that for every (� ,v) � D, under our assumptions on  �, r and p , 

the bounded linear functional �(�,v) defined on  Ap,r (D) by 

  � � � �� � � �
� � � �( , ) ( ) ( , ) ( , ), ( , ) ( , ) ( , ),( , ) ( , )v f f v c D b v z u f z u b z u z u d z u� � �

� �1

which is identically 0 on  Ap, r (D) � A2, � (D) , vanishes identically on Ap, r (D). The 
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desired conclusion follows from the following lemma : 

 

C LEMMA : Let � and r be two vectors of Rl  such that �i >
n
d q
i

i

�

�

2
2 2( )

 and ri >
n
d q
i

i

�

�

2
2 2( )

 

(i = 1,...,l ). Then for every p � [1,�), the subspace Ap, r (D)�A2, � (D) is dense in Ap, r(D). 

 

 

Proof of Lemma C. We use the following notations : for z = (x+iy) � D , we write 

z
n

for x iy
n

u
n

��

�
�

�

�
�, , and we write ie for (ie,0). Let f � Ap, r (D). Let � be a positive 

number to be chosen later. Consider the sequence {fq} defined by    

  f z c f z ie
q

b z
q

ieq ( ) ,� �
�

�
�

�

�
�

�

�
�

�

�
��

�                            (z �D ) , 

where c� = b- � (0, ie). We will show that for � large , fq � Ap, r (D) � A2, � (D) for every 

positive integer q, and that lim
,

.
q

f fq p r� �

� � 0  

The function  z f z ie
q

� �
�

�
�

�

�
�  is bounded by Lemma II.5 and Proposition II.4. Take  

� big enough so that the function z b z
q

ie c b z qie�
�

�

�, (
�

�
�

�

�
� � , )  belongs to Ap, r (D) � 

A2, � (D) for every q� N. Next, by the Minkowski inequality, we have the estimate : 
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.
p
1

)z(d)z,z(rb
p

)z(f
q
iezf

p
ie,

q
zbcD

p
1

)z(d
p

1ie,
q
zbcp)z(fDr,pqff

�
�
�

�

�

�
�
�

�

�

����

�

�



�

�
���

�

�



�

��
���

�
�
�

�

�

�
�
�

�

�

���

�

�



�

��
����

 

By Lemma II.4, there is a positive constant A� such that for all z � D and q � N, we have 

c b
z
q

ie A�
�

�,
�

�
�

�

�
� � . Hence, by the dominated convergence theorem, the first integral on 

the right side of the estimate goes to 0 as q goes to infinity. Now, to study the second 

integral, it  suffices to prove that 

I D f z ie
q

f z
p

b r z z d zq � � �
�

�
�

�

�
	 



( ) ( , ) ( )�      

goes to 0 when q goes to infinity. Set z = (x+iy, u) � D and obtain that Iq is equal to 

� � .nR )u(ddyr)qd2()u,u(Fy)u,u(FV dxnR

p
)u,iyx(fu,

q
e

iyxf� ����� � � ����

�
�
�

�

�

�
�
�

�

�

�
�
�

�

	








�

�

�
�
�

	




�

�
��
�

	



�

�

Observe that Corollary B yields the following two facts : 

 dxp)iyx(fnR
p2dx

p
)u,iyx(fu,

q
e

yixfnR ������
�

�

�

�
�

	



��
�

�
��
	



���  

and 

 lim , ( , ) .
q Rn f x i y e

q
u f x iy u

p
dx

��
� � �

�

�
�

�

	



�

�
�

�

	

 � � � 0  

On the other hand, since f � Ap, r (D), the function  ( , ) ( ,y u Rn f x iy u p dx� � �  
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is  integrable  on  {(y,u) :  y � V+F(u,u) , u � Cm}   with   respect   to   the   measure       

(y-F(u,u))-(2d-q)r dyd�(u) . Hence, by the dominated convergence theorem, it follows that 

Iq  goes to  0  as  q  tends  to  infinity.  Lemma C is proved.                               % 

 

          

Thus Theorem II.3 is entirely proved.     
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