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Abstract

Starting from Maxwell’s theory of electromagnetic waves, we derived extended (3-+1)-D cubic

and cubic-quintic complex Ginzburg-Landau equations that describe the spatiotemporal dynamics
of dissipative light bullets in optical fiber amplifiers under the interplay between dopants and a
spatially nonlocal nonlinear response.
Derived model equations include the effects of gain saturation, gain dispersion, fiber dispersion,
fiber nonlinearity, atomic detuning, diffractive transverse effects, and nonlocal nonlinear response.
To gain physical insight into relevant light bullet parameters, including the amplitude, temporal
and spatial pulse widths, and position of the pulse maximum, unequal wavefront curvatures, chirp
parameters, and phase shift, we derived a system of eight coupled ordinary differential equations
for each model equation using the variational approach based on the Euler-Lagrange equations.
Moreover, in the context of the Routh-Hurwitz stability criterion, we first construct a Jacobi
determinant, and then verify the necessary and sufficient conditions for stability by examining the
characteristic polynomial equation derived from the determinant.

Numerical studies are then conducted on the obtained variational equations, using the fourth-
order Runge-Kutta method for the spatial evolution and the split-step Fourier method for the
temporal evolution.

Keywords: Spatiotemporal dynamics, cubic nonlinearity, cubic-quintic nonlinearity, light bul-
lets, nonlocality, doped nonlocal optical fiber, variational approach, Routh-Hurwitz stability crite-

rion, Fourth-order Runge-Kutta method, split-step Fourier method.
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Résumé

A partir de la théorie des ondes électromagnétiques de Maxwell, nous dérivons des équa-
tions cubiques et cubiques-quintiques de Ginzburg-Landau étendues en (3+1)-D, qui décrivent
la dynamique spatio-temporelle des balles de lumiére dissipatives dans les amplificateurs a fibre
optique, sous 'action des dopants et d’une réponse non linéaire spatialement non locale. Les équa-
tions modéles dérivées incluent les effets de saturation du gain, de dispersion du gain, de dispersion
de la fibre, de nonlinéarité de la fibre, de désaccord atomique, d’effets transversaux diffractifs et
de réponse nonlinéaire nonlocale.

Pour obtenir un apercu physique des paramétres pertinents des balles de lumiére, qui com-
prennent 'amplitude, les largeurs d’impulsion temporelle et spatiale, la position du maximum
d’impulsion, les courbures inégales du front d’onde, les paramétres de chirp et le déphasage, nous
dérivons un systéme de huit équations différentielles ordinaires couplées pour chaque équation
modele en utilisant ’approche variationnelle basée sur les équations d’Euler-Lagrange. De plus,
dans le contexte du critére de stabilité de Routh-Hurwitz, nous construisons d’abord un déter-
minant de Jacobi, puis nous vérifions les conditions nécessaires et suffisantes pour la stabilité en
examinant I’équation polynomiale caractéristique dérivée du déterminant.

Des études numériques sont finalement menées sur les équations variationnelles obtenues, en
utilisant la méthode de Runge-Kutta de quatriéme ordre pour ’évolution spatiale et la méthode
de Fourier a pas fractionné pour ’évolution temporelle.

Mots clés: Dynamique spatio-temporelle, non-linéarité cubique, non-linéarité cubique-quintique,
balles de lumiere, nonlocalité, fibre optique dopée nonlocale, approche variationnelle, critére de sta-
bilité de Routh-Hurwitz, méthode de Runge-Kutta de quatriéme ordre, méthode de Fourier a pas

fractionné.
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(General Introduction

The spatiotemporal dynamics of light bullets is a broad and complex research area that has
attracted considerable attention over the past decade.
Spatiotemporal dynamics encompasses both temporal and spatial effects, which, in the context of
optical fibers, describe the propagation of optical pulses under appropriate conditions. The solu-
tions resulting are called optical solitons.
Optical solitons have promising potential to become principal information carriers in telecom-
munication due to their capability of propagating long-distance signals without attenuation and
without changing their shapes. One of the primary goals in the field of soliton physics is the gen-
eration of light fields that are localized in all three dimensions of space as well as in time, which
we will refer to as (341)-D spatiotemporal solitons or light bullets (LBs).
LBs can also be called dissipative solitons in the case of dissipative systems, i.e. systems that
require a continuous supply of matter and/or energy. Dissipative solitons are self-organizing struc-
tures in space and time, resulting from a double equilibrium. On the one hand, the simultaneous
balance between diffraction and group velocity dispersion (GVD) by the transverse self-focusing
and nonlinear self phase-modulation (SPM) in the longitudinal direction, respectively [1]. On the

other, the balance between gains and losses [2].

Considerable attention is being paid theoretically and experimentally to analyze the dynamics
of spatial optical solitons in materials exhibiting local nonlinear and nonlocal nonlinear responses
|3-4].

The local nonlinearity of optical media is usually approximated by a local function of the light

intensity implying that the change in refractive index at a given spatial location depends solely
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General Introduction 2

on the light intensity at that location. In contrast, nonlocal nonlinearity means that the change
of the refractive index in a particular point is determined by the light intensity not only in the
same point but also in its vicinity.

Recent findings indicate that nonlocality can lead to new effects, such as strong modifications to
modulational instability (MI) [5-6], suppression of beam collapse |7], dramatic change of the soliton
interaction [8, 9|, formation of multi-soliton bound states [10], stabilization of spatially localized
vortex solitons [11], symmetry breaking azimuthal instability [12, 13| as well as stabilization of
different nonlinear structures such as ringlike clusters of many solitons [14] and modulated localized
vortex beams or azimuthons [15].

When transmitting information over long distances via optical fibers, it is essential to deal
with the attenuation issue, as it reduces the energy of the soliton propagating in the fiber. The
soliton then undergoes broadening as reduced peak power weakens the SPM effect necessary to
counteract the GVD.

The first solution found and approved by scientists and laboratories in the 1990s involved period-
ically restoring the soliton signal using repeaters or electrical regenerators.

Regenerators, consisting of a receiver-transmitter combination, were placed at specific intervals
between the initial optical transmitter and the final receiver. Some laboratories were moving away
from this method due to its prohibitive costs, highlighting the need for more affordable alterna-
tives.

An alternative they adopted was the deployment of optical amplifiers that could directly regener-
ate the optical soliton signal without the need to convert it into an electrical signal.

Doping optical fibers with rare earth ions, such as Neodymium, Erbium, Praseodymium, and Yt-
terbium, introduced additional energy and matter, resulting in doped fiber amplifiers. The most
prominent type of doped fiber amplifier is the erbium-doped fiber amplifier (EDFA)[16-17].

On the other hand, there are interesting studies on the pulse propagation problem in doped fiber
amplifiers within the rate equation approximation. The governing equations for these studies are
the complex Ginzburg-Landau (CGL) equations and their variants: the complex cubic Ginzburg-
Landau equation (CCGLE) and the complex cubic-quintic Ginzburg-Landau equation (CQCGLE)
|18-22]. CCGLE and CQCGLE can account for the inherent phenomena in optical fibers, including

dispersion, attenuation, diffraction, nonlinearities, and external dissipative effects such as losses
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and gains. These factors are essential for localized structures, or solitons, in optical fibers [1].

In some previous studies [23-29], multidimensional spatiotemporal optical solitons, i.e., both
(2+1)-dimensional [(2+1)-D] and (3+1)-dimensional [(3+1)-D] dissipative optical bullets were
considered using the (241)-D and (3+1)-D family of CGL equations. Stable spatiotemporal dissi-
pative solitons have been documented in various forms, stationary stable and pulsating solutions,
double, quadruple, sixfold, eightfold, and tenfold bullet complexes, self-trapped necklace-ring, ring-
vortex solitons, uniform ring beams, spherical and rhombic distributions of L.Bs, fundamental and
cluster solitons, respectively.

Recently, the stability diagram from the Lenz transformation and the linear stability analysis
have revealed that higher values of the quintic nonlocality contributed to the reduction of the MI
in weakly CQ nonlocal nonlinear media [30]. Recent findings have indicated that the instability
regions from the pure quartic MI gain in weakly nonlocal birefringent fibers were more expanded
due to nonlocality, which, via direct numerical illustrations, showed the emergence of Akhmediev
breathers [27,31,32].

For a nonlinear saturable media with competing nonlocal nonlinearity, the quenching effect of the
nonlocal nonlinearity on the MI has been corrected, especially when the saturable index and the
nonlocality range were well-balanced [33].

So, questions naturally arise: can we prevent both attenuation and collapse in optical fiber
propagation by combining doping effects with spatial nonlocality?

Or is it possible to simultaneously manage the doping parameters and the spatial nonlocality
coefficient in fiber-optic propagation to counteract attenuation and avoid collapse?

The primary goal of the present Ph.D thesis is to investigate (3+1)-D dissipative LBs in fiber
amplifiers under the interplay between dopant and a spatially nonlocal nonlinear response, which,
to the best of our knowledge, has not yet been proposed in the literature. We mainly focus on the
localized Gaussian solution in the form of three-dimensional traveling waves.

The remaining part of this thesis is organized as follows.

Chapter I covers a review of the literature on the history, structure, classification, and properties
of optical fibers, highlighting spatiotemporal dissipative LBs and the influence of the spatially
nonlocal response on their propagation through optical fibers.

In chapter II, we deal with Models and Methods: we derive the extended (3+41)-D nonlocal
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CCGLE and CQCGLE, governing the dynamics of the dissipative L.Bs in a doped and weakly
nonlocal nonlinear medium.

The dynamic characteristics of the dissipative LLBs, which include the amplitude, temporal and
spatial pulse widths, and position of the pulse maximum, unequal wavefront curvatures, chirp
parameters, and the phase shift in specially designed media, are studied using the variational
technique.

In chapter ITI, we present the results and discussion: we establish the stability criterion for
steady-state solutions of the (3+1)-D nonlocal CCGLE and the (3+1)-D nonlocal CQCGLE ,
fixing a domain of dissipative LB parameters. Following this, we carry out direct integrations with
the Runge-Kutta and the split-step Fourier methods, showing stable self-organized dissipative

spatiotemporal LBs.
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CHAPTER [

LITERATURE REVIEW

1.1 Introduction

This chapter covers the history, structure, classification, and properties of optical fibers.
We discuss the evolution of optical fibers from their use by the ancient Greeks to the 21th century.
We show that optical fibers consist of three main parts: the core, the cladding, and the coating
buffer. Each part contributes to the proper confinement and guidance of light. Furthermore, optical
fibers can be divided into two categories based on the refractive index and the paths the optical
signal can take during propagation: Single Mode Fiber (SMF) and Multimode Fiber (MMF).
It is important to note that for the formation of (3+1)-D dissipative optical solitons, commonly
referred to as LBs, it is generally necessary to supply external energy to the SMFE. The balance
is thus not only between linear and nonlinear effects but also between gains and losses. This type
of double compensation plays a crucial role in the design of optical amplifiers. Therefore, we aim
to investigate whether combining this double compensation with weak spatial nonlocality could

enhance the robustness of LBs and prevent collapse.

1.2 Generality on optical fibers

1.2.1 History and physical structure of optical fibers
1.2.1.1 A brief history of optical fibers

The first steps in the transport of light using glass tubes were observed in ancient times
when the ancient Greeks used them for decorative purposes. Little by little, the use of glass tubes

became known to venetian craftsmen, who innovated by inventing ornamental glass. Years later,
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research on total internal reflection by Jean-Daniel Colladon in 1841, Jacques Babinet in 1842,
and John Tyndall in 1854 [34], were to be the precursors for the actual invention of the optical
fiber.

John Tyndall discovered something that would become a foundation for the other research
works in fiber optics. He based his experiment on a jet of water flowing from one container to
another one and proved that light, thanks to internal reflections, could travel along water following
a specific path. At the same time, he showed that it was possible to tilt a light signal. The results
of this research led to a number of inventions, including Alexander Graham Bell’s photophone in
1880. This photophone enabled light to be transmitted over a distance of 200 meters [35].

In the same vein, in the 1950s, Abraham Van Heel and Harold Hopkins invented the fiberscope
for transporting images using fiber optics. A similar discovery had been made in 1927 by Baird
and Hansell. Their research focused on the transport of television images by optical fiber. Their
results had not emerged like those of Van Heel and Harold Hopkins. Nevertheless, in the years that
followed, in 1953 to be precise, Narinder Singh Kapany, an Indian-American physicist, succeeded
in demonstrating, for the first time, with the same Harold Hopkins, the transmission of images
on optical fiber bundles. This work was based on John Tyndall’s experiments [36]. In 1956, he,
Narinder Singh, coined the term fiber optics, which today refers to the field of applied science and
engineering concerned with the design and application of optical fibers.

In 1960, an electrical engineer and physicist named Charles Kuen Kao revolutionized the
transport of information in telecommunications thanks to certain physical properties of glass he
had discovered [37, 38]. His work paved the way for the transmission of light by optical fiber over
long distances, at high speed and with very low attenuation. In 1970, an American multinational
technology company, Corning Glass, successfully developed Charles Kuen Kao’s work and made
fiber usable for telecommunications. As a result of the information traffic generated by activities
such as e-commerce on the Internet, computer networks, multimedia, voice, data and video, the

need to use optical fiber has increased dramatically.

1.2.1.2 Physical structure of optical fibers

An optical fiber is a cylindrical dielectric waveguide in the form of a filament, essentially made

of glass or silica plastic. It exploits the phenomenon of total internal reflection along its optical
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axis to guide light and transmit information. This information is transmitted in the form of an
optical pulse from one point to another at high speed, over long distances and with low loss.

As mentioned above, an optical fiber can be made of plastic, but also of unhardened glass
which can easily be bent and moulded. Whether plastic or glass, they consist of three main parts.
From the inside to the outside we have the core, the cladding and the coating buffer [39] as illus-

trated in Figure 1.1.

CORE CLADDING BUFFER

Figure 1.1: Optical fiber’s profile

The core is where the light is confined and guided along the optical axis. The core is made of
fused silica, a glassy material with very low loss (about 0.2 dB/km) in the near infrared
region around 1.5 pum. Dopants such as phosphorus and germanium are added during the
manufacturing process to increase the core refractive index denoted ny. This refractive index

is a few millimetres higher than that of the cladding.

The cladding surrounds the core to protect it from damage. Dopants such as fluorine and boron
trioxide are incorporated into the low-grade silica that makes up the cladding, reducing its

refractive index ns.

The coating buffer : the role of the coating buffer is to protect the fiber from mechanical pres-
sure and environmental stress. It consists of polyuterine polymer or PVC. Thanks to its
high resistance to tearing, grease and abrasion, it protects the core from electromagnetic

interference and radio frequencies.
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It is important to note that the slight and appropriate refractive index difference between the
core and cladding is in accordance with Descartes’ law. For light to be well guided into the core,
the refractive index of the core must be greater than that of the cladding. The cladding is therefore
there to counteract the fact that light is confined to the core. If the refractive index of the cladding
was much higher, the light would come from the outside and dissipate without returning to the
core, and we would observe a large attenuation. The difference is therefore important to allow
total internal reflection to take place. According to Descartes’ law, when a light ray passes from
one medium to another with a lower index of refraction, it can be reflected. Total reflection occurs
when the angle of incidence of the light ray is greater than the critical angle and there is no loss
[40].

Reflection and refraction at the boundary of two media are illustrated in Figure 1.2, which

shows the case ny > ny [41].

Incident Ray M Ny < Ny

Reflected Ray

Refracted Ray

Figure 1.2: Snell-Descartes law [41].

The parameter 6; represents the angle of incidence, 6, corresponds to the angle of reflection,
and 6, is the angle of the transmitted ray (angle of refraction). The relations between 6;, 6,., and

0, are given by:

0, =0, (1.1)

and
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nysinb; = nasinb,. (1.2)

It can be seen from Eq. (1.2) that there is a critical angle 6., given as

0. = sin~*(ny/ny). (1.3)

The angle 6., the critical angle, is the specific angle of incidence in the core that results in an
angle of refraction of m/2 radians at the core-cladding interface. This condition is the threshold
for total internal reflection.

The following Figure 1.3 shows the ray propagation in a step-index fiber and illustrates guided and
unguided rays. At angles of incidence greater than 6., all the energy is totally reflected, resulting
in a guided ray. These rays, guided through the core of the fiber, carry the optical signal.

A ray entering the fiber at a sufficiently small angle of incidence, shown in the figure as the
acceptance cone, is totally reflected, bouncing back and forth between the internal walls of the
fiber as it propagates, whereas a ray incident outside the acceptance cone is partially refracted at

each bounce [40].

Unguided Guided
Ray Ray

Acceptance

Figure 1.3: Ray propagation in a step-index fiber (From [Saleh+91, Figure 8.1-3a]. Copyright ¢ 1991. Reprinted by

permission of John Wiley and Sons, Inc.)

For rays entering the fiber from the air, the largest possible angle of incidence for guided rays

is the acceptance angle 6,, which is equal to

0, = sin~ ! ( (n? — ng)) : (1.4)

The numerical aperture N A of the fiber is defined as:

NA = sinf, = y/(n? —n3). (1.5)
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The numerical aperture increases with the fractional refractive index change, A = (ny — ng)/n;.
In a typical cladded fiber, we have A < 1 ; thus, only a narrow cone of light is accepted as a
guided ray. However, in an uncladded fiber, both A and N A are large.

The guiding properties of an optical fiber are characterized by a dimensionless parameter defined
as:

V = a(w/c)(nf — n3)'?, (1.6)

where a is the core radius and w is the frequency of light. The parameter IV determines the number
of modes supported by the fiber. For example, if V' < 2.405, this indicates that the optical fiber can
support only one mode. Such fibers are called single mode optical fibers. They are more commonly

used than other types of optical fibers, as we will see in the following subsection.

1.2.2 Optical fiber classification and properties
1.2.2.1 Optical fibers classification

Optical fibers are divided into two categories based on their refractive index and mode: SMF and
MMF. The mode simply refers to the path that the optical signal can take as it propagates through
the optical fiber.

e The SMF uses a single path for transmission of electromagnetic wave whose wavelength is
between 1330 and 1550 nm with a large bandwidth and low losses. The SMF core size is between
8 and 9 um. It can support speeds up to 10G (gigabits per second) and distances up to about 10
km.

The main characteristic of the SMF is the step change in refractive index from the core of the fiber
to the cladding surface, which allows only one mode of light to propagate through the fiber. Such
fibers are used in miniaturized optical scanners to extend a high-resolution image, in a scanning
fiber optic microscope, acting as a spatial filter or as a pinhole detector, in laser light illumination
and in the collection of the reflected light.

Mollenauer et al. [42] showed that SMF with low loss (with a wavelength of 1550 nm) and with
negative GVD, provide a stable, simple, and well characterized medium for solitons. Furthermore,
the experiment made by Nakatsuka et al. [43] showed that it is also possible to have a stable
soliton in SMF under positive GVD.

e The MMF can be classified into step-index (STIN) multimode fibers and graded-index
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(GRIN) multimode fibers. The STIN is described by a uniform refractive index, while the GRIN
is described by radially varying refractive index. The MMF is designed for less bandwidth-intensive
applications for short distances and can transmit more than one mode of electromagnetic wave
with a wavelength between 800 and 1300 nm. Standard MMF core sizes are 50 um and 62.5 pum.
Information traveling as a light pulse in multimode fiber follows multiple paths through the core.
Therefore, it is subject to modal dispersion. This is good for short distances but causes distortion
over long distances. For this reason, SMF is suitable for long distance and in comparison with
MMF, allows avoiding unclear and incomplete data transmission for a certain distance.

It is worth mentioning that SMF has a much smaller core than MMF, and this makes it better
comparable to the MMF. In fact, the smaller the core, the tighter the total internal reflections on a
more direct path. As a result, the optical signal can be of good quality and travel longer distances.
In addition, SMF is used for higher bandwidth requirements and uses a laser as its light source,
while MMF uses a light-emitting diode (LED) as its light source and has less bandwidth-intensive
applications.

Figure 1.4 shows the refractive index profile and ray transmission in STIN: the case of SMF and
the MMF, respectively. The refractive index profile and ray transmission in a multimode GRIN is

shown in Figure 1.5.

Refractive ’_|7 Ay
index rn(r)
¥ ;
n,

Iy

Cladding l

i Core
Cladding;

Figure 1.4: The refractive index profile and ray transmission in step index fibers: (a) multimode step index fiber;

nlr)

STl

(b}

(b) single-mode step index fiber [44].
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Figure 1.5: The refractive index profile and ray transmission in a multimode graded index fiber [44].

1.2.2.2 Optical fibers properties

An optical fiber can transmit light or an information-carrying signal when the linear and
nonlinear effects produced within it are well balanced. Although the balance of all these linear
and nonlinear effects is adapted to the signal to be transmitted, the transmission distance can be
limited if we restrict ourselves to considering only these effects. It is therefore generally necessary
to supply to the optical fiber external energy, and one way of doing this is to dope it. From this
moment on, the balance is no longer ensured only by linear and nonlinear effects but also by the
balance between gains and losses.

In the following, we will take a brief look at the different types of linear and nonlinear effects
inside the optical fiber.
Three major linear effects occur in optical fibers, namely the dispersion effect, the attenuation

effect and the diffraction effect.

(a) Dispersion

Dispersion tends to spread out temporally and distort the signal or light pulse as it travels through
the fiber. Without good compensation, dispersion limits transmission distances and thus limits
the speed at which information can be transmitted. There are typically two types of dispersion,
modal dispersion and chromatic dispersion. The former occurs only in multimode fibers, while the
latter occurs in all types of fibers.

e Modal Dispersion applies to multimode fibers, where the path (mode) of each ray travels at
different speeds. The high order modes take much longer to propagate through the fiber, while the

low order modes propagate much faster. This process causes a distortion, which results in modal
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dispersion. However, to reduce modal dispersion, we can use a GRIN multimode fiber instead of
the STIN. Light rays in GRIN multimodes also travel in different modes, but the modal disper-
sion is greatly reduced because of the different light propagation speeds. One way to avoid modal
dispersion is to use single mode, since only one mode is extended and the light enters along the

fiber axis. A particular form of modal dispersion is polarization mode-dispersion

Polarization mode-dispersion (PMD) is a special form of modal dispersion. It is an in-
herent linear effect in optical fiber due to the glass manufacturing process, and sometimes caused
by fiber cabling, installation and the operating environment of the cable. This type of dispersion is
the result of the polarization dependence of the propagation characteristics of light rays in optical
fibers. In fact, light is an electromagnetic wave represented by perpendicular axes, namely the
electromotive force and magnetomotive force. In addition, light is also an energy wave or energy
region in optical fiber. When the energy within the two axes is transmitted at different speeds, we
end up with a PMD.

e Chromatic Dispersion is due to the fact that different wavelengths are propagate at different
speeds in the fiber, since the refractive index of glass fiber is a wavelength-dependent quantity.
Thus, a signal propagating in an optical fiber will undergo a more or less significant temporal
dispersion depending on its central wavelength and its temporal width. It is the combination of

material and waveguide dispersion effects.

Material Dispersion occurs when the refractive index of the fiber core material is a func-
tion of frequency. Because the fiber has different refractive index characteristics at different wave-
lengths, each wavelength travels through the fiber at a different speed. Thus, some wavelengths

arrive before others and a signal pulse is spread out.
Waveguide dispersion occurs due to the dependence of the mode propagation constant on
the signal wavelength and the fiber parameters such as the core radius and the refractive index

difference between the core and the cladding.

The chromatic dispersion effect can be evaluated using the Taylor series expansion of the mode
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propagation constant [ around the central frequency wq or central frequency of the pulse spectrum

[45]:

B) = Znegsw) = o+ Bl — o) + o Bl — wn)? + %53@) — )’ + o — )., (17

where Sy = B(wo) = “2nepp(wo) and B, = (g—f)w:wO form =0,1,2,3,4, ...
The f3,, terms are generally expressed in ps™/km.

Regarding the quantities $; and s, the underlying physical meaning is quite intuitive. The term

B1 is related to the group velocity v, of the pulse and is given by:

1 nepr(wo) L wdnepy
Vg c ¢ dw

b= oy (1.8)

whith n.s¢ representing the effective index.
B is responsible for the temporal broadening of the pulse and reflects the dispersion of the

group velocity:

- dw - vg dw c dw dw?

The quantity fs(w) which is the chromatic dispersion derived from [(w), is generally defined

1 1 2
62 d_ﬁl dUg I (2dneff ‘I‘Wd neff) ] (19)

by the dispersion parameter D, expressed in ps/nm/km. The correlation between D and (5 is

given by [45]:

2mce A d2n€ff
D\ = ——p2(N) = —— . 1.1
() =~ () = —S (110
The dispersion length is given by:
LDisp:TO2/|62|v (111)

where Tj is the half-width of the pulse measured at 1/e of the maximum intensity.
The dispersion slope which characterizes the evolution of D, is then defined by:

4D

Sp(N) = .

(1.12)

In standard silica fibers, 55 changes sign from positive to negative as the wavelength of light
increases beyond 1.3 um. Therefore, two dispersion regimes are defined: the normal GVD regime,
or positive GVD, when D is negative (or S > 0), and the anomalous GVD regime, or negative
GVD, when D is positive (52 < 0). In the normal dispersion regime, low frequency spectral

components propagate faster than high frequency components. In the anomalous dispersion regime,
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the opposite is true, high frequency spectral components propagate faster than low frequency
components. The magnitude of 5, can be controlled by shifting the wavelength at which 35 changes
sign. Dispersion-shifted fibers used for optical communications are designed to have 55 = 0 near
1.5 um. Tt is possible to design fibers so that (3, is relatively small over a wide range of wavelengths
from 1.3 to 1.6 wm. Such fibers are called dispersion-flattened fibers.
Fiber dispersion is not always bad for transmission signals in fiber optics. In fact, it results in
stable light propagation when well balanced with nonlinear effects.

(b) Attenuation
Attenuation is the loss of signal strength during transmission. Measured in decibels (dB), it is
0.36 dB/km at a wavelength of 1310 nm and 0.22dB/km at a wavelength of 1550 nm. When
signals are transmitted as light pulses from one point to another through an optical fiber over a
long distance, uncontrolled attenuation causes the signal to become inconsistent. Amplification is
therefore required. Repeaters are often used and placed so that each time the signal weakens, it
is amplified and regenerated. As we can see, attenuation is the opposite of amplification. We will
see in the following section that due to the expensive price of repeaters, other alternatives have
been found to overcome the attenuation problem.
Attenuation is due to external or internal factors such as material absorption, Rayleigh scattering,

and waveguide imperfections.

e Material absorption: light is absorbed by the residual OH™* and the dopants used to
modify the refractive index, and then it is converted to heat by molecules in the glass. The OH*
absorption occurs at discrete wavelengths and around 1000 nm, 1400 nm, and above 1600 nm

(see Figure 1.6).
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Figure 1.6: Attenuation as a function of wavelength (From [Saleh+91, Figure 8.3-2]. Copyright ¢ 1991. Reprinted

by permission of John Wiley & Sons, Inc.) [41]

e Rayleigh scattering occurs because the medium is not absolutely uniform. Light scattered
at angles outside the numerical aperture of the fiber is absorbed by the cladding or transmitted
back toward the source. Scattering is also a function of wavelength, proportional to the inverse
fourth power of the wavelength (1/A*) of the light, so it is the dominant loss factor at the short
wavelengths. Thus, if you double the wavelength of light, you reduce the scattering losses by 2
to the 4th power, or 16 times. Therefore, for long distance transmission, it is advantageous to
use the longest practical wavelength to minimize attenuation. Combined with infrared absorption,
Rayleigh scattering limits the optical spectrum to a range of about 800 to 1700 nm, excluding the
OH™ attenuation peaks. The Rayleigh scattering formula for a single component glass is given by

[44]:
B 873

n®p? B. K Tp, (1.13)
where 5 is the Rayleigh scattering coefficient, A is the optical wavelength, n is the refractive index
of the medium, p is the average photoelastic coefficient, (. is the isothermal compressibility at a
fictive temperature Tr, and K is Boltzman’s constant. The fictive temperature is the temperature

at which the glass reaches a state of thermal equilibrium and is closely related to the annealing

temperature. In addition, the Rayleigh scattering coefficient is related to the transmission loss
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factor and the transmissivity of the fiber £ by the following correlation:
< = exp(—7rL), (1.14)

where L isthe length of the fiber.

e Waveguide imperfections are caused by manufacturing imperfections, small bends and
distortions in the fibers. Normally, these contribute to a relatively small additional loss component.

The simplest way to express these losses is through a relation of the form [41]:

dP/dz = —aP, (1.15)

where P is the optical power propagating down the fiber at some point, and « is a positive

attenuation coefficient. Integrating Eq. (1.15) allows to obtain:

PR = €7aPT, (116)
with Pr, the power launched into the fiber and Pg, the power received at the end of a fiber of
length L. The attenuation coefficient is then expressed as:

10 P
g = _IZOQNF:’ (1.17)

where L is in units of kilometers.

(c) Diffraction
Optical beams have an inherent tendency to spread out when propagating in a homogeneous
medium. However, beam diffraction can be compensated for by beam refraction if the refractive
index in the beam region is increased [46]. Optical fiber is an excellent waveguide that can provide
such an environment, resulting in stable light propagation. Diffraction and nonlinear refraction are
well balanced so that the light is confined in the transverse direction of the optical fiber, forming

a spatial optical soliton.

Nonlinear effects are typically grouped into two categories. The first categories are the scatter-

ing effects, such as stimulated Brillouin scattering (SBS) and stimulated Raman scattering (SRS).
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The second categories are the Kerr effects, namely four-wave mixing (FWM), self-phase modula-
tion (SPM) and cross-phase modulation (XPM).

The response of any dielectric to light becomes nonlinear for intense electromagnetic fields. In
the transparent region of optical fibers, the lowest order nonlinear effects originate from the third
order susceptibility x® [46]. The real part of x® leads to the Kerr effects such as SPM, XPM,
and FWM, while the imaginary part leads to the scattering effects such as SBS and SRS [45].

(d) SBS and SRS

In each of these two scattering effects, light interacts with the fiber medium, producing inelastic
collisions in which the wavelength of the scattered photon is longer than that of the incident
photon, i.e., energy is lost. In each case, a signal present at the wavelength of the scattered
photons can produce stimulated emission of another photon at the same wavelength and hence
amplification [4].

e SBS can be thought of as the modulation of light by thermal molecular vibrations within the
fiber [44]. The scattered light appears as upper and lower sidebands separated from the incident
light by the modulation frequency. The incident photon in this scattering process produces a
phonon of acoustic frequency and a scattered photon. This results in an optical frequency shift
that varies with the scattering angle, because the frequency of the sound wave varies with the

acoustic wavelength. The SBS is significant only above a threshold power density given by [44]:
Pp = 4.4 x 107d*\*a,,v watts. (1.18)

Eq. (1.18) expresses the threshold optical power that must be injected into a SMF before SBS
occurs. In this equation, d and X are the fiber diameter and the operating wavelength, respectively,
both measured in micrometer. agp is the fiber attenuation in decibels per kilometer defined in a
previous paragraph, and v is the source bandwidth in gigahertz.

e SRS is similar to SBS except that a high-frequency optical phonon is generated in the scattering
process instead of an acoustic phonon [44]. It involves the transfer of the power pump, called the
pump frequency w,, from the highest frequency wave, called the anti-Stokes w,, to the lower
frequency wave, called the Stokes w,. The energy difference that is absorbed by the diffuser center

can be used advantageously for optical amplification. By pumping an optical fiber at the frequency
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v, the Stokes wave is generated at v — w,, and its intensity increases exponentially according to

the following equation [40]:

I4(t) = I5(0)exp(g,.cL), (1.19)

where [, designates the pump intensity, g, is the Raman gain, L is the propagation length, (),
corresponds to maximum efficiency. The threshold optical power for SRS in a long single-mode
fiber is given by:

Pr =5.9 x 1072d* >, v watts. (1.20)

In Figure 1.7., we can see the spectrum of the scattered light showing the inelastic scattering
processes, not drawn to scale because the intensities of the anti-Stokes Raman lines are much

smaller than those of the Stokes Raman lines [44].
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[ON w, ,

Frequency of scattered light

Figure 1.7: Spectrum of scattered light showing the inelastic scattering processes [44].

(e) FWM
FWM and phase modulation effects can be explained in terms of a nonlinear dependence of the
polarization P on the optical field E, leading to nonlinear refraction. In silica glass, there is a
small cubic term in this nonlinearity which is related to a third order nonlinearity susceptibility
x®). The cubic relation between P and E can be expressed as a square-law nonlinearity in the

refractive index:

n(w, |E[*) = no + no| B, (1.21)

where ng represents the linear frequency-dependent part of n that take into account the material
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dispersion, and ns accounts for various nonlinear effects.

(f) SPM
This phenomenon was observed in a 1978 experiment and is caused by an intensity-dependent
phase shift, since the signal modulates its own phase. Its magnitude can be obtained by noting

that the phase of an optical field changes during transmission through the fiber by [40]:

where kg is the wavenumber given by kg = wo/c = 2w /\. The parameter ¢ represents the light
celerity, wy is the carrier frequency, A is the wavelength, L is the fiber length, and I is the intensity
of the light.

The nonlinear phase shift resulting from the SPM is:

wNL = TLQk()LI. (123)

Silica glass is a relatively weak nonlinear medium with a measured value of ny ~ 2.7 x
10~2m? /W. This value can vary depending on the density of the dopants. However, even though
no is relatively small compared to most other nonlinear media, the nonlinear phase shift ¢y,
can become large because the intensity I is enhanced by orders of magnitude in optical fibers.
Moreover, relatively low losses in fibers can maintain this intensity over long lengths (~ 10km),
and, if fiber losses are periodically compensated by the use of optical amplifiers, the interaction
length L can exceed thousands of kilometers.

Note that, a temporally varying phase shift implies that the carrier frequency over the pulse differs
from its central value wy. We then have a frequency shift d9(t), called frequency chirp, which is

itself time-dependent:
R
ot

where the minus sign is due to the choice exp(—iwgt).

SO(t) =

(1.24)

(g) XPM
XPM is a similar effect to SPM except that overlapping but distinguishable pulses, possessing,
for example, different wavelengths or polarizations, are involved. In this case, variations in the

intensity of one pulse will modulate the refractive index of the fiber, causing phase modulation of
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the overlapping pulse(s) [44]. XPM is exhibited as a crosstalk mechanism between channels when
either intensity modulation is used in dispersive optical fiber transmission or, alternatively, when

phase encoding is employed [48].

1.2.3 Optical amplifiers: the case of erbium-doped fiber amplifiers
1.2.3.1 Optical amplifiers

An optical amplifier is used to increase the strength of the signal without changing its shape.
It is a necessary device for an optical connection (OC). The OC includes an optical transmitter
(OT) and an optical receiver (OR) connected by an optical path consisting of optical fiber links
passing through one or more optical network nodes (ONN). In addition, optical amplifiers require
three essential components for proper signal regeneration (see Figure 1.8). These components are

the power amplifier, the line amplifier, and the preamplifier.

e The power amplifier is used to increase the strength of the signal before it is launched

over the line. This part is located in the optical transmitter.

e For the line amplifier, it is placed at a strategic point along the transmission link between

fiber sections to emit a signal and then compensate for the fiber attenuation.

e The preamplifier is used for receiver sensitivity in fiber optic transmission links and is
located in an optical receiver. In this case, the signal level at the input of an optical receiver is
increased by the preamplifier, which serves to improve the signal-to-noise ratio (SNR) at the input

of the photodetector (PD) and the electrical detector [41].
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Figure 1.8: A point-to-point optical connection [41].

Attenuation has long been a real problem with optical fibers. As we said, the word attenuation
refers to the loss of signal strength due to external or internal factors. Before optical amplifiers,
regenerators were used every 120 km on optical fibers to regenerate and amplify the signal strength
weakened by attenuation. However, these regenerators were so expensive that researchers consid-
ered another alternative, leading to the advent of optical amplifiers. Regenerators were therefore
completely replaced in transoceanic systems, and optical amplifiers were installed every 45 to 85
km [48]. In addition, optical amplifiers were also used in terrestrial systems to improve existing
installations [49]. They were therefore a perfect alternative to replace the expensive and limited

electronic repeaters used previously.

There are many types of optical amplifiers, namely semiconductor optical amplifiers (SOA),
Raman amplifiers (RA), and rare-earth doped fiber amplifiers (ReDFA). The latter is the one that

has attracted the most attention from researchers in recent years.

1.2.3.2 Erbium-doped fiber amplifiers

ReDFA bring together a large family of dopants. These include praseodymium, neodymium,
ytterbium, thulium, and erbium. The Erbium-doped fiber amplifier (EDFA) has been successfully
used in many underwater and terrestrial systems because it has properties suitable for the 1550
nm window in optical fibers where low attenuation exists [50]. Other properties are high gain
[51,52|, high saturation output power [53|, polarization-independent gain [54], low noise and low
insertion loss.

In fields such as telecommunications, signals at a fiber window of 1550 nm are amplified by
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passing them through a short section of optical fiber through which the energy source, the pump
light, also propagates. The core of this special section contains the rare-earth element erbium,
which acts as a storage medium for the transfer of energy from the pump to the signal. In the
fiber amplifier section, the erbium core has a refractive index profile and composition tailored for
optimal amplifier performance.

EDFA operates via a three metastable energy level system, the levels £, Es and Ej3, as shown in

Figure 1.7. below.

N3 A E3
N5 I E,
980 nm
1530 nm
N, Y E;

Figure 1.9: The erbium-ion described with the energy level diagram [41].

The population fractional densities of the three energy levels are denoted by Ni, Ny, and N3,
respectively. If the condition N; > Ny > Nj is satisfied, the system is in thermal equilibrium, i.e.
no pump or signal is present. In contrast, when pump and signal are present, these population
fractional densities change as ions move back and forth between levels, accompanied by the emis-
sion or absorption of photons at frequencies determined by the energy level difference [41]. The
wavelength A for each transition is given by the quantum relation A = he/AFE, where ¢ is the
light celerity, h is Planck’s constant, and AFE is the difference in energy levels. Each transition is
actually associated with a band of wavelengths rather than a single line.

For practical optical fiber communication systems, the EDFA must be pumped by semiconductor
laser diodes at 980 nm, and 1480 nm. Therefore, two pump wavelengths are typically used for
EDFAs: 980 and 1480 nm.

Light at a wavelength of 980 nm is absorbed by erbium ions (E3), raising it to a higher energy
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level Es5, which rapidly decays non-radiatively to a long-lived metastable state F5. The rate at
which these transitions occur is proportional to Ny P,, where P, is the power of the pump. The
metastable state can also be populated by pumping the upper edge of the band at 1480 nm.
From this storage state, deexcitation will occur radiatively, emitting a photon around 1530 nm.
This process does not occur spontaneously, since the lifetime 7 in the metastable state Fs is very
long, as we said before. It is much more likely that the emission is stimulated by a traveling sig-
nal around 1530 nm, which provides signal amplification. The combination of long lifetime and
absence of lower energy states makes the erbium system extremely efficient for amplification of

telecommunication signals [52].

The mathematical expression describing the doping effect is [18]:

_ % (W—we)To — i
kol4 (w—wa)?T¥’

where x,(w) is the atomic susceptibility governing the response of the dopant in the optical fiber.

Xa(W) (1.25)

The peak gain corresponds to g, = o(Ny — Ny). The parameter ¢ is a transition cross section,
while N; and N, are the atomic population fractional densities for the lower and upper energy
levels of the two-level system. w, is the atomic resonance frequency, and 75 is the relaxation time.
Furthermore, one can expand the function x,(w) in Taylor series up to the fourth order in the

vicinity of the carrier frequency wy and find [18,55]:

d—i 1—6%2+2i 5(6% = 3) +i(1 — 362
Xa(w) =% . ' (w—wo)T2 + ( (1)+ ;2()3 :

Tk 1402 (1+62)2 (0 — )Ty
(W — wo)*Ty

602 — 5% — 1+ i(46% — 49)
(1+ 62)*
55 — 106% + 56 — i(56* — 1062 + 1)
- (1+62)5

where 0 = (wyg — w,) T3 is the detuning parameter.

(w—wo)*Ty |, (1.26)

1.3 Light bullets

Although history mentions Russell as the ancestor or father of the "soliton" concept since he first

observed it in a water channel in 1834 [56], the existence of the optical soliton was first predicted
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theoretically by the Japanese scientist Hasegawa in 1973 [57, 58]. Optical solitons are localized
optical structures or light pulses propagating in nonlinear optical media. We can observe either
spatial optical solitons, temporal optical solitons, or spatiotemporal optical solitons, depending on
whether these localized structures are confined in space and/or time.

Spatiotemporal optical solitons are cases of solitons confined simultaneously in space and time.
When confined in three dimensions (x,y, z) as well as in time ¢, spatiotemporal optical solitons

have a bullet shape and are called LBs [59].

1.3.1 Temporal optical solitons

Depending on whether the localized structures or light pulses are spatially or temporally con-
fined, we can observe either a spatial optical soliton or a temporal optical soliton. In this section,
we deal with temporal optical solitons. They keep their shape during propagation due to the bal-
ance between the GVD and the SPM caused by the Kerr nonlinearity.

In 1973, Hasegawa and Tappert predicted the existence of stable temporal solitons in optical fibers
|57,58|. And years later, in 1980 to be precise, Mollenauer et al. [60] made an experimental obser-
vation.
How do each of these effects, GVD and SPM, affect the proper stable propagation of optical time
solitons? The GVD leads to a broadening of the optical pulse propagating in the optical fiber, and
the parameter used in the optical fiber to represent it is f5. On the other hand, SPM induces a
varying refractive index of the medium due to the optical Kerr effect, which will cause a phase
shift in the pulse, leading to a change in the frequency spectrum or chirp ¥ of the pulse. The
nonlinear phenomenon of SPM will impose a chirp on the optical pulse such that ¢ > 0. For a
good expectation, the GVD parameter is set to Sy < 0 when operating near 1.55 um, which is the
best wavelength range of silica fibers. Since the GVD parameter 55 and the chirp ¢ are set so that
they have opposite signs, the condition 59 < 0 is satisfied for stable propagation of the optical
temporal soliton inside the optical fiber.
Such solitons can be modeled by the Nonlinear Schrodinger Equation (NLSE)[2]:

09, 00(z1) | P:20%0(z,1)

AN R IR

5, 5 5 o2 iq|o)*p(z, ), (1.27)
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with

b1 = 1/v,. (1.28)
In Eq. (1.27), f; and By correspond to the first and second order dispersion, respectively. The
term (3, represents the GVD parameter, since it takes the dispersion into account. The parameter
¢(z,t) represents the temporal optical pulse. In Eq. (1.28), v, is the group velocity associated with
the pulse.
To get the (1+1)-dimensional [(1+1)-D] NLSE, we need to change the variables as follows:

7= (t — B12)/To, Z = 2/ Lpisp, O(Z,7) = +/|qg+ | Lpisp@ (2, 1), (1.29)

where Lp;s, = T¢/|Ba| corresponds to the dispersion length, T} is a temporal scaling parameter.

The (1+1)-D NLSE for the cubic nonlinearity is then written as given below:

oe(Z, 1) f@Q(ID(Z, T)
07 2 0r?

where the £ signs depend on the sign of the nonlinear refractive index parameter no; the minus

+ [®®(Z,7) =0, (1.30)

sign is chosen in the case of self-defocusing (ny < 0), and the positive sign in the case of self-
focusing. The parameter s = sign(/3y) takes into account either for the normal GVD regime or for

the anomalous GVD regime.

1.3.2 Spatial optical solitons

Spatial optical solitons are localized structures confined in transverse space. This propagation
occurs without change or distortion when the balance between linear diffraction and nonlinear
self-focusing is precisely achieved. Linear diffraction tends to expand or spread the light pulse,
while nonlinear self-focusing tends to contract the light pulse [2].

There are many types of spatial optical solitons, depending on the physical mechanism producing
the nonlinear effect. These include [61, 2| Kerr solitons, Kerr-like solitons, photorefractive solitons,

quadratic solitons, nematicons [62, 63|, etc. Our present study deals with Kerr solitons.
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Theoretical and experimental work on spatial optical solitons predates that on temporal optical
solitons. However, the consistency between theory and experiment with respect to spatial optical
solitons came many years later, in 1985 to be precise, after the progress in consistency for temporal
optical solitons had been made [64]. Many extensive studies have been done on spatial solitons,
and the one worth mentioning here is the work of Kelley [65]. In his work, he proved that the
self-trapping mode of the (2+1)-D beam in the Kerr self-focusing nonlinear medium is unstable
and there will surely appear a catastrophic collapse: the beam diameter will tend to zero and the
beam intensity will be infinite.

Similarly, Bergé’s work [66] states that (241)-D spatial solitons (self-formed cylindrical beams)
in media with Kerr (cubic, or x®)) nonlinearity are unstable, unlike their (1+1)-D counterparts.
This is due to the fact that two-dimensional fluctuations can disrupt the equilibrium between
the nonlinearity and diffraction in this case. In particular, an increase in intensity leads to self-
focusing of the cylindrical beam, which further increases the intensity and the corresponding
intensity-dependent correction of the refractive index, which leads to even stronger focusing and
an increase in intensity, and so on. This self-accelerating process of nonlinear self-focusing is called
beam collapse.

However, years later it was shown that a saturable nonlinearity could prevent the catastrophic
collapse and the formation of self-trapped (2+1)-D beams |67, 68]. In addition, many other studies
have highlighted nonlinear nonlocality as a factor capable of suppressing the catastrophic collapse
of (241)-D beams [69-72].

Figure 1.10 below illustrates the lens analogy for spatial solitons. Diffraction acts as a concave
lens, while the nonlinear medium acts as a convex lens. A soliton is formed when the two lenses

balance each other so that the phase front remains plane [2].
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Figure 1.10: Schematic illustration of the lens analogy for spatial solitons [2].

When the nonlinear and diffractive effects are included and the envelope ¢ is assumed to vary
with z on a scale much longer than the wavelength A, the paraxial approximation, so that the
second derivative d®¢/dz? can be neglected, the following scaled (2-+1)-D NLSE is obtained in the
case of cubic Kerr nonlinearity

.0 1 /02 0?
0, ( o 0

[E— —_— — —_— 2 pu—
55+ 5 (5 + 5y ) o606 v,2) =0 (131

where X = x/wy, Y = y/wo, Z = z/Lait, ¢ = (ko|na|Laiss)*/? A, where ny is the nonlinear part
of the refractive index that depends on the beam intensity. The signs of + depend on the sign of
the nonlinear refractive index parameter no; the minus sign is chosen in the case of self-defocusing
(ny < 0), and the positive sign in the case of self-focusing. The parameter wy is a transverse
scaling parameter related to the input beam width, Ly = fow? is the diffraction length, also
called the Rayleigh range. The coefficient 5, is the propagation constant with respect to the
optical wavelength. The coordinate Z is the axis along which the beam is assumed to propagate,
and X and Y are the spatial coordinates along which the beam diffracts. The parameter A is the
amplitude.

As we mentioned above, self-dimensionality (2+1) trapped beam, could propagate stably and not
be subject to catastrophic collapse due to many factors such as saturable nonlinearity and nonlocal
nonlinearity. In the same way, we need additional perturbations for the soliton to move without

distortion in three dimensions.
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1.3.3 Light bullets as (3+1)-D spatiotemporal optical dissipative solitons

The concept of spatiotemporal dynamics in optical fibers includes both temporal and spatial
effects that describe the propagation of the optical pulse under appropriate conditions. The so-
lutions resulting from spatiotemporal dynamics are localized structures that remain confined in
both time and space. They are called spatiotemporal optical solitons. In the case where the afore-
mentioned confinement is in three dimensions (x,y,2) as well as in time ¢, the spatiotemporal
optical solitons, have a ball shape, hence they are called LBs, a term coined by Silberberg [59].
We have often referred to them as spatiotemporal optical dissipative solitons or dissipative LBs
[2], since the existence of LBs also require disturbances such as dissipation, including the supply
of matter or energy. The concept of "dissipative solitons" could be applied to biology and even
medicine, and thus not only to physical systems [73]. Optical dissipative LBs achieve confinement
in three dimensions when, in addition to balancing nonlinearities and transversely broadening due
to spatial diffraction as well as longitudinally (temporally) broadening due to GVD, gains and
losses are well balanced. For dissipative systems, (141)-D and (2+1)-D problems have been stud-

ied extensively |2, 63]. However, less systematic work has been done in the case of (3+41)-D systems.

Figure 1.11 is an illustration of the formation of a spatiotemporal optical solitons due to the

simultaneous equilibrium of diffraction and dispersion by nonlinear self-focusing [1].

Figure 1.11: Illustration of the formation of a spatiotemporal soliton [1].

Spatiotemporal dynamics of optical solitons in a dissipative system can be described by a

(D+1)-dimensional CQCGLE [74]

0
204 A6+ o0 +1lol'o = Q. (1.32)

where ¢ is the normalized complex envelope of the optical field and A¢g = r*=P3/0r(rP~10¢/0r)

l
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is the D-dimensional Laplacian describing beam diffraction and /or anomalous group velocity dis-
persion. The term D accounts for the transverse dimension 1,2,3, v is the CQ nonlinearity.

Dissipative terms are contained in the parameter (), which is given by

Q = 106 + iclgPd + iulo|*o + iBAS. (1.33)
The € and p parameters are the cubic and quintic gain-loss terms, respectively. The coefficient

0 is the linear gain or loss depending on the sign. The last term 3 is the parabolic gain if g is

greater than zero (8 > 0).

1.4 Spatially nonlocal nonlinear response in a doped optical fiber

Spatial nonlocality means that the light-induced refractive index change of a material at a
given location is determined not only by the light intensity at that location, but also in a certain
neighborhood of that location [75,76]. For a thorough understanding of the spatially nonlocal

nonlinear response in a doped optical fiber, one should have a general idea of spatial nonlocality.

1.4.1 Spatial nonlocality overview

There are many forms of normalized nonlocal response, namely the exponential, the rectan-
gular, the cylindrical, the Lorentzian, the periodic, and the Gaussian nonlocal functions, just to
name a few [77-81].

Regarding the exponential nonlocal function, the following equation is a good description,

R(z,y) = (20)'exp(~|z + y|o), (1.34)

where R(x,y) is the real, localized and symmetric function representing the profile of the nonlocal

response. The parameter o is the characteristic width chosen in such a way that

/Z /Z R(z,y)dady — 1. (1.35)

The rectangular profile for the nonlocal response function extended to two dimensions is given

as,
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1
R(z,y) =557 "0 <2P*+y*<o (1.36)

=0, otherwise. (1.37)

The following equation gives the cylindrical nonlocal response function:

1
R(z,y) :%,0 <Var+y <o (1.38)

=0, otherwise. (1.39)

The Lorentzian nonlocal response function is described by:

e = [ro (1 2] o

o

The periodic nonlocal response function is specified as

Rz y) = —sin (M) | (1.41)

20 o

For the purpose of our study, the Gaussian form has attracted our attention. Such a nonlocal

response function can be generally described by [82]:

Rl =) = (no?) e 00 (142

where r is the radius of the local points (z,%), with 7 = /22 + 2, and 7’ is the radius of the
neighborhood, given by r' = /22 4+ y2.

The relation between the width of the response function and the width of the intensity profile
divides the degree of nonlocality into four types, namely local, weak, general and strong nonlocal

response [83,84].
e Local , appears when the degree of nonlocality is zero (o = 0).
e Weak nonlocality occurs when o < 1.

e General nonlocality corresponds to the case where o = 1.
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e Strong nonlocality is observed when the degree of nonlocality tends to plus infinity (o —+00).

In one dimension, the width of the response function R(zx) relative with respect to the width of
the intensity profile /(z, z) determines the degree of nonlocality. Figure 1.12 shows the different

nonlocality ranges for a one-dimensional nonlocal response function [83].

(a) AR(x-x) (b) R(x'X)
I(x) I(x)
0 x X 0 X 'x
(C) R(x'-x) (d) Wi'x)
I(x)
I(x)
0 x ) 0 X .;x

Figure 1.12: Different degrees of nonlocality, as given by the width of the response function R(x) and the intensity
profile I(x). Shown is the local (a), the weakly nonlocal (b), the general (c), and the strongly nonlocal (d) response
[83].

In the limit of a singular response, R(z) = d(x) [see Figure 1. 12(a)|, the nonlinearity is a local
function of the intensity. For weak nonlocality [see Figure 1. 12(b)], the width of R(x) is finite,
but still small compared to the width of I(z, z). In the limit of strong nonlocal response, R(z) is
much broader than the intensity profile [see Figure 1. 12(d)].

The weak nonlocal limit has attracted much of our attention in this work. In the following

section, we will see the spatially nonlocal nonlinear response in the case of the weak regime.
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1.4.2 Spatially nonlocal nonlinearity

Previous research by Horikis et al. [85] extended the existence and elastic collision of ring dark
and anti-dark solitons in a nonlocal medium with an exponential nonlocal response function in
a weak or strong nonlocal regime. In our study, we investigate the dynamics of spatiotemporal
dissipative LBs. In the case of the CCGLE, we find that these spatiotemporal dissipative LBs can
be stable in a spatially weakly nonlocal self-defocusing fiber with a Gaussian nonlocal response
function.

In general, one-dimensional solitons in optical fibers are stable because the linear and nonlinear
effects are well balanced in this case. On the contrary, for two-dimensional solitons, especially
spatial ones, we observe instability during their movement inside the optical fiber. They undergo
an extreme explosion of intensity, called collapse. This is because the nonlinear phase modulation
dominates the diffraction, leading to an extreme increase in amplitude.

Collapse is a well-known phenomenon in the theory of wave propagation in nonlinear focusing
media. It refers to the situation when strong self-focusing of a beam leads to a catastrophic
increase (blow-up) of its intensity in a finite time or after a finite propagation distance [86].

In this case, with critical power, the pulse will continue to decrease in a radially symmetrical
manner, thus maintaining a profile independent of its initial shape. As a result, it is difficult
to find solitons over long distances in (2+41)-D. However, we can avoid the collapse effect by
introducing perturbation effects such as dissipation and nonlinear saturation. In addition, we can
take into account the spatial non-locality of the nonlinear response inherent to the optical fiber.
For example, doping the optical fiber makes it possible to have a dissipative medium where gains
and losses can amplify the nonlinearity to compensate for diffraction and thus avoid collapse
|87,88]. Moreover, nonlocality acts to spread the effects of localized excitations, and as such can
suppress instantaneous modulation instabilities of homogeneous states [89]. Therefore, we can
expect to observe stable LBs that are (3-+1)-D solitons when we take into account the physical
phenomena mentioned above.

Let us therefore consider the general form of refractive index changes we have chosen to work

with, for a weak nonlocal nonlinear medium, and extended for two transverse coordinates x and
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y [77]: _

An[I()] = q / R(r — )0, 2)dr (1.43)
The parameter q accounts for the nonlinear response. When the Kerr nonlinearity is self-focusing,
the parameter ¢ in the above Eq. (1.43) is positive (¢ > 0). On the contrary, when we are dealing
with the self-defocusing Kerr nonlinearity, ¢ is negative (¢ < 0).
R(r —r') is the real, localized and symmetric function representing the profile of the nonlocal
response of the medium, whose width determines the degree of nonlocality, as we mentioned
before.
We do not assume asymmetric response functions, since they do not allow to define a Lagrangian
and thus to use the variational approach[80]. Therefore, we only consider symmetric response
functions. To allow comparison with the local, Kerr case, the response is normalized so that
[ R(r")dr" = 1. The nonlocal intensity ray I(r',z) can be expanded in a Taylor series around
(€—¢) and (n—n), with &1 = z,.
Equation (1.45) is reduced to

5?2 52 52
An(I) =q [[+ (7558_52 +'Ynnan2 +%’78§8n) f} : (1.44)
with
S RE=E,n—n)(E =€) dy
- BRI A L B , 1.45
A S R e dn 149
[ R —n',&—&)n—n)2dyde¢
= e : 1.46
o J7o RO €)' d (1:40)
and
CRE=E =) E—=E)n—n)dE dy
%:f_m E=&n—n)E=E)n—n)dE n (1.47)

Jo R(E n)de dnf
The term ~¢, can be neglected in an appropriately chosen and rotated coordinate system. In fact,
it has been shown that for a Gaussian response, V&:wi&/Q, with w, = 0.10/+/2. We recall that
Eqgs. (1.44)-(1.47) are justified when the nonlocality becomes weak, that is, e < 1 [18].

To recover the refractive index as a local function of the light intensity, i.e. An(I) = ¢l (z,vy, 2),
we simply have to reduce the nonlocal response function to a local function R(z,y) = d(z,y). In

this case, the refractive index at a given point is determined solely by the light intensity at that
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point.

While working in a nonlocal nonlinear medium such as an optical fiber, recent works have shown
that for weak nonlocality, a bright spatial soliton solution for self-focusing nonlinearity (¢ > 0) as
well as a dark soliton for self-defocusing nonlinearity (¢ < 0) have been found and the stability of
both the bright soliton and the dark soliton has been demonstrated [75]. Furthermore, some works
have shown that a weak nonlocal contribution stops the catastrophic self-focusing of high-power
optical beams, called collapse, and leads to the formation of stable 2D solitons (diffracting in two
transverse dimensions) [75].

In previous work, such as that of Skupin et al. [90], it was shown that nonlocality promotes MI
in self-defocusing media, while collapse is suppressed in self-focusing media. Furthermore, Hong
Li et al. [91] state that nonlocality is thus a feature of a large number of nonlinear systems,
leading to novel phenomena of a generic nature, and may promote MI in self-defocusing media
and suppress wave collapse of multidimensional beams in self-focusing media. However, in our PhD
thesis we show that even in self-defocusing nonlinear nonlocal media, collapse can be suppressed by
combining dopant with weak nonlocality. As a consequence, three-dimensional dissipative solitons

can propagate in a self-defocusing medium when the nonlinearity is weakly nonlocal.

1.4.3 Light bullets under the effect of a spatially nonlocal nonlinear response in a

doped optical fiber

To the best of our knowledge, this concept has not yet been studied in depth. We can mathe-
matically model such spatiotemporal LBs with the following (3+1)-D NLSE |2].
8,99

— 5 Halele(a,y. 2, m) =0, (1.48)

O 1 (0% 0@
+ ( +_) 2 Ot

"9z " By \oa2 T a2

with the reduced time 7 =t — (2. Physically, £y is the propagation constant, 35 is the GVD
parameter. The nonlinear parameter ¢ = (27/\)ny accounts for the SPM. The two parameters
By and ¢, depending on the way they behave, either normal or anomalous GVD for [,, or self-
focusing vs. self-defocusing for ¢, are sometimes considered as positive or negative parameters.
This depends on the nature of the nonlinear medium. The term ¢(z,y, z, 7) is the slowly varying

envelope that accounts for the transverse coordinates (x,y) and the longitudinal coordinates 7.

It should be noted that, in the case of dissipative LBs propagating in a nonlocal optical fiber, Eq.
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(1.48) has a different form, since we are no longer in a conservative system as is the case for the
NLSE. In the cubic context, this process allows us to have the description given by the nonlocal

CCGLE (see the reference [1] in the "List of publications" section).

00 2D 2D 920 , 2
i+ (Fxa + Gys ) +Gaog + GO+ CIOPD + Gz (o)

82

S(0P)2 =@, (1.49)

+ o

The left side of Eq. (1.49) is the conservative part, which contains the slowly varying complex en-
velope (X, Y, 7, Z). The coefficient (; is related to linear diffraction. The second order dispersion
term (o. The parameter (4 takes into account the cubic nonlinearity, the spatially nonlocal cubic
nonlinear response coefficients (5 and (5. The coefficients (5 and (5 are also in the conservative
part, because nonlocality is an inherent effect of the fiber that is generally negligible. The param-
eter (3 represents the attenuation. The parameter () contains dissipative terms. You can get some
details about the derivation of this equation in chapter two. We show that Eq. (1.49) provides a

good description of LBs in nonlocal doped optical fiber for a cubic context.

1.5 Conclusion

This chapter has covered the history, classification, and properties of optical fibers. We have
seen that doping an optical fiber, particularly with erbium ions (Er3"), creates a dissipative
medium where balanced gains and losses can amplify and counteract nonlinearities, dispersion,
attenuation and diffraction effects, ensuring stable propagation of light bullets (LBs). This double
balance-between linear and nonlinear effects, as well as between gains and losses—plays a crucial

role in the design of optical amplifiers, particularly in erbium-doped fiber amplifiers (EDFAs).

We also discussed the concept of nonlocality, which spreads the effects of localized excitations.
This property can help suppress instantaneous modulation instabilities of homogeneous states,
enabling the stable observation of LBs. The remaining work involves demonstrating that these
LBs can propagate stably in (3+1)-D and without collapsing when the double equilibrium is

coupled to a weak, spatially nonlocal nonlinear response.
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CHAPTER I

MODELS AND METHODS

2.1 Introduction

Considering the theory of electromagnetic waves from Maxwell’s equations, we present an
extended (3+1)-D CCGLE and CQCGLE describing the dynamics of dissipative LBs in optical

fiber amplifiers under the interplay of a doping effect and a spatially nonlocal nonlinear response.

The governing model equations include the effects of fiber dispersion, linear gain, nonlinear
loss, fiber nonlinearity, atomic detuning, linear and nonlinear diffractive transverse effects, and
nonlocal nonlinear response. Our primary focus is on the localized Gaussian solution in the form

of three-dimensional traveling waves.

We assess the role played by a weak spatial nonlocality term in the shape formation of dissipative
LBs. A system of eight coupled first-order differential equations of the LB parameters of interest,
for each case, the (3+1)-D CCGLE case and the (3+1)-D CQCGLE case, is derived based on
variational equations resulting from the Euler-Lagrange equations. The LB parameters of interest
are the amplitude, the temporal and spatial pulse widths, the position of the pulse maximum, the

unequal wavefront curvatures, the chirp parameters, and the phase shift.
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2.2 Derivation of the (3+1)-D cubic complex Ginzburg-Landau equa-

tion from the Maxwell’s Equations

2.2.1 Maxwell’s equations

We analyze the propagation of optical fields in the framework of Maxwell’s equations, written

in differential form as follows:

5 o B
VAE = _a(?_t : (Mazwell — Faraday). (2.1)
- - - 9D
VANH=J+ T (Mazwell — Ampere). (2.2)
V.D = p: (Mazwell — Gauss). (2.3)
V.B =0: (Mazwell — fluz), (2.4)

where E and H are the electric and magnetic field vectors, respectively. The quantities D and
B are the electric and magnetic flux densities, respectively. The term D is also called the electric
displacement and B the magnetic induction. The quantities p and J are the volume charge density
and the electric current density (charge flux) of any external charges. The charge and current
densities p, J can be thought of as the sources of the electromagnetic fields in a material medium.
The induced polarization P and the magnetization M can be made explicit in Maxwell’s equations

by using the constitutive relations:
D = ek + P, (2.5)

and

where ¢y and po are the permittivity and permeability of the vacuum, respectively. The optical

fiber is a dielectric medium free of charge and current. This implies,
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J =0, (2.7)
p=0, (2.8)
M =0 (2.9)
Thus Maxwell’s equations become:
_ - OB
VANE=——, 2.10
_ - 3D
VAB=puy— 2.11
V.D =0, (2.12)
V.B=0 (2.13)

By taking the curl of both sides of Eq. (2.10) and using the divergence equations together with

the vector identity:

we get,

Substituting Eq. (2.11) into Eq. (2.15) results in

Since

<l
=
I

o

therefore

(2.14)

(2.15)

(2.16)

(2.17)
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2::
oo D
V2E 0

2.2.2 The extended (3+41)-D cubic complex Ginzburg-Landau equation

Let us recall that for the dielectric material we have in the time domain

D = ek + P. (2.19)

The vector polarization P is given as:

P =P + Py, (2.20)

where P, is the linear polarization and Py; is the cubic nonlinear polarization.

We have the following for the linear part:

P =ey\VE. (2.21)

For the cubic nonlinear part, we have:

Py = ex®: EEE. (2.22)

The expression X(3)EEEE represents the tensor contraction of the rank-4 susceptibility tensor with
the outer product of three electric field vectors.

Eq. (2.22) can also be written in a different form:

_ 3 oo
Py, = co=— x| E|’E 2.23
L= €og X |EIE, (2.23)

The cubic nonlinear dielectric constant is:

3 3122
= —\°|E|%. 2.24
€N 8n0X | | ( )
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Therefore,

ﬁNl = EOENIE. (225)
Then, Eq. (2.19) becomes:
[j = EOE + €0X(1)E + EQENZE, (226)
which results in
D =e¢(1+x"V +en)E. (2.27)

Equation (2.27) can also be written as:

D = epe(w)E, (2.28)

where €(w) is the total dielectric constant, including the linear and cubic nonlinear contribu-

tions:

e(w) =1+ xY +en. (2.29)

We will have in the frequency domain:

D = epe(w)E(r,w). (2.30)

It should also be remembered that in the frequency domain

9 i (2.3
2
% — —w’. (2.32)

Taking all these considerations into account, the Eq. (2.18) becomes:
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V2E(r,w) + pocoe(w)w?E(r,w) = 0. (2.33)

Since €opp = =, the Eq. (2.33) can be reduced to:

V2E(r,w) + i—ze(w)E(r, w) = 0. (2.34)
Given that,
3 (w) = C;)—ZQE(W), (2.35)
and that,
Blw) = % e(w). (2.36)
we have:
[62 + 52@)] E(r,w) = 0. (2.37)

The Laplacian operator V2 is given in the following way:

Vi= — 4+ —+—. (2.38)

In the frequency domain, the electric field E is given by the expression:

E(r,w) = /+<>° E(r, t)exp(ifyz — iwet)exp(iwt)dt + cc. (2.39)

o0

Eq. (2.39) can also be written as:

E(r,w) = /+OO E(r,t)exp [ifoz + i(w — wo)t] dt + cc, (2.40)

—0o0

where E(r,t) is the electric field in the time domain, which is given by
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—

E(r,t) = %é’qﬁ(r, tyexp [ifoz + i(w — wo)t] + cc. (2.41)

Here, ¢(z, vy, z,t) is the slowly varying envelope function that represents the light pulse carrying
the information, c.c. is the complex conjugate, wq is the carrier frequency, fy is the propagation
constant at the carrier frequency wy, and € is the polarization unit vector. The optical fiber has a
cylindrical shape with axis (0z), so the radius r is defined as r = /22 + y2.

Using Eqgs (2.38), (2.40) and (2.41), Eq (2.37) becomes:

R AN 99
<8x2 i 3y2> * 022 0z

For optical beams, the paraxial and quasimonochromatic approximations correspond to ne-

+2ifo- + [B7(w) = B (w)] ¢ = 0. (2.42)

glecting the g—; derivatives of the slowly varying amplitude on the grounds that |227‘f| < 50|%\.
This will result in:
0¢ (0% 0%

2iffo -+ 5§+5;>+W%®—%@ﬂ¢=0 (2.43)

We divide the whole equation (2.43) by 25y:

dp 1 (Po 0P Bw) - Bw]
z& E (% + 6_y2) + [ 2o(@) ] ¢ =0. (2.44)
B2 (w)—B3 (w)

The expression [ } describes the dispersion of the envelope and,

280 (w)

B (w) = Bi(w) B) = 5] aen
) A= 2 l5) - e (249

Recall Eq. (2.36), where €(w) is a complex dielectric constant given in Eq. (2.29) and which

= 5) ~ o] |1+
can also be written as:

e(w) =n}+ 2inf.%£ + Xa(w). (2.46)

As a result, Eq. (2.36) has the following form (see also Appendix A):

Blw) = %\/n?—i—%nf.z_g—l—xa(w), (2.47)

where ay is the fiber loss defined by:
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10 Pout
ap =, log 2

, (dB/km) (2.48)
where, P;, is the input light pulse power, P, is the output light pulse power and L, the length
of the optical fiber. kj is the wavenumber given by:

ko =

w
~ 2.49
c’ ( )

with ¢, the light celerity, and w, the optical frequency. y,(w) is the atomic susceptibility governing

the response of the dopant in the optical fiber, which is determined by [18]:

_ 9% (W—we)Ts —i
kol+ (w—wq)?Td’

Xa(w) (2.50)

with the peak gain g, = 0(Ny — N;). The parameter o is a transition cross section, while N; and
N, are the atomic densities for the lower and upper energy levels of the two-level system. w, is the
atomic resonance frequency, and 75 is the relaxation time. Moreover, one can expand the function
Xa(w) in Taylor series up to the second order in the vicinity of the carrier frequency wy and find

[18]:

G [d—i 18 +25 6(6% = 3) +4(1 — 36%)
Xa(w) = ko 1+(52+ (1+62)? (W —wo)T2 + (1+ 62)3

(w—wo)* T3 |, (2.51)

where 0 = (wy — w,)T% is the detuning parameter. ny, in Eqgs. (2.44) and (2.45), is the refractive

index of the fiber including linear, nonlinear, doping, and spatial nonlocality phenomena. The

given expression of ny is [92]:

ffooo R(x — ',y —y)I(a',y )dx'dy
ffooo R(x — o',y —y)dx'dy

ng = no(w) + n2 (2.52)

Here, ny represents the cubic nonlinear change in the refractive index, R(z — 2,y — /) is the
nonlocal response function which determines the spatial extent of nonlocality. [ (x/,y/) is the
nonlocal intensity which acts not only on the local points (z,y), but also in the neighboring points,

and can be evaluated as [92]:

62 1 2 2

! ! _ 1 . ! 2 a . / 2 8 . ! o /

(2.53)
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where I(z,y) is the external action of the intensity on the points (z,y), (I = |E|?). Using this

assumption, Eq. (2.52) is rewritten as:

- nNoYzax 82 - nay, 82
ny = np(w) + m|EfF + 5 @(\Em + Tyya—yQ(

_ 0?
B2 N2y
ER) + = 500y

In Eq. (2.54), E is the electric-field vector defined in Eq. (2.39). The coefficients ~,,, 7,, and

== (IEP). (2.54)

Vzy Tepresent the measures of weak nonlocality degree in the transverse coordinates z and g,

respectively. These nonlocality degree coefficients are determined by the relations:

- SO R(E =€ —n) (€ —&)2de dy
133 j‘fooo R(g/’n/)dg/dn/ )
Joo Rl =1, & =€) (n —n)dn d€’
’VT]T] = oo ’ / ’ / ’ (255)
S0 B, € )dny'dg
and 00 / / / / ’ /
S RE=E n—n)(E—&)n—n)dEdn
’YE’V] = oo / / ’ / 9 (256)
S0 R(E )de dny
for {,n = z,y. The term ¢, can be neglected in a suitably chosen and rotated coordinate system
Therefore,
o NoYzx n
o= omw) - omlER o+ = gmy ?ygwm<mn

Taking all these considerations into account, Eq (2.47) then becomes (see also the procedure
used in Appendix A):

B(w) = Bo(w) +zﬂ13 L ( o ) (|6]?) + %n2|¢|2 ‘;{”Wm

2 02 \a(op) 2 Oz Sl
W Na7, . .n . N2 Ve . Na7
(j?g2wm+w+m@wﬁﬂwé357wm gggywm
g [6—i 1-0%+2i6 (.0 582 —3)+i(1—382) [ 2\ .,
T o 1702 T it o) 2T (11 02)p o) 2| (258)

Substituting Eq. (2.56) into Eq. (2.42) gives:
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8¢ 1(a%> 82 2

. . 0% .
+ (Brefs + iBiesf) or ot + ﬁ_ =5 T 7) + (pr +ipi) =g + (9 +1%)

Yoz PIE

IO+ O+ %) 16706 + G+ 700) 5 (679 =0, (259

In the above Eq. (2. 59) represents the displacement of the light pulse over the propagation
distance z. The expression (a% + 82¢> corresponds to the linear diffraction of the light pulse in the
transverse coordinates z and y. The terms - 2 (16)2)¢ and 2 (|¢| )¢ correspond to the nonlinear
diffraction related to spatial nonlocality. This nonlinear dlffractlon is associated with the linear
diffraction in order to influence the self-focusing and avoid the collapse [30]. The parameters [3,¢s¢

_297_f0 (1%‘:?22)2 and Bierr = B+ 2950 %2))1;2, are the real and imaginary parts of the inverse of the

group velocity dispersion, respectively. The coefficient p, = —%2 — 2“’7"0%, measures the wave
dispersion, and p; = —;T"O%, is the spectral filtering. The term 7, = 2n (H‘i;g) is the linear
loss, and ; = af — (1+52 is the frequency shift. The parameter ¢, = no% + <W>o’ represents

the nonlinear coefficient and ¢; = ngn—o, is the nonlinear gain-absorption coefficient. Expressions

Vee, = 27227 and g = 3oL represent the real and imaginary parts of the nonlocality

degrees along the transverse coordinates x and y, respectively.
Let us look at Eq. (2.59). If we first substitute p,, v, ¢, Vaa,r and 7y, into the factor, we get:

2

¢+7d1+wd¢

0 1 [0? 0?
+ (Bresr + 1Biesr) ¢ ( ¢ s 82

E‘f“% 61‘2+62) +pr(1+2a1)

"9z
. 2 . 82 2 . 82 2
(400 00+ 2 (15 100) g (19716 e (14 i0s) oy 6206 =0, (260

Yaw,i . — Dyy.i
Yxx,r » “2,yy Yyy,r '

__ Dbi. i —
Where; 3] —p_:a CO_,Y_:Q bl — q y Clga =

To scale Eq. (2.60), we introduce the following physical parameters, namely the diffraction
length or Rayleigh length in the homogeneous medium: Lp;;; = Bord, where rq is the beam
radius. The dispersion length is Lp;s, = %. The parameter T} is the typical initial pulse width.

The effective length, which characterizes the influence of the nonlinearity, is Ly, = ﬁ. The

z
LDisp

transverse coordinate scales are X' = ;= and ¥ = % The longitudinal coordinate scale is Z =

and the temporal coordinate scale is 7 = % Here T'=t — = is the time in the moving coordinate
g
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system. The normalized field amplitude is ®(X,Y, Z,7) = VPyNé(x,vy, 2,t), where N? = Lbisp

Ly

2
and N = qr‘];‘)ro. Typical optical pulse parameters used in fiber communication systems are

[28], the wavelength A = 1.55um, the linear refractive index ny = 1.45, the nonlinear refractive
index ny = 2.7 x 1073em? /W, the group velocity dispersion p, = 50ps®/km = (35, the nonlinear
gain g, = 6.8W'km™', the pulse width 1.763Ty = 400fs, the peak power of the incident pulse
Py =9.43MW. We also set ay = 2=, by = I, ¢ = 2%, ¢ — lxxs , and ¢ = Jvvi

» G xx
or Txx,r 2,YY Tyy,r

Taking into account these scaling transformations (see Appendix B), Eq. (2.60) then takes the

form:

0 e 9% , 0?P _ .
Y + G (W + m) + (1 +iar) C2—2 + (14 iby) (3@ + (1 4 ico) (4| D[
82

+(1+icw) aXQ(@\ )<I>+(1+zcm) Gy (1212 =0, (2.61)

where,

_ LDL.sp _ pTLDisp _ (ITLNL PYXX ’YYY Lni
G = Borg G2 = TENVFy’ G = YrLpisp, G = » G5 = Por ; and Go = Porg

The coefficient (; is related to linear diffraction. The second order dispersion term is (» and (3

corresponds to the linear losses. The parameter (4 takes into account the cubic nonlinearity, the
spatially nonlocal cubic nonlinear response coefficients are (5 and (5. The coefficients (5 and (g are
also in the conservative part, because nonlocality is an inherent effect of the fiber that is generally
negligible.

= C

»yys We recover the (241)-D nonlocal

Considering Eq. (2.61), for a; = by = ¢y = ¢,
NLSE equation that was derived by Bezuhanov et al. [92] in the limit of weak nonlocality. The
conditions for breathing soliton formation in one and two transverse dimensions were established
for this equation.

Furthermore, it was shown that the interplay between nonlinear diffraction and self-focusing is
found to result in an increase of the power needed to form nonlocal spatial solitons. Indeed, the
nonlocal 2D NLS equation has been also derived by Skupin et al. [90] in the highly nonlocal limit.
Due to the mixture of local and nonlocal types of nonlinearity (Gaussian model of nonlocality,

thermal nonlinearity, and the model of a dipolar Bose-Einstein condensate), a variety of solutions,

such as rotating and nonrotating azimuthons, accessible solitons can be stabilized. Moreover, the
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stabilization of 2D ring dark solitons and ring anti-dark solitons was demonstrated in nonlocal

media [73].

2.3 The extended (3+1)-D cubic-quintic complex Ginzburg-Landau

equation

As we saw in Section 2.1 that the nonlocal CCGLE is derived from Maxwell’s equations.
Similarly, the nonlocal CQCGLE is derived from Maxwell’s equations. Therefore, in this section,

we will start from the following well-defined equation rather than Maxwell’s equations:

"9z B\ oy

with the propagation constant 5(w) around the frequency w given by:

0y 1 (8 ¢ 0 ¢) +[B(w) — Bolw)] d = 0, (2.62)

w .«
Bw) = —\/n?+2mf.—f + Xa(w). (2.63)
C ko
As we have said, x,(w) is the atomic susceptibility that governs the response of the dopant in

the optical fiber. To derive the CQCGLE, we expand this atomic susceptibility in Taylor series up

to the fourth order in the vicinity of the carrier frequency wy:

g [d—i  1-0+25, 5(8% — 3) +i(1 — 36)
i R T SR (1+ 62)3
(W — wy)*T3

(w— w0)2T22

60% — 6* — 1+ i(46° — 40)
(1+02)*
65 —108% + 50 — i(50% — 1062 + 1)
N (14 62)°

(w—wo)'Ty|, (2.64)

The refractive index of the fiber, including the linear, nonlinear, doping, and spatial nonlocality

phenomena, in the cubic-quintic case is given by :

1 PUEP) 1 X(EH 1 9212
ny = no(w) + n2(|EJ) + 5 "2ae % t g2V Sgﬂl : t 2y 8(:|Ua|y)
1 P(EN) 1 *(El") 1 (2

+ n4|E|4 + 5 N4 gz +=n + = NaYe y (265)

81E2 2 471’!1/ 8y2 2 Y axay
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where ny and ny represent the cubic and quintic nonlinear refractive index changes, respectively.

The nonlocality degree coefficients e, v, and g, are determined as in Eqs. (2.55) and (2.56),

for £, = z,y. The term ¢, can be neglected.
Substituting Eq. (2.65) into Eq. (2.63), we obtain:

w Twn?lEl*  wns|E1?  wnyl|E|*
B wnalBP  wniBl

B(w) = Eno(w) + 3

noC c c

(1E I)Jr (92(|E|4))

+ Lem, (%61332(|E|2) +7yy82(|E|2)> + Lena (%ax Tyy
2 ¢ 0x? 0y? 2 0x? 0y?
e ). B ol o
1 2(|E 2(|E|?
oy - 2|E|2 2&ng2 ( ma g:ﬁ’ ) %’ya gzﬂ‘ )>
+i \E|4 ;a;;m (wr@?ggn ﬂyya;g) % nioc,(a(w)_ (2.66)

The first expression “ng(w) is the undoped propagation constant denoted 3;(w) and given by:

ﬁf<w>:§no<w>=ﬁo+( )<w—wo> 3 (e ) (o=
5 () o=+ 57 () =+ () 21

. (W@) (=l + (g ), (B 5 (wé’wﬁf) B, (267

where (|E|?); = (|E|*) (%)‘

In Eqgs. (2.64) and (2.67), the expression (w—wp)"” = (i)"(2%), with n = 1...4. And for Egs. (2.65),

(2.66), and (2.67), E is the field vector defined by Eq. (2.41).

By substituting Eqs. (2.64), (2.66) and (2.67) into Eqs. (2.62), we get:
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B 1 (9% 0% ,
Z——F%(@+8—Zﬁ>+(7r+@7i)¢+(ﬁeffr+ Beffw < >

0? 0 ot
+ntin) (55) + o+ i) (59) + o+ i) (52)

o+ ia) (00 + (e i) oo+ (me (5-00P)) 041 (e -(1070)) )
o
(5zlo0)
. 2* |
+ (Vawm,, + Vozin,,) ( slol'e Yoy, + gy, ) <a—yQ!¢| <b)
0 o
+ (e, (20609)) +7, (rl61'9))
+ (s, (5500010)) + 22,0 (Zitlol')) = 0. (268)
7yy,n2r 8y2 '7yy7n§T ay4 =U. .

Equation (2.68) has more terms than Eq. (2.59). This is due to the fact that we are no longer in the

: 0 .
+ (79”67”27- + Z’Yxx,n%) <_2|¢’2¢) + (’Yyy,nw + Zf)/yy,n%)
)+

cubic case, but in the cubic-quintic case, where correction coefficients are added. The additional

4 2
: _ gpTe® (4% 45) _ gpTp® (8466 71) )
terms are: ds, = Sre” (021D and ds; = 65 o T They take into account for the
; : : _ gp T4 (—28%+105) _ gpTE (564+1052—3)
third-order dispersion. dy,. = 2464 + e —(65+1 and dy; = TP oy account for the

afn4

a([9[2)2 2 Toc stand for the

saturation of the nonlinear-gain absorption (if negative), respectively. m, = (Wﬂf> is the
¢ 0

2
fourth-order dispersion. The parameters ¢, = % (ﬂ> + 1ngw + = and ¢; =

nonlinear gradient term responsible for the self-frequency shift and results from the tiequationme-
retarded induced by Raman process.
2
The term n; = (%) represents the nonlinear dispersion and is responsible for the self-
0

steepening (Kerr dispersion).

L"2~.¢, represent the real and imaginary parts of the

Expressions vee n, = 5 g = 3

nonlocality degrees associated with the cubic Kerr nonlinearity, along the transverse coordinates

=1 MMy correspond to the real

x and y, respectively. Expressions veen, = 5 2 i

and imaginary parts of the nonlocality degrees related to the quintic Kerr nonlinearity, along the

transverse coordinates x and y, respectively. Other expressions related to the degree of nonlocality
2 2
. A2 _1v _ 1Y
are: ’Ymmgr — 2 noc rYxx and ’Vm,ngr ~ 2 noc Vax

As for Eq. (2.60), in order to scale Eq. (2.68), we need to introduce the following physical

parameters: The diffraction length, or Rayleigh length in a homogeneous medium given by Lp;sr =
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2
Bora, where 7 is the beam radius. The dispersion length expressed as Lp;s, = ;—2‘. The parameter

Ty, which is the typical initial pulse width. The effective length, which characterizes the influence

of the nonlinearity, is Ly; = ey 1Po' The transverse coordinate scale is X = = and Y = %
T
The longitudinal coordinate scales are Z = LD? and the temporal coordinate scale is 7 = TZD
isp

Here T' =t — = is the time in the moving coordinate system. The normalized field amplitude is
g

O(X,Y,Z,7) =PoNo(z,y, z,t), where N? = D”'p and N = /2078

|pr|

Typical optical pulse parameters used in fiber communication systems are [28|, the wavelength
A = 1.55um, the linear refractive index ny = 1.45, higher-order nonlinear refractive indexes ny =
2.7 x 107 Bem? /W, ng = —7.8 x 10723em* /W the group velocity dispersion p, = 50ps?/km = B,
the nonlinear gain g, = 6.8W 'km™!, the pulse width 1.763T, = 400fs, the peak power of the

incident pulse Py = 9.43MW. We also set a; = ’ﬂ Lag = Bi g =i p = 7’ ,co=L dy =4

dgr’ dar’ qr cr?
fO = M . — Txxomoi — Jyy.noy — xxomai — Jyy.na = » . and
my? TLXX Yxxmor =~ 2YY Vyymar 3XX Yxxomar '  HYY Vyymar ' XX XXM
= 2 .
CB,YY 7yy,’n2r

Considering the scaling transformations (see Appendix B as in the case of Eq. (2.60)), the form
of Eq. (2.68) becomes:

0 0P?d 9% , 0?P AL
57 T G axz Tayz) t Cop, (1 +iay) 92) 7T Cods, (1 +ias) 573

4

. 0*® :
Gua, (1) (55) + G0+ 0 0+ G, (1-+ic0) o0

i (14 0 0110+ [, (500 ) @ 41 (un - (100) )|
0 0
+<5,XX (1+icl XX) (8X2|q)| (I)) +C6,YY (1+i02,yy) (8Y2|CD| (I))

. . 0?
+ C?,XX (1 + 1C, XX) (an ) + Cs YY (1 + ZC4,YY) (m@ﬁ‘b)

0%
+ |:<9,XX (8X2‘®| (1)) +C11,XX < 5XX 6X4|®| ®):|
+ & — DD ) +¢ 6)—4|<I>|4<1> =0, (2.69)
ClO,YY 8Y2 12,YY C6,YY 8Y4 - Y .
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_ LDisp : . . : _ pT‘LDisp _ d3’V‘LDiSp
where (; = 20r? refers to linear diffraction. The coefficients (3, = 77 Cods, = g
darLpis . . . .
and Coq,, = ‘”Tf”p, are related to the second, third and fourth order dispersions, respectively.
0

(3 = YrLpisp corresponds to the linear losses. The parameter (4, = ‘I'“IL)% accounts for the cubic

mrLnp
To Py

. . . o fOLNL . . . . . ’YXXWQTLNL
is the nonlinear gradient term. 4, = 5= is the nonlinear dispersion term. ¢, = R

Kerr nonlinearity, while (4., = 3’;05]@5 is associated with the quintic Kerr nonlinearity. (4, =

_ Oyy.ng LNt . . . . .
and (g, = Rz Aare the spatially nonlocal cubic nonlinear response coefficients following
Yxxma LNL _ yymy Lnr

the transversal coordinates (z,y), respectively. ¢, , = N and (., = —ppdNT s are the

spatially nonlocal quintic nonlinear response coefficients. These are additional terms related to the

. . . . ’YXXv”S Lyt 7yy,n§ Lyr
. —_— r JR— T
spatially nonlocal cubic nonlinear response coefficients: ¢, ., = “FanT o Goyy = T RRINT
C B WXX,H;LNL d C - WYY*”%TLNL
oxx = T pgranz 0 MA Gy vy = Tpman

2.4 Variational analysis of the extended (3+1)-D cubic and cubic-quintic

complex Ginzburg-Landau models

In this section, we use the variational approach based on Euler-Lagrange equations, to search
for approximate solutions to Eqgs. (2.61) and (2.69), in order to gain physical insight into some
relevant parameters, which will then be implemented in numerical simulations to qualitatively
confirm the analytical predictions.

In order to describe the dynamics of pulse evolution, various treatments have been developed to
extract approximated soliton solutions to integrable and non-integrable nonlinear partial differ-
ential equations and have received many different names depending on the field of application,
namely the method of moments [92], method of collective coordinates [91, 21, 27], time-dependent
variational method [32], effective-particle method [75, 93] , averaged Lagrangian description |33,
94] , etc. Lagrangian methods have become widely accepted as the preferred approach to account

for the dynamics of the light pulses in optical fibers.

2.4.1 Variational analysis of the extended (3-+1)-D CCGLE model

In order to use variational approach, the (3+1)-D nonlocal CCGLE given in Eq. (2.61) could be

rewritten as:
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2

00 20 P20 020 )
Z8_Z+< (8)(2 +m) +C2 -+ P+ GO ¢+C58X2(\q)\ )
82

(90 = Q. (270)

+ o

where the right-hand side of Eq. (2.69) contains dissipatives terms:

2 2

0P : ‘ 0 . 9]
Q = _ZCLlCQW — 101 (3P — ZCOC4|(I)|2(I) - ZCLXXCBaXQ(@F)‘I) - ZCMYCBW(@F)@- (2.71)

It should be noted that defining an appropriate ansatz function is essential for the use of the

variational approach. Let us then consider the trial function of (Gaussian shape:

(XY, Z,7) = A(Z) exp(—ainZ) - 0_2Y<Z) - 027(2) + %(ﬁx(zpﬂ +9,(Z2)Y?

+0-(2)7%) +i(Z)), (2.72)

where A(Z) is the amplitude, o, (Z) and o, (Z) are the beamwidths in the transverse coordinates
(X, Y), 0,(Z) is the temporal beamwidth, ¥, (Z) and ¥, (Z) are the wave-front curvatures along
the transverse coordinates (X, Y), ¥.(Z) is the temporal wave-front curvature, ¢)(7) is the phase,
and kg is the wave number. Variables A(Z), 0, (2), 0,(Z2), 0.(Z), Y (Z), V,(Z), 9,(Z) and ¢ (Z)
are all the parameters of the light pulse. Then, we obtain the first-order differential equations
(FODESs) of these parameters, which describe the evolution of the light pulse in the optical fiber.

The variational approach used in this study is based on the Euler-Lagrange equation [74]

7o)~ [

where, ®* is the complex conjugate of the ansatz function ®; Re denotes the real part and ¢

(2.73)

is the variable which corresponds to all the parameters of the light pulse (A(Z), 0,(Z), 0, (Z),
0:(2), 9(Z), 9,(Z), 9-(Z) , ¢¥(Z)), with (¢ = 92). The left-hand side of Eq. (27), represents
the conservative Lagrangian and is noted L.:

2

0X?

(02)0 + Gy (2.

0Y? (

0P o 9*®
0z 0X?%  0Y?

: >’
Le =i +Q + >+C2 + (P + GlPPP + G

(2.74)
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When we normalize L., we get the normalized conservative Lagrangian,

>+C2

2

0P
+ GO + G| P

oy

0P

i 0% 0% 0% |?

2
+C6

2

+ C5 |<I>\ |<I>| (2.75)

(L) is the Lagrangian density given by:

= / / / Lo.dXdYdr, (2.76)
—00 J —o0 JO

and the right-hand side @ is the dissipative term. Using Eqs. (2.7)-(2.76), we get a set of eight
coupled first-order differential equations (FODEs) resulting from the variation with respect to the

light pulse parameters:

dA 7
dZ = —AClko - AClkOﬂy - A<2197 - §Ab1C3
77 1 56
— —A3\/§C0C4 + gACLlcQ (35k‘0192 2 + _)
996
+ @A:‘\/—C1 «x G5 (75/%1910'?( + g)
1 . 996
+ @Adx/icwygﬁ (75k§z9303 + —2) ,(2.77)
Y
do,
7 = 2G1koV o + b1G30

15 1
+ —A2\/§C()<4O'X + —(11<2 <—7]€(2)1972_0'3 — 0'_) Oy

252
+ 142\/_01 xxG (13]{819?{01 - —) o

o2

12
A3, (_kgﬁzai_a_g) oo (278)

Y
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do,
rA = 2Ci ko, 0, + b1C30,
15 1 28
_A2\/§COC4UY + —a1C2 <—7k(2)19303 — F) oy
12
AV, (—k;gﬁiai _ 0_2> o
X
1 252
+ @A%/icz,w@ (13k§z9303 — E> o,, (2.79)
do,
Az = 2C2/l9’7'0-7' + blC3UT
1 1
+ —5A2\/500C4JT + —a1( | —Bk20%0? — % o
8 4 oYY 072—
15 12
+ 6_4A2\/§CLXXC5 (—kgﬁiai — 0—2) Or
X
15 12
+ 6_4A2\/§C2’YYC6 ( kgt o2 — E) or, (2.80)
i,
AQ\/_@ + 8C1— — 201 ko,
dz o
1 A%V2 21
_M 6 + 127kod
36 koo 02
1 A%V/2c
% \2—0;2””% (— + 73k, ) (2.81)
X
dd,
=V 7t 84“1— — 21 kot?

Y

1 A%V/2¢ xx G5
1 AV s + 73ko¥
"3 koo2 <a2 0 )

1 A%V2¢,,, G <216

— + 127kov,, 2.82

o2
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dv 1 9 1
L= A*V2 8a1Ca— — 8
qz \/_44/,{;002 + CL1C2U3 C2k00;4_
1 AV2¢, (5 (T2
— 2oko? + — ——— XX [ 24 73k
CQ 0 T+36 k00—72_ (O_i + 0 X)

1 A2\/§C2 ngﬁ 72
— | — 4+ 73k 2.83
36 koo? (02 + 19K Y)’ (2.83)

Y

WG 50 6 T

2
47 Ji ag A \/§C4 - C3 - G1C2/f0197
1 648
+ _Az\/écl,){x<5 <—0_—2 - 401]{019}()

T

288

X

1 648
+ ﬁAQ\/ﬁCZYY(G (—0_—2 - 401]€(ﬂ9y) . (284)

Y
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2.4.2 Variational analysis of the extended (3+1)-D CQCGLE model

In order to apply the variational approach on the (3+1)-D nonlocal CQCGLE given in Eq. (2.69),

we split it into two parts:

0D ?®  9*® 82 ok
oz T \oxz Tavz) T g ) T o

0P
o ) G0+ Cug [P+ G 91+ (G, (121),)

0? 0?
# G (xaltle) + 6o ( vl ‘0
82 4 4
# e (palee) + 6 (lol'e)
0? ot
+ |:<9,XX (m‘®|4q}) +Cll,XX ( Cs xx 8X4‘(I)‘4 )1

+ |:C10,YY (ayz’q)’ ) + CIZ,YY (Ce,yym’q)’ (I)):| - ch7 (285)

where the conservative part Lee, is given as:

0D 9*P 9*P @2 03D
Lceqg = Za—Z + (1 IxX2 + 9y2 + Cop, + Cods, 98

e
+ Cody, (8 4) + (P + Cag, [P*P + Cae, [P'® + (Carm, (

# 6 (al®P2) + G (lobe)
82 4 8 4
F o (xaltl'®) + G (5alole)
0? o
s (5a101®) + G (covnatel'®)

60 (p2101®) +Gus (o gpatelie)] . 20

[%),)
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and the dissipative part )., is:

, 9*P , 3P
ch = _Za1<2pr (W) - Za3c2d3r (ﬁ)

. 0*d . . . .
— 104C2d,, (W) — 013D — ZCOC4(IT|(I)|2® - Zd0C4cr|q)‘4‘I) —1 (C4fo<|q)|2q)>t)
. 02 . 02
- ZCl,XXCS,XX (WMDP(I)) - ZCZ,YYC&YY <W|¢’2®)

| N >
- ZCs,xx<7,xx <8X2|(D| CI)) - ZC4,YYC8,YY (WVM CI)) : (287)

We define a trial function of Gaussian shape as our ansatz function, the same as in the case of

the CCGLE for the use of the variational approach:

(XY, Z,7) = A(Z) exp(—az)iz) - a2Y(Z) - 027(2) + %(ﬁX(Z)Xz +9,(Z2)Y?

+0:(2)7%) + ) (Z)), (2.88)

The Euler-Lagrange equation is given as:

d (0(Lee)\  OMLoe) /°° /°° /°° oD+
dZ( Ge ) T ey e | | dXdYdrQu s (2.89)

where, (L) is the Lagrangian density given by:

(Loeg) = / / / LncegdX dY dr. (2.90)
—o00 J —o0 JO

The term L,c., is the normalized conservative Lagrangian.

Using Eqgs. (2.86)-(2.90), we get a set of eight coupled FODEs resulting from the variation with

respect to the light pulse parameters:
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dA _ A1 45
a7 = —koC1U A — koY, A — koCaprVr A + alCQpT (—U—3 — Zk2ﬁ2072>
16 ko, 4 k319303 172 3]{21920
2 0 oYrYr T
+ §C2d3TA \/5 ( 7.\/_ 9 \/— ) a3<2d3rA\/_ ( 3\/_ \/_ >
1 12k 22 1 141
+ 5(2%143 ( 019 —3kiPo 2) + a4§2d4r ( 47 ﬁk%ﬁ E]€4794 4>
7' O'T

43 21 A3
+ —b1C3 C4f0 \/_ + COC4qTA3\/_ "‘ _d0<4cTA5\/_\/_
2 2 o /T

1 231 85 1 231 85
it A2 (_160 6210~ ) * g0t WA3\[< 1602 @kgﬁiai)

1 ; 565 125,
+§CS,XXC7,XXA \/5\/6 (_ 1620_2 648k019x X)

1 965 125
1 ING _ — R 2.91
+ 204,YYC8,YY \/_\/6 ( 1620’3 648 ) ( )

do, 9 9
dZ = 2k0€1’19 + alggp,,, (0—72— + Zk%ﬁzgz) Oy
36a3Caa,, V20 45 63 5.5 27 .., ;
- sz/— = + 424y, 0 « <U—;4_ - —k U7 — 1_6k V7o
17 Gy ANV 20, 17
—9b1(30 + 1 C%U NG §00C4qr142\/§0x - adogcrfﬁ\@\/éax
33 19 51 17
+ Cl,XXC5,XXA2\/§ <16 ak2192 > Ox + Gy YYCG YYAQ\/_ (160 6_4’1{;2192 ) Ox
NN 25 L o9 o
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do, 9 9
dZ = Zkogﬂg + CL1<2PT (O_—3 + Zkg??30'72.> Oy
_ 36G3C2d3T\/§UY

o2\/m

T

17 A? 17
C4f0 \/_J _ _COC4qT A2 \/50—1/

- 9b1 CSO—Y 4

oJT 8

_'_CI,XX 5,XXA2\/§(160_ 64

125
4 292
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(2.93)
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91<30'+2 ﬁ

51 17
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% — 8Cl o 2C k 192 <4mrA2 4\/§
Az~ koot T koo aT\/?r

8g2d3,A\/’ 1 1k303+ 1 kgtad
koo 27 03\/_ 18 m 144 /«w
A2 A%V/2 4 A%/2
i 8C2d4r2 (__4 + §k‘§1972_ ik4194 4> C4qr 2\/_ + _C4cr \g_\/é
k?oO'X 2 4 32 kQO'X 9 k‘oO’X
8. A2 /31 5 8¢, A2 [ 1 1
+ C5XX—2 ( — t 325G xxkOﬁx) + CG,YY 2 ( 2~ 256 YYk:Oﬁy)
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B AWVE (1 1 N 86 AVRVE 1
koo 302 ' 54 wXx koo 602 81
8A4\/§\/6 (_Cg,xx 9 C5,XX<11,XX> + 8A4\/§\/6 (_ Cm,YY 3 Ce YYC12 YY

koo 302 32 ol koo 602 32 ol

) (2.95)

dd, _ 8¢ 2Wnkod + Cam, A% [ 4V2
dZ koot koo aﬂ/y‘r

8C2d3TA\/_ 1 N 1 kg2 L 1 kydio?
koo 27 03\/_ 18 /x| 144 7
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2.5 Conclusion

We have successfully derived the nonlocal CCGLE and CQCGLE by considering the elec-
tromagnetic wave theory based on Maxwell’s equations. Scaling transformations related to the
practical use of optical fibers have been applied to the CCGLE and CQCGLE to tailor them for a
good description of LB propagation in doped nonlocal optical fibers. We found that the nonlocal
CQCGLE has more terms compared to the nonlocal CCGLE, namely the third and fourth-order
dispersion, the saturation of the nonlinear gain absorption (if negative), the nonlinear gradient
term responsible for the self-frequency shift and the nonlinear dispersion responsible for the self-
steepening.

We used the variational approach based on the Euler-Lagrange equations to find approxi-
mate solutions to the nonlocal CCGLE and CQCGLE to gain physical insight into some relevant
parameters. To qualitatively validate our analytical predictions, we implement these solutions in

numerical simulations in the following chapter.
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CHAPTER 111

RESULTS AND DISCUSSION

3.1 Introduction

Previously, we derived the nonlocal CCGLE and the CQCGLE from Maxwell’s equations. We
have shown that the CCGLE and the CQCGLE each give rise to a system of eight coupled first-
order differential equations, obtained using the variational approach based on the Euler-Lagrange
equations.

The next step is to confirm these analytical results by performing numerical simulations based
on the Runge-Kutta and split-step Fourier methods. Before proceeding, we need to determine the
stability regions of the LB characteristic parameters. These parameters include the amplitude, the
temporal and spatial pulse widths and the position of the pulse maximum, the unequal wavefront
curvatures, the chirp parameters, and the phase shift. The Routh-Hurwitz stability criterion will
be employed for the determination of the stability regions from which the initial values for the

simulations are taken.

3.2 Stability criterion for steady-state solutions in a cubic context

We have chosen the Routh-Hurwitz stability criterion, described as a necessary and sufficient
condition for reaching the stability zone. Applying this stability criterion requires that we construct
a Jacoby determinant. From the Jacoby determinant, we obtain the polynomial characteristic
equation. We can then verify the necessary and sufficient conditions of the Routh-Hurwitz stability
criterion.

dA do

In the following, we introduce the notations: Fy = &7, F, = Z, Fy = %, F, =

do,
dz >’

and

Fy, = %= resulting from Egs. (2.77)-(2.84). Recall that in the case of a symmetric input, the set
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of Eqgs. (2.77)-(2.84) is reduced to only five equations: (2.77), (2.78), (2.80), (2.81) and (2.83). The
Jacoby determinant is constructed from the derivatives of these terms Fly, F,, Fy, F,_, and Fy_,
with respect to amplitude, spatial and temporal widths, spatial and temporal curvatures taken in

steady, i.e., equilibrium state:

OF 5 _)\ OF 5 OF' 5 OF 'y OF 5
0A do o9 dor 09,
aFo’ aFo’ _ )\ aFo- 8Fo— 8Fg
0A do o9 dor 09,
— [ — 8Fg 8F19 8F79 _ BFg 6F79 — X 1
det(J A ) 0A do o9 A dor 09, 0 (3 )
OFs, OF5.. OFs, OFs, A OFy.,.
0A do o9 dor 09,
OFy.. OFy._ OFy.. OFy.. OFy._ Y
0A do o9 OF5, 0Y9-

The fifth-order characteristic polynomial equation obtained from the Jacoby determinant is as

follows:

)\5 + al)\4 + CLQ/\B + ag)\Q + CL4>\ + a5 = 0. (32)

The coefficients ay, ..., a5, depend on the partial derivatives of the functions Fy, F,, Fy, F,_, and
Fy_. However, these analytical expressions could not be presented due to their length. The partial
derivatives of the functions are provided in Appendix C.

For the stability to be reached, the necessary condition implies that all the roots of the character-
istic Eq. (3.2) should have negative real parts i.e., R(\;) < 0, with i = 1,...,5.

The sufficient condition based on the Routh-Hurwitz criterion is that the coefficients a4, ..., as

should be positive [38, 48|:

a; > 0,with i =1,....5, (3.3)

as well as their combinations:
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by = %1_“3 0, (3.4)
by = %1_“5 0, (3.5)
o1 = W > 0, (3.6)
o ombes o

have to be positive.

In Figure 3.1, we represent the double solutions A, and A_ of the steady-state amplitudes versus
g; and v,_, , where the dissipative parameter g; represents the nonlinear loss related to the self-

defocusing Kerr nonlinearity ( ¢. < 0), and the parameter v, _, denotes the symmetric nonlocality

degree along the transverse directions. By using the normalized coefficient N, = 2'/2(4/3)3/4,

assuming a linear gain v, under anomalous dispersion, the following parameter values have been
used for illustration: p, = 0.579/N,., p; = 0.201/N,., ¢, = —110/N,., . = 150/N,., v; = —530/N,,
ko = 2m/1.55.

0.6.
04.
0.2.

L e
W
14 A

_16.“‘-_ % i

18 o s
20 107

Figure 3.1: Double solutions A, and A_ of the steady-state amplitudes versus (g;, 7,_, ). The solution A_ (yellow
sheet) is stable. The solution Ay (blue sheet) is rather unstable. The following parameter values have been used:
N, = 21/2(4/3)3/* (the normalized coefficient), p, = 0.579/N, (the anomalous dispersion), p; = 0.201/N,. (the
spectral filtering), ¢, = —110/N,. (the self-defocusing Kerr nonlinearity), ~, = 150/N,. (the linear gain), v; =
—530/N, (the frequency shift), and ko = 27/1.55 (the wave number).
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As stated before [74], the stability of the solution A_ is only a prerequisite to obtaining optical
LBs after a spatiotemporal self-organized evolution. It can clearly be seen in Figure 3.1 that when
the spatial nonlocal self-defocusing Kerr nonlinearity response (y,_, ) and the nonlinear loss (g;)
increase, the stability zone (yellow area representing A_ ) gets expanded.

Hence, the nonlocality and the nonlinear loss enhance optical LBs localization in this regime.
On the other hand, the lower blue sheet of Figure 3.1 shows that the solution A, is everywhere
unstable. Therefore, it will be beneficial to pay more attention to the stable solution A_ as it
remains the only prerequisite for the formation of stable LBs during the propagation of an input
pulse.

So doing, in Figure 3.2(a) and (b), the stability zones (hatched areas) are shown for the spatial
width versus ¢; and 7,_,, respectively, while the same procedure is repeated for the temporal
width o, in Figure 3.2(c) and 3.2(d) for the stable solution A_ under anomalous dispersion. The
set of spatial and temporal widths values derived from these diagrams will be chosen from this
stability range for the numerical simulations of the input spatiotemporal pulses.

Zones of stability for the spatial and temporal chirps, ¥x—y and 1., respectively, versus ¢; and
Y«_y, for the stable solution A_ and the anomalous dispersion are depicted in Figure 3.3. The set
of spatial and temporal chirps derived from these curves will be chosen from this stability range
for the numerical simulations of the input spatiotemporal pulses.

The stability zones for the phase ¢ are depicted in Figure 3.4(a) and (b) versus ¢; and v,_,,
respectively, for the stable solution A_ under the anomalous dispersion. The set of phase values
obtained from these diagrams will be chosen from this stability range for the numerical implemen-

tation of the input spatiotemporal pulses.
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Figure 3.2: Diagrams of stability in the (g;, o,_, )-plane [panel (a)], the (v,_,, 04_, )-plane [panel (b)], the (g,
o, )-plane [panel(c)] and the (y,_,, o, )-plane [panel(d)], where the dark zone stands for the stable solution A_

under anomalous dispersion. The parameter values used are the same as in Figure 3.1.

Figure 3.3: Diagrams of stability in the (¢;, 9x—y )-plane [panel (a)], the (v,_,, Yx—y )-plane [panel (b)], the (¢,
9, )-plane [panel(c)] and the (v,_,., ¥, )-plane [panel(d)], where the dark zone stands for the stable solution A_

under anomalous dispersion. The parameter values used are the same as in Figure 3.1.

Figure 3.4: Panel (a) shows the stability zone (dark area) for the solution A_ in the (g;, ¥)-plane, while panel (b)
displays the stability zone in the (g;, v4_, )-plane, under anomalous dispersion. Parameter values are those used

in Figure 3.1.
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3.3 Stability criterion for steady-state solutions in the CQ case

3.3.1 The first set of parameters for steady-state solutions in the CQ case.

In Figure (3.5), we represent the double solutions A, and A_ of the steady-state amplitudes
versus ¢; and v,,_,., where the dissipative parameter ¢; represents the saturation nonlinear loss/gain
(¢; < 0/¢; > 0) related to the quintic self-focusing Kerr nonlinearity (¢, > 0), and the parameter
v«_, denotes the symmetric nonlocality degree along the transverse directions. By using the nor-
malized coefficient N, = 21/2(4/3)3/%  assuming a linear loss (v,<0) under normal dispersion, the
following parameter values have been used for illustration: p, = —150.579/N,., p; = 0.000201/N,,
¢ = —60.8/N,, ¢; = 6/N,, v, = —150/N,, v; = 330/N,, ds3, = 0.579/N,, d3; = —0.08/N,,
dy = —60.8/N,., dy; = 0.002/N,, ¢, = 0.00342/N,., n; = 0.025/N,., m, = —0.5/N,., ko = 27/1.55.

0.4 -

0 Tx=y

Figure 3.5: Double solutions A; and A_ of the steady-state amplitudes versus (¢;, v4_, ). The solutions A_
(vellow sheet) and A, (blue sheet) are stable. The following parameter values have been used: N, = 2'/2(4/3)3/4
(the normalized coefficient), p, = —150.579/N,. (normal dispersion), p; = 0.000201/N, (the spectral filtering),
gr = —60.8/N, (the self-defocusing cubic Kerr nonlinearity), ¢; = 6/N, (dissipative cubic nonlinear gain), v, =
—150/N,. (the linear gain), v; = 330/N,. (the frequency shift), ds, = 0.0006/N,. (the third order linear dispersion),
ds; = —0.08/N, (the dissipative third order linear dispersion), ds4, = 0.002/N,. (the fourth order linear dispersion),
dy; = —0.04/N,. (the dissipative fourth order linear dispersion), ¢, = 0.00342/N,. (the quintic self-focusing Kerr

nonlinearity), n; = 0.025/N,. (the nonlinear dispersion term), m,, = —0.5/N,. (the nonlinear gradient), kg = 27 /1.55.

Figure 3.5 shows that we have succeeded in producing amplitudes A_ and A, in a positive
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value zone, unlike the cubic case where only amplitude A_ was stable, and amplitude A, corre-
sponded only to negative numerical values and was always unstable. The two amplitudes blend
seamlessly, as shown by the blue star representing amplitude A, positioned underneath the yel-
low sheet (amplitude A_). By incorporating additional effects, such as quintic correction terms,
into the initial cubic medium, we find that the A_ solution is no longer the only prerequisite for
obtaining L.Bs after self-organized spatiotemporal evolution. As the nonlocal spatial response of
the Kerr nonlinearity (v,_,) and the saturation of nonlinear loss/gain (¢; < 0/¢; > 0) increase,
we observe that the stability zones (yellow sheet representing A_ and blue sheet representing A )
expand, hence, nonlocality and nonlinear loss/gain improve the localization of optical LBs in this
regime. Thus, it is appropriate to state that the stability diagrams for the other characteristic LB

parameters can be obtained by selecting either A_ or A, as the stable solution.

So doing, in Figure 3.6, the stability zones (green areas) are shown for the spatial width versus
c; and v,_,, respectively, while the same procedure is repeated for the temporal width o, in Figure
3.8 for the stable solution A, under normal dispersion. The set of spatial and temporal widths
values derived from these diagrams will be chosen from this stability range for the numerical sim-

ulations of the input spatiotemporal pulses in the subsection (3.7.1).

Zones of stability for the spatial and temporal chirps, ¥x—y and ¥,, respectively, versus ¢; and
V«_y, for the stable solution A, and the normal dispersion are depicted in Figs. 3.7 and 3.9. The
set of spatial and temporal chirps derived from these curves will be chosen from this stability
range for the numerical simulations of the input spatiotemporal pulses in the subsection (3.7.1).
The stability zones for the phase ¢ are depicted in Figure 3.10 versus ¢; and v,_, , respectively,
for the stable solution A, under the normal dispersion. The set of phase values obtained from
these diagrams will be chosen from this stability range for the numerical implementation of the

input spatiotemporal pulses in the subsection (3.7.1).
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Figure 3.6: Stability diagrams in the (¢;, o,_, )-plane, from left to right, the (¢;, o_, )-plane and the (y,_,, 0_,

)-plane, respectively. The green area stands for the stable solution A, under normal dispersion. The parameter

values used are the same as in Figure 3.5.
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Figure 3.7: Diagrams of stability in the (¢;, ¥,_, )-plane, from left to right, the (¢;, ¥,_, )-plane and the (y,_,,

=Y
¥ _, )-plane, respectively. The green area stands for the stable solution A under normal dispersion. The parameter

values used are the same as in Figure 3.5.
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Figure 3.8: Diagrams of stability in the (¢;, o, )-plane, from left right, the (¢;, o, )-plane and the (v,_,., o, )-plane,
respectively. The green area stands for the stable solution A under normal dispersion. The parameter values used

are the same as in Figure 3.5.
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(d)

i Tx=y
Figure 3.9: Diagrams of stability in the (¢;, ¥, )-plane, from left to right, the (¢;, ¥, )-plane and the (v,_,., 9,

)-plane, respectively. The green area stands for the stable solution A, under normal dispersion. The parameter

values used are the same as in Figure 3.5.
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Figure 3.10: Diagrams of stability in the (¢;, ¥ )-plane, from left to right, the (¢;, ¥ )-plane and the (v, _, , ¥)-plane,
respectively. The green area stands for the stable solution A, under normal dispersion. The parameter values used

are the same as in Figure 3.5.

3.3.2 The second set of parameters for steady-state solutions in the CQ case.

In Figure 3.11, we represent the double solutions A, and A_ of the steady-state amplitudes
versus ¢; and 7y, _,, where the dissipative parameter ¢; represents the saturation nonlinear gain
(¢; > 0) related to the quintic self-focusing Kerr nonlinearity (¢, > 0), and the parameter v, _,
denotes the symmetric nonlocality degree along the transverse directions. By using the normalized
coefficient N, = 2/2(4/3)%4, assuming a linear loss (7,<0) under anomalous dispersion, the

following parameter values have been used for illustration: p, = 2/N,, p; = 0.00201/N,, ¢, =
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—105/N,, ¢ = —5/N,, 7 = —150/N, , 7; = 390/N,, d3. = 0.0006/N, , ds; = —0.083/N,,
dyy = —0.4/N,, dy; = 0.002/N,, ¢, = 0.0342/N,, n; = 0.025/N,, m, = —0.5/N,, ko = 27/1.55.

0.4
< 0.2

0.4

Figure 3.11: Double solutions A, and A_ of the steady-state amplitudes versus (¢;, v,_, ). The solutions A_

(vellow sheet) and A, (blue sheet) are stable. The following parameter values have been used: N, = 21/2(4/3)3/4,

pr = 2/N, anomalous dispersion, p; = 0.00201/N,, ¢, = —105/N,., ¢; = —5/N,, v~ = —150/N,, v; = 390/N,,
ds, = 0.0006/N,, d3; = —0.083/N,., dar = —0.4/N,, dy; = 0.002/N,., ¢, = 0.0342/N, (the quintic self-focusing Kerr
nonlinearity), n;, = 0.025/N,., m, = —0.5/N,., ko = 2r/1.55.

As in Figure 3.5, Figure 3.11 shows that we have succeeded in producing amplitudes A_ and
A, in a positive value zone, unlike the cubic case where only amplitude A_ was stable, and
amplitude A, corresponded only to negative numerical values and was always unstable. The two
amplitudes blend seamlessly. By incorporating additional effects, such as quintic correction terms,
into the initial cubic medium, we find that the A_ solution is no longer the only prerequisite for
obtaining L.Bs after self-organized spatiotemporal evolution. As the nonlocal spatial response of
the Kerr nonlinearity (v,_,) and the saturation of nonlinear gain (¢; > 0) increase, we observe
that the stability zones (yellow sheet representing A_ and blue sheet representing A, ) expand,
hence, nonlocality and nonlinear gain improve the localization of optical LBs in this regime. Thus,

it is appropriate to state that the stability diagrams for the other characteristic LB parameters
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can be obtained by selecting either A_ or A, as the stable solution.

So doing, in Figure 3.12, the stability zones (green areas) are shown for the spatial width
versus ¢; and 7,_,, respectively, while the same procedure is repeated for the temporal width
o, in Figure 3.14 for the stable solution A_ under anomalous dispersion. The set of spatial and
temporal widths values derived from these diagrams will be chosen from this stability range for
the numerical simulations of the input spatiotemporal pulses in the subsection (3.7.2). Zones of
stability for the spatial and temporal chirps, ¥x_y and 9., respectively, versus ¢; and ~,_,, for
the stable solution A_ and the anomalous dispersion are depicted in Figs. 3.13 and 3.15. The set
of spatial and temporal chirps derived from these curves will be chosen from this stability range
for the numerical simulations of the input spatiotemporal pulses in the subsection (3.7.2).

The stability zones for the phase ¢ are depicted in Figure 3.16 versus ¢; and v,_, , respectively,
for the stable solution A_ under the anomalous dispersion. The set of phase values obtained from
these diagrams will be chosen from this stability range for the numerical implementation of the

input spatiotemporal pulses in the subsection (3.7.2).
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Figure 3.12: Diagrams of stability in the (¢;, o, _, )-plane, from left to right, the (¢;, o,_, )-plane and the (y,_,,

=Y
0+_y )-plane, respectively. The green area stands for the stable solution A_ under anomalous dispersion. The

parameter values used are the same as in Figure 3.11.
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Figure 3.13: Diagrams of stability in the (¢;, ¥ _, )-plane, from left to right, the (¢;, ¥,_, )-plane and the (v,_,,
¥_, )-plane, respectively. The green area stands for the stable solution A_ under anomalous dispersion. The

parameter values used are the same as in Figure 3.11.
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Figure 3.14: Diagrams of stability in the (¢;, o, )-plane, from left to right, the (¢;, o, )-plane and the (v,_,., o;
)-plane, respectively. The green area stands for the stable solution A_ under anomalous dispersion. The parameter

values used are the same as in Figure 3.11.
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Figure 3.15: Diagrams of stability in the (¢;, 9, )-plane, from left to right, the (¢;, ¥, )-plane and the (v,_,, 9,
)-plane, respectively. The green area stands for the stable solution A_ under anomalous dispersion. The parameter

values used are the same as in Figure 3.11.
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Figure 3.16: Diagrams of stability in the (¢;, v,_, )-plane, from left to right, the (¢;, 1 )-plane, the (v, _, , ¥)-plane,
respectively. The green area stands for the stable solution A_ under anomalous dispersion. The parameter values

used are the same as in Figure 3.11.
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3.3.3 The third set of parameters for steady-state solutions in the CQ case.

In Figure (3.17), we represent the double solutions A, and A_ of the steady-state amplitudes
versus ¢; and 7,_,., where the dissipative parameter c; represents the saturation nonlinear gain
(¢; > 0) related to the quintic self-focusing Kerr nonlinearity (¢, > 0), and the parameter v, _,,
denotes the symmetric nonlocality degree along the transverse directions. By using the normalized
coefficient N, = 21/2(4/3)%/*  assuming a linear gain (7,<0) under normal dispersion, the following
parameter values have been used for illustration: p, = —5/N,., p; = 0.0201/N,, ¢, = —700/N,,
¢; = 26.8/N,., v, = 1050/N,., v; = —990/N,., d3, = 0.03/N,, d3; = —0.06/N,., dy., = —0.04/N,,
dy; = 0.002/N,, ¢, = 0.00342/N,., n; = 0.025/N,., m,, = —0.5/N,., ko = 2w /1.55.

Figure 3.17: Double solutions A1 and A_ of the steady-state amplitudes versus (¢;, v,_, ). The solution A_ (yellow
sheet) is stable. The following parameter values have been used: N, = 2'/2(4/3)3/% (the normalized coefficient),
pr = —5/N,. (normal dispersion), p; = 0.0201/N,., ¢, = —700/N,., ¢; = 26.8/N,., v, = 1050/N,., v; = —990/N,,
ds, = 0.03/N,., d3; = —0.06/N,., dg, = —0.04/N,., dg; = 0.002/N,., ¢, = 0.00342/N,. (the quintic self-focusing Kerr
nonlinearity), n; = 0.025/N,., m, = —0.5/N,., ko = 27 /1.55.

Figure 3.17 highlights that the representations amplitudes A_ and A, are distinctly separate,
while both remain in the positive value zone. The nonlocal spatial response of the Kerr nonlinearity
(7x—y ) and the saturation of the nonlinear gain (¢; > 0) increase and lead to an expansion of the
stability zone A_ (yellow sheet) and the stability zone A_ (blue sheet). The nonlocality and the

nonlinear gain are well-suited for the localization of optical LBs in this cubic-quintic regime. In
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the following, the amplitude A_ is the stable solution used when plotting other LB characteristic
parameters.

So doing, in Figure 3.18, the stability zones (green areas) are shown for the spatial width ver-
sus ¢; and v,,_,, respectively, while the same procedure is repeated for the temporal width o, in
Figure 3.20 for the stable solution A_ under normal dispersion. The set of spatial and temporal
widths values derived from these diagrams will be chosen from this stability range for the numer-
ical simulations of the input spatiotemporal pulses in the subsection (3.7.3). Zones of stability
for the spatial and temporal chirps, ¥x_y and ¥, respectively, versus ¢; and v,_,., for the stable
solution A_ and the normal dispersion are depicted in Figs. 3.19 and 3.21. The set of spatial and
temporal chirps derived from these curves will be chosen from this stability range for the numerical
simulations of the input spatiotemporal pulses in the subsection (3.7.3).

The stability zones for the phase ¢ are depicted in Figure 3.22 versus ¢; and v,._, , respectively,
for the stable solution A_ under the normal dispersion. The set of phase values obtained from
these diagrams will be chosen from this stability range for the numerical implementation of the

input spatiotemporal pulses in the subsection (3.7.3).
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Figure 3.18: Diagrams of stability in the (¢;, o,_, ), from left to right, the (¢;, o_,. )-plane and the (y4_,, 05_,

)-plane,, respectively. The green area stands for the stable solution A_ under normal dispersion. The parameter

values used are the same as in Figure 3.17.
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Figure 3.19: Diagrams of stability in the (¢;, 9,_, )-plane, from left to right, the (¢;, ¥,_, )-plane and the
(Yx—y» Ux_y )-Dlane, respectively. The green area stands for the stable solution A_ under normal dispersion. The

parameter values used are the same as in Figure 3.17.
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Figure 3.20: Diagrams of stability in the (¢;, o )-plane, from left to right, the (¢;, o, )-plane and the (v, _,., o-
)-plane, respectively. The green area stands for the stable solution A_ under normal dispersion. The parameter

values used are the same as in Figure 3.17.
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Figure 3.21: Diagrams of stability in the (¢;, ¥, )-plane, from left to right, the (¢;, ¥, )-plane and the (v,_,., 9,

)-plane, respectively. The green area stands for the stable solution A_ under normal dispersion. The parameter

values used are the same as in Figure 3.17.
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Figure 3.22: Diagrams of stability in the (¢;, v,_, )-plane, from left to right, the (¢;, ¥ )-plane and the (y,_,,

1)-plane, respectively. The green area stands for the stable solution A_ under normal dispersion. The parameter

values used are the same as in Figure 3.17.

3.4 Numerical experiments for the nonlocal CCGLE

This section aims to confirm the analytical results obtained previously by carrying out nu-

merical simulations based on the Runge-Kutta and the Split-Step Fourier Method.

3.4.1 Runge-Kutta Method

The Runge-Kutta method is a numerical integration technique highlighting higher accuracy
and efficiency in approximating solutions at specified points. This method coordinates with the
solution of Taylor’s series up to the term in hr, where r varies from method to method and
represents the order of that method.

Consider an ordinary differential equation of dy/dx = f(x,y) with initial condition y(zo) = .
For this, we can define the formulas for Runge-Kutta methods as follows.

(a) First Order Runge-Kutta method:
y1 = Yo + hf (o, 50) = yo + hyy, since y’ = f(x, y). (3.8)
(b) Second Order Runge-Kutta method:
1
Y1 =Yo + §(k‘1 + k), (3.9)

where
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kv =hf(zo,%0) (3.10)

ky =hf(xo + h,yo + k1). (3.11)

(c) Third Order Runge-Kutta method:

1
Y1 ="Yo + 6(/61 + 4ks + k3), (3.12)
where
k1 =hf(zo,v0) (3.13)
1 1
ke =hf ($0 + 5}% Yo + 5’@) (3.14)
]{?3 :hf(ﬂfo + h, Yo + k’l) such that k’l = hf(IO + h, Yo + k’l) (315)

(d) Fourth Runge-Kutta method:

1
Y1 ="+ a(kl + 2ky + 2k3 + ky), (3.16)
where

ki =hf(zo,yo) (3.17)

1 1
ke =hf <$0 + 6h7 Yo + §k?1) (3.18)

1 1
ks =hf (5170 + 5y + 51@) (3.19)
ky =hf(xo+ h,yo + ks3). (3.20)

(e) Fourth Runge-Kutta method (RK4) applied to our model
We consider the system of eight coupled FODEs, Eqs. (2.77-2.84). We set them as follows,
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Cffz =F\(0,,0x,0y,9,,0x, 0y, 0, ),
CZT_ZX =Fy(o,,0x,0v,0.,9x,0y,v,),
G;(ZI_ZY =F3(0.,0x,0y,0,,9x, 0y, 9,),
dv. =Fy(0,,0x,0v, 0, 9x, 0y, ,),
az

d;’% =Fs(0,,0x,0v, 0., 9x, 0y, ,),
% =Fs(0,,0x,0y,9.,9x,0y,,),
% =F(0,,0x,0y,9:,9x,0y,9,),
% =F3(0,,0x,0v,9:,9x, 0y, 9, ),

with

Fy = 2C2197'0-7' + blCSO-T

15 1 36
—+ —Az\/§60<40'7— + —CL1<2 —5]€(2)1972_0'3 — = |0,
8 4 op

15 12
+ 6_4A2\/501,XX<—5 (—]{}819?{0’?{ — 0_—2) Or
X
15 12
+ 6_4A2\/§Cz,w<6 <—k§19303 — 0—2) or,

Y

F2 == 2C1k019xax + b1C3UX

15 1 28
+ §A2\/§COC4O-X + ZGICQ (-7]{?81972_0'3 - ;) Oy

T

1 252
P Levi G (13@9103{ - _) o

2
UX

15 12
+ 6—4A2\/§CQ,YYC6 (—kgﬁiai — 0—2) Oy,

Y

(3.21)
(3.22)
(3.23)
(3.24)
(3.25)
(3.26)
(3.27)

(3.28)

(3.29)

(3.30)
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F3 = 2<1k019y0'y + b1C3O'Y
15 1 28
+ gAZﬁC()CAO'Y + ZG1C2 <—7k0192 - ;) o
15 12
. e (—k@ﬁiai _ %) o
252
2 2
64A V2e, 14 Co (13k;019 g) o, (3.31)
AQ\/_Q 5+ 8a1C2— - 8C2
ko o7 o7 koo?
1 A%V2c 72
— 2(oko¥? + LAV 1165 73koV
Gako 36 koo? (O’X 13k )
1 Az\/_c Yy<6
—2 — + T3kov 3.32
36 koo? <ay+ 3ko ) (38:32)
=A \/_C4 + 8C1— — 2C1]€0
X
1 A%V/2¢ 216
%—km;;x (0—2 + 127k, )
X
1 A2\/_C2 ngﬁ
_ + 73kt 3.33
36 koo (ay 0 ) - (833)
= A%2 2, +8C1 o — 2¢ ko9?
1 A2\/_Cl XX<5 72
— == — 4+ 73koV
T35 ko2 ( 3(+ 0 X)
1 AV2¢, ., (216
— + 127ky0 3.34
36 /{003 (02 + 0 )’ (3:34)
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G G G
F7:_20'_2_20'2 —QF
X Y T

7
— —AQ\/§C4 — (3 — a1G2koV;

648
+ %A%/—cl XXC5 (—Z — 401]€019 )

648
+—A2\/_02YYC6 —— —401kgY, ). (3.35)
288 o2

7
Fy = —AGkoUy — AGikod, — AGUr — SAbiGs

1
- —AS\/_C()C4 + = ACLlCQ (35]{72792 2 + E)

996
3 292 2
+ @A \/_61 XXC5 (75k019X0X + g)

996
4I%ﬁJ@”%G%WQZWZ)'®w

We calculate the first iteration.

e First itteration

dory = hFy(07(7), 05(7), 04 (5), 97(1), U (4), 9 (4), A(G));

d% = hF7<UT(j)7UX<j>7UY<j)7 T(])’ﬁX(j)719Y<.])7A(]))7
dA = hE'8(0-(5), 04 (j), 04 (5), 9-(5), U (4), 0y (4), A(5)); (3.37)

The second, third and fourth iterations are also calculated.

3.4.2 Split-Step Fourier Method

The Split-Step Fourier Method (SSFM) cousists of splitting the equation into two parts, the

nonlinear and the linear part.
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We consider Eq. (2.61) in the cubic context. Applying the SSFM to Eq.(2.61) implies writing it

in the form

9% _ [—z‘gl (8—2 +8—2) —z’(1+za1)@a—2 —2(1+ibl)431 o

0z ox? " oy?
D
) o o
—%i{—(14—ﬂb)gd®]——(14—&1XX> sar (00— (1+ic,,, ) ¢ ayaﬂ@’)} . (3.38)
p g

where D(®) is the operator of all linear terms in ® and with A/ (®) the operator of all nonlinearities

terms in ®. Using these definitions, we write Eq. (3.38) in short as

0P
oz

The SSMF approximates a solution by assuming that linear and nonlinear effects act independently

=D+N)o (3.39)

when propagating the optical field over a small distance h. More specifically, propagation from Z
to Z 4 h is carried out in two steps. In the first step, the nonlinearity acts alone, and D = 0. In
the second step, linearity acts alone, and ' = 0, in Eq. (3.39).

D =0, then Eq. (3.39) reduces to

0P
— = . 3.40
2 - (3.40)
The integration of Eq. (3.40) gives
D(Z + h,7) = exp(hN)D(Z, 7). (3.41)
N =0, then Eq. (3.39) reduces to
0P
— = (D) ®. 42
» — ) (3.42)
The integration of Eq. (3.42) gives
h h
O(Z+h,7)= exp(§D)) eXp(§D)<I>(Z, ). (3.43)

The exponential exp(%D) can be evaluated in the Fourier domain using the prescription:
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h 1 . 0? 0? . . 0? ) .
exp(gD)q)(Z, T)=F { [—ZQ (W + m) —i(1+1iay) CQW — i (1 +1iby) €3:| } Fo(Z, 1),
(3.44)

where F and F~! denote Fourier and inverse Fourier transformation, respectively.

3.4.3 Numerical simulations

Numerical studies of the evolution of the dissipative LBs along a doped and weakly nonlocal

optical fiber are performed using the RK4 computational method and the SSFM. We examine the
accuracy of numerical experiments by testing different time and space steps. The variables X, Y
and Z are in the units of time (for Z) and space (for X, Y). The mesh sizes are chosen equal to
AX=AY=0.002 and A7=0.003.
Then, we solve the original (3+1)-D nonlocal CCGLE given in Eq. (2.69) via the SSFM with the
longitudinal step size AZ=0.063 x 1075, over a total distance Z = 200. The following typical
optical pulse parameters used in fiber-optic communication systems are adopted [18, 28|, the
wavelength A = 1.55 pum, the linear refractive index ng = 1.45 ecm?/W, the nonlinear refractive
index ny = 2.7 x 10713 em?/W, the group velocity dispersion (8, = 50 ps®/km, the nonlinear
gain g, = 6.8 Wtkm™', the pulse width 1.763T, = 400fs, the peak power of the incident pulse
Py =943 MW.

To start, the analytically generated variational bifurcation branches for A_ and A, are com-
pared to numerically obtained branches in Figure 3.23. Precision should, however, be made that
values of parameters used to generate the numerical branches have been chosen from the stable
zones of Figs. (3.1)-(3.4), as indicated earlier. The obtained analytical features corresponding to
the steady-state solutions of the amplitudes A_ and A, as functions of the spatial nonlocality
parameter v,,_,, respectively, are a good approximation of the numerically obtained curves. Along
the same line, the analytical and numerical solutions of the steady-state A_ highlight the upper
stable branches. On the contrary, the curves describing the analytical and numerical solutions
of the steady-state A, are on the lower unstable branches. For the stable evolution of the self-
organized dissipative LBs represented in numerical simulations, we choose the stable solution A_

as an input spatiotemporal pulse.
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Figure 3.23: Analytical and numerical bifurcation curves of the steady-state solutions A, and A_ for anomalous
dispersion, respectively, p, = 0.579/N,. and for the following parameter values: N, = 2'/2(4/3)3/*  p; = 0.201/N,,
¢ = —110/N, , ¢ = —14.7/N,, v, = 150/N,. , 7; = —530/N,, and ko = 27 /1.55.

Figure 3.24 shows clearly that the light pulse remains practically constant during its evolution
in the spatial domain. We can then notice that the anomalous dispersion, the linear diffraction,
the linear gain and the nonlinear diffraction, the spatial nonlocal self-defocusing Kerr nonlinearity
response, and the nonlinear loss are well balanced.

In Figure 3.25, the temporal input and output are identical, showing that no loss has been observed.
In the same way, we can notice that the anomalous dispersion, the linear diffraction, the linear
gain and the nonlinear diffraction, the spatial nonlocal self-defocusing Kerr nonlinearity response,
and the nonlinear loss are also well balanced. From the dynamical behaviors depicted in Figure
3.26, we show the evolution of the temporal field profile of the dissipative LB intensity distribution
in the propagation regime of anomalous dispersion, where the input and output pulses are similar,
further confirming our stability predictions, under well-balanced competition from the various

involved effects in addition to nonlocality.
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Figure 3.24: Profiles of the spatial input [panel (a)] and output pulse [panel (b)] for the stable steady-state solution
A_ under anomalous dispersion. The following parameters have been used: v,_, = —0.007, o, = 0,, = 0.2439,
Yx0 = dyo = 56.03, Ay = 0.4225, p, = 0.579/N,., ¢; = —14.7/N,, p; = 0.201/N,., ¢, = —110/N,., ¢; = —14.7/N,.,
Ve = 150/N,., ;s = —530/N,., ko = 27/1.55, and N, = 2/2(4/3)3/4.
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Figure 3.25: Profiles of the temporal input and output pulse for the stable steady-state solution A_ and for
anomalous dispersion. The following parameters have been used: v,_, = —0.007, 0,0 = 0.01217 , ¥, = 572.8
JAg = 0.4225, p, = 0.579/N,, ¢; = —14.7/N,., p; = 0.201/N,, ¢, = —110/N,., ¢; = —14.7/N,., ~. = 150/N,,
¥i = —530/N,., ko = 27/1.55, and N, = 21/2(4/3)3/4.
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(a) Temporal pulse evolution (b) Temporal pulse evolution
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Figure 3.26: Profile of the temporal pulse evolution [panel (a)] and its corresponding density plot [panel(b)] for
the stable steady-state solution under anomalous dispersion. Keeping the rest of parameters as in Figure 3.6, the
following parameters have been used: v,_,, = —0.007, 0,0 = 0.01217 , ¥, = 572.8 , Ag_ = 0.4225, p, = 0.579/N,.,
¢ = —14.7/N,, p; = 0.201/N,, ¢, = —110/N,, ¢; = —14.7/N,, 3 = 150/N,, 7; = —530/N,., ko = 27/1.55, and
N, = 21/2(4/3)3/4.

For consistency, we consider the unstable region of Figure 3.27(a) and attribute the value o9 =
0.221 to the initial temporal parameter. We then obtain the pulse evolution and its density repre-
sentation in Figure 3.27(b). Under such a particular but noticeable change of temporal parameter,
one observes a propagation of the initial pulse that collapses after a short propagation distance.
Clearly, the obtained results confirm our predictions since the value of the temporal parameter
chosen from the unstable region produces a pulse whose evolution differs from what unstable,
and collapse have been of great concern since understanding such a phenomenon is crucial for
applications in optical communication, where solitons are used to transmit information over long
distances without distortion.

In our study, such a process involves the proposed nonlocal CGL equation that can be exploited
under some conditions, taking advantage of suitable parameter values. In that direction, it is
widely known that pulses in optical fibers with phase-sensitive amplifiers are stable over a wide
range of parameter values, ensuring effective propagation of information in soliton-based optical

communication systems, especially when higher-order effects are considered [54].
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Figure 3.27: Profile of the unstable temporal pulse evolution [panel (a)] and its corresponding density plot [panel(b)]
for the unstable steady-state solution under anomalous dispersion. We have used the same parameter values as in

Figure 3.8, except for spatial and temporal widths: ox, — oy, — 0.20 and 0,9 — 0.221, respectively.

3.5 Numerical experiments for the nonlocal CQCGLE

Numerical studies of the evolution of the dissipative LBs along a doped and weakly nonlocal

optical fiber are performed using the fourth-order Runge-Kutta computational method and the
split-step Fourier method. We examine the accuracy of numerical experiments by testing different
time and space steps. The variables X, Y and Z are in the units of time (for Z) and space (for
X, Y). The mesh sizes are chosen equal to AX=AY=0.002 and A7=0.003.
Then, we solve the original (3+1)-D nonlocal CCGLE given in Eq. (2.69) via the split-step Fourier
method with the longitudinal step size AZ=0.063 x 1075, over a total distance Z = 200. The
following typical optical pulse parameters used in fiber-optic communication systems are adopted
[18, 28], the wavelength A = 1.55 wm, the linear refractive index ng = 1.45 cm?/W, the cubic
and quintic nonlinear refractive indices ny = 2.7 x 10713 em? /W and ny = —7.8 x 1072, the
group velocity dispersion 8y = 50 ps?/km, the nonlinear gain g, = 6.8 W~km™!, the pulse width
1.763Ty = 400f s, the peak power of the incident pulse Py = 9.43 MW.

We chose three different sets of cubic-quintic parameters within the stability zones in order
to demonstrate that our results are not tied to a single isolated point. By selecting multiple repre-
sentative values inside the stable domain, we ensure that the observed behaviors are generic and
robust within the CQ context, and not an artifact of one particular parameter choice. The three

parameter sets do not give identical results, but they reveal different behaviors inside the CQ
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stability zones. That is actually a strength, because we can state that:

e The CQ context allows multiple stable dynamics.

e Different parameter choices emphasize different balances between the nonlinear terms and dis-
sipative effects.

e The differences observed (temporal gap, agreement, pulse narrowing) show how sensitive the

propagation can be within stability.

3.5.1 Numerical simulations for the first set of CQ parameters

The analytically generated variational bifurcation branches for A_ and A, are compared with
the numerically obtained branches in Figure 3.28. It should be noted, however, that the values of
the parameters used to generate the numerical branches were chosen from the stable regions of

Figs. (3.5)-(3.10), as indicated earlier.

The analytical features obtained, corresponding to the steady-state solutions of the amplitudes
A_ and A, as functions of the spatial nonlocality parameter ~y,_, , respectively, are a good
approximation to the numerically obtained curves. Similarly, the analytical and numerical

solutions of the steady states A_ and A, highlight the upper stable branches.

For the stable evolution of the self-organized dissipative LLBs represented in the numerical sim-
ulations, we have chosen the stable solution A, as the input spatiotemporal pulse. From left to
right, we can see that we obtained unstable curves for negative nonlocality and stable curves for

positive nonlocality, which is different from the result obtained for the cubic case.
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Figure 3.28: Analytical and numerical bifurcation curves of the steady-state solutions A, and A_ for normal dis-
persion, respectively, p, = —150.579/N,. and for the following parameter values have been used: N, = 21/2(4/3)3/4,
p; = 0.000201/N,, ¢, = —60.8/N,, ¢; = 6/Ny, 4 = —150/N,, v; = 330/N,, ds. = 0.0006/N,, ds; = —0.08/N,,
d4r = 0.002/N,., ¢; = —0.64/N,. the saturation of the nonlinear absorption(negative ci), ¢, = 0.00342/N,. (the

quintic self-focusing Kerr nonlinearity), n; = 0.025/N,., m,, = —0.5/N,., ko = 27 /1.55.

(a) Spatial input pulse (b) Spatial output pulse
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Figure 3.29: Profiles of the spatial input and output pulse, from left to right, for the stable steady-state solution
A, under normal dispersion. The following parameters have been used: v,_, = 0.8, o, = 0,, = 6.071, ¥xo =
Jyo = -0.1258, Ay = 0.3201, p, = —150.579/N,, p; = 0.000201/N,., ¢, = —60.8/N,., ¢; = 6/N,, v, = —150/N,.,
~vi = 330/N,, d3, = 0.0006/N,, d3; = —0.08/N,, d4r = 0.002/N,, dy; = —0.04/N,, ¢, = 0.00342/N,, n; = 0.025/N,.,
m, = —0.5/N,, ko = 27/1.55, kg = 27/1.55, and N, = 2/2(4/3)3/4.
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Figure 3.29 clearly demonstrates that the light pulse remains nearly constant throughout its
propagation in the spatial domain. This indicates a well-balanced interplay among normal disper-
sion, linear diffraction, linear gain, nonlinear diffraction, the spatially nonlocal CQ self-focusing
Kerr nonlinearity, and nonlinear loss.

Figure 3.30 presents the evolution of all characteristic parameters of the LB along the propagation
axis OZ. Notably, all parameters exhibit similar dynamic behavior except for the temporal chirp,
which may account for the observed discrepancy between the temporal input and output profiles

shown inFigure 3.31.
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Figure 3.30: LB characteristic parameters profiles for the stable steady-state solution A and for normal dispersion.
The following parameters have been used: v,_, = 0.8, 0, = 0,, = 6.071, 9x¢ = Jyo = -0.1258, 0,9 = 0.01843,
¥r0 = -3.583, Ay = 0.3201, p, = —150.579/N,., p;, = 0.000201/N,, ¢, = —60.8/N,, ¢; = 6/N,, v, = —150/N,.,
~vi = 330/N,, ds, = 0.0006/N,, d3; = —0.08/N,, d4r = 0.002/N,, dy; = —0.04/N,, ¢, = 0.00342/N,, n; = 0.025/N,.,
m, = —0.5/N,., ko = 21/1.55, ko = 2r/1.55, and N, = 21/2(4/3)3/4,
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(a) Temporal input pulse/ Temporal output pulse (b) Temporal pulse evolution
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Figure 3.31: Profiles of the temporal input and output pulses and profile of the temporal pulse evolution, from left
to right, for the stable steady-state solution A, and for normal dispersion. The following parameters have been
used: v, _,, = 0.8, 09 = 0.01843, ¥,¢ = -3.583, Ay = 0.3201, p,, = —150.579/N,., p; = 0.000201/N,., g, = —60.8/N,.,
¢i = 6/Ny, v, = —150/N,, v; = 330/N,, d3, = 0.0006/N,, d3; = —0.08/N,, dsr = 0.002/N,, dy; = —0.04/N,,
¢y = 0.00342/N,., n; = 0.025/N,., m, = —0.5/N,., ko = 27/1.55, ko = 27/1.55, and N, = 2/2(4/3)3/4.

Unlike the stable spatial evolution illustrated in Figure 3.29, the temporal input and output
profiles shown in Figure 3.31 display notable differences, although the signal remains detectable.
This implies that attenuation has occurred to a degree that is only partially compensated,
without fully extinguishing the pulse.

This discrepancy between the temporal input and output is likely caused by the unstable behavior
of a crucial LB parameter, namely the temporal chirp in Figure 3.30. This reveals the intricate
and fluctuating nature of the temporal chirp parameter, which appears to undermine the temporal

consistency of the pulse during propagation.

Within the normal dispersion regime, the temporal field evolves such that the input and output
pulses differ substantially. With the current CQ parameter set, the predicted stability cannot be
fully validated. This suggests that, despite selecting parameters from the stable zones identified
in Figures (3.5) through (3.10), they do not adequately balance the various competing effects,

including spatial nonlocality, required for stable and robust spatiotemporal pulse evolution.
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(a) Temporal pulse evolution
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Figure 3.32: The corresponding density plot of Figure (3.31) for the stable steady-state solution under normal

dispersion for the stable steady-state solution A .

3.5.2 Numerical simulations for the second set of CQ parameters

The analytically generated variational bifurcation branches for A_ and A, are compared to
numerically obtained branches in Figure 3.33. Precision should, however, be made that values
of parameters used to generate the numerical branches have been chosen from the stable zones
of Figs. (3.11)-(3.16), as indicated earlier. The obtained analytical features corresponding to
the steady-state solutions of the amplitudes A and A, as functions of the spatial nonlocality
parameter 7, _.., respectively, are a good approximation of the numerically obtained curves.

Both analytical and numerical solutions emphasize the upper stable branches. For simulating
the stable evolution of self-organized dissipative LBs, the stable solution A_ and A, was used
as the initial spatiotemporal pulse. from top to bottom, unstable branches appear for negative
nonlocality, while stable branches correspond to positive nonlocality, behavior that differs from

the purely cubic case.

For the second set of CQ parameters, Figure 3.34 clearly shows that the light pulse maintains
a constant profile during spatial propagation. This indicates a well-balanced interplay among
anomalous dispersion, linear diffraction, linear gain, nonlinear diffraction, the spatially nonlocal

cubic?quintic self-focusing Kerr nonlinearity, and nonlinear loss.
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(a) Bifurcation curves for negative nonlocality degree value (b) Bifurcation curves for positive nonlocality degree values

mijpm Analytical A_ mjm Analytical A_
Numerical A_ 0.25 Numerical A_ //
05 Analytical A Analytical A /
—&r— Numerical A 0.2 mmm Numerical A, // ,
pZ
< o0 ® < 0.15 7
&
0.1 4
-0.5 P
0.05 & &
A1 2 M 2 0‘(
-1 0.5 0 0.5 1 0 0002 0004 0006 0008 001 0.012
’YX=Y ’YX=Y

Figure 3.33: Analytical and numerical bifurcation curves of the steady-state solutions A, and A_ for anomalous
dispersion, respectively, p, = 2/N, and for the following parameter values have been used: N, = 2'/2(4/3)3/4,
p; = 0.00201/N,, g = —105/N,, ¢i = —5/N,, v, = —150/N,, ~v; = 390/N,, ds, = 0.0006/N,, d3; = —0.083/N,,
d4r = —0.4/N,., dg; = 0.002/N,., ¢; = 0.148/N,. the saturation of the nonlinear gain (positive ci), ¢, = 0.0342/N,

(the quintic self-focusing Kerr nonlinearity), n; = 0.025/N,., m, = —0.5/N,., ko = 27w /1.55.

Figure 3.35 illustrates the evolution of all characteristic LB parameters along the propagation
axis OZ. These parameters exhibit similar dynamic behavior, resulting in the stable temporal

pulse propagation shown in Figure 3.36, where the input and output temporal profiles closely

match.
(a) Spatial input pulse (b) Spatial output pulse
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Figure 3.34: Profiles of the spatial input and output pulse, from the left to the right, for the stable steady-state
solution A_ under anomalous dispersion. The following parameters have been used: v,_, = 0.07068, o,, = 0,,
= 4.402, 9x¢ = Yyo = 0.0001847, A, = 0.4198, p, = 2/N,, p; = 0.00201/N,, ¢. = —105/N,, ¢ = —5/N,,
v = —150/N,, v; = 390/N,., dg, = 0.0006/N,, d3; = —0.083/N,, dsy = —0.4/N,., ds; = 0.002/N,, ¢, = 0.0342/N,,,

n; = 0.025/N,, m, = —0.5/N,, ko = 27/1.55.
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Figure 3.35: Light bullet characteristic parameters profiles for the stable steady-state solution A_ and for anomalous
dispersion. The following parameters have been used: v, _, = 0.07068, o, = 0,, = 4.402, ¥ x¢ = Yy = 0.0001847,
Yr0 = 56.94, 09 = 0.01136, Ag = 0.4198, p, = 2/N,., p; = 0.00201/N,., ¢, = —105/N,, ¢; = —5/N;, v = —150/N,.,
~vi = 390/N,, d3, = 0.0006/N,., d3; = —0.083/N;, d4 = —0.4/N,, dy4; = 0.002/N,., ¢, = 0.0342/N,., n; = 0.025/N,.,
m, = —0.5/N,., ko = 27 /1.55.

Both the spatial evolution Figure 3.34 and the temporal evolution Figure 3.36 confirm stable
pulse propagation. This suggests that the second set of CQ parameters, selected from the stable
regions identified Figs. (3.11)-(3.16), effectively balances the competing effects, including spatial

nonlocality, necessary for achieving stable spatiotemporal evolution.
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(a) Temporal input pulse/ Temporal output pulse (b) Temporal pulse evolution
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Figure 3.36: Profiles of the temporal input and output pulses and profile of the temporal pulse evolution, from left
to right, for the stable steady-state solution A_ under anomalous dispersion. The following parameters have been
used: v,_,, — 0.07068, 9,9 = 56.94, 0,0 — 0.01136, A, = 0.4198, p, = 2/N,, p; = 0.00201/N,., ¢, = —105/N,.,
¢i = —5/Ny, 7 = —150/N,., v; = 390/N,., d3, = 0.0006/N,., d3; = —0.083/N,, dsr = —0.4/N,., d4; = 0.002/N,,
¢ = 0.0342/N,, n; = 0.025/N,., m, = —0.5/N,., ko = 27 /1.55.
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Figure 3.37: The corresponding density plot of Figure (3.36) for the stable steady-state solution under normal

dispersion for the stable steady-state solution A_.
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(b) Temporal pulse evolution

(a) Temporal input pulse/ Temporal output pulse

Figure 3.38: Profiles of the unstable temporal input and output pulse and the temporal pulse evolution, from left
to right, under anomalous dispersion. We have used the same parameter values as in Figure 3.36, except for the

temporal width 0,9 = 0.71136.

3.5.3 Numerical simulations for the third set of CQ parameters

To start, the analytically generated variational bifurcation branches for A_ and A, are
compared to numerically obtained branches in Figure 3.5. Precision should, however, be made
that values of parameters used to generate the numerical branches have been chosen from
the stable zones of Figs. (3.22)-(3.27), as indicated earlier. The obtained analytical features
corresponding to the steady-state solutions of the amplitudes A_ and A, as functions of the
spatial nonlocality parameter «y,_, , respectively, are a good approximation of the numerically
obtained curves. Along the same line, the analytical and numerical solutions of the steady-state

A_ and A, highlight the upper stable branches.

For the stable evolution of the self-organized dissipative LBs represented in numerical simulations,
we choose the stable solution A_ as an input spatiotemporal pulse. We see that for negative

nonlocality, nothing happens, and that for positive nonlocality, stable curves are observed.
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Bifurcation curves for negative and positive nonlocality degree values
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Figure 3.39: Analytical and numerical bifurcation curves of the steady-state solutions A, and A_ for normal
dispersion, respectively, p, = —5/N,. and for the following parameter values have been used: N, = 2'/2(4/3)3/4,
pi = 0.0201/N,., ¢» = —700/N,, ¢ = 26.8/N,, v, = 1050/N,, 7; = —990/Ny, ds, = 0.03/N,., ds; = —0.06/N,,
d4r = —0.04/N,., dgy; = 0.002/N,. , ¢; = 0.2/N,. the saturation of the nonlinear gain (¢; > 0), ¢, = 0.00342/N,. (the

quintic self-focusing Kerr nonlinearity), n; = 0.025/N,., m,, = —0.5/N,., ko = 27 /1.55.
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Figure 3.40: Profiles of the spatial input and output pulses, from left to right, for the stable steady-state solution
A_ under normal dispersion. The following parameters have been used: v,_, = 0.06732, 0,, = 0,, = 1.124, ¥x¢
— ¥yo — 0.0006976, Ay — 0.3882, N, = 2'/2(4/3)3/% p, = —5/N,. , p; = 0.0201/N,, q,, = —700/N,., ¢; = 26.8/N,,
~r = 1050/N,, v; = —990/N,., d3, = 0.03/N,., d3; = —0.06/N,, dyy = —0.04/N,., ds; = 0.002/N,, ¢, = 0.00342/N,.,
¢; = 0.2/N,, n; = 0.025/N,., m, = —0.5/N,. , kg = 27/1.55.
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Figure 3.41 shows all the LB characteristic parameters and their evolution along the optical axis Z.
All LB parameters evolve similarly except the temporal chirp, which could explain the shrinking

of the pulses in Figure 3.42.
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Figure 3.41: Light bullet characteristic parameters profiles for the stable steady-state solution A_ and for normal
dispersion. The following parameters have been used: v, _, — 0.06732, 0, — 0,, — 1.124, ¥ x¢ — ¥yo — 0.0006976,
Yr0 = -101.1, 0,9 = 0.001774, Ay = 0.3882, N, = 2'/2(4/3)3/%, p, = —5/N,, p; = 0.0201/N,, ¢, = —700/N,,
qi = 26.8/Ny, v = 1050/N,., v; = —990/N,., d3, = 0.03/N,., d3; = —0.06/N,, dg» = —0.04/N,., dy; = 0.002/N,,

¢, = 0.00342/N,, ¢; = 0.2/N,, n; = 0.025/N,, m, = —0.5/N,. , ko = 27/1.55.
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Figure 3.42: Profiles of the temporal input and output pulse and profile of the temporal pulse evolution from
the left to the right, for the stable steady-state solution A_ under normal dispersion. The following parameters
have been used: v,_, — 0.06732, ¥, — -101.1, 0,9 — 0.001774, Ay — 0.3882, N, = 2'/2(4/3)3/%, p, = —5/N,.,
p; = 0.0201/N,., ¢, = —700/N,., ¢; = 26.8/N,., 7. = 1050/N,., v; = —990/N,., d3, = 0.03/N,., d3; = —0.06/N,,
d4r = —0.04/N,., dy; = 0.002/N,., ¢, = 0.00342/N,., ¢; = 0.2/N,., n; = 0.025/N,., m,, = —0.5/N,. , kg = 27/1.55.

3.6 Conclusion

To confirm the previous analytical results, we first identified the stability zones of the
characteristic LB parameters, including the amplitude, temporal, and spatial pulse widths and
position of the pulse maximum, unequal wavefront curvatures, chirp parameters, and phase shift.
We used the Routh-Hurwitz stability criterion, which requires the construction of a Jacoby
determinant from the derivatives of the system of eight coupled first-order differential equations,
taken with respect to each of the LB parameters in a steady, i.e. equilibrium, state. From the
Jacoby determinant, we derived the characteristic polynomial equation, enabling us to verify the

necessary and sufficient conditions for stability to be reached.

Numerical studies were then conducted on nonlocal CCGLE and CQCGLE illustrating the
spatial and temporal evolution of dissipative solitons (LBs) within a doped and weakly nonlocal
optical fiber. For the spatial evolution, we used the fourth-order Runge-Kutta method, while for

the temporal evolution, we employed the Split-Step Fourier method.

Regarding the CCGLE, our study of each evolution revealed that the light pulse remained

consistent throughout its progression when we used the initial values of the LB characteristic
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parameters within the stability regions. We noted that the dissipative parameter coefficient ¢,
representing the nonlinear loss, was effectively balanced with the term representing the spatially
nonlocal self-defocusing Kerr nonlinearity response. This balance enhanced the optical localization

of the LBs.

Furthermore, we found a good balance among the effects of anomalous dispersion, linear
diffraction, linear gain, and nonlinear diffraction. Notably, we demonstrated that even in cubic
self-defocusing nonlocal nonlinear media, it is possible to suppress collapse by combining the
doping effect with weak spatial nonlocality. As a result, three-dimensional dissipative optical
solitons or LLBs can propagate stably without collapsing in self-defocusing nonlocal nonlinear

media under anomalous dispersion.

Conversely, we have shown that instability can arise in the evolution of the temporal pulse when
parameter values are chosen outside the stability zone.

Concerning the CQCGLE, we have succeeded in producing amplitudes A_ and A, in a positive
value zone, unlike the cubic case where only amplitude A_ was stable, and amplitude A,
corresponded only to negative numerical values and was always unstable. For the first and second
sets of cubic-quintic parameter cases, we observed that the two amplitudes merged seamlessly.
The third case shows rather two amplitudes separated as in the cubic case, but all with positive
values. Still, in the cubic-quintic case, the numerical experiments on the spatial evolution revealed
that the light pulse remained consistent throughout its progression when we used the initial values
of the LB characteristic parameters within the stability regions. We found that the dissipative
parameter coefficient ¢;, representing the saturation of the nonlinear loss/gain (¢; < 0/¢; > 0), was
effectively balanced with the term representing the spatially nonlocal self-defocusing/self-focusing

Kerr nonlinearity response. This balance enhanced the optical localization of the LBs.

The temporal evolution for the first set of cubic-quintic parameters reveals a gap between the input
and output pulses. In contrast, the second and third sets of cubic-quintic parameters showed a
good agreement between the input and the output pulses. So, by including additional effects,

such as quintic correction terms, into the initial cubic medium, the A_ solution is no longer the
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only prerequisite for obtaining L.Bs after self-organized spatiotemporal evolution. The nonlocal
spatial response of the Kerr nonlinearity (v,_,) and the saturation of the nonlinear loss/gain
(¢; < 0/¢; > 0) under normal and anomalous dispersion were in good agreement to allow the
existence of LBs in a cubic-quintic medium, thus nonlocality and nonlinear loss/gain improve the

localization of optical LBs in this regime.
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e Summary and Contributions

In this PhD study, we started by giving the history, classification, and properties of optical
fibers. We have seen that doping an optical fiber, particularly with erbium ions (Er3%"), creates
a dissipative medium where balanced gains and losses can amplify and counteract nonlinearities,
dispersion, attenuation and diffraction effects, ensuring stable propagation of light bullets (LBs).
This double balance—between linear and nonlinear effects, as well as between gains and losses—
plays a crucial role in the design of optical amplifiers, particularly in erbium-doped fiber amplifiers
(EDFAS).

We also discussed the concept of nonlocality, which spreads the effects of localized excitations.
We have seen that, this property can help suppress instantaneous modulation instabilities of
homogeneous states, enabling the stable observation of LBs.

Next, we successfully derived the nonlocal CCGLE and CQCGLE by considering the elec-
tromagnetic wave theory based on Maxwell’s equations. Scaling transformations related to the
practical use of optical fibers have been applied to the CCGLE and CQCGLE to tailor them
for a good description of LBs propagation in doped nonlocal optical fibers. We found that the
nonlocal CQCGLE has more terms compared to the nonlocal CCGLE, namely the third and
fourth-order dispersion, the saturation of the nonlinear gain absorption (if negative), the nonlin-
ear gradient term responsible for the self-frequency shift and the nonlinear dispersion responsible
for the self-steepening. We used the variational approach based on the Euler-Lagrange equations
to find approximate solutions to the nonlocal CCGLE and CQCGLE in order to gain physical

insight into some relevant parameters.
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Additionally, to qualitatively validate our analytical predictions, we subsequently implemented
these solutions in numerical simulations. We first identified the stability zones of the characteristic
LB parameters, including the amplitude, temporal, and spatial pulse widths and position of the
pulse maximum, unequal wavefront curvatures, chirp parameters, and phase shift. We used the
Routh-Hurwitz stability criterion, which requires the construction of a Jacoby determinant from
the derivatives of the system of eight coupled first-order differential equations, taken with respect
to each of the LB parameters in a steady, i.e. equilibrium, state. From the Jacoby determinant, we
derived the characteristic polynomial equation, enabling us to verify the necessary and sufficient
conditions for stability to be reached. Numerical studies were then conducted, illustrating the
spatial and temporal evolution of dissipative solitons (LBs) within a doped and weakly nonlocal
optical fiber. For the spatial evolution, we used the fourth-order Runge-Kutta method, while for
the temporal evolution, we employed the split-step Fourier method.

Regarding the CCGLE, our study of each evolution revealed that the light pulse remained

consistent throughout its progression when we used the initial values of the LB characteristic
parameters within the stability regions. We noted that the dissipative parameter coefficient ¢,
representing the nonlinear loss, was effectively balanced with the term representing the spatially
nonlocal self-defocusing Kerr nonlinearity response. This balance enhanced the optical localization
of the LBs.
Furthermore, we found a good balance among the effects of anomalous dispersion, linear diffraction,
linear gain, and nonlinear diffraction. Notably, we demonstrated that in cubic self-defocusing
nonlocal nonlinear media, it is possible to suppress collapse by combining the doping effect with
weak spatial nonlocality. As a result, three-dimensional dissipative optical solitons or LBs can
propagate stably without collapsing in self-defocusing nonlocal nonlinear media under anomalous
dispersion. Conversely, we have shown that instability can arise in the evolution of the temporal
pulse when parameter values are chosen outside the stability zone.

Concerning the CQCGLE, we have succeeded in producing amplitudes A_ and A, in a pos-
itive value zone, unlike the cubic case where only amplitude A_ was stable, and amplitude A,
corresponded only to negative numerical values and was always unstable. For the first and second
sets of cubic-quintic parameter cases, we observed that the two amplitudes merged seamlessly.

The third case shows rather two amplitudes separated as in the cubic case, but all with positive

Ph.D. KABADIANG NGON Ghislaine Flore ©2025



General Conclusion 107

values. Still, in the cubic-quintic case, the numerical experiments on the spatial evolution revealed
that the light pulse remained consistent throughout its progression when we used the initial val-
ues of the LB characteristic parameters within the stability regions. We found that the dissipative
parameter coefficient ¢;, representing the saturation of the nonlinear loss/gain (¢; < 0/¢; > 0), was
effectively balanced with the term representing the spatially nonlocal self-defocusing/self-focusing
Kerr nonlinearity response. This balance enhanced the optical localization of the LBs.

The temporal evolution for the first set of cubic-quintic parameters reveals a gap between the in-
put and output pulses. In contrast, the second and third sets of cubic-quintic parameters showed
a good agreement between the input and the output pulses. So, by including additional effects,
such as quintic correction terms, into the initial cubic medium, the A_ solution is no longer the
only prerequisite for obtaining L.Bs after self-organized spatiotemporal evolution. The nonlocal
spatial response of the Kerr nonlinearity (7,_,) and the saturation of the nonlinear loss/gain
(¢; < 0/¢; > 0) under normal and anomalous dispersion were in good agreement to allow the
existence of LBs in a cubic-quintic medium, thus nonlocality and nonlinear loss/gain improve the
localization of optical LBs in this regime.

In summary, we have predicted the dissipative LLBs in optical fiber amplifiers for several reasons:
(i) we have rigorously derived a (3+1)-D nonlocal CCGLE and CQCGLE valid for the dynamics
of the dissipative LBs in optical fiber amplifiers under the effects fiber dispersion, linear gain, non-
linear loss, fiber nonlinearity, atomic detuning, linear and nonlinear diffractive transverse effects,
and nonlocal nonlinear response.

(ii) We have also derived eight coupled first-order differential equations of motion of the dissipative
LB parameters for the nonlocal (3+1)-D Cnonlocal CCGLE and CQCGLE under the interplay
between dopants and a spatially weakly nonlocal nonlinear response, with the help of the varia-
tional technique using the Gaussian Ansatz function.

(iii) We established the Routh-Hurwitz stability criterion for dissipative spatiotemporal LBs,
where a domain of dissipative parameters for stable steady-state solutions has been found.

(iv) We carried out the direct integration of the proposed nonlocal evolution equation, which
allowed us to investigate the evolution of the Gaussian beam along a doped nonlocal optical fiber,
showing stable self-organized dissipative spatiotemporal LBs.

We have notably demonstrated that in cubic self-defocusing and in cubic-quintic self-
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focusing/self-defocusing nonlocal nonlinear doped optical fiber, it is possible to counteract the
attenuation issue and prevent collapse by combining the doping effects with weak spatial non-
locality. In essence, when introducing a weak spatial nonlocality, alongside achieving the double
balance between linear and nonlinear effects, as well as between gains and losses, three-dimensional
dissipative optical solitons or LLBs can propagate stably without collapsing within an optical fiber.
Our results indicate that it is possible to simultaneously control the doping parameters and the
spatial nonlocality coefficient in fiber-optic propagations to counteract attenuation and avoid col-
lapse. There are several reasons why this work can be considered revolutionary in comparison to
current solutions.

Our approach is fundamentally different in that it acts within the fiber, rather than around it. It
demonstrates that we can modify the behaviour of the doped fibre itself by introducing impurities
during the design phase to increase nonlocality, which acts as an integrated noise filter for each
amplification.

We present nonlocality as a natural noise filter, demonstrating that by reinforcing the nonlocality
of the optical medium, a self-stabilising physical mechanism is introduced. Nonlocality can smooth
out fluctuations and noise instability in doped optical fibres.

We show that it is possible to counteract attenuation with amplification and, in the same way,
avoid the collapse of the light signal by introducing nonlocality, which acts as a filter and suppresses
parasitic noise components at each amplification stage.

We present the concept of an intelligent, self-regulating fiber amplifier that improves transmission
stability. This concept could lead to optical fibers that ’self-clean’ of noise at each amplification
stage, resulting in less complex electronic processing, longer distances without critical signal loss,

simpler architecture, and reduced operating costs.

e Perspectives

This research opens several promising directions for future investigations and technological
development:
1) Towards a new generation of 'nonlocal Erbium-Doped Fiber Amplifiers (EDFAs)’.
The key insight of this work will be the initiation of a new generation of EDFAs, referred to as

'nonlocal’” doped EDFAs, which combine amplification and natural noise filtering.
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This solution will not rely on electronic components, but rather on a physical property of the
amplifier material itself.

It will enable networks over long distances without the need for costly intermediate correction
amplifiers. Rather than compensating for noise with external technological layers, this approach
acts at the source: the doped fiber itself becomes smarter thanks to induced nonlocality, which
naturally filters out optical noise. The concept of nonlocality in doped fiber represents a new
philosophy of optical amplification that is more integrated, efficient, and sustainable.

Therefore, experimental validation in collaboration with international optical laboratories
seems to be an obvious step for the future, as evidenced by the publication of an article. The
aim is to identify specific impurities that could enhance the weak nonlocality of doped fibers and
enable spatial nonlocality to be controlled during fiber design.

2)Stability versus instability

In this study, our role as technological surgeons was to determine how to evaluate a set of param-
eters in order to obtain a stable environment. Although our research focused on how nonlocality
brings stability to the medium by combining cubic and cubic-quintic terms, our work could pave
the way for further research into the converse: whether nonlocality can also cause instability when
the light bullet’s characteristic parameters are chosen outside the stability zones.

Such results could be highly valuable for researchers working on instability modulation in nonlinear
optical systems. As demonstrated in the case of the temporal evolution profile, instability can be
deliberately induced by operating outside the stability region. A similar principle could be applied
to spatial dynamics, providing new ways to control or exploit optical turbulence.

3)Bifurcation dynamics and parameter interplay

Another promising direction would be to study how bifurcations evolve as system parameters vary,
in order to map the transition between different propagation regimes. Investigating the interplay
between cubic and quintic nonlinear terms could provide deeper insight into how nonlinearities
cooperate or compete to influence stability collapse, and soliton formation.

4) Extension towards quantum and ultrafast optics

A fascinating question is whether the framework developed here could be extended to quantum
optics, where nonlocality manifests in the temporal domain. Establishing this connection could

open perspectives for quantum communication, noise-resilient quantum amplifiers, and the design

Ph.D. KABADIANG NGON Ghislaine Flore ©2025



General Conclusion 110

of quantum analogues of dissipative solitons.

5) Cross-disciplinary applications: photonics, biology, and medicine

Beyond photonics, this work could inspire biophysical and medical imaging models, where
‘dissipative solitons’ are already used to describe self-organized living systems.

In such contexts, solitons are not merely optical structures but entities that exchange energy and
matter with their surroundings, behaving almost like living organisms.

Understanding how nonlocality influences their stability could shed light on biological pattern
formation, homeostasis, or energy regulation in complex systems.

In summary, this research establishes the theoretical foundation for a new conceptual and tech-
nological paradigm in nonlinear optics, in which doping, nonlocality, and nonlinearity coexist as
complementary mechanisms.

Beyond its immediate implications for telecommunications, this opens the door to a wide spectrum

of interdisciplinary studies, from advanced fiber technologies to quantum and biological systems.
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APPENDIX A: Expression of the constant propagation

The propagation constant around the frequency w is given as follows

where €¢(w) is a complex dielectric constant given by

.«
e(w) = nfc + me.k—g + Xa(w).

Therefore

w . Oéf
Blw) = E\/nff + me.k—o + Xa(w).

The given expression of ny is

2 0x? 2 0y?
and
n2 — n2(w) + 2nons| B2 + 2 %ﬁ(\ﬁw Tom2Vyy
f 0 ’ 2 a2 2

Replacing n; and nfc by their expressions lead to:

(45)

(48)
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Putting ng out of the square root gives:
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We consider the approximation
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The first expression “ng(w) is the undoped propagation constant anointed 8;(w) and given by

i) = o+ (i) = ) + 5 (g8 ) @ - w + (o) 18, 69

o(|Ef?
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and x,(w) , the atomic susceptibility governing the response of the dopant in the optical fiber
extended in Taaylor series up to the second order is given as

g [0—i 1—-0862+2i §(6% — 3) +i(1 — 362
p|: (w—wo)Tg—i— ( (1)+52(>3 )(W—WQ)QTg . (56)

W = Tre T o e
m = (§)"(Z), with n = 1...4.

We recall that the expression (w — wp)" = S

Hence,
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APPENDIX B: Computations for adimensionment

(B1)Computations of 8? and 8¢

Let’s recall that

L
X =224 (58)
To Ldisp
Lo
y =4, [2dits (59)
To Ldisp

Then,

We can therefore write
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dp  0¢p 0X
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_ = el 63
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A 64
dy 9Y Oy (64)
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The second derivative is given as
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This lead to,

and

In the same way,

and

(B2) Computations of

00> 1 0%?
0X2  /PyN 0X2’

¢ 1 Lygy 1 097

922 12 Laisy VPN X2

0> 1 0%?
Y2 /BN OY?’
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9
and e

(76)

(77)

We consider the functions f(¢,z) and f(¢,7) which depend on two old (t,z) and two new vari-

ables (7, Z). We compute the exact total differential of f in both cases and equalize the partial

derivatives

Since 7 = T and Z = s>—

and

we can write

df(t, 2) = g—{dt + g—];dz, (78)
df(r. 7) = %dT + g—édZ. (79)

_of (T of z
df(r.2) = 5~d (ﬁ) + 570 (Ldisp) : (80)
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(1) of z af
Since
z
t— ﬁeffz, (83)
with
1
Bess ny (84)
:5reff + iﬁieffa (85)
then
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Hence
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and
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Comaparing Eq. (68) and Eq. (69) we get
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(B3) Computations of |¢|?

Given that
(XY, Z,7) = RN¢(r,y,2,1), (91)
then,
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(B4) Computations of |¢|>¢
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thus
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Therefore
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APPENDIX C: Partial derivatives of the functions Fy, F,, Fy, F,_, Fy_
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OFy
= 136
80'7- 07 ( )
8F197 _ 2\/‘ 3\ 3 5
5. — 24 2Ca/(kooy) — 16¢2a10 /07 + 322/ (Koo)

- CX:YCX:YAQ\/§(8/O-2 - koﬁ)/(ko(ji)’ (137)

OF 4

g = ~AGko + (75A%,_, ¢, V2k295?) /64, (138)
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aFG 2 2 3
og = Xkoo + (13e,, oy A V2k2953) /32, (139)
aFGr 2 2 2
5 = (154 V2e, ¢ ki0o%a,) )32, (140)
oFy ) )
W - _4C1k019 + (50CX:YCX:YA \/5)/(90- )7 (141)
S (s an AND) 42, (142
F
‘3 ﬂA = AG + (35/4) Aay k2D, 02, (143)
OFs _ —(Tay(okdd,02) /2, (144)
0,
OFe, _ 200, — 5/2a1(0° k30, (145)
oV,
OFy
— 146
oV, 0 (146)
881;;197 = 8C2(11/0'3 - 4C2]C0197. (147)
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The letter introduces an extended (3+1)-dimensional [(3+1)D] nonlocal cubic complex Ginzburg-Landau
equation describing the dynamics of dissipative light bullets in optical fiber amplifiers under the interplay
between dopants and a spatially nonlocal nonlinear response. The model equation includes the effects of fiber
dispersion, linear gain, nonlinear loss, fiber nonlinearity, atomic detuning, linear and nonlinear diffractive
transverse effects, and nonlocal nonlinear response. A system of coupled ordinary differential equations for the

amplitude, temporal, and spatial pulse widths and position of the pulse maximum, unequal wavefront curvatures,
chirp parameters, and phase shift is derived using the variational technique. A stability criterion is established,
where a domain of dissipative parameters for stable steady-state solutions is found. Direct integration of the
proposed nonlocal evolution equation is performed, which allows us to investigate the evolution of the Gaussian
beam along a doped nonlocal optical fiber, showing stable self-organized dissipative spatiotemporal light bullets.

1. Introduction

Optical solitons have promising potential to become principal infor-
mation carriers in telecommunication due to their capability to propa-
gate long-distance signals without attenuation and change their shapes.
One of the major goals in the field of soliton physics is the production of
light fields that are localized in all three dimensions of space and time,
which we will refer to as 3D spatiotemporal solitons or light bullets.
This results from the simultaneous balance of diffraction and the group
velocity dispersion (GVD) by the transverse self-focusing and nonlinear
phase modulation in the longitudinal direction, respectively [1].

Considerable attention is being paid to theoretically and experimen-
tally analyzing spatial optical solitons’ dynamics in material with local
nonlinear and nonlocal responses [2-4]. Local nonlinearity of optical
media is usually approximated by a local function of the light inten-
sity assuming the refractive index change at a given spatial location
depends solely on the light intensity at the same location, while non-
locality means that the change of the refractive index in a particular
point is determined by the light intensity not only in the same point but
also in its vicinity. Recently, it has been revealed that nonlocality can
provide new effects such as strong modification of modulational insta-
bility [5,6], suppression of beam collapse [7], dramatic change of the
soliton interaction [8,9], formation of multi-soliton bound states [10],
stabilization of spatially localized vortex solitons [11], symmetry break-

* Corresponding author.

ing azimuthal instability [12,13] as well as stabilization of different
nonlinear structures such as ringlike clusters of many solitons [14] and
modulated localized vortex beams or azimuthons [15].

In long-distance soliton propagation, the energy of the soliton de-
creases because of fiber losses. This would produce soliton broaden-
ing because a reduced peak power weakens the self-phase modulation
(SPM) effect necessary to counteract the effect of GVD. Therefore, soli-
ton must be amplified periodically using either the lumped or the dis-
tributed amplification scheme to overcome the effect of fiber losses. It
was demonstrated that by doping the optical fiber with rare earth ions,
such as Neodymium, Erbium, Praseodymium, and Ytterbium ions, just
to name a few, energy gains were made in addition to the optical fiber.
Thus, the light signal could be amplified each time it weakened, and
the loss of information could be avoided [16]. On the other hand, there
are interesting studies on the pulse propagation problem in doped fiber
amplifiers within the rate equation approximation, the governing equa-
tion being the cubic complex Ginzburg-Landau (CGL) equation and its
variants [17-22]. Dissipative solitons can be propagated in such active
fiber over long distances. In some previous studies [23-29], multidi-
mensional spatiotemporal optical solitons, i.e., both (2+1)-dimensional
[(2+1)D] and (3+1)-dimensional [(3+1)D] dissipative optical bullets
were considered taking the (2+1)D and (3+1)D family of CGL equa-
tions. Stable spatiotemporal dissipative solitons have been reported.
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Among them are stationary stable and pulsating solutions, double,
quadruple, sixfold, eightfold, and tenfold bullet complexes, self-trapped
necklace-ring, ring-vortex solitons, uniform ring beams, spherical and
rhombic distributions of light bullets, fundamental and cluster solitons,
respectively. Recently, the stability diagram obtained from the Lenz
transformation and the linear stability analysis has revealed that higher
values of the quintic nonlocality contribute to reducing the modula-
tional instability (MI) in weakly cubic-quintic nonlocal nonlinear me-
dia [30]. Very recently, it has been shown that instability regions from
the pure quartic MI gain in weakly nonlocal birefringent fibers are more
expanded due to nonlocality, which was confirmed via direct numerical
simulations showing the emergence of Akhmediev breathers [31,32].
For a nonlinear saturable media with competing nonlocal nonlinearity,
it was reported that the quenching effect of the nonlocal nonlinearity
on the MI is corrected, especially when the saturable index and the non-
locality range are well-balanced [33].

The main purpose of the present work is to investigate (3+1)D dis-
sipative light bullets in fiber amplifiers under the interplay between
dopant and a spatially nonlocal nonlinear response which, to the best of
our knowledge, has not yet been proposed in the literature. The dopant
is modeled as a two-level system whose dynamic response is governed
by the population and dipole relaxation times. For incident optical of
width such that, in cases of weak nonlocality and in the paraxial wave
approximation, the (3+1)D cubic complex Ginzburg-Landau equation
is derived, which includes the effects of fiber dispersion, linear gain,
nonlinear loss, fiber nonlinearity, atomic detuning, linear and nonlin-
ear diffractive transverse effects, and nonlocal nonlinear response. We
mainly focus on the localized Gaussian solution in the form of three-
dimensional traveling waves. Our main purpose is to assess the role
played by a weak spatial nonlocality term in the shape formation of a
dissipative light bullet. A system of eight coupled first-order differential
equations of the solution’s parameters of interest is derived on the basis
of variational equations resulting from the Euler-Lagrange equations.

The remaining part of this paper is organized as follows. In Sec. 2,
we derive the (3+1)D nonlocal cubic complex Ginzburg-Landau (CGL)
equation governing the dynamics of the dissipative light bullets in a
doped and weakly nonlocal nonlinear medium. In Sec. 3, the dynamic
characteristics of the dissipative light bullets, such as the amplitude,
temporal and spatial pulse widths, the position of the pulse maximum,
unequal wavefront curvatures, chirp parameters, and the phase shift in
specially designed media, are studied using the variational technique. In
Sec. 4, a stability criterion for steady-state solutions of the (3+1)D non-
local cubic CGL equation is established, fixing a domain of dissipative
light bullets parameters. In Sec. 5, the direct integration of the (3+1)D
nonlocal cubic CGL equation with the Runge-Kutta and the split-step
Fourier methods have been carried out, showing stable self-organized
dissipative spatiotemporal light bullets. Some concluding remarks are
given in Sec. 6

2. Derivation of the nonlinear evolution equation for
electromagnetic pulse propagation in doped and weakly nonlocal
nonlinear media

The light pulse propagation problem in doped optical fiber can be
solved by defining a complex dielectric constant as follows [17]:

a
e(w) = ni- + 2inf k—f + y,(o), (€8]
0

where w is the optical frequency, with a, being the fiber loss defined
by:

10 Pout
oy = 7 log P, (dB/km), 2

where P, is the input light pulse power, P, is the output light pulse
power and L, the length of the optical fiber. k, is the wavenumber

given by kq = wy/c, with ¢ being the light speed, and w,, the carrier
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frequency. y,(w) is the atomic susceptibility governing the response of
the dopant in the optical fiber, which is determined by [17]

Za(@) = i_" %, 3)

0 1+ (@ = w,)T;

with the peak gain g, = (N, — N,). The parameter ¢ is a transition
cross-section, while N; and N, are the atomic densities for the two-
level system’s lower and upper energy levels. @, is the atomic resonance
frequency, and 7, is the relaxation time. Moreover, one can expand the
function y,(w) in Taylor’s series up to the second order in the vicinity
of the carrier frequency w, and find [17]

& [6—i 1-62+2i6
)= — @ — w)T;
W= tre T T aaep @R
8(8% =3) +i(1—36%)

D -] @

where 6§ = (wy — ®,)T, is the detuning parameter. The term n,, in
Eq. (1), is the refractive index of the fiber, including linear, nonlinear,
doping, and spatial-nonlocality phenomena. The given expression of n,
is [34]

[ Rx—x",y=y)I(X,y)dx'dy
[ Rx=x',y—yhdx'dy

np= ny(w) + n, 5)
Here, ny(w) is the linear refractive index, n, represents the nonlinear
change in the refractive index, R(x — x’,y — ') is the nonlocal response
function which determines the spatial extent of nonlocality. I(x’,)’) is
the nonlocal intensity which acts not only on the local points (x,y), but
also in the neighboring points and can be evaluated as [34]

1 02
I Y) = 1(x,y) + = — I(x, y)(x = x')?
2 0x2

19 /N2
+§Wf(x,y)(y—y) 6

62
+—Ix, =Xy =),
dxady

where I(x,y) is the external action of the intensity on the points (x,y).
Using this assumption, Eq. (5) can be rewritten as

N MYy 02 =
ny =no(@)+m| B + == = (1 EP?)
(7)
Yy 92 - MYy 02 =
S S UER) + == S (E).
dy 2 0xdy

In Eq. (7), we have considered I(x,y) = |E|2, where E is the electric-
field vector. The coefficients v,,, v,, and y,, represent the measures
of weak nonlocality degree in the transverse coordinates x and Yy, re-
spectively. These nonlocality degree coefficients are determined by the
relations

[ RE=& n—n')&—¢&)de dn

Yee = /_0; R, n)dE dn' ©
[ R—n' e = &)= dn'd¢
Yo = /j’:’o R(l’/,ﬁ')d’]’dﬁ'
and
[ RE=E n—n')E—E)n—n"dE dn'
Yen = , ©

[s+]
Joo RE nyde dn!
for (£,n) = (x,y). The term y;, can be neglected in a suitably chosen and
rotated coordinate system. Here, we consider the case of the so-called
Gaussian nonlocal response functions [35]
_e=

R(r—r')=%e <, (10)
o
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with a characteristic width ¢ defining the degree of nonlocality. In-
deed, it has been shown that, for a Gaussian response, y§§=w§z€ /2,

with wg =0.10/ \/E We recall that Eq. (6) is justified [34] when the
nonlocality becomes weak, that is, y;; < 1. Another necessary param-
eter to consider, as much as the dielectric constant, in the propagation
of light in a doped optical fiber, is the propagation constant around the
frequency w given as follows [17]

flw) = \/e(w) (11)

From Eqs. (1)-(7), we can rewrite the propagation constant expressed
in Eq. (11). Given that the term no(a))% corresponds to the propaga-
tion constant of the undoped fiber denoted f (@), we then obtain the
following equation

[0) —'2 a)nZVxx a
= +— E E
P@) = @)+ Tm|EP + T =25 (| EP)
mYyy 92
. 2”6 2(|E| )+zo:f+m:f—|15|2
02 Yy 02 (12)
2yxx n oy
i 2O TS UER) + a2 2
yloid
2 ¢ ng

In the framework of Maxwell’s equations, we analyze the propagation
of optical fields, and we get the following wave equation for each com-
ponent of the field vector E

0*D
or?
The operator A is the Laplacian operator whose expression in cartesian

AE — g 0. 13)

coordinates is A = a — +Z P + 5. The Fourier transform of the quantity

D, known as the electrlc dlsplacement vector, is related to that of the
electric field via the constitutive relation

f)(r, ®—wy) = eoe(a))E(r,a) — wy), a4

where ¢ is the vacuum permittivity and E denotes the Fourier trans-
form of the electric field E defined as

o
E(ro—wg) = / E(r, 1) exp(i(w — wp)t)dt. (15)
In the frequency domain, Eq. (13) takes the form of the Helmholtz equa-
tion

AE + (@) E=0. (16)

The electric field vector E (r,1) is written as

E(r,t)= %(E¢(x, v, z,1)expli(fyz — wgt)] + c.c.). 17)

Here, ¢(x,y, z,t) is the slowly varying envelope function which repre-
sents the light pulse carrying the information, c.c. is the complex conju-
gate, fy = ny(wy)k is the propagation constant at the carrier frequency
wy, and € is the polarization unit vector. The optical fiber has a cylinder
shape with axis (0z), therefore, the radius r is defined as r = \/x2 + y2.
For optical beams, the paraxial and quasi -monochromatic approxima-

tions correspond to neglectmg the 5 derivatives of the slowly varying

amplitude on the grounds that

< fy | 9 ‘ This procedure leads to

9 2
2 ﬁO ox 2 0 2
Fiber dispersion plays a critical role in the propagation of optical pulses

because different spectral components associated with pulse broadening
can be detrimental to optical communication systems. Mathematically,

>+(ﬁ(w) Po(@))¢ = 0. (18)
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the effects due to fiber dispersion are accounted for by expanding the
mode-propagation coefficient f,(w) in a Taylor series about the carrier
frequency w, at which the pulse spectrum is centred [20]

0 B3
By |9 =ho+ib 5 =T
(19)
af; )
- — ) Igl,
(1% /o
where (...), denotes the evaluation at w = w), g2 = 0, b= ( o o= —wp
and p, = (3272)w=wo' Hence, the propagation constant f(w) given in

Eq. (12) becomes

2 ap
B = o +iy 2 - b +( 4 ><|¢|2>

202 " \adep)
# Ll 212 0 gty 22 )
Yxx 02 2 20
+taf+taf—|¢|2+t f—i%ﬁ(lq’)l )
vin 2Dy + J L

Using Eq. (20) and substituting y, defined in Eq. (4), we derive the
following (3+1)D nonlocal cubic CGL equation:

0¢ . op 1 (P ¢
l?"'(ﬁrgff"’"ﬂieff)?"'%<ﬁ+0_y2>

"’ D o+ ir)b+ (G, +ia)|B1

+ (. + lp,)
(21)
+ (yxx r + iyxx i) a_(|¢|2)¢
’ 7 ox?
; P s =0
+ (e i130) 3519120 =0.
In the above, 9 represents the displacement of the light pulse over

0z
2 2
the propagation distance z. The expression (% + %) corresponds
to the linear diffraction of the light pulse along the transverse di-

2
(I¢1)¢ and 5(I¢l*)¢b correspond
to the nonlinear diffraction related to spatial nonlocality. This non-
linear diffraction is associated with linear diffraction in order to in-
fluence self-focusing and avoid collapse [34]. The parameters S,/
_ & 2T, _ & (1-6)T,
= o T2 and ﬂieff = ﬂ] 2ng (14622 °
nary parts of the inverse of the group velocity, respectively. The co-

b g 0P

2
rections x and y. The terms ;7

are the real and imagi-

efficient p, = ST T measures the wave dispersion, and
2
_ gp(135)T - _ 8 &
Pi = "5 e is the spectral filtering. The term y, = g (145

1

the linear loss/gain, and y; = a, — ;Tpm is the frequency shift.
’ 0

The parameter g, = n, 2 represents the nonlinear coeffi-

ap;
+ RS —
¢ (0(I¢I2) 0
cient. The case g,>0 corresponds to the self-focusing Kerr nonlinearity,
while the case ¢,<0 corresponds to the self-defocusing Kerr nonlinear-
a
ity. The parameter g; = n, —f, accounts for nonlinear gain (loss) and/or

_ Imo

other amplification (absorptlon) processes. Expressions y, . = 3 Yo

= 1me 174y 174y
yyy,r - 2 ¢ yyy’ yxx,i - 2 n yXx 2 g yyy

real and imaginary parts of the nonlocality degrees along the transverse
coordinates x and y, respectively.

To scale Eq. (21), we introduce the following physical parame-
ters, namely, the diffraction length or Rayleigh length in the homo-
geneous medium: L, = ﬂorg, where r is the beam radius. The

2

, and Yypi = , represent the

T
ﬁ, with T;, representing the typical initial
pulse width. The effective length characterizing the influence of the

nonlinearity Ly; = where P, is the peak power of the incident

dispersion length Ly, =

-
a-Py’
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pulse. The transverse coordinates scale are X = ri and Y = rl, respec-
0 0

tively. The longitudinal coordinate scale Z = , and the temporal

4
LDup

coordinate scale 7 = TL Here, T =1t — bi is the time in the moving
0 g
coordinate system. The normalized field amplitude is ®(X,Y,Z,7) =

4 RoT; ar-PoTy

VPyNo(x,y,z, t), where N2 = L , with N = o . We also set
N Pr
_ b _ 4 YXX Yyy,i
a ,by =%, ¢cg=*%, ¢ === and ¢ ==
1=5501= 0= LXX T 2yy = 00

Taking 1nto account these scaling transformations, Eq. (21) then
takes the form

’® 9’0 . 9’
éV‘(axz ay2>+(1+’al)éﬁ
+ (1+ib)) 5@+ (1 +icy) &4l @@

92 5 (22)
+(1+icLXX)¢5—(|<1>| P
+(1 +lC2yy)C6—(|q)| )P =0,

Lpis prLpisp _qlL _rxxL
where {} = o 2,,’ &= TZN\/I_’ 8 =7-Lpisp C4= %’ &= %%NL’
and s = ";#. Considering Eq. (24), for a; = by = ¢y = ¢| xx =

0"
¢ yy = 0, and neglecting the second-order dispersion term ~— i ‘D , We re-

cover the (2+1)D nonlocal nonlinear Schrodinger (NLS) equatlon that
was derived by Bezuhanov et al. [34] in the limit of weak nonlocality.
The conditions for breathing soliton formation in one and two trans-
verse dimensions were established for this equation. Furthermore, it
was shown that the interplay between nonlinear diffraction and self-
focusing is found to result in an increase of the power needed to form
nonlocal spatial solitons. Indeed, the nonlocal 2D NLS equation has
been also derived by Skupin et al. [35] in the highly nonlocal limit.
Due to the mixture of local and nonlocal types of nonlinearity (Gaus-
sian model of nonlocality, thermal nonlinearity, and the model of a
dipolar Bose-Einstein condensate), a variety of solutions, such as rotat-
ing and nonrotating azimuthons, accessible solitons can be stabilized.
Moreover, the stabilization of 2D ring dark solitons and ring anti-dark
solitons was demonstrated in nonlocal media [36].

3. Analytical treatment using variational approach

In this section, we employ the variational method [37-39] for dis-
sipative systems to look for approximated solutions to Eq. (22) and
obtain physical insight in terms of a few relevant parameters that will
be then implemented in numerical simulations to confirm the analytic
predictions qualitatively. In order to describe the dynamics of pulse evo-
lution, various treatments have been developed to extract approximated
soliton solutions to integrable and non-integrable nonlinear partial dif-
ferential equations and have received many different names depending
on the field of application, namely the method of moments [40], the
method of collective coordinates [20,27,41], the time-dependent vari-
ational method [38], the effective-particle method [42,43], averaged
Lagrangian description [39,44], to name a few. Lagrangian methods
have become widely accepted as the preferred approach to account for
the dynamics of the light pulse in optical fiber. Thus, in order to use the
variational approach, the (3+1)D nonlocal cubic CGL equation can be
rewritten in the form

0D < ’d 9’0
—+ =
0X2  9Y2

> Cz +§3‘D

+¢4 1@ <I>+C5 (|<I>| )P (23)

+ C@Eﬂ@ )P =0,

in which the right-hand side contains dissipative terms
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.o ;
Q= —za1§2— — b &3® — icyly | D|*D
24)

—icy, xsz—(|‘1>| )P —icy, yyC(,—(|‘~D| )P.

It should be noted that defining an appropriate ansatz function is essen-
tial for using the variational approach. In doing so, let us consider the
trial function of the Gaussian shape

2 2
O(X,Y,Z,7)= A(Z)exp ( - 2X— - 2Y—
O’X(Z) GY(Z)
__? ik 2 (25)
ot X

+9, (DY +9.(2)) + iw(Z)),

where A(Z) is the amplitude, o (Z) and oy (Z) are the beamwidths
in the transverse coordinates (X, Y), 0,.(Z) is the temporal beamwidth,
9%(Z) and 9y(Z) are the wave-front curvatures along the transverse
coordinates (X,Y), 9.(Z) is the temporal wave-front curvature, y(Z) is
the phase, and k is the wavenumber. Variables A(Z), 6x(Z), oy(Z),
0,.(Z), 9x(Z), 9(Z), 9.(Z) and w(Z) are all the parameters of
the light pulse. Then, we obtain the first-order differential equations
(FODESs) of these parameters, which describe the evolution of the light
pulse in the optical fiber. The variational approach used in this study is
based on the Euler-Lagrange equation [45,46]

r <a<Lc>> L)
dZ \ aq daq

=2Re {/// dxdyd-02% } ,
oq

where ®* is the complex conjugate of the ansatz function ®, Re{-}
denotes the real part, and q is the variable that corresponds to all the pa-
rameters of the light pulse (A(Z), 6x(Z), oy (Z), 6,(Z), 9x(Z), 8y (Z),
9.(2), w(Z)), with (¢’ = :—;). The left-hand side of Eq. (23), represents
the conservative Lagrange’s equation, with the conservative Lagrangian
L, being given by

(26)

L =92 ¢ P’ 020 ’o
<=9z T \ox2 aY2 292
+ 6D+ & |OPD + & —(|P)P)D (27)
&) {4l @] C50X2(| %)
+& 2 (|oH)D.
aYZ(I B

Moreover, (L) is the Lagrangian density written as

(L) = /// L.dXdYdx, (28)

and the right-hand side Q of Eq. (23) is the dissipative term. Using
Egs. (24)-(28), we get the following set of coupled first-order differen-
tial equations resulting from the variation with respect to the light pulse
parameters:

dA 7
o7 = ~AGkedx — Alikody — ALY, — SAb G

dz
77 1 156
16A3\/§c0g4+ gAnb <35k§,9§ o2+ = >

L 9%
%

L 43 292 2, 996
+ A V2 vy & <75kol9yoy + 6—2>

Y

(29a)

292 2
+ﬁA 3V2e, xx&s <75k0&X %

X =20 kg9y0x +b,G0x +

15
Tz T A V2etion
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1 202 2 28
+ ZaI§2 (_7k0’9r T2 ox

T

| 252
+ 6—4A2\/5c1YXXC5 <13k§19§(a§( - —§(> ox

15 12
+ 2 AV 20y yy o | k29202 — = oy,
64 2

do 15
—L =28 kgOy oy +bi G0y + gAz\/ECoCNy

dz
1 28
+ 706 <—7kgs§af - ;) oy

T

15 12
+ _A2\/5C1,XXC5 —kéﬂiai - — |oy
64 o2

+ L a2V2e vt (13120262 - 22 6y,
64 ~ o2

do
L =20,9,0, + b 530, + %AZ\/ECOQ(;,

dz
1 36

+ 708 <—5k§,9§o§ - ;> o,

T

15 12
+ 6—4A2\/§c1“§5 <—k§&§(a§( - )0,

15 12
+ _Az\/iczyyyc6 —ké&f,alz, -— )o,,
64 6)2,

d9y 1 1
=X A2, +88, = — 2 ko

koai Y
1 A2V2e, xx8s (216
b LN 200 107k
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| A2 \/Ecz,wCo 72
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36 koai 6)2,
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T = APV — 80— =2k
kooy oy

2
14 \/ECI,XXZ:S 72
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36 koa)z, oy

1 A2V20,yv8 (216

+——— 2| 2+ 127k Sy |,
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dd 1 9
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T

1 2
-8 — 28 ko9
§2k06‘1‘ bakod:

+ LAZ\/ECI,XXCS (72 >
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A2V,
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7
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(29¢)

(29d)

(29¢)

(290

(29g)
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+ ﬁAZ Ve, yyis <—i4—28 - 401kosy> . (29h)

Y
Eq. (292)-(29h) constitute a complete set of variable parameters char-
acterizing dissipative light bullets in optical fiber amplifiers under the
suitable competition between dopants and a spatially nonlocal non-
linear response. To reach the steady-state solutions of the system of
Egs. (292)-(29g), we set Z derivatives of the light pulse parameters to
zero. The problem of light pulse instabilities that depend on the num-
ber of space dimensions and nonlinearity strength has recently attracted
considerable attention. In fact, the existence and stability of multidi-
mensional optical dissipative soliton solutions of the cubic-quintic CGL
equation were addressed and comprehensively analyzed [39]. In the
dissipative case, it was already remarked that the family of solutions
reduces to a fixed double solution for a given set of dissipative param-
eters [47]. Indeed, only symmetric steady-state solutions with equal
spatial widths, curvatures, and nonlocality degrees can exist, which
means oy =0y =0x_y =0, 9x =8y =9x_y =9, yxx =ryy =Yx=v>
{s =86 =Cx—y and ¢| xx = ¢y yy = cx—y. Under such conditions, the
amplitude as a steady state solution of Egs. (29a)-(29g) has two dis-
crete values A, and A_ given by

— vV D2 -
A = M + 0(92)’ (30)
* 2B

where

B =26, _ycx—y (240a, — 496¢, — 249),

D =-320b,C3C gy Cxoy + &1 Ca(128a, — 256¢,), €3]
C=-128V2b,6,65.

and 0§ = max (lalCzl, |61, [eCals |cx=yé’x=y|). The other relevant
stationary solutions are explicitly given by the following four-parameter
family of the dissipative light bullets:

(i) The beamwidth in the transverse coordinates

2\/—54 (2§X=YCX:YA2 + \/551>

Cy_y = +0(6%), (32)
X=Y A§4
(ii) The temporal beamwidth
2\/6 V22
o, = % +0(6Y), (33)
4

(iii) The wave-front curvatures along the transverse coordinates

1

Ix—y =
32ko&, (2A24x=ycx=y + ﬁ?l)
2 2 (34)

x (284%a,8,¢, — 60A%¢)¢1 4

“30A%b, 5 yy Cyy — 16\/§b1§143> +0(6%),
(iv) The temporal wave-front curvature

(9A2\/Ea,c4 —1542/2¢yC, — 8b1C3)
9 = +0(6%). (35)

4 162,

To further proceed, we first need to make a remark about the conser-
vative systems. In this case, the total energy or beam power is con-
served. For dissipative systems, the total energy or the beam power
P= (%)3/ 2A20'§(=Y0'T is no longer conserved contrary to the case of
conservative systems, but evolves in the so-called balance equation
with nonzero curvatures. Therefore, using steady-state solutions given
in Egs. (32) and (33), the total power corresponding to ansatz (25) for
the non-conservative (34+1)D nonlocal cubic CGL equation (23) is given

by [47]
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8 (2cX:YcX:YA2 + \Ecl) Vavaeg,

- (5)" 4 -

It is also worth mentioning that the simultaneous balance between
linear diffraction, dispersion, and nonlinear diffraction is induced by
the spatial nonlocality and between gain and loss, depending on fixed
steady-state solutions with nonzero spatial and temporal curvatures.

4. Stability criterion for steady-state solutions

In order to picture the stability zone, we use the Routh-Hurwitz
stability criterion described by a necessary condition and a sufficient
condition. Applying this stability criterion requires that we construct a
Jacobi determinant. From the latter, we get the polynomial characteris-
tic equation, and we are then able to verify the necessary and sufficient
condition of the Routh-Hurwitz stability criterion. In the following, we
introduce the notations: F, = %, F, = j—;, Fy= %, F, = %, and
Fy = %, resulting from Egs. (292a)-(29g). Recall that in the case of
a symmetric input, the set of Egs. (29a)-(29g) is reduced to only five
equations: (29a), (29b), (29d), (29e) and (29g). The Jacobi determi-
nant is constructed from the derivatives of these terms Fy, F,, Fy, F, ,
and Fy_, with respect to amplitude, spatial and temporal widths, spatial
and temporal curvatures taken at the equilibrium state

det(J — Al =

s _, 4 9F4 9Fy 9Fy

0A o0 29 o, 29,
oF, Uy _, K oOF, oOF,
oA do 9 o0, 29,
OF, 0Fy o0Fy _ 4 0F) 0F
0A o0 29 0, 29,
oF,, oF,, oF, s, Oy
0A o0 29 oo 29,
OF,, OFy, 0F,, JFy, oy,
0A o0 29 oF,, 29,

=0, (37

where [ is the identity matrix. The fifth-order characteristic polynomial
obtained from the Jacobi determinant is given by

Pra it + a2’ +a34% + agd+as5=0. (38)

The coefficients ay, ..., a5, depend on the partial derivatives of the func-
tions F,, F;, Fy, Far, and F&T given in the Appendix. However, the
analytical expressions of those coefficients could not be presented due
to their complicated expressions. For stability to be reached, the nec-
essary condition implies that all the roots of the characteristic Eq. (38)
should have negative real parts, i.e., Re(4;) < 0, with i = 1,...,5. The suf-
ficient condition based on the Routh-Hurwitz criterion is such that the
coefficients ay, ..., a5 and their combinations should be positive [44,48],
ie.,

4;>0, with i=1,..5, (39)
and
aja, — az aya, — as
byj=—"—, by=—",
a; a;
biaz —ab, c1by3—bicy (40)
cp=— , dj=— .
by c

In Fig. 1, we represent the double solutions A, and A_ of the
steady state amplitudes versus ¢; and yy_y, where the dissipative pa-
rameter g; represents the nonlinear loss related to the self-defocusing
Kerr nonlinearity (g, < 0), and the parameter yy_, denotes the sym-
metric nonlocality degree along the transverse directions. By using the
normalized coefficient N, = 2!/2(4/3)3/* [49], assuming a linear gain
7, under anomalous dispersion, the following parameter values have
been used for illustration: p, =0.579/N,, p; =0.201/N,, g, =—110/N,,
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X=Y

Fig. 1. Double solutions A, and A_ of the steady state amplitudes versus g;
and yy_y. The solution A_ (yellow sheet) is stable. The solution A, (blue
sheet) is rather unstable. The following parameter values have been used:
N, =2!/2(4/3)3/* (the normalized coefficient), p, = 0.579/N, (the anomalous
dispersion), p; = 0.201/N, (the spectral filtering), g, = —110/N, (the self-
defocusing Kerr nonlinearity), y, = 150/ N, (the linear gain), y; = —=530/ N, (the
frequency shift), and k, =2z /1.55 (the wavenumber).

v, = 150/N,, y; = =530/N,, ko =2x/1.55. As stated before [47], the
stability of the solution A_ is only a prerequisite to obtaining opti-
cal light bullets after a spatiotemporal self-organized evolution. It can
clearly be seen in Fig. 1 that when the spatial nonlocal self-defocusing
Kerr nonlinearity response (yy_y) and the nonlinear loss (g;) increase,
the stability zone (yellow area representing A_) gets expanded. Hence,
the nonlocality and the nonlinear loss enhance optical light bullets lo-
calization in this regime. On the other hand, the lower blue sheet of
Fig. 1 shows that the solution A, is everywhere unstable. Therefore, it
will be beneficial to pay more attention to the stable solution A_ as it
remains the only prerequisite for the formation of stable light bullets
during the propagation of an input pulse. So doing, in Fig. 2(a) and (b),
the stability zones (hatched areas) are shown for the spatial width ver-
sus ¢; and yy_y, respectively, while the same procedure is repeated for
the temporal widths oy_y in Fig. 2(c) and (d) for the stable solution
A_ under anomalous dispersion. The set of spatial and temporal widths
values derived from these diagrams will be chosen from this stability
range for the numerical simulations of the input spatiotemporal pulses.

Zones of stability for the spatial and temporal chirps, y_y and 9,
respectively, versus ¢; and yy_y, for the stable solution A_ and the
anomalous dispersion are depicted in Fig. 3. The set of spatial and tem-
poral chirps derived from these curves will be chosen from this stability
range for the numerical simulations of the input spatiotemporal pulses.

The stability zones for the phase y are depicted in Fig. 4(a) and
(b) versus ¢; and yy_y, respectively, for the stable solution A_ under
the anomalous dispersion. The set of phase values obtained from these
diagrams will be chosen from this stability range for the numerical im-
plementation of the input spatiotemporal pulses.

5. Numerical experiments

Numerical studies of the evolution of the dissipative light bullet
along a doped and weakly nonlocal optical fiber are carried out by
means of the fourth-order Runge-Kutta computational method and the
split-step Fourier method. The accuracy of numerical experiments is
examined by testing different time and space steps. The mesh sizes are
chosen as AX =AY =0.002 and A7 =0.003. Then, we solve the original
(3+1)D nonlocal cubic CGL equation given in Eq. (23) via the split-step
Fourier method with the longitudinal step size AZ =0.063 x 10~°, over
a total distance Z = 200. The following typical optical pulse parameters
used in fiber-optic communication systems are adopted [17,50,68]: the
wavelength 4 = 1.55 um, the linear refractive index n, = 1.45 cm?/W,
the nonlinear refractive index n, = 2.7 x 10713 cm?/W, the group veloc-
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Fig. 4. Panel (a) shows the stability zone (dark area) for the solution A_ in the
(g;,w)-plane, while panel (b) displays the stability zone in the (g;, yx_y)-plane,
under anomalous dispersion. Parameter values are those used in Fig. 1.

ity dispersion §, = 50 ps?/km, the nonlinear gain g, =68 W lkm!,
the pulse width 1.763T;, = 400 fs, the peak power of the incident pulse
Py =9.43 MW, and the nonlinear parameter g,..

To start, the analytically generated variational bifurcation branches
for A_ and A, are compared to numerically obtained branches in Fig. 5.
Precision should, however, be made that values of parameters used
to generate the numerical branches have been chosen from the stable
zones of Figs. 1-4, as indicated earlier. The obtained analytical features
corresponding to the steady-state solutions of the amplitudes A_ and
A, as functions of the spatial nonlocality parameter yy_y, respectively,
are a good approximation of the numerically obtained curves. Along the
same line, the analytical and numerical solutions of the steady-state A_
highlight the upper stable branches. On the contrary, the curves de-
scribing the analytical and numerical solutions of the steady-state A,
are on the lower unstable branches. For the stable evolution of the self-
organized dissipative light bullets represented in numerical simulations,
we choose the stable solution A_ as an input spatiotemporal pulse.

Fig. 6 shows clearly that the light pulse remains practically constant
during its evolution in the spatial domain. We can then notice that the
anomalous dispersion, the linear diffraction, the linear gain and the
nonlinear diffraction, the spatial nonlocal self-defocusing Kerr nonlin-
earity response, and the nonlinear loss are well balanced.

In Fig. 7, the temporal input and output are identical, showing that
no loss has been observed. In the same way, we can notice that the

4.5 T T . T T
—Analytical A_
4+~ Numerical A_
—=Analytical A
3.5 T |
Numerical A,

3

0 1 1 1 1 1
-0.012 -0.01 -0.008 -0.006 -0.004 -0.002

Fig. 5. Analytical and numerical bifurcation curves of the steady state solutions
A_ and A, for anomalous dispersion, respectively, p, = 0.579/N, and for the
following parameter values: N, = 2!/2(4/3)*/4, p, =0.201/N,, g, = =110/N,,
g, =-147/N,, y.,=150/N,, y;==530/N,, and k, =2x/1.55.

anomalous dispersion, the linear diffraction, the linear gain and the
nonlinear diffraction, the spatial nonlocal self-defocusing Kerr nonlin-
earity response, and the nonlinear loss are well balanced. From the
dynamical behaviors depicted in Fig. 8, we show the evolution of the
temporal field profile of the dissipative light bullet intensity distribution
in the propagation regime of anomalous dispersion, where the input and
output pulses are similar, further confirming our stability predictions,
under well-balanced competition from the various involved effects in
addition to nonlocality.

For consistency, we consider the unstable region of Fig. 2 and at-
tribute the value o, =0.221 to the initial temporal parameter. We then
obtain the pulse evolution of Fig. 9(a) and its density representation of
Fig. 9(b). Under such a particular but noticeable change of temporal pa-
rameter, one observes a propagation of the initial pulse that collapses
after a short propagation distance. Clearly, the obtained results confirm
our predictions since the value of the temporal parameter chosen from
the unstable region produces a pulse whose evolution differs from what
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Fig. 6. Profiles of the spatial input [panel (a)] and output pulse [panel (b)]
for the stable steady state solution A_ under anomalous dispersion. The fol-
lowing parameters have been used: yy_y =—0.007, oy =0y =0.2439, 9, =
9y, =—56.03, Ay_ =04225, p, =0.579/N,, q;=—14.7/N,, p;=0201/N,, q, =
-110/N,, v, =150/N,, y; = =530/ N,, ky = 2z/1.55, and N, = 2!/2(4/3)3/*.
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Fig. 7. Profiles of the temporal input and output pulse for the stable steady state
solution A_ and for anomalous dispersion. The following parameters have been
used: yy_y =—0.007, o, =0.01217, 9, =572.8, A,_ =0.4225, p, =0.579/N,,
q,=-147/N,, p;=0.201/N,, q.=—-110/N,, y,=150/N,, y; ==530/N,, ky =
27/1.55, and N, =21/2(4/3)*/4.

was reported in Fig. 8. To remind, solitons rely on a balance between
dispersion, which tends to spread the wave out, and nonlinearity, which
tends to focus the wave. When this balance is disrupted, for instance,
due to changes in the medium or external perturbations, the soliton may
collapse. Interestingly, the collapse of solitons has been studied in var-
ious physical systems, including optics, plasma physics, and condensed
matter physics [51-53]. The conditions under which solitons become
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Fig. 8. Profile of the temporal pulse evolution [panel (a)] and its correspond-
ing density plot [panel(b)] for the stable steady state solution under anomalous
dispersion. Keeping the rest of parameters as in Fig. 6, the following parame-
ters have been used: yy_, = —0.007, o, = 0.01217, 19,” =572.8, A,_ =0.4225,
p, =0579/N,, q; = -147/N,, p; = 0201/N,, g, = —110/N,, y, = 150/N,,
v ==530/N,, ky=2x/1.55, and N, =2'/2(4/3)3/4.

unstable, and collapse have been of great concern since understanding
such a phenomenon is crucial for applications in optical communica-
tion, where solitons are used to transmit information over long distances
without distortion. In our study, such a process involves the proposed
nonlocal CGL equation that can be exploited under some conditions,
taking advantage of suitable parameter values. In that direction, it is
widely known that pulses in optical fibers with phase-sensitive ampli-
fiers are stable over a wide range of parameter values, ensuring effective
propagation of information in soliton-based optical communication sys-
tems, especially when higher-order effects are considered [54].

6. Concluding remarks

In summary, we have predicted the dissipative light bullets in op-
tical fiber amplifiers for a number of reasons: (i) we have rigorously
derived a (3+1)D nonlocal cubic CGL equation valid for the dynam-
ics of the dissipative light bullets in optical fiber amplifiers under the
effects fiber dispersion, linear gain, nonlinear loss, fiber nonlinearity,
atomic detuning, linear and nonlinear diffractive transverse effects, and
nonlocal nonlinear response. (ii) We have also derived eight coupled
first-order differential equations of motion of the dissipative light bullet
parameters for the nonlocal (3+1)D CGL equation under the interplay
between dopants and a spatially weakly nonlocal nonlinear response,
with the help of the variational technique using the Gaussian ansatz
function. (iii) We have established a Routh-Hurwitz stability criterion
for dissipative spatiotemporal light bullets, where a domain of dissipa-
tive parameters for stable steady-state solutions has been found. (iv)
We have carried out the direct integration of the proposed nonlocal
evolution equation, which allowed us to investigate the evolution of
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Fig. 9. Profile of the unstable temporal pulse evolution [panel (a)] and its cor-
responding density plot [panel(b)] for the unstable steady state solution under
anomalous dispersion. We have used the same parameter values as in Fig. 8,
except for spatial and temporal widths: o, =0.221.

the Gaussian beam along a doped nonlocal optical fiber, showing stable
self-organized dissipative spatiotemporal light bullets.

The CGL equation is a widely used model for describing dissipa-
tive systems. It finds applications in various fields such as pulse gen-
eration in mode-locked soliton lasers [55-57], signal transmission in
all-optical communication lines and metamaterials [58-60], dissipa-
tive matter waves in cold atoms [61,62], and pattern formation in
several biological systems [63-67]. Depending on the system parame-
ters, the CGL equation has different solutions including solitons, fronts,
and pulsating solitons. Considering the nonlocal CGL equation that we
have derived, there are undoubtedly systems in other fields to which
they would also apply. For example, Kuramoto [69] has proposed the
nonlocal CGL equation for populations of biologically oscillating cells
secreting substances whose rapid diffusion mediates the cell-cell in-
teraction. It was found that under certain conditions, the correlations
and fluctuations obey a power law similar to the one in the fully
developed Navier-Stokes turbulence. Also, effective nonlocality in cou-
pling may become relevant when the reaction-diffusion system involves
three or more chemical components. Thus, Tanaka and Kuramoto [70]
have proposed the nonlocal CGL equation as a reduced form of a uni-
versal class of reaction-diffusion systems near the Hopf bifurcation.
In this context, novel dynamical states have been predicted, such as
multi-affine chemical turbulence [71] and chimera states [72]. In ad-
dition, the nonlocal CGL equation has been used extensively to study
electrochemical turbulence for electrochemical systems with migration
coupling [73,74]. Indeed, oscillatory electrochemical systems can be
considered active distributed media and are mathematically described
by a set of coupled partial differential equations. They only differ from

Physics Letters A 494 (2024) 129291

the reaction-diffusion system in the spatial coupling term of the elec-
tric potential drop across the electrode/electrolyte interface. The spatial
coupling in electrochemical systems is nonlocal. Some coherent struc-
tures have been found in the nonlocal CGL equation in the turbulent
regime, which includes standing waves and robust heteroclinic orbits
between fixed points or limit cycles [75]. We believe that such stud-
ies can be extended to the proposed model by studying their azimuthal
manifestation on spherical surfaces, for example. Investigations in that
direction are ongoing and will be published elsewhere.
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Appendix A. Partial derivatives of the functions F,, F,, F,, Fo‘,’
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