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DUAL MIXED HYBRID FINITE ELEMENT METHOD: THE
THEORY AND THE PRACTICE ON A MODEL PROBLEM.
APPLICATION.

Abdou NJIFENJOU

Abstract : We present in this work the theoretical and practical aspects of the
Dual Mixed Hybrid Finite Element method for solving numerically fluid-flow
in porous media. We develop an application of this method in numerical
calculation of homogenized absolute permeability tensor ; this fact plays an
important role in reservoir simulation.

Résumé : Dans ce travail, nous exposons des aspects théoriques et la mise en
ceuvre pratique de la méthode des éléments finis mixtes hybrides duaux pour
la résolution numérique d'écoulements en milieux poreux. Nous développons
aussi une application de cette méthode au calcul numérique du tenseur des
perméabilités absolu homogénéisé; ce résultat joue un réle essentiel en
simulation de réservoir pétrolier.

1. INTRODUCTION

The Dual Mixed Hybrid Finite Element (DMHFE) method is widely
used in Structural Mechanics for solving numerically problems formulated in
terms of Stress-Displacement (see, for instance: Oden and Lee[1], Pian and
Tong [6], Pian [7]). Satisfactory approximate solutions are then given by this
method in structural analysis problems.

But in fluid mechanics, numerical calculation of flows by DMHFE-
method is only available to a few specialists.
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Homogenization.
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In several areas where one is interested in flows problem (hydraulics
and petroleum engineering for instance), a better approximation of the
velocity field is needed when solving numerically the flows. For such
problems, application of the DMHFE-method leads to satisfactory results for
both velocity and pressure fields in monophasic flows at least.

Our aim in this paper is to present the theoretical formulation and a
practical discretization by DMHFE for stationary fluid flows in a porous
medium with Dirichlet/Neumann boundary conditions. On the other hand we
shall show how the computed velocity and pressure are used for the
determination of homogenized absolute permeability tensor.

This work is divided as follows. In the next section we describe the
model-problem, while the third one is devoted to the dual-mixed hybrid
variational formulation of such a problem. For existence and uniqueness
results we refer to our work in [4]. The fourth section deals with the practical
aspects of DMHFE-method, and in the fifth section we develop an application
to the computation of the homogenized permeability tensor. The last section
is the conclusion of our work.

2. SETTING OF THE PROBLEM

We are interested in a two-dimensional stationary monophasic flow
problem in a bounded (connected) open set Q under a Dirichlet/Neumann
boundary condition. We denote 0Q the boundary of Q which is supposed
sufficiently regular.

The general classical equations for such a problem with a source-term

write :
Q) V=-— %(gréd p—f(x)) (Darcy's law),
2 divv=S(x) (Equation of continuity),

where Vv (the Darcy's velocity) and p (pressure field) are unknowns to

determinate, while the problem data are : E(x) (absolute permeability
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tensor), p (viscosity of the fluid), f (volume density of external forces
reduced to gravitational forces in the practice), S (volume density of
distributed source).

To equations (1) and (2) are added the following mixed boundary
conditions :
3) p=ywy on 0pQ (Dirichlet condition)
(4) v

where 0pQ and O Q are two complementary parts of the boundary of Q.

n=g on 0&fQ  (Neumann condition)

Remark 1. It may happen that opQ =& or 0f Q = . In the first case
(0pQ2 =), one solves a problem reduced to the Neumann problem (1), (2)
and (4), where 0f Q = 0Q. In the second case (i.e. 0f Q = ), the
problem turns out to be the Dirichlet problem (1), (2) and (3), where opQ =
0Q. Since opQ v 0 Q = 0Q and 0Q # J, one cannot have simultaneously
opQ = and 0fQ=(.

Remark 2. The Einstein's convention is adopted in this section and the
following ones, i.e.

0aj 04
ajaj =>aj?, ajbj=Xajbj, ——L=3_—-L
i i OXj j OX
We make the following assumptions on the problem data :
- the absolute permeability tensor satisfies

(5) Kij(X)=Kji(X) Vi, j=1,2 aein Q
(6) Kij()eL”(Q), Vi, j=12
@) HGER:, Kijaiaj >Pajaj, VaeR? aein Q,

- the components f; of the vector -valued function f satisfy :
(8) fi ()el?(Q), Vi=12
- the density of distributed source S satisfies

©) s() e LAQ)
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-if opQ =, we assume that :

(10) yeH/2(5p0)
-if  0fQ#Q, weassume that :
(11) gel2(65Q) .

Before developing a practical DMHFE - discretization technique of
(2)-(4), let us carry out the associated variational formulation.

3. DUAL MIXED HYBRID VARIATIONAL FORMULATION OF (1) -
(4)

3.1 Preliminaries .

We consider a decomposition of the bounded open set Q into a finite
number of open non-empty subsets denoted S; ; we denote S the generic name

of these subsets and Dy, the set of all the S; , where h is a parameter

representing the maximum of diameters of S; :
5=U§i, SiNsj=9 ifiz].
i

The parameter h is by definition strictly positive and destinated to go to 0 .
We denote 0Sj the boundary of each S; and, assuming this boundary is
regular, i.e. piecewise differentiable, T the outer unit normal vector to Sj. It
is important for the sequel to remark that 0S; is the collection of parts:

. Ijj=0Sj M aSj, where i=jand Sj adjacentto Sj;

Ijp =05, M opQ2, i.e. intersection of 0Sj with the pressure-

given boundary ;
Tif =0S; N 0§Q, i.e. intersection of 0S; with the flux-given

boundary.
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3. 2 Construction of the dual mixed hybrid variational formulation of

1)-4).

Let us recall a Green's result that plays an important role in this
section.

Theorem 1 (Green). If ® is an open non-empty bounded set in the space,
with a regular boundary 0@, then :

%
[ graduwvdx+ | udiviwdx = [[uw.ijds, VueHY®), We H(div,0),
) ) o0
where :

[ [.] representsthe duality pairing between H"1/2 and H1/2,
00

H1(®) the usual Sobolevspace of order1 ,

H(div,0) = { W= (Wj):w;j € L2(®), Vi, and diviv < L (®)} with

distributional derivatives.

We are going to carry out, in the following lines, the dual mixed
hybrid variational formulation of the system (1) - (4) . By virtue of (7) the

tensor K (x) /u is almost everywhere invertible (with the usual hypothesis

that the viscosity p is constant ), and we denote A (X) its inverse. Therefore
equation (1) is equivalent to

= - =
(12) AV =—gradp +f
(equation of fluid motion in Stokes' form at the macroscopic level).

Let w be a vector-valued function, sufficiently regular and defined in Q.
Multiplying (12) by W and integrating in Q, one obtains :

>

- -
vwdx =— | gradp.wdx + | f.wdx,

(13) ]
Q Q Q
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where all the functions are assumed sufficiently regular so that these integrals
exist. The first integral term of the right hand of (13) can also write :

- -
— [gradp.wdx = > — [gradp.w;jdx
Q iel s;
where yj denotes the restriction of  toeach S and
| = {integersi>0: Sje Dp} .
Assuming that :
P/s; eHl(sj) and wie H(div,s;),

Theorem 1 (Green's formula) applies to the right hand side of the preceding
equality and gives :

%
— [ gradp.wdx =Y | [p.divvidx— [pw;.i;ds|.

Q iel S Si
Therefore equation (13) is equivalent to

+ [f.wdx.
Q

Let us now give a variational formulation of equation (2) : if u is a

(14) [AV.Wdx = Y| [pdivividx— | pw;.fijds
Q il s; oSi

sufficiently regular and scalar-valued function defined in Q, multiplying (2)
by u and integrating in Q, one obtains

(15) Judivvdx = [Sudx.
Q Q

It is fundamental to remark that Darcy's velocity may be discontinuous on
rij (the frontier between two adjacent elements S and sj) :

this occurs when the permeability tensor
K(x) is discontinuous on Tjj . However

we assume that at each point x of Tjj,
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the two limits of V(X'), when x' goes
to x, with x' € S; (resp. X' eSj ) exist..
We denote those limits V; and V;
respectively. On the other hand , the
source distribution is, as supposed, given

by a density S(.) which is a function
defined in Q, hence there is no

concentrated source on Tj .

Therefore equation (2) implies that almost everywhere on I'jj we have :

(16) Vi-nj *VjhAj = 0 (Continuity of the flux).
Similarly, when an element S; is such that the frontier T'yr =9S; 1 0¢Q is
non empty , the continuity of the flux on that frontier writes :

(17) vi-ni=g on Lif ,

taking into account the Neumann condition, i.e. equation (4) .
From equations (16) and (17), one can deduce that a variational form
of the continuity of flux writes

(18) > IBWi.ADds= [Bgds, ¥BerIL?(@S;), p=0o0n 3pQ,
i 0s; orQ :
where yj.fij is assumed to be in L2(88i) for each i €l. Indeed, the sum

at the left hand side of (18) contains
. terms of the form [B(Vj.nj)dy which are equal to zero because
Tip
B=0on apQ and FipCGpQ :

. a sum of the form > I BV +\7jﬁj)dy, which is
ijelizj !

null since foriandjin I, withi #j, vj.nj+ Vj-nj= 0 by virtue of (16);
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.asumoftheform Y  [B(Vj.Aj)dy, where
i€ 1f Tjf

I ={ie|:Fif =0Sj ﬂan},

which is equal to  [Bgdy, since g Q=T js and using(17).
0 Q !
Relations (18) and (15) combine to give :

X [B(viAjdy - [udivvdx = [Bgdy — [uSdx,

el 58S Q 0FQ Q
otherwise, writing the integral in Q, at the left hand side of the preceding
equality, as sum of integrals in the subsets S; one obtains :
(19) X (JB@jfids— [udividx)= [Bgds— [uSdx,

Il 5Sj Sj of Q
where B and u are test functions. The preceding equality is a variational
formulation of continuity equation in the subsets S; taking into account the

continuity of flux across the inter-element frontiers . Of course, equation (19)
is formal in the sense that associated functional spaces are not yet specified.
This specification will be our preoccupation in the following lines.

Let us recall here the variational formulation of Darcy's law,
equation (14), in its formal setting :

(20) jZ\?.de+ Y Ipwj.njds — [pdivyyjdx |= [f.wdx,
Q iel 55 Sj Q
where W is a vector-valued test function .
It is obvious that the integrals in the equations (19) - (20) exist if the
following conditions are satisfied :
.V (Darcy's velocity to determinate) and W (associated test function )

belong to

Vv ={(T)e TTHiv,S;) : &i.-fij € L2(@S)), Vie |} ;
iel
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I3|Si (unknown pressure in Sj ) and u|Si (corresponding test function )

arein L2(Si) foreachi;

. PIoS; (unknown pressure on 0S;) belongs to L2(asi) with the constraints :
P‘E)Si =PlosjonTyy, ¥i,j (i#])

and
Plosi = on Ty , Vi,

while the associated test function 3 satisfies :
B e L), with =0 on o,

where we have set I' = 6Q U (UTjj) -
ij

The preceding conditions are supposed fulfilled.

Notations: From now on we denote q the restriction of pto |JS; and A the
i

restriction of pto I
We then have :

21) g e L2(Q) and & € L°() with 2. = y on 9.
If we set
(22) a(v,w)= Y j:(x)vi.widx, vV, weV
iel g
and

(23) b(w;q,A)=>| | Awj.ijds— [qdivw;dx
icl Si Si

where weV,qe L2 (@) and A e L2 (T'), then the dual mixed hybrid

variational formulation of (1)-(4) consists of finding :

8) veV, qel’(Q), »el’() with A=y on 9pQ,
satisfying :



Dual mixed hybrid finite element method

(25) a(V, W)+b(W;q,1) = [fwdx, YWeV;
Q
(26) b(V;u,B)= JgBds—[Sudx, Vu e L?(Q), B L2(T), with lopQ =0.
ofQ2 Q

In conclusion , we have proved, for sufficiently smooth data, that if
(V,p) satisfies (1)-(4), then it also satisfies (24)-(26), where we have put

down :

27) A=p on {25,
i

(28) q=ponUSi.

i
The application of an abstract result due to Babuska-Brezzi shows that the
variational problem (24)-(26) admits one and only one solution (see

Njifenjou[4]). In [4], we have worked, for sake of clarity, with f=0 and g
= 0, that is neither external forces nor flows across the boundary part 05 <.
Moreover the variational problem (24)-(26) is still well-posed (existence and
uniqueness of the solution hold) under weaker hypothesis on the physical data
. The corresponding solution is called the weak solution and is considered as
a meaningful physical one, since those weak assumptions appear nearer to
experimental observations : one learns from physical measurements that the

absolute permeability can be regarded as a L™ - function rather than a

C1 — functionon Q.

Let us now show that the solution of the variational system (24)-(26)
satisfies the partial differential equation (1)-(4) almost everywhere in Q. We
must mention that the derivations are understood in the distributional sense in
this framework.

Theorem 2 : If the functions VeV, ( eLZ(Q), XELZ(F) with

A=y on 0pQ, satisfy the following variational equations:

10



Abdou Njifenjou

(29) a(V, W) + b(W;q,2) = [fwdx, VWeV
Q
(30) b(V,u,B)= [gBdy - JSudx, YueL?(Q), VpeL*(T), flopQ=0,
0§ Q Q

then there exists p e Hl(Q) such that :

Q) p=qgin USjand on T
i

K[ e
(ii) V+F[gradp—f]=0

divv = S(x)a.einQ

= on 0pQ2

© {f’ v P

vn=g on 0§

PROOF : Let us introduce the space  [TD(S;) , where each D(Sj) is the set
iel

of infinitely derivable vector-valued functions with compact support in S;.

It is obvious that [TD(Sj) < V. Hence, the relation (29) holds
iel

for every Wlyingin  [TD(Sj) . We get, using the definitions of a (., .) and
iel
b(.,.,.) given by (22) and (23) respectively :

> JAVeidx+ X | [ Ajjnjdy — [gjdiveidx (= X jfi.(T)idX,
ieISi iel@Si S ieISi
for every w e [TD(S;) or, which is equivalent :
i
| (;Vi + gradq; —fij.\TVidX =0, Vwe TID(S;)
icl SI | el
where the symbol i means the restriction of the corresponding quantity to the
subdomain Sj. The preceding equality implies :

11
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(31) AV; +gradg; = f;ae.in D)), Viel.

This relation holds in the distributional sense. Since AV; and fi are in

L_2(Si), gradgj liesin L_2(Si) via the relation (31). We deduce that:

(32) /Tvi +gradqg; =f; a.e. in S, Viel
and

1 .
(33) dj € H (5), Vi el

taking into account the assumption that g eL2 (Sj) forevery i el.

At this stage we have proved that :

(34) qi|68i exists and lies in Hl/2 (2Sj), forall i l.
We are going to prove that ¢ € Hl(Q) . Since gj = q|Si is lying in

Hl(Si) for all i el, it suffices to prove that for two adjacent subdomains

Sj and Sj, denoting I'jj their common frontier, we have :
gi =qj on Ljj-
For this purpose we consider W = (Wj)j¢| an element of V. For each i, let

us multiply (32) by Wj and integrate in Sj. We obtain then :

_[ZVi.\TvidX+ Jgradg;.widx = J]?i.\TVidX, vYw; € H(div,S;).

Si Si Si
Integration by parts of the second term of the left hand side of the preceding
relation and summation on i yield :

> jZ\‘/i.v‘vidXJr | qjw;.Ajdy — [qjdivijdx =If.\7VdX, YweV.

iel S; 0S;j Sj Q
Comparing this relation with the relation (29), we deduce that :
(35) > [(gi -2 Widjdy=0, vWeV=[[H(div,S;).

12
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This relation holds in particular for all W € H(div,Q) .
On the other hand we have :
(36) Wijj=WjhjjonTj, VweH(div,Q),

where Mij_,j(resp.nj_,j) is the unit normal vector of Fijzéi méj

oriented from S; to Sj (resp. Sj to Sj). Thus we deduce from (35) that :

2 T |- 2i)-laj -2 wing - jov =0,

ijel Fij .
VW e H(div,Q), w.n =0 on oQ

Taking into account the fact that Aj =2 j on L'jj, we get :

> j(qi —qj)\Tvi.ﬁi_”'dy, YW e H(div,Q), w.ni =0on 0Q.
i,jell"ij

One obviously deduces that
qj =qjonTj, VIjj =§i mgj
and therefore
37) qeH Q).
Now, we shall prove that v is in H(div,QQ). We know by

assumption that v € [TH(div,S;) =V and Q= USj ; thus proving that
iel icl

V € H(div,Q) is equivalent to proving that
(38) Vi.ﬁi+Vj.ﬁj=0 onTjj, Vijjel, i#],
where N (resp. ﬁj) represents the unit outer normal to dS; (resp.6Sj). In

what follows our purpose is to prove relation (38). If the test-function u is
chosen identically equal to zero (ie.u=0in Q) in (30), one gets:

(39) Y [BiViAjdy= [pgdy, VBe L2(I"), p=00ndpQ.
iel 8S; 0fQ
Denoting:
Tif =0§Q N 35,

13
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when S; is adjacent to the boundary ¢, (39) written in terms of [jj and T'jf

becomes:
40) ¥ [ Bld;+Vjijy+ T Jpviijdy= X [Bgdy,
|,jelrij lelf Tit 1€lf Tt
VB e L2(I):p=00n Q2
If we choose [ in (40) such that for each (i,j) :
|3 =0onTI- Fij
we get :

IB(\"/,ﬁ, + Vjﬁj)jy = 0, VB € LZ(F”) .
Then, relation (38) follows, i.e.
Vi.ﬁi +\7]ﬁj =0.
Let us prove now that :
(41) g=2onT=|]Jas;.
i

We have proved the following relation (see equation (32)) :
K\?i +gradgj =fjae. inSj, Viel.
Let we [TH(div,Sj) and w; the restriction of w to Sj. We get from the
iel
preceding relation, after multiplying by w; and integration in S; :
AV Widx + [ qWiAdy — [qidiviidx = [F.Widx, Viel.
Si 0S;j Sj Si

After summation on i€ |, one gets :

> IXVi.WidX+ > jqui.ﬁidy— j'qidiV\T\lidX = jﬂ.WdX,
iels; iel(as; S; Q
vweV = [TH(div,S;)
iel
Comparing this relation with (29), we deduce that

S 1(ai - %i Wi Rjdy =0, YW e TTH(div,Sj)
i€l 8S; iel

14
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and therefore :

gj =Aj on oS, Viel,
which means

q=ron=[]Jas;.

iel

Hence (41) is proved. This result has as consequence the following relation
that we are going to prove :
42) AV + gradq =f a.e. in Q.

Relation (29) rewrites, taking into account (41) :

> jZ\?i.v”vidx+ > { jqui.ﬁidy— j'qidiV\T\IidXJ= j'_..WdX,
Q

iel S; iel aS; S
vweV = []H(div,Sj)
iel

or, which is equivalent,
Y [AVjWidx + ¥ [gradgi.Widx = [f.0dx, YW e V.
iel's; i Sj Q
This relation remains true in particular for w = ¢ € D(Q) ; this implies (42)

since g e HY(Q) (see relation (37)) and thus gradg  L>(©) on one hand,

and Ve H(div,Q) and thus VeL_Z(Q) on the other hand.
We are going to show now that
(43) divv=S(x)ae. in Q.
Taking B =0 in equation (30) leads to
Y Jujdivijdx = [S()u(x)dx, Yue L2(Q).
V € H(div, Q) implies divv e L2 () and therefore the preceding equation is
equivalent to

[(divv - S(x)u(x)dx =0, Vuel2(Q),
Q

which means

15



Dual mixed hybrid finite element method

divv=S(x)a.e.inQ,
and then (43) is proved.
We know (by assumption) that L =y on ¢ p Q, and (by reasoning)
thatq = A on 0pQ2; therefore it is obvious that :
(44) g=\y on opQ.
We are going now to prove
(45) V.i=g on 0 Q..
In relation (40), for each Ts < 0¢Q and for all § such that :

(46) Bel?(I),p=00nT —Tj
one gets :
(47) [(Vj.ij Bdy = [gpBdy

T Tif

and this implies

(48) vinj=gonTif, Viels,
or, which is equivalent,

(49) VA =g on o Q.
Hence (45) is established.

5. Practical Approach for DMHFE-Discretization

We deal now with the practical aspects of the dual mixed hybrid
finite element discretization of the system of equations (1)-(4) . The approach
that we present in this section is based upon ideas of Chavent and Roberts
[3]. It leads to a physically comprehensive linear system where we have made
use of Raviart and Thomas [8] finite elements of lowest degree.

5.1 Practical Construction of the Discrete Approximate Problem

16
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The domain Q is divided into open non-empty subdomains S. Each
subdomain is a triangle or a quadrangle . In the sequel we adopt the same
notation as in the preceding section : 8S is the boundary of S, Dy, is the set
of the subdomains, . . . We introduce also new symbols : E the set of all the
edges, E(S) the set of the edges associated to S, . . .

In each subdomain S, Darcy's law and the continuity equation write
respectively :

(i) v=—"(gradp—F)
(50) Iz inS.

(i) divv =S
In what follows we shall carry out the discrete version of Darcy's law
(equation(50)(i) ).

= /= 1
Setting A= (K/uj , equation (50)(i) is equivalent to
= - _
(51) Av=—gradp-f |inS.

By the principle of virtual works, the preceding equation is equivalent to

(52)

w —

AV.Wdx = [Pg.divivdx — [PagW.ids + [f.W dx, VWtest — function
S 0S S

after integration by parts. A variational approximation of this equation
consists to write :

(53)  [AVg.Wpdx = [Pg.diviy, dx — [PagWp.fids + [f.wpdx
S S oS S

where Wy, lies in a finite-dimensional test-function space Va (which is
defined later), and where vg and Pg are approximate values in S of the
velocity v and the pressure p respectively, while P55 is an approximation of

p on the boundary &S.

17
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We suppose, for sake of simplicity, that Pg is a constant (equal to the
mean pressure in S) and on each edge e c dS , Pgg is a constant denoted

Pas, e in the sequel. With these notations, and using the divergence-theorem,
equation (53) writes :
(54) [AVsWpdx= ¥ {(Ps - Pas,e)jv”vh.ﬁdy} + [fwpdx, VW e VS,
S ecE(S) e S
where E(S) is the set of edges included in oS.
Let {i)e }eeE(S) be a basis of V° (‘usually called local basis ). Then (54)

is equivalent to
(55) [AVg.dedx= ¥ {(Ps - Pas,ev)ji)e.ﬁdy} + [f.Dedx, VeeE(S).
S e'eE(S) e' S
The summation in the right hand side of (55) can be considerably simplified if
one assumes that :

(56) [ @e.fidy=8¢e' (= Kronec ker symbol), Ve,e'c E(S).
o

With the preceding assumptions, equation (55) is equivalent to
(57) S d(S)e | AD e Dol = Pg — Pag ¢ + [T.dedx,  VeecE(S),
ecE(S) S S

where we have made use of the decomposition of Vg on the basis

{q)e'}e'eE(S) 1.
(57bis) Vg = Y.d(S)e@e
e'eE(S)
with d(S)e' = unknown components to determine.
In what follows we shall give explicitely the components of the basis

vector-valued functions {q)e'}e'eE(S) .
Since calculations on computer with polynomials are easy, the basis
functions are required to have polynomial components. If {q)e'}e‘eE(S) are

18
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polynomial functions of higher degree, the left hand side of (57) turns out to
be difficult to calculate. Hence, these basis-functions are required to be of the
lowest-degree.

A result of convergence (of the numerical solution to the exact
solution) due to Raviart - Thomas [8] shows that functions of local basis

are of the form (‘axq + b, axp + ¢) if Sis a triangle and ( axq +

{(De'}e'eE(S)
b, cxo +d) if S is a quadrangle.
Introducing the concept of reference Finite Element (see figures 1
and 2 below), (56) implies that :
- on a reference triangle T, we have

(58) D)= ~D, D) =E1-1E), Pn(©)=(182);
- on a reference square C, we have
(59)

(&) = (£2,0), D11(&) =(E1-10), Di(€)=(0,E2), Pv(E)=(0,E2 —1).

&2
&
1 1 As
A2 A3 A2 A1
0 A 1
oA 1 > * &
Figure 1: Reference Triangle Figure 2: Reference Square

We must mention that the reference finite element is used for
calculations of the integrals in (57).

19
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=S
Let us introduce the matrix M =(M§e.) and the vector

bS = (bs ¢) defined by the following relations, for each cell-grid S :

M3, = [A(X) P Dedx and  bS = [F(x)De (x)dx, Ve,e'c E(S).
S S
=S s
Since M = (Mge) is symmetrical, relation (57) can rewrite in the following

vectorial form, for each cell-grid S :

=S e - -
(60) M V° = P15 -P% +b°
where P% = (Pase)ece(s) and

-s | (L1 if Sis atriangle
| (@11)if Sis a quadrangle’

M = (Mge-) can prove to be positive-definite, thus invertible. Multiplying

-1
=S
(60) by (M J , the discrete Darcy's law follows, i.e.

—s -1 —s -1
(61) \78=(M j [Psﬁs—ﬁ65]+(|\/| j bS, VSeDy.

Integrating the continuity equation (equation (51)) in S, where the
exact velocity Vv is replaced by v, applying the divergence theorem and

using (56) and (57bis), one gets :

(62) > d(S)e=]S(x)dx, ¥SeDn.
ecE(S) S

Remark 1 : One can easily prove that the components {d(S)e} of the

discrete Darcy velocity in the cell-grid S are the flow-rates across the edges e
of S.

To summarize, the flow in each cell-grid S can be described
(approximately) by equations (61)-(62). The description of the flow in the
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whole porous medium Q will be complete if one takes into account two main
features :

(i) the no-jump condition at the inter-block frontiers e for the
pressure and the flow-rate :

(63) Pas,e =P68',e

(64)d(S)e +d(S")e = o} on e =0SNos';

(ii) the mixed-boundary conditions on the pressure and the flux, i.e.

(65) Pos, e =ﬁ[wdy,Ve=8SmapQ,
e
e
1
(66) d(S)e =|—jgdy, Ve=0SNofQ.
e

e

Remark 2 : We suppose in what precedes that the grid is regular in the sense
that :
(1 vS,S'e D, S S'=anedge or a vertex or &

(i)  VeeEn (setofedges), (e c 0Q)= (ecdpQorec ofQ).
We recall that 6Q =0,Q U 0¢Q and 0,Q M Q2.

The system of equations (61)-(66) is linear and constitute a discrete
version of (1)-(6). The unknowns, in this system, are: the flow-rate {d(S)e} (

resp. the pressure {Pas,e}) across (resp. on) the edge of each cell-grid, {PS}
the pressure {Ps} in the cell-grid.

Each triangle corresponds to seven unknowns and each quadrangle
corresponds to nine unknowns. Therefore the total number of unknowns is 7:
NT + 9% Nq, where N is the number of triangles and N is the number of
quadrangles.

5.2 Resolution of the discrete problem (61)-(66).
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Let us recall that Ej, = set of the edges, and Dy, = set of the blocks
(or cell-grids). In what follows we denote Eih”t the set of interior edges.
We can see from system (63) that if we set
he =Pese =Pag e, VeeEIM,

the system (61)-(66) reduces to the following equivalent form :

(67) d(S)e = PsAR — E(Esj_lee%e', VS
(68) S d(S)e =g S, VS
e
(69) d(S)e +d(S)e =0,  VeeE["
(70) e = [y, Ve c 0,0
lef e P
(71) d(S)e =ﬁ£gdy, Ve c ofQ.

Let us present the first step of resolution of the equations (67) - (71).

First step. Elimination of the unknowns {d(S), }.

Reasoning by substitution, the system (67) allows to eliminate the
unknowns {d(S)e} in (68), (69) and (71). Therefore the obtained system

writes, if we put :

A= yaS
ecE(S)

(72)1 ASPs — ¥ A3 e’ = [S(x)dX, VS
e' S

(72)2
_ao\1
A3Ps = ) > (MJ he'|, VeeE[Nt

>
{SeDh:ecE(S)} {SeDh:ecE(S)}| e'cE(S) ee'
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-1

=S
(72)3 A%Ps—Z(M] ke'zﬁjgdy, VeecEh, ecofQ
e e €le

o
(72)4 ||j\|1dy VeeEp, ecopQ

The relations (72)1-(72)4 form a linear algebraic system with unknowns Pg

and A, for allSe Dy, and e € Ey,.

Second step. Elimination of the unknowns Ps .
The system (72)4 gives :

1 os,..1
PS:EEAB'M +Ej8(x)dx, VSeDh.

Multiplying the preceding relation by Ae gives :
ARAS,

APs=Y
=

A3
g +—[S(X)dx, VSeDn.
AS AS S

Substituting in equations (72)»-(72)3 one obtains :

—-1 (=S
@) s Isl(w) [] ”
{S:ecE@®))| e ee' o

S

A
= > jS(x)dx +1 (e)| = [agdy
S:ecE(9)Ass oFe [| de ]

forall e € Ey, e being an interior edge or e — 0fQ2, where we have put

. _ S.\S
1lifeedrQ =S AIA2,
€ of and[ J e
ee

. N
0 inothercases S

(74) 150 ={
A

We obtain finally a linear square system with unknowns {A¢}. The matricial
form of this system is :

(75) G H[A](Ri)
0 1)Az) Ry
or, what is the same,
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(76) CArHAZ=Ry
A2=R 2.

where G is a square matrix that can prove to be positive definite, H isa

rectangular matrix and I the unit (square) matrix. One can then solve (73) by
a classical algorithm (Gauss for instance). At this stage one can consider that
the quantities { A } are known.

Third Step. Calculation of Pg (pressure in each cell-grid S) and d(S)e ( flow-

rate across each edge e ).
For each Se Dh, one gets Py directly from relation (72)1:

(77) Ps =L > AShe + [S(X)dx ;.
AS |geE(S) S
Finally one gets the flow-rate d(S), for each e < E,, either from (71), i.e.
1
(78) d(S)e = 7/ady,
el
if e is an edge such that e c 6¢Q , or from (67), i.e.
—s\1
(79) d(S)e = A5Ps— (M j her
e'eE(S) e’

if e = interior edge or e c 0,Q2.

4.3 — Results of convergence.

Before giving the order of convergence let us recall the definition of some
Sobolev spaces and associated standard norms. We start with some
preliminaries. We set o = (aq,05), where oq and oo are non-negative

integers; we denote |0L| the sum of oy and op and D%u the partial

derivatives (in the distributional sense) of u defined as follows :
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D(Xu _ 8‘0{‘ u
oxMoxgz
Convention : when o = (0, 0), we have by convention D*u=u.

For a non-negative integer m, we set :
HM(Q) = {u e L2(Q): D% e L2(Q), Va such that |o] < m}.
According to the preceding convention, we have HO(Q) = LZ(Q) .The
space H™(Q) is a Hilbert space equipped with the scalar product :
(uv)= ¥ JD%D%dx, VuveH™Q)
olaj<mQ
which associated norm is :
1/2

2
"u"m,Q: D [ ID%u| dx

afo<m Q

We shall make use of the following functional space :
H(div, Q) = {w 10 5 IRZ; W e L2(Q), divi LZ(Q)}

with its standard norm :

1/2
_ 12 —
"W"H(div,Q) =(j|w| dx + [|divi| dx} :
Q Q

As it follows from Theorem 2, the solution (V,q,A) of the variational
problem (24)-(26) satisfies:

(i) V e H(div,Q) ;

(ii) qe HYQ), withg=2ron T .

Roberts and Thomas [9] have shown the following estimate :
la=anlo.c, * ¥~ ¥nlhgiv.c < CE DN

For sufficiently regular permeability coefficients with a square grid, Chavent
and Roberts [3] have established that
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Ja- qh"o,Q + [V = div.Q) = c*h ||q||2,g + ¥y div,Q) |
( ) ( )

5. APPLICATION: COMPUTATION OF THE HOMOGENIZED
ABSOLUTE PERMEABILITY TENSOR

5.1 - Introduction.

The calculation of the homogenized absolute permeability by empirical
formulae are revealed not satisfactory. In the petroleum litterature the
modern approach consists to use the so-called numerical methods based upon
a numerical resolution of partial differential equations.

In the following lines we show how mixed hybrid finite element method
can apply for computing the homogenized absolute permeability following
the modern approach.

5.2 — Homogenized absolute permeability tensor.

Let QcIR" ( 1<n<3 in the practice) be a heterogeneous porous

medium with a periodic micro-structure. The permeability tensor K
associated to Q is a spatially varying function.

If we suppose that K depends only the local variable denoted y, one can
prove (see Njifenjou[5] ) that the homogenized permeability coefficients are
given by:

L IK(y)grdPigradPidy, Vi, j=1..n,

Yy
where Y is the reference period of the medium, and where the functions
Pk, k=1,...,n, are solutions of the family of partial differential equations :

(80) K} =
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(81)1 - div[?(y)gréde} =0 inIR"

(81) Pk (Y) — yk is Y — periodic.

Applying a Green theorem to the integral in the right hand side of (80), one
gets:

(82)  [K(y)oradP;gradPdy = jdiv(Pj?gradPi)dy— ijdiv(EgrédPijdy.
Y Y Y

Taking into account the equation (81)1 it is obvious that the second integral
in the right hand side of (82) is equal to zero ; applying the divergence
theorem to the first integral, we obtain the

Theorem
-1

(83) Kjj= w

aj PjVi(y)Aly, Vi,j=1...n, where V; = ~Kgrad;.
Y

It is now clear that a numerical resolution of (81)1-(81) by the dual
mixed hybrid finite element method (see section 4) yields approximations of
the pressure
(84) Pj~constant=2Xj(e) on each edge e c oY, Vj=1..,n
and the total flow-rate
(85) [ViAdy~d}, YecaY, Vi=1..n.

e
We deduce from what precedes that

Loy ddh, vij=1..n.

(86) Kftx— —
' |Y| {eecovY}

6. Conclusion.

In this paper we have presented the theoretical as well as the
practical aspects of the Dual Mixed Hybrid Finite Element (DMHFE) on a
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model flow problem. The use of Raviart-Thomas space of lowest degree
allows to obtain a simple linear system and then a weak cost of computation.

We must mention that the originality of this paper lies in two
directions :

- a proof of the equivalence between (1)-(4) and (24)-(26) ;

-the presentation of a physically comprehensive discrete version of
the so-called dual mixed hybrid variational formulation.

In this work we have also shown an application dealing with
computation of the homogenized permeability tensor of a periodic
heterogeneous medium.
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