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       1- DÉPARTEMENT DE BIOCHIMIE (BC) (44) 
 

N° NOMS ET PRÉNOMS GRADE OBSERVATIONS 
1.  BIGOGA DAIGA Jude Professeur En poste 
2.  FEKAM BOYOM Fabrice Professeur En poste 
3.  KANSCI Germain Professeur En poste 
4.  MBACHAM FON Wilfred Professeur En poste 
5.  MOUNDIPA FEWOU Paul Professeur Chef de Département 
6.  NGUEFACK Julienne Professeur En poste 
7.  NJAYOU Frédéric Nico Professeur En poste 
8.  OBEN Julius ENYONG Professeur En poste 

 
9.  ACHU Merci BIH Maître de Conférences En poste 
10.  AKINDEH MBUH NJI Maître de Conférences En  poste 
11.  ATOGHO Barbara MMA Maître de Conférences En poste 

12.  
AZANTSA KINGUE GABIN 
BORIS 

Maître de Conférences En poste 

13.  
BELINGA née NDOYE FOE F. M. 
C. 

Maître de Conférences Chef DAF / FS 

14.  DAKOLE DABOY Charles Maître de Conférences En poste 

15.  
DONGMO LEKAGNE Joseph 
Blaise Maître de Conférences En poste 

16.  DJUIDJE NGOUNOUE Marceline Maître de Conférences En poste 
17.  DJUIKWO NKONGA Ruth Viviane Maître de Conférences En poste 
18.  EFFA ONOMO Pierre Maître de Conférences VD/FS/Univ Ebwa 
19.  EWANE Cécile Annie Maître de Conférences En poste 
20.  KENGNE NOUEMSI Anne Pascale Maître de Conférences En poste 
21.  KOTUE TAPTUE Charles Maître de Conférences En poste 
22.  LUNGA Paul KEILAH Maître de Conférences En poste 
23.  MANANGA Marlyse Joséphine Maître de Conférences En poste 
24.  MBONG ANGIE M. Mary Anne Maître de Conférences En poste 
25.  MOFOR née TEUGWA Clotilde Maître de Conférences Doyen FS / UDs 
26.  NANA Louise épouse WAKAM Maître de Conférences En poste 
27.  NGONDI Judith Laure Maître de Conférences En poste 
28.  Palmer MASUMBE NETONGO Maître de Conférences En poste 
29.  PECHANGOU NSANGOU Sylvain Maître de Conférences En poste 
30.  TCHANA KOUATCHOUA Angèle Maître de Conférences En poste 

 
31.  BEBEE Fadimatou Chargée de Cours En poste 
32.  BEBOY EDJENGUELE Sara N.  Chargé de Cours En poste 
33.  FONKOUA Martin Chargé de Cours En poste 
34.  FOUPOUAPOUOGNIGNI Yacouba Chargé de Cours En poste 
35.  KOUOH ELOMBO Ferdinand Chargé de Cours En poste 
36.  MBOUCHE FANMOE Marceline J.  Chargé de Cours En poste 
37.  OWONA AYISSI Vincent Brice Chargé de Cours En poste 
38.  WILFRED ANGIE ABIA Chargé de Cours En poste 

 

39.  
BAKWO BASSOGOG Christian 
Bernard 

Assistant En Poste 

40.  ELLA Fils Armand Assistant En Poste 
41.  EYENGA Eliane Flore Assistant En Poste 
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42.  
MADIESSE KEMGNE 
Eugenie Aimée 

Assistant En Poste 

43.  MANJIA NJIKAM Jacqueline Assistant En Poste 
44.  WOGUIA Alice Louise Assistant En Poste 
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       2- DÉPARTEMENT DE BIOLOGIE ET PHYSIOLOGIE ANIMALES (BPA) (50) 
 

1.  AJEAGAH Gideon AGHAINDUM Professeur DAARS/FS 
2.  DIMO Théophile Professeur En Poste 
3.  DJIETO LORDON Champlain Professeur En Poste 
4.  DZEUFIET DJOMENI Paul Désiré Professeur En Poste 

5.  ESSOMBA née NTSAMA MBALA Professeur CD et Vice 
Doyen/FMSB/UYI 

6.  KEKEUNOU Sévilor Professeur Chef de Département 
7.  NJAMEN Dieudonné Professeur En poste 
8.  NOLA Moïse Professeur En poste 
9.  TAN Paul VERNYUY Professeur En poste 

10.  TCHUEM TCHUENTE Louis Albert Professeur 
Inspecteur de service / 

Coord.Progr./MINSANTE 

11.  ZEBAZE TOGOUET Serge Hubert Professeur En poste 

 
12.  ALENE Désirée Chantal Maître de Conférences Vice Doyen/ Uté Ebwa 
13.  ATSAMO Albert Donatien Maître de Conférences En poste 
14.  BILANDA Danielle Claude Maître de Conférences En poste 
15.  DJIOGUE Séfirin Maître de Conférences En poste 

16.  
GOUNOUE KAMKUMO Raceline 
épse FOTSING Maître de Conférences En poste 

17.  JATSA BOUKENG Hermine épse 
MEGAPTCHE Maître de Conférences En Poste 

18.  KANDEDA KAVAYE Antoine Maître de Conférences En poste 
19.  LEKEUFACK FOLEFACK Guy B. Maître de Conférences En poste 
20.  MAHOB Raymond Joseph Maître de Conférences En poste 
21.  MBENOUN MASSE Paul Serge Maître de Conférences En poste 
22.  MEGNEKOU Rosette Maître de Conférences En poste 
23.  MOUNGANG Luciane Marlyse Maître de Conférences En poste 
24.  NOAH EWOTI Olive Vivien Maître de Conférences En poste 
25.  MONY Ruth épse NTONE Maître de Conférences En Poste 
26.  MVEYO NDANKEU Yves Patrick Maître de Conférences En poste 
27.  NGUEGUIM TSOFACK Florence Maître de Conférences En poste 
28.  NGUEMBOCK Maître de Conférences En poste 
29.  TAMSA ARFAO Antoine Maître de Conférences En poste 
30.  TOMBI Jeannette Maître de Conférences En poste 

 
31.  AMBADA NDZENGUE GEORGIA 

ELNA 
Chargé de Cours En poste 

32.  BASSOCK BAYIHA Etienne Didier Chargé de Cours En poste 
33.  ETEME ENAMA Serge Chargé de Cours En poste 
34.  FEUGANG YOUMSSI François Chargé de Cours En poste 
35.  FOKAM Alvine Christelle Epse 

KENGNE 
Chargé de Cours En poste 

36.  FOSSI TANKOUA Olivia Epse 
DJEUTCHOUANG SAYANG 

Chargé de Cours En poste  (transfert Uté 
de Dla) 

37.  GONWOUO NONO Legrand Chargé de Cours En poste 
38.  KOGA MANG DOBARA Chargé de Cours En poste 
39.  LEME BANOCK Lucie Chargé de Cours En poste 
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40.  MAPON NSANGOU Indou Chargé de Cours En poste 

41.  
METCHI DONFACK MIREILLE 
FLAURE EPSE GHOUMO 
 

Chargé de Cours En poste 

42.  NGOUATEU KENFACK Omer Bébé Chargé de Cours En poste 
43.  NJUA Clarisse YAFI Chargée de Cours Chef  Div. Uté Bamenda 
44.  NWANE Philippe Bienvenu Chargé de Cours En poste 
45.  TADU Zephyrin Chargé de Cours En poste 
46.  YEDE Chargé de Cours En poste 
47.  YOUNOUSSA LAME Chargé de Cours En poste 

 
48.  KODJOM WANCHE Jacguy Joyce Assistante En poste 
49.  NDENGUE Jean De Matha Assistant En poste 
50.  ZEMO GAMO Franklin Assistant En poste 
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       3- DÉPARTEMENT DE BIOLOGIE ET PHYSIOLOGIE VÉGÉTALES (BPV) (32) 
 

1.  AMBANG Zachée Professeur Chef  de Département 
2.  DJOCGOUE Pierre François Professeur En poste 
3.  MBOLO Marie Professeur En poste 
       
4. MOSSEBO Dominique Claude Professeur En poste 

       
5. NDONGO BEKOLO Professeur En poste 

6. ZAPFACK Louis Professeur En poste 
 

7. ANGONI Hyacinthe Maître de Conférences En poste 
8. BIYE Elvire Hortense Maître de Conférences En poste 
9. MAHBOU SOMO TOUKAM. Gabriel Maître de Conférences En poste 
10. MALA Armand William Maître de Conférences En poste 
11. MBARGA BINDZI Marie Alain Maître de Conférences DAAC  /UDla 
      
12.  NGALLE Hermine BILLE Maître de Conférences En poste 

13. NGONKEU MAGAPTCHE Eddy L. Maître de Conférences CT / MINRESI 
14. TONFACK Libert Brice Maître de Conférences En poste 
15. TSOATA Esaïe Maître de Conférences En poste 
16. ONANA JEAN MICHEL Maître de Conférences En poste 

 
17. DJEUANI Astride Carole Chargé de Cours En poste 
18. GONMADGE CHRISTELLE Chargé de Cours En poste 
19. MAFFO MAFFO Nicole Liliane Chargé de Cours En poste 
20. MANGA NDJAGA JUDE Chargé de Cours En poste 
21. NNANGA MEBENGA Ruth Laure Chargé de Cours En poste 
22. NOUKEU KOUAKAM Armelle Chargé de Cours En poste 
23. NSOM ZAMBO EPSE PIAL ANNIE 

CLAUDE Chargé de Cours 
En 
détachement/UNESC
O MALI 

24. GODSWILL NTSOMBOH 
NTSEFONG 

Chargé de Cours En poste 

25. KABELONG BANAHO Louis-Paul-
Roger 

Chargé de Cours En poste 

26. KONO Léon Dieudonné Chargé de Cours En poste 
27. LIBALAH Moses BAKONCK Chargé de Cours En poste 
28. LIKENG-LI-NGUE Benoit C Chargé de Cours En poste 
29. TAEDOUNG Evariste Hermann Chargé de Cours En poste 
30. TEMEGNE NONO Carine Chargé de Cours En poste 
 
31. DIDA LONTSI Sylvere Landry Assistant En poste 
32. METSEBING Blondo-Pascal Assistant En poste 
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       4- DÉPARTEMENT DE CHIMIE INORGANIQUE (CI) (27) 
 

1.  GHOGOMU Paul MINGO Professeur Ministre Chargé de 
Mission PR 

2.  NANSEU NJIKI Charles Péguy Professeur En poste 
3.  NDIFON Peter TEKE Professeur CT MINRESI 
4.  NENWA Justin Professeur En poste 
5.  NGOMO Horace MANGA Professeur Vice Chancelor/UB 
6.  NJIOMOU C. épse DJANGANG Professeur En poste 
7.  NJOYA Dayirou Professeur En poste 

 
8.  ACAYANKA Elie Maître de Conférences En poste 
9.  EMADAK Alphonse Maître de Conférences En poste 
10.  KAMGANG YOUBI Georges Maître de Conférences En poste 

11.  KEMMEGNE MBOUGUEM Jean 
C. Maître de Conférences En poste 

12.  KENNE DEDZO GUSTAVE Maître de Conférences En poste 
13.  MBEY Jean Aime Maître de Conférences En poste 
14.  NDI NSAMI Julius Maître de Conférences Chef de Département 

15.  NEBAH Née NDOSIRI Bridget 
NDOYE Maître de Conférences Sénatrice/SENAT 

16.  NYAMEN Linda Dyorisse Maître de Conférences En poste 

17.  PABOUDAM GBAMBIE 
AWAWOU Maître de Conférences En poste 

18.  TCHAKOUTE KOUAMO Hervé Maître de Conférences En poste 
19.  BELIBI BELIBI Placide Désiré Maître de Conférences Chef Service/ ENS Bertoua 
20.  CHEUMANI YONA Arnaud M. Maître de Conférences En poste 
21.  KOUOTOU DAOUDA Maître de Conférences En poste 

 
22.  MAKON Thomas Beauregard Chargé de Cours En poste 
23.  NCHIMI NONO KATIA Chargée de Cours En poste 
24.  NJANKWA NJABONG N. Eric Chargé de Cours En poste 
25.  PATOUOSSA ISSOFA Chargé de Cours En poste 
26.  SIEWE Jean Mermoz Chargé de Cours En Poste 
 
27.  BOYOM TATCHEMO Franck W. Assistant En Poste 
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7.  AMBASSA Pantaléon Maître de Conférences En poste 
8.  EYONG Kenneth OBEN Maître de Conférences En poste 
9.  FOTSO WABO Ghislain Maître de Conférences En poste 
10.  KAMTO Eutrophe Le Doux Maître de Conférences En poste 
11.  KENMOGNE Marguerite Maître de Conférences En poste 
12.  MVOT AKAK CARINE Maître de Conférences En poste 
13.  NGO MBING Joséphine Maître de Conférences Chef de Cellule MINRESI 
14.  NGONO BIKOBO Dominique Serge Maître de Conférences C.E.A/ MINESUP 
15.  NOTE LOUGBOT Olivier Placide Maître de Conférences Dir ENS/Uté Bertoua 
16.  NOUNGOUE TCHAMO Diderot Maître de Conférences En poste 
17.  TABOPDA KUATE Turibio Maître de Conférences En poste 
18.  TAGATSING FOTSING Maurice Maître de Conférences En poste 
19.  OUAHOUO WACHE Blandine M. Maître de Conférences En poste 
20.  ZONDEGOUMBA Ernestine Maître de Conférences En poste 

 

 
32.  NDOGO ETEME Olivier Assistant En poste 
33.  NGUEMDJO CHIMEZE Valery 

Wilfried 
Assistant En poste 

 

 

 

 

       5- DÉPARTEMENT DE CHIMIE ORGANIQUE (CO) (33) 

1.  Alex de Théodore ATCHADE Professeur  DEPE/Univ. Bertoua 
2.  DONGO Etienne Professeur Vice-Doyen/FSE/UYI 
3.  NGOUELA Silvère Augustin Professeur Chef de Département UDS 

4.  PEGNYEMB Dieudonné Emmanuel Professeur Recteur UBertoua/ Chef 
de Département 

5.  MBAZOA née DJAMA Céline Professeur En poste 
6.  MKOUNGA Pierre Professeur En poste 

    

21.  MESSI Angélique Nicolas Chargé de Cours En poste 
22.  MUNVERA MFIFEN Aristide Chargé de Cours En poste 
23.  NGNINTEDO Dominique Chargé de Cours En poste 
24.  NGOMO Orléans Chargée de Cours En poste 
25.  NONO NONO Éric Carly Chargé de Cours En poste 
26.  OUETE NANTCHOUANG Judith 

Laure 
Chargée de Cours En poste 

27.  SIELINOU TEDJON Valérie Chargé de Cours En poste 
28.  TCHAMGOUE Joseph Chargé de Cours En poste 
29.  TSAFFACK Maurice Chargé de Cours En poste 
30.  TSAMO TONTSA Armelle Chargé de Cours En poste 
31.  TSEMEUGNE Joseph Chargé de Cours En poste 
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      6- DEPARTEMENT DES ENERGIES RENOUVELABLES (ER) (1) 
1. BODO Bertrand  Professeur Chef de Département 
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5. ABESSOLO ALO’O Gislain Chargé de Cours Chef de Cellule MINFOPRA 

6. AMINOU HALIDOU Chargé de Cours Chef de Département 

7. 
DJAM Xaviera YOUH - 
KIMBI Chargé de Cours En Poste 

8. 
DOMGA KOMGUEM 
Rodrigue Chargé de Cours En poste 

9. EBELE Serge Alain Chargé de Cours En poste 

10. 
EKODECK Stéphane Gaël 
Raymond 

Chargé de Cours En poste 

11. HAMZA Adamou Chargé de Cours En poste 
12. JIOMEKONG AZANZI Fidel Chargé de Cours En poste 

13. 
KOUOKAM KOUOKAM E. 
A. Chargé de Cours En poste 

14. MELATAGIA YONTA Paulin Chargé de Cours En poste 
15. MESSI NGUELE Thomas Chargé de Cours En poste 
16. MONTHE DJIADEU Valery 

M. Chargé de Cours En poste 

17. NZEKON NZEKO'O ARMEL 
JACQUES Chargé de Cours En poste 

18. OLLE OLLE Daniel  Claude 
Georges Delort Chargé de Cours Directeur Adjoint ENSET 

Ebolowa 
19. TAPAMO Hyppolite Chargé de Cours En poste 

 
20. BAYEM Jacques Narcisse Assistant En poste 
21. MAKEMBE. S . Oswald Assistant Directeur CUTI 
22. NKONDOCK. MI. 

BAHANACK.N. Assistant En poste 
 
  

       7- DÉPARTEMENT D’INFORMATIQUE (IN) (22) 

1.  ATSA ETOUNDI Roger Professeur Chef de Division des SI/  
MINESUP 

2.  
FOUDA NDJODO Marcel 
Laurent Professeur Inspecteur Général 

Académique/ MINESUP 
 
3.  NDOUNDAM Réné Maître de Conférences En poste 
4.  TSOPZE Norbert Maître de Conférences En poste 
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       8- DÉPARTEMENT DE MATHÉMATIQUES (MA) (34) 
 

1.  AYISSI Raoult Domingo Professeur Chef de Département 
 

2.  KIANPI Maurice Maître de Conférences En poste 
3.  MBANG Joseph Maître de Conférences En poste 
4.  MBEHOU Mohamed Maître de Conférences Chef de Division/ENSPY 

5.  

MBELE BIDIMA Martin 
Ledoux Maître de Conférences 

Chef de Département de 
modélisation et applications 
industrielles/ENSPY 

6.  NOUNDJEU Pierre Maître de Conférences VDRC/FS/UYI 
7.  TAKAM SOH Patrice Maître de Conférences En poste 

8.  
TCHAPNDA NJABO 
Sophonie B. Maître de Conférences Directeur/AIMS Rwanda 

9.  TCHOUNDJA Edgar Landry Maître de Conférences En poste 
 

10.  
AGHOUKENG JIOFACK 
Jean Gérard Chargé de Cours Chef Cellule MINEPAT 

11.  BOGSO ANTOINE Marie 
 

Chargé de Cours En poste 
12.  BITYE MVONDO Esther 

 
Chargé de Cours En poste 

13.  CHENDJOU Gilbert Chargé de Cours En poste 
14.  DJIADEU NGAHA Michel Chargé de Cours En poste 
15.  DOUANLA YONTA Herman Chargé de Cours En poste 
16.  KIKI Maxime Armand Chargé de Cours En poste 

17.  KOKOMO AYISSI Eric Brice Chargé de Cours En poste( transfert de 
l’université de Douala) 

18.  
LOUMNGAM KAMGA 
Victor 

Chargé de Cours En poste 

19.  MBAKOP Guy Merlin Chargé de Cours En poste 
20.  MBATAKOU Salomon Joseph Chargé de Cours En poste 

21.  
MENGUE MENGUE David 
Joël Chargé de Cours Chef Dpt /ENS Université 

d’Ebolowa 
22.  MBIAKOP Hilaire George Chargé de Cours En poste 
23.  NGUEFACK Bernard Chargé de Cours En poste 
24.  NIMPA PEFOUKEU Romain Chargée de Cours En poste 
25.  OGADOA AMASSAYOGA Chargée de Cours En poste 

26.  
POLA  DOUNDOU 
Emmanuel Chargé de Cours En stage 

27.  
TENKEU JEUFACK Yannick 
Léa 

Chargé de Cours En poste 

28.  TCHEUTIA Daniel Duviol Chargé de Cours En poste 
29.  TETSADJIO TCHILEPECK 

M. Eric. Chargé de Cours En poste 

 
30.  FOKAM Jean Marcel Assistant En poste 
31.  GUIDZAVAI  KOUCHERE  

Albert 
Assistant En poste 

32.  MANN MANYOMBE Martin 
Luther 

Assistant En poste 

33.  MEFENZA NOUNTU Thiery Assistant En poste 
34.  NYOUMBI DLEUNA 

Christelle 
Assistant En poste 
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       9- DÉPARTEMENT DE MICROBIOLOGIE (MIB) (24) 
 

1.  ESSIA NGANG Jean Justin Professeur Chef de Département 

2.  
NYEGUE Maximilienne 
Ascension Professeur Vice-Doyen / DSSE 

3.  
SADO KAMDEM Sylvain 
Leroy Professeur En poste 

 
4.  ASSAM ASSAM Jean Paul Maître de Conférences En poste 
5.  BOUGNOM Blaise Pascal Maître de Conférences En poste 

6.  
KOUITCHEU MABEKU Epse 
KOUAM Laure Brigitte  Maître de Conférences En poste 

7.  MUNE MUNE Martin Alain Maître de Conférences En poste 

8.  RIWOM Sara Honorine Maître de Conférences En poste 
9.  NJIKI BIKOÏ Jacky Maître de Conférences En poste 

10.  TCHIKOUA Roger  Maître de Conférences Chef de Service de la 
Scolarité 

 
11.  ESSONO Damien Marie Chargé de Cours En poste 
12.  LAMYE Glory MOH Chargé de Cours En poste 
13.  MEYIN A EBONG Solange Chargé de Cours En poste 

14.  
MONI NDEDI Esther Del 
Florence 

Chargé de Cours En poste 

15.  NKOUDOU ZE Nardis Chargé de Cours En poste 
16.  NKOUE TONG Abraham Chargé de Cours En poste 

17.  
TAMATCHO KWEYANG 
Blandine Pulchérie 

Chargé de Cours En poste 

18.  
SAKE NGANE Carole 
Stéphanie 

Chargé de Cours En poste 

19.  TOBOLBAÏ Richard Chargé de Cours En poste 
 

20.  
EZO’O MENGO Fabrice 
Télésfor 

Assistant En poste 

21.  EHETH Jean Samuel Assistant En poste 
22.  MAYI Marie Paule Audrey Assistant En poste 
23.  NGOUENAM Romial Joël Assistant En poste 
24.  NJAPNDOUNKE Bilkissou Assistant En poste 
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       10. DEPARTEMENT DE PHYSIQUE (PHY) (42) 
 

1.  BEN- BOLIE Germain Hubert Professeur En poste 
2.  BIYA MOTTO Frédéric Professeur DG/HYDRO Mekin 

3.  DJUIDJE KENMOE épouse 
ALOYEM Professeur En poste 

4.  EKOBENA FOUDA Henri Paul Professeur Vice-Recteur. Uté Ngaoundéré 
5.  ESSIMBI ZOBO Bernard Professeur En poste 
6.  EYEBE FOUDA Jean sire Professeur En poste 
7.  HONA Jacques Professeur En poste 
8.  NANA ENGO Serge Guy Professeur En poste 
9.  NANA NBENDJO Blaise Professeur En poste 
10.  NDJAKA Jean Marie Bienvenu Professeur Chef de Département 
11.  NJANDJOCK NOUCK Philippe Professeur En poste 
12.  SAIDOU Professeur Chef de centre/IRGM/MINRESI 
13.  SIMO Elie Professeur En poste 
14.  TABOD Charles TABOD Professeur Doyen FSUniv/Bda 
15.  TCHAWOUA Clément Professeur En poste 
16.  WOAFO Paul Professeur En poste 
17.  ZEKENG Serge Sylvain Professeur En poste 
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ABSTRACT

Many of the activities of biological cells are carried out via microtubules (MTs). The exploration

of nonlinear waves in biological structures is of ever-increasing interest and today covers a multitude

of systems, including muscular tissues, the heart, neuronal networks and many others. The work of

this thesis focuses on understanding the processes of generation and propagation of coupled nonlin-

ear excitations associated with the collection and transport of energy in the MTs of eukaryotic cells in

general and neuronal in particular. To this end, two developed mathematical models of MTs are used

for the investigations. These are Zdravkovic’s radial angular model, which describes the structural mo-

tion of tubulin dimers, and Tuszynski’s electrical transmission line model, explaining the conduction of

ionic flux through the microtubular cylinder. Thanks to the semi-discrete approximation method close

to the continuum limit including multiple scales, we obtain from the generic models, three systems

of nonlinear equations of coupled amplitude including, two of Schrödinger, simple and complex and,

one of complex Ginzburg-Landau. Their analysis in the modulational instability leads to the deriva-

tion of the modulational instability gain. The necessary parametric regions capable of informing on the

existence of single and multimode soliton trains with relevant and biophysically acceptable results in

this cytoplasmic medium are obtained. The fourth-order Runge-Kutta numerical analysis leads to the

verification of the validity of the analytical results.

One of the coupled modes introduces a robust soliton-kink envelope solution, of which the charac-

teristics are discussed in relation to the intrinsic dipolar energy. This is important for energy transport

in the polymerization / depolymerization mechanism of MTs. Another set of results suggests that the

competing effects of transport memory and nonlinearity affect energy processing in cytoplasmic MTs

both in the formation of localized soliton-breather excitations and in the emergence of impulses rec-

ognized for efficient neuronal communication. Moreover, we show that the dissipation phenomenon

contributes to the control and processing of ionic pulse transfer involving neuronal MTs with the emer-

gence of coupled ionic soliton trains.

Thus the influence of the large amount of information relayed through MTs networks comes with

interesting biological implications in neurons and many other eukaryotic cell types.

Keywords: Microtubules; Neuronal Networks; Energy Transport; Coupled Amplitude Equations;

Transport Memory; Dipolar Energy; Dissipation.
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RÉSUMÉ

De nombreuses activités des cellules biologiques sont réalisées par l’intermédiaire des microtubules

(MTs). L’exploration des ondes non linéaires dans les structures biologiques connait un intérêt sans

cesse croissant et couvre aujourd’hui une multitude de systèmes notamment, les tissus musculaires, le

cœur, les réseaux neuronaux et bien d’autres. L’étude faite dans cette thèse porte sur la compréhen-

sion des processus de génération et de propagation des excitations couplées non linéaires associées à la

collecte et au transport d’énergie dans les MTs des cellules eucaryotes en général et neuronaux en partic-

ulier. A cette fin, deux modèles mathématiques développés de MTs sont utilisés pour les investigations.

Il s’agit du modèle angulaire radial de Zdravković, qui décrit le mouvement structural des dimères de

tubuline et du modèle des lignes électriques de transmission de Tuszyński, expliquant la conduction

du flux ionique à travers le cylindre microtubulaire. Grâce à la méthode d’approximation semi-discrète

proche de la limite du continuum incluant des échelles multiples, nous obtenons à partir des modèles

génériques, trois systèmes d’équations non linéaires d’amplitude couplée dont, deux de Schrödinger,

simple et complexe et, un de Ginzburg-Landau complexe. Leur analyse dans l’instabilité modulation-

nelle conduit à la dérivation du gain d’instabilité modulationnelle. Les régions paramétriques néces-

saires et capables d’informer sur l’existence des trains de soliton simples et multimodes avec des résul-

tats pertinents et biophysiquement acceptables dans ce milieu cytoplasmique sont obtenues. L’analyse

numérique de Runge-Kutta d’ordre quatre mène à la vérification de la validité des résultats analytiques.

L’un des modes couplés introduit une solution robuste d’enveloppe de soliton-kink, dont les car-

actéristiques sont discutées par rapport à l’énergie dipolaire intrinsèque. Ce qui est important pour le

transport d’énergie dans le mécanisme de polymérisation / dépolymérisation des MTs. Un autre pan

de résultats suggère que les effets compétitifs de la mémoire de transport et de la non linéarité affectent

le traitement de l’énergie dans les MTs cytoplasmiques tant sur la formation des excitations localisées

de type soliton-breather que sur l’émergence des impulsions reconnues pour une communication neu-

ronale efficiente. Plus encore, nous montrons que le phénomène de dissipation contribue au contrôle

et traitement du transfert de l’impulsion ionique impliquant les MTs neuronaux avec l’apparition des

trains de soliton ionique couplé.

Ainsi l’influence de la grande quantité d’informations relayées à travers les réseaux de MTs s’accom-

pagne des implications biologiques intéressantes dans les neurones et dans bien d’autres types de cel-

lules eucaryotes.

Mots clés : Microtubules; Réseaux Neuronaux; Transport d’Énergie; Equations d’Amplitude Cou-

plée; Mémoire de Transport; Energie Dipolaire; Dissipation.
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GENERAL INTRODUCTION

Today, biological systems are central to the development of nonlinear science because of the excep-

tional complexity of their interpretation and understanding. They generally emerge as a large collective

of interconnected biochemical units called cells. Thus, from a structural point of view, the basic archi-

tectural unit of any biological system is the cell. The cell contains mainly a part called the cytoplasm,

with around eighty per cent water molecules in its composition. In addition to water molecules, eu-

karyotic cells have a cytoskeleton in their cytoplasm made up of three different types of filamentous

structures: actin-based microfilaments (MFs), intermediate filaments (IFs) (e.g. neurofilaments, keratin,

etc.) and tubulin-based microtubules [1]. These cytoskeletal networks are mainly involved in a multi-

tude of roles in the cell, with different types of directed movement [2,3]. MTs are the major cytoskeletal

component, highly dynamic with a well-known structure [4]. In vivo and In vitro, observations show

that MTs are quite voluminous with a high degree of physiological dynamism [5]. Since then, interest

in this molecule has grown steadily, particularly when its physiological properties make it possible to

study it using mathematical modelling.

0.1 Context and motivation for the thesis

The Biophysics Laboratory was created some fifteen years ago in the Physics Department of the Uni-

versity of Yaoundé I. It was set up to contribute to the development of research in fundamental physics

applied to biology in the Central African Sub-Region and in Cameroon in particular. Since then, a

number of research areas have been explored. These include the protein field, molecular swimmers,

neuroscience and the dynamics of the deoxyribonucleic acid (DNA) present in all cells. Recently, in

2014, the laboratory decided to broaden its field of research and is now interested in MTs. This is how

my introduction to research at Master’s degree level came to be focused on MTs. As the first student to

work in this new direction in the laboratory, the results obtained in the master’s thesis are satisfactory.

We found that the microtubular network contained in the intracellular space of eukaryotic cells assumes

essential vital functions linked to their dynamics and variable spatial configurations during the cell cy-

cle. It also integrates the flow of information reaching the cell into a particular structural organization.

It was shown that this flow of information could be explained by the generation and propagation of

nonlinear waves along microtubules, although this was still in its infancy. It is with the intention of

continuing with this work begun in the Master’s cycle that this thesis is being written. It should be

noted that we are not the first in the world to have an interest in MTs. A lot of work has already been

done at other universities. In anatomical and physiological research, for example, enormous progress
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General Introduction 2

has been made in explaining the complex dynamics of these biological molecules in their environment

[6–10]. In other directions and based on experimental observations, biophysicists have proposed math-

ematical models describing the behaviour of MTs in the cytosol with significant physical parameters.

These include structural models linked to the movement of microtubule components [11–16] and the

electrical transmission line model explaining microtubule ionic conduction [17]. In these models, the

authors explain the movements linked to MTs using nonlinear waves with single frequency modes. We

were inspired by the idea of coupling frequency modes, mainly in the DNA research carried out in our

laboratory. In their studies, Tabi et al [18] showed that different classes of waves could coexist and

carry a large amount of energy, making it possible to explain specific biological processes such as the

initiation of transcription and the open states observed during the reading of the genetic code by Ri-

bonucleic Acid (RNA)messenger. Our main motivation came from the fact that MTs evolve in the same

cellular environment as DNA. Given that MTs are active in many biological processes, we also thought

we would contribute to understanding their dynamic behaviour via multi-mode waves propagation. In

reality, there are several other micro-particles or parameters in the cytoplasmic environment that could

strongly influence the movement of MTs.

0.2 Problematic and objectives of the thesis

Biomolecular dynamics is a fascinating subject linked to the fundamental phenomena of life. It is

therefore described by nonlinear mechanisms. The major concerns of this thesis are to:

- Show that two waves of different frequencies can coexist in microtubules;

- Find the parametric conditions favorable to optimal generation and propagation of multi-mode

signals through MTs within the cytoplasm.

We know that the processing of information related to complex biological systems by manipulating

the equations of mathematical models is a great asset for physicists. It is for this reason that the answer

to our concerns must involve the harmonious development of a combination of some analytical and

numerical methods. These methods are crucial to the study of the stable propagation of excitations,

with the major aim of contributing to an optimum understanding of the complex phenomena linked to

the essential roles of MT networks.

0.3 Outline of the thesis

We have divided this thesis into three chapters:

Chapter 1 will deal, on the one hand, with the biological generality of MTs and, on the other hand,

with a review of the literature focusing on their biophysical behaviour. More specifically, in this section

we will first present the biological structure and essential functions of the microtubule molecule. Sec-

ondly, some interesting mathematical models of nonlinear dynamics imitating the behaviour of MTs in

their biotope and implemented by some authors will be introduced.

TANKOU 2 Ph.D. Thesis of Biophysics Laboratory



General Introduction 3

Chapter 2 will concentrate, on the one hand, on an in-depth description of the models chosen for

our task in this thesis, with details of the ideal case without perturbation and the case influenced by

some parameters and behaviour of the cytoplasmic environment. On the other hand, the analytical and

numerical methods used for the investigation will be highlighted. These are the multiple-scale expan-

sion method, the modulational instability analysis, the JEF method, the semi-discrete approximation

method, the modified Hirota’s Bilinear method and the Runge-Kutta fourth-order numerical simula-

tion scheme. Three systems of equations with amplitudes coupled by two frequency modes will be

derived:

- a system of coupled nonlinear Schrödinger equations (CNLS) ;

- a system of complex coupled nonlinear Schrödinger equations (CCNLS) with its coefficients taking

into account the transport memory constant, and

- a system of complex coupled Ginzburg-Landau equations (CCGL).

Chapter 3 is dedicated to the presentation and discussion of the obtained results. The parametric

zones of our biophysical system likely to some solitonic and localized structures will be produced and

discussed through the growth rate of MI. By means of analytical methods, the construction of solitonic

solutions of kink / breather and pulse at a single frequency mode; then multi-modes will be proposed.

These solitonic solutions present relevant new characteristics. Using direct numerical simulations, we

show that their propagation will be manifested by the appearance of trains of modulated solitons. We

will discuss the behaviour of these results with respect to the impact of parameters such as the dipole

energy, the dissipation coefficient and the transport memory constant.

This thesis will end with a general conclusion and a few future directions that could be investigated.
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CHAPTER I

LITERATURE REVIEW ON MICROTUBULES

I.1 Introduction

Research to date shows that the interpretation and understanding of biological phenomena in gen-

eral, and of MTs in particular, remains fairly complex. This is because of the diversity and very small

size of the micro particles interacting in the biological environment. For example, the polymerization or

depolymerization of MTs in the cell, the transcription and replication of DNA, the intracellular trans-

port of organelles and vesicles, cell communication, ionic conduction and the dynamics of neuronal

cells are just some of the phenomena that are not easy to understand. This has prompted researchers to

take a closer look, and fundamental processes based on physico-chemical and biological mechanisms

have been established. These shape and theoretically describe the complex biological phenomena in

an acceptable way. In this chapter, we will first give a background of biological generalities on MTs.

Secondly, some existing physico-mathematical models related to the complex understanding of MTs

are reviewed.

I.2 Biological background on microtubules

I.2.1 Definition and structure of microtubules

MTs are a major component of the protein filaments in the cytoplasm of all eukaryotic cells, playing a

multitude of biological roles. Morphologically, they are hollow cylinders formed from protofilaments,

which in turn are composed of a series of proteins called tubulin dimers [19, 20]. Since MTs are an

element responsible for intracellular movements and therefore necessary for the survival of the cell, it

is important to know its architectural composition. Thus, by transmission electron microscopy, tubu-

lins are seen as slightly acidic globular proteins, with an apparent molecular weight of 50kDa (1Da

being the atomic unit of mass), present in the cell as α-tubulin, β-tubulin and γ-tubulin [20]. The α,β-

tubulin are capable of fusing to form dimers (see Figure 1). The longitudinal assembly of dimers or

heterodimers together allows the formation of protofilaments (PFs) and the lateral assembly of these

protofilaments forms the microtubule, as upon the Figure 1. Microtubules have a three left-handed

helix structure (corresponding to the stacking of three left-handed helices on top of each other) with

a pitch of 12 nm. In vitro, from purified tubulin, it is possible to reconstitute microtubules with be-

tween 12 and 17 protofilaments, the distribution of the latter being a Gaussian centered on 14 [21].

In vivo, on the other hand, almost all microtubules have 13 protofilaments and are referred to as 13-

symmetric [22–24]. Microtubules with 13 protofilaments form hollow tubes of 25nm outer diameter
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Literature review on microtubules 5

Figure 1: Microtubule structure: a) assembly of α and β-tubulin-tubulin dimers in protofilaments(PF),
b) sheet assembly of 13 linear PFs and c) MT elongation, tubulin heterodimers are the building blocks
of MTs. The β subunit binds Guanosine Triphosphate (GTP) and eventually hydrolyze it to Guanosine
Diphosphate(GDP ) [20].

and 15nm inner diameter (see Figure 1). MTs can reach a length of 50 µm with an average length of 25

µm. Only with 13-symmetry does each protofilament remain straight along the microtubule (with other

symmetry, the protofilaments curl along the microtubule) [21]. In this configuration, the α-tubulins of

one protofilament interact laterally with the α-tubulins of another protofilament, as do the β-tubulins.

However, there is an area called the groove where the α-tubulins of one protofilament interact laterally

with the β-tubulins of another protofilament [21] (see Figure 1). Due to the head-to-tail assembly of

tubulin heterodimers, microtubules are polarized. The two ends are referred to as negative (-) and pos-

itive (+) ends [23]. Within each heterodimer, α-tubulin is on the negative end of the microtubule while

β-tubulin is on the positive end. The elongation of microtubules takes place from nuclei, the gamma-

Tubuline Ring Complex (γ-TuRCs) located at the Microtubules Organizing Center (MTOCs) [24]. These

nuclei, visible in electron microscopy, are ring-shaped structures with a diameter similar to that of mi-

crotubules. Also these nuclei contain a particular tubulin, γ-tubulin, on which microtubule nucleation

depends [25].

I.2.2 Dynamical behavior of microtubules

Microtubules are highly dynamic structures [26]. In vitro, there is an addition of tubulin at both ends

but the addition of tubulin at the positive end is much faster than at the negative end. In vivo, the nega-

tive end is stabilized.There is a flow phenomenon towards the negative end, with microtubules tending

to lose tubulin dimers at the negative end while gaining them at the positive end [27]. This resulting in

TANKOU 5 Ph.D. Thesis of Biophysics Laboratory



Literature review on microtubules 6

a flow of tubulin from the plus end of the microtubules towards the minus end. Thus, the microtubule

maintains a relatively constant position and size [27]. The equilibrium between the addition and loss of

tubulin at both ends of the microtubules has for consequence the alternation between polymerization

and depolymerization phases. This process, known as dynamic instability, is an intrinsic property of

microtubules. It is characterized by four parameters whose two velocities and two frequencies notably,

the speed and the frequency of polymerization and, the speed and the frequency of depolymeriza-

tion [28]. The necessary energy for this dynamic instability comes from the hydrolysis of Guanosine

Triphosphate(GTP) on tubulin during microtubule assembly. This hydrolysis is not essential for poly-

merization, but it is necessary for destabilization [28]. The transition from a polymerization phase to

a depolymerization phase is called a catastrophe, while the transition from a depolymerization phase

to a polymerization phase is called rescue [28]. In vivo and In vitro observations are complementary.

There are also so-called pause phases during which neither polymerization nor depolymerization of the

microtubule occurs [29, 30] (see Figure 2). Each tubulin has a GTP binding site, these sites are called N

Figure 2: Dynamic properties of MTs: dynamic instability is characterized by the coexistence of poly-
merizing and depolymerizing MTs [28].

and E for α-tubulin and β-tubulin, respectively. The N site of α-tubulin is buried at the interaction zone

between the two subunits of the heterodimer making the GTP bound to this site non-exchangeable and

non-hydrolysable [31]. In contrast, the E site of β-tubulin is exposed when there is no interaction with

α-tubulin of another heterodimer, so its GTP is exchangeable but only dimers with β-tubulin bound to

GTP are competent for polymerization [32, 33]. Upon interaction with another heterodimer, the GTP

of the E-site is hydrolyzed to Guanosine Diphosphate(GDP) [34]. Microtubule growth and GTP hy-

drolysis are thus coupled. Following the hydrolysis of GTP to GDP, a rearrangement of the tubulin
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structure takes place, which generates constraints in the dimer. These constraints are released during

depolymerization, causing the passage from a straight to a curved structure of the heterodimer [28,35].

The body of microtubules is mainly composed of GDP-bound tubulin but the presence of a GTP coif at

the (+) end forces the maintenance of the straight structure of heterodimers. Loss of this GTP coif leads

to catastrophe events during which the profilaments adopt a curved structure and thus detach from the

microtubules and depolymerize [36].

I.2.3 Microtubule Associated Proteins

The Microtubules dynamics In vivo have higher polymerization rates than those observed In vitro.

This implies more frequent alternations between growth and decreasing at the ends [36]. These dif-

ferences are due to the presence in the cell, the proteins (i.e. the Microtubules Associated Protein)

regulating nucleation as well as internal and external signals, which modify both the dynamics and

organization of the microtubule cytoskeleton.

I.2.3.1 Regulatory proteins

The proteins that act on microtubule dynamics are regulated via their availability during the cy-

cle, their localization, and for some their phosphorylation state [37]. These Microtubules Associated

Protein (MAPs) are found along the microtubules as well as at their extremities where they play a

role that can be stabilizing or destabilizing. Among the non-motor MAPs, we can mention: Mitotic

Centromere-Associated Kinesin (MCAK), which stabilizes the curved shape of dimers and thus fa-

cilitates the disassembly of microtubules by hydrolyzing Adenosine Triphosphate (ATP) [38]; MAP1,

MAP2, MAP3 proteins that bind laterally to microtubules and stabilize them; and Tau protein, which

stabilizes the microtubules in axons. In addition to GTP hydrolysis and association with other pro-

teins, a large number of post-translational modifications (acetylation, tyrosinylation/detyrosinylation,

polyglutamylation, polyglycylation,) influence microtubule dynamics. These modifications are often

found in cilia and flagella and in some cases in axons and are generally associated with stable micro-

tubules [39].

I.2.3.2 Motor proteins

Motor proteins play a cargo role in the cell [40]. They are essential for intracellular trafficking, the

best example of this function being the transport of neurotransmitters along the axon of neurons. Motor

proteins are also involved in the positioning of organelles and the positioning of mitotic chromosomes.

Microtubules are a kind of highway of the cell on which motor proteins can move in an organized man-

ner (see Figure 3). Depending on their direction of movement, motor proteins can be classified into two

main categories: kinesins, which mostly move towards the (+) end of microtubules, and dyneins, which

move towards the (-) end of microtubules [41]. The energy for the movement of motor proteins along

the microtubules is provided by the hydrolysis of ATP [42]. The movement of motor proteins along mi-
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Figure 3: Typical kinesin and dynein bounds to a microtubule: Movement anterograde mediated by
kinesin, motor activated by ATP, on guides microtubular and movement retrograde by dynein [40].

crotubules is largely favored by 13-symmetry, which allows for straight protofilaments, so that a motor

protein always remains on the same side of the microtubule during its movement. The transport per-

formed by kinesin is anterograde while that of dynein is retrograde (see Figure 3). Motor proteins also

play a role in the formation and stability of the mitotic spindle. They exert forces on the microtubules,

allowing them to slide relative to each other, and to form and maintain a bipolar spindle. Dyneins are

also essential for the movement of cilia and flagella. Their action will cause the microtubules to slide

locally relative to each other, resulting in the bending of the cilium or flagellum [43].

I.2.4 Functions and neuronal microtubules

I.2.4.1 Neuron

Neurons are the basic cells of the nervous system. These nerve cells are responsible for the reception

and transmission of nerve impulses and form long, interconnected fibres [44]. They are composed of

a cell body or soma which contains a nucleus, an axon and one or more dendrites(see Figure 4) [45].

Depending on the information or messages the neurons receive, they are able to emit electrical signals,

propagate them along the axons and transmit them to other cells. Neurons have the property of being

excitable and if stimulations are of adequate intensity, the cell responds by developing a bioelectric

signal called an action potential [46]. The neuron is able to propagate this and conduct it along the axon

to the end of its extensions. This excitation is transmitted to the post-synaptic cell elements, which

gives neurons the property of conductivity [47]. In most non-neuronal cells, MTs are nucleated from

an organizing centre called the centrosome. Their negative ends are anchored at the centrosome while

their positive ends radiate throughout the cytoplasm (see Figure 4). The same is true in undifferentiated
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Figure 4: Microtubule organization in neurons. MT organization is tightly regulated in the different
neuronal compartments. In axon, MTs form stable, polarized bundles with uniform polarity orienta-
tion, exposing their plus minus ends away from the cell body. In proximal dendrites, MTs are organized
in antiparallel bundles oriented with their plus ends pointing away or toward the soma. In the growth
cone, MTs adopt four characteristic distributions: splayed, captured at the cortical matrix, looped, and
bundled. At the top, MT structure (slide view and end view) is shown [45].

neuronal cells. In differentiated neuronal cells, MTs are no longer anchored at the centrosome [48, 49].

They are nucleated at the centrosome but are then transported into the neuritic extensions. Neuritic

MTs are indeed highly organized: in axons, their negative end is located at the cell body and their

positive end points to the axon terminal. But in dendrites, MTs are oriented in both directions [50]. It

has been shown that the positive end of some axonal MTs can serve as a relay nucleation centre [51];

MTs cannot be continuous throughout the axon. The MAP2 and tau proteins are found exclusively

in neuronal cells and participate, among other things, in the determination of dendritic and axonal

structures respectively during development(see Figure 4). Both proteins stabilize microtubules, which

promotes the addition of tubulin polymers, thus accelerating microtubule growth [52].

I.2.4.2 Essential functions of microtubules

Thanks to their dynamic assembly-disassembly properties and their ability to interact with many

cellular factors, microtubules participate in essential eukaryotic functions such as motility, intracellu-

lar trafficking and cell division [53]. Microtubules also play an important role in neuronal functions,

including consciousness and memory mechanisms. Several research studies in biology and even bio-

physics show that MTs are responsible for the maintenance and morphological variation of the cell.

They are involved in intracellular trafficking by forming real rails along which motor proteins move

and transport various organelles and vesicles. They are also essential for cell division, during which

they form a complex and dynamic bipolar structure (the mitotic spindle) necessary for the correct seg-

regation of chromosomes during mitosis [54]. This mitotic spindle consists of two symmetrical and
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antiparallel arrays of microtubules, one end of which interacts with the chromosomes and the other

is anchored at both poles. After breaking the nuclear envelope, the chromosomes are captured by the

microtubules and oscillate between the two poles, before positioning themselves on the equatorial plate

in metaphase [55].

MTs also have very important neuronal roles. The mechanisms of consciousness and memory

involve nerve cells. MTs play a major role in the growth of neurons and the maintenance of their asym-

metric morphology, but also have key structural and motile roles in transport within the cytoplasm

of these nerve cells and in the development of their extensions [56]. This multitude of functions is ex-

plained by the dynamic and structural properties of microtubular networks. Neuronal growth is highly

dependent on the behaviour and dynamics of MTs, because are found in axons and dendrites. During

neuronal development, the neuron becomes polarized when one of its extensions accelerates its growth

to become an axon. This axon and the others (dendrites) have a growth cone at the end. The polarity of

the neuron is an important feature in establishing the morphological and functional difference between

the two types of neuronal extension [57]. In axons, MTs are all oriented parallel with their positive end

towards the growth cone, whereas in dendrites they are randomly oriented in both directions [58].

In axons, MTs are all oriented parallel with their positive end towards the growth cone, whereas in

dendrites they are oriented in both directions, in a random fashion [58]. In the neuron, the microtubular

network serves as the rails on which the molecular motors (dynein and kinesins) will specifically asso-

ciate to allow the transport of cargo vesicles from the cell body to the axon tip or vice versa. MTs are

also important for the transport of vesicles between the endoplasmic reticulum and the Golgi appara-

tus [59]. they also play a role in maintaining the organization of organelles such as the Golgi apparatus.

I.2.5 Pathologies linked to the dysfunction of neuronal microtubules

The nervous system performs multiple functions during its dynamics and which have repercus-

sions throughout the body. The latter can fail in many conditions. An alteration of the nervous system

can lead to quite serious complications. Because the nervous system remains essential to the proper

functioning of the body of a living being. Neuronal degeneration includes several pathologies such

as Alzheimer’s, Parkinson’s disease, multiple sclerosis, etc [60]. These diseases are becoming increas-

ingly common in our environment and are generally age-related [61]. Indeed, as we age, we expect a

decline in intellectual faculties and memory, but in neurodegenerative diseases, this decline is much

more rapid than normal. Among the causes of these diseases, a malfunction of the MTs could be cited.

Since the MAP proteins (MAP2 and Tau) are effectors that stabilize MTs and thus promote normal neu-

ron development, a link has been shown to the function of the tau protein in Alzheimer’s disease [62].

In the nervous tissue of Alzheimer’s patients, tau forms abnormal aggregates, characterized in most

cases by hyper-phosphorylation of the protein [62] (see Fig. 5)). Their massive detachment from micro-

tubules greatly reduces the stability of the latter along the axon. This observable aspect, characterized

by microtubule instability, is thought to be one of the main causes of the disease symptoms [63].
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Figure 5: Morphology of healthy microtubules compared with that of microtubules in Alzheimer’s dis-
ease. (A) Tau facilitates microtubule stabilisation and is abundant in the neuron axon. (B) Tau function
compromised by neurofibrils and Tau detachment from microtubules by destabilising them [62].

It is important to mention here that biologists, and mainly physiologists, have done enormous re-

search to explain the dynamics, interactions and functions related to MTs in eukaryotic cells of living

beings. In the same way, the mathematical physics models will emerge for further explanation.

I.3 Mathematical models of microtubules

New tools for understanding the nonlinear movements of MTs, just as interesting and linked to the

performance of their multiple tasks, were developed by biophysicists from 1993 onwards. These are

mathematical models with parameters that are physically manipulable and biologically significant.

I.3.1 Original model of microtubules

This model was established about 30 years ago by Satarić and his collaborators [11]. It represents the

basic structural model. It has been improved over time and several others have followed with the com-

mon aim of exploring in depth the nonlinear dynamics of MTs. Biological systems in general, and MTs

in particular, have a high number of degrees of freedom. To reduce this number of degrees of freedom

and be able to better manipulate the model equations, the idea came from the work of Frôhlich [64],

in which he studied regular oscillators of coupled dipoles interacting through resonant (i.e. frequency-

specific) forces. The basic argument presented in starting Satarić’s model is that the MT system has a

strong uniaxial dielectric anisotropy. This can allow the MTs dipolar oscillator network to be effectively

described by reducing the number of degrees of freedom [11]. Thus this Satarić source model assumes
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only one degree of freedom per movement of the dipolar dimer in the PF. A generalized coordinate un

used is the projection of the top of the dimer likely to rotate with respect to the direction of the PF (the

axis of the MT cylinder) at a position n. Since the longitudinal projection of the dimer displacement

interacts with the rest of the lattice by a mean-field force due to an anharmonic crystal field potential,

the introduction of the double-well potential model is valid [65]. The total action of the surrounding

dimers on the dipole at a position n is qualitatively described by a double-well potential [11] as

Vd(un) = −1

2
Au2

n +
1

4
Bu4

n, (1)

where un is the longitudinal displacement of the nth dimer, A and B are model parameters such that

B > 0 and independent of temperature, while A is typically a linear function of temperature that can

change sign at an instability temperature Tc, i.e. A = a(T − Tc) and a > 0. Being an electric dipole,

the dimer in the almost uniform intrinsic electric field parallel to the microtubule axis acquires the

additional potential energy associated with this dipole, given by [11]:

Vel(un) = −Cun ; C = qE, (2)

where q denotes the effective mobile charge of a single dimer and E is the amplitude of the intrinsic

electric field. Thus the two potentials combined lead to the general potential:

V (un) = Vd (un) + Vel (un) , (3)

The Hamiltonian model of a PF can be given as follows:

H =
∑
n

[
m

2
u̇2
n +

k

2
(un+1 − un)2 + V (un)

]
, (4)

where the point (·) means the first derivative with respect to time, m is the mass of the dimer and k is

the parameter of the inter-dimer interaction in the same PF. The first term of this expression Hamilto-

nian represents the kinetic energy of the dimer and the second is the potential energy of the chemical

interaction between neighbouring dimers belonging to the same PF. By introducing the viscosity force

Fv = −γ u̇n ( γ, viscosity coefficient) contributed by the solvent in the medium, the dynamic equation

of motion obtained with the application of Hamiltonian formalism is written [11]:

mün = k(un+1 + un−1 − 2un) +Aun −Bun3 + qE − γ u̇n. (5)

For a less complex solution of equation (5), the continuum approximation un(t) → u(x, t) and the

series expansion of un±1 are applied. After this step, a change of variable ξ = κx− ω t, with k and ω as

constants, followed. Finally the use of the dimensionless function u =
√

A
B ψ and some considerations

between the parameters allowed the authors to obtain the final nonlinear ordinary differential equation
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in the form:

−ψ′′ − ρψ′ − ψ + ψ3 − σ = 0, (6)

where σ = qE

A
√

A
B

, ψ′ = dψ
dξ and ρ = γω

A , with ω2 = k`2κ−A
m . Solving equation (6) led to a

kink-type solution shown in Fig. 6. The required parameters of this first model were estimated using

available experimental data [66]. The main result obtained, which is a kink-type excitation that can

propagate with a single velocity within the given range of parameters, is proportional to the modulus

of the electric field E [67]. Satarić et a` predicted that these excitations could be observed experimen-

Figure 6: The kinklike excitation : A solution of Eq.(6) [11].

tally, for example, by neutron scattering and polarization experiments [68, 69]. The authors say that

kink solitons are not easily formed, but they are solutions of the equation describing motion with a

fairly considerable amount of energy. So, in the immediate vicinity of the critical temperature Tc, these

excitations can easily take shape [70]. However, because of their topological stability, they are not easily

destroyed once they are formed either. The creation of kinks could also be stimulated by the release of a

good amount of energy produced, for example, during the hydrolysis of guanosine triphosphate. Thus

at normal concentrations of existing GTP molecules, kink excitations are expected to be generated, as a

consequence of the conformational change of these molecules. It is also mentioned that the kink propa-

gation obtained would distribute the energy of hydrolysis to the preferential end of an MT and that this

energy would be used to detach the dimers. This is a picture in line with a hypothesis put forward in

a paper by Krischner and Mitchison [71], stating that the rate of polymerization is limited in principle

only by the rate of diffusion of the monomer subunits in the MT polymer (i.e. by the concentration of

the constituent monomers in solution). As a result, and with the elongation of MTs, the propagation

of kinks becomes an important new factor and introduces disassembly at the negative end, the speed

of which will be proportional to the rate of excitations arriving per unit time at the negative end. It
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has also been shown that kinks can be totally reflected by an attractive impurity (MAP binding point)

from the lattice in the MT structure if their velocities are within specific resonance velocity ranges [72].

Consequently, if the velocity of the excitations is within such a range, the rate of arrival of excitations

at the negative end will decrease or even stop as the number of MAPs increases. This can lead to a

significant reduction in the rate of MT disassembly. This is a mechanism that could offer a number of

interesting possibilities for the transmission and storage of information.

This was a first step towards quantitative modelling of the behaviour of microtubule structure.

Subsequently, other more improved models were developed.

I.3.2 U-model of microtubules

As mentioned above, this model [12] improves on the source model with the presence of an impor-

tant parameter. It also assumes only one degree of freedom per tubulin dimer. This refers to the longi-

tudinal displacement of a dimer occupying a position n along the PF and also referred to as a Un [12].

For more precision, the U-model is based on an angular degree of freedom, but the Un-coordinate is a

Figure 7: Scheme of demonstration of the U-model of MT [13].

projection of the top of the dimer onto the PF direction (see Fig. 7). On this figure, we can see that a

U-coordinate belongs to the PF direction. An angle between the PF direction and a ground reference

state of the PM dimer is ϕ0(see Fig. 7). The tubulin dimer performs angular oscillations from the PI to PJ

direction and the projection of its tip belongs to the interval U1 < U < U2 [13]. The same explanations

as for the original Satarić model, lead to the following identical Hamiltonian:

H =
∑
n

[
m

2
u̇2
n +

k

2
(un+1 − un)2 − 1

2
Au2

n +
1

4
Bu4

n − Cun
]
, (7)
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Identical transformations and calculations already introduced in the previous sub-section are also ap-

plied here and easily lead to the following ordinary nonlinear differential equation:

αψ′′ − ρψ′ − ψ + ψ3 − σ = 0, (8)

where σ = qE

A
√

A
B

, ρ = γω
A and α = mω2−kl2κ2

A It is clear from the comparison of equations

(6) and (8) that for α = −1, both are equal. It is therefore clear that this approach is improved and is

more general. In this model, the interesting fact is the calculation of the value of the parameter α. This

parameter is very useful because it allows to understand the physics behind Eq.(8) and its solutions [12].

The parameters ρ and σ were treated as an input in order to determine the values of the dynamic

parameters of the system, including α. Using the Modified extended tanh-function method [13], the

Figure 8: Analytical antikink soliton solutions with ρ = 1 for respectively, σ = 0 (red line) and σ = 0.3
(green line) [12].

authors found that the final analytical result obtained from equation (8) for the motion of the tubulin

dimer depended only on the parameters that determine the values of ρ and σ. This analytical result

is shown in Fig. 8, for two values of the σ parameter and for ρ = 1 [13]. This is clearly an antikink

soliton whose width is plausibly proportional to the viscosity. It was pointed out that α should be

negative, indicating strong chemical bonding between neighbouring dimers in PFs [11]. Numerical

experiments were also carried out and one of the best results is given in Fig. 9, for the α parameters for

which the analytical procedure did not give solutions [12]. Thus, the authors established that, as the α

parameter multiplies only one derivative in equation (8), it does not influence the asymptotic solutions

determined by σ. Secondly, for small absolute values of α, the antikink soliton is narrow and has a

shape similar to the tanh function. This would mean that the transition between the initial position

and the final position of the tubulin dimer is rapid and regular. On the other hand, for a large absolute

value of α, the dimer undergoes oscillations before stabilizing at the final value. We also noticed that
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Figure 9: Numerical antikink soliton solutions with ρ = 1, σ = 0 for different values of α. [12].

the period and amplitude of the oscillations increased with absolute value of α. These results indicate

that there is an optimal parameter α for a given process to occur and, in this case, the dynamics of

the MT is described when the system is at the minimum of the potential well. It has been suggested

that the antikink soliton acts on the actual direction and sense of transport of cellular cargoes via motor

proteins [73]. In other words, the cell compartment requiring a specific cargo would initiate the antikink

excitation obtained, sending it as a signal along the nearest MT, which would activate the appropriate

transport motor [74, 75] and the delivery would be made to the intended destination. Depending on

the chosen coordinates describing the dimer oscillations, another basic model has been introduced. The

radial model [14] and called ϕ-model which we will define in the next subsection.

I.3.3 ϕ-model of microtubules

The previous model describes the longitudinal dynamics of a single PF due to the fact of that, the

interactions between dimers of the same PFs are stronger than those between dimers of different PFs.

And thus, a dependence on the electric field strength E would completely disappear. But in reality,

these interactions between dimers of different PFs must be taken into account with great precision. For

a better understanding of the matter, the expression of the potential energy −Cun in the U-model [12]

did not take into account the distance d (see Fig. 10) between the centres of the positive and negative

charges inside the dipole. To solve this problem, a new model is introduced. This model is called ϕ-

model [14], in which the degree of freedom is still angular, but the ϕ-angle coordinate is an angular

displacement in the radial direction of the considered dimer with respect to the direction of the electric

field ~E = ~E1 + ~E2 [14]. This means that the influence of dimers of different neighbouring PFs is taken
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Figure 10: A segment of three protofilaments (PF1, PF2 and PF3, from left to right) with the fields
~E1 and ~E2 in the point A, arising from the same protofilament PF2 and from the neighbouring PFs,

respectively. The dipole moment p of the tubulin dimer has the displacement of the opposite charges
depicted with d [14].

into account through the ~E2 field as it comes from these neighbouring PFs. This is very significant in

this model because the ~E1 field acquires a large value due to those of the electric dipole moment ~p and

the dimension ` (see Fig. 10). As a logical consequence, the ~E2 field, being in the opposite direction to

~E1, decreases the value of the ~E field. The dipole potential energy of a dimer in this case is given by the

relation:

U = −~p · ~E. (9)

The expression of the Hamiltonian of a single PF will be:

H =
∑
n

[
I

2
ϕ̇2
n +

k

2
(ϕn+1 − ϕn)2 − pE + pE

(
ϕn

2

2
− ϕn

4

24

)]
, (10)

where, as in subsection above, the first two terms represent the kinetic energy and the potential energy

of chemical interaction between dimers belonging to the same PF respectively. With I the moment of

inertia of the dimer, k the inter-dimer interaction constant in the same PF [76]. Considering the viscos-

ity force by a moment Mϕ = −Γϕ̇, with Γ the viscosity coefficient, we obtain the following dynamic

equation of motion:

αϕψ
′′ − ρϕψ′ + ψ − ψ3 = 0, (11)
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where ϕ = ψ
√

6 , αϕ =
Iω2−kϕl2κ2

pE and ρϕ = ωΓ
pE .

The αϕ parameter measures the predominance between the rotational kinetic energy of the tubu-

lin dimer and its potential energy of interaction with other adjacent chemically bound dimers. These

quantities are further balanced by the modulus of the intrinsic electric field E effective [14]. The flexi-

Figure 11: The analytical (solid lines) and numerical (dots) kink-solutions of Eq.(11) for ρϕ = 0.5 and
ρϕ = 2 [14].

bility of the chemical bonds and the strong increase in the kinetic energy of the dimer [77], caused by a

release of energy produced by the hydrolysis of GTP, leads to a positive value of the αϕ parameter [78].

This means that kinetic energy should predominate, but the presence of an additional dipolar potential

would be sufficient to prevent PF degradation when such excitation is away from the ends of the MT.

This fact indicates that dipolar potential energy would play a crucial role in stabilizing PFs and thus

sustaining polymerization. Determination of the values of the ρϕ and αϕ parameters led to very inter-

esting results [14]. Zdravković and co-workers use two methods [79,80] to obtain the results shown in

Figs. 11 an 12. These two figures show that the very complex dynamics of MTs can be explained by the

existence of soliton kinks (Fig. 11) and breathers (Fig. 12) and, which would play different roles. The

agreement between the analytical (solid lines) and numerical (dotted lines) solutions is observed. It is

also shown that these solitonic solutions are affected by the viscosity of the physiological environment

and the maximum dipole energy pE. It was suggested that the conformational angle ϕ would take val-

ues from zero to
√

6 radians. Initially, in the stable MT, all the dimers are in the right-hand configuration

along the corresponding PFs. When GTP hydrolysis energy is released, torsional excitations should be

created [77]. This means that the dimers rotate through the angle ϕ from the major axes in the radial

direction. Of course, the excited dimers will soon spontaneously return to the initial stable configura-

tion. The viscosity effects behaved exactly as expected, as even low viscosity significantly affects either
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Figure 12: The analytical (thin solid line) and numerical (dots) Low-amplitude breather solutions with
parameters: η = 0.49 and βϕ = 0 [81].

the breather amplitude or the slope of the kink soliton. The authors stated in their work that the kinks

explained the collapse of the MTs [70]. As for breathers, they could be responsible for triggering the

motor proteins to start moving [13]. This latter perception was supported in the context of the electrical

regulation of the nervous system. This is because the speed of propagation of the breather is compara-

ble to that of neuronal impulses in axons [82]. As the longest MTs (several mm) are located inside the

axons of nerve cells, the correlation mentioned may indicate an important role for breathers and other

non-linear excitations in the regulation of neuronal activity [83].

In other work, researchers have pointed out that the motion of dimers is not only angular, but

also translational. This translational movement has also made a decisive contribution to the study of

microtubule dynamics.

I.3.4 Z-model of microtubules

This model was introduced in the interest of studying the true translational motion of a tubulin

dimer [15]. In the previous models, the dimer has one angular degree of freedom. The longitudinal

projection one (U-model) and the angle ϕ for the ϕ-model, but since it can be implied that a dimer has

the shape of an ellipsoid with a width of about 4 nm [84], the approach of the study should take into

account more than one degree of freedom. Normally, a dimer has six degrees of freedom, three of which

are angular and three translational. The real and most general study would have been to introduce a six

degree of freedom model. It is clear that this would produce an extremely complicated model. For this

reason, researchers have tried to understand the dynamics of MTs via only one degree of freedom per

dimer. For this model, called the Z-model [15], only one degree of freedom per dimer is also assumed.

In Figure 13, it can be seen that there is a longitudinal shift of 8`/13 between the two neighbouring

PFs [4, 85]. The Zn coordinate is nothing more than the value of this shift of the dimer at position n. It
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Figure 13: A segment of two longitudinally offset neighbouring protofilaments [15].

should be noted here that the fact that the bonds between dimers along the same PF are stronger than

those between dimers of neighbouring PFs [34, 86] is at the origin of this study. Therefore, longitudinal

displacements of dimers of the same PF would be interesting to study the nonlinear dynamics of the

MT. The average influence of weak bonds with collateral PFs is described by the nonlinear double-well

potential. The appropriate Hamiltonian model for a PF is [15]:

H =
∑
n

[
m

2
ż2
n +

k

2
(zn+1 − zn)2 + V (zn)

]
, (12)

where

V (zn) = −Czn −
1

2
Az2

n +
1

4
Bz4

n ; C = qE. (13)

We can see that all the terms and parameters in relation (12) where V (zn) given by Eq.(13), are exactly

the same as those in relation (7) of the U -model, with the only difference that the zn coordinate replaces

un [13]. Except that here zn refers to a real longitudinal coordinate along the PF-axis whereas un was

the projection of the dimer top onto the PF direction [15]. An important advantage of the Z-model is

that it allows the estimation of the electrical field strength and the total energy of the MT. The numer-

ical and analytical treatment of the equation of motion arising from the Hamiltonian (12) allowed the

authors to represent the results in Fig. 14. These particular solutions, which are also antikink solitons

as in the U-model above, have asymptotic behaviour and are centred at ξ = 0. They were obtained for

certain values of the σ parameter that affect the width and slope of the soliton. Although the working

procedure remains the same as for the U-model [12], these parameter values allowed the authors to

achieve other equally interesting objectives on some useful estimates in the MTs environment. Accord-

ing to this model, the antikink soliton would also be responsible for energy transfer along the MT. The

model made it possible to estimate some very useful and important physical quantities. These are, in

particular, the velocity and width of the soliton, the intrinsic effective electric field of a PF and the total

energy of the MT [4, 87].

In addition to these structural atomic models, which we have presented, an equally interesting as-
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Figure 14: Antikink soliton solutions of derived equation from relation (12) with ρ = 1.5 for respectively,
σ = 0 (black line) and σ = 0.3 (blue line) [15].

pect of the study of MTs was explored through a other model called the nonlinear electrical transmission

line model.

I.3.5 The nonlinear electrical transmission line model of microtubules

Experimental observations indicate that, in addition to their well-documented structural role, MTs

may play an important functional role in signalling at the subcellular level [88]. This functional role

could potentially be essential for ionic conduction. The idea of examining MTs in the physiological

context of polyelectrolyte characteristics was inspired by experimental and theoretical results obtained

instead on actin filaments [17, 89], having almost the same behavior as MTs. The conditions enabling

MTs to act as electrical transmission lines due to the ionic flow along their length have therefore been

established. In view of the many observations made, a model was developed in which each basic

element of the MTs is considered to be an electrical portion with capacitive, inductive and resistive

characteristics presented by Fig. 15, has emerged. On the basis of Kirchhoff’s laws, a discrete nonlinear

partial differential equation of an elementary MT ring is established and analyzed [88]:

L
d2

dt2
[
C0

(
Vn − bV 2

n

)]
= Vn+1 + Vn−1 − 2Vn − r1C0

d

dt

(
Vn − bV 2

n

)
−r2C0

[
2
d

dt

(
Vn − bV 2

n

)
− d

dt

(
Vn+1 − bV 2

n+1

)
− d

dt

(
Vn−1 − bV 2

n−1

)]
, (14)

In this mathematical model (14), the variable capacitor has a charge Qn = C0(Vn − bV 2
n ) [88], with

C0, the constant elementary capacitance and b the nonlinearity parameter. The constant L represents

the effective inductance of the nth ring chosen, r1 and r2 the respective longitudinal and transverse
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Figure 15: Schematic representation of the dissipative nonlinear electrical transmission line describing
the electronic analog of the microtubule model [88].

components of the medium resistance. The potential across the capacitor of the nth elementary ring is

Figure 16: The antikink profile of ionic potential propagating with small velocity along MT [88].

Vn and, for the capacitors of the rings preceding and following this nth ring, the potentials are denoted

Vn−1 and Vn+1 respectively. The charge on this elementary capacitor varies non-linearly with voltage

due to the increasing concentration of counterions in the cytosol [90]. The very small positive parameter

b therefore takes account of the nonlinearity in this charge. It is clearly shown that the important feature

of the MT capacitance non-linearity arises naturally from the beta-tubulin tail structure [91] and the

values of the r1, r2, C0 and L elements have been estimated using the available experimental data and
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the known MT geometry [92,93]. The second order nonlinear differential equation (14) for the electrical

potential propagating along the MT was evaluated and a soliton solution, with a localized antikink

front profile, is shown in Fig. 16. This profile would propagate at a speed reasonably close to the

experimental results, as for example for the Ca2+ ion waves caused by the reticulum compartments of

the endosome [94, 95]. It has been shown that its antikink solitons resist well in the face of certain rates

of disturbance in the biological environment [96]. At the same time, the possible impact of endogenous

(intrinsic) electric fields inside the cell on the dynamics of ionic antikinks was confirmed and could

modify their amplitude, frequency and phase [97].

I.4 Scope and specific problematic of the thesis

Without being exhaustive, the above microtubular models each present important points. Some of

them have biophysically significant and measurable parameters (U, ϕ-radial and electrical transmission

line models). The others, having been modeled under some parametric considerations and neglected

physiological aspects, present the most fundamental properties of MTs. These include the original semi-

angular and longitudinal-Z models. Among all these mathematical models, the angular-ϕ and trans-

mission line models have attracted our attention, not only because their parameters are biophysically

significant and experimentally measurable, but also because they have been the most widely explored

in recent years. Fundamentally, they simulate the real biological behaviour of MTs in eukaryotic cells in

general, including neurons. All these models give rise to nonlinear differential equations (NLDEs). In

addition to the single-frequency mode nonlinear waves found as solutions of NLDEs, we also propose

to look at understanding microtubule dynamics through multi-frequency mode excitations. With the

very tiny size of various interacting substances in the biological environment and once the systems of

coupled amplitude equations have been derived by two frequency modes, the specific concerns that

arise are:

- What are the appropriate solutions of the derived systems of coupled amplitude equations?

- Assuming that the effects of viscosity (friction) are minimized, what is the impact of the intrinsic

electrical field (dipole energy) of the MTs on signal propagation?

- Taking into account the intense friction, how does the transport memory constant affect the cou-

pled excitation along the MTs?

- As the biological medium is naturally dissipative, what influence does the dissipation coefficient

have on the propagation of the coupled ionic wave through the MTs?

- What are the most favorable parameter ranges for stable propagation of the constructed excita-

tions?
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I.5 Specific objectives

To answer the specific questions of our research, the analytical and numerical analysis of the mathe-

matical models of the circumscribed physical systems is essential. So specifically, our aims are:

- To show how to arrive at the equations for amplitudes coupled by two frequency modes (CNLS,

CCNLS and CCGL);

- To carry out a parametric analysis of the modulational instability of the derived coupled systems;

- To construct analytically and numerically the appropriate solutions for describing the dynamics of

the MTs;

- To study the impact and behaviour of some specific coefficients on the propagation of signals in

the MTs;

- And to propose biophysical and biological interpretations of the obtained results.

I.6 Conclusion

This first chapter has enabled us to understand the anatomy and physiology of MTs, with the key

point being their role in the activity of cells in general and neurons in particular. Thus microtubules

are important and responsible for the maintenance and morphological variation of the cell. They are

essential for the transport of vesicles and organelles serving as communication between cells. These

filaments are also significantly involved in neuronal functions where they ensure neuritic growth and

therefore allow better transmission of nerve impulses. We then reviewed the mathematical models

already introduced that attempt to explain the dynamics of MTs in their environment. Primarily the

structural and electrical transmission line models. It is interesting to note that Satarić’s original atomic

model has been improved several times, ranging from the semi angular U-model to the longitudinal

Z-model via the radial ϕ-model. All these atomic models present differential equations of almost the

same form (the original-, U-, ϕ- and Z- models) but with biophysically different considerations and

parameters. The electrical transmission line model, on the other hand, is better suited to the functional

study of ionic conduction in the MT environment and signalling at the subcellular level. All of these

models each produced biophysically acceptable results. Thanks to the geometry close to the real facts

of biological environments, the ionic model and the radial ϕ-model particularly caught our attention.

In the remainder of the work, we propose to use these two selected models to contribute not only to the

description of the nonlinear dynamics of MTs in single oscillation modes, but also to add multi-mode

vibrations.
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CHAPTER II

MODELS AND METHODOLOGY

II.1 Introduction

In order to achieve our goal in this thesis, analytical and numerical methods for solving the equations

of motion are of paramount importance. In this chapter, we present the methods used to explore the

microtubule environment. Before applying some of these methods to the derivation of the coupled

amplitude equations, we will first give some details of the selected models.

II.2 Developed radial and electrical line models of microtubules

This subsection is devoted to an in-depth description of the two models used in the work.

II.2.1 Precision on the developed Hamiltonian of the ϕ-model

In their explanation on this radial model (see Fig. 10), Zdravković et a` [14] consider the dimer in

the middle, belonging to PF2. It perceives too electric fields of the neighbouring dimers. The field

~E1 comes from the dimers belonging to the same PF2, while ~E2 is the longitudinal component of the

field which originates from the dimers belonging to the neighbouring PFs (i.e. PF1 and PF3). Details

about the calculations of the fields above are published in [15]. It might be noticed that PF1 and PF3,

in Fig. 10, should be respectively displaced up and down in order to match the real MT structure, i.e.

its intrinsic helicity. These displacements lead to a component of ~E2P in perpendicular direction to

~E1. However, the component ~E2P is not taken into account in the present model as being irrelevant

for the considered degree of freedom. The tubulin dimers within PFs can perform conformational

changes that may propagate along either individual PFs or small groups of PFs. The bending of PFs

during disassembly of MT is the consequence of such cooperative conformations [98]. It was shown

that the relative displacement of two neighboring dimers can reach 32◦ prior disrupting PF. In addition,

the angular displacements of the monomers within a single dimer can be up to 13◦ [99]. These facts

motivated Zdravković and co-workers to restrict his new modeling to the angular conformations of

dimers ϕ in radial directions from the line of the dipolar electric field ~E = ~E1 + ~E2. Therefore, the

authors assume that the whole dimer rotates and the corresponding angular displacement is ϕ. As a

whole, the different interactions taking place in the microtubule are listed as follows:

- A dimer’s kinetic energy is represented by the term:

T (ϕ̇n) =
I

2
ϕ̇2
n, (15)
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where the dot means a first derivative with respect to time and I is a moment of inertia of the single

dimer.

- The potential energy of the chemical interaction between adjacent dimers belonging to the same

PF is represented by the term:

V =
k

2
(ϕn+1 − ϕn)2, (16)

with k stands for inter-dimer bonding interaction within the same PF, which is provided by the link

between the corresponding protruding loops [76].

- A dipolar potential energy of a single dimer is simply expressed as a scalar product

U(ϕ) = −~p. ~E = −pE cosϕn, (17)

where p is an electric dipole moment and given relation p = q0d with q0 represents the excess charge

of the monomer within the dipole and E is the intrinsic electric field strength.. It is assumed that the

inequalities p > 0 and E > 0 hold.

- The chemical interaction between the neighbouring dimers belonging to different PFs are intro-

duced through an electric field.

Since interactions between dimers from the same PFs are stronger than the ones between dimers

form different PFs, in the nearest neighbour approximation, the expression for the resulting Hamilto-

nian of one PF in a discrete version is:

H =
∑
n

[
I

2
ϕ̇2
n +

k

2
(ϕn+1 + ϕn)2 − pEcosϕn]. (18)

Here the integer n determines the position of the dimer in the PF. The values of the parameters are:

I = 5
16m`

2 with m = 1.8 × 10−22kg [100] the mass of the single dimer, k = 0.1eV [81] and the electric

dipole moment is p = 1.13×10−27C.m [87]. From the Hamiltonian above (Eq.18), it is possible to obtain

the following crucial semi-discrete equation describing the ideal motion of a tubulin dimer:

Iϕ̈n − k(ϕn+1 + ϕn−1 − 2ϕn) + pEsinϕn = 0, (19)

where ϕ̈n = d2ϕn

dt2
. For this model, we have studied two cases: the case without taking into account the

effects of the slowing down forces and the case with consideration of the impact of the interactions of

the MTs evolutionary environment.

II.2.1.1 Case with minimized cytoplasmic viscosity effect

We first assume that the impact of the viscosity of the cell medium is not taken into account. Thus,

after a limited third-order series expansion of the sine function in the previous relation (19), the approx-
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imate equation of the nth dimer can take the following form:

ϕ̈n − C(ϕn+1 + ϕn−1 − 2ϕn) + ω2
0(ϕn − αϕ3

n) = 0, (20)

where C = k
I , ω2

0 = pE
I and α = −1

6 . This equation contains nonlinear terms and is a crucial equation

whose solutions explains nonlinear dynamics of MTs. It is interesting to relate this analysis to nonlinear

excitations. In the linear approximation, the dispersion relation for the linear vibrations of PFs can be

found by considering only linear terms in Eq.(20). This is given by:

ω2 = ω2
0 + 4C sin2

(
q`

2

)
, (21)

with q being the wavelength and ` = 8nm the tubulin dimers spacing. ωmin = ω0 is the lower cut-

off frequency, while ωmax =
√
ω2
g + 4C is the upper cut-off frequency. The corresponding dispersion

curve is depicted in Fig. 17 , where ω0 and ωmax are clearly indicated. However, ω is found to be very

Figure 17: The panel shows the dispersion relation (21) under the influence of the dipolar energy pE
.While the upper and lower cutoff frequencies are indicated, they also increase with pE.

sensitive to the variations of pE. It is in fact evident that ω0 and ωmax are increasing functions of pE ,

which shows the importance of the dipolar potential in the dynamics of MTs. We then assume ω2
0 � 4C

because of the discreteness of the PF lattice. Furthermore, it has been argued that the viscous damping

brought by the cytoplasm viscosity is minimized by the ion density around the MT [101], that is the

reason why damping effects will not be considered in this sub-part.

II.2.1.2 Case with intense cytoplasmic dampening and transport memory effect

The semi-discrete equation (19) describes the ideal dynamics of the dimer at position n in the cyto-

plasmic medium without the presence of the damping brought by the MT surroundings and the effect

of certain biological micro-entities on the movement of the dimers. Taking into account such effects

may result in the single damping term MΓ = −Γdϕn

dt , where Γ represents the damping coefficient or
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viscosity [102]. The dynamics of the dimers at the n−th site in the cell, approaching reality then takes

the form:

I
d2ϕn
dt2

− k (ϕn+1 + ϕn−1 − 2ϕn) + pE

(
ϕn −

ϕ3
n

6

)
= −Γ

dϕn
dt

. (22)

From the fact that tubulin dimers are very dense along microtubular PFs and have an inter-dimer dis-

tance of the order of nanometers, it is possible to switch to the continuum limit approximation [88] of

the model equation. In doing so, we assume that n`→ x and ϕn(t)→ ϕ(x, t), with ` = 8nm (the interval

between two dimers of the same protofilament). The use of the generalized coordinate ϕ (x, t) = ϕ and

the Taylor’s expansion of the discrete terms ϕn+1 and ϕn−1, i.e.( ϕn±1 → ϕ± `∂ϕ∂x + `2

2
∂2ϕ
∂x2
± `3

3!
∂3ϕ
∂x3

+ . . .),

in equation (22) lead to the continuous second order partial differential equation :

I
∂2ϕ

∂t2
− k`2∂

2ϕ

∂x2
+ pE

(
ϕ− ϕ3

6

)
= −Γ

∂ϕ

∂t
. (23)

Generally in biological media, solvent molecules (e.g. water) cause a low damping rate (i.e. low vis-

cosity) in contrast to some other micro-entities, which have rather a high damping rate. These small

biological particles would therefore cause a strong damping on the movement of the MTs. It is impor-

tant to mention that the viscosity coefficient Γ is a parameter that allows us to quantify and control the

degree of damping in the system. It should also be noted that the motion of highly damped systems,

according to several investigations [103, 104], may induce the memory effects. To describe mathemat-

ically the supposedly highly damped movement of the MTs, equation (23) undergoes a series of trans-

formations with the involvement of rescaled time and space variables. Thus, we have from Eq.(23) the

following relationship:

∂2ϕ

∂t2
+

Γ

I

∂ϕ

∂t
= r1

∂2v

∂x2
− ω2

0

(
ϕ− 1

6
ϕ3

)
, (24)

with r1 = k`2

I and ω2
0 = pE

I . From the rescaled variables t → ω2
0I
Γ · t and x →

(
ω2
0
r1

) 1
2
x,

Eq.(24) can be rewritten as :

e
∂2ϕ

∂t2
+
∂ϕ

∂t
=
∂2ϕ

∂x2
− ϕ+

1

6
ϕ3, where e =

ω2
0I

2

Γ2
. (25)

The expression relating the parameter e to the others of the model shows that, as the viscosity coefficient

increases, the value of e decreases. Therefore, for the strongly damped limit (Γ → ∞ ), e must tend to

zero. So, under such considerations, the relation (25) is reduced to :

∂ϕ

∂t
=
∂2ϕ

∂x2
− ϕ+

1

6
ϕ3, (26)

which represents the continuous equation for the dynamics of a dimer in a highly damped environment

without transport memory effects. In this work, we consider the effect due to the high viscosity of the
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cell cytoplasm in which the frictional forces interact with other forces when moving the MT protein

PFs [105]. Among the frictional forces mentioned, those describing strong interactions between parti-

cles in the medium will induce memory effects on the behaviour of the MTs system under study [106].

In the context of DNA dynamics, memory effects have been considered to model the vibrational behav-

ior of the DNA molecule in its biological environment [104]. The memory effects have been explained

with advanced mathematical and computational techniques [107]. As the fractional parameter gets

closer to 1, the behavior of a biological system at a particular point becomes less dependent on its pre-

vious point. However, for a small order (close to 0), the memory phenomenon becomes more noticeable

and pronounced [108]. On the other hand, these memory effects were exclusively used in the Newto-

nian equations of motion of a strongly damped particle [109]. More recently, Guimfack et al. [110]

investigated the stochastic response of fractional-order generalized biorhythmic Van der Pol oscillator

subjected to delayed feedback displacement and Gaussian white noise excitation. This allowed them

to bring more insights into understanding memory effects in biological systems, which is intrinsically

related to introducing fractional-order derivatives, along with some inherent fluctuations that can be

materialized by considering noise effects. In their work, Okaly et al. [111] also introduced memory

effects directly into the Peyrard-Bishop-Dauxois model describing the propagation of nonlinear waves

in DNA dynamics. They showed that transport memory effects on the dynamics of base pairs could

allow physiological control of the amount of energy required to break the hydrogen bonds between the

bases that make up the molecule. From by the above, the application of modern computational tech-

niques will lead to improved model of description of our studied biophysical phenomenon. Following

a similar procedure [111], we introduce transport memory by reformulating Eq.(26) in the following

non-local form:

∂ϕ

∂t
=

∫ t

0
f(t− τ)

∂2ϕ

∂x2
dτ − η

(
ϕ− 1

6
ϕ3

)
, (27)

where η is a constant known as the quadratic growth rate. It accounts for the degree of nonlinearity

of the system. f (t) = γe−γt is the transport memory function, which describes the finite nature of the

diffusion or inverse diffusion time [112, 113]. The diffusion time is the ratio 1
γ , while for inverse diffu-

sion it is simply γ. As the system is not purely diffusive, the function defining the transport memory

is decreasing in finite time. This respects the rule that most biological systems have a finite diffusion

time. Thus the decay in time indicates the time between different diffusion events [114]. The propa-

gation equation for the rational and modulated excitations of a constant velocity particle in a medium

is related to its diffusive incoherent motion by the intermediate Eq.(27). A decay characterizes the dif-

fusion equation in the extreme limits of the parameter γ, with on one side γ tending towards zero and

to infinity on the other. Note here that as a function of the diffusion time and with the constant γ taken

arbitrarily, Eq.(27) describes an oscillatory motion for very small times and when the time becomes

large the motion is decreasing [114, 115]. The continuous integral symbol present in this intermediate
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equation (27) makes it difficult to use. Thus the general mathematical rule of calculation given by [116]:

l
∂

∂t

[∫ b2(t)

b1(t)
f (t, τ) · h(x, τ)dτ

]
=
∂b2 (t)

∂t
[f (t, b2(t)) · h(x, (b2(t))]

− ∂b1 (t)

∂t
[f (t, b1(t)) · h(x, (b1(t))] +

∫ b2(t)

b1(t)

∂f (t)

∂t
h(x, τ)dτ,

(28)

is used in differentiation to obtain the equation of the motion for the tubulin dimers in their environ-

ment with memory effect and is easily solvable. By differentiating equation (27) in time, we first obtain

the following result:

∂2ϕ

∂t2
=

∂

∂t

[∫ t

0
f (t− τ) · ∂

2ϕ

∂x2
dτ

]
+ η

(
1− ϕ2

2

)
∂ϕ

∂t
, (29)

which, from Eq.(28) we can consider:

∂

∂t

[∫ t

0
f (t− τ) · ∂

2ϕ

∂x2
dτ

]
=

∂

∂t

[∫ b2(t)

b1(t)
f (t, τ) · h(x, τ)dτ

]
, (30)

where, by identification, we find the expressions of some inherent functions as follows:

b1 (t) = 0 , b2 (t) = t , h(x, τ) =
∂2ϕ

∂x2
and

f (t, τ) = f (t− τ) = γe−γ(t−τ).

(31)

Using the previous functions in Eqs.(30) and (31) with the application of Eq.(28) into the differentiation

of Eq.(29) leads to the crucial equation of motion:

∂2ϕ

∂t2
+
(
γ + η − η

2
ϕ2
) ∂ϕ
∂t

= γ
∂2ϕ

∂x2
− ηγ

(
ϕ− ϕ3

6

)
, (32)

which represents the second order differential equation whose solutions explain the movement of mi-

crotubules in the cytoplasm of eukaryotic cells with transport memory effects. In equation (32), the

term
(
γ + η − η

2ϕ
2
) ∂ϕ
∂t accounts for the damping of tubulin dimers as they move through the cell envi-

ronment. And consequently, it depends on the transport memory under consideration. Neglecting the

coefficient η which gives information on the degree of nonlinearity of the system, we find from relation

(32) the classical linear form of one-dimensional D’Alembert wave equations propagating in a damped

medium. In most of the nonlinear phenomena that describe the human environment, the concerns arise

when solving the model equation. Obviously, obtaining the solutions of Eq.(32) seems very complex.

However, some techniques for obtaining exact solutions of the soliton type can be used [117, 118].

Among these methods, those allowing the use of a special ansatz [119] and the multiple-sale [120] are

of interest to us in the solutions of Eq.(32).
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II.2.2 Derivation of spatio-temporal equation of an electrical circuit model

Although the atomic model so far is the subject of much investigation and understanding of the

dynamics of MTs, microscopic and experimental observations of the cytoplasmic medium reveal the

existence of a coordinated set of ionic motion around and even through these MTs. The properties of

the ionic waves that move along these polymer tubes in the cytosol are modeled in this subsection. MTs

are linked to the regulation of a number of ion channels and thus contribute to the electrical activity of

excitable cells [121]. Particularly, as the brain is a medium of information transfer by electrical signals,

it has been shown that neurons could use MTs in cognitive processing via some associated proteins [19,

122]. It is worth mentioning that the way in which MTs function and process electrical information is

still largely unknown. Here, therefore, due to the ionic flow surrounding the length of MTs, a physical

model in which studies of the conditions allowing them to act as non-linear electrical transmission lines

is proposed. In this model, each tubulin dimer is taken as an electrical circuit element with resistive,

capacitive and inductive behaviour. These dimer characteristics are derived from the polyelectrolyte

nature of MTs. This nature allows us to keep in mind that MTs are mainly negatively charged on

their outer surface. This results in the non-uniformity of the charge distribution along the polymer.

This also plays a crucial role in the modeling of MTs as an electrical cable with 13 parallel currents

composed of ion flows. It is worth recalling that the polyelectrolyte nature of MTs comes from the

fact that tubulin is formed from many amino acids that physiologically have many negatively charged

residues [88]. Accordingly, Manning’s theory [123] would determine the conditions under which each

MT should attract counterions (positive) from the solution to its surface, while other ions (negative)

from the same cytosol solution will be repelled so that a cylindrical ion-depleted zone is created around

the MT. This depleted layer has a thickness `B , the so-called Bjerrum length, which is defined as the

distance from the surface of the MT at which the coulombic energy of the surface charges balances

the thermal agitation of the solution: e2
0/(4πε0ε`B) = kBT , where e0 is the charge of an electron, ε0

is the permittivity of vacuum, ε is the relative permittivity of the cytosol, kB is Boltzmann’s constant

and T is a given temperature of the medium. Based on the fact that the depleted layer would act as a

dielectric medium located between the MT surface and the cytosol solution, it could also provide both a

capacitive and resistive component for the electrical characteristics of the FPs. For the sake of accuracy,

the depleted zone is therefore considered as a dielectric between two charged cylindrical plates around

the MTs. The capacitive component represents the parallel linear condensed layer and the non-linear

layer of the tubulin tails perpendicular to the surface of the MT. The resistive component comes from

two contributions: one whose conductivity/resistivity of the ion flow is parallel to the MT axis and the

other whose resistivity of the ion cloud flows between the two cylindrical plates is perpendicular to

the polymer surface. The inductive component of the circuit that is added to the previous two is due

to the actual helical structure of the MT, which like a solenoid should induce a helical ionic flow in the

medium.

In order to derive the model equation, we consider a discrete nonlinear mono-inductance transmis-
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sion line of microtubule whose unit is shown in Fig. 15. The studied discrete model of MTs is made of a

succession of such N adjacent unit cells,which individually contain a linear inductance L in series with

a linear resistance r1, a cylindrical capacitor C0 connected in series with a transversal resistivity r2. The

capacitor is biased by a constant voltage V0 and depends on the voltage Vn, for low voltage, at the nth

section so that:

Qn = C0

(
Vn − α1V

2
n − α2V

3
n

)
, (33)

where C0 is the capacitance in the linear regime, with α1 and α2 being positive parameters that account

for nonlinearities in the charge. We introduce the discrete potential in one unit section of the MT, where

Kirchhoff’s laws for the currents and voltages are applied. The idea is to develop a spatiotemporal

equation for the potential over the capacitance as a function of the model’s parameters. For the calcu-

lations of this work, the parameter values [88] used are: L = 0.8 × 10−15H , r1 = 109Ω, r2 = 7 × 106Ω,

C0 = 0.13× 10−14F , α1 = 0.03 V olts−1, α2 = 0.0019 V olts−2. From these Kirchhoff’s laws based on

Fig. 15, we get the following from segment MN:

un − un+1 = r1In + L
dIn
dt
. (34)

The relation between the current entering segment MO and the current across the capacitance is given

by:

In−1 − In =
dQn
dt

. (35)

The voltage across the input to the elementary section, un, may be written in the following form:

un = r2 (In−1 − In) + (Vn + V0) , (36)

where Vn is the potential over the capacitance and V0, the bias voltage of the capacitor. Combining the

previous relations (33), (34), (35) and (36), it is easy to show that the spatiotemporal evolution of the

waves voltage Vn(t) within the microtubule network is governed by the following improved equation:

d2Vn
dt2

− ω2
0 (Vn+1 + Vn−1 − 2Vn) + β0

dVn
dt
− β1

d

dt
(Vn+1 + Vn−1 − 2Vn)− β0

d

dt

(
α1V

2
n + α2V

3
n

)
− d2

dt2
(
α1V

2
n + α2V

3
n

)
+ β2

d

dt

(
V 2
n+1 + V 2

n−1 − 2V 2
n

)
+ β3

d

dt

(
V 3
n+1 + V 3

n−1 − 2V 3
n

)
= 0, (37)

where ω2
0 = 1

LC0
, β0= r1

L , β1= r2
L , β2=α1β0 , β3=α2β1 and n = 1, 2, ..., N (N being the

number of cells considered).

By considering the dissipative coefficients β0 and β1 in the order of ε3, the dispersion relation for
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the linear vibrations of PFs can be found by taking only linear terms in Eq.(37). This is given by:

ω2 − 4ω2
0sin2

(
k

2

)
= 0, (38)

where ω0 is the characteristic frequency of the elementary cell, k being the wavelength. Under these

conditions, the propagation without absorption of a wave for real k is only possible if ω ≤ 2ω0. The

system therefore exhibits a low-pass type behavior. At the wave number k = 0, the eigenfrequency

spectrum has a lower cutoff ωmin = 0, corresponding to direct current part, while for k = π, ωmax = 2ω0,

the alternating current part is the upper cut-off frequency. It is therefore sufficient to restrict the study of

the ω(k) function to the [0, π] interval of the values of k in order to fully describe the dynamic behavior

of the tubulin dimer chain in MTs. The linear spectrum then has a gap [0, 2ω0] due to the discrete effects

of the network. From the previous relation (38), we deduce the group speed

Vg =
∂ω

∂k
=
ω2

0 sin(k)

ω
. (39)

We see that this group speed is not constant, but depends on frequency ω(k), which obviously implies

a dispersive behavior of the system. It is good to know that the group velocity Vg is a physical speed,

it corresponds to the speed of energy propagation and therefore, to the speed of information transport,

and therefore cannot exceed the speed light. We see that this group speed is not constant, but depends

of the frequency ω(k), which obviously implies a dispersive behavior of the system. It is good to know

that the group velocity Vg is a physical speed; it corresponds to the speed of energy propagation and to

the rate of information transport, and therefore cannot exceed the speed of light. The shapes of curves
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Figure 18: Panels shows the dispersion relation (a) and the group velocity (b), both versus the
wavenumber k of the plane wave signal along the protofilaments, with 0 ≤ k ≤ π.

of the dispersion relation (38) and the group velocity (39) are plotted in Fig. 18, where they clearly show

the interval in which the values of the wavenumbers k are restricted. The coming part here will be used

in the search of the coupled cubic CGL equations from the equation (37) whose solutions are generally

of soliton type.
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II.3 Analytical methods and coupled amplitude equations

II.3.1 The multiple scale expansion method

This technique called the multiple scale analysis follows the concept of expanding the solution into

a perturbation series and including multiple temporal and spatial scales. The multiple-scale expansion

method, which consists of expanding the field quantities into asymptotic series of the smallness pa-

rameter and solving the resulting differential equation of various orders of the same parameter. One

obtain the NLS equations or nonlinear GL equations. The main objective in this subsection is to show

that the amplitude equation for the radial angular ϕ-model of Zdravković can be splinted into a set of

CNLS equations. For this purpose, starting from the complex character for microtubules lattices, the

asymptotic expansion is used to investigate the effects of nonlinearity and discreteness in the system.

It implies a trial solution of the form [124, 125]:

ϕn = εϕ(1)
n,n + ε2ϕ(2)

n,n + ε3ϕ(3)
n,n + · · · =

∞∑
j=1

εjϕ(j)
n,n, (40)

with ϕ(j)
n,m = ϕ(j)(ξn, T, θ0,m(t), θmax,m(t)) , where ε is a small parameter denoting the relative amplitude

of the excitation; ξn = ε(nl − µt) and T = ε2t are the multiple scale slow variables. The subscripts n

and m represent ξn and θ0,m(t) (or θmax,m(t)), respectively. µ is a small variable that will be determined

by a solvability condition. The fast variables θ0,m(t) and θmax,m(t) represent the phases of two carrier

waves. This implies the use of the derivative:

d

dt
=

∂

∂t
− εµ ∂

∂ξn
+ ε2

∂

∂T
. (41)

For the discreteness term, we can be used the expansion [18, 124]:

ϕn±1 =εϕ
(1)
n,n±1 + ε2

(
ϕ

(2)
n,n±1 ± `

∂ϕ
(1)
n,n±1

∂ξn

)
+ ε3

(
ϕ

(3)
n,n±1 ± `

∂ϕ
(2)
n,n±1

∂ξn

+
`2

2

∂2ϕ
(1)
n,n±1

∂ξ2
n

)
+ · · · . (42)

Substituting Eqs.(40), (41) and (42) into Eq.(20) and comparing the power of ε , we obtain a hierarchy of

equations about ϕjn,n (j = 1, 2, 3, . . .). The whole problem, through this procedure, reduces to the set of

following equations:

(
∂2

∂t2
+ ω2

1)ϕ(j)
n,n − C(ϕ

(j)
n,n+1 − ϕ

(j)
n,n−1) = M (j)

n,n, j = 1, 2, 3, . . . , (43)
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where ω2
1 = ω2

g + 2C and M
(j)
n,n being given by:

M (1)
n,n =0,

M (2)
n,n =2µ

∂2ϕ
(1)
n,n

∂t∂ξn
+ Cl

∂

∂ξn
(ϕ

(1)
n,n+1 − ϕ

(1)
n,n−1),

M (3)
n,n =2µ

∂2ϕ
(2)
n,n

∂t∂ξn
− µ2∂

2ϕ
(1)
n,n

∂ξ2
n

− 2
∂2ϕ

(1)
n,n

∂t∂T
+ Cl

∂

∂ξn
(ϕ

(2)
n,n+1 − ϕ

(2)
n,n−1) (44)

+
Cl2

2

∂2

∂ξ2
n

(ϕ
(1)
n,n+1 + ϕ

(1)
n,n−1)− ω2

gα(ϕ(1)
n,n)3,

. . . ,

which can be solved order by order. In order to describe the possibility of wave mixing during the

radial dislocations in MTs, the equation (44) is solved step by step at different orders, where for j = 1,

we assume the solution of the system to be of the form:

ϕ(1)
n,n = Q1(T, ξn)eiθ0,n(t) +Q2(T, ξn)eiθmax,n(t) + c.c., (45)

where c.c. stands for complex conjugates. Q1 and Q2 are two undetermined envelope functions. For

both cut-off modes, we have θ0,n(t) = ω(q = 0)t = −ωgt and θmax,n(t) = πn− ω(q = π
l )t = πn− ωmaxt,

and ϕ(1)
n,n becomes

ϕ(1)
n,n = Q1(T, ξn)e−iωgt + (−1)nQ2(T, ξn)e−iωmaxt + c.c. (46)

By letting j = 2, the solvability condition imposes µ = 0 and ξn = εnl, and we have the second-order

approximation equation:

(
∂2

∂t2
+ ω2

1)ϕ(2)
n,n − C(ϕ

(2)
n+1 − ϕ

(2)
n−1) = 0, (47)

which admits plane wave solutions that can be written in the general form

ϕ(2)
n,n = B1(T, ξn)e−iωgt + (−1)nB2(T, ξn)e−iωmaxt + c.c., (48)

with B1 and B2 being two constant amplitudes. Besides, we can assume B1 = B2 = 0 , which leads to

ϕ(2)
n,n = 0, (49)

a solution with no impact on the nonlinear and dispersive behaviors of the model under study.
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When j = 3 , the solvability conditions leads to the following set of equations in Q1 and Q2 :

i
∂Q1

∂T
+H1

∂2Q1

∂ξ2
n

+ (ζ11|Q1|2 + ζ12|Q2|2)Q1 = 0 (50)

i
∂Q2

∂T
−H2

∂2Q2

∂ξ2
n

+ (ζ21|Q1|2 + ζ22|Q2|2)Q2 = 0. (51)

where H1 = C`2

2ω0
, H2 = C`2

2ωmax
, ζ11 = −3αω0

2 , ζ12 = −αω0 , ζ21 = − αω2
0

ωmax
, ζ22 = − 3αω2

0
2ωmax

.

In equations (50) and (51), there exist cross-phase modulation terms denoted by |Qν |2Q3−ν(ν = 1, 2),

which will drastically change the property of the nonlinear localized excitations. In comparison with

the case of a single lower or upper cutoff mode being excited separately [126, 127].

The above set of equations can be rewritten using the original variables by letting (ψ1, ψ2) = ε(Q1, Q1)

, along with the change of variables ξn = εn` and T = ε2t with x = n`, so that

i
∂ψ1

∂t
+H1

∂2ψ1

∂x2
+ (ζ11|ψ1|2 + ζ12|ψ2|2)ψ1 = 0 (52)

i
∂ψ2

∂t
−H2

∂2ψ2

∂x2
+ (ζ21|ψ1|2 + ζ22|ψ2|2)ψ2 = 0. (53)

Details of computations of these coupled amplitude equations (52) and (53) are given in appendix part

A3.(165)-(169)

The above set of CNLS equations is coupled nonlinearly through the coefficients ζ12 and ζ21 . When

these coefficients are equal and H2 = −H1 , the Manakov’s system is recovered [128]. Otherwise, these

equations will be decoupled if ζ21 = ζ12 = 0, leading to individual NLS equations. The solutions for

Eqs.(52) and (53) depend on the sign of their coefficients, plotted in Fig. 19. Obviously, H1 and H2 are

Figure 19: The panels show the parameters for the set of coupled NLS equations versus pE . Panel (a)
clearly shows how H1 and H2 are decreasing functions of pE , while panels (b) and (c) show that ζjj
and ζij are increasing functions of pE ..

positive dispersion terms with respect to pE (Fig. 19(a)). The same is observed for ζ11 and ζ22 (Fig. 19(b))

and for ζ12 and ζ21 (Fig. 19(c)). However, H1 and H2 decrease with increasing pE , while ζii and ζij (
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j 6= i ) are increasing functions of the dipolar energy pE.

II.3.2 The semi-discrete approximation method

The perturbation method called the semi-discrete approximation is a technique in which the contin-

uum approximation is introduced for the wave envelope while the phase of the carrier wave is kept

discrete completely. From this method used in Refs. [129, 130] the short wavelength envelope solitons

was obtained. The application of this method allows one to investigate how the plane wave is modu-

lated by nonlinear effects.

In general that leads either the NLS type or the CGL whose solutions are generally of soliton type.

For more explanation, we use the following nonlinear discrete differential equation of model [129]:

G (ün(t), u̇n(t), un(t), un+1(t), un−1(t), u2
n(t), u3

n(t), ..., uνn(t)) , (54)

where ν = 4, 5, 6, · · ·. And one assume also that its solution un(t), with the independent multiple scale

variables Ti = εit and Xi = εix (i = 1, 2, ...) where ε� 1, can take the following form [130]:

un(t) =εu1 (X1, X2, ..., T1, T2...,) e
iθ + ε2 [u20 (X1, X2, ..., T1, T2...,)

+u2 (X1, X2, ..., T1, T2...,) e
2iθ
]

+ c.c (55)

with θ = kx − ωt where x = n`. n represent the unit cell number, ` is the length of this unit cell.

Parameters k and ω respectively stand for the wavenumber, and angular frequency.

After inserting of the solution (55) into the nonlinear discrete differential equation of model (54) and

by using the continuum approximation:

uj,n±1 = uj ± ε`
(
∂uj
∂X1

)
± ε2`2

(
∂uj
∂X2

)
+ ε2

`2

2!

(
∂2uj
∂X2

1

)
± ε3 `

3

3!

(
∂3uj
∂X3

1

)
+ · · · , j = 1, 2, (56)

and the temporal derivative operators:

∂

∂t
=
∂T1

∂t

∂

∂T1
+
∂T2

∂t

∂

∂T2
+ · · · ,

∂2

∂t2
=

(
∂

∂t

)2

= ε2
∂2

∂T 2
1

+ 2ε3
∂2

∂T1∂T2
+ ε4

∂2

∂T 2
2

+ 0
(
ε5
)
, (57)

yields a series of inhomogeneous system for u1, u20 and u2 polynomial in eiΛθ, Λ = 0, 1, 2... that will be

solve later at different orders of perturbation parameter ε.

II.3.2.1 Obtaining the system of the Coupled Complex Ginzburg-Landau Equations from an non-

linear electrical transmission line model of microtubules

Solving the discrete Eq.(37) is not an easy task. Moreover, the work’s main purpose is to study

solitons made up of carrier waves modulated by an envelope signal, also called envelope solitons; it
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is suitable to apply the semi-discrete approximation. To proceed,we consider β0 and β1 are perturbed

parameters of order ε3. Through this process, the nonlinear Eq.(37) is transformed into two coupled

CGL equations that describe the amplitudes of the oscillations of nonlinear coupled impulses along

microtubules. In the interval of frequencies [0, 2ω0], we choose to couple any two packets of waves

centered (k1, ω1) and (k2, ω2) with k2 = αk1 (α ∈ [0, 1])for our study, and we assume the following

solution for Eq.(37):

Vn (t) = ε
(
B1e

iθ1 +B2e
iθ2
)

+ ε2
(
B30 +B3e

2iθ1 +B40 +B4e
2iθ2
)

+ C.C., (58)

where θ1 = k1n−ω1t, θ2 = k2n−ω2t, with k1 and k2 being the normal mode wavenumbers and ω1 and ω2

their associated frequencies. In the semi-discrete approximation, the undetermined envelope functions

Bq(q = 1, 2, 3, 4) are supposed to be independent from the fast variables t and n. This otherwise implies

that they are functions of the slow variables Xj = εjx and Tj = εjt, with j ≥ 1. This implicitly

means that a continuum limit approximation is made with the wave amplitudes, while the discrete

nature of the phase is preserved. Moreover, into account the asymmetry of the charge-voltage relation

given by Eq.(33), The direct terms B30 (X1, T1, T2) , B40 (X1, T1, T2) and the second harmonic terms

B3 (X1, T1, T2) , B4 (X1, T1, T2) are added to the fundamental ones B1 (X1, T1, T2) and B2(X1, T1, T2)

respectively. Inserting Eq.(58) in Eq.(37) and using a following Taylor’s expansion

Bj,n±1 = Bj ± εh
(
∂Bj
∂X1

)
+ ε2h

2

2!

(
∂2Bj
∂X2

1

)
± ε3h

3

3!

(
∂3Bj
∂X3

1

)
+ · · · , j = 1, 2, 3, 4, (59)

yields, after some standard calculations, a series of inhomogeneous equations at different orders of

perturbation parameter ε.

The first orders of perturbation
(
ε, eiθ1

)
and

(
ε, eiθ2

)
lead to the dispersion relations of linear waves

for the two wave packets (k1, ω1) and (k2, ω2) taken into the interval of frequencies [0, 2ω0]:

ω2
1 − 4ω2

0sin2

(
k1

2

)
= 0

ω2
2 − 4ω2

0sin2

(
k2

2

)
= 0,

(60)

They are identical to the expression given by Eq.(38). The second orders of perturbation
(
ε2, eiθ1

)
and(

ε2, eiθ2
)
, lead to the following results, including the group speeds Vg1 and Vg2 :

∂B1

∂T1
= −Vg1

∂B1

∂X1
with Vg1 =

∂ω1

∂k1
=
ω2

0 sin(k1)

ω1
,

∂B2

∂T1
= −Vg2

∂B2

∂X1
with Vg2 =

∂ω2

∂k2
=
ω2

0 sin(k2)

ω2
.

(61)

From Eq.(61), the non-zero solutions B1 and B2 can be written in the forms B1 = B1 (ξ, T2) and B2 =

B2 (ξ′, T2), where ξ = X1 − Vg1T1 and ξ′ = X2 − Vg2T2.

Always with the second orders of perturbation, but for which we have rather the exponential term
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e2iθ, that is to say with the orders
(
ε2, e2iθ1

)
and

(
ε2, e2iθ2

)
, the relations between the second harmonics

B3 and B4 and the fundamental terms B1 and B2 give respectively

B30 = B40 = 0

B3 =
α1ω

2
1 + 1

2 iω1

(
β0α1 + 4β2sin2 (k1h)

)
ω2

1 − ω2
0sin2 (k1h)

B2
1

B4 =
α1ω

2
2 + 1

2 iω2

(
β0α1 + 4β2sin2 (k2h)

)
ω2

2 − ω2
0sin2 (k2h)

B2
2 .

(62)

Finally, at the third orders
(
ε3, eiθ1

)
and

(
ε3, eiθ2

)
, using the expressions of the relation (62), we recover

the group velocities (61), while the slow envelope evolution of the solitonic ionic waves in microtubules

are described by the coupled equations

i
∂B1

∂T2
− S1

∂2B1

∂ξ2
− σ1|B1|2B1 − ρ1|B2|2B1 = iA1B1

i
∂B2

∂T2
− S2

∂2B2

∂ξ′2
− σ2|B2|2B2 − ρ2|B1|2B2 = iA2B2,

(63)

Further introducing the change of variables ξ′ = X1 − Vg2T1 = ξ + (Vg1 − Vg2)T2, Eqs. (63) becomes

i
∂B1

∂T2
− S1

∂2B1

∂ξ2
− σ1|B1|2B1 − ρ1|B2|2B1 = iA1B1

i
∂B2

∂T2
+

(
Vg2 − Vg1

ε

)
∂B2

∂ξ
− S2

∂2B2

∂ξ2
− σ2|B2|2B2 − ρ2|B1|2B2 = iA2B2.

(64)

By using the dependent variable transformation [131]B2 → B2 exp
{
−i
(

∆Vg
2S2

ξ +
∆V 2

g

4S2
T2

)}
, with ∆Vg =

Vg1−Vg2
ε , the above Eqs.(64) becomes

i
∂B1

∂T2
− S1

∂2B1

∂ξ2
− σ1|B1|2B1 − ρ1|B2|2B1 = iA1B1

i
∂B2

∂T2
− S2

∂2B2

∂ξ2
− σ2|B2|2B2 − ρ2|B1|2B2 = iA2B2,

(65)

whose coefficients S1, S2, A1, A2, ρ1, ρ2, σ1 and σ2 are given by:

S1 =
V 2
g1 − h2ω2

0 cos (k1h)

2ω1
, S2 =

V 2
g1 − h2ω2

0 cos (k2h)

2ω2
, A1 = −1

2

(
β0 + 4β3sin2

(
k1h

2

))
,

A2 = −1

2

(
β0 + 4β3sin2

(
k2h

2

))
, σ1 = σ1r + iσ1i, σ2 = σ2r + iσ2i, ρ1 = ρ1r + iρ1i and

ρ2 = ρ2r + iρ2i

with the parameters σ1r, σ2r, σ1i, σ2i, ρ1r, ρ2r, ρ1i and ρ2i given in appendix A1 in Eq.(163). The derived

equations given by the relation (65) are indeed coupled at the level of the fourth term each of the left

part of the equality and are known as the system of coupled complex equations of Ginzburg-Landau.

They describe the evolution of ionic waves in this studied electrical circuit model of the microtubules

in living cells.
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Figure 20: (a) shows the dispersion coefficients S1 and S2 of Eqs.(65), while (b) displays their dissipative
coefficients A1 and A2 of versus the wavenumber k, with k = k1 and k2 = αk1, so that α = 0.7 (yellow
dashed line) corresponds to S2 and A2, functions of k2.

According to the plots of Fig. 20(a), the dispersion coefficients S1 and S2 are all positively increas-

ing with respect to k, while Fig. 20(b) shows the dissipative coefficients A1 and A2 that are negatively

decreasing functions of the wavenumber k = k1, with k2 = αk1. Along the same line, the complex

self-phase modulation nonlinear coefficients σ1 and σ2, and the coupling coefficients ρ1 and ρ2 param-

eters, responsible for cross-phase modulation are complex parameters and the variations of their real

and imaginary parts are summarized in Fig. 21 versus the wavenumber k. We should, however, stress

that if the ρ1 and ρ2 are set to null, we obtain two decoupled CGL equations. The CGL equations finds

applications in many context and has actually been useful in physical systems related to biophysics

[132,133], plasma physics [134], electrical lattices [135–137], Bose-Einstein condensation [138,139], non-

linear optics, lasers and meta-materials [140–145], to cite a few. Most of the studied systems probe the

efficiency of the CGL equation in signal processing with good example being ionic waves transmis-

sion and amplification in neuronal microtubule networks [146, 147], neural networks [148, 149], along

with pattern formation in many other physical systems. Interestingly, one of the techniques that have

been widely used in characterizing pattern formation in the CGL equation is the MI mechanism, a con-

sequence of the competition between nonlinearity and dispersion [140, 143–145, 150]. In relation to MI

phenomenon, spatiotemporal chaos has been identified in the CGL equation [151,152]. Weber et al [153]

also reported transition to spatiotemporal turbulence from traveling waves resulting from instabilities,

while solutions such as spiral waves were found [154].

II.3.2.2 Obtaining the system of the Coupled Complex Nonlinear Schrödinger Equations with mem-

ory effect for radial angular model of microtubule

As the size of the MTs in the cell is minimal, we have considered that the movement performed

by them is of small amplitudes. To derive the coupled amplitude equations for the protein protofila-

ment network and to appreciate the interaction of the solitary solutions, we introduce a change of the
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Figure 21: Panels (a) and (b) show, respectively the real and imaginary part of the coefficients σ1 =
σ1r + iσ1i and σ2 = σ2r + iσ2i of Eqs.(65) versus the wavenumber k. Panels (c) and (d) display plots of
the coefficients ρ1 = ρ1r + iρ1i and ρ2 = ρ2r + iρ2i versus the wavenumber k, with k = k1 and k2 = αk1

(α = 0.7).

dependent variable around its equilibrium point as follows:

ϕ(x, t) = εφ(x, t), (66)

where ε is a very small parameter in front of the number 1, which accounts for the order of the excitation

and φ, a new physical dependent variable. Applying the change of variable from eq.(66) into eq.(32),

the problem to be solved becomes :

∂2φ

∂t2
+
(
η0 − ε2η1φ

2
) ∂φ
∂t

= γ
∂2φ

∂x2
− ω2

0

(
φ− ε2η2φ

3
)
, (67)

where η0 = γ + η ; η1 = η
2 ; η2 = 1

6 and ω2
0 = ηγ. To obtain the CCNLS equations whose

modulated soliton solutions can explain the transport of energy and information along microtubules,

we consider the following the ansatz that includes two oscillation modes [155]:

φ (x, t) =V1e
iθ1 + V2e

iθ2 + C.C + ε
(
V01 + V02 + V11e

2iθ1 + V22e
2iθ2 + C.C

)
, (68)

where Vj = Vj (X1, X2, T1, T2) ; V0j = V0j (X1, X2, T1, T2) and Vjj = Vjj (X1, X2, T1, T2) with j = 1, 2

are complex amplitudes to be determined. The θj=qjx − ωjt (j = 1, 2) are carrier phases, depending

on the fast variables t and x, with qj and ωj respectively, the wave numbers and angular frequencies of

two wave packets, and C.C. denoting the complex conjugate. The terms V0j and Vjj of first and second
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harmonics added to the fundamental terms Vj are taken as disturbance terms because of the nonlinear

character of Eq. (67). The functions Vj , V0j and Vjj depend on the slow variables of multiple scales

Tj=ε
jt and Xj = εjx with j = 1, 2. Introducing Eq.(68) into Eq.(67), and then setting the quantities

proportional to the different orders
(
εj , eiθn

)
and

(
εj , ei2θn

)
to zero with j = 0, 1, 2 and n = 1, 2 , the

following results are obtained:

• For j = 0 and n = 1, 2 at the orders
(
ε0, eiθ1

)
and

(
ε0, eiθ2

)
, we find respectively, the complex

equations of unknowns ω1 and ω2,

ω2
1 + iη0ω1 − ω2

0 − γq2
1 = 0

ω2
2 + iη0ω2 − ω2

0 − γq2
2 = 0,

(69)

leading to linear complex angular frequencies:

ω1 = ω1r + iω1i ; ω2 = ω2r + iω2i, (70)

where

ω2
1r

=γ2
1

[
1−

(
η0

2γ1

)2
]
, ω2

2r
= γ2

2

[
1−

(
η0

2γ2

)2
]

(71)

and ω1i = ω2i = −η0

2
,

with γ1 =
√
ω2

0 + γq2
1 and γ2 =

√
ω2

0 + γq2
2 .

While the imaginary parts ω1i = ω2i of the angular frequencies are constant, we have limited our-

selves to plotting the real parts (ω1r, ω2r) as a function of the wave numbers q1 and q2 belonging to

the interval [qs;π] for three values of the transport memory constant γ in Figs. 22(a) and 22(b). In the

first panel of fig. 22, the influence of the memory effect on the propagation of the excitation along the

cellular microtubules is clearly perceptible because the growth of the parameter γ implies that of the

real angular frequencies ω1r and ω2r. At the same time, we also see that the shapes of these decreasing

curves are similar, but with an increase in the threshold value of the wave number qs, which moves

further away from zero, thus decreasing the range of choice of wave numbers q1 and q2 of the wave

packets, characterized by the pairs of values (ω1r, q1) and (ω2r, q2) used in this work.

These first results show that for η0 = 0, the angular frequencies of both vibration modes become

real. Therefore, the damping forces acting on the motion of the MTs cancel out, while the dependence

of the memory effect created by these forces remains (see Eq.(67)) and is controlled by η, the nonlin-

earity degree of the system. It also follows from the expressions in Eq.(71) that the complex angular

pulsations (see Eq.(70)) only exist from the threshold value qs of the wave number q ≥ qs given by

qs =

√
1
γ1,2

(
η20
4 − ω

2
0

)
.

• For j = 1 and n = 1, 2, at the
(
ε1, eiθ1

)
,

(
ε1, eiθ2

)
, we obtain respectively, the differential
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Figure 22: Representative curves of the real part of the angular pulsation and group velocity of the
wave as a function of the wavenumbers q(q1 and q2) for q2 = 0.8q1 and η = 0.002. Panels (a), (b), (c) and
(d) show the influence of the memory constant γ on these quantities.

equations :

(η0 − 2iω1)
∂V1

∂T1
= 2iγq1

∂V1

∂X1
,

(η0 − 2iω2)
∂V2

∂T1
= 2iγq2

∂V2

∂X1
,

(72)

which lead to the determination of the physical velocities of propagation of information along the

protofilaments, also known as group velocities, given by:

Vg1 =
γq1

ω1r
; Vg2 =

γq2

ω2r
. (73)

Note that unlike the angular frequencies (Eq.(70)) which have real and imaginary parts, the group

velocities are real quantities. Figs. 22(c) and 22(d) also shows the influence of the memory effect on

group speeds Vg1 and Vg2, plotted as a function of the wave numbers q1 and q2. We observe that for

a given value of the constant γ taken between 0 and 0.9, the curves of group velocities decrease as a

function of q1 and q2 respectively. But in both cases the limit minimum value of the group velocity

increases slightly with the growth of γ. These curves keeping the same gaits would mean that the
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interaction between tubulin dimers could manifest as waves of the same nature in close spatial period

intervals. Moreover, the effect of transport memory could also contribute to limit the decrease of the

propagation or transport speed of information through the cellular MTs channel.

• For j = 1 and n = 1, 2, at the
(
ε1, e0×θ1

)
,
(
ε1, e0×θ2

)
and

(
ε1, ei2θ1

)
,
(
ε1, ei2θ2

)
, the first and second

harmonics, respectively, lead to:

V01 = V02 = 0 ; V11 = V22 = 0. (74)

• Finally, for j = 2 and n = 1, 2, at the
(
ε2, eiθ1

)
,
(
ε2, eiθ2

)
, the complex amplitudes V1 and V2 verify

the equations:

(η0 − 2iω1)
∂V1

∂T2
− 2iγq1

∂V1

∂X2
+
∂2V1

∂T 2
1

− γ ∂
2V1

∂X2
1

−
(
3ω2

0η2 − iη1ω1

)
|V1|2V1 −

(
6ω2

0η2 − 2iη1ω1

)
|V2|2V1 = 0

(η0 − 2iω2)
∂V2

∂T2
− 2iγq2

∂V2

∂X2
+
∂2V2

∂T 2
1

− γ ∂
2V2

∂X2
1

−
(
3ω2

0η2 − iη1ω2

)
|V2|2V2 −

(
6ω2

0η2 − 2iη1ω2

)
|V1|2V2 = 0

(75)

Using the shifted variables ξm = Xm − Vg1Tm, ξ′m = Xm − Vg2Tm and τm = Tm with m = 1, 2, Eqs.(72)

and (73) are transformed and introduced into the system of equations (75) with the simple combination

ξ′1 = ξ1 + (Vg1 − Vg2)T1 (m = 1), to give :

i
∂V1

∂τ2
+ P1

∂2V1

∂ξ2
1

+Q1|V1|2V1 −R1|V2|2V1 = 0,

i
∂V2

∂τ2
+ P2

∂2V2

∂ξ2
1

+ i

(
Vg2 − Vg1

ε

)
∂V2

∂ξ1
+Q2|V2|2V2 −R2|V1|2V2 = 0

(76)

To make the second equation of the system (76) easy to handle, we cancel the term in ∂V2
∂ξ1

via the gauge

transformation [131] V2 = V2 exp[−i( D
2P2ε

ξ1 + D2

4P2
τ2)], with D = Vg1 − Vg2. By setting τ = τ2 = ε2t and

ξ = ξ1 = εt , the system of equations (76) reduces to :

i
∂V1

∂τ
+ P1

∂2V1

∂ξ2
+Q1|V1|2V1 −R1|V2|2V1 = 0

i
∂V2

∂τ
+ P2

∂2V2

∂ξ2
+Q2|V2|2V2 −R2|V1|2V2 = 0,

(77)

where

P1 =
γ − V 2

g1

2ω1r
, P2 =

γ − V 2
g2

2ω2r
, Q1 = Q1r + iQ1i,

Q2 = Q2r + iQ2i, R1 = R1r + iR1i, R2 = R2r + iR2i,

(78)

with the expressions for Q1r, Q2r, Q1i, Q2i, R1r, R2r, R1i and R2i, given in appendix A2 in Eq.(164).

The system of equations (77) with some of its complex coefficients is indeed the expected one, i.e.
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it has two complex coupled Schrodinger-type equations. The dispersive coefficients P1 and P2 are real,

while Q1, Q2 (the cubic nonlinearity coefficients) and R1, R2 (coupling coefficients), respectively, are

complex. By another name, the set of Eqs. (77) can also, but abusively, be called the complex Ginzburg-

Landau (CGL) equations due to the complex form of some coefficients. However, compared to the

standard CGL equation, an explicit linear dissipative term is absent [138,156–158]. Examples of similar

form of nonlinear complex coupled GL equations with dissipative terms different from zero allowed

Tankou et al [155] to study the dynamics of ionic waves in a dissipative network of MTs mimicking

their electrophysiological behaviour, while Bansi and collaborators [159] used in to study the wave

propagation in a viscoelastic tube filled with viscous fluid.

Note that in addition to the nonexistent dissipative terms, if the imaginary parts of the coupling

and nonlinearity coefficients are assumed to be zero i.e. R1i = R2i = Q1i = Q2i = 0, then the system of

Eqs.(77) reduces rather to a system of two Coupled Nonlinear Schrodinger equations similar to others

in the literature already obtained by some authors in the same field and others as well [18, 160, 161].

Looking closely at our obtained Eqs.(77) system, it has the particularity of having all its six coef-

ficients depending on the memory constant γ and the degree of nonlinearity η. At the same time, its

decoupling leads directly to two uncoupled complex GL equations of the same form, as obtained in

Ref. [111] in the context of study the transport memory effects on nonlinear wave propagation in a

damped DNA model. It is important to mention that obtaining the analytical solutions of the system of

equations (77) is essential for further progress in understanding the propagation of coupled signals in

a damped MT network in the living cell.

II.3.3 The Modulational instability method

Modulational instability is a universal process that is inherent to most nonlinear wave systems in na-

ture. Many theoretical and experimental works have revealed that MI is the direct way through which

localized patterns emerge in many nonlinear systems. This phenomenon was predicted by Benjamin

and Feir [162] for waves on deep water and by Bespalov and Talanov [163] for electromagnetic waves

in nonlinear media with cubic nonlinearity. It is a result of the interplay between nonlinearity and

dispersion and arises inhomogeneous nonlinear media. Nonlinear discrete and continues systems are

the examples of these inhomogeneous media. This process of MI has been observed in many branch of

physics such as plasma physics [164], nonlinear optics [165], nonlinear electrical transmission lines [166]

and biological systems [167–170]. The increasing interest in the way energy spread in protein molecules

in general and in DNA and microtubules in particular is a consequence of its importance in biology. MI

consists in the input of plane wave which propagates through the system, which can become unstable

for a small perturbation under specific conditions. Long time evolution leads to the growth of side

bands near the fundamental wave and a mutual exchange of energy.

In what follows, we explain the procedure of MI through the model equation of a given biological

system. The analysis on the stability previous system starts by assuming that the plane wave solution
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of a given equation with a cubic/quintic nonlinearity is in the form:

u (x, t) = U0e
i(kx−ωt), (79)

where ω and k are respectively, the angular frequency and the wavenumber of the carrier wave. Sub-

stituting the previous expression (79) into the amplitude equation describing the model, leads to the

relationships between the constant amplitude U0, k and ω known as the nonlinear dispersion relation.

The linear stability of the wave plane solution can be investigated by looking a solution in the form:

u (x, t) = U0 [1 + θ (x, t)] ei(kx−ωt), (80)

where the modulated amplitude of perturbation θ (x, t) is assumed to be small in comparison with the

corresponding parameters of the carrier wave. Inserting this perturbation wave plane into the equation

of model and neglecting the higher nonlinear terms, we obtain the linear equation which describes the

evolution for the perturbation. After, we assume the perturbation θ (x, t) in the form:

θ (x, t) = θ1e
i(qx−Ωt) + c.c, (81)

where q and Ω represent respectively, the wave number and the perturbation frequency of the mod-

ulation, which are much smaller than those of the carrier wave, θ1 is the constant amplitudes and c.c

denotes complex conjugation. By substituting the expression (81) into the previous linear equation for

the perturbation and after linearization, we obtain an homogeneous system for constant amplitude,

which leads to the problem of solving the nonlinear dispersion relation in Ω.

As Ω is a function of q and k (ie Ω = Ω(q, k)), the following growth rate of instability

K = |Im(Ω (q, k))| , (82)

is determined and allow us to have the parametric regions of the system where the plane wave is

instable or stable.

In our frame work, so we applied this technique to shown that the MI is precursor of solitons and

localized structures formation in cellular microtubules, with the presence and the effect of the electrical

field on the one hand, and the dissipation on the other hand in the medium. Then, for the analysis, the

CNLS equations (see the system of Eqs.(52),(53)) and the CCGL equations (see system of Eq.(65)) are

used for our application.

Another major difficulty in the search for an understanding of biophysical phenomena is to

construct the adequate solutions of the mathematical amplitude equations of the proposed physi-

cal model for their description. Several methods have been proposed to solve differential-difference

equations and to obtain exact solutions to nonlinear partial differential equations. One can think of

the inverse scattering method [171], the tanh method [172], the JEF method [160, 173], F-expansion

TANKOU 46 Ph.D. Thesis of Biophysics Laboratory



Models and methodology 47

method [174, 175], Bäcklund transformation method [125], Hirota’s modified method [99], Hirota’s di-

rect method [176] and homogeneous balance method [177] and so on. In the following part, we present

the methods for the resolution of the obtained nonlinear differential equations (CNLS and CCGL equa-

tions). Among these above methods, we used those of Jacobian and Hirota’s modified for this purpose.

II.3.4 The Jacobian Elliptic Function Method

As advertise above, the essential purpose of this subsection is to study whether and how Jacobian

elliptic functions can be used to understand our biophysical phenomena. In particular, we present the

usefulness of these functions in solving the set of CNLS equations (52) and (53)). we firstly recall some

general following properties of Jacobian elliptic functions sn(x), cn(x) and dn(x) [178, 179]:

d[dn(x)]

dx
= −m2sn(x)cn(x), (83)

d[cn(x)]

dx
= −sn(x)dn(x), (84)

d[sn(x)]

dx
= cn(x)dn(x), (85)

dn2 (x) = 1−m2sn2 (x) , (86)

cn2 (x) + sn2 (x) = 1. (87)

where m (with 0 < m < 1) is a modulus of jacobian elliptic functions.

When m −→ 1, the JEFs degenerate into hyperbolic functions, that is,

sn(x)→ tanh(x), (88)

cn(x)→ sech(x), (89)

dn(x)→ sech(x). (90)

Also, for m −→ 0, these functions degenerate into trigonometric functions, that is

sn(x)→ sin(x), (91)

cn(x)→ cos(x), (92)

dn(x)→ 1. (93)

Secondly, the application of this Jacobian method mentioned above on a nonlinear differential equation

is taken as an example: let the following NLS equation [180]

i
∂F

∂τ
+ P

∂2F

∂ζ2
+Q|F |2F = 0, (94)

where P and Q are the dispersion and the nonlinearity parameters, the Coordinates ζ and τ are the
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following rescaled time and space variables:

τ = ε2t and ζ = ε (n`− µt) , (95)

with µ, the group velocity [80] or a small variable that will be determined by a solvability condi-

tion [160]. The types of solutions to this equation (94) strongly depend on the sign of its coefficients

P and Q. And thus, its solution begins with a type of the following transformation:

F (ζ, τ) = g (ξ) ei(K1ζ−k2τ), with ξ = Kζ − ατ, (96)

which by substituting into Eq.(94), changes it in:

(k2 − PK2
1 )g + PK2∂

2g

∂ξ2
+Qg3 = 0, (97)

with α = 2PKK1. We look for the solution of Eq.(97) in the form [180]:

g(ξ) = β0 + β1f(ξ), (98)

where f(ξ) = [ sn(ξ), cn(ξ), dn(ξ)] and β0, β1 are to be determined. Hence, using some basic formulae

concerning JEFs given by relations from Eq.(83) to Eq.(87), we will study the possible solution expressed

through dn(ξ) only and we find for β0 = 0,

β2
1 =

2PK2

Q
, k2 = P (K2

1 +K2m2 − 2K2). (99)

Such solution deeply depend also on the signs of the parameter P/Q (see Eq.(83)). As the interval for

the modulus is 0 < m < 1, the solution exists only if P > 0, Q > 0 or P < 0, Q < 0.

Therefore, by Eqs. (95), (96), (98) and (99), the evolution of the exact analytical solution of the NLS

equation (94) is found for PQ > 0 and to a limit m→ 1.

Finally in step three, by knowing the function F and from some reduction expressions that we

will evoke in Chapter 3, we can easily construct the solutions of the stating mathematical equation

describing the studied physical model. In this work, we have for example the discrete spatio-temporal

equation (19) of which the solutions sufficiently explain the nonlinear dynamic of MTs.

II.3.5 The Hirota’s Modified Bilinear Method

Hirota’s Method has been one of the most successful direct techniques for constructing exact solu-

tions to various nonlinear PDEs from mathematical physics and soliton theory. Hirota [181] developed

a method for solving nonlinear equations without requiring the complex technique of inverse scattering

method, too used generally in many non-equilibrium physical systems. In concrete terms, the principle

of the Hirota’s bilinear method lies on the implementation of the Hirota’s bilinear operator, which trans-
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forms the nonlinear evolution equations into several coupled bilinear equations. This act decomposes

the original complicated equation into a series of relatively simple equations [182, 183]. Depending on

the nature of the physical problem, several modifications and improvements are made to obtain an

even larger class of nonlinear waves, hence the name of modified Hirota method. As an example of the

path, we assume the generalized CGL equation and describing the propagation of waves [184]:

i
∂χ(x, t)

∂t
+ p

∂2χ(x, t)

∂x2
+ q|χ(x, t)|2χ = iγχ(x, t), (100)

where p = pr + ipi, q = qr + iqi and γ = γr + iγi respectively, represent the dispersion, the nonlinearity,

and the dissipation coefficients. To solve the nonlinearly CGL Eq.(100) by Hirota’s modified method,

one can take its solutions in the form:

χ(t, x) =
Gei(Kx−Ωt)

F (1+iα)
, (101)

where α, K, Ω, G and F are assumed to be real. Note that in the starting method of Hirota, he took this

solution only as χ(t, x) = G
F , while the one below is improved by the presence of the complex terms

ei(Kx−Ωt) and 1 + iα more.

Here, in general the modified Hirota bilinear operator to use is define by:

Dm
α,xD

n
α,t (G · F ) =

[
∂

∂x
− (1 + iα)

∂

∂x′

]m
×
[
∂

∂t
− (1 + iα)

∂

∂t′

]n
×G (x) · F

(
x′
) ∣∣
x=x′,t=t′ (102)

α̂ = (1 + iα) (2 + iα) , (103)

for non-negative integers m and n. To obtain some exact soliton solutions of the CGL equation above,

one substitute Eq.(101) into Eq.(100) and apply the modified Hirota operators Eqs.(102) and (103) to

have the following system of two coupled bilinear equations:

[
Ω− pK2 − γ + iDt,x + 2ipKDα,x + pD2

α,x

]
(G · F ) = 0 (104)[

pα̂D2
0,x + iγ − λ

]
(F · F )− q|G|2 = 0, (105)

with λ is the free complex constant to be determined and the positive integersm and n are taken to 1 and

0 respectively. This system of bilinear Eqs. (104) and (104) can make it possible to have a variety soliton

solutions under very specific conditions of parameters. Among these mentioned soliton solutions, we

can cite among others darks, breathers, kinks, anti-kinks, pulses and shocks. In this thesis, we chose

to obtain the pulse-typed soliton solutions because of the electrical activity of neuronal microtubules

in the transport of cellular information. Thus, the solutions of the system of two CCGL equations (see

Eq.(65)) that we have derived are proposed from this modified Hirota bilinear method.
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II.4 The Fourth order Runge-Kutta numerical method

It is known that nonlinear differential equations are not easy to solve analytically. The analytical

methods, under condition to a certain number of approximation, make it possible to obtain approxi-

mate solutions. So in order to confirm these results, it is imperative to use other more precise methods:

numerical simulation methods. From these last methods, we then verify the stability of our analyti-

cal approaches obtained. To carry out this work, the nonlinear differential of order greater than one

are firt transformed into a system of several nonlinear ODEs. Many different numerical methods have

been proposed and used in an attempt to solve accurately various types of ordinary differential equa-

tions [185]. However there are a handful of methods known and used universally [186] such that

the Runge-Kutta method, the pseudo-spectral method, Newton-Raphson method, Euleur method, the

Adams-Bashforth and Backward Differentiation Formula methods. All these methods discretize the

differential system to produce a discrete system of equation or map [187]. In this work, we use the

fourth order Runge-Kutta method to solve the discrete nonlinear differential equations which describe

Mts dynamic. The forth-order Runge-Kutta method is a technique for approximating solutions to or-

dinary differential equations [186, 188]. It was first developed by the German mathematician C. Runge

in 1894 and subsequently improved by M.W. Kutta in 1901. This method is based on the numerical

techniques of integration of the trapezoids and Simpson [189]. It is very stable and to set up. For the

procedure, let us therefore consider the following system of three first-order ODEs :

dx

dt
= f1(t, x, y, z), x(t0) = x0 (106)

dy

dt
= f2(t, x, y, z), y(t0) = y0 (107)

dz

dt
= f3(t, x, y, z), z(t0) = z0 (108)

where at the initial time t0 the corresponding values of x, y and z are x0, y0 and z0 respectively. The

function fj with j = 1, 2, 3 and the initial data t0, x0, y0 and z0 are given. The application of the RK4

makes it possible to find the values of the variables x, y and z at successive time intervals ∆t = h. The

iterative numerical scheme of this method is given by the three expressions:

xi+1 = xi +
L1 + 2L2 + 2L3 + L4

6
,

yi+1 = yi +
K1 + 2K2 + 2K3 +K4

6
,

zi+1 = zi +
Q1 + 2Q2 + 2Q3 +Q4

6
.

(109)

TANKOU 50 Ph.D. Thesis of Biophysics Laboratory



Models and methodology 51

with i = 0, 1, 3, 4, ... stands for the iteration number, h > 0 represents the step-size and

L1 = hf1 (ti, xi, yi, zi) ; L2 = hf1

(
ti +

h

2
, xi +

L1

2
, yi +

K1

2
, zi +

Q1

2

)
,

K1 = hf2 (ti, xi, yi, zi) ; K2 = hf2

(
ti +

h

2
, xi +

L1

2
, yi +

K1

2
, zi +

Q1

2

)
,

Q1 = hf3 (ti, xi, yi, zi) ; Q2 = hf3

(
ti +

h

2
, xi +

L1

2
, yi +

K1

2
, zi +

Q1

2

)
,

L3 = hf1

(
ti +

h

2
, xi +

L2

2
, yi +

K2

2
, zi +

Q2

2

)
; L4 = hf1 (ti + h, xi + L3, yi +K3, zi +Q3) ,

K3 = hf2

(
ti +

h

2
, xi +

L2

2
, yi +

K2

2
, zi +

Q2

2

)
; K4 = hf2 (ti + h, xi + L3, yi +K3, zi +Q3) ,

Q3 = hf3

(
ti +

h

2
, xi +

L2

2
, yi +

K2

2
, zi +

Q2

2

)
; Q4 = hf3 (ti + h, xi + L3, yi +K3, zi +Q3) .

Here xi+1, yi+1 and zi+1 are the RK4 approximations of x(ti+1), y(ti+1) and z(ti+1), respectively and the

next value xi+1 or yi+1 or zi+1 is determined by the present value (xi) or (yi) or (zi) plus the weighted

average of four increments, where each increment is the product of the size of the interval, h, and an

estimated slope specified by function fj on the right-hand side of the ODEs. Note that the above results

are necessary and sufficient to find the numerical solutions of Eqs.(106)-(108) as long as it remains con-

tinuous. But in a discrete model, one needs moreover the boundary conditions whose choice depends

on the studied problem. During our investigations, we have employed periodic boundary conditions

since the different models explored are assumed to be cyclic. For example, a lattice of tubulin dimers

with nearest neighbors interactions obeys the following boundary conditions

Y1−j = YM−j+1 ; YM+j = Yj , j = 1, 2, 3, ... (110)

The RK4 method is a fourth-order method, meaning that the local truncation error is on the order of

O(h5), while the total accumulated error is on the order of O(h4).

II.5 Conclusion

This second chapter was devoted to the methodical approaches used in this thesis. Firstly, we made

a thorough development of the observations from the Zdravković radial angular model (see Fig. 10),

with as main interpretations the formulation of the different types of energies acting on the MT network

and whose resultant led to the discrete Hamiltonian of a PF. This Hamiltonian was then used to obtain

the discrete nonlinear differential equation for the motion of the MTs in the eukaryotic cell, neglecting

all friction (see Eq.(20)) on the one hand and considering it to be very intense on the other (see Eq.(22)).

In the same way as above, but with the MT behaving more like an electrical transmission line (see

Fig. 15), we also used Kirchhoff’s laws to arrive at the discrete spatio-temporal differential equation

(37) for the evolution of ionic waves governed by electrical voltage. Subsequently, the multiple scale

expansion and semi-discrete approximation methods were presented and applied in turn to the differ-
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ential equations of the two models studied. This allowed us to derive three systems of two equations

with coupled amplitudes: the first, CNLS; the second, CCNLS incorporating the effects of transport

memory; and the third, CCGL. We should point out however that, these coupled Schrödinger and GL

equations appear for the first time in the study of MT dynamics, as far as the two models mentioned

here are concerned.

We have also presented general MI theories and, methods for analytically solving of Jacobian Elliptic

Functions and the Modified Bilinear Hirota. The application of these techniques to the above coupled

amplitude equation systems will be carried out in the next chapter, for the search and parametric deter-

mination of the instability regions where soliton structures are located. Finally, the numerical analysis

method (i.e. RK4) was presented and will be used again in Chapter 3 to verify the stability of the

predicted analytical solutions.
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CHAPTER III

RESULTS AND DISCUSSION

III.1 Introduction

Many explorations of researchers in the field of biophysics in general are focused on various phenom-

ena, including the propagation of nonlinear waves (pulse solitons, kinks/anti-kinks, breathers, dark ...)

with energy transport, the formation of localized structures and the environmental impact on informa-

tion transfer in biological media, to name a few. Especially in the living cell and more precisely on MT’s

filaments, these nonlinear excitations have received increasing attention in recent years and are widely

considered to be responsible for several phenomena, such as the polymerization/depolymerization

process, ionic conductivity in the cell, trafficking of materials by motor proteins, signalling processes

and information transport in neurons.

In the previous chapters, we have discussed generalities about microtubules with a particular em-

phasis on their crucial roles in differentiated and non-differentiated cells of the nervous system, Zdravk-

ović’s radial and Tuszińsky’s electrical transmission lines mathematical models. The mathematical

methods used to achieve our goals have been indicated. In this third chapter, we started with the

application of MI analysis on the systems of CNLS equations (52) and (53) and CCGL equations (65)

to show that there would exist the formation of solitonic or localized structures in our biophysical sys-

tems. Subsequently, the JEF and Modified Hirota methods are used to construct the analytical solutions

of the coupled Schrödinger and GL systems of equations. Finally, to confirm that the analytical methods

employed are sound, we perform a numerical analysis of the starting problem situations via the RK4

algorithm and plot the different result curves obtained. With supporting discussions, we also study

the influence of the electrical field and some specific parameters of the cytoplasmic environment on the

nonlinear dynamics of the MTs.

III.2 Modulational instability of coupled waves in microtubules

This part tells us about the type of excitations that can support our two studied models through MI.

III.2.1 MI of coupled waves in MTs networks of ϕ-model

As mentioned above in chapter 2, one of the direct mechanisms solitonic structures emerge in non-

linear systems is through MI. We are interested here in the coupled nonlinear Schrodinger system of

equation. In order to investigate the possibility of wave mixing in the set of Eqs.(52) and (53), we as-

sume the plane waves ψ = ψj0e
iωjt as solutions, where the real constants ωj(j = 1, 2), and the complex
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constants amplitudes ψj0 are characterized by the dispersion relations

ωj = ζjj |ψj0|2 + ζjk|ψk0|2, j, k = 1, 2 with k 6= j. (111)

The stability of these plane wave solutions can be investigated by slightly perturbing their amplitudes

as ψ = (ψj0 + εψj)e
iωjt [190]. After some linearization around the unperturbed solutions and using

condition Eqs.(111) , we write ψj = uj + ivj and ψj0 = aj + ibj , which leads to the following real and

imaginary parts for Eqs.(52) and (53):

H1
∂2u1

∂x2
− ∂v1

∂t
+ ζ11

(
2a2

1u1 + 2a1b1v1

)
+ ζ12 (2a1a2u2 + 2a1b2v2) = 0 (112)

H1
∂2v1

∂x2
+
∂u1

∂t
+ ζ11

(
2a1b1u1 + 2b21v1

)
+ ζ12 (2a2b1u2 + 2b1b2v2) = 0 (113)

H2
∂2u2

∂x2
− ∂v2

∂t
+ ζ21 (2a1a2u1 + 2a2b1v1) + ζ22

(
2a2

2u2 + 2a2b2v2

)
= 0 (114)

H2
∂2v2

∂x2
+
∂u2

∂t
+ ζ21 (2b1b2v1 + 2a1b2u1) + ζ22

(
2a2b2u2 + 2b22v2

)
= 0. (115)

Furthermore, from the previous assumption, inserting uj = uj0e
i(λx−Ωt)+c.c. and vj = vj0e

i(λx−Ωt)+c.c.

(j = 1.2) into Eqs.(112)-(115), where λ and Ω are the perturbation wavenumber and the frequency,

respectively, which are much smaller than those of the carrier wave, and c.c. stands for the complex

conjugate, we therefore obtain an homogeneous system for uj0 and vj0 as follows


−iΩ + 2ζ11a1b1 −H1λ

2 + 2ζ11b
2
1 2ζ12a2b1 2ζ12b1b2

−H1λ
2 + 2ζ11a

2
1 iΩ + 2ζ11a1b1 2ζ12a1a2 2ζ12a1b2

2ζ21a1b2 2ζ21b2b1 −iΩ + 2ζ22a2b2 −H2λ
2 + 2ζ22b

2
2

2ζ21a1a2 2ζ21b1a2 −H2λ
2 + 2ζ22a

2
2 iΩ + 2ζ22a2b2




u10

v10

u20

v20

 =


0

0

0

0

 .

(116)

The condition for the above system to have nontrivial solutions is obtained by setting its determinant

to zero, which leads to the following quartic polynomial nonlinear dispersion relation:

Ω4 −RΩ2 + S = 0, (117)

whose solutions are either real or complex, with

R =
(
H2

1 +H2
2

)
λ4 − 2

(
H1ζ11 |ψ10|2 +H2ζ22 |ψ20|2

)
λ2,

S = H2
1H

2
2λ

8 − 2H1H2

(
H2ζ11 |ψ10|2 +H1ζ22 |ψ20|2

)
λ6 + 4H1H2 |ψ10|2 |ψ20|2 (ζ11ζ22 − ζ12ζ21)λ4

• For the system to be stable under modulation, the conditions R > 0, S > 0 and ∆ = R2 − 4S > 0
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should be fulfilled. Eq. (117) admits two solutions as:

Ω2
+ =

1

2

[
R+

√
R2 − 4S

]
, Ω2

− =
1

2

[
R−

√
R2 − 4S

]
. (118)

In this framework, the instability is a purely growing mode and we have the growth rate instability

Γ =
√
−Ω2
−.

• On the other hand, if ∆ = R2 − 4S < 0, there exists a domain of the wavenumber λ of the

perturbation for which Ω2 is negative. In this range, the solution of Eq. (117) are complex and so that

Ω2 has a nonvanishing imaginary part. The plane wave will be unstable if this imaginary part of Ω

Figure 23: The growth rate of MI is plotted for the coupled mode versus the perturbation wavenumber
λ. It is obvious that increasing the dipolar energy contributes to expand the instability region. There
also appears another region of instability, where nonlinear waves in protofilaments.

is positive, leading the perturbation to grow exponentially. Consequently, the plane wave tends to

self-modulate with a wavenumber λ corresponding to the growth rate:

Γ = Im(Ω2
±) = ±1

2

√
4S −R2. (119)

The corresponding growth rate of instability is plotted versus the wavenumbers of perturbation, λ, in

Fig. 23. The above growth rate of instability implies that the condition
√

4S −R2 > 0 should be satisfied

for wave instability to take place. On studying the influence of the dipolar energy on the behavior of

the of the growth rate of instability, one sees that for pE = 0.15 eV, there is only one region of instability,

where modulated waves are expected. That region is situated in the interval 0 < λ < 0.30π, and gets

expanded for pE = 0.20 eV. Wave instability now spans in the interval 0 < λ < 0.55π. However,
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beyond that value of the dipolar energy, there emerges another region of instability 0.35π < λ < 0.45π

for pE = 0.60 eV. Further increasing the later also expands the two regions of parameter for MI to

develop gets large as well. Regions of instability are those where the dimers are expected to undergo

localized oscillations as a result of the interplay between nonlinear and dispersive effects. On the other

hand, when parameters are not picked from those areas, the plane wave solutions will be said to be

stable under modulation and will not experience any perturbation.

III.2.2 MI of coupled waves in MTs networks of an electrical transmission line model

In order to perform the MI study here, we assume the set of Eqs.(65) to have the plane wave solutions

Bq (ξ, T2) = Bq0e
i$qT2 , where $q and Bq0, with q = 1, 2, are, respectively, the angular frequencies and

the complex constant amplitudes of the carrier waves satisfying the dispersion relations

$1 = σ1|B10|2 + ρ1|B20|2 − iγ1,

$2 = σ2|B20|2 + ρ2|B10|2 − iγ2.
(120)

We slightly perturb the amplitudes of these initial plane waves in such a way thatB1 (ξ, T2) = B10(1+ε

×g1(ξ, T2))ei$1T2 and B2 (ξ, T2) = B20 (1 + εg2(ξ, T2)) ei$2T2 , where ε � 1 and gj(ξ, T2), with j = 1, 2,

are the modulated amplitudes of perturbation.

Inserting the above perturbed amplitudes into the system Eqs.(65) and linearizing around the un-

perturbed plane waves, the equations describing the perturbed fields are given by

i
∂g1

∂T2
− S1

∂2g1

∂ξ2
− 2iS1k1

∂g1

∂ξ
− σ1|B10|2 (g1 + g∗1)− ρ1|B20|2 (g2 + g∗2) = 0

i
∂g2

∂T2
− S2

∂2g2

∂ξ2
− 2iS2k2

∂g2

∂ξ
− σ2|B20|2 (g2 + g∗2)− ρ2|B10|2 (g1 + g∗1) = 0.

(121)

Solutions for the above system are then considered to be

g1 (ξ, T2) = d1e
i(λξ−δT2)+d∗2e

−i(λξ−δ∗T2),

g2 (ξ, T2) = d3e
i(λξ−δT2)+d∗4e

−i(λξ−δ∗T2),
(122)

where d1, d2, d3 and d4 are complex constant amplitudes, λ and δ represent, respectively, the wave num-

ber and the frequency of the perturbation, with the asterisk denoting complex conjugation. Applying

these solutions to Eqs. (121) and using the standard procedure of linear stability analysis lead to the

following homogeneous system of equations in terms of d1, d2, d3 and d4


Q11 + δ Q12 Q13 Q14

Q21 Q22 − δ Q23 Q24

Q31 Q32 Q33 + δ Q34

Q41 Q42 Q43 Q44 − δ




d1

d2

d3

d4

 =


0

0

0

0

 , (123)
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where the elements of the matrix (M) are given by

Q11 = S1λ
2 − σ1|B10|2, Q13 = −ρ1|B20|2, Q22 = S1λ

2 − σ∗1|B10|2,

Q21 = Q23 = Q12 = Q14 = Q32 = Q34 = Q41 = Q43 = 0,

Q24 = −ρ∗1|B20|2, Q31 = −ρ2|B10|2,

Q33 = S2λ
2 − σ2|B20|2, Q42 = −σ∗2|B20|2, Q44 = S2λ

2 − σ∗2|B20|2.

(124)

For the above system Eqs.(123) to admit non-trivial solutions, its determinant should be null, i.e.

Det(M) = 0. The dispersion relation, which determines δ, is then obtained by solving the homoge-

neous matrix equation when its determinant of the coefficient matrix vanishes, which leads to

δ4 + η3δ
3 + η2δ

2 + η1δ + η0 = 0. (125)

Eq.(125) is a four order equation for the perturbation frequency obtained by taking determinant of the

matrix null, with η0, η1, η2 and η3 given to appendix B1.(170).

Solving Eq. (125), we can obtain the following four analytical solutions

δ1,2 = −η3

4
− 1

2

√
1

4
η2

3 −
2

3
η2 + Λ± 1

2

√√√√−4

3
η2 +

1

2
η2

3 − Λ +
η3

3 − 4η3η2 + 8η0

4
√

1
4η

2
3 − 2

3η2 + Λ
,

δ3,4 = −η3

4
+

1

2

√
1

4
η2

3 −
2

3
η2 + Λ± 1

2

√√√√−4

3
η2 +

1

2
η2

3 − Λ− η3
3 − 4η3η2 + 8η0

4
√

1
4η

2
3 − 2

3η2 + Λ
,

(126)

where

Λ =
1

3

 3

√
∆1 +

√
∆2

1 − 4∆3
0

2
+

∆0

3

√
∆1+
√

∆2
1−4∆3

0

2


and ∆0 = η2

2 − 3η3η1 + 12η0, ∆1 = 2η3
2 − 9η3η2η1 + 27η2

3η0 + 27η2
1 − 72η2η0. There exists a domain of

the wavenumber λ for which the spectrum of the growth rate of MI G(λ, k1) = 2Im(δ1,2,3,4) can take a

positive or a negative value. The system remains stable under modulation if the indicated MI growth

rate value is negative and this because of the vanishing long term of the growth rate |Im(δ1,2,3,4)|, ex-

ponentially over time. On the other hand, for positive gain values, there is possibility of instabilities.

We therefore witness a divergence of the perturbation as time t increases and the system is said to be

modulationally unstable. Therefore, necessary information on the onset of instability will be extracted

using the maximum MI growth rate G(λ, k1) = 2[|Im(δ1,2,3,4)|]max which is obtained by comparing the

four solutions of the nonlinear dispersion relation (125) given in Eqs.(126). Obviously, the MI growth

rate is strongly influenced by the physical parameter β0 on the one hand, and α on the other hand. To

remind, α is the parameter linking the wavenumbers k1 and k2. The MI growth rate is illustrated in

the (k1, λ)−plane in Fig. 24, where β0 takes increasing values. In general, versus λ, the growth rate

spectrum comprises two symmetric lobes of instability. Values of the wavenumber k1 that give rise

to instability are well-limited, while k1 = 0 is not supposed to support instability, with the maximum
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Figure 24: The MI growth rate features versus the perturbation wavenumber λ and the wavenumber
of the plane wave k1, with k2 = αk1 and α = 0.5. The panels (a), (b), (c) and (d) correspond to the
respective values 0.06, 0.3, 0.5 and 0.7 of the dissipative coefficient β0.

Figure 25: The MI growth rate spectrum in the (λ, β0)−plane for k = k1 = 1 and k2 = αk1, with α taking
the values 0.1, 0.2, 0.35 and 0.5 corresponding to the respective panels (a), (b), (c) and (d).

growth rate being situated around, including, k1 = 1. With increasing β0, the bandgap between the two

lobes tends to disappear, leading the two lobes of instability to merge into one, under strong symmetry

around λ = 0. Regions where G 6= 0 are indeed regions of instability that may support the disinte-

gration of the plane wave solutions into trains of solitonic objects. To further explore the behaviors

of the MI growth rate under the influence of β0, G is plotted in Fig. 25 in the (λ, β0)−plane, with α

changing, so that k2 = αk1. While the growth rate is an increasing function of the parameter α, the MI

spectrum generally displays two symmetric lobes of instability. For α = 0.1 and α = 0.2, one clearly

notices an amplification of the instability, and areas of λ giving rise to the maximum growth rate get

expanded [compare Figs. 25(a) and 25(b)]. However, with further increasing α, such intervals shrink,
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Figure 26: Plot of the MI growth rate versus the dissipation coefficients β0, with α taking the respective
values 0.5, 0.6, 0.7, 0.8, k1 = 1, k2 = αk1 and λ = 0.15.

and regions of β0 that support instability are restricted to higher values. This is once more obvious

in Fig. 25(c), where α = 0.35. We should stress a change of behaviors in the MI growth rate when

α ≥ 0.5. Another observation of the instability gain G(β0) in Fig.26 shows that for the fixed values of

wavenumbers k1 = 1 and λ = 0.001 taken arbitrarily in the instability interval, G(β0) increases with

the parameter α. Likewise, this growth of α induces the instability region in our biological network.

Ultimately and globally, the region of instability thus detected is the one likely to contain the oscilla-

tions of modulated localized waves with an intensification around the perturbed wavenumber λ = 0

and capable of provoking the destitution or reconstitution of tubulin dimers to allow them to transport

energy or information favorable to the normal accomplishment of their cellular functions. According

to the above, there is a straight relationship between MI and soliton formation under a suitable balance

between nonlinearity and dispersion.

III.3 Nonlinear mode excitations in ϕ-model of MTs

Through the MI, we shows that our coupled system equations could admit a broad range of solutions

and that mixing of solitary waves is possible in the models under our study. Then, the main purpose

here is to obtain exact soliton solutions of two system of coupled NLS equations using the Jacobian

elliptic function method already introduced. But we have chosen to start the study by decoupling the

systems of Eqs.(52) and (53) and (77) of motion.
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III.3.1 The single mode excitations

III.3.1.1 Analytical solutions

♣ Case with minimized cytoplasmic viscosity effect

The single mode excitation implies that only one of the two equations is considered, while the other

component in turn to zero, i.e., only one NLS equation remains.

• For example, taking ψ1 6= 0 and ψ2 = 0 leads to the following NLS equation for the lower cut-off

mode

i
∂ψ1

∂t
+H1

∂2ψ1

∂x2
+ ζ11|ψ1|2ψ1 = 0. (127)

The above equation (127) is well known in nonlinear physics and have even been obtained recently by

Zdravković et a` [81] in the present model of MTs dynamics. Solutions for such equations depend on

the sign of H1 × ζ11. From Fig. 19, its obvious that this product is positive, leading to the solution

ψ1(x, t) = K

√
2H1

ζ11
sech (Kx+ 2H1KK1) ei[K1x−H1(K2

1−K2)t], (128)

for Eq.(127). K and K1 are two free parameters. For this first case, the angular displacement of the

dimer at the position n is globally given by the solution

ψ1(x, t) = 2K

√
2H1

ζ11
sech (Knl + 2H1KK1) cos[K1nl − (ω0 −H1(K2

1 −K2))t]. (129)

One can see, form the above expression, that the dimer oscillations are described by a breather solution.

• The upper cut-off mode implies that ψ2 = 0 and ψ2 6= 0, so that only the decoupled equation:

i
∂ψ2

∂t
−H2

∂2ψ1

∂x2
+ ζ22|ψ1|2ψ1 = 0, (130)

is obtained. Its solution can also easily be found by JEF approach. From Fig. 19, H2× ζ22 is positive, but

because of the (-) -sign that appears in Eq.(130), its solution is written as:

ψ2(x, t) = K

√
−2H2

ζ22
tanh (Kx− 2H2KK2) ei[K2x−H2(K2

2+2K2)t], (131)

with K and K2 being two free parameters. Therefore, the following solution for dimer oscillation can

be obtained:

ψ1(x, t) = 2(−1)nK

√
−2H2

ζ22
tanh (Knl − 2H2KK2) cos[K2nl − (ωmax +H2(K2

2 + 2K2))t]. (132)

This time, contrary to the lower cut-off mode, one see form the above expression, that the dimer oscil-

lations are also described by a kink soliton solution.
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♣ Case with intense cytoplasmic dampening and transport memory effect

In this subpart, It is necessary for the coefficients P1, P2, Q1, Q2, R1, and R2 of the CCNLS equations

and their combinations to meet certain conditions. As above, by assuming that either V2 = 0 and V1 6= 0

or V1 = 0 and V2 6= 0, we can separate our CCNLS equation system (77) into two independent CNLS

equations. Solving each equation will lead also to wave propagation in either frequency mode ω1 or ω2.

The solutions to this particular case are straightforward and depend on the sign of the products P1×Q1r

and P2 × Q2r of the two vibrational modes, namely ω1 and ω2. In the meantime, by setting V2 = V1 =

V , which transforms the coupled system (77) into an uncoupled one of two still equivalent Schrödinger

equations. These last two equations differ just in their dispersion and nonlinearity coefficients. One

with P11 = P1 and Q11 = Q1 + R1, and the other with P22 = P2 and Q22 = Q2 + R2. We have chosen

to solve one of them, namely the one with the coefficients P11 and Q11. This amounts to the following

integration:

i
∂V

∂τ
+ P11

∂2V

∂ξ2
+Q11|V |2V = 0, (133)

where

Q11 = Q1r −R1r + i (Q1i −R1i) .

Eq.(133) is a complex nonlinear Schrödinger equation, similar to the one used for the description of

DNA dynamics with memory effect in the literature [111].

The dispersion coefficient P11 is real, while the nonlinearity coefficient Q11 is complex. Therefore, it

is possible to describe the dynamics of the localized soliton wave in our angular MTs model using the

complex NLS equation.

In doing so, the cytoplasm of the cell is a medium with several entities, some of which screen the

signal transmission, the form of the solution that verifies Eq.(133) can be [120, 191]:

V = V0e
−Siτ

[
sech

(
1

N
ξ

)](1+iδ0)

eiSrτ , (134)

where the coefficients V0, N , δ0 and the pair (Sr, Si) represent the amplitude, width, chirp and, real and

imaginary parts of the soliton phase, respectively. It represents the signal that could propagate along

the MTs.

By introducing Eq.(134) into Eq.(133), we find by simple solution of the resulting linear system of

equations, the expressions for the coefficients:

Sr = N2
0P11

(
1− δ2

0

)
, Si = 2N2

0P11δ0, V0 = N0

√
P11

(
2− δ2

0

)
Q11r

, δ±0 =
−3Q11r ±

√
9Q2

11r + 8Q2
11i

2Q11i
,

(135)

with

N0 =
1

N
, Q11r = Q1r −R1r and Q11i = Q1i −R1i.

In our biophysical system, the coefficients P11, Q11r, and their product P11 ×Q11r hold great signif-
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Figure 27: Evolution curves of the parameters P11,Q11r and the P11×Q11r as a function of the wavenum-
ber q1, for η = 0.002 with changing of the memory constant γ.

icance in determining the form of the propagating solution.

Therefore, if P11 × Q11r > 0, Eq.(134) represents a localized soliton of the breather type. The vari-

ations of these solitons against the wavenumber q1 are depicted in Fig. 27. The diagrams depicted in

Figs. 27(a), 27(b), and 27(c) illustrate how the memory constant γ affects the real coefficients of disper-

sion P11, nonlinearity Q11r, and the Benjamin-Feir criterion P11 × Q11r > 0 of the plane wave grating.

It is evident that P11 and Q11r are on the rise but still hold negative values. In contrast, their product

P11 × Q11r is decreases and shows a positive trend. The increase in the parameter γ is evident in all

three figures, and it results in a significant expansion of the forbidden zone for wavenumber q1, which

now ranges from 0 to qs. It is worth noting that the instability criterion P11 × Q11r > 0 indicates the

range of wavenumber values in which unstable excitations may occur within the MTs network. As

a result, the propagation of plane waves in this region of instability is expected to result in trains of

localized structures. It is observed that the memory constant greatly affects this product. An increase

in the value of γ causes the threshold wavenumber to rise from 0.31π to 0.4π. For instance, if γ = 0.2

in the uncoupled NLS equation scenario, selecting a wavenumber q1 within the range of [0.31π;π] will

likely result in localized wave structures. To determine the width of the soliton, the process outlined

in Refs. [111, 192] must be followed. It is shown that in a perfect biological wave propagation medium

(without any influence or zero viscosity, denoted by δ0 = 0), the solution to Eq.(133) has a particular
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Figure 28: Representation of the chirp evolution of the simple soliton-solution as a function of the
wavenumber q1, for η = 0.002 and with the changing memory constant γ.

form

V = Ve [sech (Leξ)] exp

[
i
ue

2Pe
(ξ − ucτ)

]
, (136)

where

Le =

√
u2
e − 2ueuc
2Pe

and Ve =

√
u2
e − 2ueuc
2PeQe

, (137)

with Pe = P11(δ0=0), Qe = Q11r(δ0=0) and, ue and uc free velocity constants with the relation uc =

Ξue (Ξ ∈ [0, 0.5[). By considering the shielding effects and viscosity (δ0 6= 0) that affect the signal

transmission along the MTs, we can use Eqs.(137) to derive the width and amplitude of the soliton:

N =

(
2− δ2

0

)
P11

ue
√

1− 2Ξ
and V0 = ue

√
1− 2Ξ(

2− δ2
0

)
P11Q11r

, (138)

whose variation is important for the evolution of the soliton under the memory constant, along with an

additional existing condition δ0 <
√

2.

Understanding biological systems is inherently complex as they undergo nonlinear evolution in

dispersive and dissipative media. To improve our comprehension of the motion of tubulin dimers, we

have refined a descriptive angular model that was previously developed in Ref. [14]. It is worth noting

that a higher chirp in biological systems often leads to a reduced perception of information in a given

area, meaning the information-carrying signal is highly chirped. Crucial information can be obtained

from the plot of the chirp parameters δ+
0 and δ−0 of the soliton-breather solution of the uncoupled case

as a function of the wavenumber q1, as shown in Fig. 28. We can disregard the chirp δ+
0 and instead

use δ−0 . This is because the positive product P11 ×Q11r is only applicable to certain accessible q1 values

and for the condition δ0 <
√

2. By analyzing Fig. 28(b), we can see that despite the agreement with the

q1 wavenumber, the chirp (δ+
0 )2 is greater than 2. In contrast, Fig. 28(a) shows that the chirp δ2

0 meets

both the wavenumber and upper limit conditions of
√

2. It can be concluded that the soliton-breather

in this scenario must have a slight chirp in order to propagate in the medium. Additionally, the growth
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of the transport memory constant may have a positive effect in certain areas by reducing the impact of

the chirp on the transported information during energy transfer.

Eqs.(134), (68) and (66) ultimately result in a solitary evolution that spans both time and space. This

serves as the solution to Eq.(32) for the motion of tubulin dimers within the MT network, accounting

for the transport memory effect:

ϕ (x, t) = 2εV0e
−(ε2Si−ω1i)tsech

[
ε

(
x− Vg1t

N

)]
× cos [q1x

+
(
ε2Sr − ω1r

)
t+ δ0Log

(
sech

(
ε
x− Vg1t

N

))]
.

(139)

According to the solution Eq.(139), the excitation profile in the cell cytoplasm along the MTs is influ-
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Figure 29: Variation of the soliton-solution widthN and the amplitude V0 as a function of the wavenum-
ber q1, for three values of the memory constant γ and the nonlinearity rate constant η.

enced by crucial parameters, including the amplitude, which is affected by the nature of the propaga-

tion medium, impacting V0 and the width N . To demonstrate this, we have shown the changes in N

and V0 at various values of the memory constant γ and the rate of nonlinearity η, as a function of the

wavenumber q1 in Fig. 29. Figs. 29(a) and (c) are obtained by setting η = 0.002 while the dashed lines

(see Figs. 29(b) and (d)) are plotted for γ = 0.2247, with the other constants being taken as ue = 1 and

Ξ = 0.2. Based on the four graphs, it is evident that N decreases but does not cancel out while V0 in-

creases as q1 varies. The impact of the constants γ and η is noticeable in all cases. As γ evolves from 0.2

to 0.35, the widthN increases (see Fig. 29(a)), causing the signal to disperse spatially, and the amplitude
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V0 to decrease (see Fig. 29(c)). Over the same width N , the impact of the rate η has the opposite effect

to that of γ. It can be seen that changing η from 0.001 to 0.09 leads to the decrease of N (see Fig. 29(b)),

while the amplitude V0 (see Fig. 29(d)) shows the same behaviour as observed previously for the case

of Fig. 29(c). By analyzing the scenario of uncoupled dynamics, we can forecast that the impact of

transport memory can result in an energy-damping force that moves through the MTs network when

the wavenumber q1 falls within the range of [0.31π;π], and γ lies between 0.2 and 0.35.

III.3.1.2 Numerical solutions

♣ Case with minimized cytoplasmic viscosity effect

In order to see if the above solutions (129) and (132) are stable at the time of the propagation along

the MTs, we have studied its spatiotemporal behavior by direct integrating Eq.(19) using the fourth

order Runge-Kutta computational scheme with periodic boundary conditions.

• Firstly for the lower cut-off mode, the time step has been chosen as ∆t = 10−4ns and the initial

condition is solution (129). The effect of the dipolar potential energy has been studied (Fig. 30). As

a matter of fact, the breather soliton has been proposed recently in MTs [81], but its true biological

implications still remain unmasked. However, encouraging is the truth that breather solitons emerge in

systems where nonlinear and dispersive effect are coupled. In biological systems in general, breather

are always presented to be at the onset of important biological processes. In DNA for example, they are

at the onset of transcription [193, 194], while they can be perceived as the triggering signals for motor

proteins to start moving along MTs. Their role in the regulation of neural activities should not also be

ignored, as they are situated inside the axons of nerve cells. In that respect, it has been shown that

MTs are specialized entities in signal transmission within the cell, via dipole interactions in axonal MTs

[195, 196]. Importantly, the spatiotemporal behaviors of such structures depend on system parameters

as it is obvious that the dipolar potential energy modifies its characteristics. In Figure. 30, simulations

have been done for pE = 0.2 eV (Fig. 30(a)) to pE = 0.8 eV (Fig. 30(d)). As a first remark, increasing pE

considerably reduces the amplitude of the wave.

• Using the same numerical procedure as previously, we get the results of Figure. 31, with the

initial condition (132). The spatiotemporal evolution of a kink envelope is displayed for different values

of the dipolar energy pE, which respectively takes the values 0.2 eV ( Fig. 31(a)), 0.4 eV (Fig. 31(b)), 0.6

eV (Fig. 31(c)) and 0.8 eV (Fig. 31(d)). Over the time, the solution evolves into trains of solitonic objects,

which diminish with increasing pE.

In general, the single modes solutions (129) and (132) give an idea on the behavior of the coupled

wave solution under the influence of the electric field. Solitons are or various types, depending on their

meaning and mode of generation in nonlinear systems.
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Figure 30: Spatiotemporal evolution of the lower cut-off solution for different values of the dipolar
energy pE. The number of objects decreases along with the amplitude with increasing pE.

♣ Case with intense cytoplasmic dampening and transport memory effect

In this other part with the consideration of a highly damped dimer displacement, others specific

parameters come into play. To assess the stability of the obtained solutions and the accuracy of the

proposed parametric predictions, Eq.(32) is numerically integrated as it contains the memory term that

is of importance in this work. We examine the scenario where the initial condition is uncoupled, given

by Eq.(139). In doing so, the fourth-order Runge-Kutta computational scheme is utilized, with spatial

and temporal step sizes being ∆x = ∆t = 0.01, under periodic boundary conditions. The final nor-

malized time is set to t = 1000, while 201 dimers are considered spatially. It is clear from Eq.(32) that

the parameters γ and η have an impact on the propagation of excitations along the MTs, reflecting the

effects of transport memory and the degree of nonlinearity, respectively. The initial signal of Eq.(139)

is expected to be affected by changes in such parameters, which is confirmed in Figs. 27-29. We aim

to identify the conditions under which this soliton solution can describe communication between two

dimers in the cell without disappearing. For an objective analysis, via the same parameter limits used

to obtain Figs. 27-29, we numerically generate Figs. 32 and 33 with a focus on the amplitude and width

of the single-mode soliton solution.

Fig. 32(a) shows the space-time representation of solution (136), while Fig. 32(b) shows a spatial

cross-section of such a solution at time t = 800. The full breather solution (139) is shown in Fig. 32(c) at
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Figure 31: Numerical solution corresponding to the upper cut-off frequency solution, under the in-
fluence of the dipolar energy. Similarly to the previous case, the number of solitonic objects and the
amplitude decrease when pE grows, giving rise to more larger structures.

time t = 800, and more better in dimension three representation on the Fig. 32(d), under full numerical

simulations for a memory constant value γ = 0.2247. Precision should be made that all the panels of

Fig. 32 have been obtained at the order ε = 0.01, with the wavenumber q1 = 0.36π. They show the

type of soliton excitation propagated in the studied MT array, which shows indeed a breather structure.

Additionally, the profiles in Fig. 33 highlight the qualitative and quantitative influence of the constants

γ and η during the propagation of single-breather solution, since the main goal of these numerical sim-

ulations is to verify the capacity of the improved model under study to support the obtained analytical

solution. In that direction, panels (aj)j=1,2,3 show the influence of changing the memory parameter γ. In

general, such an increase of the transport memory constant γ not only spatially expands the breathing

structure to more dimers but also reduces the amplitude of the localized solitonic object. In particular,

under normalized time and space, the width of the oscillating soliton increases from about x = 90 units

for γ = 0.21 to x = 200 units for γ = 0.35, while the amplitude increases from ϕ = 12.5rad (γ = 0.21)

to ϕ = 1.125rad (γ = 0.35). Along the same line, we also note that the nonlinear character of the wave

is proven, as increasing the degree η can change the wave from a breather-structure to a solitary pulse,

thus decreasing its amplitude and width as shown in Figs. 33(bj)j=1,2,3. These numerical results in the

non-coupled mode are, once more, in agreement with the analytical predictions of Figs. 29(a)-(d). As

a whole, it is obvious that for ranges of values of the constants γ ∈ [0.21; 0.35] and η ∈ [0.001; 0.09],
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Figure 32: (a) and (b) display the space-time and spatial profiles of the decoupled solution (136), while
panel (c) and (d) display the resulting breather solution (139) obtained from numerical simulations, in
spatial profiles at time t = 800 and 3D at time t respectively, under the parameter values γ = 0.2247
and η = 0.002.

the effects of transport memory as a function of nonlinearity can potentially lower the height by in-

creasing the solitonic width of the dimer protein filament vibrations in the cell. Therefore, these effects

would behave in the chosen constant ranges as constraints that affect conformational changes in MT’s

vibrational motion. The same spectrum of behaviors has been reported in other studies. In many

other biological systems such as the study of cell invasion through soft biological tissues [197], DNA

dynamics [80, 111, 127] and nerve cell networks [148, 198–200], breather waves play important roles in

understanding how these processes work. In MTs, some results have reported that breathers may be

responsible for triggering the mobility of motor proteins [13, 81]. The studies carried out in the last

two references considered negligible damping effects. However, we conducted these investigations be-

lieving that stronger damping effects of transport memory would yield satisfying results. As shown

in Fig. 33(b3), our assumption proved to be correct, with the soliton pulse being a crucial feature of

excitable media, such as brain cells, where the MT is in constant motion. These solitary impulses are

generally associated with chemical excitations propagating quickly at the subcellular level [201, 202].
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Figure 33: Direct numerical simulations using solution (139) as initial condition. Panels (aj)j=1,2,3 dis-
play the single breather excitation under the effect of increasing the transport memory constant γ at
time t = 800 for η = 0.002. Panels (bj)j=1,2,3 show the effect of increasing the the nonlinearity rate η at
the same instant t = 800, with γ = 0.2247.

III.3.2 The coupled mode excitations

III.3.2.1 Analytical solutions

♣ Case with minimized cytoplasmic viscosity effect

In this subsection, our main purpose is to describe dynamics of radial ϕ-model through the coupled

mode. So in the coupled mode none of the two amplitude is switched to zero, and the nonlinear cou-

pling between them is maintained. That is to say requires us to solve the system of CNLS equations

(52) and (53) with ψ1 6= 0 and ψ2 6= 0. Exact solutions are established by making the transformations

[203]:

ψ1(t, x) = g(µ1)eiν1 and ψ2(t, x) = f(µ2)eiν2 , (140)

where µ1 = Kx+ 2H1KK1t, µ2 = Kx+ 2H2KK2t, ν1 = K1x−Ω1t and ν2 = K2x−Ω2t with Ω1 and Ω2

the constants to be determined. f and g can be dependent of the any Jacobian elliptical functions sn(s),

dn(s) and cn(s). Now, focusing our choice on the following expressions

g(µ1) = A01 +A1dn(µ1) and f(µ2) = A02 +A2sn(µ2), (141)
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with A01, A1, A02 and A2 the constants to be determined, we substitute the relations of (140) into the

system of (52) and (53). Their solving depends on the sign of the coefficients [137, 203]:

∆1 =
H2ζ12 +H1ζ22

ζ11ζ22 − ζ12ζ21
, ∆2 = −(H2ζ11 +H1ζ21)

ζ11ζ22 − ζ12ζ21
. (142)

From the modulus m → 1 and for A01 = A02 = 0, the sign of ∆1 > 0 and ∆2 < 0 allow us to the

solutions for the two equations:

ψ1(t, x) = A1seh(Kx+ 2H1KK1t)e
i(K1x−Ω1t) (143)

ψ2(t, x) = A2tanh(Kx− 2H2KK2t)e
i(K2x−Ω2t), (144)

where

A2
1 =

2K2 (H2ζ12 +H1ζ22)

ζ11ζ22 − ζ12ζ21
, A2

2 =
2K2 (H2ζ11 +H1ζ21)

ζ11ζ22 − ζ12ζ21
,

Ω1 = −H1(K2 −K2
1 )− ζ12A2 , Ω1 = −H2(2K2 +K2

1 )− ζ21A1 , (145)

K1 = −H2

H1
k2.

Eqs.(143), (144), (45) and (40) leads to the global solution for the MT dimer radial displacement is given

by:

ϕn(t) =2A1sech (Knl + 2H1KK1) cos[K1nl − (ω0 + Ω1)t]

+ 2(−1)nA2tanh (Knl − 2H2KK2t) cos[K2nl − (ωmax + Ω2)t].

(146)

At first observation, the components of the above general solution are seen as the solutions found to

the cases of simple modes. Except that each parameter of the latter includes the coefficients of the two

CNLS equations, which is interesting and would certainly bring something new to this studied ϕ-radial

model. Then we clearly see on two parts of this coupled solution, the breather soliton solution part in

sech function and the kink part in tanh function.

♣ Case with intense cytoplasmic dampening and transport memory effect

In this next phase of the coupled mode analysis, we extend our approach also by taking into account

the fact that V1 and V2 as the solutions of the system of Eqs.(77), are not equal to zero and then proceed

to search for analytical pulse-like solitons. These solitons are of the same type as those described in

Ref. [204, 205]. Whether or not the final coupled solution, as supported by Eq.(32), exists is contingent

upon the sign of certain newly introduced parameters (Λ1, Λ2, and δ) that are derived from the coef-

ficients of the system (77), as previously described. Assuming that there are microorganisms in the

cytoplasm of the cell that can disturb the reception of the information carried by the soliton pulse along
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Figure 34: Graphical representations of the coupled soliton-solution coefficients. Panels (a), (c) and (e)
as a function of the wavenumbers q1 and q2 (q2 = 0.8q1), for different values of the γ. Panels (b) and (d)
as a function of the memory constant γ, for different values of the nonlinearity constant.

the microtubules, the exact solutions are taken to be

V1 = V10e
−S1iτ [sech (βξ)](1+iδ1)eiS1rτ ,

V2 = V20e
−S2iτ [sech (βξ)](1+iδ2)eiS2rτ ,

(147)

where the pair (V10, V20) are real amplitudes, (S1r, S2r) and (S1i, S2i) the real and imaginary parts of

the phases of the excitations. The coefficients (δ1, δ2) , present in the two solitary pulses V1 and V2 take

into account the bad reception of information and are called chirps. β is a free parameter while all the

others are parameters to be determined. To make the calculations less cumbersome, we have chosen

the soliton phases as the only complexes here.

Introducing relations (147) into the CCNLS equations system (77), leads to the linear set consisting

of the algebraic equations of unknowns V10, V20, S1r, S2r, S1i, S2i, δ1, δ2 and β given to the appendix

B2.(171) to B2.(176). To solve these above linear equations, we take into account the microorganisms

present around the tubulin dimers in the cell. These microorganisms may have a negative impact on

the reception of information carried by soliton signals along these proteins. We conclude that the chirps

in both vibration modes are identical, and therefore δ1 = δ2 = δ.

Eqs.B2.(171) and B3.(174) give :

S1r = P1β
2
(
1− δ2

)
, S1i = 2P1β

2δ,

S2r = P2β
2
(
1− δ2

)
, S2i = 2P2β

2δ.
(148)
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Figure 35: Variations of the chirp of the coupled soliton solution as a function of the wavenumbers q1

and q2 (q2 = 0.8q1). Panels (a) and (c), for different values of γ; panels (b) and (d), for different values
of the nonlinearity rate constant.

Then from Eqs.B2.(172) and B2.(175), we obtain the following amplitudes of expressions:

V10 = β
√

Λ1 (2− δ2); V20 = β
√

Λ2 (2− δ2), (149)

where Λ1 =
P1Q2r − P2R1r

Λ
and Λ2 =

P2Q1r − P1R2r

Λ
,

with Λ = Q1rQ2r −R1rR2r.

Finally, solving equations B2.(173) and B2.(176) gives the result of the chirp:

δ± = ± 1

P1∆2 + P2∆1

[
3P1Λ +

√
9P 2

1 Λ2 + 8(P1∆2 + P2∆1)2

]
, (150)

where ∆1 = R1iQ1r −R1rQ1i and ∆2 = Q1iQ2r −R1iR2r.

As mentioned at the beginning of this section, the real constant β is taken arbitrarily while the other

parameters of the soliton envelopes V1 and V2 are well determined. The latter includes new coefficients

that provide information on the very existence of these pulse waves.

In order to describe the angular displacement profiles of cellular tubulin dimers taking into account

the transport memory effects of the medium in the coupling, the parameters obtained in Eqs.(148)-(150)
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included in the soliton solutions (147) must therefore fulfil some necessary or sufficient conditions.

Thus, to observe the evolution of the soliton pulse coupled by V1 and V2 with the influence of the

transport memory and nonlinear constant, the amplitudes V10, V20 and the chirp δ must be real and

nonzero. To achieve this, the main conditions on these constants are such that:

Λ1 > 0, Λ2 > 0, δ <
√

2 or Λ1 < 0, Λ2 < 0,

δ >
√

2 and P1∆2 + P2∆1 6= 0.
(151)

The graphical representations of some of the obtained coefficients allow to discuss the different pa-

rameter regions necessary for describing the dynamics of the MTs with the impact of its immediate

environment. In Figs. 34 and 35, the plots of the characteristic parameters Λ1, Λ2, δ and P1∆2 +P2∆1 of

the coupled solution are observed. The graphs in Figs. 34(a), 34(b) and 34(c) represent the variations

of three of these parameters as functions of the wavenumbers q1 and q2 for three values of the constant

γ and those in Figs. 34(b), (d) and (f) show the variations of the same parameters but as a function of

the memory constant γ for three values of the nonlinearity rate η with q1 = 0.36π. These satisfy one

of the conditions given in relation (151), as the parameters are positive for specific regions of q1, q2, γ

and η. Fig. 35 allows us to discuss the second condition for the existence of the same coupled breather

solution. It illustrates the evolution of the chirp δ2
± as a function of the wavenumbers q1 and q2 for three

values of γ and η, respectively. The square of δ+ shows increasing behaviors (see Figs. 35(a) and (b))

in contrast to δ− which decreases (see Figs. 35(c) and (d)). It can be seen that the chirp whose part of

values fulfil the condition δ <
√

2(δ2 < 2) is δ+. Thus, the coupled breather solution, weakly chirped,

can propagate along the MT within the intervals γ ∈ [0.003; 0.5], q1 ∈ [0.01π; 0.6π] , with η = 0.002, and

Ξ = 0.2. We can notice that, in general, the dynamics of the MT described by a single equation or a

system of CCNLS equations show how the energy, after being emitted (e.g. by the hydrolysis of GTP),

would propagate in the biological environment of the MT under several constraints such as dispersion,

nonlinearity, friction with other particles and chirp effects.

Starting from the previous calculations, we can return to the systems’s initial coordinates. The

global solution (66) of the equation of motion of the tubulin dimers Eq.(32), with transport memory

and nonlinearity effects, in a cell is written as:

ϕ (x, t) =2V10sech [εβ (x− Vg1t)] e−(ε2S1i−ω1i)t × cos [q1x +
(
ε2S1r − ω1r

)
t

+ δLog (sechεβ (x− Vg1t))] + 2V20sech [εβ (x− Vg1t)] e−(ε2S2i−ω1i)t

× cos [(εD1 − q1)x −
(
ε2S2r + εD1Vg1 − ε2D2 − ω2r) t+ δLog (sechεβ (x− Vg1t))] ,

(152)

with D1 = D
2P2ε

and D2 = D2

4P2

Obviously, Eq.(152) comprises two wave packets of complex frequencies ω1 and ω2 with imaginary

ω1i = ω2i and, real parts ω1randω2r respectively. It should be noted that the imaginary parts refer

directly to the physiological dissipative character of biological media. Since the energy allowing the
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cellular cytoskeletal filaments to play each its role efficiently comes from the hydrolysis of GTP, the

coupled solution (152) would represents the initial energetic excitation received by the dimers on one

of the ends of the PF, which is going to be transmitted from near to near all along the MT. In order to

numerically appreciate the stable propagation of the coupled energy pulse signal through the entire

MT network, Eq.(152) is used as initial input signal. At first sight of this solution, one might think of a

solitary wave structure with modulations.

III.3.2.2 Direct numerical simulations of the coupled solutions

♣ Case with minimized cytoplasmic viscosity effect

While combined the two monomodes as in Eq.(146) , we have the features presented in Fig. 36 after

direct simulation of Eq.(19). Obviously, the kink-envelope soliton is strongly modified by the presence

of the electric fieldE. In fact, its amplitude decreases with increasing pE and the separation between the

two sides gives rise to a hole. Kink-envelope being of the soliton-type, solitons are capable of carrying

energy, and that energy, in the present context, might give rise to the mechanism of polymerization and

depolymerization. Interests have been given recently to soliton collision, where energy is shared for the

better achievement of these processes. However, one of the most important issues is how that energy is

Figure 36: Snapshots of the coupled solution (146) for different values of the dipolar energy pE. In-
creasing the later reduces the amplitude of the Kink-envelope solution. The kink-antikink character of
the solution is visible through the two-humped structure that becomes obvious with increasing pE.

initiated and carried by solitonic structures. At the same time, if the energy released by the hydrolysis

of GTP is not sufficient, there will be no dislocation and the state of the tubulin dimer will not be altered.

Coupled wave generation could then be a way to boost that energy, so that a strong dislocation could

be initiated and followed by the process of polymerization/depolymerization. Furthermore, for motor-
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Figure 37: The panels show the space-time evolution of the coupled solutions. Simulations have been
made for different values of pE : (a) pE = 0.4 eV, (b) pE = 0.6 eV and (c) pE = 0.8 eV. Over time, the
initial condition (146) keeps its shape and characteristics, except that the number of breathing objects
decreases along with the wave amplitude with increasing pE.

proteins to start moving, enough energy should be available, which might be brought by the coupled

solution. This then implies that the solution should be robust and conserve its form and characteristic

for an optimal energy transport. We have for example tested this through the direct numerical integra-

tion of Eq.(19), with the initial condition (146). The corresponding spatiotemporal results are displayed

in Figure. 37, with changing the dipolar energy. Spatially, the soliton keeps its shape with increasing

pE, but temporally, the number of elements diminishes, replaced by more expanded structures. Under

the influence of high electric field, the collection of energy is rather ensured by more bigger structures,

in order to ensure a permanent release of energy that is capable to provoke the motion of heterodimers
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in MTs. This is mediated by an energy rich cap (where GTP is not hydrolyzed) that is formed at the

end of the tubulin [206], that will be hydrolyzed in such a way that a considerable quantity of energy

is released for a specific process, while the rest is stored in the MT lattice for other specific mechanisms

to be achieved. Solitonic structures can then be excited with strong influence on bond length and con-

formation changes of tubulin heterodimers [11, 81]. Otherwise, there is always energy that is supplied

to the vibrations or for motor proteins to move along the MT and transferred to the MT as localized

excitation of vibrations, which sufficiently justifies the evidence of coupled mode of vibration in MTs.

♣ Case with intense cytoplasmic dampening and transport memory effect

The coupled-excitation regime is studied here, where one combines two wave packets (ω1, q1) and

(ω2, q2). Then, under also periodic boundary conditions and, with spatial and temporal step sizes being

∆x = ∆t = 0.01, the fourth-order Runge-Kutta computational scheme is against used for the integra-

tion of Eq.(32). This is based on the initial condition Eq.(152), which results from an extended breathing

wave made of a train of three breathers, as shown in Fig. 38 with γ = 0.02247, η = 0.002 and β = 0.1, by

considering the same parameter limits used to obtain Figs. 34 and 35. In a biophysical context, the cou-

pling of two breathers would allow the transport of a wider range of information via the MTs. It should

be mentioned that the obtained results are not an isolated case, as some works in other biological pro-

cesses have known more enlightened explanations thanks to the coupled signals of breathers. Among

others, we can mention the phenomenon of transcription in DNA physics [148, 193, 194], the dynamics

of negative ions in plasma [131], the process of disassembly and vesicular and organelle transport in

MTs [155, 160]. The transport memory constant γ, the nonlinearity rate η and the free parameter β are,

however, expected to bring about more new features that will help to comprehend the various activities

induced by wave propagation in the MT lattices within a living cell. More explicitly, one can control

how tubulin dimers move to perform their cellular functions by making a suitable choice of γ, η and β.

From the panels of Figs. 39 at time t = 800, with η = 0.002 and β = 0.1, for example, one notices that

the memory effect can act in two ways on the motion of the MTs. To be more precise, Figs. 39(aj)j=1,2,3

show that the amplitude of the coupled signal increases for values of γ, while higher values of the

memory effects, as shown in Figs. 39(bj)j=1,2,3, reduces such an amplitude and preserves the solitonic

width. Along the same line, under increasing values of η, the wave amplitude drastically decreases as

depicted in Fig. 40, where the nonlinearity rate takes the successive values η = 0.001, η = 0.08, and

η = 0.02. The free coefficient β mainly affects its width and amplitude as displayed in Fig. 41 at time

t = 800, with η = 0.002 and γ = 0.02247. Obviously, such a parameter can efficiently be used to transit

from multiple-breathing structures to single-breathing patterns, therefore adapting the solitonic width

to specific cellular functions. It should be noted that the studied physical model has undergone sig-

nificant improvements, particularly in its responsiveness to coupled and uncoupled excitations. The

movement of tubulin dimers may vary in speed, depending on the constant γ responsible for the trans-

port memory effects. However, it is important to note that the nonlinearity in both cases remains a
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Figure 38: Direct numerical simulations of Eq.(32) using solution (152) as initial condition and integrat-
ing the transport memory effect, for η = 0.002 and β = 0.1.
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Figure 39: Direct numerical simulations using solution (152) as initial condition. The panels show the
impact of the transport memory constant γ on the coupled breather-soliton solution along the MTs, for
η = 0.002 and β = 0.1.

deamplification factor. From our observations within the selected value ranges, it behaves solely as an

attenuating factor. We believe that our results can be replicated in real-world physical experiments as

long as the model parameters of Eq.(32) are set to allow for stable spatiotemporal evolutions of nonlin-

ear wave patterns. Within the cell cytoplasm, MTs undergo continuous conformational changes due to

physiological mechanisms such as GTP hydrolysis. It has been suggested that the communication nec-

essary for the movement of molecular motors (dynein and kinesin) is facilitated by soliton-breathers.
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Figure 40: Direct numerical simulations using solution (152) as initial condition. The panels show the
impact of the nonlinearity rate η on the coupled breather-soliton solution along the MTs for γ = 0.02247
and β = 0.1, at time t = 800.
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Figure 41: Direct numerical simulations using solution (152) as initial condition. The panels display the
impact of the free parameter β taking into account the inverse of the width of the soliton on the coupled
breather-solution envelop along the MTs for η = 0.002 and γ = 0.02247, at time t = 800.

Given the diverse and complex nature of intracellular transport, similar to information processing in

neuronal networks, we believe that the coupled breather is essential for addressing any communication

deficiencies within the cell. The MT vibrations shown in Figs. 33 and 39 are interesting due to their

modulated and localized wave profiles. However, when considering their spatial spread, it becomes

clear that the coupled soliton-breather mode would better facilitate the collection, transport, and redis-

tribution of cellular cargoes through MT dynamics. This could especially be true when certain model

parameters are varied, resulting in changes to the speed, number, and distribution of dimers in the

cytoplasmic environment as they carry out their biological functions. We discussed earlier how MTs

with an overdamped movement may display transport memory effects. This idea is motivated by the
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contribution of Sahu et al [207], which reveals that MTs have multilevel memory traits. Their scan-

ning tunnelling microscope experiments showed that memory states were linked to the orientations

of tilted dipoles (dimers). We argue that these tilts would cause depolymerization followed by poly-

merization, leading to the attachment of kinesin/dynein via signaling relayed by the coupled breather

excitation. This would enable the movement of suitable and useful cargo. Additionally, this would

provide valuable insight into the nonlinear dynamics of MTs in the brain. Therefore, by understanding

the behavior of a molecular motor along the axonal PF at a certain point in the network, we can pre-

dict and control it at the previous point. When two neurons exchange information, the optimal way to

observe the memory transfer is through the soliton-breather coupling. This process involves consistent

parameters such as η and β. The behavior of the coupled vibration alternates between amplification

and deamplification. Amplification is associated with the collection and transfer of a large amount of

information, while deamplification results in a loss of energy. This can disrupt the work of motor pro-

teins that supply certain cell sites with energy. The way information is perceived in the brain, which

is overseen by MTs at the level of neuronal axons, may lead to reduced neuronal activities. This, in

turn, can cause neurodegenerative conditions like Parkinson’s and Alzheimer’s diseases [208, 209]. We

can currently understand how tubulin dimers move in a cytoplasmic environment that is over-damped

and scrambled (chirp) when coupled or uncoupled breathing excitations take place. This understand-

ing may contribute to our knowledge of important cellular biological phenomena that are regulated by

MT dynamics, including mitosis, mitochondrial motility, and cognitive and memory processes in the

brain.

III.4 Nonlinear coupled waves in an electrical circuit model for MTs

III.4.1 Analytical soliton solutions of the CCGL equations

The strong relationship between wave modulation and soliton formation has given rise to a broad

range of contributions using several resolution methods of nonlinear equations. Using the modi-

fied Hirota’s method, the coupled cubic-quintic CGL equations were solved analytically for counter-

propagating waves by Zakeri and Yomba [210]. Following a similar procedure to solve a set of coupled

Eqs.(65), we first consider the following modified Hirota’s linear operators:

(Dm
x D

n
t )pj (G.F ) =

[
∂

∂x
−
(

1

2
+ ipj

)
∂

∂x′

]m
×
[
∂

∂t
−
(

1

2
+ ipj

)
∂

∂t′

]n
×G (x, t)F

(
x′, t′

) ∣∣
x=x′,t=t′ ,

(153a)

Λj (F.F ) =

(
1

2
+ ipj

)(
3

2
+ ipj

)
×
(
FFxx − F 2

x

)
, j = 1, 2 (153b)
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where pj (j=1,2) are real parameters, n,m are positive integers and G(x,t), H(x,t) and F(x,t) are assumed

to be real-valued functions. Considering T2 = t and X1 = x, we rewrite the set of Eqs. (65) as:

i
∂B1

∂t
− S1

∂2B1

∂x2
− σ1|B1|2B1 − ρ1|B2|2B1 = iA1B1

i
∂B2

∂t
− S2

∂2B2

∂x2
− σ2|B2|2B2 − ρ2|B1|2B2 = iA2B2,

(154)

whose exact solutions can be obtained using the transformations

B1 =
ηGei(q1x−Ω1t)

F ( 1
2

+ip1)
, B2 =

µHei(q2x−Ω2t)

F ( 1
2

+ip2)
, (155)

where q1, q2 and Ω1, Ω2, are, respectively, wavenumbers and angular frequencies of envelopes, and

assumed real while η = ηr + iηi and µ = µr + iµi are complex. Substituting Eqs.(155) into (154),

we obtain the following system of bilinear equations, functions of the modified derivatives of Hirota’s

linear operators (153):

[Ω1 + q2
1S1 − iA1 + iDp1,t − 2iq1S1Dp1,x − S1D

2
p1,x + 4`1] (G.F ) = 0,

S1Λ1 (F.F )− |η|2 (σ1r + iσ1i)G
2 − |µ|2 (ρ1r + iρ1i)H

2 = 0,

[Ω2 + q2
2S2 − iA2 + iDp2,t − 2iq2S2Dp2,x − S2D

2
p2,x + 4`2] (H.F ) = 0,

S2Λ2 (F.F )− |µ|2 (σ2r + iσ2i)H
2 − |η|2 (ρ2r + iρ2i)G

2 = 0,

(156)

with |η|2 = η2
r + η2

i and |µ|2 = µ2
r + µ2

i , `1 and `2 being constants of decoupling. In addition, the

normalization condition F/|F |
( 1
2+ip1)

= F/|F |
( 1
2+ip2)

= 1 is used. There are several families of soliton

solutions among which, the impulse, frontal and dark solitons [210]. Such solutions are often obtained

from the modified bilinear operators (153). However, we pay particular attention to pulse-like solutions

because of their numerous applications in microtubular networks in terms of signal processing and

information transport. Therefore, the functions G, H , and F are assumed to be in the following forms:

G = H = e
1
2

(Rx+ωt),

F = 1 + de(Rx+ωt) + Pe2(Rx+ωt),
(157)

where ω, R, d and L are taken to be real constant. Substituting the above into Eqs. (156) leads to

Ω1 = S1

(
1

4
R2 − q2

1

)
, Ω2 = S2

(
1

4
R2 − q2

2

)
,

ω = 2 (A1 + S1q1R) , p1 < 0, p2 < 0, `1 = `2 = 0,

|η|2 =
S1R

2d
[
ρ1i

(
3
4 − p

2
1

)
− 2p1ρ1r

]
σ1rρ1i − σ1iρ1r

,

q2 =
S1q1R+A1 −A2

S2R
,

|µ|2 =
S1R

2d
[
σ1i

(
p2

1 − 3
4

)
+ 2p1σ1r

]
σ1rρ1i − σ1iρ1r

, R2 = − A1

p1S1
,

(158)
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Figure 42: Spatiotemporal evolution of pulse-soliton amplitudes B1 [panels (a) and (b)] and B2 [panels
(c) and (d)] from Eqs.(160) and (161).

with d 6= 0 and P 6= 0. In order to further proceed, the constraints in appendix B3.(177) are adopted,

which leads to the following solutions, giving the complex amplitude B1 and B2:

B1 (x, t) =
ηe

1
2

(Rx+ωt)+i(q1x−Ω1t)[
1 + de(Rx+ωt) + Pe2(Rx+ωt)

]( 1
2

+ip1)
,

B2 (x, t) =
µe

1
2

(Rx+ωt)+i(q2x−Ω2t)[
1 + de(Rx+ωt) + Pe2(Rx+ωt)

]( 1
2

+ip2)
,

(159)

with their squared norms being given by:

|B1 (x, t)|2 =
|η|2

∣∣e(Rx+ωt)
∣∣∣∣1 + de(Rx+ωt) + Pe2(Rx+ωt)

∣∣ , (160)

|B2 (x, t)|2 =
|µ|2

∣∣e(Rx+ωt)
∣∣∣∣1 + de(Rx+ωt) + Pe2(Rx+ωt)

∣∣ . (161)

The panels of Fig. 42 illustrate well the spatiotemporal evolution of such amplitudes, which represent

bright-soliton amplitudes. Using Eqs. (159), it is possible to rewrite the spatiotemporal formula of the

voltage Vn(t) given by relation (58). It describes the calcium wave propagation through the network of
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cellular microtubules and it is given by:

Vn(t) =
2ε

F
[ηrG cos (Φ1) + µrH cos (Φ2)] +

2ε2η2G2F−1

ω2
1 − ω2

0sin2(k1)

[
α1ω

2
1 cos (2Φ1)

−1

2
ω1

(
β0α1 + 4β2sin2(k1)

)
sin (2Φ1)

]
+

2ε2µ2H2F−1

ω2
2 − ω2

0sin2(k2)

[
α1ω

2
2 cos (2Φ2)

−1

2
ω2

(
β0α1 + 4β2sin2(k2)

)
sin (2Φ2)

]
,

(162)

where Φ1 = (q1 + k1)x− (Ω1 + ω1) t− p1 lnF and Φ2 = (q2 + k2)x− (Ω2 + ω2) t− p2 lnF . This coupled

solution comprising the two frequency modes ω1 and ω2 will be used as the initial condition in the

next section dedicated to numerical analysis of wave propagation in the microtubule network. More

precisely, at the initial time (t = 0), the signal originating from the hydrolysis of guanosine triphosphate

and which is to propagate along the MTs is then given in form (162). In general, interactions of waves

can give rise to radiations or generate other types of solitons, especially when other system-related

factors such as management and inhomogeneities are included [211]. This can involve bright-bright

or bright-dark solitons, leading to more complex and exotic structures potentially full of interest, with

possible practical applications. Therefore, In view of solution (162) the reader should notice that the

generalized solution has a breather form, which implies the possibility of getting modulated waves.

III.4.2 Numerical simulations of the CCGL equations

Numerical simulations here are carried out in the generic discrete Eq.(37) describing the signal pro-

cessing in an electrical transmission line of MTs. Obviously, Eq.(37) contains several terms and their

corresponding coefficients that may significantly affect wave propagation in the model under study.

Among such parameters, particular importance has been given to dissipative effects brought by the

coefficients β0 and β1. Even at the sub-cellular level, most biological processes are sequenced by an

initiation, triggered in the present case by the hydrolysis of GTP, execution, and termination, which is

indubitably related to the attenuation of the propagating signal under dissipative effects. However, it

should be indicated that other biological factors may contribute to amplifying the signal against dissi-

pation to complete a given process until complete information is transported to the receiver. A failure

of such, the case of neuronal microtubules, for example, may lead to a multitude of neuronal disorders

such also anxiety [212]. From the physical point of view, dissipative effects significantly modify the

intrinsic dynamic equilibrium between nonlinearity and dispersion, consequently affecting the stable

information and energy transport in MTs. This shows the straightforward interdependence between

the structural role of MTs and their essential function in ionic signal processing at the sub-cellular level,

under controlled input from dissipative elements inherent to biological environments.

This study of ionic signal transport along the MT electrical network is based on the direct sim-

ulation of Eq.(37) via the well-known Runge-Kutta computational scheme, under periodic boundary

conditions and a step over time, dt = 10−2ns. As said so far, the input signal is the modulated im-

pulse of Eq.(162), over 201 lattice cells, with two coupled oscillation modes characterized by (k1, ω1)
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Figure 43: Spatiotemporal evolution of the coupled solution [panels (aj)j=1,2,3,4] along with their corre-
sponding time series [panels (bj)j=1,2,3,4] and spatial evolution [panels (cj)j=1,2,3,4] for the parameters
k1 = 0.13, k2 = 0.35k1. Moreover, from left to right, columns correspond to the respective values
β0 = 0.00009, β0 = 0.0009, β0 = 0.003 and β0 = 0.01 of the dissipative coefficient.

and (k2, ω2), with k2 = αk1. To remind, the amplitudes of individual modes, shown in Fig. 42, dis-

play bell-shaped solitary impulses. Indubitably, the coupled mode results in a robust envelope soliton,

already known in several biological settings. The role of coupled bright soliton in neuronal networks

was debated in the context of information transport and signal processing [213]. Under the conditions

described above, the results for numerical study are shown in Fig. 43. Clearly, the panels of Fig. 43 give

a comparison between the spatiotemporal evolution of the coupled solitary wave to its corresponding

time series and wave profile, under different values of dissipative coefficients. Obviously, in space and

time, the propagation of the coupled mode gives rise to modulated trains of patterns. In panel (a1) of

Fig. 43, precisely, the spectrum of behavior is such that the wave structure keeps its stable and periodic

state over time and repeats the same propagation events. This assumes that localized excitations of

ionic waves are accessible to the electrical network, and the corresponding localized signals present

solitary modulated solutions with a regular periodic background. Spatially, the movement of the signal

repeats after about 15 unit cells of MTs while temporally, its period is about 1300ns materialized by

two alternations. In the same panel (a1), tiger amplitude of oscillations can be noticed, which stands

for areas where the energy carried by the voltage wave is maximum. This corresponds to the precise

moment when the ionic signal gets more accelerated, inducing the microtubular activities. As for the

dark peaks of the signal, the energy would be minimal and would not allow a good appreciation of

the desired biological phenomenon, while the moments of respite, where the voltage soliton wave is
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zero, would rather be those of the transition between two phases of the process under study. Addi-

tionally, there is an amplification of the excitatory signal in the network whose profile is plotted in

Fig. 43(b1). The signal propagates in the form of a train of small amplitude with a short wavelength,

with each component of the train having the shape of a soliton object. This proves the robustness of the

coupled-wave solutions, which corroborates predictions from the linear stability analysis of MI. One of

the primary outcomes of the studied model is its sensitivity to model parameters such as dissipation,

which is evident in Fig. 43(a2) and Fig. 43(b2). In this context, the spatiotemporal behavior of the ionic

waves is still supported by coherent structures whose amplitude goes down as time increases. Interest-

ingly, the time series of Fig. 43(b2) shows that increasing the values of β0 considerably attenuates wave

propagation and even affects the spatial distribution of the obtained patterns. Corresponding values

for β0 are such that β0 = 0.0009 for Fig. 43(a2), β0 = 0.003 for the case of Fig. 43(a3) and β0 = 0.01,

which corresponds to the patterns of Fig. 43(a4). We should stress remind that in the process, we have

related the value of β1 to the one of β0 so that the change in the latter directly affects variation in β1.

Therefore, It is noticeable that the two dissipation coefficients β0 and β1 have a common effect on the

propagation of the envelope of coupled soliton pulses, except that the action of one, β0, is more ag-

gressive and quicker than that on the other, β1, which is proportional to β0. More precisely, increasing

β0 changes the characteristics of the wave structure more quickly. As a whole, controlling and main-

taining small acceptable values of the dissipative parameters would allow good energy propagation

in our biomolecular filament network. Due to the strong dissipation of the biological medium stud-

ied and to the fact that the supplied energy could suddenly be dissipated and therefore be insufficient

for the MTs to perform their cellular functions optimally, the coupled solitary bursting signal would

therefore be an excellent option to remedy and promote the release of a large amount of compensatory

energy and which would propagate stably and permanently throughout the biological network. The

energy and information transport that originates from a hydrolysis of GTP in cellular MTs would then

be possible via the envelope solution of coupled voltage pulses of the soliton-type supported by the

discrete model of transmission line studied. The inherent electric nature of neurons points out the ef-

fectivity and potential functions of the MT cytoskeleton that conveys electric information. Although

no direct experiment has been realized showing the evidence and contribution of MT in signal conduc-

tion in neurons, it remains scientifically verified that MT contributes importantly to higher cognitive

processes, among which neuronal signal processing. A broad range of oscillatory modes has been re-

ported recently, where Tabi and co-workers [148, 149, 199, 214] showed that neuronal waves and action

potentials might rely on frequency distribution, depending on the physiological process to be achieved.

Indubitably, the transmission line elements, such as the intrinsic resistance and capacitance, play a cru-

cial role in the spatiotemporal spreading of the wave. This is finely illustrated by the different scenarios

depicted in Fig. 43(cj)j=1,2,3,4, where panels from left to right correspond to increasing values of β0, the

dissipative coefficient. Importantly, such structures have been reported in many contributions as being

caused by the activation of MI. Noticeably, increasing the resistance in the system contributes to gen-

erating asymmetric solitonic objects while the amplitude decreases. Although the precise mechanism
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is not fully clear yet [88], it may involve diffusion through the central channel [215] and ion redistribu-

tion along the microtubule resulting from the variations in cation (Na+; K+; Ca2+)migration through

nanopores along the microtubule wall [216]. In that direction, several contributions have demonstrated

charge centers with corresponding counter ion clouds along the axis of the microfilament allowing ionic

waves to propagate along its axis [17,217,218]. The described phenomenon was already reported by Lin

et a` [89], who further confirmed electrical signal via soliton waves in actin filaments. However, against

dissipation, it was shown recently that microtubules are capable of amplifying ionic signal waves [90]

which may importantly contribute to the regulation of voltage-dependent anion channel in the mito-

chondria [219] with considerable implications in exchanges involving the extracellular matrix [220] that

facilitates permanent dynamics and information exchange between the cytoskeleton and extracellular

environment.

III.5 Conlusion

The studies carried out in this chapter relate to some crucial fact that provide a better understanding

of the complex functioning of biological MT networks during the collection, transport and transfer of

information or energy in a cellular environment. These fact, namely, the coupling of two frequency

modes, MI, dipole energy variation, the effect of transport memory and dissipation, have given satis-

factory results for the propagation of nonlinearly coupled waves along MTs.

The MI phenomenon, due to the combined effects of the nonlinearity and dispersion of the systems

explored, has led to realize that information transport and transfer can be achieved by robust coupled

soliton waves, thus consolidating the theory that the soliton retains its properties as it moves. Clearly,

thanks to the plane wave solutions, an expression for the growth rate of the MI has been proposed,

from which a complete parametric analysis of the MI has been carried out on the two models studied. In

particular, we have shown and discussed the impact of dipole energy and dissipation on the parametric

expansion of unstable regions in the angular and electrical line models. It is worth mentioning that

localized coupled structures such as envelope solitons of kinks, breathers and light pulses are found in

the modulationally unstable domain. The construction of these results analytically was done by means

of the solving methods of Jacobian Elliptic Functions and Bilinear Modified Hirota, with the obtaining

of new envelopes of exact solutions coupled by two frequency modes.

The numerical test confirmed that the dynamics of tubulin dimers could be described by nonlinear

models of solitonic trains, whose characteristics are sensitive to changes in the parameters of the system,

mainly, dipole energy, dissipation and transport memory. Indeed, the amplitude of the kinks envelope

decreases with increasing dipole energy, but more extended structures are obtained. We also showed

that the over damped character of MTs during their movement in the cytoplasmic environment mainly

gives rise to transport memory effects. Thus, the effect of transport memory acts slightly by lowering

or increasing the large amount of information that could be conveyed, for example, by motor proteins

(kinesin or dynein) from one site to another via the envelope of coupled breathers soliton.
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On the other hand, the solitary impulses obtained during the process help to explain the operating

mechanism of the protein filaments studied in excitable environments such as neurons. As for the dissi-

pation phenomenon, we noted that over time the dissipation coefficient had an impact on the amplitude

of the coupled ionic voltage wave, while spatially other interesting characteristics were obtained that

justify the diversity of oscillatory ionic movements across the MT network. This could provide an ex-

planation for the variation and migration of K+, Na+ and Ca2+ ions across the nanopores present

between the tubulin dimers of neighbouring PFs. This could lead to a better understanding of the re-

distribution of ions throughout the MT during neuronal excitation. These valuable electrical properties

may benefit to the neuronal signal processing and to the key process of energy transport and transfer

along the MT network, given the direct relationship between electrical behaviour and network defor-

mation for specific biological functions of MTs to be fulfilled under normal physiological conditions.
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GENERAL CONCLUSION AND

PERSPECTIVES

A. Summary and Contributions

The exploration of nonlinear waves in biological environments is of growing interest and now cov-

ers a wide range of biophysical systems, including muscular tissue, MTs, neuronal networks and many

others. The study carried out in this thesis focused on the nonlinear dynamics of coupled waves in two

mathematical models of microtubules. The primary objective of the work was to reveal that the dy-

namics of MTs could be studied through the existence and propagation of new classes of soliton train

structures, under some optimal circumstances and parametric conditions. Moreover, there was also

a strong interest in extending the investigations made by Satarić to more improved models. In more

improved considerations, an individual tubulin dimer protein constitutes on the one hand, a dipolar

molecule under the influence of other microparticles of the cytoplasm and on the other hand, an elec-

trical cell with capacitive, inductive and resistive components, linked to the polyelectrolyte character

of the MT in the cytosol. To achieve these main objectives, the work in this thesis has been divided into

three chapters.

The First Chapter presented a general biological overview of microtubules, including a description

of their anatomy and physiology, with a focus on their role in the electrical activity of excitable cells

such as neurons. We found that MTs are highly dynamic filamentous molecules and that a multitude

of physical mathematical models have been introduced in an attempt to explain and understand their

complex functioning. These models with biophysically acceptable results were then reviewed and, the

transmission electrical line and angular models in particular caught our attention given the geometry

and behaviour of an individual tubulin dimer, which is close to the reality of things in the biological

environment. They were therefore adopted for this work.

The Second Chapter was devoted to describing the analytical and numerical methods used for the

investigations. Thus, after a few important physio-anatomical reminders of the MT in its biotope, we

first showed the various modifications on which this research focused and then presented the main

analytical methods in turn, such as the expansion of multiple scales, the analysis of modulational in-

stability, Jacobian Elliptic Functions, the semi-discrete approximation and the Modified Hirota Bilinear

Method. The fourth-order Runge-Kutta numerical scheme for a direct simulation of the initial equa-

tions of motion was also presented. We also showed how to reduce the discrete and continuous models

to their coupled amplitude equations. Thus the angular model led to the CNLS and CCNLS systems of

equations, respectively, with the absence of cytoplasm damping and the presence of intense friction for

the production of transport memory effects. The transmission line model was used to derive a system

of nonlinear dissipative CCGL equations.

The Third Chapter has been reserved to the main results reported in this thesis. In particular, their
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presentations, each accompanied by a discussion. We began by analyzing the modulation instability in

the models explored. This made it possible to realize that the transport and transfer of information can

be ensured by soliton-type wave structures in the MT environment. Clearly, thanks to the plane wave

solutions, an expression for the growth rate of the MI was proposed, from which a complete paramet-

ric analysis of the MI was carried out on the two models studied. In the angular model, the influence

of dipole energy on the emergence of unstable modes was discussed and two parameter regions were

found to support the formation of non-linear modulated waves, under intense electric field. In a similar

process in the transmission line model, we analyzed the impact of dissipative elements on the paramet-

ric expansion of unstable regions, in which ionic excitations with solitonic characteristics would also

exist. On this basis, the Jacobian Elliptic Function method and the Modified Hirota Bilinear Method

were used to construct solutions for breathers, impulses and kinks. All these analytical solutions were

found in simple and combined frequency modes. In all cases, a test of stable propagation was carried

out by direct numerical simulations of the various equations of the discrete or continuous model, and

confirmed for certain well-fixed values of system parameters. Structures with soliton characteristics

were obtained, but particular attention was paid to the coupled modes, which proved to be the solu-

tions that best described energy harvesting. The angular model led to robust coupled soliton structures

modulated by kink and breathers envelopes, while the electrical model led to a coupled and localized

bright light pulse soliton envelope. Interesting observations were made during the study of the effects

of the specific parameters used in the MI analysis on the propagation of these non-linear excitations.

Firstly, it was found that the kink envelope soliton is strongly modified under an intense electric field

through the increase in dipole energy. Subsequently, on over damped movements of tubulin dimers,

analysis of the memory constant on the coupled breather’s soliton showed that the effect of transport

memory would act in two ways by slightly reducing or amplifying the large amount of information

traffic that could be carried from one site to another via the MTs. Finally, we noted that the ion cur-

rent dynamics described by localized non-linear modes of ion soliton envelope trains are sensitive to

changes in system parameters, mainly dissipation. In the course of the studies, solitary pulses were

obtained. This would justify the diversity of oscillatory movements in the MTs network and, together

with other observations, explain the operating mechanism of this filamentous network in eukaryotic

cells in general, of which neurons are a part. We have seen that the MTs of neurite extensions (axon

and dendrite) are more stable than those of other cells in the body of a living being. The energy collec-

tion mechanism should therefore be stronger. During oscillatory movements in neurons, an increase in

the concentration of Ca2+ ions outside the MT during neuronal excitation would break down the free

energy barrier preventing the migration of certain ions such as potassium K+ or sodium Na+ towards

the inside of the MT. This would lead to a redistribution of ions throughout the MT network. Given

the direct relationship between ion displacement and deformation of the protofilament network, the

valuable properties observed may be beneficial to neuronal electrical signal processing and to the key

process of energy transport along MTs in general. Consequently, the robust and broad soliton envelopes

generated and the coupled frequencies would best present the characteristics of a serious candidate for

the process of collection, transport and transfer of energy released by GTP hydrolysis. We have argued

that such solutions to the case of protofilament dynamics can be justified by the presence of the two

different modes of vibration [221]. This could have interesting biological meanings and enrich the fam-

ily of solitons describing the oscillations of tubulin dimers as in reference [222]. We also argued that

by relying on systematic control of certain effects of the cytoplasmic environment, including transport
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memory, chirp, electric field and dissipation, the specific biological functions of MTs could be fulfilled

under normal physiological conditions. Among these specific functions, the initiation of the polymer-

ization /depolymerization process, the electrical activity of neurons and intracellular trafficking can be

mentioned.

B. Open problems and future directions

The work in this thesis has helped to improve our understanding of the complex operation of the

nonlinear dynamics of MTs in the cellular environment by means of the mathematical models studied

above. Most of the research carried out was aimed at studying multi-mode wave propagation phenom-

ena as a function of certain parameters, the number of which is not exhaustive. This is why we are

exploring other points of interest that may be resolved in the future :

1 − The idea that MTs can act as complex subcellular nanopores remains an open question,

although it has recently received considerable attention [88]. To our knowledge, appropriate models for

this have not been sufficiently explored and are a serious concern in terms of the possible efficiency of

charge carriers and their robustness against dissipative effects. However, we believe that ion fluxes and

permeability can relay the communication of cellular information to the nucleus as an instantaneous

response to a high concentration Ca2+ ion pulse.

2 − Since there are other models that deal with the nonlinear dynamics of MTs, such as the

longitudinal model in which the movement of the tubulin dimer is assumed to be rectilinear, we can

admit the presence of two types of simultaneous movement (rotation and translation) for the same

dimer. This opens up a new field of exploration in two directions, with the effects of memory on

structural movement and intracellular transport being taken into account in a more generalized model

of MT dynamics.

3 − It could also be interesting to approach the two-dimensional version by studying the par-

ticularities of each mode, in terms of dissipative solitons, and to see their biological implications.

4 − From a theoretical point of view, it is known that the stability and lifetime of localized

structures are very sensitive to properties of thermal fluctuations such as the effect of temperature. In

the cell, the MT is in permanent contact with the thermal bath of the cytosol. Consequently, thermal

forces play an important role in its internal dynamics. It is therefore necessary to explore the role of

thermal noise in the formation of localized structures in the models studied in this thesis.
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APPENDIX

Main results

Appendix A1: Respective real and imaginary parts of the coefficients (σ1, σ2) and (ρ1, ρ2) of
the system of Coupled Complex Ginzburg-Landau equations given in Eqs.(65)
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Appendix A2: Respective real and imaginary parts of the coefficients (Q1, Q2) and (R1, R2)
of the system of Coupled Complex Nonlinear Schrödinger Equations given in Eqs.(77)
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Appendix A3: Details of calculations on the derivation of the system of Coupled Nonlinear
Schrödinger Equations (50) and (51) from the angular model

By letting j = 2 in equation (43), using the result obtained in equation(45), we have the second-order
approximation equation :
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then, using the solvability condition µ = 0, we obtain(
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We now consider the case j = 3 in equation (43). Using the results obtained in equations (45) and (49),
one has:(
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In so going,(
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We note that the term proportional to e−iωgt and e−iωmaxt on the right-hand side of equation (168) is
a secular term that must be eliminated in order for the theory to be valid [171, 173]. Removal these
secular term in equation above, we obtain the CNLS equation for the envelope functions Q1(T, ξn) and
Q2(T, ξn) :
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Like this, we obtain the system of equation (52) and (53).
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Appendix B1: Coefficients η0, η1, η2 and η3 of the fourth degree perturbed dispersion equa-
tion (125) in the microtubular model of electrical transmission line

η3 = Q11 −Q22 +Q33 −Q44

η2 = −Q11Q22 −Q31Q13 −Q42Q24 −Q33Q44

+Q11Q33 +Q22Q44 −Q11Q44 −Q22Q33,

η1 = Q22Q33Q44 +Q31Q13Q44 −Q42Q24Q33

−Q11Q33Q44 −Q11Q42Q24 −Q11Q22Q33

+Q11Q22Q44 +Q31Q13Q22,

η0 = Q11Q22Q33Q44 +Q31Q13Q42Q24

−Q31Q13Q22Q44 −Q11Q42Q24Q33.

(170)

Appendix B2: Linear set consisting of the algebraic equations of unknowns V10, V20, S1r, S2r,
S1i, S2i, δ1, δ2 and β in solution (152)

P1β
2 − S1r − P1β

2δ2
1 − i

(
S1i − 2P1β

2δ1

)
= 0, (171)

P1β
2
(
δ2

1 − 2
)

+ V 2
10Q1r + V 2

20R1r = 0, (172)

−3P1β
2δ1 + V 2

10Q1i + V 2
20R1i = 0, (173)

P2β
2 − S2r − P2β

2δ2
2 + i

(
−S2i + 2P2β

2δ2

)
= 0, (174)

P2β
2
(
δ2

2 − 2
)

+ V 2
20Q2r + V 2

10R2r = 0, (175)

−3P2β
2δ2 + V 2

20Q2i + V 2
10R2i = 0. (176)

Appendix B3: Constraints arising from the modified Hirota’s bilinear operators when de-
termining B1 and B2 complex amplitudes in Eqs. (159)

ρ2r =
S2

(
3
4 − p

2
2

)
(σ1rρ1i − σ1iρ1r)

S1

[
σ1i

(
p2

1 − 3
4

)
+ 2p1σ1r

]
−
[
ρ1i

(
3
4 − p

2
1

)
− 2p1ρ1r

]
σ2r[

σ1i

(
p2

1 − 3
4

)
+ 2p1σ1r

]
ρ2i =

2p2S2 (σ1rρ1i − σ1iρ1r)

S1

[
σ1i

(
p2

1 − 3
4

)
+ 2p1σ1r

]
−
[
ρ1i

(
3
4 − p

2
1

)
− 2p1ρ1r

]
σ2i[

σ1i

(
p2

1 − 3
4

)
+ 2p1σ1r

] ,

A2 =
p2S2

p1S1
A1,

S2 = S1
p2

p1

[
R
(
12p2

1 + 1
)
− 16p1q1

R
(
12p2

2 + 1
)
− 16p2q2

]
.

(177)
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1. Introduction 

Microtubules (MTs) are found in every eukaryotic cell, where 

they play a broad range of roles such as maintaining and protecting 

the cell structure, and are even involved in key biological processes 

such as cell division. Besides, evidences that they serve as net- 

work for motor proteins are now well established [1] . While many 

experimental methods progressively reveal the structures of MTs, 

they all agree that a MT is made of protofilaments (PFs), arranged 

on a hollow cylinder in elementary units called dimers, whose con- 

stituent parts are α and β tubulins, denoting positively and nega- 

tively charged sides, respectively. 

Wave propagation along MTs is of fundamental concern in 

many cellular functions and relies on the hydrolysis of guanosine 

triphosphate (GTP), which releases energy. According to recent in- 

vestigations, the idea that such energy travels along MTs as a soli- 

tary wave has become effective [2] . Solitons arise in continuum as 

well as in discrete nonlinear systems as the results of the concomi- 

tant effects of dispersion and nonlinearity [3–5] . They are classi- 

fied in two categories known as topological and non-topological 

and have been used to explain a broad range of phenomena in 

biological settings such as DNA [5,6] , hemodynamics [7] , energy 

transport in proteins [8] , just to name a few. In microtubules, Chou 

et al. [9] investigated kinks and pulses and showed that their prop- 

agation is facilitated by the coupling between the elastic states of 

∗ Corresponding author at: Laboratory of Biophysics, Department of Physics, Fac- 

ulty of Science, University of Yaoundé I, P.O. Box 812, Yaoundé, Cameroon. 

E-mail address: conrad@aims.ac.za (C.B. Tabi). 

tubulin dimers. Recent contributions, to substantially support the 

proposal of Satari ́c et al. [10] , have further proposed kink solitons 

to be responsible for the transfer of the chemical energy brought 

by GTP hydrolysis [11,12] . A more recent, but different, model in- 

troduces a single angular displacement per dimer in order to de- 

scribe conformational distortion of discretely coupled dimers in ra- 

dial direction [13] . As this model has been shown to support kink 

soliton propagation, new directions have led to the conclusion that 

localized modulated waves could be of importance in MT nonlin- 

ear dynamics [14] . On this background, it is clear that the prob- 

lem of finding proper solutions to describe microtubules vibrations 

remains open. On the other hand, these different classes of waves 

could coexist just like in many other biological systems. In DNA for 

example, different classes of waves have been detected, each corre- 

sponding to a specific biological process. Tabi et al. [3] have, in that 

direction, shown that breather solitons could be used to explain 

the initiation of transcription, whilst pulse solitons are suitable for 

the description of the open states observed during the reading of 

the genetic code by the messenger-RNA. In blood flow, there are 

pulses that describe normal blood pressure and Mayer’s waves that 

refer to the arterial pressure oscillations [7] , slower than respi- 

ration, that exhibit the strongest, significant coherence with os- 

cillations of sympathetic nervous activity. In this work, we in- 

tend to show that coupled waves can also coexist in microtubules. 

We adopt the method of Ref. [15] and we argue that except the 

breather and kink solitons already discussed in the literature, new 

types of solitons can come out of the coupled mode with pertinent 

biological implications. In Section 2 , we present the model and 

we discuss the coexistence of the lower and upper cut-off mode 

http://dx.doi.org/10.1016/j.chaos.2016.12.019 
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excitations. We use the multiple-scale expansion to show that the 

system can be described by a set of coupled nonlinear Schrödinger 

(CNLS) equations. In section 3, the modulational instability (MI) of 

a plane wave is discussed and we bring out the effect of the dipo- 

lar potential energy on the growth rate of instability. In Section 4 , 

we propose solutions for the single and coupled modes and still, 

we discuss the effect of the dipolar potential energy. Section 5 is 

devoted to some concluding remarks. 

2. Model and amplitude equations 

2.1. Model 

The Hamiltonian considered in Ref. [14] describes the dynamics 

of a single PF, since interactions between dimers from the same 

PFs are stronger than the ones between dimers form different PFs. 

However, interactions between dimers form different PFs are in- 

troduced through an electric field. On this background, only one 

degree of freedom is considered per dimer, namely the angular 

displacement ψ n of the dimer at position n . The resulting Hamil- 

tonian therefore contains a kinetic energy T = 

I 
2 

˙ ϕ 

2 
n , the stacking 

potential, V = 

k 
2 (ϕ n +1 − ϕ n ) 

2 , between adjacent dimers, and the 

dipolar potential energy U = −�
 p . � E = −pE cos ϕ n . The dot means a 

first derivative with respect to time and I = 

ml 2 

12 is a moment of 

inertia of the single dimer of mass m = 1 . 8 × 10 −22 kg [16] , k = 

0 . 1 eV [14] is the inter-dimer bonding interaction within the same 

PF, originating from the link between the corresponding protruding 

loops [17] . p = 1 . 13 × 10 −27 [18] Cm is an electric dipole moment, 

and E is the intrinsic electric field strength. 

The equation for the n th dimer can be derived from the above 

described Hamiltonian in the form 

ϕ̈ n − C(ϕ n +1 + ϕ n −1 − 2 ϕ n ) + ω 

2 
0 sin ϕ n = 0 (1) 

or, after a series expansion of the sine term, 

ϕ̈ n − C(ϕ n +1 + ϕ n −1 − 2 ϕ n ) + ω 

2 
0 

(
ϕ n − αϕ 

3 
n 

)
= 0 , (2) 

with C = 

k 
I , ω 

2 
0 

= 

pE 
I and α = − 1 

6 . The dispersion relation for the 

linear vibrations of PFs can be found by considering only linear 

terms in Eq. (2) . This is given by 

ω 

2 = ω 

2 
0 + 4 C sin 

2 

(
ql 

2 

)
, (3) 

with q being the wavelength and l = 8 nm the tubulin dimers 

spacing. ω min = ω 0 is the lower cut-off frequency, while ω max = √ 

ω 

2 
0 

+ 4 C is the upper cut-off frequency. The corresponding dis- 

persion curve is depicted in Fig. 1 , where ω 0 and ω max are clearly 

indicated. However, ω is found to be very sensitive to the vari- 

ations of pE . It is in fact evident that ω 0 and ω max are increas- 

ing functions of pE , which shows the importance of the dipolar 

potential in the dynamics of MTs. We then assume ω 

2 
0 

� 4 C be- 

cause of the discreteness of the PF lattice. Furthermore, it has 

been argued that the viscous damping brought by the cytoplasm 

viscosity is minimized by the ion density around the MT [19] , 

that is the reason why damping effects will not be considered in 

this work. 

2.2. Multiple scale expansion and amplitude equations 

As demonstrated in Ref. [15] , each of the cutoff modes can sup- 

port soliton solutions, but their type and characteristics depends 

on the system that is studied. The richest behaviors usually come 

form the coupling between ω 0 and ω max modes, as pointed out by 

Tabi et al. [15] within the Peyrard-Bishop model of DNA. For that 

to be possible, they derived a set of coupled NLS equations. Never- 

theless, The equation from our Hamiltonian can be solved exactly 
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Fig. 1. The panel shows the dispersion relation (3) under the influence of the dipo- 

lar energy pE . While the upper and lower cutoff frequencies are indicated, they also 

increase with pE , with the parameter values m = 1 . 8 × 10 −22 kg and k = 0 . 1 eV. 

as it is the celebrated sine-Gordon equation, but the context of the 

present work calls for an expansion of the sine term for a better 

use of the quasi-discrete approximation. This asymptotic expansion 

has the merit to combine dispersive and strong nonlinear effects. 

It implies a trial solution of the form [20] 

ϕ n = εϕ 

(1) 
n,n + ε2 ϕ 

(2) 
n,n + ε3 ϕ 

(3) 
n,n + · · · = 

∞ ∑ 

j=1 

ε j ϕ 

( j) 
n,n , (4) 

with ϕ 

( j) 
n,m 

= ϕ 

( j) (ξn , T , θ0 ,m 

(t) , θmax,m 

(t)) , where the subscripts n 

and m represent ξ n and θ0, m 

( t ) (or θmax, m 

( t )), respectively. ε is 

a small parameter denoting the relative amplitude of the excita- 

tion; ξn = ε(nl − μt) and T = ε2 t are the multiple scale slow vari- 

ables. μ is a small variable that will be determined by a solv- 

ability condition. This implies the use of the derivative d 
dt 

= 

∂ 
∂t 

−
εμ ∂ 

∂ξn 
+ ε2 ∂ 

∂T 
. The fast variables θ0, m 

( t ) and θmax, m 

( t ) represent 

the phases of two carrier waves. For the discreteness term, the ex- 

pansion [15,20] 

ϕ n ±1 = εϕ 

(1) 
nn ±1 

+ ε 2 

( 

ϕ 

(2) 
nn ±1 

± l 
∂ϕ 

(1) 
nn ±1 

∂ξn 

) 

+ ε3 

( 

ϕ 

(3) 
nn ±1 

+ 

l 2 

2 

∂ 2 ϕ 

(1) 
nn ±1 

∂ξ 2 
n 

± l 
∂ϕ 

(2) 
nn ±1 

∂ξn 

) 

+ . . . . (5) 

can be used. Substituting Eq. (4) into Eq. (5) and comparing the 

different powers of ε , we obtain a hierarchy of equations about 

ϕ 

( j) 
n,n ( j = 1 , 2 , 3 , . . . ) . The whole problem, through this procedure, 

reduces to the set of equations (
d 2 

dt 2 
+ ω 

2 
1 

)
ϕ 

( j) 
n,n − C 

(
ϕ 

( j) 
n +1 

− ϕ 

( j) 
n −1 

)
= M 

( j) 
n,n , j = 1 , 2 , 3 , . . . , (6) 

with ω 

2 
1 

= ω 

2 
0 

+ 2 C, and M 

( j) 
n,n being given by 

M 

(1) 
n,n = 0 , 

M 

(2) 
n,n = 2 μ

∂ 2 ϕ 

(1) 
n,n 

∂ t∂ ξn 
+ Cl 

∂ 

∂ξn 

(
ϕ 

(1) 
n +1 

− ϕ 

(1) 
n −1 

)
, 

M 

(3) 
n,n = 2 μ

∂ 2 ϕ 

(2) 
n,n 

∂ t∂ ξn 
− μ2 ∂ 

2 ϕ 

(1) 
n,n 

∂ξ 2 
n 

− 2 

∂ 2 ϕ 

(1) 
n,n 

∂ t∂ T 
+ Cl 

∂ 

∂ξn 

(
ϕ 

(2) 
n +1 

− ϕ 

(2) 
n −1 

)
+ 

Cl 2 

2 

∂ 2 

∂ξ 2 
n 

(
ϕ 

(1) 
n +1 

+ ϕ 

(1) 
n −1 

)
− ω 

2 
0 α

(
ϕ 

(1) 
n,n 

)3 
, 

. . . (7) 
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Fig. 2. The panels show the parameters for the set of coupled NLSE versus pE . Panel (a) clearly shows how H 1 and H 2 are decreasing functions of pE , while panels (b) and 

(c) show that ξ jj and ξ ij are increasing functions of pE . 

In order to describe the possibility of wave mixing during the ra- 

dial dislocations in MTs, Eq. (6) is solved step by step at different 

orders, where for j = 1 , the solution of the system can be assumed 

to be of the form 

ϕ 

(1) 
n,n = Q 1 (T , ξn ) e 

iθ0 ,n (t) + Q 2 (T , ξn ) e 
iθmax,n (t) + c.c., (8) 

where c.c. stands for complex conjugates. Q 1 and Q 2 are 

two undetermined envelope functions. For both cut-off modes, 

we have θ0 ,n (t) = ω(q = 0) t = −ω 0 t and θmax,n (t) = πn − ω(q = 

π
l 
) t = πn − ω max t, and ϕ 

(1) 
n,n becomes 

ϕ 

(1) 
n,n = Q 1 (T , ξn ) e 

−iω 0 t + (−1) n Q 2 (T , ξn ) e 
−iω max t + c.c. (9) 

By letting j = 2 , the solvability condition imposes μ = 0 and 

ξn = εnl, and we have the second-order approximation equation 

( ∂ 
2 

∂t 2 
+ ω 

2 
1 
) ϕ 

(2) 
n,n − C(ϕ 

(2) 
n +1 

− ϕ 

(2) 
n −1 

) = 0 , which admits plane wave so- 

lutions that can be written in the general form ϕ 

(2) 
n,n = B 1 e 

−iω 0 t + 

B 2 e 
−iω max t + c.c., with B 1 and B 2 being two constant amplitudes. 

Besides, we can assume B 1 = B 2 = 0 , which leads to ϕ 

(2) 
n,n = 0 , a so- 

lution with no impact on the nonlinear and dispersive behaviors 

of the model under study. When j = 3 , the solvability conditions 

leads to the following set of equations in Q 1 and Q 2 

i 
∂Q 1 

∂T 
+ H 1 

∂ 2 Q 1 

∂ξ 2 
n 

+ (ζ11 | Q 1 | 2 + ζ12 | Q 2 | 2 ) Q 1 = 0 (10) 

i 
∂Q 2 

∂T 
− H 2 

∂ 2 Q 2 

∂ξ 2 
n 

+ (ζ21 | Q 1 | 2 + ζ22 | Q 2 | 2 ) Q 2 = 0 , (11) 

where H 1 = 

Cl 2 

2 ω 0 
, H 2 = 

Cl 2 

2 ω max 
, ζ11 = − 3 αω 0 

2 , ζ12 = −αω 0 , ζ21 = 

− αω 2 
0 

ω max 
, ζ22 = − 3 αω 2 

0 
2 ω max 

. The above set of equations can be rewritten 

using the original variables by letting (ψ 1 , ψ 2 ) = ε(Q 1 , Q 1 ) , along 

with the change of variables ξn = εnl and T = ε 2 t , so that 

i 
∂ψ 1 

∂t 
+ H 1 

∂ 2 ψ 1 

∂x 2 
+ (ζ11 | ψ 1 | 2 + ζ12 | ψ 2 | 2 ) ψ 1 = 0 (12) 

i 
∂ψ 2 

∂t 
− H 2 

∂ 2 ψ 2 

∂x 2 
+ (ζ21 | ψ 1 | 2 + ζ22 | ψ 2 | 2 ) ψ 2 = 0 , (13) 

where x = nl. The above set of CNLS equations is coupled non- 

linearly through the coefficients ζ 12 and ζ 21 . When these coef- 

ficients are equal and H 2 = −H 1 , the Manakov’s system is recov- 

ered [21] . Otherwise, these equations will be decoupled if ζ12 = 

ζ21 = 0 , leading to individual NLS equations. The solutions for 

Eqs. (12) and (13) depend on the sign of their coefficients, plot- 

ted in Fig. 2 . Obviously, H 1 and H 2 are positive dispersion terms 

with respect to pE ( Fig. 2 (a)). The§same is observed for ζ 11 and 

ζ 22 ( Fig. 2 (b)) and for ζ 12 and ζ 21 ( Fig. 2 (c)). However, H 1 and H 2 

decrease with increasing pE , while ζ ii and ζ ij ( j � = i ) are increasing 

functions of the dipolar energy pE . 

3. MI of coupled waves in microtubules. 

One of the direct mechanisms solitonic structures emerge in 

nonlinear systems is through MI. In order to investigate the pos- 

sibility of wave mixing in the set of Eqs. (12) and (13) , we assume 

the plane waves ψ j = ψ j0 e 
i ω j t as solutions, where the real con- 

stants ω j ( j = 1 , 2) , and the complex constant amplitudes ψ j 0 are 

characterized by the dispersion relations 

ω j = ζ j j | ψ j0 | 2 + ζ jk | ψ k 0 | 2 , j, k = 1 , 2 with k � = j. (14) 

The stability of these plane wave solutions can be investigated by 

slightly perturbing their amplitudes as ψ = ( ψ j0 + εψ j ) e 
i ω j t [22] . 

After some linearization around the unperturbed solutions and us- 

ing condition (14) , we write ψ j = u j + i v j , ψ j0 = a j + i b j , which 

leads to the following real and imaginary parts for Eqs. (12) and 

(13) 

H 1 
∂ 2 u 1 

∂ x 2 
− ∂ v 1 

∂t 
+ ζ11 

(
2 a 2 1 u 1 + 2 a 1 b 1 v 1 

)
+ ζ12 ( 2 a 1 a 2 u 2 + 2 a 1 b 2 v 2 ) = 0 (15) 

H 1 
∂ 2 v 1 
∂ x 2 

+ 

∂ u 1 

∂t 
+ ζ11 

(
2 a 1 b 1 u 1 + 2 b 2 1 v 1 

)
+ ζ12 ( 2 a 2 b 1 u 2 + 2 b 1 b 2 v 2 ) = 0 (16) 

H 2 
∂ 2 u 2 

∂ x 2 
− ∂ v 2 

∂t 
+ ζ21 ( 2 a 1 a 2 u 1 + 2 a 2 b 1 v 1 ) 

+ ζ22 

(
2 a 2 2 u 2 + 2 a 2 b 2 v 2 

)
= 0 (17) 
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H 2 
∂ 2 v 2 
∂ x 2 

+ 

∂ u 2 

∂t 
+ ζ21 ( 2 b 1 b 2 v 1 + 2 a 1 b 2 u 1 ) 

+ ζ22 

(
2 a 2 b 2 u 2 + 2 b 2 2 v 2 

)
= 0 . (18) 

Furthermore, from the previous assumption, inserting u j = u j0 
e i ( λx −�t ) + c.c. and v j = v j0 e i ( λx −�t ) + c.c. into Eqs. (15) –(18) , where 

λ and � are the perturbation wavenumber and the frequency, re- 

spectively, which are much smaller than those of the carrier wave, 

and c.c. stands for the complex conjugate, we obtain an homoge- 

neous system for u j 0 and v j 0 as follows ⎛ 

⎜ ⎝ 

−i � + 2 ζ11 a 1 b 1 −H 1 λ2 + 2 ζ11 b 
2 
1 2 ζ12 a 2 b 1 2 ζ12 b 1 b 2 

−H 1 λ
2 + 2 ζ11 a 

2 
1 i � + 2 ζ11 a 1 b 1 2 ζ12 a 1 a 2 2 ζ12 a 1 b 2 

2 ζ21 a 1 b 2 2 ζ21 b 2 b 1 −i � + 2 ζ22 a 2 b 2 −H 2 λ2 + 2 ζ22 b 
2 
2 

2 ζ21 a 1 a 2 2 ζ21 b 1 a 2 −H 2 λ2 + 2 ζ22 a 
2 
2 i � + 2 ζ22 a 2 b 2 

⎞ 

⎟ ⎠ 

×

⎛ 

⎜ ⎝ 

u 10 

v 10 

u 20 

v 20 

⎞ 

⎟ ⎠ 

= 

⎛ 

⎜ ⎝ 

0 

0 

0 

0 

⎞ 

⎟ ⎠ 

(19) 

The condition for the above system to have nontrivial solutions 

is obtained by setting its determinant to zero, which leads to the 

nonlinear dispersion relation 

�4 − R �2 + S = 0 , (20) 

where 

R = 

(
H 

2 
1 + H 

2 
2 

)
λ4 − 2 

(
H 1 ζ11 | ψ 10 | 2 + H 2 ζ22 | ψ 20 | 2 

)
λ2 

S = H 

2 
1 H 

2 
2 λ

8 − 2 H 1 H 2 

(
H 2 ζ11 | ψ 10 | 2 + H 1 ζ22 | ψ 20 | 2 

)
λ6 

+ 4 H 1 H 2 | ψ 10 | 2 | ψ 20 | 2 ( ζ11 ζ22 − ζ12 ζ21 ) λ
4 

• For the system to be stable under modulation, the conditions 

R > 0, S > 0 and � = R 2 − 4 S > 0 should be fulfilled. Eq. (20) ad- 

mits two solutions as 

�2 
+ = 

1 

2 

[ 
R + 

√ 

R 

2 − 4 S 

] 
, �2 

− = 

1 

2 

[ 
R −

√ 

R 

2 − 4 S 

] 
. (21) 

In this framework, the instability is a purely growing mode and we 

have the growth rate of instability � = 

√ 

−�2 −. 
• On the other hand, if � = R 2 − 4 S < 0 , there exists a domain 

of the wavenumber λ for which �2 is negative. In this range, the 

solution of (20) are complex and so that �2 has a nonvanish- 

ing imaginary part. The plane wave will be unstable if this imag- 

inary part of � is positive, leading the perturbation to grow ex- 

ponentially. Then, the plane wave tends to self-modulate with a 

wavenumber λ corresponding to the growth rate 

� = Im (�2 
±) = ±1 

2 

√ 

4 S − R 

2 . (22) 

The above growth rate of instability implies that the condition √ 

4 S − R 2 > 0 should be satisfied for wave instability to take place. 

The corresponding growth rate of instability is plotted versus the 

wavenumbers of perturbation, λ, in Fig. 3 . On studying the influ- 

ence of the dipolar energy on the behavior of the of the growth 

rate of instability, one sees that for pE = 0 . 15 eV, there is only one 

region of instability, where modulated waves are expected. That 

region is situated in the interval 0 < λ < 0.30 π , and gets ex- 

panded for pE = 0 . 20 eV. Wave instability now spans in the in- 

terval 0 < λ < 0.55 π . However, beyond that value of the dipolar 

energy, there emerges another region of instability 0.35 π < λ < 

0.45 π for pE = 0 . 60 eV. Further increasing the later also expands 

the two regions of parameter for MI to develop gets large as well. 

Regions of instability are those where the dimers are expected to 

undergo localized oscillations as a result of the interplay between 

nonlinear and dispersive effects. On the other hand, when parame- 

ters are not picked from those areas, the plane wave solutions will 

be said to be stable under modulation and will not experience any 

perturbation. 
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Fig. 3. The growth rate of MI is plotted for the coupled mode versus the pertur- 

bation wavenumber λ. It is obvious that increasing the dipolar energy contributes 

to expand the instability region. There also appears another region of instability, 

where nonlinear waves in protofilaments. 

4. Single and coupled mode excitations 

4.1. Single mode excitations 

The single mode excitation implies that only one of the two 

equations is considered, while the other component in turn to 

zero, i.e., only one NLS equation remains. 

• For example, taking ψ 2 = 0 leads to the following NLS equation 

for the lower cut-off mode: 

i 
∂ψ 1 

∂t 
+ H 1 

∂ 2 ψ 1 

∂x 2 
+ ζ11 | ψ 1 | 2 ψ 1 = 0 . (23) 

The above equation is well known in nonlinear physics and 

have even been obtained recently by Zdravkovi ́c et al. [14] in 

the present model of MTs dynamics. Solutions for such equa- 

tions depend on the sign of H 1 × ζ 11 . From Fig. 1 , its obvious 

that this product is positive, leading to the solution 

ψ 1 (x, t) = K 

√ 

2 H 1 

ζ11 

sech (Kx + 2 H 1 KK 1 t) e 
i [ K 1 x −H 1 (K 2 1 −K 2 ) t] (24) 

for Eq. (23) . K and K 1 are two free parameters. For this first 

case, the angular displacement of the dimer at the position n is 

globally given by the solution 

ψ n (t) = 2 K 

√ 

2 H 1 

ζ11 

sech (K nl + 2 H 1 K K 1 t) cos [ K 1 nl 

− (ω 0 + H 1 (K 

2 
1 − K 

2 )) t] . (25) 

One can see, form the above expression, that the dimer oscilla- 

tions are described by a breather solution. We have studied its 

spatiotemporal behavior by integrating Eq. (1) using the fourth- 

order Runge-Kutta computational scheme with periodic bound- 

ary conditions. The time step has been chosen as �t = 10 −4 ns 

and the initial condition is solution (25) . The effect of the dipo- 

lar potential energy has been studied. As a matter of fact, the 

breather soliton has been proposed recently in MTs [14] , but 

its true biological implications still remain unmasked. However, 

encouraging is the truth that breather solitons emerge in sys- 

tems where nonlinear and dispersive effect are coupled. In bio- 

logical systems in general, breather are always presented to be 

at the onset of important biological processes. In DNA for ex- 

ample, they are at the onset of transcription [3,23] , while they 

can be perceived as the triggering signals for motor proteins to 

start moving along MTs. Their role in the regulation of neural 
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Fig. 4. Spatiotemporal evolution of the lower cutoff solution for different values of the dipolar energy pE . The number of objects decreases along with the amplitude with 

increasing pE . 

activities should not also be ignored, as they are situated in- 

side the axons of nerve cells. In that respect, it has been shown 

that MTs are specialized entities in signal transmission within 

the cell, via dipole interactions in axonal MTs [24,25] . Impor- 

tantly, the spatiotemporal behaviors of such structures depend 

on system parameters as it is obvious that the dipolar potential 

energy modifies its characteristics. In Fig. 4 , simulations have 

been done for pE = 0 . 2 eV (panel (a)) and for pE = 0 . 8 eV. As a 

first remark, increasing pE considerably reduces the amplitude 

of the wave. 
• The upper cut-off mode implies that ψ 1 = 0 and ψ 2 � = 0, so 

that only the decoupled equation 

i 
∂ψ 2 

∂t 
− H 2 

∂ 2 ψ 2 

∂x 2 
+ ζ22 | ψ 2 | 2 ψ 2 = 0 (26) 

is obtained. Its solution can also easily be found. From Fig. 1 , 

H 2 × ζ 22 is positive, but because of the (−) -sign that appears 

in Eq. (26) , its solution is written as 

ψ 2 (x, t) = K 

√ 

−2 H 2 

ζ22 

tanh (Kx − 2 H 2 KK 2 t) e 
i [ K 2 x −H 2 (K 2 2 +2 K 2 ) t] , 

(27) 

whith K and K 2 being two free parameters. Therefore, the fol- 

lowing solution for dimer oscillation can be obtained 

ψ n (t) = 2(−1) n K 

√ 

− 2 H 2 
ζ22 

tanh (K nl − 2 H 2 K K 2 t) 

× cos [ K 2 nl − (ω max + H 2 (K 

2 
2 + 2 K 

2 )) t] . 
(28) 

Using the same numerical procedure as previously, we get the 

results of Fig. 5 , with the initial condition (27) . The spatiotem- 

poral evolution of a kink envelope is displayed for different val- 

ues of the dipolar energy pE , which respectively takes the val- 

ues 0.2 eV ( Fig. 5 (a)), 0.4 eV ( Fig. 5 (b)), 0.6 eV( Fig. 5 (c)) and 

0.8 eV ( Fig. 5 (d)). Over the time, the solution evolves into trains 

of solitonic objects, which diminish with increasing pE . 

In general, the single modes solutions (25) and (28) give an idea 

on the behavior of the coupled wave solution under the influence 

of the electric field. Solitons are or various types, depending on 

their meaning and mode of generation in nonlinear systems. 

4.2. The coupled-mode excitations 

In the coupled mode none of the two amplitude is switched to 

zero, and the nonlinear coupling between them is maintained. In 

this framework, solving the set of Eqs. (13) –(14) depends on the 

sign of the coefficients [26,27] 

�1 = 

H 1 ζ22 + H 2 ζ12 

ζ11 ζ22 − ζ21 ζ12 

, and �2 = − H 2 ζ11 + H 1 ζ21 

ζ11 ζ22 − ζ21 ζ12 

(29) 

that we have plotted in Fig. 5 . Since �1 > 0 and �2 < 0, the solu- 

tions for the two equations are found to be 

ψ 1 (x, t) = A 1 sech (Kx + 2 H 1 KK 1 t) e 
i (K 1 x −�1 t) , (30) 

ψ 2 (x, t) = A 2 tanh (Kx + 2 H 2 KK 2 t) e 
i (K 2 x −�2 t) , (31) 

where 

A 

2 
1 = 

2 K 

2 (H 2 ζ12 + H 1 ζ22 ) 

ζ11 ζ22 − ζ12 ζ21 

, A 

2 
2 = 

2 K 

2 (H 2 ζ11 + H 1 ζ21 ) 

ζ11 ζ22 − ζ12 ζ21 

, 

�1 = −H 1 (K 

2 − K 

2 
1 ) − ζ12 A 2 , 

�1 = −H 2 (2 K 

2 + K 

2 
2 ) − ζ21 A 1 , K 2 = −H 1 

H 2 

K 1 . (32) 

The global solution for the MT dimer radial displacement is given 

by 

ψ n (t) = 2 A 1 sech (K nl + 2 H 1 K K 1 t) cos [ K 1 nl − (ω 0 + �1 ) t] 

+ 2(−1) n A 2 tanh (K nl − 2 H 2 K K 2 t) cos [ K 2 nl − (ω max + �2 ) t] . 

(33) 

The above solution has two parts. We clearly see the breather soli- 

ton solution part in sech and the kink part in tanh. While com- 

bined, we have the features presented in Fig. 6 . Obviously, the 
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Fig. 5. Numerical solution corresponding to the upper cutoff frequency solution, under the influence of the dipolar energy. Similarly to the previous case, the number of 

solitonic objects and the amplitude decrease when pE grows, giving rise to more larger structures. 
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Fig. 6. Snapshots of the coupled solution (33) for different values of the dipolar energy pE . Increasing the later reduces the amplitude of the Kink-envelope solution. The 

Kink-antiKink character of the solution is visible through the two-humped structure that becomes obvious with increasing pE . 
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Fig. 7. The panels show the space-time evolution of the coupled solutions. Simulations have been made for different values of pE : (a) pE = 0 . 4 eV, (b) pE = 0 . 6 eV and (c) 

pE = 0 . 8 eV. Over time, the initial condition (33) keeps its shape and characteristics, except that the number of breathing objects decreases along with the wave amplitude 

with increasing pE . 

kink-envelope soliton is strongly modified by the presence of the 

electric field E . In fact, its amplitude decreases with increasing pE 

and the separation between the two sides gives rise to a hole. 

Solitons are capable of carrying energy, and that energy, in the 

present context, might give rise to the mechanism of polymeriza- 

tion and depolymerization. Interests have been given recently to 

soliton collision, where energy is shared for the better achievement 

of these processes. However, one of the most important issues is 

how that energy is initiated and carried by solitonic structures. 

At the same time, if the energy released by the hydrolysis of GTP 
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is not sufficient, there will be no dislocation and the state of the 

tubulin dimer will not be altered. Coupled wave generation could 

then be a way to boost that energy, so that a strong dislocation 

could be initiated and followed by the process of polymerization- 

depolymerization. Furthermore, for motor-proteins to start moving, 

enough energy should be available, which might be brought by the 

coupled solution. This then implies that the solution should be ro- 

bust and conserve its form and characteristic for an optimal energy 

transport. We have for example tested this through the direct nu- 

merical integration of Eq. (1) , with the initial condition (33) . The 

corresponding spatiotemporal results are displayed in Fig. 7 , with 

changing the dipolar energy. Spatially, the soliton keeps its shape 

with increasing pE , but temporally, the number of elements dimin- 

ishes, replaced by more expanded structures. Under the influence 

of high electric field, the collection of energy is rather ensured by 

more bigger structures, in order to ensure a permanent release of 

energy that is capable to provoke the motion of heterodimers in 

MTs. This is mediated by an energy rich cap (where GTP is not hy- 

drolyzed) that is formed at the end of the tubulin [28] , that will 

be hydrolyzed in such a way that a considerable quantity of en- 

ergy is released for a specific process, while the rest is stored in 

the MT lattice for other specific mechanisms to be achieved. Soli- 

tonic structures can then be excited with strong influence on bond 

length and conformation changes of tubulin heterodimers [10,14] . 

Otherwise, there is always energy that is supplied to the vibrations 

or for motor proteins to move along the MT and transferred to the 

MT as localized excitation of vibrations, which sufficiently justifies 

the evidence of coupled mode of vibration in MTs. 

5. Conclusion 

The present work was dedicated to the dynamics of MTs 

relying on a radial model. The studied nonlinear lattice equation 

has been reduced, through the semi-discrete multiple scaling 

expansion, to a set of nonlinearly CNLS equations. These equa- 

tions are in fact due to the coupling between lower and upper 

cut-off frequencies. The corresponding single modes have been 

studied, but particular attention has been given to the coupled 

mode which better describes energy collection for the intake of 

polymerization/depolymerization mechanism. The activation of MI 

has been addressed in this particular mode, and the influence of 

the electric field on the emergence of unstable modes has been 

discussed. Two regions of parameters have been found to support 

the formation of nonlinear modulated waves, under strong electric 

field. On this background, the analytical treatment of the coupled 

mode was also made and it has been found to be a kink-envelope 

solution. We have argued that such solutions for the dynamics of 

MT protofilaments may be justified by the presence of different 

modes of vibration [29] , which might be efficient in the collec- 

tion and transport of the energy released by the GTP hydrolysis, 

responsible for the initiation of the dislocation motion along the 

protofilaments. Accordingly, the robustness of the proposed cou- 

pled mode has been investigated through numerical simulations. 

This is important in the process of energy storage and transport 

in biological settings, and particularly in MTs as said so far. This 

analysis therefore suggests that due to the coexistence of different 

frequencies of vibration [29] , it might be interesting to address the 

two dimensional version of this model and study the particularities 

of each mode, in terms of solitons, and differentiate low to high 

frequency excitations, and their biological implications regarding 

the motion of motor proteins, for example. Calculations in that 

direction are being addressed and will be published elsewhere. 
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Many cellular activities are mediated by microtubules (MTs), with most electrophysiological processes depend-
ing on ionic flow throughMT cylinders. This paper addresses such conductive features by representing theMT as
a nonlinear electrical transmission line composed of capacitive and dissipative properties. Thanks to the semi-
discrete approximation near the continuum limit, coupled ionic pulses flowing along cellular microtubules are
described by a set of coupled cubic complex Ginzburg-Landau (CGL) equations whose one of the solutions is a
plane wave. The stability of the latter is checked, under weakmodulation, using an explicit analytical expression
for the modulational instability (MI) growth rate. The parametric analysis of the instability growth rate allows
detecting parameter regions where ionic conductivity, through modulated waves, in the MT network is likely
to occur. Dissipative bright-bright pulse soliton solutions for the nonlinearly coupled cubic CGL equations are
constructed using a modified Hirota's bilinear method. A generalized coupled mode for the discrete ionic signal
is proposed and used as the initial condition to be propagated in the nonlinear electrical transmission lattice of
MT under direct numerical simulations. The ionic pulse transfer, mediated by the nonlinear interaction between
oscillatory modes, is manifested by the formation of trains of modulated waves whose behaviors depend on the
right choice of systemparameters. Those results theoretically suggest that coupled ionic signalsmay facilitate in-
formation processing involving MTs.

© 2022 Elsevier Ltd. All rights reserved.
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1. Introduction

The structure of all eukaryotic cells is defined by networking fila-
mentous protein polymers that form the cytoskeleton [1]. The cytoskel-
eton is made up of three different types of filamentary structures that
include actin-based microfilaments (MFs), intermediate filaments
(IFs) (e.g., neurofilaments, keratin), and tubulin-based microtubules
(MTs). They are organized into networks, interconnected through nu-
merous particular proteins, and have specific roles in the cell's function-
ing. The cytoskeletal networks are primarily involved in the
organization of different directedmovements in cellmigration, cell divi-
sion, or the internal transport of materials. Polymerization of MFs is re-
sponsible for cell migration and the remodeling of the leading edge of
cells [2,3]. Molecular motors are protein complexes associated with

the cytoskeleton and drive organelles along MTs and MFs in a vectorial
transport. Microtubules are the main organizers of the cytoskeleton.
They are formed by cylindrical structures (with a diameter of about
25 nm) composed of 13 (or 14) protofilaments (PFs) which are one-
dimensional chains of heterodimer tubulin molecules [2,3]. A tubulin
molecule comprises two globular proteins α and β tubulins, each of
whichhas a relativemolecularmass of about 55,000 (‘molecularweight’
in daltons), but themasses are not equal. The heterodimermolecule can
change conformation from the α state (nontilted) to the β state (tilted
by 29degrees from themicrotubule axis) [4]. The heterodimermolecule
is an electric dipole [5–7]. As a result, the MTs are polar structures with
the plus end (fast-growing) and theminus end (slow-growing) embed-
ded in the centrosome. The half-lifetime of a microtubule is about
10min. Guanosine triphosphate (GTP)molecules are bound to both tu-
bulins in a heterodimer. After polymerization, when the heterodimer is
attached to the microtubule, the GTP bound to the β-tubulin is hydro-
lyzed to guanosine diphosphate (GDP). The majority of the hydrolysis
energy is not released but stored in the MT [8,9]. Note that MTs are
some of the most basic and most critical cytoskeletal elements in the
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morphological scheme of neurons. As for the case of cytochalasins in
actin structures, the addition of microtubular modifying agents was
first used to assess the role of MTs in axon elongation. Microtubular
disrupting agents affect axons first and have no early effects on growth
cones and filopodia, suggesting that MTs support the axon. Conversely,
themicrotubular invasionmay be critical in forming neurite projections.
Initially expanded lamellipodia first undergo segmentation at certain
spots whereMTs accumulate in an ordered array [10–12] and gradually
migrate away from the cell body. Thus, MTs are essential for neurite de-
velopment. One particular aspect of microtubular involvement in
neurite outgrowth is vesicular transport. Most membrane insertion oc-
curs at the growth cone of axons [13,14]. It has become apparent that
neuronsmight utilizeMTnetworks in cognitive processes via associated
proteins (MAPs), including MAP-tau and MAP2, in neuronal processes
such as learning andmemory [15,16]. MTs are also linked to the regula-
tion of several ion channels, thus contributing to the electrical activity of
excitable cells [17]. Therefore, MTs may play a fundamental role in pro-
cessing electrical signals within the neuron. Structural reorganization of
the cytoskeletal may reflect changes in neural circuits in response to
learning and experience, and they must involve highly dynamic regula-
tory mechanisms.

According to the previous research, the idea of examiningMTs in the
context of polyelectrolyte features was inspired by the experimental
and theoretical results obtained for actin filaments by Lin and Cantiello
[18] and Tuszynski et al. [19], where they later develop a physicalmodel
of microtubule systems based on a nonlinear RLC transmission line.
Along the same line, Sataric et al. [20] investigated the conditions en-
abling MTs to act as electrical transmission lines for ion flows along
their lengths and showed that MTs could support the propagation of lo-
calizedwaves. On this background, energy loss-free transport alongMTs
has been shown possible [21,22] as a result of nonlinear excitations, or
solitons, as an energy-transfermechanism inMTs. Priel et al. [23] exper-
imentally demonstrated that MTs are excellent conductors of electrical
signals and can amplify an electrical current stimulated by a pulse of ap-
plied voltage. More recently, Ndzana and Mohamadou [24] present an-
alytical studies for the generation of exact solitary wavelike solutions in
a nonlinear electrical MT transmission line. They have shown that mod-
ulatedwaves emerge in a nonlinear electrical microtubule transmission
line usingmodulational instability (MI) and also show the effects of the
dissipation of the electrical components [24]. Indubitably, one of the fac-
tors capable of contributing to signal amplification is the combination of
severalmodes. This was shown in DNA dynamics to enhance the energy
needed to initiate the key phenomena known as replication and tran-
scription [25]. In neural networks, it was demonstrated by Eteme et al.
[26,27] that coupled modes could help to differentiate high from low-
frequency oscillation modes, as well as the subsequent categories of
the involved solitary waves. More recently, to further prove the exis-
tence of electrical oscillations in MT bundles, direct measurements
were made in neurons, from which spontaneous changes of oscillatory
behaviorswere noticed, therefore shading lights on the existence of var-
ious spontaneous electrophysiological oscillatory regimes [28]. So far,
no electrical model of MTs, to the best of our knowledge, has substan-
tially addressed such a problem that could be fundamental in under-
standing the mechanism underlying optimal energy transport and
information processing at the sub-cellular scale. Moreover, one of the
fundamental and still open questions that are exclusively reported in
this paper is the contribution of dissipative elements to such processes.
We explicitly discuss the conditions required for ionic signals to flow
under such circumstances, especially when two or more modes are in-
volved along the MT. In the process, one shows that coupled excitable
modes are described by a set of nonlinearly coupled cubic complex
Ginzburg-Landau (CGL) equations. A comprehensive parametric analy-
sis to predictMI allows qualitatively evaluating the dissipative effects on
the formation of modulated waves in the MT nonlinear electrical net-
work. The analytical derivation of the input signal through a modified
Hirota's bilinear method allows us to confirm our predictions from MI

via direct numerical simulations, where electrical signal propagation is
manifested through the appearance of trains of modulated waves
whose behaviors are sensitive to variations in dissipative coefficients.

The rest of the paper comprises Section 2, where the electrical net-
work of MTs is introduced, followed by the derivation of the coupled
cubic CGL equations via the semi-discrete approximations. In
Section 3, the linear stability analysis ofMI is carried out, and an expres-
sion for the MI growth rate is derived. A parametric study of MI is pro-
posed, emphasizing the impact of dissipative elements. Section 4 uses
amodifiedHirota's bilinearmethod to propose analytic pulse soliton so-
lutions for the proposedmodel, followed by direct numerical simulation
to confirm our analytical predictions. Section 5 is devoted to some con-
cluding remarks.

2. Model and derivation of the coupled cubic complex Ginzburg-
Landau equations

2.1. Model

In order to derive themodel equation,we consider a discrete nonlin-
ear mono-inductance transmission line of microtubule whose unit is
shown in Fig. 1. The studied discrete model of MTs is made of a succes-
sion of suchN adjacent unit cells, which individually contain a linear in-
ductance L in series with a linear resistance r1, a cylindrical capacitor C0

connected in series with a transversal resistivity r2. The capacitor is bi-
ased by a constant voltage V0 and depends on the voltage Vn , for low
voltage, at the nth section so that

Qn ¼ C0 Vn−α1V
2
n−α2V

3
n

� �
; ð1Þ

where C0 is the capacitance in the linear regime, with α1 and α2 being
positive parameters that account for nonlinearities in the charge.We in-
troduce the discrete potential in one unit section of the MT, where
Kirchhoff's laws for the currents and voltages are applied. The idea is
to develop a spatiotemporal equation for the potential over the capaci-
tance as a function of themodel's parameters. For the calculations of this
work, the parameter values [19] used are: L ¼ 0:8� 10−15H; r1 ¼ 109Ω; r2 ¼
7� 106Ω;C0 ¼ 0:13� 10−14 F;α1 ¼ 0:03 Volts−1

;α2 ¼ 0:0019
Volts−2

: From these Kirchhoff's laws based on Fig. 1, we get the follow-
ing from segment MN:

un−unþ1 ¼ r1In þ L
dIn
dt

: ð2Þ

The relation between the current entering segmentMO and the cur-
rent across the capacitance is given by:

Fig. 1. Schematic representation of the dissipative nonlinear electrical transmission line
describing the electronic analog of the microtubule model.
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In−1−In ¼ dQn

dt
: ð3Þ

The voltage across the input to the elementary section, un , may be
written in the following form:

un ¼ r2 In−1−Inð Þ þ Vn þ V0ð Þ; ð4Þ

whereVn is the potential over the capacitance andV0, the bias voltage of
the capacitor. Combining the previous relations (1), (2), (3) and (4), it is
easy to show that the spatiotemporal evolution of thewaves' voltageVn

ðtÞwithin the microtubule network is governed by the following equa-
tion:

d2Vn

dt2
−ω2

0 Vnþ1 þ Vn−1−2Vnð Þ

þ β0
dVn

dt
−β1

d
dt

Vnþ1 þ Vn−1−2Vnð Þ−β0
d
dt

α1V
2
n þ α2V

3
n

� �
−

d2

dt2
α1V

2
n þ α2V

3
n

� �
þ β2

d
dt

V2
nþ1 þ V2

n−1−2V2
n

� �
þ β3

d
dt

V3
nþ1 þ V3

n−1−2V3
n

� �
¼ 0;

ð5Þ

whereω2
0 ¼ 1

LC0
;β0 ¼ r1

L
;β1 ¼ r2

L
;β2 ¼ α1β0;β3 ¼ α2β1 andn ¼ 1;2;…;N

(N being the number of cells considered). By considering the dissipative
coefficientsβ0 andβ1 in the order of ε3, the dispersion relation for the lin-
ear vibrations of PFs can be found by taking only linear terms in Eq. (5).
This is given by:

ω2−4ω2
0 sin 2 k

2

� �
¼ 0; ð6Þ

where ω0 is the characteristic frequency of the elementary cell, k being
the wavelength. Under these conditions, the propagation without ab-
sorption of awave for real k is only possible ifω≤2ω0. The system there-
fore exhibits a low-pass type behavior. At the wave number k = 0, the
eigenfrequency spectrum has a lower cutoff ωmin ¼ 0, corresponding
to direct current part, while for k ¼ π;ωmax ¼ 2ω0; the alternating cur-
rent part is the upper cut-off frequency. It is therefore sufficient to re-
strict the study of the ωðkÞ function to the [0, π] interval of the values
of k in order to fully describe the dynamic behavior of the tubulin dimer
chain inMTs. The linear spectrum then has a gap ½0;2ω0� due to the dis-
crete effects of the network. From the previous relation (5), we deduce
the group speed

Vg ¼ ∂ω
∂k

¼ ω2
0 sin kð Þ

ω
: ð7Þ

We see that this group speed is not constant but depends on the fre-
quency ωðkÞ, which obviously implies a dispersive behavior of the sys-
tem. It is good to know that the group velocity Vg is a physical speed;
it corresponds to the speed of energy propagation and to the rate of in-
formation transport, and therefore cannot exceed the speed of light. The
shapes of curves of the dispersion relation (6) and the groupvelocity (7)
are plotted in Fig. 2, where they clearly show the interval in which the
values of the wavenumber k are restricted. The coming part of this
work will be used in the search for a given solution of Eq. (5). We will
obtain the coupled cubic CGL equations whose solutions are generally
of soliton type.

2.2. Multiple-scale expansion and derivation of the coupled complex
Ginzburg-Landau equations

In general, solving the discrete Eq. (5) is not an easy task. Moreover,
the present work's main purpose is to study solitons made up of carrier
wavesmodulated by an envelope signal, also called envelope solitons; it
is suitable to use the multiple-scale expansion, which can be applied to

the semidiscrete approximation. To proceed, we consider thatβ0 andβ1

are perturbed parameters of order ϵ3. Through this process, the nonlin-
ear Eq. (5) is transformed into two coupled cubic CGL equations that de-
scribe the amplitudes of the oscillations of nonlinear coupled impulses
along microtubules. In the interval of frequencies ½0;2ω0�, we choose
to couple any two packets of waves centered (k1;ω1 ) and (k2;ω2 )
with k2 ¼ αk1ðα∈½0;1�Þ for our study, and we assume the following so-
lution for Eq. (5):

Vn tð Þ ¼ ε B1eiθ1 þ B2eiθ2
� �

þε2 B30 þ B3e2iθ1 þ B40 þ B4e2iθ2
� �

þ c:c:;
ð8Þ

where θ1 ¼ k1n−ω1t and θ2 ¼ k2n−ω2t, with k1 and k2 being the nor-
mal modewavenumbers andω1 andω2 their associated frequencies. In
the semi-discrete approximation, the undetermined envelope functions
Bq (q=1, 2, 3, 4) are supposed to be independent from the fast variables
t and n. This otherwise implies that they are functions of the slow vari-
ables X j ¼ ε jx and T j ¼ ε jt, with j≥1. This implicitly means that a con-
tinuum limit approximation is made with the wave amplitudes, while
the discrete nature of the phase is preserved. Moreover, taking into ac-
count the asymmetry of the charge-voltage relation given by Eq. (1), the
direct terms B30ðX1; T1; T2Þ;B40ðX1; T1; T2Þ and the second harmonic
termsB3ðX1; T1; T2Þ;B4ðX1; T1; T2Þare added to the fundamental onesB1

Fig. 2. Panel (a) shows the dispersion relation (6) and panel (b) displays the group velocity
, both versus the wavenumber k of the plane wave signal along the protofilaments, with .
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ðX1; T1; T2Þ and B2ðX1; T1; T2Þ, respectively. Inserting Eq. (8) into Eq. (5)
and using the following Taylor's expansions

Bj;n�1 ¼ Bj � εh
∂Bj

∂X1

� �
þ ε2

h2

2!
∂2Bj

∂X2
1

 !
� ε3

h3

3!
∂3Bj

∂X3
1

 !

þ⋯; j ¼ 1;2;3;4; ð9Þ

yield, after some standard calculations, a series of inhomogeneous equa-
tions at different orders of perturbation parameter ε. The first orders of
perturbation ðε; eiθ1 Þand ðε; eiθ2 Þ lead to the dispersion relations of linear
waves for the two wave packets (k1;ω1) and (k2;ω2) taken into the in-
terval of frequencies ½0;2ω0�:

ω2
1−4ω2

0 sin 2 k1
2

� �
¼ 0;

ω2
2−4ω2

0 sin 2 k2
2

� �
¼ 0:

ð10Þ

They are identical to the expression given by Eq. (6). The second or-
ders of perturbation ðε2; eiθ1 Þ and ðε2; eiθ2 Þ, lead to

∂B1

∂T1
¼ −Vg1

∂B1

∂X1
; with Vg1 ¼ ∂ω1

∂k1
¼ ω2

0 sin k1ð Þ
ω1

;

∂B2

∂T1
¼ −Vg2

∂B2

∂X1
; with Vg2 ¼ ∂ω2

∂k2
¼ ω2

0 sin k2ð Þ
ω2

:

ð11Þ

Form Eq. (11), the non-zero solutionsB1 andB2 can bewritten in the
forms B1 ¼ B1ðξ; T2Þ and B2 ¼ B2ðξ0; T2Þ, where ξ ¼ X1−Vg1T1 and ξ0 ¼
X2−Vg2T2.

At orders ðε2; e2iθ1 Þ andðε2; e2iθ2 Þ, we find the relations

B30 ¼ B40 ¼ 0;

B3 ¼
α1ω2

1 þ
1
2
iω1 β0α1 þ 4β2 sin 2 k1ð Þ� �
ω2

1−ω2
0 sin 2 k1ð Þ B2

1;

B4 ¼
α1ω2

2 þ
1
2
iω2 β0α1 þ 4β2 sin 2 k2ð Þ� �
ω2

2−ω2
0 sin 2 k2ð Þ B2

2:

ð12Þ

Finally, at the third orders ðε3; eiθ1 Þ and ðε3; eiθ2 Þ , using relation
expressions (12) we recover the group velocities (11), while the slow
envelope evolution of the solitonic ionic waves in microtubules are de-
scribed by the coupled equations

i
∂B1

∂T2
− S1

∂2B1

∂ξ2
−σ1 B1j j2B1 − ρ1 B2j j2B1 ¼ iA1B1; ð13Þ

i
∂B2

∂T2
− S2

∂2B2

∂ξ0
2 −σ2 B2j j2B2 − ρ2 B1j j2B2 ¼ iA2B2: ð14Þ

Further introducing the change of variables ξ0 ¼ X1−Vg2T1 ¼ ξþ
ðVg1−Vg2ÞT2, Eq. (14) becomes

i
∂B2

∂T2
þ Vg2−Vg1

ϵ

� �
∂B2

∂ξ
−S2

∂2B2

∂ξ2
−σ2 B2j j2B2−ρ2 B1j j2B2 ¼ iA2B2: ð15Þ

By using the dependent variable transformation B2→B2 exp

f−iðΔVg

2S2
ξþ ΔV2

g

4S2
T2Þg , with ΔVg ¼ Vg1−Vg2

ϵ
, the above Eq. (15) be-

comes

i
∂B2

∂T2
−S2

∂2B2

∂ξ2
−σ2 B2j j2B2−ρ2 B1j j2B2 ¼ iA2B2; ð16Þ

which forms a set of CGL equations with Eq. (13), whose coefficients S1
; S2;A1;A2;ρ1;ρ2;σ1 andσ2 are given in the appendix. According to the
plots of Fig. 3(a), the dispersion coefficients S1 and S2 are all positively
increasing with respect to k, while Fig. 3(b) shows the dissipative coef-
ficients A1 and A2 that are negatively decreasing functions of the wave-
number k ¼ k1, with k2 ¼ αk1. Along the same line, the complex self-
phasemodulation nonlinear coefficientsσ1 andσ2, and the coupling co-
efficients ρ1 and ρ2 parameters, responsible for cross-phase modulation
are complex parameters and the variations of their real and imaginary
parts are summarized in Fig. 4 versus the wavenumber k. We should,
however, stress that if the ρ1 and ρ2 are set to null, we obtain two
decoupled cubic CGL equations. The CGL equations finds applications
inmany context andhas actually been useful in physical systems related
to biophysics [25,29–31], plasma physics [32], electrical lattices [33–35],
Bose-Einstein condensation [36,37], nonlinear optics, lasers and meta-
materials [38–42], to cite a few. Most of the studied systems probe the

Fig. 3. Panel (a) shows the dispersion coefficients and of Eqs. (13) and (16), while panel
(b) displays the dissipative coefficients and of the coupled cubic CGL equations versus the
wavenumber k, with and , so that (yellow dashed line) corresponds to and , functions of .
(For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)
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efficiency of the CGL equation in signal processing with good example
being ionic waves transmission and amplification in neuronal microtu-
bule networks [44,45], neural networks [26,27], along with pattern for-
mation in many other physical systems. Interestingly, one of the
techniques that have beenwidely used in characterizing pattern forma-
tion in the CGL equation is the MI mechanism, a consequence of the
competition between nonlinearity and dispersion [38,41–43,46]. In re-
lation to MI phenomenon, spatiotemporal chaos has been identified in
the CGL equation [47,48]. Weber et al. [49] also reported transition to
spatiotemporal turbulence from travelingwaves resulting from instabil-
ities, while solutions such as spiral waves were found [50].

3. Modulational instability analysis

In order to perform theMI study, we assume the set of Eqs. (13) and
(16) to have the plane wave solutions Bqðξ; T2Þ ¼ Bq0eiϖqT2 , where ϖq

and Bq0, with q = 1, 2, are, respectively, the angular frequencies and
the complex constant amplitudes of the carrier waves satisfying the dis-
persion relations

ϖ1 ¼ σ1 B10j j2 þ ρ1 B20j j2−iγ1;

ϖ2 ¼ σ2 B20j j2 þ ρ2 B10j j2−iγ2:

ð17Þ

In order to investigate the stability of the initial plane waves, we
slightly perturb their amplitudes in such a way that B1ðξ; T2Þ ¼ B10ð1þ
εg1ðξ; T2ÞÞeiϖ1T2 and B2ðξ; T2Þ ¼ B20ð1þ εg2ðξ; T2ÞÞeiϖ2T2 , where ε≪1
and g jðξ; T2Þ, with j = 1, 2, are the modulated amplitudes of perturba-
tion. Inserting the above into Eqs. (13) and (16) and linearizing around
the unperturbed plane waves, the equations describing the perturbed
fields are given by

i
∂g1
∂T2

− S1
∂2g1
∂ξ2

− 2iS1k1
∂g1
∂ξ

−σ1 B10j j2 g1 þ g�1
� �

−ρ1 B20j j2 g2 þ g�2
� � ¼ 0

i
∂g2
∂T2

− S2
∂2g2
∂ξ2

− 2iS2k2
∂g2
∂ξ

− σ2 B20j j2 g2 þ g�2
� �

−ρ2 B10j j2 g1 þ g�1
� � ¼ 0:

ð18Þ

Solutions for the above system are then considered to be

g1 ξ; T2ð Þ ¼ d1ei λξ−δT2ð Þ þ d�2e
−i λξ−δ�T2ð Þ;

g2 ξ; T2ð Þ ¼ d3ei λξ−δT2ð Þ þ d�4e
−i λξ−δ�T2ð Þ;

ð19Þ

where d1;d2; d3 andd4 are complex constant amplitudes, λ and δ repre-
sent, respectively, the wave number and the frequency of the perturba-
tion, with the asterisk denoting complex conjugation. Applying these
solutions to Eq. (18) and using the standard procedure of linear stability
analysis lead to the following homogeneous system of equations in
terms of d1; d2; d3 and d4:

Q11 þ δ Q12 Q13 Q14

Q21 Q22−δ Q23 Q24

Q31 Q32 Q33 þ δ Q34

Q41 Q42 Q43 Q44−δ

0
BBBBBBBB@

1
CCCCCCCCA

d1

d2

d3

d4

0
BBBBBBBB@

1
CCCCCCCCA

¼

0

0

0

0

0
BBBBBBBB@

1
CCCCCCCCA

ð20Þ

where the elements of the matrix are given in the appendix. For the
above system to admit non-trivial solutions, its determinant should be
null, i.e., DetðℳÞ ¼ 0. The dispersion relation, which determines Ω, is
then obtained by solving the homogeneous matrix equation when its
determinant of the coefficient matrix vanishes, which leads to

Fig. 4. Panels (a) and (b) show, respectively the real and imaginary part of the coefficients and of Eqs. (13) and (16) versus the wavenumber k. Panels (c) and (d) display plots of the
coefficients and versus the wavenumber k, with and .
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δ4 þ η3δ
3 þ η2δ

2 þ η1δþ η0 ¼ 0: ð21Þ

Eq. (21) is a four order equation for the perturbation frequency ob-
tained by taking determinant of the matrix null, with

η3 ¼ Q11−Q22 þ Q33−Q44

η2 ¼ −Q11Q22−Q31Q13−Q42Q24−Q33Q44

þQ11Q33 þ Q22Q44−Q11Q44−Q22Q33;

η1 ¼ Q22Q33Q44 þ Q31Q13Q44−Q42Q24Q33

−Q11Q33Q44−Q11Q42Q24−Q11Q22Q33

þQ11Q22Q44 þ Q31Q13Q22;

η0 ¼ Q11Q22Q33Q44 þ Q31Q13Q42Q24

−Q31Q13Q22Q44−Q11Q42Q24Q33:

ð22Þ

Solving Eq. (21), we can obtain the following four analytical solu-
tions:

δ1;2 ¼ −
η3
4
−
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
η23−

2
3
η2 þ Λ

r
� 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
4
3
η2 þ

1
2
η23−Λþ η33−4η3η2 þ 8η0

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
η23−

2
3
η2 þ Λ

r ;

vuuut

δ3;4 ¼ −
η3
4

þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
η23−

2
3
η2 þ Λ

r
� 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
4
3
η2 þ

1
2
η23−Λ−

η33−4η3η2 þ 8η0

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
η23−

2
3
η2 þ Λ

r ;

vuuut
ð23Þ

where

Λ ¼ 1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

1−4Δ3
0

q
2

3

vuut þ Δ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

1−4Δ3
0

q
2

3

vuut

0
BBBBBB@

1
CCCCCCA

and Δ0 ¼ η22−3η3η1 þ 12η0;Δ1 ¼ 2η32−9η3η2η1 þ 27η23η0 þ 27η21−72
η2η0:There exists a domain of the wavenumber λ for which the spec-
trum of the growth rate of MIGðλ; k1Þ ¼ 2Imðδ1;2;3;4Þ can take a positive
or a negative value. The system remains stable under modulation if the

indicated MI growth rate value is negative and this because of the
vanishing long term of the growth rate j Imðδ1;2;3;4Þ j, exponentially over
time. On the other hand, for positive gain values, there is possibility of
instabilities. We therefore witness a divergence of the perturbation as
time t increases and the system is said to be modulationally unstable.
Therefore, necessary information on the onset of instability will be ex-
tracted using the maximum MI growth rate Gðλ; k1Þ ¼ 2½jImðδ1;2;3;4Þj
�max which is obtained by comparing the four solutions of the nonlinear
dispersion relation (21). Obviously, theMI growth rate is strongly influ-
enced by the physical parameterβ0 on the one hand, and α on the other
hand. To remind, α is the parameter linking thewavenumbersk1 andk2.
TheMI growth rate is illustrated in the ðk1;λÞ−plane in Fig. 5, whereβ0

takes increasing values. In general, versus λ, the growth rate spectrum
comprises two symmetric lobes of instability. Values of the wavenum-
ber k1 that give rise to instability are well-limited, while k1 ¼ 0 is not
supposed to support instability, with the maximum growth rate being
situated around, including k1 ¼ 1. With increasing β0, the bandgap be-
tween the two lobes tends to disappear, leading the two lobes of insta-
bility to merge into one, under strong symmetry around λ ¼ 0. Regions
where ζ≠0 are indeed regions of instability that may support the disin-
tegration of the plane wave solutions into trains of solitonic objects. To
further explore the behaviors of theMI growth rate under the influence
ofβ0; ζ is plotted in Fig. 3 in the ðλ;β0Þ−plane, with α changing, so that
k2 ¼ αk1. While the growth rate is an increasing function of the param-
eterα, theMI spectrumgenerally displays two symmetric lobes of insta-
bility. Forα ¼ 0:1andα ¼ 0:2, one clearly notices an amplification of the
instability, and areas of λ giving rise to the maximum growth rate get
expanded [compare Figs. 6(a) and 6(b)]. However, with further increas-
ing α, such intervals shrink, and regions ofβ0 that support instability are
restricted to higher values. This is oncemore obvious in Fig. 6(c), where
α ¼ 0:35. We should stress a change of behaviors in the MI growth rate
when α≥0:5. Another observation of the instability gain Gðβ0Þ in Fig. 7
shows that for the fixed values of wavenumbers k1 ¼ 1 and λ ¼ 0:001
taken arbitrarily in the instability interval, Gðβ0Þ increases with the pa-
rameter α. Likewise, this growth of α induces the instability region in
our biological network. Ultimately and globally, the region of instability
thus detected is the one likely to contain the oscillations of modulated
localized waves with an intensification around the perturbed wave-
numberλ ¼ 0and capable of provoking the destitution or reconstitution
of tubulin dimers to allow them to transport energy or information fa-
vorable to the normal accomplishment of their cellular functions. Ac-
cording to the above, there is a straight relationship between MI and
soliton formation under a suitable balance between nonlinearity and
dispersion.

Fig. 5. TheMI growth rate features versus the perturbationwavenumber λ and thewavenumber of the planewave , with and . The panels (a), (b), (c) and (d) correspond to the respective
values 0.06, 0.3, 0.5 and 0.7 of the dissipative coefficient .
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4. Nonlinear propagation of coupled modulated waves

4.1. Coupled solution for ionic waves in MTs electrical lattice

The strong relationship between wave modulation and soliton for-
mation has given rise to a broad range of contributions using several
resolutionmethods of nonlinear equations. Improved nonlinear physics
models have triggered the elaboration ofmore sophisticatedmethods of
resolution. Such methods include the auto-Bäcklund transformation
method, used to find soliton solutions for a multi-component optical
fiber [53], and the hetero-Bäcklund transformation method applied to
water-wave phenomena [54]. Multi-dimensional water waves were
also recently studied via a symbolic computation bringing together
the hetero-Bäcklund transformation and similarity reduction [55]. Let
us also mention the possibility of simultaneously using the scaling
transformation, the hetero-Bäcklund transformation, and the bilinear
forms to find nonlinear solutions [54], which otherwise confirms the
possibility to combine the linear forms to other methods such as the
Hirota's one. Particularly, the Hirota method has been intensively
adopted among the useful resolution schemes since it does not require
the inverse scatteringmethod, which seemsmore complex. Simply, the
Hirota bilinear method is based on the use of the Hirota's operator,

which reduces the nonlinear equation to be solved into several coupled
bilinear equations. Depending on the problem at hand, the method has
been improved over the years to derive a larger class of nonlinear wave
solutions. Accordingly, the coupled cubic-quintic CGL equations were
solved analytically for counter-propagating waves by Zakeri and
Yomba [56]. Following a similar procedure to solve Eq. (13), we first
consider the following modified Hirota's linear operators:

Dm
x D

n
t

� �
p j

G:Fð Þ ¼ ∂
∂x

−
1
2
þ ipj

� �
∂
∂x0

	 
m

� ∂
∂t
−

1
2
þ ip j

� �
∂
∂t0

	 
n

�G x; tð ÞF x0; t0ð Þ x¼x0 ;t¼t0 ;
��

ð24aÞ

Λ j F:Fð Þ ¼ 1
2
þ ipj

� �
3
2
þ ip j

� �

� FFxx−F2x
� �

; j ¼ 1;2
ð24bÞ

wherepj (j=1,2) are real parameters, n,m are positive integers andG(x,
t), H(x,t) and F(x,t) are assumed to be real-valued functions. Considering
T2 ¼ t and X1 ¼ x, we rewrite the set of Eq. (13) as

i
∂B1

∂t
−S1

∂2B1

∂x2
−σ1 B1j j2B1−ρ1 B2j j2B1 ¼ iA1B1

i
∂B2

∂t
−S2

∂2B2

∂x2
−σ2 B2j j2B2−ρ2 B1j j2B2 ¼ IA2B2;

ð25Þ

whose exact solutions can be obtained using the transformations

B1 ¼ ηGei q1x−Ω1tð Þ

F
1
2
þ ip1

� � ; B2 ¼ μHei q2x−Ω2tð Þ

F
1
2
þ ip2

� � ; ð26Þ

where q1; q2 and Ω1;Ω2; are, respectively, wavenumbers and angular
frequencies of envelopes, and assumed realwhileη ¼ ηr þ iηi andμ ¼ μr
þiμ i are complex. Substituting Eqs. (26) into (25), we obtain the follow-
ing systemof bilinear equations, functions of themodified derivatives of
Hirota's linear operators (24a) and (24b):

½Ω1 þ q21S1−iA1 þ iDp1 ;t −2iq1S1Dp1 ;x−S1D
2
p1 ;x

þ 4ℓ1� G:Fð Þ
¼ 0; S1Λ1 F:Fð Þ− ηj j2 σ1r þ iσ1ið ÞG2− μj j2 ρ1r þ iρ1ið ÞH2

¼ 0; ½Ω2 þ q22S2−iA2 þ iDp2 ;t−2iq2S2Dp2 ;x−S2D
2
p2 ;x

þ 4ℓ2� H:Fð Þ
¼ 0; S2Λ2 F:Fð Þ− μj j2 σ2r þ iσ2ið ÞH2− ηj j2 ρ2r þ iρ2ið ÞG2 ¼ 0; ð27Þ

Fig. 6. The MI growth rate spectrum in the plane for and , with α taking the values 0.1, 0.2, 0.35 and 0.5 corresponding to the respective panels (a), (b), (c) and (d).

Fig. 7. Plot of the MI growth rate versus the dissipation coefficients , with α taking the re-
spective values 0.5, 0.6, 0.7, 0.8, and .
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with jηj2 ¼ η2r þ η2i and jμj2 ¼ μ2
r þ μ2

i ;ℓ1 and ℓ2 being constants

of decoupling. In addition, the normalization condition F=jFjð
1
2
þ ip1Þ ¼ F

=jFjð
1
2
þ ip2Þ ¼ 1 is used. There are several families of soliton solutions

amongwhich, the impulse, frontal and dark solitons [56]. Such solutions
are often obtained from the modified bilinear operators (24). However,
in the rest of this paper, we pay particular attention to pulse-like solu-
tions because of their numerous applications in microtubular networks
in terms of signal processing and information transport. Therefore, the
functions G, H, and F are assumed to be in the following forms:

G ¼ H ¼ e
1
2
Rxþωtð Þ

;

F ¼ 1þ de Rxþωtð Þ þ Pe2 Rxþωtð Þ;

ð28Þ

whereω, R, d and L are taken to be real constant. Substituting the above
into Eq. (27) leads to

Ω1 ¼ S1
1
4
R2−q21

� �
; Ω2 ¼ S2

1
4
R2−q22

� �
;

ω ¼ 2 A1 þ S1q1Rð Þ; p1b0; p2b0; ℓ1 ¼ ℓ2 ¼ 0;

ηj j2 ¼
S1R

2d ρ1i
3
4
−p21

� �
−2p1ρ1r

	 

σ1rρ1i−σ1iρ1r

; q2 ¼ S1q1Rþ A1−A2

S2R
;

μj j2 ¼
S1R

2d σ1i p21−
3
4

� �
þ 2p1σ1r

	 

σ1rρ1i−σ1iρ1r

;R2 ¼ −
A1

p1S1
;

ð29Þ

with d ≠ 0 and P ≠ 0. In order to further proceed, the following con-
straints are adopted:

ρ2r ¼
S2

3
4
−p22

� �
σ1rρ1i−σ1iρ1rð Þ

S1 σ1i p21−
3
4

� �
þ 2p1σ1r

	 
− ρ1i
3
4
−p21

� �
−2p1ρ1r

	 

σ2r

σ1i p21−
3
4

� �
þ 2p1σ1r

	 


ρ2i ¼
2p2S2 σ1rρ1i−σ1iρ1rð Þ

S1 σ1i p21−
3
4

� �
þ 2p1σ1r

	 
− ρ1i
3
4
−p21

� �
−2p1ρ1r

	 

σ2i

σ1i p21−
3
4

� �
þ 2p1σ1r

	 
 ;

A2 ¼ p2S2
p1S1

A1; S2 ¼ S1
p2
p1

R 12p21 þ 1
� �

−16p1q1
R 12p22 þ 1
� �

−16p2q2

" #
;

ð30Þ

which leads to the following solutions, giving the complex amplitudeB1

and B2:

B1 x; tð Þ ¼ ηe
1
2
Rxþωtð Þ þ i q1x−Ω1tð Þ

1þ de Rxþωtð Þ þ Pe2 Rxþωtð Þ
h i 1

2
þ ip1

� �;

B2 x; tð Þ ¼ μe
1
2

Rxþωtð Þ þ i q2x−Ω2tð Þ

1þ de Rxþωtð Þ þ Pe2 Rxþωtð Þ
h i 1

2
þ ip2

� �;
ð31Þ

with their squared norms being given by

B1 x; tð Þj j2 ¼ ηj j2 e Rxþωtð Þ�� ��
1þ de Rxþωtð Þ þ Pe2 Rxþωtð Þ
��� ���; ð32Þ

B2 x; tð Þj j2 ¼ μj j2 e Rxþωtð Þ�� ��
1þ de Rxþωtð Þ þ Pe2 Rxþωtð Þ
��� ���: ð33Þ

The panels of Fig. 8 illustrate well the spatiotemporal evolution of
such amplitudes, which represent bright-soliton amplitudes. Using
Eq. (31), it is possible to rewrite the spatiotemporal formula of the volt-
age VnðtÞ given by relation (8). It describes the calcium wave propaga-
tion through the network of cellular microtubules and it is given by

Vn tð Þ ¼ 2ε
F

ηrG cos Φ1ð Þ þ μrH cos Φ2ð Þ� 


þ 2ε2η2G2 F−1

ω2
1−ω2

0 sin 2 k1ð Þ α1ω2
1 cos 2Φ1ð Þ−1

2
ω1 β0α1 þ 4β2 sin 2 k1ð Þ� �

sin 2Φ1ð Þ
	 


þ 2ε2μ2H2 F−1

ω2
2−ω2

0 sin 2 k2ð Þ α1ω2
2 cos 2Φ2ð Þ−1

2
ω2 β0α1 þ 4β2 sin 2 k2ð Þ� �

sin 2Φ2ð Þ
	 


;

ð34Þ

whereΦ1 ¼ ðq1 þ k1Þx−ðΩ1 þω1Þt−p1 ln F andΦ2 ¼ ðq2 þ k2Þx−ðΩ2

þω2Þt−p2 ln F . This coupled solution comprising the two frequency
modesω1 andω2 will be used as the initial condition in the next section
dedicated to numerical analysis of wave propagation in the microtubule
network. More precisely, at the initial time (t=0), the signal originating
from the hydrolysis of GTP and which is to propagate along the MTs is
then given in form (34). Phenomena related towave interaction have be-
come an attractive research direction. Applications of such are found in
areas like nonlinear optics [57,58], atmospheric physics [59], hydrody-
namics [60], and many more. In general, interactions of waves can give
rise to radiations or generate other types of solitons, especially when
other system-related factors such as management and inhomogeneities
are included [57]. This can involve bright-bright or bright-dark solitons,
leading tomore complex and exotic structures potentially full of interest,
with possible practical applications. Therefore, in view of solution (34)
the reader should notice that the generalized solution has a breather
form, which implies the possibility of getting modulated waves.

4.2. Ionic wave propagation and generation of wave trains

Numerical simulations are carried out in the generic discrete Eq. (5)
describing the signal processing in an electrical transmission line of
MTs. Obviously, Eq. (5) contains several terms and their corresponding
coefficients that may significantly affect wave propagation in themodel
under study. Among such parameters, particular importance has been
given to dissipative effects brought by the coefficients β0 and β1. Even
at the sub-cellular level, most biological processes are sequenced by
an initiation, triggered in the present case by the hydrolysis of GTP, ex-
ecution, and termination, which is indubitably related to the attenua-
tion of the propagating signal under dissipative effects. However, it
should be indicated that other biological factors may contribute to am-
plifying the signal against dissipation to complete a given process until
complete information is transported to the receiver. A failure of such,
the case of neuronal microtubules, for example, may lead to amultitude
of neuronal disorders such as neurodegenerative disease (Alzheimer),
Parkinson's [61,62] and anxiety [63], to name a few. From the physical
point of view, dissipative effects significantly modify the intrinsic dy-
namic equilibrium between nonlinearity and dispersion, consequently
affecting the stable information and energy transport in MTs. This
shows the straightforward interdependence between the structural
role of MTs and their essential function in ionic signal processing at
the sub-cellular level, under controlled input from dissipative elements
inherent to biological environments.

The numerical study of signal transport along the MT electrical net-
work is based on the direct integration of Eq. (5) via the well-known
Runge-Kutta computational scheme, under periodic boundary condi-

tions and a step over time, dt ¼ 10−2ns. As said so far, the input signal
is the modulated impulse of Eq. (34), over 201 lattice cells, with
two coupled oscillation modes characterized by (k1;ω1) and (k2;ω2),
with k2 ¼ αk1. To remind, the amplitudes of individual modes, shown
in Fig. 8, display bell-shaped solitary impulses. Indubitably, the coupled
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mode results in a robust envelope soliton, already known in several bi-
ological settings. In DNA dynamics, for example, coupled breather soli-
tons were proposed to describe the initiation process of transcription
[25,64,65]. Coupled breathingwaveswere also shown to be at the origin
of angular dislocation of tubulin dimers and the transport of organelles
by motor proteins along MTs [29]. The role of coupled bright soliton in
neuronal networkswas debated in the context of information transport
and signal processing [66].

Under the conditions described above, the results for numerical sim-
ulations are shown in Fig. 9. Clearly, the panels of Fig. 9 give a comparison

between the spatiotemporal evolution of the coupled solitary wave to its
corresponding time series andwave profile under different values of dis-
sipative coefficients. Obviously, in space and time, the propagation of the
coupled mode gives rise to modulated trains of patterns. In panel (a1),
precisely, the spectrum of behavior is such that the wave structure
keeps its stable and periodic state over time and repeats the same prop-
agation events. This assumes that localized excitations of ionic waves are
accessible to the electrical network, and the corresponding localized sig-
nals present solitary modulated solutions with a regular periodic back-
ground. Spatially, the movement of the signal repeats after about 15

Fig. 8. Spatiotemporal evolution of pulse-soliton amplitudes [panels (a) and (b)] and [panels (c) and (d)] from Eqs. (32) and (33).

Fig. 9. Spatiotemporal evolution of the coupled solution [panels ] alongwith their corresponding time series [panels ] and spatial evolution [panels ] for the parametersMoreover, from left
to right, columns correspond to the respective values and of the dissipative coefficient.
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unit cells of MTs, while temporally, its period is about 1300 ns material-
ized by two alternations. In panel (a1) of Fig. 9, tiger amplitude of oscilla-
tions can be noticed, which stands for areas where the energy carried by
the voltage wave (which originates from the hydrolysis of GTP) is maxi-
mum. This corresponds to the precisemomentwhen the signal getsmore
accelerated, inducing the polymerization/depolymerization phenome-
non. As for the dark peaks of the signal, the energy would be minimal
and would not allow a good appreciation of the desired biological phe-
nomenon, while the moments of respite, where the voltage soliton
wave is zero, would rather be those of the transition between two phases
of the process under study. Additionally, there is an amplification of the
excitatory signal in the network, whose profile is plotted in Fig. 9(b1).
The signal propagates in the form of a train of small amplitude with a
short wavelength, with each component of the train having the shape
of a soliton object. This proves the robustness of the coupled-wave solu-
tions, which corroborate predictions from the linear stability analysis of
MI. One of the primary outcomes of the studied model is its sensitivity
to model parameters such as dissipation, which is evident in Fig. 9(a2)
and (b2). In this context, the spatiotemporal behavior of the ionic
waves is still supported by coherent structures whose amplitude goes
down as time increases. Interestingly, the time series of Fig. 9(b2)
shows that increasing the values of β0 considerably attenuates wave
propagation and even affects the spatial distribution of the obtained pat-
terns. Corresponding values for β0 are such that β0 ¼ 0:0009 for Fig. 9
(a2), β0 ¼ 0:003 for the case of Fig. 9(a3) and β0 ¼ 0:01, which corre-
sponds to the patterns of Fig. 9(a4). We should stress remind that in
the process, we have related the value of β1 to the one of β0 so that the
change in the latter directly affects variation in β1. Therefore, it is notice-
able that the two dissipation coefficientsβ0 andβ1 have a common effect
on the propagation of the envelope of coupled soliton pulses, except that
the action of one, β0, is more aggressive and quicker than that on the
other, β1 , which is proportional to β0 . More precisely, increasing β0
changes the characteristics of the wave structure more quickly. As a
whole, controlling and maintaining small acceptable values of the dissi-
pative parameters would allow good energy propagation in our biomo-
lecular filament network. Due to the strong dissipation of the biological
medium studied and to the fact that the supplied energy could suddenly
be dissipated and therefore be insufficient for the MTs to perform their
cellular functions optimally, the coupled solitary bursting signal would
therefore be an excellent option to remedy and promote the release of
a large amount of compensatory energy andwhichwould propagate sta-
bly and permanently throughout the biological network. The energy and
information transport that originates from the hydrolysis of GTP in cellu-
larMTswould then be possible via the envelope solution of coupled volt-
age pulses of the soliton-type supported by the discrete model of the
transmission line studied. The inherent electric nature of neurons points
out the effectivity and potential functions of the MT cytoskeleton that
conveys electric information. Although no direct experiment has been re-
alized showing the evidence and contribution of MT in signal conduction
in neurons, it remains scientifically verified that MT contributes impor-
tantly to higher cognitive processes, among which neuronal signal pro-
cessing. A broad range of oscillatory modes has been reported recently,
where Tabi and co-workers [26,27,51,52] showed that neuronal waves
and action potentials might rely on frequency distribution, depending
on the physiological process to be achieved. Indubitably, the transmission
line elements, such as the intrinsic resistance and capacitance, play a cru-
cial role in the spatiotemporal spreading of the wave. This is finely illus-
trated by the different scenarios depicted in Fig. 9ðcjÞ j¼1;2;3;4 , where
panels from left to right correspond to increasing values of β0, the dissi-
pative coefficient. Importantly, such structures have been reported in
many contributions as being caused by the activation of MI. Noticeably,
increasing the resistance in the system contributes to generating asym-
metric solitonic objectswhile the amplitude decreases. Although the pre-
cisemechanism is not fully clear yet [20], itmay involve diffusion through
the central channel [67] and ion redistribution along the microtubule

resulting from the variations in cation (Naþ;Kþ;Ca2þ) migration through
nanopores along themicrotubulewall [68]. In that direction, several con-
tributions have demonstrated charge centerswith corresponding counter
ion clouds along the axis of the microfilament allowing ionic waves to
propagate along its axis [18,19,69,70]. The described phenomenon was
already reportedbyCantiello et al.who further confirmed electrical signal
via soliton waves [18] in actin filaments. However, against dissipation, it
was shown recently thatmicrotubules are capable of amplifying ionic sig-
nal waves [71] which may importantly contribute to the regulation of
voltage-dependent anion channel in the mitochondria [72] with consid-
erable implications in exchanges involving the extracellular matrix [73]
that facilitates permanent dynamics and information exchange between
the cytoskeleton and extracellular environment.

5. Conclusion

The study of nonlinearwaves in excitablemedia is of growing interest
and nowadays covers a broad range of biophysical systems, including the
muscular tissues, the hearth, and the neural networks. The study carried
out in this paper addresses the circumstances and the conditions under
which MTs may act as nonlinear dissipative electrical transmission lines
for ions tomigrate through their pseudohelical cylinders. In such an elec-
trical transmission linemodel, an individual tubulin dimmer protein con-
stitutes an electric cell that comprises capacitive, inductive, and resistive
components related to polyelectrolyte features of MTs in the cytosol. The
important issue of multimode propagation of ionic current has been ad-
dressed using a set of nonlinearly coupled cubic CGL equations derived
from the generic electrical transmission line equation through the semi-
discrete approximation, each corresponding to a mode of oscillation
with distinct frequencies. Thanks to the linear stability analysis of plane
wave solutions, a MI growth rate expression has been proposed, from
which a comprehensive parametric analysis of MI has been carried out.
In the process, we have discussed the impact of dissipative elements on
the parametric expansion of unstable regions, where the plane wave
input is expected to break into modulated ionic waves with solitonic fea-
tures. The analysis of MI has also pointed out that the behaviors of the in-
stability windows for the model under study strongly depend on the
interdependence between the two modes via their wavenumbers. Dissi-
pation can be used as a tool to control the occurrence of MI under the
combined mode. It should be noted that exact bright envelope solitons
are found in the modulationally unstable domain. Confirmation of such
results has been obtained via direct derivation, through the modified
Hirota bilinear method, of the exact envelope solution of the coupled
modes. Indeed, under direct numerical simulation, with the input signal
being the found solution, the dynamics of ionic current was found to be
described by nonlinear patterns of solitonic trains, with features being
susceptible to changes in system parameters, mainly dissipation. Over
time, dissipative coefficients have been found to impact the ionic wave
amplitude under a strong background of the polarization-repolarization
process. Spatially, interesting features of nonlinear wave propagation
have been obtained, which justifies the diversity of oscillatory ionic
movement across the MT lattice, relayed by nanopores present between
neighboring tubulin dimers, through which Kþ and Naþ ions can easily
migrate in the microtubule wall. In the process, a higher free energy bar-

rier prevents Ca2þ ions frommigrating, and an increase in the Ca2þ con-
centration outside the MT during neuronal excitation will cause Kþ and
Naþ ions to be driven into the MT, leading to ion redistribution through-
out the MT. Such valuable electrical properties, relying on the ion-
permeability of MTs, may be beneficial to neural signal processing and
the key energy transport process along theMT lattice, given the straight-
forward relationship between ionic transport and lattice deformation for
specific biological functions of MTs to be fulfilled under normal physio-
logical conditions. The idea that MTs can play the role of complex subcel-
lular nanowires remains an open question as it has recently drawn
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considerable attention. To the best of our knowledge, suitable models, in
that regard, have not been sufficiently explored and constitute a serious
concern about the possible efficient charge carriers and their robustness
under dissipative effects.We, however, believe that ionflows and perme-
abilitymay relay communication of cellular information to the nucleus as

an instant response to high centration Ca2þ pulse.
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Appendix A. Coefficients of the coupled cubic CGL Eqs. (13) and (16)

S1 ¼ Vg1
2−ω2

0 cos k1ð Þ
2ω1

; S2 ¼ Vg1
2−ω2

0 cos k2ð Þ
2ω2

;

A1 ¼ −
1
2

β0 þ 4β3 sin 2 k1
2

� �� �
; A2 ¼ −

1
2

β0 þ 4β3 sin 2 k2
2

� �� �
;

σ1 ¼ σ1r þ iσ1i;σ2 ¼ σ2r þ iσ2i;ρ1 ¼ ρ1r þ iρ1i; ρ2 ¼ ρ2r þ iρ2i;

ðA:35Þ

σ1r ¼ 3
2
ω1 α2 þ

2α2
1ω

2
1− α1β0 þ 4β2 sin 2 k1

2

� �� �
α1β0 þ 4β2 sin 2 k1ð Þ� �

3 ω2
1−ω2

0 sin 2 k1
2

� �� �
2
664

3
775;

σ1i ¼ 3
2

α2β0 þ 4β3 sin 2 k1
2

� �
þ
3α2

1ω
2
1β0 þ 4α1β2ω2

1 sin 2 k1ð Þ þ 2 sin 2 k1
2

� �� �

3 ω2
1−ω2

0 sin 2 k1
2

� �� �
2
664

3
775;

σ2r ¼ 3
2
ω2 α2 þ

2α2
1ω

2
2− α1β0 þ 4β2 sin 2 k2

2

� �� �
α1β0 þ 4β2 sin 2 k2ð Þ� �

3 ω2
2−ω2

0 sin 2 k2
2

� �� �
2
664

3
775;

σ2i ¼ 3
2

α2β0 þ 4β3 sin 2 k2
2

� �
þ
3α2

1ω
2
2β0 þ 4α1β2ω2

2 sin 2 k2ð Þ þ 2 sin 2 k2
2

� �� �

3 ω2
2−ω2

0 sin 2 k2
2

� �� �
2
664

3
775;

ρ1r ¼ 2α2ω1;ρ1i ¼ 3 α2β0 þ 4β3 sin 2 k1
2

� �� �
;ρ2r ¼ 2α2ω2;ρ2i ¼ 3 α2β0 þ 4β3 sin 2 k2

2

� �� �
:

ðA:36Þ

Appendix B. Matrix elements for system (20)

The matrix Qpm, with p;m ¼ 1;2;3;4, are given by

Q11 ¼ S1λ2−σ1 B10j j2; Q13 ¼ −ρ1 B20j j2; Q22 ¼ S1λ2−σ�
1 B10j j2;

Q21 ¼ Q23 ¼ Q12 ¼ Q14 ¼ Q32 ¼ Q34 ¼ Q41 ¼ Q43 ¼ 0;

Q24 ¼ −ρ�
1 B20j j2; Q31 ¼ −ρ2 B10j j2;

Q33 ¼ S2λ2−σ2 B20j j2; Q42 ¼ −σ�
2 B20j j2; Q44 ¼ S2λ2−σ�

2 B20j j2:

ðA:37Þ
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A B S T R A C T

The paper examines how microtubules (MTs) function in their biological environment, focusing on soliton-
breather solutions. These solutions are nonlinear localized excitations that propagate in an angular continuous
model of microtubule dynamics. Our model considers competitive effects from transport memory and
nonlinearity, which arise due to collisions between tubulin dimers and particulate entities during energy
processing in eukaryotic cells due to the hydrolysis of guanosine triphosphate (GTP). Our mathematical
approach determines that the angular displacement of a dimer is governed by a modified system of coupled
complex nonlinear Schrödinger equations. Analytical solutions are obtained and propagated in the MT lattice
through direct numerical simulations, and small variations in coefficients significantly impact energy processing
in cytoplasmic MTs.

1. Introduction

In the field of nonlinear science, biological systems are highly
valued for their complex nature, both on small and large scales. These
systems are typically comprised of vast networks of interconnected
biochemical units, known as cells. Cells serve as the foundational
building blocks for biological systems, with their structure being key
to understanding their function. Specifically, cells consist of a com-
ponent called the cytoplasm, which is primarily made up of water
molecules (roughly 80 per cent). Additionally, eukaryotic cells’ cyto-
plasm contains various protein structures, such as microtubules (MTs).
MTs are a crucial component of the cytoskeleton, with a well-known
structure that has been extensively studied [1–4]. They are formed by
the lateral assembly of protofilaments (PFs), which themselves are
composed of dimers of 𝛼− and 𝛽-tubulins. MTs play a vital role in
several essential cellular activities, including material transport, cell
motility, cell division, signal transduction, and information processing
in nerve cell axons [5–7]. Observations conducted both in vivo and
in vitro have confirmed that individual MTs can switch stochastically
between assembly and disassembly states, making them highly dynamic
structures [8]. It is believed that movements of the MT molecules
result from an energetic excitation resulting from the hydrolysis of

∗ Corresponding author.
E-mail addresses: etankou2000@yahoo.fr (E. Tankou), tabic@biust.ac.bw (C.B. Tabi), mohdoufr@yahoo.fr (A. Mohamadou), tckofane@yahoo.com

(T.C. Kofané).

guanosine triphosphate (GTP) bound to 𝛽−tubulin, which converts it
to guanosine diphosphate (GDP) [8]. Numerous models and techniques
have been proposed to describe the nonlinear properties of MTs in their
cellular environment [9–12]. Comprehending the function of MTs is
a significant challenge for molecular biology and nonlinear science.
This includes polymerization/depolymerization processes, intracellular
transport, and axonal transduction of MTs is crucial. Previous stud-
ies have accounted for the low friction between dimers and water
molecules in their models. However, the cytoplasmic medium contains
other micro-entities that may significantly restrict the movement of
MTs. Tabi and colleagues [13] have recently introduced a new ap-
proach to explain the dynamical behaviors of MTs. Taking advantage
of the 𝜑-angular model proposed in Ref. [14], two modes of excitation
were extracted to highlight the coexistence of minimum and maximum
cut-off modes excitations. It was additionally suggested that without
sufficient energy from GTP hydrolysis, there would be no dislocation
of the tubulin dimers. To initiate a strong dislocation, coupled waves
could potentially stimulate the required energy, leading to the polymer-
ization/depolymerization mechanism [13]. The initial study on wave
coupling along the MTs may have overlooked the impact of frictional
effects. However, following the suggestion by Kovacs [15], friction

https://doi.org/10.1016/j.chaos.2024.114717
Received 13 November 2023; Received in revised form 10 February 2024; Accepted 7 March 2024



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 181 (2024) 114717

2

E. Tankou et al.

surfaces without lubrication may indeed lead to the memory effect.
Additionally, experimental studies by Dillavou et al. [16] have shown
that intense friction during the collision of two bodies can also produce
some memory effects. These findings suggest that frictional effects
should not be ignored when considering wave coupling along the MTs.
The frictional force may depend on two states of the contact surface:
the present state and the state that led to it. Research physicists have
made interesting observations on how to characterize viscosity and
frictional forces, which can be applied to many physical systems. For
instance, in the study of DNA nonlinear dynamics [17], frictional forces
exist between nucleotides and solvent particles. Similarly, we believe
that frictional forces are present during MT dynamics, particularly at
the interfaces between tubulin dimers due to micro entities from the
cytoplasmic cytosol.

Our main objective is to show that incorporating viscous forces and
transport memory effects brings about new features to the vibrational
dynamics of MTs in the context of coupled signal propagation. By
doing so, we anticipate that the memory effects will have a significant
impact on the parameters of the improved angular model. This will
enable a better explanation of the movements of dimers in living cells.
Energy transport along the MTs plays a significant role in regulating
the cellular functions of these proteins. It is suggested that solitons
are ideal for monitoring the development of biophysical or biological
systems due to their nonlinear and dispersive nature [18–20]. Solitons
have been observed in various biological processes, including DNA [20,
21], hemodynamics [22], and energy transport within proteins [23].
In the realm of MTs, kink, pulse, and breather solitons have been
theorized to further explain the transfer of chemical energy from GTP
hydrolysis [9,10,12,24,25]. These solutions are typically described by
simplified nonlinear Schrödinger (NLS) equations with real or complex
coefficients (known as Ginzburg–Landau equations) derived from the
specific models being studied [9,10,12,26]. In contrast, a study by Tabi
et al. [13] found that a system of NLS equations without viscosity ef-
fects can support the emergence of kink envelopes. By adding memory
effects to the 𝜑-angular model, we were able to develop a new solution
with two breather-type solitons sustained by a system of coupled com-
plex nonlinear Schrödinger (CCNLS) equations. It should be noted that
pulse soliton solutions of the complex nonlinear Schrödinger (CNLS)
or complex Ginzburg–Landau (CGL) equations are of great interest
in various fields of physics, including nonlinear optics, Bose–Einstein
condensates, hydrodynamics, and reaction–diffusion systems [27–40].
However, extensive reviews indicate that the simplest CGL equation
with cubic nonlinearity produces unstable breather or pulse-like ana-
lytical solutions [41]. Nevertheless, stable localized soliton solutions
can be achieved by introducing a cubic–quintic nonlinearity [42] to the
simplest CGL equation with cubic nonlinearity or by linearly coupling
the CGL equation with cubic nonlinearity to an additional equation that
is predominantly influenced by linear loss [43,44]. We have considered
previous contributions and believe that a CCNLSE system can produce
solutions such as coupled breathers and multi-breather solitons. These
results provide valuable insights into microtubular conformational dy-
namics within eukaryotic cells. It is crucial to determine the conditions
necessary for solitary wave propagation and understand the normal
functioning of MTs in their biological environment. Therefore, our
primary goal in this paper is to study the impact of transport memory
effects and the coupled solution from the angular model introduced in
Ref. [14] on the system.

The rest of the paper is organized as follows. In Section 2, a detailed
overview of the model is given. The discrete Hamiltonian of the system
is introduced from which a differential–difference equation is derived
and further reduced to its corresponding continuous version. After
incorporating the memory effects in Section 3, we use the derivative-
expansion method [45,46] in Section 4 to show that the dynamics of
coupled modes in the MT is governed by a set of CCNLS equations.
In Section 5, analytical soliton solutions corresponding to the single
and coupled vibrational modes are derived under suitable parametric
conditions. Numerical experiments are also carried out to assess the
stability of the proposed solutions as they propagate in the MT network.
Finally, Section 6 gives some concluding remarks.

2. 𝝋-angular model with memory effect

The structure of MTs is well known [2]. They are lateral assem-
blies of PFs forming hollow cylinders. PFs are designed by series of
proteins known as tubulin dimers and are usually 13 in number in
a single MT [1]. Due to the 𝛼 and 𝛽 ends of the tubulin dimer with
physiologically respective negative and positive charges, each dimer
has the character of an electrical dipole with dimensions 𝓁 and the
distance between the two opposite charges 𝑑 = 4 nm [25]. A lon-
gitudinal component of the electrical dipole moment of the dimer is
𝑝 = 337 Debye [47]. This model, called 𝜑-model, has the particularity
of suitably taking into account interactions between the dimers of
different PFs. These interactions are introduced into a resulting electric
field created by the set of dipoles [14]. The model itself assumes a
single radial degree of freedom where the main coordinate 𝜑 is an
angular displacement in the radial direction of the dimer relative to
the direction of the resultant electric field [10]. The dipole energy
from a dimer and the other energy components lead to the following
Hamiltonian for a single protein PF [14] :

𝐻 =
∑

𝑛

[

𝐼
2

(

𝑑𝜑𝑛
𝑑𝑡

)2
+ 𝑘

2
(

𝜑𝑛 − 𝜑𝑛+1
)2 − 𝑝𝐸 cos𝜑𝑛

]

, (1)

where 𝐼 is the moment of inertia of the single tubulin dimer, and
𝑘 is the parameter characterizing the dimer-dimer interaction of the
same protofilament. As in the physiological geometry of MTs, the two
subunits, 𝛼− and 𝛽− tubulins confer the dipole character to the dimer.
𝐸 represents the resulting electric field between a selected dimer and
the neighboring PFs. From left to right in Hamiltonian (1), the first
and second terms, respectively, represent the kinetic energy of a dimer
and the interaction energy between adjacent dimers of the same PF,
while the third term is the dipole energy of the dimer. The parameter
values for the proposed model are: 𝑚 = 1.08 × 105 amu [48], 𝑘 = 10 eV.
nm−2 [14], 𝐸 = 1.06 × 1026 eV C−1 m−1 [10] and 𝐼 = 5𝑚𝓁2

16 [49]. Using
Hamilton’s equations one obtains the discrete equation of motion of a
tubulin dimer:

𝐼
𝑑2𝜑𝑛

𝑑𝑡2
− 𝑘

(

𝜑𝑛+1 + 𝜑𝑛−1 − 2𝜑𝑛
)

+ 𝑝𝐸 sin𝜑𝑛 = 0. (2)

Eq. (2) describes the dynamics of the dimer at position 𝑛 in the presence
of the damping brought by the MT surroundings and the effect of
certain biological micro entities on the movement of the dimers. Taking
into account such effects may result in the single damping term 𝑀Γ =
−Γ 𝑑𝜑𝑛

𝑑𝑡 , where 𝛤 represents the damping coefficient or viscosity. The
dynamics of the dimers at the 𝑛th site then takes the form

𝐼
𝑑2𝜑𝑛

𝑑𝑡2
− 𝑘

(

𝜑𝑛+1 + 𝜑𝑛−1 − 2𝜑𝑛
)

+ 𝑝𝐸 sin𝜑𝑛 = 𝑀Γ. (3)

As most biological phenomena undergo nonlinear dynamics that are
difficult to interpret, but around equilibrium positions, we assumed
that tubulin dimers have an anharmonic oscillatory motion around the
stable equilibrium points of a two-well potential, usually written as
V0(𝜑𝑛) = 𝜑4

𝑛
4 𝐴(1)

2 − 𝜑2
𝑛
2 𝐴(1)

1 with 𝐴(1)
2 > 0 and 𝐴(1)

1 > 0. This implies a
series expansion of the sine term up to the fourth order so that Eq. (3)
becomes

𝐼
𝑑2𝜑𝑛

𝑑𝑡2
− 𝑘

(

𝜑𝑛+1 + 𝜑𝑛−1 − 2𝜑𝑛
)

+𝑝𝐸

(

𝜑𝑛 −
𝜑3
𝑛
6

)

= −Γ
𝑑𝜑𝑛
𝑑𝑡

.
(4)

From the fact that tubulin dimers are very dense along microtubular
PFs and have an inter-dimer distance of the order of nanometers, it is
possible to switch to the continuum limit approximation of the model
equation. In doing so, we assume that 𝑛𝓁 → 𝑥 and 𝜑𝑛(𝑡) → 𝜑(𝑥, 𝑡), with
𝓁 = 8 nm (the interval between two dimers of the same protofilament).
The use of the generalized coordinate 𝜑 (𝑥, 𝑡) = 𝜑 and the Taylor’s
expansion of the discrete terms 𝜑𝑛+1 and 𝜑𝑛−1, i.e.,

𝜑𝑛±1 → 𝜑 ± 𝓁
𝜕𝜑
𝜕𝑥

+ 𝓁2

2
𝜕2𝜑
𝜕𝑥2

± 𝓁3

3!
𝜕3𝜑
𝜕𝑥3

+⋯ ,
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in Eq. (4), lead to the continuous second-order partial differential
equation

𝐼
𝜕2𝜑
𝜕𝑡2

− 𝑘𝓁2 𝜕2𝜑
𝜕𝑥2

+ 𝑝𝐸
(

𝜑 −
𝜑3

6

)

= −Γ
𝜕𝜑
𝜕𝑡

. (5)

Biological systems are affected by solvent molecules like water, which
results in low viscosity. Other micro-entities, such as small biological
particles, have high damping rates that can cause a significant impact
on the movement of MTs. It is important to mention that the viscosity
coefficient 𝛤 is a parameter that allows us to quantify and control
the degree of damping in the system. It should also be noted that the
motion of damped systems, according to several investigations, may
induce memory effects as comprehensively demonstrated in the rest of
this paper.

3. Dynamics of tubulin dimers with memory effect

To describe mathematically the supposedly highly damped move-
ment of MTs, consisting of tubulin dimers in the cell cytoplasm, Eq. (5)
undergoes a series of transformations with the involvement of rescaled
time and space variables. Thus, we have from Eq. (5) the following
relationship

𝜕2𝜑
𝜕𝑡2

+ 𝛤
𝐼
𝜕𝜑
𝜕𝑡

= 𝑟1
𝜕2𝑣
𝜕𝑥2

−
𝑝𝐸
𝐼

(

𝜑 − 1
6
𝜑3

)

, (6)

with 𝑟1 =
𝑘𝓁2

𝐼 and 𝜔2
0 =

𝑝𝐸
𝐼 . From the rescaled variables

𝑡 →
𝜔2
0𝐼
𝛤

𝑡 and 𝑥 →

(

𝜔2
0

𝑟1

)
1
2

𝑥,

Eq. (6) can be rewritten in the form

𝑒
𝜕2𝜑
𝜕𝑡2

+
𝜕𝜑
𝜕𝑡

=
𝜕2𝜑
𝜕𝑥2

− 𝜑 + 1
6
𝜑3, (7)

where 𝑒 = 𝜔2
0𝐼

2∕𝛤 2. The expression relating the parameter 𝑒 to the
others in the model shows that as the viscosity coefficient increases the
value of 𝑒 decreases. Therefore, at the strongly damped limit (𝛤 → ∞),
𝑒 must tend to zero, under such considerations, Eq. (7) reduces to

𝜕𝜑
𝜕𝑡

=
𝜕2𝜑
𝜕𝑥2

− 𝜑 + 1
6
𝜑3, (8)

which represents the equation for the dynamics of a dimer in a highly
damped environment without transport memory effects. In this work,
we consider the effect due to the high viscosity of the cell cytoplasm in
which the frictional forces interact with other forces when moving the
MT protein PFs.

Among the frictional forces mentioned, those describing strong in-
teractions between particles will induce memory effects on the behavior
of the MT system under study [50]. In the context of DNA dynam-
ics, memory effects have been considered to model the vibrational
behavior of the DNA molecule in its biological environment [16].
The memory effects have been explained with advanced mathematical
and computational techniques [51]. As the fractional parameter gets
closer to 1, the behavior of a biological system at a particular point
becomes less dependent on its previous point. However, for a small
order (close to 0), the memory phenomenon becomes more noticeable
and pronounced [52]. On the other hand, these memory effects were
exclusively used in the Newtonian equations of motion of a strongly
damped particle [53]. More recently, Guimfack et al. [54] investigated
the stochastic response of fractional-order generalized biorhythmic Van
der Pol oscillator subjected to delayed feedback displacement and
Gaussian white noise excitation. This allowed them to bring more
insights into understanding memory effects in biological systems, which
is intrinsically related to introducing fractional-order derivatives, along
with some inherent fluctuations that can be materialized by considering
noise effects. In their work, Okaly et al. [17] also introduced memory
effects directly into the Peyrard–Bishop–Dauxois model describing the

propagation of nonlinear waves in DNA dynamics. They showed that
transport memory effects on the dynamics of base pairs could allow
physiological control of the amount of energy required to break the hy-
drogen bonds between the bases that make up the molecule. Following
a similar procedure, we introduce transport memory by reformulating
Eq. (8) in the following non-local form:

𝜕𝜑
𝜕𝑡

= ∫

𝑡

0
𝑓 (𝑡 − 𝜏)

𝜕2𝜑
𝜕𝑥2

𝑑𝜏 − 𝜂
(

𝜑 − 1
6
𝜑3

)

, (9)

where 𝜂 is a constant known as the quadratic growth rate. It accounts
for the degree of nonlinearity of the system. 𝑓 (𝑡) = 𝛾𝑒−𝛾𝑡 is the transport
memory function, which describes the finite nature of the diffusion
or inverse diffusion time [55,56]. The diffusion time is the ratio 1∕𝛾,
while for the inverse diffusion is simply 𝛾. As the system is not purely
diffusive, the function defining the transport memory decreases with
finite time. Thus the decay in time indicates the time between different
diffusion events [57].

The propagation equation for the rational and modulated excita-
tions of a constant velocity particle in a medium is related to its
diffusive incoherent motion by the intermediate Eq. (9). A decay char-
acterizes the diffusion equation in the extreme limits of the parameter
𝛾, with on one side 𝛾 tending towards zero and to infinity on the other.
Note here that as a function of the time diffusion, with the constant 𝛾
taken arbitrarily, Eq. (9) describes an oscillatory motion for very small
times, and when the time becomes large, the motion decreases. The
continuous integral symbol present in this intermediate Eq. (9) makes
it difficult to use. Thus the general mathematical rule of calculation
given by [58]

𝑙 𝜕
𝜕𝑡

[

∫

𝑏2(𝑡)

𝑏1(𝑡)
𝑓 (𝑡, 𝜏) ⋅ ℎ(𝑥, 𝜏)𝑑𝜏

]

=

𝜕𝑏2 (𝑡)
𝜕𝑡

[

𝑓
(

𝑡, 𝑏2(𝑡)
)

⋅ ℎ(𝑥, (𝑏2(𝑡)))
]

−
𝜕𝑏1 (𝑡)
𝜕𝑡

[

𝑓
(

𝑡, 𝑏1(𝑡)
)

⋅ ℎ(𝑥, (𝑏1(𝑡)))
]

+∫

𝑏2(𝑡)

𝑏1(𝑡)

𝜕𝑓 (𝑡)
𝜕𝑡

ℎ(𝑥, 𝜏)𝑑𝜏,

(10)

is used in differentiation to obtain the equation of the motion for the
tubulin dimers in their environment with memory effect and is easily
solvable. By differentiating Eq. (9) in time, we obtain the following
result:
𝜕2𝜑
𝜕𝑡2

= 𝜕
𝜕𝑡

[

∫

𝑡

0
𝑓 (𝑡 − 𝜏)

𝜕2𝜑
𝜕𝑥2

𝑑𝜏
]

+ 𝜂
(

1 −
𝜑2

2

)

𝜕𝜑
𝜕𝑡

. (11)

From Eq. (10) we can consider

𝜕
𝜕𝑡

[

∫

𝑡

0
𝑓 (𝑡 − 𝜏)

𝜕2𝜑
𝜕𝑥2

𝑑𝜏
]

= 𝜕
𝜕𝑡

[

∫

𝑏2(𝑡)

𝑏1(𝑡)
𝑓 (𝑡, 𝜏)ℎ(𝑥, 𝜏)𝑑𝜏

]

, (12)

where, by identification, we find the expressions of some inherent
functions as follows:

𝑏1 (𝑡) = 0, 𝑏2 (𝑡) = 𝑡, ℎ(𝑥, 𝜏) =
𝜕2𝜑
𝜕𝑥2

,

𝑓 (𝑡, 𝜏) = 𝑓 (𝑡 − 𝜏) = 𝛾𝑒−𝛾(𝑡−𝜏).
(13)

Using the previous functions in Eqs. (12) and (13) with the application
of Eq. (10) into the differentiation of Eq. (11) leads to the crucial
equation of motion

𝜕2𝜑
𝜕𝑡2

+
(

𝛾 + 𝜂 −
𝜂
2
𝜑2

) 𝜕𝜑
𝜕𝑡

= 𝛾
𝜕2𝜑
𝜕𝑥2

− 𝜂𝛾
(

𝜑 −
𝜑3

6

)

,
(14)

which represents a second-order differential equation whose solutions
explain the dynamics of MTs in the cytoplasm of eukaryotic cells with
transport memory effects. In Eq. (14), the term

(

𝛾 + 𝜂 − 𝜂
2𝜑

2
)

𝜕𝜑
𝜕𝑡 ac-

counts for the damping of tubulin dimers as they move through the cell
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Fig. 1. Representative curves of the real part of the angular pulsation and group velocity of the wave as a function of the wavenumbers q(𝑞1 and 𝑞2) for 𝑞2 = 0.8𝑞1 and 𝜂 = 0.002.
Panels (a), (b), (c) and (d) show the influence of the memory constant 𝛾 on these quantities.

environment. It depends on the transport memory under consideration.
Neglecting the coefficient 𝜂, which gives information on the degree of
nonlinearity of the system, we find, from relation (14), the classical
linear form of one-dimensional D’Alembert wave equations for the
damped system. Eq. (14) is known as the generalized Fisher equa-
tion and is used to describe damped nonlinear phenomena [55]. The
description of hyperbolic reaction–diffusion systems has been greatly
improved using the Fisher equation [59,60]. The speed at which the
energy transported by the dimer in the homogeneous part of the
medium (i.e., between the possible diffusion events) will be given by
the uniform quantity 𝑐0 = 𝛾

1
2 . On the other hand, the uniform move-

ment of the dimers is no longer observed in the diffusive parts. It will
therefore give the impression of being diffuse and must return to the
so-called Fisher limit. In most nonlinear phenomena that describe the
human environment, concerns frequently arise when solving the model
equation. Obviously, obtaining the solutions of Eq. (14) seems very
complex. However, some techniques for obtaining exact solutions of the
soliton type can be used, and one can have bright, dark, kink/antikink
and impulse solitons [60,61], to cite a few. Among these methods, those
allowing the use of a special ansatz and the multiple-scale are of interest
to us in the rest of this work [62,63].

4. Derivation of the coupled complex nonlinear Schrödinger equa-
tions with memory effect

As the size of the MTs in the cell is minimal, we have considered that
their movement is of small amplitudes. To derive the coupled amplitude
equations for the protein PF network and appreciate the interaction
of the solitary solutions, we introduce the change of the dependent
variable around its equilibrium point as follows:

𝜑(𝑥, 𝑡) = 𝜀𝜙(𝑥, 𝑡), (15)

where 𝜀 ≪ 1 accounts for the order of the excitation and 𝜙, a new
physical dependent variable. Applying the change of variable from
Eq. (15) into Eq. (14), the equation to be solved reduces to

𝜕2𝜙
𝜕𝑡2

+
(

𝜂0 − 𝜀2𝜂1𝜙
2) 𝜕𝜙

𝜕𝑡
= 𝛾

𝜕2𝜙
𝜕𝑥2

− 𝜔2
0
(

𝜙 − 𝜀2𝜂2𝜙
3) ,

(16)

where 𝜂0 = 𝛾 + 𝜂, 𝜂1 =
𝜂
2 , 𝜂2 =

1
6 , and 𝜔2

0 = 𝜂𝛾.
To obtain the CCNLS equations whose modulated soliton solutions

can explain the transport of energy and information along MTs, we
consider the following ansatz that includes two oscillation modes [64]:

𝜙 (𝑥, 𝑡) =𝑉1𝑒𝑖𝜃1 + 𝑉2𝑒
𝑖𝜃2 + c.c.

+ 𝜀
(

𝑉01 + 𝑉02 + 𝑉11𝑒
2𝑖𝜃1 + 𝑉22𝑒

2𝑖𝜃2 + c.c.
)

,
(17)

where 𝑉𝑗 = 𝑉𝑗
(

𝑋1, 𝑋2, 𝑇1, 𝑇2
)

, 𝑉0𝑗 = 𝑉0𝑗
(

𝑋1, 𝑋2, 𝑇1, 𝑇2
)

, and 𝑉𝑗𝑗 =
𝑉𝑗𝑗

(

𝑋1, 𝑋2, 𝑇1, 𝑇2
)

, with 𝑗 = 1, 2, are complex amplitudes to be deter-
mined. 𝜃𝑗=𝑞𝑗𝑥 − 𝜔𝑗 𝑡 (𝑗 = 1, 2) are carrier phases, depending on the
variables 𝑡 and 𝑥, with 𝑞𝑗 and 𝜔𝑗 being, respectively, the wavenumbers
and angular frequencies of two wave packets, and c.c. denoting the
complex conjugate. The terms 𝑉0𝑗 and 𝑉𝑗𝑗 of first and second harmonics
added to the fundamental terms 𝑉𝑗 are taken as perturbation terms
because of the nonlinear character of Eq. (16). The functions 𝑉𝑗 , 𝑉0𝑗 and
𝑉𝑗𝑗 depend on the slow variables of multiple scales 𝑇𝑗=𝜀𝑗 𝑡 and 𝑋𝑗 = 𝜀𝑗𝑥
with 𝑗 = 1, 2. Introducing Eq. (17) into Eq. (16), and setting the
quantities proportional to the different orders

(

𝜀𝑗 , 𝑒𝑖𝜃𝑛
)

and
(

𝜀𝑗 , 𝑒𝑖2𝜃𝑛
)

to zero, with 𝑗 = 0, 1, 2 and 𝑛 = 1, 2, the following results are obtained:
∙ For 𝑗 = 0 and 𝑛 = 1, 2 at the orders

(

𝜀0, 𝑒𝑖𝜃1
)

and
(

𝜀0, 𝑒𝑖𝜃2
)

, we find
the complex equations of unknowns 𝜔1 and 𝜔2

𝜔2
1 + 𝑖𝜂0𝜔1 − 𝜔2

0 − 𝛾𝑞21 = 0,

𝜔2
2 + 𝑖𝜂0𝜔2 − 𝜔2

0 − 𝛾𝑞22 = 0,
(18)
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leading to the linear complex angular frequencies

𝜔1 = 𝜔1𝑟 + 𝑖𝜔1𝑖 and 𝜔2 = 𝜔2𝑟 + 𝑖𝜔2𝑖, (19)

where

𝜔2
1𝑟
=𝛾2

1

[

1 −
(

𝜂0
2𝛾1

)2
]

,

𝜔2
2𝑟
= 𝛾2

2

[

1 −
(

𝜂0
2𝛾2

)2
]

,

𝜔1𝑖 = 𝜔2𝑖 = −
𝜂0
2
,

with 𝛾1 =
√

𝜔2
0 + 𝛾𝑞21 and 𝛾2 =

√

𝜔2
0 + 𝛾𝑞22 . While the imaginary parts

𝜔1𝑖 = 𝜔2𝑖 of the angular frequencies are constant, we limit ourselves to
plotting the real parts (𝜔1𝑟 and 𝜔2𝑟) as functions of the wavenumbers
𝑞1 and 𝑞2, belonging to the interval [𝑞𝑠;𝜋] for three values of the
transport memory constant 𝛾 in Fig. 1(a) and (b). In the first panel
of Fig. 1, the influence of the memory effect on the propagation of
the excitation along the cellular microtubules is clearly perceptible
because the growth of the parameter 𝛾 implies that of the real angular
frequencies 𝜔1𝑟 and 𝜔2𝑟. At the same time, we also see that the shapes
of these decreasing curves are similar, but with an increase in the
threshold value of the wavenumber 𝑞𝑠, which moves further away from
zero, thus decreasing the range of choice of wavenumbers 𝑞1 and 𝑞2 of
the wave packets, characterized by the pairs of values (𝜔1𝑟, 𝑞1) and
(𝜔2𝑟, 𝑞2) used in this work. These first results show that for 𝜂0 = 0, the
angular frequencies of both vibration modes become real. Therefore,
the damping forces acting on the motion of the MTs cancel out, while
the dependence on the memory effect created by these forces remains
and is controlled by 𝜂, the nonlinearity degree of the system. It also
follows from Eq. (20) that the complex angular frequencies given by
Eq. (19) only exist from a threshold value 𝑞𝑠 of the wavenumber 𝑞 ≥ 𝑞𝑠
given by

𝑞𝑠 =

√

√

√

√
1
𝛾1,2

(

𝜂20
4

− 𝜔2
0

)

.

∙ For 𝑗 = 1 and 𝑛 = 1, 2, at the
(

𝜀1, 𝑒𝑖𝜃1
)

,
(

𝜀1, 𝑒𝑖𝜃2
)

, we obtain,
respectively, the differential equations
(

𝜂0 − 2𝑖𝜔1
) 𝜕𝑉1
𝜕𝑇1

= 2𝑖𝛾𝑞1
𝜕𝑉1
𝜕𝑋1

,

(

𝜂0 − 2𝑖𝜔2
) 𝜕𝑉2
𝜕𝑇1

= 2𝑖𝛾𝑞2
𝜕𝑉2
𝜕𝑋1

,
(20)

which lead to the physical velocities of propagation of information
along the PFs, also known as group velocities, given by

𝑉𝑔1 =
𝛾𝑞1
𝜔1𝑟

, and 𝑉𝑔2 =
𝛾𝑞2
𝜔2𝑟

. (21)

Note that, unlike the angular frequencies of Eq. (19) which have real
and imaginary parts, the group velocities are real quantities. Fig. 1(c)
and (d) also show the influence of the memory effect on group speeds
𝑉𝑔1 and 𝑉𝑔2, plotted as functions of the wavenumbers 𝑞1 and 𝑞2. We
observe that for a given value of the constant 𝛾 taken between 0 and
0.9, the group velocities decrease with respect to 𝑞1 and 𝑞2, respectively.
But in both cases, the minimum limit value of the group velocity
increases slightly with the growth of 𝛾. Therefore, the effect of transport
memory could contribute to limiting the decrease of the propagation or
transport speed of information through the cellular MTs channel.
∙ For 𝑗 = 1 and 𝑛 = 1, 2, at the orders

(

𝜀1, 𝑒0×𝜃1
)

,
(

𝜀1, 𝑒0×𝜃2
)

,
(

𝜀1, 𝑒𝑖2𝜃1
)

,
and

(

𝜀1, 𝑒𝑖2𝜃2
)

, the first and second harmonics, respectively, lead to

𝑉01 = 𝑉02 = 0 and 𝑉11 = 𝑉22 = 0. (22)

∙ Finally, for 𝑗 = 2 and 𝑛 = 1, 2, at the orders
(

𝜀2, 𝑒𝑖𝜃1
)

and
(

𝜀2, 𝑒𝑖𝜃2
)

, the
complex amplitudes 𝑉1 and 𝑉2 verify the equations
(

𝜂0 − 2𝑖𝜔1
) 𝜕𝑉1
𝜕𝑇2

− 2𝑖𝛾𝑞1
𝜕𝑉1
𝜕𝑋2

+
𝜕2𝑉1
𝜕𝑇 2

1

− 𝛾
𝜕2𝑉1
𝜕𝑋2

1

−
(

3𝜔2
0𝜂2 − 𝑖𝜂1𝜔1

)

|

|

𝑉1||
2𝑉1 −

(

6𝜔2
0𝜂2 − 2𝑖𝜂1𝜔1

)

|

|

𝑉2||
2𝑉1 = 0,

(

𝜂0 − 2𝑖𝜔2
) 𝜕𝑉2
𝜕𝑇2

− 2𝑖𝛾𝑞2
𝜕𝑉2
𝜕𝑋2

+
𝜕2𝑉2
𝜕𝑇 2

1

− 𝛾
𝜕2𝑉2
𝜕𝑋2

1

−
(

3𝜔2
0𝜂2 − 𝑖𝜂1𝜔2

)

|

|

𝑉2||
2𝑉2 −

(

6𝜔2
0𝜂2 − 2𝑖𝜂1𝜔2

)

|

|

𝑉1||
2𝑉2 = 0.

(23)

Using the shifted variables 𝜉𝑚 = 𝑋𝑚 − 𝑉𝑔1𝑇𝑚, 𝜉′𝑚 = 𝑋𝑚 − 𝑉𝑔2𝑇𝑚 and
𝜏𝑚 = 𝑇𝑚, with 𝑚 = 1, 2, Eqs. (20) and (21) are transformed and
introduced into the system of Eqs. (23) with the simple combination
𝜉′1 = 𝜉1 +

(

𝑉𝑔1 − 𝑉𝑔2
)

𝑇1 (𝑚 = 1) to give

𝑖
𝜕𝑉1
𝜕𝜏2

+ 𝑃1
𝜕2𝑉1
𝜕𝜉21

+𝑄1
|

|

𝑉1||
2𝑉1 − 𝑅1

|

|

𝑉2||
2𝑉1 = 0,

𝑖
𝜕𝑉2
𝜕𝜏2

+ 𝑃2
𝜕2𝑉2
𝜕𝜉21

+ 𝑖
(𝑉𝑔2 − 𝑉𝑔1

𝜀

)

𝜕𝑉2
𝜕𝜉1

+ 𝑄2
|

|

𝑉2||
2𝑉2 − 𝑅2

|

|

𝑉1||
2𝑉2 = 0.

(24)

To make the second equation of system (24) easy to handle, we cancel
the term in 𝜕𝑉2

𝜕𝜉1
via the gauge transformation 𝑉2 = 𝑉2 exp

[

−𝑖
(

𝐷
2𝑃2𝜀

𝜉1
+ 𝐷2

4𝑃2
𝜏2
)]

, with 𝐷 = 𝑉𝑔1 − 𝑉𝑔2. By setting 𝜏 = 𝜏2 = 𝜀2𝑡 and 𝜉 = 𝜉1 = 𝜀𝑡,

the set of Eqs. (24) becomes

𝑖
𝜕𝑉1
𝜕𝜏

+ 𝑃1
𝜕2𝑉1
𝜕𝜉2

+𝑄1
|

|

𝑉1||
2𝑉1 − 𝑅1

|

|

𝑉2||
2𝑉1 = 0,

𝑖
𝜕𝑉2
𝜕𝜏

+ 𝑃2
𝜕2𝑉2
𝜕𝜉2

+𝑄2
|

|

𝑉2||
2𝑉2 − 𝑅2

|

|

𝑉1||
2𝑉2 = 0,

(25)

where

𝑃1 =
𝛾 − 𝑉 2

𝑔1

2𝜔1𝑟
, 𝑃2 =

𝛾 − 𝑉 2
𝑔2

2𝜔2𝑟
,

𝑄1 = 𝑄1𝑟 + 𝑖𝑄1𝑖, 𝑄2 = 𝑄2𝑟 + 𝑖𝑄2𝑖,

𝑅1 = 𝑅1𝑟 + 𝑖𝑅1𝑖, 𝑅2 = 𝑅2𝑟 + 𝑖𝑅2𝑖,

(26)

with the expressions for 𝑄1𝑟, 𝑄2𝑟, 𝑄1𝑖, 𝑄2𝑖, 𝑅1𝑟, 𝑅2𝑟, 𝑅1𝑖 and 𝑅2𝑖 being
given by

𝑄1𝑟 =
3𝜔2

0𝜂2 + 𝜂1𝜔𝑖

2𝜔1𝑟
, 𝑄2𝑟 =

3𝜔2
0𝜂2 + 𝜂1𝜔𝑖

2𝜔2𝑟
,

𝑄1𝑖 = 𝑄2𝑖 = −
𝜂1
2
, 𝑅1𝑟 =

3𝜔2
0𝜂2 + 𝜂1𝜔𝑖

𝜔1𝑟
,

𝑅2𝑟 =
3𝜔2

0𝜂2 + 𝜂1𝜔𝑖

𝜔2𝑟
, 𝑅1𝑖 = 𝑅2𝑖 = −𝜂1.

(27)

The set of Eqs. (25) represents two nonlinearly CCNLS equations with
real dispersion coefficients 𝑃1 and 𝑃2, and complex coefficients 𝑄1,
𝑄2, 𝑅1, and 𝑅2 representing nonlinearity coefficients, with the cou-
pling being ensured by 𝑅1 and 𝑅2. Eqs. (25) can also, but abusively,
be called the complex Ginzburg–Landau (CGL) equations due to the
complex form of some coefficients. However, compared to the standard
CGL equation, an explicit linear dissipative term is absent [65–68].
Examples of similar forms of coupled CGL equations with dissipative
terms different from zero allowed Tankou et al. [64] to study the dy-
namics of ionic waves in a dissipative network of MTs mimicking their
electrophysiological behavior, while Bansi et al. [69] used it to study
wave propagation in a viscoelastic tube filled with viscous fluid. Note
that in addition to the nonexistent dissipative terms, if the imaginary
parts of the coupling and nonlinearity coefficients are assumed to be
zero, i.e., 𝑅1𝑖 = 𝑅2𝑖 = 𝑄1𝑖 = 𝑄2𝑖 = 0, the system of Eqs. (25) reduces to
a set of coupled NLS equations [13,70,71]. In the latter, the nonlinear
tunneling of soliton was investigated in the presence of higher-order
nonlinear effects [72]. A similar study was extended to coupled NLS-
Maxwell–Bloch equations for the ultrashort pulse propagation in an
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erbium-doped birefringent fiber system, where two-soliton solutions
and energy exchange between the modes were further addressed [73].
Moreover, soliton solutions for N-coupled NLS equations were proposed
using the Darboux transformation, with, on the background, cascade
compression of optical soliton due to multi-nonlinear barriers [74].
Remarkably, the obtained Eqs. (25) has the particularity of having all
its six coefficients depending on the memory constant 𝛾 and the degree
of nonlinearity 𝜂. At the same time, its decoupling leads directly to two
uncoupled complex NLS equations of the same form, as obtained in
Ref. [17] in the context of DNA nonlinear dynamics. It is important to
mention that obtaining the analytical solutions of Eqs. (25) is essential
for further progress in understanding the propagation of coupled signals
in the damped MT network under our study.

5. Analytical single- and coupled-mode soliton solutions and nu-
merical experiments

Several biological phenomena can be described using coupled non-
linear equations, whether they are complex or not, or GL equations.
These equations often use hyperbolic solutions, which are generally
localized. This localization is a result of the interaction between the
nonlinearity effects and the dispersion of the medium being studied.
There are many practical applications for these localized excitations in
various areas of modern physics. For instance, they are used in elec-
trical networks [75–78], plasma [79], and biophysics [13,70]. In this
section, we propose an analytical solution for the system of Eqs. (25)
and use it as a starting point for the numerical analysis of the problem.

5.1. Analytical coupled soliton solutions

To find soliton solutions for the set of Eqs. (25), there are vari-
ous mathematical techniques available. However, in order to obtain
impulse solitons, a specific method can be used that relies on the
coefficients 𝑃1, 𝑃2, 𝑄1, 𝑄2, 𝑅1, and 𝑅2 of the CCNLSEs. It is necessary
for these coefficients and their combinations to meet certain conditions.
By assuming that either 𝑉2 = 0 and 𝑉1 ≠ 0 or 𝑉1 = 0 and 𝑉2 ≠ 0, we
can separate our CCNLS equation system (25) into two independent
CNLS equations. Solving each equation will lead to wave propagation
in either frequency mode 𝜔1 or 𝜔2. The solutions to this particular case
are straightforward and depend on the sign of the products 𝑃1×𝑄1𝑟 and
𝑃2×𝑄2𝑟 of the two vibrational modes, namely 𝜔1 and 𝜔2. If 𝑃1×𝑄1𝑟 > 0
or 𝑃 2 × 𝑄2𝑟 > 0, bright or breathers solitons are typically observed.
Conversely, in the opposite scenario where 𝑃1 ×𝑄1𝑟 < 0 or 𝑃2 ×𝑄2𝑟 < 0,
kink/antikink or dark solitons are obtained.

In the meantime, by setting 𝑉2 = 𝑉1 = 𝑉 , which transforms the
coupled system (25) into the NLS equation

𝑖 𝜕𝑉
𝜕𝜏

+ 𝑃11
𝜕2𝑉
𝜕𝜉2

+𝑄11|𝑉 |

2𝑉 = 0, (28)

where 𝑄11 = 𝑄1𝑟 − 𝑅1𝑟 + 𝑖
(

𝑄1𝑖 − 𝑅1𝑖
)

. Eq. (28) is a complex NLS
equation similar to the one used for the description of DNA dynamics
with memory effect [17].

The dispersion coefficient 𝑃11 is real, while the nonlinearity coeffi-
cient 𝑄11 is complex. Therefore, it is possible to describe the dynamics
of the localized soliton wave in our angular MTs model using the com-
plex NLS equation. In doing so, the cytoplasm of the cell is a medium
with several entities, some of which screen the signal transmission, the
form of the solution that verifies Eq. (28) can be [63,80]:

𝑉 = 𝑉0𝑒
−𝑆𝑖𝜏

[

sech
(

𝜉
𝑁

)](1+𝑖𝛿0)
𝑒𝑖𝑆𝑟𝜏 , (29)

where the coefficients 𝑉0, 𝑁 , 𝛿0 and the pair (𝑆𝑟, 𝑆𝑖) represent the
amplitude, width, chirp and real and imaginary parts of the soliton
phase, respectively. By introducing Eq. (29) into Eq. (28), we find, by

Fig. 2. Representation of the chirp evolution of the simple soliton-solution as a function
of the wavenumber 𝑞1, for 𝜂 = 0.002 and with the changing memory constant 𝛾.

solving the resulting linear system of equations, the expressions for the
coefficients:
𝑆𝑟 = 𝑁2

0𝑃11
(

1 − 𝛿20
)

, 𝑆𝑖 = 2𝑁2
0𝑃11𝛿0,

𝑉0 = 𝑁0

√

𝑃11
(

2 − 𝛿20
)

𝑄11𝑟
,

𝛿±0 =
−3𝑄11𝑟 ±

√

9𝑄2
11𝑟 + 8𝑄2

11𝑖

2𝑄11𝑖
,

(30)

with 𝑁0 = 1∕𝑁 , 𝑄11𝑟 = 𝑄1𝑟−𝑅1𝑟 and 𝑄11𝑖 = 𝑄1𝑖−𝑅1𝑖. In our biophysical
system, the coefficients 𝑃11, 𝑄11𝑟, and their product 𝑃11 × 𝑄11𝑟 hold
great significance in determining the form of the propagating solution.
Therefore, if 𝑃11×𝑄11𝑟 > 0, Eq. (29) represents a localized soliton of the
breather type. The variations of these solitons against the wavenumber
𝑞1 are depicted in Fig. 3. The diagrams depicted in Fig. 3(a), (b), and
(c) illustrate how the memory constant 𝛾 affects the real coefficients
of dispersion 𝑃11, nonlinearity 𝑄11𝑟, and the Benjamin–Feir criterion
𝑃11 × 𝑄11𝑟 > 0 of the plane wave grating. It is evident that 𝑃11
and 𝑄11𝑟 are on the rise but still hold negative values. In contrast,
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their product 𝑃11 × 𝑄11𝑟 is decreases and shows a positive trend. The
increase in the parameter 𝛾 is evident in all three figures, and it results
in a significant expansion of the forbidden zone for wavenumber 𝑞1,
which now ranges from 0 to 𝑞𝑠. It is worth noting that the instability
criterion 𝑃11 × 𝑄11𝑟 > 0 indicates the range of wavenumber values in
which unstable excitations may occur within the MTs network. As a
result, the propagation of plane waves in this region of instability is
expected to result in trains of localized structures. It is observed that the
memory constant greatly affects this product. An increase in the value
of 𝛾 causes the threshold wavenumber to rise from 0.31𝜋 to 0.4𝜋. For
instance, if 𝛾 = 0.2 in the uncoupled NLS equation scenario, selecting
a wavenumber 𝑞1 within the range of [0.31𝜋;𝜋] will likely result in
localized wave structures. To determine the width of the soliton, the
process outlined in Refs. [17,81] must be followed. It is shown that in
a perfect biological wave propagation medium (without any influence
or zero viscosity, denoted by 𝛿0 = 0), the solution to Eq. (28) has a
particular form

𝑉 = 𝑉𝑒 sech
(

𝐿𝑒𝜉
)

exp
[

𝑖
𝑢𝑒
2𝑃𝑒

(

𝜉 − 𝑢𝑐𝜏
)

]

, (31)

where

𝐿𝑒 =

√

𝑢2𝑒 − 2𝑢𝑒𝑢𝑐
2𝑃𝑒

and 𝑉𝑒 =

√

𝑢2𝑒 − 2𝑢𝑒𝑢𝑐
2𝑃𝑒𝑄𝑒

, (32)

with 𝑃𝑒 = 𝑃11(𝛿0=0), 𝑄𝑒 = 𝑄11𝑟(𝛿0=0) and, 𝑢𝑒 and 𝑢𝑐 free velocity
constants with the relation 𝑢𝑐 = 𝛯𝑢𝑒 (𝛯 ∈ [0, 0.5[). By considering
the shielding effects and viscosity (𝛿0 ≠ 0) that affect the signal
transmission along the MTs, we can use Eqs. (32) to derive the width
and amplitude of the soliton

𝑁 =

(

2 − 𝛿20
)

𝑃11

𝑢𝑒
√

1 − 2𝛯
and 𝑉0 = 𝑢𝑒

√

1 − 2𝛯
(

2 − 𝛿20
)

𝑃11𝑄11𝑟
, (33)

whose variation is important for the evolution of the soliton under the
memory constant, along with an additional existing condition 𝛿0 <

√

2.

Understanding biological systems is inherently complex as they
undergo nonlinear evolution in dispersive and dissipative media. To
improve our comprehension of the motion of tubulin dimers, we have
refined a descriptive angular model that was previously developed in
Ref. [14]. It is worth noting that a higher chirp in biological systems
often leads to a reduced perception of information in a given area,
meaning the information-carrying signal is highly chirped. Crucial in-
formation can be obtained from the plot of the chirp parameters 𝛿+0 and
𝛿−0 of the soliton-breather solution of the uncoupled case as a function
of the wavenumber 𝑞1, as shown in Fig. 2. We can disregard the chirp 𝛿+0
and instead use 𝛿+0 . This is because the positive product 𝑃11×𝑄11𝑟 is only
applicable to certain accessible 𝑞1 values and for the condition 𝛿0 <

√

2.
By analyzing Fig. 2(b), we can see that despite the agreement with the
𝑞1 wavenumber, the chirp (𝛿+0 )

2 is greater than 2. In contrast, Fig. 2(a)
shows that the chirp 𝛿20 meets both the wavenumber and upper limit
conditions of

√

2. It can be concluded that the soliton-breather in this
scenario must have a slight chirp in order to propagate in the medium.
Additionally, the growth of the transport memory constant may have a
positive effect in certain areas by reducing the impact of the chirp on
the transported information during energy transfer.

Eqs. (29), (17), and (15) ultimately result in a solitary evolution that
spans both time and space. This serves as the solution to Eq. (14) for
the motion of tubulin dimers within the MT network, accounting for
the transport memory effect

𝜑(𝑥, 𝑡) = 2𝜀𝑉0𝑒−
(

𝜀2𝑆𝑖−𝜔1𝑖
)

𝑡 sech
[

𝜀
(𝑥 − 𝑉𝑔1𝑡

𝑁

)]

× cos

[

𝑞1𝑥 +
(

𝜀2𝑆𝑟 − 𝜔1𝑟
)

𝑡

+ 𝛿0Log
(

sech
(

𝜀
𝑥 − 𝑉𝑔1𝑡

𝑁

))

]

.

(34)

Fig. 3. Evolution curves of the parameters 𝑃11, 𝑄11𝑟 and the 𝑃11 × 𝑄11𝑟 as a function
of the wavenumber 𝑞1, for 𝜂 = 0.002 with changing of the memory constant 𝛾.

According to the solution (34), the excitation profile in the cell cyto-
plasm along the MTs is influenced by crucial parameters, including the
amplitude, which is affected by the nature of the propagation medium,
impacting 𝑉0 and the width 𝑁 . To demonstrate this, we have shown
the changes in 𝑁 and 𝑉0 at various values of the memory constant 𝛾
and the rate of nonlinearity 𝜂, as a function of the wavenumber 𝑞1 in
Fig. 4. Fig. 4(a) and (c) are obtained by setting 𝜂 = 0.002 while the
dashed lines (see Fig. 4(b) and (d)) are plotted for 𝛾 = 0.2247, with
the other constants being taken as 𝑢𝑒 = 1 and 𝛯 = 0.2. Based on the
four graphs, it is evident that 𝑁 decreases but does not cancel out
while 𝑉0 increases as 𝑞1 varies. The impact of the constants 𝛾 and 𝜂
is noticeable in all cases. As 𝛾 evolves from 0.2 to 0.35, the width 𝑁
increases (see Fig. 4(a)), causing the signal to disperse spatially, and
the amplitude 𝑉0 to decrease (see Fig. 4(c)). Over the same width 𝑁 ,
the impact of the rate 𝜂 has the opposite effect to that of 𝛾. It can be
seen that changing 𝜂 from 0.001 to 0.09 leads to the decrease of 𝑁
(see Fig. 4(b)), while the amplitude 𝑉0 (see Fig. 4(d)) shows the same
behavior as observed previously for the case of Fig. 4(c). By analyzing
the scenario of uncoupled dynamics, we can forecast that the impact
of transport memory can result in an energy-damping force that moves
through the MTs network when the wavenumber 𝑞1 falls within the
range of [0.31𝜋;𝜋], and 𝛾 lies between 0.2 and 0.35.

In the next phase of the coupled mode analysis, we extend our
approach by taking into account the fact that 𝑉1 and 𝑉2 are not equal to
zero and then proceed to search for analytical pulse-like solitons. These
solitons are of the same type as those described in Ref. [41]. Whether
or not the final coupled solution, as supported by Eq. (14), exists is
contingent upon the sign of certain newly introduced parameters (𝛬1,
𝛬2, and 𝛿) that are derived from the coefficients of the system (25), as
previously described.

Assuming that there are microorganisms in the cytoplasm of the cell
that can disturb the reception of the information carried by the soliton
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Fig. 4. Variation of the soliton-solution width 𝑁 and the amplitude 𝑉0 as a function of the wavenumber 𝑞1, for three values of the memory constant 𝛾 and the nonlinearity rate
constant 𝜂.

Fig. 5. Graphical representations of the coupled soliton-solution coefficients. Panels (a), (c) and (e) as a function of the wavenumbers 𝑞1 and 𝑞2 (𝑞2 = 0.8𝑞1), for different values
of the 𝛾. Panels (b) and (d) as a function of the memory constant 𝛾, for different values of the nonlinearity constant.

pulse along the microtubules, the exact solutions are taken to be

𝑉1 = 𝑉10𝑒
−𝑆1𝑖𝜏

[

sech (𝛽𝜉)
](1+𝑖𝛿1)𝑒𝑖𝑆1𝑟𝜏 ,

𝑉2 = 𝑉20𝑒
−𝑆2𝑖𝜏

[

sech (𝛽𝜉)
](1+𝑖𝛿2)𝑒𝑖𝑆2𝑟𝜏 ,

(35)

where the pair (𝑉10, 𝑉20) are real amplitudes, (𝑆1𝑟, 𝑆2𝑟) and (𝑆1𝑖, 𝑆2𝑖)
the real and imaginary parts of the phases of the excitations. The

coefficients
(

𝛿1, 𝛿2
)

, present in the two solitary pulses 𝑉1 and 𝑉2 take
into account the bad reception of information and are called Chirps. 𝛽 is
a free parameter while all the others are parameters to be determined.
To make the calculations less cumbersome, we have chosen the soliton
phases as the only complexes. Introducing relations (35) into the CCNLS
equations system (25), leads to the linear set consisting of the algebraic
equations of unknowns 𝑉10, 𝑉20, 𝑆1𝑟, 𝑆2𝑟, 𝑆1𝑖, 𝑆2𝑖, 𝛿1, 𝛿2 and 𝛽 given by



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 181 (2024) 114717

9

E. Tankou et al.

𝑃1𝛽
2 − 𝑆1𝑟 − 𝑃1𝛽

2𝛿21 − 𝑖
(

𝑆1𝑖 − 2𝑃1𝛽
2𝛿1

)

= 0,

𝑃1𝛽
2 (𝛿21 − 2

)

+ 𝑉 2
10𝑄1𝑟 + 𝑉 2

20𝑅1𝑟 = 0,

−3𝑃1𝛽
2𝛿1 + 𝑉 2

10𝑄1𝑖 + 𝑉 2
20𝑅1𝑖 = 0,

𝑃2𝛽
2 − 𝑆2𝑟 − 𝑃2𝛽

2𝛿22 + 𝑖
(

−𝑆2𝑖 + 2𝑃2𝛽
2𝛿2

)

= 0,

𝑃2𝛽
2 (𝛿22 − 2

)

+ 𝑉 2
20𝑄2𝑟 + 𝑉 2

10𝑅2𝑟 = 0,

−3𝑃2𝛽
2𝛿2 + 𝑉 2

20𝑄2𝑖 + 𝑉 2
10𝑅2𝑖 = 0.

(36)

To solve the above linear equations, we take into account the mi-
croorganisms present around the tubulin dimers in the cell. These
microorganisms may have a negative impact on the reception of in-
formation carried by soliton signals along these proteins. We conclude
that the chirps in both vibration modes are identical, and therefore
𝛿1 = 𝛿2 = 𝛿. This leads to

𝑆1𝑟 = 𝑃1𝛽
2 (1 − 𝛿2

)

, 𝑆1𝑖 = 2𝑃1𝛽
2𝛿,

𝑆2𝑟 = 𝑃2𝛽
2 (1 − 𝛿2

)

, 𝑆2𝑖 = 2𝑃2𝛽
2𝛿.

(37)

and

𝑉10 = 𝛽
√

𝛬1
(

2 − 𝛿2
)

, 𝑉20 = 𝛽
√

𝛬2
(

2 − 𝛿2
)

, (38)

where

𝛬1 =
𝑃1𝑄2𝑟 − 𝑃2𝑅1𝑟

𝛬
and 𝛬2 =

𝑃2𝑄1𝑟 − 𝑃1𝑅2𝑟
𝛬

,

with 𝛬 = 𝑄1𝑟𝑄2𝑟 −𝑅1𝑟𝑅2𝑟. Solving the same set of equations also gives
the chirp

𝛿 = ± 1
𝑃1𝛥2 + 𝑃2𝛥1

×
[

3𝑃1𝛬 +
√

9𝑃 2
1𝛬

2 + 8
(

𝑃1𝛥2 + 𝑃2𝛥1
)2
]

,
(39)

where 𝛥1 = 𝑅1𝑖𝑄1𝑟 − 𝑅1𝑟𝑄1𝑖 and 𝛥2 = 𝑄1𝑖𝑄2𝑟 − 𝑅1𝑖𝑅2𝑟. As mentioned
earlier, the real constant 𝛽 is taken arbitrarily, while the other parame-
ters of the soliton envelopes 𝑉1 and 𝑉2 are well determined. The latter
includes new coefficients that provide information on the existence of
these pulse waves.

In order to describe the angular displacement profiles of cellular
tubulin dimers, taking into account the transport memory effects of
the medium in the coupling, the parameters obtained in Eqs. (37)–
(39) included in the soliton solutions (35) must therefore fulfill some
conditions. Thus, to observe the evolution of the soliton pulse coupled
by 𝑉1 and 𝑉2 with the influence of the transport memory and nonlinear
constant, the amplitudes 𝑉10, 𝑉20 and the chirp 𝛿 must be real and
nonzero. To achieve this, the main conditions on these constants such
that

𝛬1 > 0, 𝛬2 > 0, 𝛿 <
√

2 or 𝛬1 < 0, 𝛬2 < 0,

𝛿 >
√

2 and 𝑃1𝛥2 + 𝑃2𝛥1 ≠ 0.
(40)

The graphical representations of some of the obtained coefficients allow
to discuss the different parameter regions necessary for describing the
dynamics of the MTs with the impact of its immediate environment.

In Figs. 5 and 6, the plots of the characteristic parameters 𝛬1, 𝛬2,
𝛿 and 𝑃1𝛥2 + 𝑃2𝛥1 of the coupled solution are observed. The graphs
in Fig. 5(a), (b) and (c) represent the variations of three of these
parameters as functions of the wavenumbers 𝑞1 and 𝑞2 for three values
of the constant 𝛾 and those in Fig. 5(b), (d) and (f) show the variations
of the same parameters but as a function of the memory constant 𝛾 for
three values of the nonlinearity rate 𝜂 with 𝑞1 = 0.36𝜋. These satisfy
one of the conditions given in relation (40), as the parameters are
positive for specific regions of 𝑞1, 𝑞2, 𝛾 and 𝜂. Fig. 6 allows us to discuss
the second condition for the existence of the same coupled breather
solution. It illustrates the evolution of the chirp 𝛿2± as a function of
the wavenumbers 𝑞1 and 𝑞2 for three values of 𝛾 and 𝜂, respectively.
The square of 𝛿+ shows increasing behaviors (see Fig. 6(a) and (b)) in
contrast to 𝛿− which decreases (see Fig. 6(c) and (d)). It can be seen that

Fig. 6. Variations of the chirp of the coupled soliton solution as a function of the
wavenumbers 𝑞1 and 𝑞2 (𝑞2 = 0.8𝑞1). Panels (a) and (c), for different values of 𝛾; panels
(b) and (d), for different values of the nonlinearity rate constant.

the chirp whose part of values fulfill the condition 𝛿 <
√

2(𝛿2 < 2) is
𝛿+. Thus, the coupled breather solution, weakly chirped, can propagate
along the MT within the intervals 𝛾 ∈ [0.003; 0.5], 𝑞1 ∈ [0.01𝜋; 0.6𝜋],
with 𝜂 = 0.002, and 𝛯 = 0.2. We can notice that, in general, the
dynamics of the MT described by a single equation or a system of
CCNLS equations show how the energy, after being emitted (e.g. by
the hydrolysis of GTP), would propagate in the biological environment
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Fig. 7. (a) and (b) display the space–time and spatial profiles of the decoupled solution (31), while panel (c) displays the resulting breather solution (34) obtained from numerical
simulations and recorded at time 𝑡 = 800, under the parameter values 𝛾 = 0.2247 and 𝜂 = 0.002.

of the MT under several constraints such as dispersion, nonlinearity,
friction with other particles and chirp effects.

Starting from the previous calculations, we can return to the sys-
tems’s initial coordinates. The global solution (15) of the equation of
motion of the tubulin dimers Eq. (14), with transport memory and
nonlinearity effects, in a cell is written as

𝜑 (𝑥, 𝑡) =2𝑉10 sech
[

𝜀𝛽
(

𝑥 − 𝑉𝑔1𝑡
)]

𝑒−
(

𝜀2𝑆1𝑖−𝜔1𝑖
)

𝑡 × cos
[

𝑞1𝑥

+
(

𝜀2𝑆1𝑟 − 𝜔1𝑟
)

𝑡 + 𝛿𝐿𝑜𝑔
(

sech𝜀𝛽
(

𝑥 − 𝑉𝑔1𝑡
))]

+ 2𝑉20 sech
[

𝜀𝛽
(

𝑥 − 𝑉𝑔1𝑡
)]

𝑒−
(

𝜀2𝑆2𝑖−𝜔1𝑖
)

𝑡

× cos
[(

𝜀𝐷1 − 𝑞1
)

𝑥 −
(

𝜀2𝑆2𝑟 + 𝜀𝐷1𝑉𝑔1 − 𝜀2𝐷2

−𝜔2𝑟
)

𝑡 + 𝛿𝐿𝑜𝑔
(

sech𝜀𝛽
(

𝑥 − 𝑉𝑔1𝑡
))]

,

(41)

where 𝐷1 = 𝐷∕2𝑃2𝜀 and 𝐷2 = 𝐷2∕4𝑃2. Obviously, Eq. (41) comprises
two wave packets of complex frequencies 𝜔1 and 𝜔2. It should be noted
that the imaginary parts refer directly to the physiological dissipative
character of biological media. Since the energy allowing the cellular
cytoskeletal filaments to play each its role efficiently comes from the
hydrolysis of GTP, the coupled solution (41) represents the initial
energetic excitation received by the dimers on one of the ends of the
PF, which is going to be transmitted from near to near all along the
MT. In order to numerically appreciate the stable propagation of the
coupled energy pulse signal through the entire MT network, Eq. (41) is
used as initial input signal.

5.2. Numerical experiments

To assess the stability of the obtained solutions and the accuracy of
the proposed parametric predictions, Eq. (14) is numerically integrated
as it contains the memory term that is of importance in this work. We
examine two scenarios: one where the initial condition is uncoupled,
given by Eq. (34), and another where it is coupled, given by Eq. (41),
which describes two wave packets with complex frequencies 𝜔1 and
𝜔1. In doing so, the fourth-order Runge–Kutta computational scheme
is utilized, with spatial and temporal step sizes being 𝛥𝑥 = 𝛥𝑡 =
0.01, under periodic boundary conditions. The final normalized time
is set to 𝑡 = 1000, while 201 dimers are considered spatially. It is
clear from Eq. (14) that the parameters 𝛾 and 𝜂 have an impact on
the propagation of excitations along the MTs, reflecting the effects of
transport memory and the degree of nonlinearity, respectively. The
initial signals of Eqs. (34) and (41) are expected to be affected by
changes in such parameters, which is confirmed in Figs. 2–6. We aim to
identify the conditions under which these soliton solutions can describe
communication between two dimers in the cell without disappearing.
For an objective analysis, we first consider the case where the initial
excitation is decoupled. Considering the same parameter limits used to
obtain Figs. 3–4, we numerically generate Figs. 7 and 8 with a focus on
the amplitude and width of the single-mode soliton solution.

Fig. 7(a) shows the space–time representation of solution (31), while
Fig. 7(b) shows a spatial cross-section of such a solution at time 𝑡 = 800.
The full breather solution (34) is shown in Fig. 7(c) at time 𝑡 = 800,
under full numerical simulations for a memory constant value 𝛾 =
0.2247. Precision should be made that all the panels of Fig. 7 have
been obtained at the order 𝜖 = 0.01, with the wavenumber 𝑞1 = 0.36𝜋.
They show the type of soliton excitation propagated in the studied
MT array, which shows indeed a breather structure. Additionally, the
profiles in Fig. 8 highlight the qualitative and quantitative influence
of the constants 𝛾 and 𝜂 during the propagation of single-breather
solution, since the main goal of these numerical simulations is to
verify the capacity of the improved model under study to support the
obtained analytical solution. In that direction, panels (aj)𝑗=1,2,3 show
the influence of changing the memory parameter 𝛾. In general, such an
increase of the transport memory constant 𝛾 not only spatially expands
the breathing structure to more dimers but also reduces the amplitude
of the localized solitonic object. In particular, under normalized time
and space, the width of the oscillating soliton increases from about 𝑥 =
90 units for 𝛾 = 0.21 to 𝑥 = 200 units for 𝛾 = 0.35, while the amplitude
increases from 𝜑 = 12.5 rad (𝛾 = 0.21) to 𝜑 = 1.125 rad (𝛾 = 0.35).
Along the same line, we also note that the nonlinear character of the
wave is proven, as increasing the degree 𝜂 can change the wave from
a breather-structure to a solitary pulse, thus decreasing its amplitude
and width as shown in Fig. 8(bj)𝑗=1,2,3. These numerical results in the
non-coupled mode are, once more, in agreement with the analytical
predictions of Fig. 4(a)–(d). As a whole, it is obvious that for ranges
of values of the constants 𝛾 ∈ [0.21; 0.35] and 𝜂 ∈ [0.001; 0.09], the
effects of transport memory as a function of nonlinearity can potentially
lower the height by increasing the solitonic width of the dimer protein
filament vibrations in the cell. Therefore, these effects would behave
in the chosen constant ranges as constraints that affect conformational
changes in MT’s vibrational motion. The same spectrum of behaviors
has been reported in other studies. In many other biological systems
such as the study of cell invasion through soft biological tissues [82],
DNA dynamics [17,83,84] and nerve cell networks [85–87], breather
waves play important roles in understanding how these processes work.
In MTs, some results have reported that breathers may be responsible
for triggering the mobility of motor proteins [12,88]. The studies
carried out in the last two references considered negligible damping
effects. However, we conducted these investigations believing that
stronger damping effects of transport memory would yield satisfying
results. As shown in Fig. 8(b3), our assumption proved to be correct,
with the soliton pulse being a crucial feature of excitable media, such as
brain cells, where the MT is in constant motion. These solitary impulses
are generally associated with chemical excitations propagating quickly
at the subcellular level [89,90].

The coupled-excitation regime is studied next, where one combines
two wave packets (𝜔1, 𝑞1) and (𝜔2, 𝑞2). This is based on the initial
condition (41), which results from an extended breathing wave made
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Fig. 8. Direct numerical simulations using solution (34) as initial condition. Panels (aj)𝑗=1,2,3 display the single breather excitation under the effect of increasing the transport
memory constant 𝛾 at time 𝑡 = 800 for 𝜂 = 0.002. Panels (bj)𝑗=1,2,3 show the effect of increasing the nonlinearity rate 𝜂 at the same instant 𝑡 = 800, with 𝛾 = 0.2247.

Fig. 9. Direct numerical simulations using solution (41) as initial condition. The panels show the impact of the transport memory constant 𝛾 on the coupled breather-soliton
solution along the MTs, for 𝜂 = 0.002 and 𝛽 = 0.1.
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Fig. 10. Direct numerical simulations using solution (41) as initial condition. The panels show the impact of the nonlinearity rate 𝜂 on the coupled breather-soliton solution along
the MTs for 𝛾 = 0.02247 and 𝛽 = 0.1, at time 𝑡 = 800.

Fig. 11. Direct numerical simulations using solution (41) as initial condition. The panels display the impact of the free parameter 𝛽 taking into account the inverse of the width
of the soliton on the coupled breather-solution envelop along the MTs for 𝜂 = 0.002 and 𝛾 = 0.02247, at time 𝑡 = 800.

of a train of three breathers, as shown in Fig. 9 at time 𝑡 = 800, with
𝜂 = 0.002 and 𝛽 = 0.1. In a biophysical context, the coupling of two
breathers would allow the transport of a wider range of information
via the MTs. It should be mentioned that the obtained results are not
an isolated case, as some works in other biological processes have
known more enlightened explanations thanks to the coupled signals
of breathers. Among others, we can mention the phenomenon of tran-
scription in DNA physics [18,86,91], the dynamics of negative ions in
plasma [92], the process of disassembly and vesicular and organelle
transport in MTs [13,64]. The transport memory constant 𝛾, the non-
linearity rate 𝜂 and the free parameter 𝛽 are, however, expected to
bring about more new features that will help to comprehend the various
activities induced by wave propagation in the MT lattices within a
living cell. More explicitly, one can control how tubulin dimers move to
perform their cellular functions by making a suitable choice of 𝛾, 𝜂 and
𝛽. From the panels of Fig. 9, for example, one notices that the memory
effect can act in two ways on the motion of the MTs. To be more
precise, Fig. 9(aj)𝑗=1,2,3 show that the amplitude of the coupled signal
increases for values of 𝛾, while higher values of the memory effects,
as shown in Fig. 9(bj)𝑗=1,2,3, reduces such an amplitude and preserves
the solitonic width. Along the same line, under increasing values of
𝜂, the wave amplitude drastically decreases as depicted in Fig. 10,
where the nonlinearity rate takes the successive values 𝜂 = 0.001,
𝜂 = 0.08, and 𝜂 = 0.02. The free coefficient 𝛽 mainly affects its width

and amplitude as displayed in Fig. 11 at time 𝑡 = 800, with 𝜂 = 0.002
and 𝛾 = 0.02247. Obviously, such a parameter can efficiently be used to
transit from multiple-breathing structures to single-breathing patterns,
therefore adapting the solitonic width to specific cellular functions.

It should be noted that the studied physical model has undergone
significant improvements, particularly in its responsiveness to coupled
and uncoupled excitations. The movement of tubulin dimers may vary
in speed, depending on the constant 𝛾 responsible for the transport
memory effects. However, it is important to note that the nonlinearity
in both cases remains a deamplification factor. From our observations
within the selected value ranges, it behaves solely as an attenuating
factor. We believe that our results can be replicated in real-world phys-
ical experiments as long as the model parameters of Eq. (14) are set to
allow for stable spatiotemporal evolutions of nonlinear wave patterns.
Within the cell cytoplasm, MTs undergo continuous conformational
changes due to physiological mechanisms such as GTP hydrolysis. It has
been suggested that the communication necessary for the movement of
molecular motors (dyne and kinesin) is facilitated by soliton-breathers.
Given the diverse and complex nature of intracellular transport, sim-
ilar to information processing in neuronal networks, we believe that
the coupled breather is essential for addressing any communication
deficiencies within the cell. The MT vibrations shown in Fig. 8 are in-
teresting due to their modulated and localized wave profiles. However,
when considering their spatial spread, it becomes clear that the coupled
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soliton-breather mode would better facilitate the collection, transport,
and redistribution of cellular cargoes through MT dynamics. This could
especially be true when certain model parameters are varied, resulting
in changes to the speed, number, and distribution of dimers in the cy-
toplasmic environment as they carry out their biological functions. We
discussed earlier how MTs with an overdamped movement may display
transport memory effects. This idea is motivated by the contribution
of Oahu et al. [93], which reveals that MTs have multilevel memory
traits. Their scanning tunneling microscope experiments showed that
memory states were linked to the orientations of tilted dipoles (dimers).
We argue that these tilts would cause depolymerization followed by
polymerization, leading to the attachment of kinesin/dynein via sig-
naling relayed by the coupled breather excitation. This would enable
the movement of suitable and useful cargo. Additionally, this would
provide valuable insight into the nonlinear dynamics of MTs in the
brain. Therefore, by understanding the behavior of a molecular motor
along the axonal PF at a certain point in the network, we can predict
and control it at the previous point. When two neurons exchange infor-
mation, the optimal way to observe the memory transfer is through the
soliton-breather coupling. This process involves consistent parameters
such as 𝜂 and 𝛽. The behavior of the coupled vibration alternates
between amplification and deamplification. Amplification is associated
with the collection and transfer of a large amount of information, while
deamplification results in a loss of energy. This can disrupt the work
of motor proteins that supply certain cell sites with energy. The way
information is perceived in the brain, which is overseen by MTs at the
level of neuronal axons, may lead to reduced neuronal activities. This,
in turn, can cause neurodegenerative conditions like Parkinson’s and
Alzheimer’s diseases [94,95]. We can currently understand how tubulin
dimers move in a cytoplasmic environment that is over-damped and
scrambled (chirp) when coupled or uncoupled breathing excitations
take place. This understanding may contribute to our knowledge of
important cellular biological phenomena that are regulated by MT
dynamics, including mitosis, mitochondrial motility, and cognitive and
memory processes in the brain.

6. Conclusion

The main objective of this work was to investigate the slow move-
ments of MTs in their surrounding cytoplasmic environment. Our re-
sults suggest that the latter results in transport memory effects, which
may have a significant impact on the nonlinear signals supported by
an enhanced angular model of MT vibrational dynamics. Thanks to the
multiple-scale expansion method, in the continuum limit approxima-
tion, we could translate the problem into a set of CCNLS equations to
characterize coupling signals with dual frequencies under the compet-
ing effects of transport memory constants and the nonlinearity rate. In
the process, single- and coupled-mode solitons were discussed. In the
first case, the dynamics was found to be excited by a soliton-breather
solution, while the second case was found to support extended trains
of breathing solitons. The long-time evolution of the two modes was
explored via direct numerical simulations, where they were used as
initial conditions. Attention has been particularly paid to the input
from the parameters 𝛾, 𝜂, and 𝛽. Specifically, the memory parameter
𝛾 was introduced to the model to characterize the memory effects due
to the frictional forces of the biological system, which bring out the
dependence of these forces not only in the current dynamics but also
in the way the system reached it. The 𝛾 parameter values that have been
selected carefully in both cases signify that transport memory can have
two effects. Firstly, it can significantly reduce the soliton excitations,
consequently decreasing the energy or information invested by GTP
hydrolysis, which is used for the initiation of the primary functions
that the MT needs to perform, such as the processes of polymeriza-
tion/depolymerization and neuronal transduction. Secondly, the same
effects of transport memory can enhance energy transport and storage.
This implies that memory effects in MT dynamics can be a valuable

tool in controlling the amount of energy required for crucial processes
such as the formation or destruction of tubulin dimers, cellular cargo
transportation, ionic flow and many more. Remarkably, the inclusion
of the memory factor in MT dynamics can be crucial in understanding
and regulating physiological processes. In other words, for example,
when heterodimers are involved, the sequence of events that would
precede depolymerization could exploit the effect of transport memory
so that GTP releases the amount of energy necessary for the motion
of ions to signal the molecular motors of any intracellular transport
action of vesicles or organelles. For its part, the nonlinearity parameter
naturally appeared in the solutions, where it characterizes the degree of
nonlinearity of the wave propagating along the PFs in the biological en-
vironment. In the context of single and coupled modes, we have noted
a decrease in the amplitude of the signals. The nonlinear nature of the
excitations in the system is confirmed and could even, to some extent,
disrupt intracellular communication based on the MTs. Finally, the free
parameter 𝛽 was used to characterize the width of the solitonic excita-
tion, particularly its inverse. We have seen its impact on the coupled
soliton-breather, where it led to a reverse relationship between the am-
plitude and the width of the signal in the cytoplasmic space. Practically,
it was argued that using a lower memory constant is recommended to
ensure efficient migration and energy transfer. In that direction, the
coupled mode was found to be more advantageous as it allows for more
information to be transported by motor proteins (such as kinesin or
dyne) through MTs, provided that the nonlinearity and free parameters
𝛽 are properly chosen within the predicted intervals. The intervals
were chosen to ensure that the system’s conditions and parameters
were optimal for soliton excitations to propagate and remain stable,
resulting in relevant and biophysically acceptable outcomes. Therefore,
the numerical values of these parameters should be chosen carefully to
help us understand the various possible biophysical scenarios better,
leading to eventual experimental implementation. When the memory
constant counteracts the effects of nonlinearity and dispersion, the free
parameter 𝛽 and nonlinear parameter 𝜂 may facilitate the emergence of
diverse vibrational modes in the PFs. The memory effect has a pivotal
role in regulating both nonlinear and dispersive factors, as well as
impacting the viscosity of the system to a significant degree. This results
in the amplification or damping of vibrational signals, which depends
on the inherent energy transport through the modulated structures
that emerge. Based on our findings, memory effects in MTs are crucial
for key cellular processes. Therefore, they provide valuable insights
into the complex interactions within cellular dynamics. Consequently,
the coupled soliton-breathers excitation is a promising contender for
ensuring strong energy harvesting within brain MTs. This is particularly
true when physiological control is used to adjust the parameters of
transport memory, nonlinearity rate, chirp, and inverse width. This
can help predict the proper regulation of neuronal activity, as well
as intra-neuronal trafficking and axonal transduction of MTs. There
exist alternative models for studying the nonlinear dynamics of MTs,
including the longitudinal model, which assumes the movement of the
tubulin dimer to be rectilinear. As a result, we can account for two
types of simultaneous movements (rotation and translation) in one
dimer. This opens new directions for future investigations on exploring
memory effects on structural dynamics and intracellular transport in a
more comprehensive model of MT dynamics.
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