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ABSTRACT

he results presented in this study highlight the role of wave propagation in

the dynamics of microtubules (MTs) within the cytosol. Initially, we exam-

ine MT behavior by incorporating cytosolic viscosity through a discrete angu-
lar dislocation model. By applying the semi-discrete approximation, we first convert
the discrete model into its continuous counterpart, described by the complex cubic
Ginzburg-Landau (CGL) equation. A linear stability analysis of plane waves reveals
that cytosolic viscosity modifies the modulational instability of the system, enlarging
unstable regions while reducing the growth rate of the instability. Motivated by bio-
logical processes in which MTs exhibit stationary behavior, we seek stationary-state
solutions by first applying a direct method to the cubic CGL equation. We then return
to the original discrete model and demonstrate that both bright and anti-dark soliton
profiles serve as suitable candidates to describe certain biological mechanisms. Subse-
quently, we study the effect of viscosity on MT dynamics by modeling both longitudinal
and angular displacements. Using the rotating wave approximation (RWA), we derive
two decoupled CGL equations for these respective displacements. Two classes of analyt-
ical solitary wave solutions are constructed using the modified Hirota bilinear method
(HBM). Our findings show that viscosity significantly reduces the amplitude of longitu-
dinal displacements, whereas its effect on angular displacements is negligible. These an-
alytical predictions are validated through numerical simulations using the constructed
solutions as initial conditions, showing excellent agreement. The results offer promising
perspectives for regulating cytosolic viscosity to control MT assembly, disassembly, and
overall structural stability.
Keywords : Microtubules, viscosity, angular model, Priya model, rotating wave approx-

imation, complex Ginzburg-Landau equation, solitary waves, Hirota method.
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RESUME

es résultats exposés dans ce document mettent en lumiere la propagation des

ondes sur la dynamique des microtubules (MTs) dans le cytosol. Dans un pre-

mier temps, nous examinons cette dynamique en tenant compte de la vis-
cosité du cytosol a 'aide d'un modéle de dislocation angulaire discret. En appliquant
Papproximation semi-discrete, nous transformons d’abord le modele discret en son
équivalent continu, représenté par I'équation de Ginzburg—Landau cubique complexe
(CGL). Une analyse de la stabilité linéaire des ondes planes démontre que la viscosité
du cytosol altere l'instabilité modulationnelle du systéme, élargissant les zones insta-
bles tout en réduisant le taux de croissance de I'instabilité. Motivés par la présence de
processus biologiques ot les MTs affichent un comportement stationnaire, nous recher-
chons des solutions d’état stationnaire, en appliquant tout d’abord une méthode directe
a I’équation cubique de CGL. Ensuite, nous revenons au modele discret original pour
montrer que les profils de solitons lumineux et anti-sombres sont des candidats appro-
priés pour expliquer certains mécanismes biologiques. Par la suite, nous étudions l'effet
de la viscosité sur la dynamique des MTs en modélisant des déplacements longitudin-
aux et angulaires. ATaide de I’approximation de ’onde tournante (RWA), nous dérivons
deux équations de CGL découplées pour ces déplacements respectifs. Deux types de so-
lutions analytiques d’ondes solitaires sont ainsi construites en utilisant la méthode bil-
inéaire modifiée de Hirota (HBM). Il en ressort que la viscosité atténue les déplacements
longitudinaux des MTs en réduisant significativement ’amplitude des ondes longitudi-
nales, tandis que son effet sur les déplacements angulaires est négligeable. Ce résultat
est validé par nos prédictions analytiques obtenues par simulations numériques, en
utilisant les solutions construites comme conditions initiales. Cette confirmation est ob-
servée avec une meilleure précision. Ces solutions offrent donc des perspectives promet-
teuses pour réguler la viscosité du cytosol afin de controler 'assemblage, le démontage
et la stabilité des MTs.
Mots clés: Microtubules, viscosité, modele angulaire, modéle de Priya, approximation

de londe rotative, équation de Ginzburg-Landau complexe, ondes solitaires, méthode
d’Hirota.
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GENERAL INTRODUCTION

s early as 1903, Nikolai Koltsov’s forward-thinking approach led to the revolu-

tionary concept of a network of tubules acting as an internal support system,

which gave the cell its distinctive shape and structure. This was named the cy-
toskeleton. This pioneering concept not only laid the conceptual foundations of modern
cytoskeletal theory but also established an essential pillar in the burgeoning fields of
cell biology and developmental biology.

The cytoskeleton, this essential protein polymer, gives cells their mechanical and ar-
chitectural properties, enabling them to respond to the myriad stimuli of their organic
environment in an adept manner. The cytoskeleton is organised like a framework, com-
prising three types of finely woven structures that extend throughout the cytoplasm:
actin microfilaments, intermediate filaments, and MTs, which will be the focus of this
study.

MTs, discovered in the 1940s through electron microscopy by the Belgian biologist
Albert Claude, prove to be indispensable players within eukaryotic cells [1]. They form
a superposed protein network in dimers, branching into three distinct categories: kine-
tochore MTs, non-kinetochore MTs (also known as interpolar), and astral MTs [2]. Kine-
tochore MTs, anchored at one end of the kinetochore, hold critical importance in chro-
mosome signaling and positioning, potentially orchestrating their movement [3]. They
stretch from the kinetochore to the centrosome, although the exact dynamics of their
polymerization/depolymerization remain to be elucidated. Astral MTs, emanating from
the spindle poles, contribute to spindle positioning, either by exerting pressure on the
cell cortex, utilizing traction forces rooted in the cortex, or interacting with force genera-
tors in the cytoplasm, or combining these various processes [4-13]. The remaining MTs,
neither kinetochore nor astral, are termed non-kinetochore MTs, forming the majority of
MTs in the metaphase spindle of metazoans. Involved in multiple aspects of cell trans-
port [14], they play a crucial role during cell division, acting as a dynamic structure

that spatializes duplicated chromosomes [15]. Their ends possess distinct properties
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and are subject to polymerization/depolymerization phenomena, influenced by various
stimuli encountered by the cell depending on organismal needs, acting as a wave. Fol-
lowing early experimental research on MTs [1, 16, 17], numerous theoretical studies
have been devoted to understanding MT transport properties. Among these properties,
the physical mechanism of MT solitons (stable solitary waves propagating in a nonlin-
ear medium) holds particular importance, especially in the context of anticancer treat-
ments targeting MT's, where stability and control of dynamic processes, including waves,
are crucial. Additionally, several applications in bio-nanotechnology also target MTs in
their treatments [18, 19]. The generation and propagation of matter waves in MTs are
now an active research domain at the confluence of atomic physics and biophysics, with
notable advances both theoretically and experimentally, including dark solitons, bright
solitons, and dark-bright solitons, to name a few.

A great deal of work has been done to study the properties of solitons in MTs. This
has involved exploring temporal and/or spatial variations of cubic nonlinearities in con-
finement potentials of various shapes. One of the key questions surrounding solitons in
MTs is how they are generated. Theoretically predicted, the generation of solitons in
MTs through the activation of modulational instability (MI) falls within the framework
of the cubic nonlinear Schriédinger equation (NLS), as well as that of the CGL equation.
Due to its potential applications, this technique has attracted increasing interest and
has been studied in various contexts, including active matter [20] and Bose-Einstein
condensates [21].

In a broader context, all physical systems are considered to be open due to their
interaction with the environment [22]. Studying the effect of cytoplasm viscosity on
MTs opens new perspectives for understanding upcoming cellular processes. The cy-
tosol, the environment in which cellular organelles operate, directly influences MT dy-
namics through its viscosity and shear resistance, closely linked to the concept of rheol-
ogy, where temperature also plays a crucial role [23]. Previous research has examined
the effect of viscosity on vibrations in MTs, highlighting the influence of electrical sig-
nals from yeast cells on MT oscillations [20]. Additionally, models have been developed
to explain the nonlinear dynamics of MTs through kink solitons moving within these
structures [15]. The impact of cytosol viscosity on MT polymerization and depolymeriza-
tion mechanisms has also been explored, revealing substantial modifications in these
processes depending on viscosity [24—27]. This viscosity variability also appears to af-
fect MT formation and disassembly rates, suggesting significant implications for their
stability and function, particularly in the context of cancer treatment [28, 29]. These
KBTS oo <
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observations raise several major questions:

how does the viscosity of the cytosol affect the localization of energy
within MTs? In other words, how can be used to control the dynamics of

MTs? Finally, what are the resulting biological implications?

To our knowledge, the necessary information to answer these questions has not yet
been provided. In other words, investigating these questions offers an opportunity to
explore new directions in the dynamics of MTs. This opens the door to numerous pos-
sibilities for both analytical and numerical analyses. To this end, we propose to study
the influence of cytosol viscosity on modulational instability. Using wave analysis, we
construct new solitary wave solutions where viscosity acts through an angular model.
Subsequently, we evaluate the effects of this viscosity on the interaction of dimers in
the presence of an electric field. For this purpose, solitary wave solutions subjected to
the influence of viscosity are generated through a two-dimensional model. In order to

achieve these objectives, our work is organised as follows:

1 Chapter 1 presents a literature review on MT's, addressing their composition, struc-
ture, dynamics, associated proteins, diseases related to their dysfunction, as well

as the origin of the soliton concept with some examples.

= Chapter 2 proposes a conceptualization of existing models, with a discussion on
the various considerations taken into account. We also outline the investigative

methodology, including the analytical and numerical methods used for our work.

1 In Chapter 3, Chapter 3 focuses on two main objectives: filling our knowledge gap
regarding the influence of cytoplasm viscosity on modulation instability and devel-
oping new soliton solutions to explain MT dynamics in the presence of this viscosity.
Next, we examine the impact of cytosol viscosity on dimer interaction in the pres-
ence of an electric field. Subsequently, we construct exact solutions that illuminate
microtubule dynamics, considering this viscosity that influences MTs through a

two-dimensional model.

1= Finally, a general conclusion closes the thesis by proposing open problems and per-

spectives.

XEIg e <
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1.1 Introduction

t is well established that MTs cannot be reduced to mere static pillars. While they

are often associated with rigid support structures within cells, their nature is far

more complex and dynamic. This complex dynamics sometimes even challenges
our understanding, prompting some biologists to move beyond the simplistic mechanical
view of these structures. By exploring their intrinsic dynamism, we discover that they
cannot be simply categorized as mechanical components. Their nonlinear dynamics en-
dow them with the properties of a complex system, including the ability to self-organize.
This introductory paragraph on MTs is not intended to be an exhaustive presentation,
given the complexity and controversy surrounding their dynamics. Consequently, we
will concentrate on the most important aspects that are necessary for understanding
the phenomena that will be discussed in the following text. We begin by examining the
structure and composition of MTs, before moving on to explore their dynamics, which
is a crucial aspect for understanding the models we are studying. We examine the ele-
ments with which they interact and explore their multiple roles and functions. Finally,
we will discuss the diseases associated with their dysfunction and the preventive mea-
sures that can be taken to mitigate them. Finally, we will conclude by discussing the

origin of the soliton concept and its various classes.

1.2 Localization and composition of microtubules

MTs are predominantly found in various regions of eukaryotic cells such as the cyto-
plasm, neurons, the mitotic spindle, cilia and flagella, centrosomes, cellular organelles,
and during cell division. They result from the assembly of tubulin, a protein consist-
ing of two subunits, @ and §, each containing 450 amino acids. Each subunit possesses
a nucleotide-binding site for GTP in its N-terminal region, where the f subunit can
exchange between GTP and GDP, while the a subunit remains permanently bound to
GTP. Crystallographic analysis of the heterodimer, achieved through self-assembly of

MT sheets in the presence of zinc and stabilized by taxol [30], reveals structural simi-
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Figure 1.1: Three-dimensional representation of the tubulin dimer structure. Each monomer has a GTP
binding site, but the GTP of the a subunit is trapped and non-hydrolyzable. The 8 subunit has a taxol
binding site (adapted from [30]).

larity between the @ and f subunits, with a composition comprising 39% a-helices and
18% p-sheets.

The tubulin dimer can be divided into three main parts: an N-terminal part contain-
ing the GTP or GDP binding site, an intermediate part with a binding site for taxol
(a MT-stabilizing agent), and a C-terminal part exposed outside the dimer. The latter
undergoes post-translational modifications that allow it to interact with other proteins
[31].

1.3 GTP: protagonist of microtubule polymerisation

In addition to the a@ and f tubulin subunits, the GTP molecule plays a crucial role in
MT polymerization. The GTP bound to a-tubulin is stable and cannot be exchanged or
hydrolyzed, unlike the GTP attached to B-tubulin, which can be hydrolyzed into GDP
or exchanged when the tubulin dimer is free in solution [32]. During polymerization,
GTP-bound tubulin dimers are incorporated into MTs before the GTP on B-tubulin is
hydrolyzed into GDP. This hydrolysis occurs after a delay, leaving the MT end covered
by a GTP-tubulin «cap», also known as the «GTP-cap», which facilitates polymerization.

Once the GTP is hydrolyzed, a conformational change in the tubulin dimer is ob-
KBTS oo <
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served [33, 34]. GTP-bound dimers have a straight conformation, while GDP-bound
dimers adopt a curved shape [35, 36]. The main body of the MT, primarily made of
GDP-tubulin dimers, is kept in a straight configuration by the presence of the GTP cap,
which protects the MT from depolymerization by stabilizing its structure. The loss of
this cap due to GTP hydrolysis rapidly induces MT depolymerization [37, 38], partly by
releasing the constraints that hold the protofilaments together [36].

However, the GTP-cap model is not universally accepted. Recent research by O. Val-
iron showed that GDP-tubulin dimers can also incorporate into MTs during polymer-
ization, thereby stabilizing the MT network [39]. These findings suggest a strong link
between GTP hydrolysis and MT stabilization. Additionally, in 2008, A. Dimitrov gener-
ated an antibody that specifically recognizes GTP-tubulin. Using this antibody, they
identified randomly localized points along the MTs, referred to as GTP-tubulin "is-
lands," which may initiate MT polymerization [40].

1.4 Structure of microtubules

MTs stand out for their imposing size and multifunctional role among the various
cellular filaments. Composed of tubulin polymers, these protein structures are present
in virtually all eukaryotic cells, forming a complex network of proteins assembled as
dimers.

MTs take the form of hollow cylinders with an outer diameter of about 25 nm and an
inner diameter of about 15 nm, with variable lengths. They result from the association
of heterodimeric units of @ and S tubulin, capable of longitudinally self-assembling to
form protofilaments (PF's). These PF's, typically composed of 13 [41], then spiral helically
to form a complete MT.

The association of each tubulin dimer depends on the presence of GTP [42]. The
a subunit binds non-exchangeable GTP, while the f subunit binds hydrolysable GTP.
Hydrolysis of the GTP bound to the 8 subunit is necessary for MT extension, allowing
the incorporation of new dimers at its end. PF's laterally associate to form a cylindrical,
hollow structure, typically with 10 to 15 PF's per MT, depending on assembly conditions.

Due to the diversity of tubulin dimers and their arrangement, MTs exhibit polarity
(see Fig. (1.3), with a (+) end exposing the § subunit and a (-) end exposing the a subunit
[32, 43, 44]. This polarity induces different assembly kinetics between the two ends of
the MT, with the (+) end being more dynamic than the (-) end.

Furthermore, in close proximity to the centrosome, + end of MTs requires the pres-

ence of y-tubulin to initiate MT nucleation, thereby initiating the assembly of tubulin «
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Figure 1.2: Formation of MTs. Tubulin monomers a and f associated with each other to form a PF. The
PFs then associate longitudinally and helically to form MTs [45].
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Figure 1.3: Polarity of Microtubules [46].
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and f dimers and the polymer elongation process. However, y-tubulin is also distributed
in the cytoplasm, where it associates with a protein complex known as the y-TuRC
(y-Tubulin Ring Complex). In this configuration, y-tubulin acts as a platform for MT
assembly, mimicking a minus end [47]. This polarity of MTs is essential for enabling

attachment and movement along these structures by protein complexes.

1.5 Mechanics of microtubules

MTs are a fundamental component of cellular architecture, playing a key role in
maintaining cell shape, motility, and intracellular transport. The rigidity of various cy-
toskeletal elements varies, and one way to measure it is through the persistence length,
which represents the distance over which MTs can bend without breaking. This charac-
teristic can be determined passively, by inducing MT curvature through thermal fluctu-
ations, or actively, for example, by using mechanical flow to bend the structure [48].

Due to their structural role, MTs are the most rigid components of the cytoskeleton,
formed by the assembly of tubulin dimers into tubular structures. However, despite this
rigidity, MTs can adopt very curved conformations within the cell, bending over short
distances. This ability to deform is crucial, particularly for the formation of MTs bundles.
Indeed, when MTs are more flexible, they can better align when forming these bundles
at large angles [49]. In plant cells, they can even coil to follow the plasma membrane.

The mechanical behavior of MTs is adjusted according to cellular needs [50, 51]. Var-
ious factors influence the rigidity of MTs, notably certain microtubule-associated pro-
teins (MAPs). Among the most studied MAPs, the neuronal proteins Tau and MAP2
increase the rigidity of MTs [62-54]. Conversely, the MAP65 protein makes MTs more
flexible [55].

MT flexibility also depends on the state of tubulin. In its GTP-bound form, tubu-
lin stabilizes the protofilaments, making them more rigid. However, when GTP is hy-
drolyzed to GDP, the protofilaments become more curved, thus increasing the flexibility
of the MT [56].

Other factors, such as temperature and certain chemicals, can also modulate MT
rigidity. For instance, an increase in temperature enhances their flexibility, likely by ac-
celerating GTP hydrolysis [57, 58]. Certain drugs also influence the mechanics of MTs:
although taxol was initially perceived to increase their flexibility, it is now established
that it actually strengthens their rigidity [562, 54, 59].However, this increased rigidity
can interfere with the dynamic instability of MTs, potentially disrupting essential cel-

lular processes such as mitosis.
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Finally, the rate of polymerization and the length of MTs also play a role in their
flexibility. Rapid polymerization leads to greater flexibility, possibly due to defects in
the MT wall that decrease its rigidity [60]. Surprisingly, it has been observed that the
longer a MT is, the more rigid it becomes, likely due to stronger longitudinal interactions
between tubulin dimers compared to lateral interactions between protofilaments [61].

To meet the cell’s needs, MTs can rapidly adjust their organization. These dynami-
cally regulated properties within the cell are the origin of their numerous cellular func-

tions as well as the observed changes in shape at the cellular level.

1.6 Dynamics of microtubules

1.6.1 Nucleation

In vitro, MT nucleation begins with an oligomerization step of tubulin, which is slow
and energetically unfavorable. However, this process can be accelerated by the pres-
ence of nucleation centers, such as axonemes. Several factors influence MT nucleation
and assembly [62], including the presence of GTP, Mg2*, the absence of Ca?" (which
induces MT depolymerization), a temperature around 35°C, and a pH close to the phys-
iological pH. In the absence of nucleation centers, MTs can nucleate spontaneously, but
this is highly dependent on the concentration of tubulin-GTP. Once this concentration
exceeds a critical threshold, MTs begin to self-assemble [63]. Two main theories have
been proposed to explain the mechanism of MT self-assembly. The first model suggests
that tubulin dimers align to form protofilaments, which then group together into sheets
that act as nucleation cores. The lateral and longitudinal addition of tubulin dimers
subsequently closes these sheets to form a MT (see Fig. (1.4-a)) [64]. The second model
proposes that tubulin dimers first assemble laterally to form oligomers. These oligomers
then associate longitudinally to create a sheet, which also closes to form an MT (see Fig.
(1.4-b)) [63].

In cells, the concentration of tubulin is typically too low to allow spontaneous nucle-
ation. MTs mostly polymerize from nucleation centers such as the centrosome, adopting
a radial organization [17]. The centrosome concentrates a specific isoform of tubulin,
Y-tubulin, which allows the cell to regulate MT nucleation and localization. y-tubulin
forms a large complex called the y-tubulin ring complex (y-TuRCs), which serves as a
nucleation platform [66]. For a long time, it was thought that most MTs were formed
from the centrosome (see Fig. (1.5)).

However, this radial organization is not ideal for all specialized cells. It has been dis-
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Figure 1.4: a. Model of nucleation from a nucleating core in the form of protofilaments allowing the
formation of a sheet. b. Model of nucleation in the form of tubulin oligomers formation of a leaflet. b. Model
of nucleation in the form of tubulin oligomers obtained by lateral association of tubulin dimers [65].

covered that other MTs can form from Golgi vesicles, directly linking the MT network
with vesicular transport [68]. This nucleation mechanism has been observed in vari-
ous cell types such as hepatocytes, epithelial cells, muscle cells, and neurons [68]. Golgi
membranes contain anchoring proteins for y-tubulin, allowing them to mimic the cen-
trosome’s function [69]. Without these proteins, fewer MTs form from the Golgi. Due to
the low concentration of y-tubulin in the Golgi, other proteins are required to stabilize
and facilitate MT polymerization, such as the tubulin chaperone TBCE, which locally
increases tubulin dimer concentration at Golgi "hot spots" [70], or plus-end binding pro-
teins like CLASPs and EB1, which are also found in the Golgi to promote and regulate

polymerization [71].
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Figure 1.5: Top: schematic representation of the gamma-TUSC complex made up of the GCP2 and 3
each associated with a gamma-tubulin. Bottom: assembly of the gamma-TURC complex, made up of the
assembly of different complexes gamma-TUSC which will associate with the GCP 4,5 and 6 for form a
structure circular structure allowing to serve as centre of nucleation at MTs at B [67].

1.6.2 Elongation

Once the initial nucleation steps are completed, the newly formed MT seeds elongate by
adding tubulin-GTP dimers to both ends (the + and - ends). Two models are proposed
to explain this process: the first suggests that tubulin dimers are added helically at the
MT end, while the second proposes that protofilaments extend by forming a sheet that
eventually closes along the groove [72]. The second model is the most widely accepted,
as electron microscopy studies have shown MT growth through sheet extension, both
in cell extracts and in cells themselves [73]. This model involves two opposing forces: a
longitudinal force that tends to curve the protofilaments outward, and a transverse force
due to lateral interactions between protofilaments, which increases with the number of
protofilaments, ultimately straightening and closing the sheet [74].

MT polymerization requires GTP on the f-tubulin subunit, which is hydrolyzed dur-
ing assembly. Although this hydrolysis is not necessary for MT polymerization, it is
crucial for destabilizing the MT wall and inducing its depolymerization [75]. Recent in
vitro studies have shown that GDP-bound tubulin can also incorporate into MTs, alter-
ing their properties [39].

The two MT ends polymerize at different rates, with the (+) end growing approx-
imately twice as fast as the (-) end. In vivo, the (-) end is typically stabilized by its
HKETg oo <
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association with nucleation centers.

While MTs can grow simultaneously at both ends in in vitro systems, MT nu-
cleation in mammalian cells generally occurs from the centrosome [76]. This process
gives rise to complexes of different sizes, called y-Tubulin Ring Complex (y-TURC) and
y-Tubulin Small Complex (y-TUSC) [77, 78]. These structures play an essential role
in initiating MT polymerization and stabilizing their negative ends through a capping
process [78]. Once formed, MTs are not static but rather dynamic, exhibiting various
behaviors. The first observed phenomenon, described in [79, 80], is that of Treadmilling,
also known as the treadmill effect. Subsequent in-depth cellular studies have revealed
that MTs undergo cycles of polymerization and depolymerization, known as dynamic

instabilities.

1.6.3 Treadmilling

The phenomenon of treadmilling (Fig. 1.6) refers to the simultaneous movement of
polymerization and depolymerization at the ends of a filament, such as MTs, asymmet-
rically [81-84]. This dynamic process results in a net displacement of the filament in a
specific direction without changing its total length. It is essential for regulating the size
and stability of cellular structures, as well as for intracellular transport of organelles
and proteins. MTs can behave differently in steady-state, with continuous growth at one
end, and slow continuous depolymerization at the other. This treadmilling phenomenon
leads to the movement of MTs within the cell when their negative ends are not anchored
to a fixed structure. New tubulin subunits incorporated at the positive end are released
by depolymerization at the negative end, allowing the MT to progress towards the cell

periphery without net movement of tubulin subunits in the cytoplasm.

1.6.4 Dynamic instability

The ability of MTs to polymerize and depolymerize over time is crucial for the rapid
reorganization of cellular networks to meet the changing needs of the cell. Their dy-
namic instability is primarily due to the behavior of their positive end, characterized by
alternating phases of polymerization/depolymerization (see Fig. 1.7). During polymer-
ization, there is hydrolysis of the GTP carried by tubulin, inducing a slight conforma-
tional change that stabilizes the polymer. However, if the PFs are not held together, a
relaxation phenomenon occurs, leading to a catastrophe where the PF's dissociate from
the MT. This alternation of growth and shortening phases of MTs is regulated by catas-
trophe and rescue events, where the positive end stops growing and starts depolymeriz-
KBTS oo <
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Figure 1.6: Treadmilling phenomenon. It occurs during the assembly of tubulin at the plus end and the
disassembly of tubulin at the minus end [85].

ing during a catastrophe, while a depolymerizing MT can resume polymerization during
a rescue event. Although these transition events have been observed for a long time, the
mechanisms explaining their occurrence are not fully understood. Two working models
described below help to better understand the mechanisms at play [42, 74, 86—88].

1.6.4.1 GTP cap

Dynamics of MTs are finely regulated by GTP hydrolysis, a process influenced by the
proximity of tubulin dimers. This regulation leads to the formation of a GTP-tubulin
cap at the plus end of the MT, protecting it from depolymerization [42].

Furthermore, as early as the 1980s, Mitchison and Kirschner suggested that the loss
of this cap could trigger MT catastrophes [17, 92]. Subsequent research confirmed this
hypothesis, demonstrating that while GTP hydrolysis is not required for polymerization,
it is essential for destabilizing the MT wall and inducing its depolymerization [75, 93].

Moreover, when tubulin is in its GDP-bound form, it adopts a curved conformation,
likely induced by GTP hydrolysis. This conformational change causes protofilaments to
bend outward from the MT, destabilizing the lateral interactions between them [94].

The instability of the GTP cap is closely linked to the relative rates of polymerization
and hydrolysis. If polymerization is rapid, the cap is maintained; however, if hydrolysis
outpaces polymerization, the cap disappears, leading to a catastrophe. Additionally, ob-
servations have highlighted "rescue" events, where depolymerizing MTs switch back to

polymerization. These phenomena may be associated with the presence of GTP-tubulin
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Figure 1.7: Dynamic instability of MTs. (A) The polymerizing MT has a GTP-tubulin cap at its positive end
and a sheet of PFs. (B) The GTP hydrolysis zone coincides with the closure of the PF sheet into a tube [89].
(C) When the PF sheet and GTP cap disappear, the MT no longer polymerizes. Polymerization can resume
if a new sheet forms; otherwise, the mechanical energy contained in the tube can be released, causing a
catastrophe and leading to depolymerization of the MT. (D) During depolymerization, the lateral bonds
between PFs break, they bend outward, and the dimers become individualized [90, 91].

islands resistant to depolymerization, formed due to incomplete hydrolysis during in-
tense polymerization. These islands could also play a role in recruiting MAPs, thereby

facilitating rescue events.

1.6.4.2 Conformational cap

The concept of conformational capping, elaborated in several studies [74, 86, 87], pro-
poses an explanatory model for the dynamics of MTs by considering the internal forces
of the MT. According to this model, the natural outward curvature of PFs in the MT is
compensated for by lateral forces between adjacent PF's, resulting in their straightening
and the stabilization of the MT. This straightening compensates for the energy accumu-
lation caused by the curvature of PFs in the MT wall. The presence of a cap at the MT
end allows the PFs to maintain their natural curvature stably, thereby contributing to
MT stabilization [88]. The loss of this cap is associated with the onset of catastrophes,
events where the MT undergoes rapid depolymerization. Another mechanism, consis-
tent with this model, links the length of the cap, the energy accumulated in the MT
wall, and the formation of defects during polymerization [95, 96]. When the cap is long
enough, it can close by incorporating defects along the MT wall, such as abnormalities
KBTS oo <
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in the number of PF's, interruptions in the MT structure, or abnormalities in the lat-
tice. However, if the cap is too short, it cannot properly close over the defects, leading to
a loss of conformational cap stability and MT depolymerization. The dynamics of MTs
strongly depend on associated proteins, which regulate their formation, stability, and
destabilization, thereby impacting their cellular functions.

The dynamic instability of MTs, observed early on, remains poorly understood in
terms of the underlying mechanisms of stochastic changes at the positive end. Two hy-
potheses, GTP cap and conformational cap, provide perspectives to explain this instabil-
ity, without mutually excluding each other. It is noteworthy that the apparent stability
of the MT is mainly due to what happens at its end, rather than its centrally located,

intrinsically unstable structure.

1.7 Microtubules-associated proteins

MTs form a supramolecular network extending from the centrosome to the cell pe-
riphery, where they interact with various cellular components and proteins. These pro-
teins, designated as MAPs, have been identified as essential players in regulating the
properties of MTs [97, 98]. Generally, two main types of MAPs are distinguished based
on their function: structural MAPs, such as Type I MAPs (MAP1 family) and Type II
MAPs (MAP2/MAP4/Tau family), and motor MAPs, such as dynein and kinesin, which
move along MTs due to their motor activity. In this section, we will present some of

these proteins.

1.7.1 Tau proteins

The tau proteins, [99, 100], are MAPs that play a key role in the nucleation and
stabilization of MTs. These proteins have the ability to form MT aggregates and bind to
their external and internal surfaces, as demonstrated by various studies [101-105].

To further understand the influence of tau protein on the spatial organization of MTs
during axon formation, research has been conducted, notably using videomicroscopy, re-
vealing that tau protein promotes MT stabilization in vitro. It accelerates their growth
while reducing the frequency of destabilization events, known as catastrophes. Consis-
tent with this stabilizing function, tau protein also decreases the disassembly rate of
MTs and promotes rescue events [106—108].

Phosphorylation of tau proteins, primarily in the proline-rich region and their MT-

binding domains, is a key regulatory mechanism. This post-translational modification,
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studied by [106, 109, 110], influences the association of tau proteins with MTs, thus

modulating their impact on MT dynamics.

1.7.2 Kinesin

First discovered by Vale et al [111], kinesins, such as kinesin-1, are tetrameric pro-
teins composed of two light chains and two heavy chains. The heavy chains feature a
globular head housing the motor domain and the MT-binding domain, as well as a tail
serving as an attachment point for the cargo to be transported. The motor region and
the MT-binding domain are generally conserved among different kinesins, unlike the
tail, which confers specificity regarding the element to be moved.

These kinesins constitute a family of essential motor proteins present in cells, play-
ing a crucial role in the intracellular transport of organelles, vesicles, and other cargo
along MTs. By utilizing energy derived from ATP hydrolysis, they generate directional
movement facilitating the displacement of various cellular structures. They are respon-
sible for anterograde transport by undergoing an ATP hydrolysis cycle to ADP, thereby
inducing a conformational change that propels the protein along the MT from the (-)
end to the (+) end (see Fig.1.8) [112]. These proteins are indispensable for numerous
cellular processes such as cell division, protein transport, and intracellular signaling.
The movement of these kinesins along MTs can thus influence the length of the mitotic

spindle and enable its shortening.

1.7.3 Dynein

Dyneins, much like kinesins, are complex assemblies of proteins comprising two
heavy chains, two intermediate chains, and four light chains, as well as several other
light chains. However, their function differs from that of kinesins in allowing movement
in the reverse direction along MTs, from the plus (+) end to the minus (-) end [114]. The
heavy chains contain MT-binding domains and other domains that, like kinesins, are
involved in ATP exchange and hydrolysis to ADP, necessary for molecular movement.
The intermediate chains and one of the light chains participate in interaction with the
organelles to be transported. In neurons, dynein plays a crucial role in transporting
organelles and vesicles along the axon, from the presynaptic compartment to the cell
body [115-117]. Thus, the various kinesins and dyneins are involved in regulating and

modulating the transport of vesicles and proteins along MTs.
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Figure 1.8: Model of kinesin-catalyzed vesicule transport. Kinesin molecules, attached to unidentified
receptors on the vesicule surface, transport the vesicules from the (-) end to the (+) end of a stationary MTs.
ATRP is required for movement (adapted from [111, 113]).

1.7.4 Tracking proteins plus end (+TIPs)

+TIPs are specific proteins associated with MTs (MAPs) that typically localize to
the growing ends of MTs [118]. They play a crucial role in facilitating the attachment
between the ends of MTs and cellular components. Although the term "+TIPs" implies
exclusive localization to the plus end of growing MTs, these proteins can also be found
at the minus end of these MTs.

The process of localizing "+TIPs" to the ends of MTs remains largely unknown. Sev-
eral models have been proposed to explain this phenomenon. The first model suggests
active transport of "+TIPs" to the plus (+) end of MTs by a molecular motor. The second
model proposes an autostop mechanism, where a protein is directed to the end of the
MT through another protein present at that end. Finally, the last model considers a
"treadmill" process, where the protein interacts with a specific structure or polymerizes
with free tubulin at the plus (+) end of the MT. Subsequently, as the MT continues to
grow, the protein ends up on the MT wall, and detachment could be caused by a change
in affinity with this wall compared to the end. Other hypotheses include detachment
from the MT wall following phosphorylation. Understanding the role of MT-associated
proteins is crucial for understanding the involvement of MTs in various cellular func-
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tions.

1.8 Implications of microtubules in cellular functions

The MTs play a crucial role in the proper execution of cellular processes, participating
in both mitosis and interphase functions. In the following paragraph, we will not list all
the cellular activities of MT's, but we will focus on the key functions of this network that

are essential for tumor growth and propagation.

1.8.1 Microtubules, masters of cell division

Mitosis is a key process of cell division where a mother cell gives rise to two daughter
cells. This phenomenon relies on the mitotic spindle, an assembly of MTs. Contrary to
popular belief, multiple MTs interact with each chromosome to facilitate the steps of mi-
tosis by their ability to alternate between growth and shrinkage. Kinetochore fibers play
a crucial role in the attachment of chromosomes, a mechanism known as "search-and-
capture" [119, 120]. However, research suggests that this mechanism alone is not suf-
ficient to align chromosomes during mitosis. An alternative model, the "self-assembly"
model [121], proposes that MTs form independently near the chromosomes. It is pos-
sible that these two models work simultaneously in a cell. Finally, the separation of
chromosomes is made possible by the depolymerization of kinetochore fibers and the

action of motor proteins, including kinesin 13 [122, 123].

1.8.2 Roles of microtubules in cell migration

Cellular motility, or cell migration, involves the active movement of cells, whether
spontaneous or in response to signals, randomly or directionally, individually or in
groups.

Initially, cell migration was considered to be primarily dependent on actin, regulated
by Rho GTPase family proteins. However, research by [124] revealed the role of MT's in
cell migration in most cell types. Schematically, this process can be divided into three
stages: cell polarization, protrusion formation at the front, and translocation of the cell
body. MTs participate in cell polarization by orienting the MT organizing center (MTOC)
towards the migration front. Additionally, they contribute to stabilizing the MT network
through post-translational modifications such as detyrosination or acetylation. These
stabilized MTs act as transport pathways for vesicles and intracellular proteins, facili-
tating the reorientation of the MTOC and the Golgi apparatus towards the migration

front. Ultimately, MTs participate in the translocation of the cell body.
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In the context of cancer pathologies, cell migration is crucial at two levels. Firstly, in
angiogenesis, where tumor cells promote the formation of new blood vessels by secret-
ing chemokines, particularly from the CXC chemokine family, to stimulate proliferation
and migration of endothelial cells. This contributes to the supply of nutrients and oxy-
gen for tumor growth. Secondly, cell migration is critical in the metastatic dissemination
of tumor cells, although the exact mechanisms remain poorly understood. This process
likely involves chemotactic phenomena and interactions between tumor cells and com-
ponents of the tumor microenvironment, such as fibroblasts or macrophages. Recent
studies have highlighted that organs with high levels of chemokines may be more sus-

ceptible to tumor invasion [125].

1.8.3 Microtubules as intracellular transport tracks

MTs play a crucial role in the intracellular trafficking of organelles, vesicles, RNA,
and proteins, contributing to both intra- and extracellular signaling pathways. They
facilitate the transport of mRNA to appropriate cellular sites for expression and regu-
late their expression through sequestration, which contributes to intracellular protein
distribution and maintenance of cell polarity [126, 127]. By interacting with numerous
cellular proteins, MTs act as a protein reservoir, sequestering various proteins that can
be released in response to stimuli.

MTs are also crucial in different cellular signaling pathways, acting as tracks for
intracellular transport of organelles such as the Golgi apparatus, secretory vesicles, en-
doplasmic reticulum, and mitochondria [46, 128]. This transport process, directed along
MTs, is mainly carried out by kinesins and dyneins, acting as molecular motors [46].

Understanding the multiple functions of MTs in the cell highlights their crucial im-
portance in many biological processes. However, any alteration in these functions can

lead to cellular dysfunction and the emergence of various diseases.

1.9 Anomalies related to microtubule dysfunction

Exploring pathologies associated with MT dysfunction is not limited to specific cases.
However, examining diseases related to MTs also involves studying those associated
with MAPs.

1.9.1 Pathologies related to the tau protein

Some neurodegenerative diseases, such as Alzheimer’s disease, are characterized

by the presence of intracellular aggregations of the tau protein, which constitute
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tauopathies. Initially, tau protein aggregation was considered a major factor in the de-
velopment of these pathologies, particularly by disrupting the MT cytoskeleton.

More than twenty neurological diseases presenting dementia associated with tau
pathology have been identified [129]. Among these are various parkinsonian syndromes,
some frontotemporal dementias like Pick’s disease with parkinsonian syndrome, as well
as syndromes such as Down syndrome and myotonic dystrophies like Steinert’s disease
[130, 131].

Alzheimer’s disease, the primary tauopathy responsible for the majority of dementia
cases, was first identified in the early 20th century by Alois Alzheimer. It is an age-
related neurodegenerative disease that gradually and irreversibly leads to loss of mem-
ory and cognitive functions. At the neuronal level, it is characterized by neurofibrillary

tangles (NFTs) and extracellular amyloid deposits [132].

1.9.2 Pathologies related to kinesin

Diseases associated with kinesin dysfunction are diverse and can affect different bi-
ological systems. Kinesin is a motor protein involved in intracellular transport along
MTs. Its dysfunction can disrupt the transport of various molecules and organelles in-
side cells, leading to pathological consequences.

Research has established links between kinesin dysfunction and various diseases,
including neurodegenerative diseases such as Huntington’s disease and Parkinson’s
disease. For example, studies have shown that mutations in genes encoding kinesin
proteins can contribute to the pathogenesis of Huntington’s disease [133]. Additionally,
alterations in axonal transport associated with kinesin dysfunction have been observed
in Parkinson’s disease [134].

Apart from neurodegenerative diseases, kinesin dysfunction can also be involved in
other disorders, such as rare genetic diseases like primary ciliary dyskinesia (PCDs).
For instance, studies have suggested that mutations in kinesin genes may contribute to
the pathogenesis of PCDs by disrupting ciliary transport [135].

Thus, kinesin dysfunction can have significant health implications and be involved in
a diverse range of diseases, highlighting its crucial role in maintaining normal cellular

function.

1.9.3 Diseases associated with dynein dysfunction

Dysfunction of dynein is associated with various pathologies, including neurodegener-
ative diseases and diabetes. Dynein plays a crucial role in the transport of mitochondria,
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and mitochondrial dysfunction is linked to diseases such as amyotrophic lateral scle-
rosis, Alzheimer’s disease, and Huntington’s disease [136, 137]. Studies on mice with
mutations in the dynein gene have shown abnormalities in the striatum and insulin
resistance, linked to decreased mitochondrial respiration [136]. Furthermore, a genetic
deficiency in dynein can cause primary ciliary dyskinesia, characterized by chronic bron-

chitis and sterility due to immotile spermatozoa [138].

1.10 Origin of the soliton concept

The concept of a soliton, a spatially localized solitary wave endowed with remark-
able stability properties, has generated considerable interest since its first observation
by the hydrodynamics engineer John Scott Russell in 1834 [139]. While conducting ex-
periments to determine the most efficient design for canal boats, he made a remarkable
discovery [139]. As he described it in his Report on Waves: «I was observing the motion
of a boat being rapidly towed along a narrow canal by a pair of horses, when the boat
suddenly stopped — but not the mass of water in the canal which it had set in motion;
it accumulated around the prow of the vessel in a state of violent agitation, and then,
leaving it suddenly behind, rolled forward with great velocity, taking the form of a large
solitary elevation, a rounded, smooth, and well-defined heap of water, which continued
its course along the canal apparently without change of form or diminution of speed. I
followed it on horseback, and overtook it still rolling on at a rate of about eight or nine
miles an hour, maintaining its original shape of about thirty feet long and a foot to a
foot and a half high. Its height gradually diminished, and after a chase of one or two
miles, I lost it in the windings of the canal. Such, in August 1834, was my first chance
encounter with that singular and beautiful phenomenon which I have called the Wave
of Translation. This event took place on the Union Canal at Hermiston, very close to the
Riccarton campus of Heriot-Watt University, Edinburgh.»

Intrigued by this unexpected discovery, Russell devoted a decade to its study, de-
spite pre-existing linearized theories suggesting the impossibility of such phenomena.
The decline in interest in solitons persisted until 1895, when a theory [140], based on
the Korteweg-de Vries equation, finally provided an explanation. This theory was con-
firmed by a numerical experiment conducted by Fermi, Pasta, and Ulam in 1953 [141],
revealing surprising phenomena concerning one-dimensional networks of coupled parti-
cles. It wasn’t until a decade later, in 1965, that Zabusky and Kruskal [142] provided a
definitive explanation by introducing the term "soliton". The soliton, simultaneously a

wave and a localized energy maximum, propagates with constant shape and speed, re-
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sembling the characteristics of a particle. It is defined as a robust solitary wave whose
shape and speed remain unchanged even after collision with another solitary wave. This
duality between wave and quasi-particle exhibits similarities with quantum systems,
extending to the observation of a tunneling effect for solitons [143].

The pioneering work of Zabusky and Kruskal [142] marked a turning point in the
history of solitons, propelling them to the forefront of scientific research and giving
rise to countless studies, both mathematically and physically. Soliton equations, as ex-
amples of completely integrable systems, have piqued the interest of mathematicians
due to their infinite degrees of freedom. However, solitons are not solely the domain
of mathematics; they play a crucial role in physics, providing an accurate description
of various phenomena, from wave propagation in hydrodynamics to the dynamics of bi-
ological macromolecules such as DNA and proteins. Although these systems are only
approximately described by soliton equations, these quasi-solitons exhibit remarkable
stability against perturbations, making them a powerful tool for describing the physics
of nonlinear systems. Instead of adopting a linearized approach followed by the inclu-
sion of nonlinearities as perturbations, the initial description using a soliton equation
can often be more effective, allowing for the integration of perturbative contributions if

necessary.

1.10.1 Different classes of soliton

Solitons, those remarkable and intriguing solitary waves, manifest in various forms
and structures, each offering unique characteristics and distinct implications across
diverse scientific domains. Among these diverse classes of solitons, we encounter
Korteweg-de Vries solitons, Schridinger solitons, topological solitons, sine-Gordon soli-
tons and many others. These varied categories of solitons, distinguished by their specific
properties and dynamic behavior, play a pivotal role in modeling and comprehending
complex physical and mathematical phenomena. There are two types of solitons: the

non-topological soliton and the topological soliton.

1.10.1.1 Non-topological solitons

A soliton is considered non-topological when the medium in which it propagates returns
to its initial state after the wave has passed. These solitons are commonly encountered
in hydrodynamics, though they also appear in solid mechanics. In hydrodynamic con-

texts, non-topological solitons can be described by the Korteweg—de Vries (KdV) equa-
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where cg = \/gh represents the speed of linear wave propagation in the limit of large
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wavelengths, A is the depth of the liquid, and 7) is the height of the liquid surface relative
to the equilibrium level.

The KdV equation has a soliton solution [144, 145]:

n=ngsech?® | —1/ ==

1 /310 (
2h\ h

x—c0[1+—]t) . (1.2)

The KdV equation is a fundamental model in soliton theory due to its remarkable math-
ematical properties. Among the various types of non-topological solitons, we distinguish

the following:

¢ Pulse soliton: this type of soliton presents itself as a single pulse or wave. It can be
described as a localized disturbance in the medium to which a certain amount of
energy is attributed. Pulse solitons are often observed in systems where energy is

concentrated in a single temporal or spatial peak (see Fig. 1.9).

Figure 1.9: Shape of a pulse soliton [146].

¢ Envelope soliton: this structure forms from a set of smaller solitons. Unlike a pulse
soliton, which is a single pulse, an envelope soliton is a casing that encompasses
multiple individual solitons. It is characterized by a modulated amplitude that
contains the individual solitons within its shape (see Fig. 1.10).
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Figure 1.11: Shape of a hole soliton [146].

Figure 1.10: Shape of a envelope soliton [146].

* Dark soliton, also known as a dark hole, is a region where the amplitude of the
wave is lower than that of the surrounding medium. Unlike pulse and envelope
solitons, which represent regions of increased amplitude, the dark soliton is dis-
tinguished by a significant decrease in amplitude. It can be considered a negative

perturbation in the medium (see Fig. 1.11).
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Figure 1.12: Shape of a kink soliton [146].

1.10.1.2 Topological Solitons

A soliton is topological when the propagation medium is in different states before and af-
ter the passing of the wave. The soliton can be described in this state by the sine-Gordon
(sG) equation [145]. This sG equation, which is derived from a chain of pendulum of

mass m and length [ is given by

0260 026 )
T b +ohn =0 @9
2 _ mgl s

where wi = =7- is the frequency, C(2) = T is the velocity and g is the gravity; I is the
moment of inertial, C is the constant of torsion of the spring and a is the distance
between the pendulum. As the KdV equation, this equation is completely integrale and

admits exact soliton solutions. A soliton solution of this equation [144, 145]:

x—ct
O(x,t)+ =4arctan |exp (i ) (1.4)
co 2 . . .
where L = —, /1- — measures the spatial extension of the solution.
wo c0

An example of a topological soliton is the kink soliton. A kink soliton, often sim-
ply referred to as a kink, is a specific type of soliton encountered in systems where a
sharp transition or discontinuity occurs. It is characterized by a local deformation of
the medium, often in the form of a region of high variation or rapid change in a physical

quantity, such as density, phase, or field (see Fig. 1.12).
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1.10.2 Some applications of solitons

The remarkable properties of solitons have been used to explain many unexplained phe-
nomena, such as the Fermi-Pasta-Ulam paradox [147], and to develop new theories in
various scientific and technological fields [145, 148, 149]. For example, in elastic tubes,
solitons result from a balance between the nonlinearity caused by the hydrodynamics
of blood flow and the dispersion related to the elasticity of the artery walls [150]. In
neuroscience, a recently developed model suggests that signals in neurons propagate as
pulsed solitons along the cell membrane [151, 152]. This model challenges the widely
accepted Hodgkin-Huxley model [153], which describes signal transmission as action
potentials. In hydrodynamics, tsunamis and rogue waves are well-known manifesta-
tions of solitons. Solitons also play a crucial role in telecommunications, particularly
in data transmission. In 1998, a team from the Center for Research and Development
at France Télécom successfully combined solitons of different wavelengths to achieve a

transmission rate exceeding one terabyte per second.

1.11 Conclusion

In this chapter, we have explored the localization and composition of MT's, fundamen-
tal elements of the cellular cytoskeleton. We have examined their complex structure and
dynamics, essential for numerous cellular processes. Additionally, we have discussed
the proteins associated with MTs, which regulate their formation and function, empha-
sizing their importance in various cellular functions such as cell division, intracellular
transport, and cell shape. By highlighting the implications of MTs in cellular functions,
we underscored their crucial role in maintaining cellular integrity and proper cell func-
tion. Furthermore, we have explored abnormalities related to MT dysfunctions, which
can lead to significant pathological consequences, particularly in neurodegenerative dis-
eases and developmental disorders. In summary, a thorough understanding of MTs and
their molecular regulation is essential for deciphering the underlying mechanisms of
many normal and pathological cellular functions. This opens the door to new research
avenues and potential therapeutic approaches for diseases associated with MT dysfunc-
tions. As for solitons, they are fascinating phenomena occurring in various physical
systems and have significant applications in many fields of science and technology. To
address these questions rigorously, we will now turn to Chapter Two, where we will
examine the various analytical and numerical approaches used to study MTs and their

functional implications in cells.
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2.1 Introduction

n the previous chapter, we explored the localization and composition of MTs, as

well as the associated proteins that regulate their formation and function, high-

lighting their importance for various cellular processes. We also shed light on the
implications of MTs in cellular functions and the dysfunctions associated with neurode-
generative diseases and developmental disorders. MTs provide an ideal environment
for studying a range of biological, mechanical and architectural aspects, with a partic-
ular focus on exploring solitons, which are seen as key elements in many applications
[153, 154]. The dynamic formation of solitonic structures within MTs is made possible by
the phenomenon of modulation instability [24, 155-163]. The characteristics of solitons
can be examined using exact analytical solutions of the complex Ginzburg-Landau equa-
tion. The search for such exact solutions is of paramount importance. The validation of
these solutions by numerical integration further emphasises the value of an integrated
approach combining analytical and numerical analyses to study the dynamic proper-
ties of MTs. This chapter provides a review of mathematical models of MTs, as well
as analytical methods such as the RWA [164], the modulation instability phenomenon
(MI) [164], the direct ansatz method and the bilinear Hirota method (HBM). Finally,
the Runge-Kutta 4 method will be presented as a numerical approach to complete this
study of MTs.

2.2 Several models in MTs

Essential components of the cellular cytoskeleton, MTs play a central role in numer-
ous crucial biological processes, including cell division, intracellular transport, and cell
motility. Their dynamic and complex structure has captured researchers’ attention for
many decades, giving rise to a vast and flourishing field of study aimed at elucidating
their physical and biological properties. In this regard, several mathematical models
have been developed to describe and predict the behavior of MTs. These models encom-
pass a variety of approaches, levels of sophistication, and application domains, with
some focusing on molecular dynamics and tubulin polymerization, while others delve
into mechanical properties and the emergence of solitonic structures within these tubu-
lar polymers. In this section, we will briefly discuss some of the key mathematical mod-
els of MTs, highlighting their contribution to our current understanding of these vital

structures in cell biology.
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2.2.1 Sataric et al. model

The longitudinal model, introduced by Sataric et al. in 1993 [165], presents an in-
novative framework for understanding the nonlinear dynamics of MTs. In this model,
Sataric et al. postulate the existence of a single degree of freedom, denoted by U, gov-
erning the movement of dimers within the PF. This model highlights the nonlinear
dynamics of dimeric dipoles in a MT PF using the well-known double-well potential
model. This approach has proven extremely useful in the physics of bistable molecular
systems [166]. Its successes in other related areas, such as in describing dipolar excita-
tions in ferroelectrics, are widely recognized [167]. The essential argument in favor of
introducing the double-well model stems from the fact that the longitudinal projection
of the dimer displacement interacts with the rest of the lattice through a mean-field
force due to an anharmonic crystal potential. Here, U,, represents the projection of the
dimer apex onto the direction of the PF. The model assumes that the inter-dimer bonds
within the same PF are stronger than the bonds between neighboring PFs.

The kinetic energy associated with the longitudinal displacements of constituent

dimers is given by the expression:
m _.

Ec=7% U2, (2.1)
where m represents the dimer’s mass, and U, is the first derivative with respect to time
t of the longitudinal displacement. The potential energy of interaction between dimers
belonging to the same PF is:

K

Er=7 Un- U,)?. (2.2)

K denotes the intra-dimer stiffness parameter, and n signifies the position of the con-
sidered dimer within the PF. The overall effect of the surrounding dipoles on a chosen

site n can be qualitatively described by the double-well quartic potential [165]
1 1
VU =-3A U2+ 2B U, (2.3)

Thus, its representation is given by the Fig. (2.1). B > 0 is the model parameter that
is independent of temperature, while A is generally a linear function of temperature
that may change its sign at a temperature T, i.e., A = a(T - T.), with a > 0 below T,.
These values of A and B have been evaluated in [168]. Consequently, we assume that,
together with the polarized water surrounding it, an MT generates a nearly uniform
intrinsic electric field parallel to its axis. Therefore, the additional potential energy due
to this electric field and associated with each dipole is

Ve =-CU,, withC=qE. (2.4)
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Figure 2.1: Double-well potential located at the site defined by equation (2.3) [165].

q denotes the effective mobile charge of a single dimer, and E is the magnitude of the
intrinsic electric fields. The association of these different Eqgs. (2.1)-(2.4) resulted in the

following Hamiltonian:
m_o, K 1 1
H=Y EU,2L+5(Un+1—Un)2—§AU,%+ZBU,‘f—CUn : (2.5)
n

This model showed that kink-type excitations occur as a result of GTP hydrolysis, and
that an intrinsic electrical force can cause them to propagate along an MT [165, 169,
170].

2.2.2 U-Model

The longitudinal model of MTs, established in 1993 by Satari¢ and his colleagues
[165], describes dimer movements in terms of angular oscillations, with a longitudinal
coordinate U symbolizing the displacement of the dimer apex on the PF. Another simi-
lar model, named the Z model [171], also presupposes longitudinal dimer displacements.
The main divergence between the two lies in their modeling methodology, with the Z
model offering a broader perspective by including a variety of deformation and interac-
tion modes. Although these models generate equivalent differential equations, only the
analysis of the U model will be undertaken here.
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A refined and generalized version of the original nonlinear model [165] is what we
refer to as the U model [169], as elucidated in the following paragraphs. Both models
assume that dimers act as electric dipoles and that the entire MT can be considered
ferroelectric [165, 172]. This implies that the interaction between a single dimer and its
environment can be modeled by a potential W [165, 167]. These assumptions lead to the
development of the following Hamiltonian for the MT [165, 169, 173].

) K 1 1
Hu:Z %Ur%"_?u(Un+1_Un)2_§AUr21+ZBU:_QEUH : (26)
n

In Eq. (2.6), the dot denotes the first derivative with respect to time ¢, while the integer
index n specifies the position of the considered dimer in the PF. The first term clearly
corresponds to the kinetic energy of the dimer, having a mass m. Next, the second term
describes the interaction between neighboring dimers belonging to the same PF in the
nearest-neighbor approximation, with K, representing an intra-dimer stiffness param-
eter. The next two terms describe the potential energy W mentioned earlier, with the
parameters A and B requiring determination or estimation, assumed to be positive.
Finally, the last term takes into account that the dimer acts as an electric dipole
within the field generated by all other dimers. Here, @ > 0 represents the dipole excess
charge, and E > 0 corresponds to the internal electric field. The set of the last three
terms can be interpreted as forming an asymmetric W potential. By introducing gen-
eralized coordinates q, and p,, defined as q, = U, and P, = m%, and applying the

Hamilton-Jacobi formalism, the obtained discrete differential equation is as follows:
mU, =K, Uy1+Up_1-2U,)+AU,-BU3+QE —yU,. 2.7)

The last term represents a viscosity force, where y denotes the viscosity coefficient [165].
Thus, the nonlinear dynamics of MTs are described by Eq. (2.7). It is evident that the
nonlinearity arises from the fourth-degree term in the W potential.

The Sataric model and the U-Model are two different approaches to studying MT

dynamics, each with distinct assumptions and applications:

* The Sataric model focuses on the dynamics of MTs by using differential equations
to describe the processes of polymerization and depolymerization. This model ac-
counts for the interactions between tubulin dimers and the effects of MAPs. It is
primarily used to understand the fundamental mechanisms of MT dynamics under

specific biological conditions.

¢ The U-Model, on the other hand, is a more recent approach that incorporates non-

linear effects and complex interactions between MTs and their environment. This
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Figure 2.2: Illustrative scheme of the radial model. A segment of three PFs (PF1, PF2, and PF3, from left
to right) [15].

model is often employed to study the effects of solvents and other external factors
on MT dynamics. It provides insights into how MTs respond to varying conditions

and how these responses influence their stability and function.

2.2.3 Radial model

Figure (2.2) provides a simplified representation, particularly relevant to the model
examined in this study. The central dimer affiliated with PF2 is sensitive to electric
fields emitted by neighboring dimers. Notably, the field E{ emanates from dimers within
the same PF2, while E; represents the longitudinal component of the field from dimers
of adjacent PFs, namely PF1 and PF3. Detailed calculations of these fields are listed
in Ref. [171]. It is noteworthy that the positions of PF1 and PF3 in Fig. 2.2 require
adjustment upwards and downwards, respectively, to accurately reflect the real struc-
ture of the MT, including its intrinsic helicity. These adjustments induce an orthogonal
component E; to E’_{ However, although present, this component Eg_l; is disregarded
in the current model, deemed to have no effect on the degree of freedom in question.
The tubulin dimers within the PF's can undergo conformational changes that propagate
along individual PFs or small groups of PFs. The bending of PFs during MT disassem-
bly stems from these cooperative conformations [174]. Studies have demonstrated that
a maximal relative displacement of 32° between two neighboring dimers can be reached
before disturbing the PF. Additionally, the angular displacements of monomers within a
single dimer can reach 13° [175]. These observations prompted Zdravkovic et al. [15] to
KBTS oo <
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limit their modeling to the angular conformations of dimers in the radial directions of
the dipole electric field line, which is the sum of E{ and Eé Thus, they assume that the
entire dimer undergoes rotation, noting the associated angular displacement ¢. How-
ever, the exact reference around which this rotation occurs remains unknown at this
stage.

The dipole potential energy of a single dimer is formulated as follows:
U(p)=-p-E=—-qdE cos. (2.8)

In this formulation, ¢ denotes the excess charge of the monomer in the dipole. They
consider the conditions p > 0 and E > 0 to be met. Using the nearest-neighbor approxi-

mation, we obtain the expression of the Hamiltonian of a PF in a discrete version:

K 2
H= Z 5 (Pn+1=¢n)" —pPE cosgn |, (2.9)
which, after a series expansion of the cosine function, becomes
2 ©n  Pn
H= Z (@n+1—@n)" —pPE+pE (?” - 2—2) (2.10)

The dot indicates a first derivative with respect to time ¢, I denotes the moment of
inertia of the single dimer, and K represents the inter-dimer binding interaction within
the same PF, provided by the link between corresponding protruding loops [15]. The in-
teger n determines the position of the dimer in the PF. In Egs. (2.9) and (2.10), the first
term represents the kinetic energy of the dimer, while the second is a potential energy
of the chemical interaction between dimers belonging to the same PF. Conversely, the
chemical interaction between neighboring dimers belonging to different PF's is markedly
less significant, and the corresponding energy is safely neglected here [31, 176]. This
does not imply, however, that the influence of neighboring PF's is entirely disregarded,
as the field I*T'é precisely originates from these PFs, as previously explained. This point
is crucial as the magnitude of the electric moment || and the length of the MT result in
a fairly high value for I—'ﬂ Consequently, the field ]73;, directed opposite to E, effectively
reduces the value of the total intrinsic field E. By using the generalized coordinates

n = ¢, and the angular momentum p, = 1¢,, and assuming the validity of a continu-

ous approximation ¢,(¢) — ¢(x,t), the authors proceeded with a series expansion:

dp , 10%p
—p+ 2y 12 2.11
Pnx1— @l o (2.1D)
By cleverly introducing a viscosity moment M, = —I'¢p, where I' denotes the viscosity

coefficient, into the equation of motion, they arrived, according to the Hamilton-Jacobi
XEFg Ve =
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equations ¢ = 3P P= BT with P = m ¢, at the following equation:
®»
120 _g220 mp-PE 0% (2.12)
ot2 a2 PEPT e T e T '

It is widely recognized that an ordinary differential equation can be derived from Eq.

(2.12) by introducing a unified coordinate ¢ defined in the customary manner as:
P(x,t) = p(6) = p(kx — wi), (2.13)

where £ and w are constants, representing the wave number and frequency respectively.

Consequently, through the amalgamation of Eq. (2.13) with a suitable transformation
p=yV6, (2.14)

we readily convert Eq. (2.12) into the subsequent ODE
d*y  dy

oA —— —

a2 Plae

where the two dimensionless parameters a and p underscore the physics of the relevant

+1//_1'y3:0, (2.15)

model as delineated below
I*-KI®k? A

a= ’p pE

Y (2.16)

The parameter a symbolizes the degree of interplay between the rotational kinetic en-
ergy of the tubulin dimer and its potential energy arising from associated chemical
bonds, further moderated by the intensity of the intrinsic electric field E.The pliability
of chemical bonds and the notable surge in the dimer’s kinetic energy [177], induced
by the liberation of 0.25 eV of energy during GTP hydrolysis, necessitate that the pa-
rameter a be positive. This implies a dominance of kinetic energy, albeit the presence
of additional dipolar potential suffices to forestall the disintegration of the PF when
such excitation occurs distantly from MT ends. This observation underscores the pivotal
role played by dipolar potential energy in stabilizing PFs and the MT structure itself,
thereby sustaining polymerization. Subsequently, we presume p to be known, aiming to

ascertain the critical parameter a.

2.2.4 Model by Priya et al. (2019)

In conceptualizing this model, Priya et al. [178] investigated neuronal MT networks,
where protein pairs induce radial and longitudinal oscillations, thus creating a complex-

ity of six degrees of freedom. In their various models, they chose to restrict each protein
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pair to a single degree of freedom, based either on radial or longitudinal oscillations. To
describe this phenomenon, they employed the following Hamiltonian:

H=Y 20242 24 5 Ui =0+ 22 (i1~ 1)
" A B (2.17)
—EU,%+Z 3—pEcosxn .

The above Hamiltonian results from the merger of the U and ¢ models. In this anal-
ysis, the first two terms describe the kinetic energy associated with longitudinal and
radial displacements of the dimer with mass m. The "dot" denotes the first derivative
with respect to time ¢. The next two terms arise from the restoring constraint forces
between adjacent dimers in the PF. The inter-dimer stiffness parameters, K; and Ko,
are assimilated into these terms for the U and ¢ models, respectively. As for the fifth
and sixth terms, they depict the double-well potential of the U model. Finally, the last
term describes the potential energy accumulated by the dimer in the presence of an
intrinsic electric field E, aligned along the principal axis of a model in the neuronal
MT system. In this expression, the symbol p represents the excess charge inside the
dipole with E, p > 0. This demonstrates that the dimer acts as an electric dipole inter-
acting with other present dipoles. The equations of motion can be formulated using the

Hamilton-Jacobi formalism as follows:
Ky A B

Un:_(Un+1_2Un+Un—1)+_Un_—U,?;, (2.18a)
m m m
Ky PE (1}
An= — (Xn+1_27(n+7(n—1)+_ (_n_)(n) (2.18b)
m m \ 6
By applying the RWA, the obtained dynamical equation is:
. B
iU+~ tn+ Calunl®n + A [n 1 +tno1~2us] =0, (2.192)
.. B2 2 _
int 5 X+ C2lXnl" tn + Az [Xns1+ Xn-1-22] =0, (2.19b)

which is a discrete NLS equation describing the nonlinear dynamics of neuronal MTs,

where the coefficients are defined as follows:

K A 3B
Aj=—1_ B = +wi;, C1= ,
2w1m wim 2w1m
K E E
Ag=—2 Bzz—[p —wzl, Co= d
2wom wam dwom

2.2.5 General model

Before introducing the general model, we briefly outline the existing U and ¢ models

as seen in Sections (2.2.2) and (2.2.3), which describe the interactions among dimers
HKETg oo <
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along the MTs. Longitudinal interactions along the MTs are significantly stronger than
those between adjacent PFs, thus justifying the use of an individual PF Hamiltonian for
MT dynamics. However, the influence of neighboring PFs is accounted for through the
electric field. The U model exhibits a shortcoming with its final term in Eq. (2.6), where
a dot product —p E = —Q d E cos@ would be more appropriate for potential energy, as
in the ¢ model. The latter includes a potential W absent in the U model but introduces
a sign problem in the terms ¢2 and ¢+. To address this, while retaining the potential W
and the coordinate ¢, we consider revising the U model, thus offering a more natural
approach consistent with dimer radial oscillations. These considerations lead us to the

following Hamiltonian:

I K A B
H=Y §(pn+§(<pn+1—<pn)2—§<pi+z<p§—pE cosq)n], (2.20)

where A, B > 0, and ¢, has the same meaning as in the ¢, model. By using the same

process as in Section (2.2.3), we obtain

¢ 20%0

0t? 0t?

I (A—pE)(p+(B——E) @3 =0. (2.21)

2.3 Analytical and numerical methods

Methods for solving physical and mathematical problems can be classified into two
main categories: analytical methods and numerical methods. Analytical methods seek
exact solutions to equations using algebraic manipulations, integration, or differenti-
ation techniques. They are often preferred when the equations are sufficiently simple
or possess particular symmetries, allowing for explicit solutions. These methods pro-
vide highly accurate results but are limited to cases where the equation can be solved
exactly.

In contrast, numerical methods are used when the equations are too complex for an
analytical solution. They involve approximations and the use of algorithms to obtain
an approximate solution. These methods are particularly useful for dealing with non-
linear systems or large-scale problems, where manual calculations become impractical.
Computer simulations are often employed to implement these methods, enabling the

handling of complex data and models in a short time.

2.3.1 Rotating wave approximation

The RWA, derived from the semi-discrete approximation, is a method employed in

physics and applied mathematics to streamline the analysis of intricate dynamic sys-
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tems [164, 179, 180]. This method focuses on truly effective interactions that is, those
that transfer energy or information between systems. Rapidly oscillating terms are ne-
glected because their average effect is zero; they do not contribute to the observable
physical behavior of the system.

The merits of this method lie in its efficacy to simplify the analytical resolution of
equations while retaining crucial aspects of the studied phenomenon. It facilitates the
derivation of more accessible solutions, providing clearer insights into the system’s be-
havior under specific conditions.

To illustrate the method, let’s use network models as an example. One such model
is the Klein-Gordon chain equation, which was studied by Kivshar et al. [164]. This
equation is:

Up=K(Upn41-2U, +Up_1)— 02U, + BUS. (2.22)

In this context, K is emblematic of a consistent couple, wg characterizes the frequency of
subtle on-site vibrations within the potential landscape of the substrate, and 8 assumes
the role of the anharmonicity parameter governing the potential dynamics. Through
the application of a linear approximation to the chain, the introduction of the ansatz

U,(t)=cx expi(gn —wt) into Eq. (2.22) yields the linear dispersion relation:
w?= a)g +4K sinz(q/2). (2.23)

In this context, where w embodies the frequency and g represents the wave num-
ber, the grid spacing has been meticulously established at unity. As illuminated by Eq.

(2.23), the linear spectrum not only reveals a conspicuous forbidden band denoted as wq,

2

— )2
max = 0y + 4K, an outcome

but also finds itself circumscribed by the cutoff frequency w
stemming from the inherent discretization.
In the pursuit of uncovering the gradual modulation of a carrier wave nestled within

the linear frequency band, we substitute the trial solution into Eq. (2.22):
Uy, (8) = pp(R)e 190 4+ ¢, (1) e @01, (2.24)

In this scenario, where ¢(n) is presumed to undergo a gradual variation over time
with respect to the principal oscillation at the frequency wq, specifically, ¢, < wo @y,
we retain only the terms proportional to exp(+iwgi?), resulting in the derivation of a

discrete NLS-type equation for the intricate complex function ¢, (¢):

21 00 P + K (Ps1—2Pn + Pp1) +3 Blpnl’dn = 0. (2.25)

The assumption of the gradual variation in ¢, and the neglect of higher-order harmon-

ics in deriving Eq. (2.25) presuppose that the frequency of the forbidden band, denote
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as wg, markedly surpasses other frequencies within the system manifested through
wg > 4K and wg >> ﬁcpg, where ¢o represents the amplitude of the wave. The former
condition holds true in a weakly dispersive system, wherein w,,,, closely approximates
wo, while the latter signifies a state of diminished nonlinearity. These prerequisites are
conventional for deriving the NLS equation; however, within the lattice framework, the
condition a)g > 4K further suggests the strong impact of discretization effects, high-
lighting the importance of the discrete version of the NLS equation over its continuous

form.

2.3.2 Modulational instability phenomenon

Modulational instability is a phenomenon in which a periodic disturbance in a non-
linear dynamical system becomes unstable and evolves into more complex spatial or
temporal structures. This instability occurs when nonlinear effects are strong enough
to selectively amplify certain components of the periodic disturbance, leading to spa-
tial or temporal modulation of the disturbance’s amplitude or phase. Its presence is
evident in various domains of physics, including plasma physics [181], nonlinear optics
[182], nonlinear electrical transmission lines [183], and biological systems [184—188].
This instability serves as a vector through which localized patterns, such as solitons,
are formed, which have been widely studied recently. Its activation leads to self-induced
modulation, observable in both continuous and discrete contexts. For instance, in optical
fibers, it induces the breakup of a continuous wave into ultrashort pulses, experimen-
tally demonstrated [181, 189]. This modulation plays a crucial role in fluid dynamics
[190, 191] and might even be involved in the formation of nonlinear excitations in dis-
crete systems like hydrogen-bonded crystals or DNA molecules [192]. Understanding
this phenomenon often requires an appropriate microscopic approach, such as the NLS

equation, especially in coupled systems, to describe wave evolution.

2.3.2.1 Methodology of modulational instability phenomenon

To apply this method, we revisit Eq. (2.25) mentioned in reference [164], where n
denotes different sites and ¢ represents time in the moving frame, while U,, represents
the wave envelope. This approach starts with the assumption that Eq. (2.25) admits a

plane wave solution that can be expressed as follows:

¢n(t) = o eien,where 0,=qn—Awt. (2.26)
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Here, q, ¢o, and Aw represent the wave number, the actual amplitude of the considered
wave, and the angular frequency, respectively. By substituting Eq. (2.26) into Eq. (2.25),

we deduce a nonlinear dispersion relation in terms of ¢ and Aw:
200 Aw = 4K sin*(g/2) -3 B¢ (2.27)

The linear stability analysis of solutions (2.26) and (2.27) can be undertaken by seeking

a solution of the form:

Fpo(t) = (g + by e OnFivn®
=(po+by)A+iy,)el®
=(Po+idoWn+bp)e?n®, 298

where |y, (¢)| < 10,(2)|. Here, b, = b,(t) and v, = v, (¢) represent small perturbations in
amplitude and phase, assumed to be negligible compared to the carrier wave parame-
ters. Substituting Eq. (2.28) into Eq. (2.25), we obtain two linear equations describing

the evolution of these two types of perturbations:

200by +K [(bpr1—bn-1)sing +@o (Wn+1+Wn-1—2w,) cosq| =0 (2.29a)
_20)0 (,DO Wn +K [(bn+1 + bn—l _an) Cosq — (PO (Wn+1 _'Wn—l) SiHQ]
+6Bp2b, =0. (2.29b)

The solutions of Eqgs. (2.29) are assumed to take the following form:

b1 b1
v Y1

exp(i(@n+Qt))
exp(-i(@n+Q*t) |

[ b, (2) (2.30)

Yn(?)

where b1 and v, are real constants, and @ and Q represent the wave number and fre-
quency of the perturbation, respectively. The asterisk (*) denotes the complex conjugate
of a variable. By substituting Eq. (2.30) into Eq. (2.29) and linearizing around the per-

turbed plane waves, this leads to the dispersion relation:

(wo Q2 — K sin@ sin q)2 =K sinQ(Q/Z) cosq
x [4 K sin*(Q/2) cos q — 6 B3] (2.31)

Equation (2.31) determines the stability condition of a plane wave with wave number q
in the lattice. An instability region appears only if § cos g > 0. For a given q, for instance,

q < /2, a plane wave will be unstable to any modulation provided that:

¢ ¥ > ¢3,cr =2K/3p, (2.32)
KE3gan <
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Figure 2.3: Variation of @ as a function of Q2= (wo Q—K sinQ sinq)?, for modulation waves, for ¢ =0 and
B >0, when the wave amplitude exceeds the critical value ¢o cr: (@) 4% < 4% o and (b) 4% > (pg o [164].

where ¢ ., represents the critical amplitude of the wave. Equation (2.32) directly fol-
lows from the fact that, in a lattice, the wave number is bounded by 7. Fig. 2.3(a, b)
illustrate the modulation instability regions in the case where f > 0. One of the main
effects of MI is the creation of localized pulses. This is consistent with the results pre-
sented above, indicating that, for f > 0, the region of small ¢ is unstable. Thus, non-
linearity can induce the formation of localized modes in the gap of the linear spectrum
(w?< w%). Such a localized mode can be obtained from discrete NLS Eq. (2.25) following
the method of references [193-195].

2.3.3 Direct ansatz method

The variational method is a technique used primarily in theoretical physics and
mathematics to find approximate solutions to complex equations, particularly when it is
difficult to obtain exact solutions. It is based on the idea that certain physical quantities,
such as the energy of a system, can be expressed in the form of functionals depending
on unknown functions. These functions can be approximated by an ansatz (initial propo-

sition) and optimized by minimizing this functional.

2.3.4 Principle of the direct ansatz method

The key idea is to formulate the problem in terms of a functional F[y], a function of

functions, which represents an important physical quantity, such as energy, that we
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wish to minimize. We seek a function y that minimizes this functional. The method

generally proceeds in several steps:

1. Definition of the ansatz: An approximate solution is proposed in the form of a func-
tion y(x,a), called the ansatz, which depends on one or more free parameters a.
The ansatz is chosen based on the nature of the problem, often taking into account

the symmetry or expected structure of the solution.

2. Substitution of the ansatz into the functional: The ansatz is then inserted into the
functional F[y] to obtain an expression that depends on the free parameters a. For

example, if the functional is the energy, we express this energy as a function of a.

3. Minimization of the functional: We minimize the functional with respect to the
F
parameters a. This amounts to solving the equation % = 0, which gives the

optimal values of the parameters «.

4. Obtaining the approximate solution: After finding the optimal parameters, they
are reintroduced into the ansatz to obtain an approximate solution to the original

equation.

2.3.4.1 Advantages of the direct ansatz method

¢ Applicability to complex systems: It allows dealing with problems where exact an-
alytical solutions are impossible to obtain. Even for strongly nonlinear systems or
quantum many-body systems, the variational method provides very useful approx-

imate results.

¢ Flexibility of the ansatz: The ansatz can be adjusted according to prior knowledge
of the system, such as symmetries or boundary behaviors. This allows capturing

essential aspects of the system, even if the exact solution is unattainable.

* Physically significant results: By minimizing physical quantities such as energy,
the method ensures that the solutions obtained have physical meaning, as they

respect fundamental principles of dynamics or conservation.

2.3.4.2 Disadvantages of the direct ansatz method

* Dependence on the choice of ansatz: The accuracy of the solution heavily depends
on the choice of ansatz. A poor ansatz can give results that are far from the exact
solution. Thus, this method requires some physical or mathematical intuition to

choose an appropriate ansatz.
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¢ Approximations: The variational method provides approximate, not exact, solu-
tions. These approximations may be insufficient in cases where high precision is

required.

¢ Complexity of minimization: In some cases, minimizing the functional with respect
to the parameters can become mathematically complicated, especially if the ansatz
contains many parameters. There may also be multiple local minima that compli-

cate the search for the global minimum.

The direct ansatz method is a powerful and flexible approach, ideal for obtaining
approximate solutions in complex problems where analytical methods fail. It is partic-
ularly useful in theoretical physics, for example in quantum mechanics, in the study of
many-body systems or nonlinear systems. However, it strongly relies on the judicious
choice of the ansatz and requires optimization skills to efficiently minimize the function-

als.

2.3.5 Hirota bilinear method (HBM)

The bilinear method by Hirota provides a compelling framework for determining lo-
calized structures propagating in nonlinear systems. Its principle relies on simplifying
nonlinear systems using an appropriate transformation, favoring an algebraic rather
than an analytical approach. This characteristic makes it a valuable tool in solving non-
linear equations, offering exact solutions with notable efficiency. It stands out with its
innovative approach, using a specially tailored formulation to obtain exact solutions.
Its ease of use and ability to generate new progressive wave solutions make it a unique
method, combining precision, efficiency, and ease of application to solve complex prob-
lems in science and engineering.

The HBM offers an effective approach to identifying localized structures propagating
in nonlinear systems. Its principles are based on the idea that any nonlinear system can
be simplified through an appropriate transformation. Consider the model below to be
sotved: oU oU #°U 0*U U ’U U

G\U,—,—, , , , , ,--|=0. (2.33)
0t 0x’ 0x0t’ dt2’ 0x?’ 0t20x’ dtdx>
The bilinearization of Eq. (2.33) requires representing U(x,t) in a specific form, de-

termined by the nature of the equation. For example, if Eq. (2.33) is the nonlinear

Schrodinger equation, then U(x,t)) is defined as

_ H(x,?)
U(x,t)= FU: (e 0)° (2.34)
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0°F
If Eq. (2.33) belongs to the KdV class, then Ul(x,t) = PR In all cases, H(x,t) is a

X
complex function, while F'(x,¢) and §; are real. For more details, the reader can refer to
[196—203]. Once the correct form of U(x,¢) is determined and inserted into Eq. (2.33),

the bilinear operators can be applied:

0 o \"

D7 F(x) -H(x)= (— - a—) F(x1)G(x2)|x;=xp=x,m €N, (2.35)
’ 0x1 0x29

can be applied. Then, Eq. (2.33) is factorized into a polynomial form, as follows:

PWD:,Dy,D,-D¢,D,y,---)F-F=0. (2.36)

Eq. (2.36) represents the generic class of bilinear equations derived from Eq. (2.33). The
solutions to Eq. (2.36) are obtained by expanding the function F(x,¢) as follows:

F(x,t) = fo+efi(x,t) + €2 folx,t) + €3 f3(x,t) + € falx, ) + -+, where fo = constant. (2.37)

The first-order solution of Eq. (2.36) is obtained by truncating the expansion of Eq. (2.37)
at the first order. Thus, Eq. (2.36) becomes:

P(Dy,D4,D-Dy,Dy..) [fo- fo+e(fo- fi+f1-fo)+€*(f1-f1)] =0 (2.38)

Eq. (2.38) is solved recursively at each order of €. The first and second orders of € yield:

0 8 0% o° (2.992)
c:PlZ Z - ... .39a
6,5 ’ ax ’ axat ’ 0x2 ’
¢2:P(Dy,D4,Dy-D4,Dyy---)f1---f1=0. (2.39b)
Eq. (2.39) is linear, so its solutions can be expressed as follows:
f1(x,t) =exp(px+qt+po). (2.40)

The constants p, q, and po are determined by inserting the solution of Eq. (2.40)
into Eq. (2.39b), which allows for the construction of analytical solutions to Eq. (2.33).

Consider the following equation, to which we will apply Hirota’s method.

I—+— +lyl"y =0, (2.41)
X

where 1 = y(x,?) is a complex function representing the wave, and x, ¢ are the posi-

tion and time variables, respectively.
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2. Hirota’s Bilinear Transformation:
The first step in the bilinear method is to transform the complex wave function y(x,?)
into new functions through Hirota’s bilinear transformation. We express y(x,t) in the

form:

g(x,t)
f(x,t)

where g(x,t) and f(x,t) are functions to be determined.

w(x,t) = (2.42)

1. Substitution into the Nonlinear Schrodinger Equation:

Substitute w(x,t) into the original equation:

0 g) 9 (g) (|g|2)g

— 2|+ |=|+|==]|==0 2.43

55 aalF) (77 (249
We use the product and quotient rules of differentiation to expand this equation.

2. Bilinear Equations:
The objective is to convert this equation into bilinear forms (i.e., in terms of prod-

ucts of differential operators acting on the functions g(x,¢) and f(x,?)).

We introduce Hirota’s differential operators. The bilinear operator D for two func-

tions a(x,t) and b(x,t) is defined as:

o a\*'(a a\"
D!D}a-b)=|———| [=—=— b, ¢ 2.44
Dila-0) (ax ax') (at at/) o060 L, (2.44)
The nonlinear Schrodinger equation is rewritten in bilinear form after this trans-

formation. The two main bilinear equations will take the form:

(D;+D%g-f=0 (2.45)
D2f-f=2g-g" (2.46)

where g* represents the complex conjugate of g. These bilinear equations must be

solved to determine the functions g(x,¢) and f(x,?).

3. One-Soliton Solution (Basic Form):
We seek a one-soliton solution. Let us try the following solution for g(x,t) and

f(x,t):

g(x,t) = e"®D (2.47)
MBS noe =
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Flx,t)=1+5®D (2.48)

where 1(x,t) and {(x,¢) are linear functions to be determined in terms of x and ¢.

For a one-soliton solution, we assume:

n(x,t) =kx —wt+1ng (2.49)
((x,t) = 2(kx — wt) (2.50)

with £ and w being the wave number and frequency, respectively, and 79 a constant.

4. Substitution into the Bilinear Equations Substitute these expressions into the
bilinear equations and find the values of £ and w by solving the resulting equa-
tions. After substitution and simplification, we find a relationship between k£ and

w, which describes the speed and shape of the soliton.

5. Final Solution: By reinserting the solutions g(x,¢) and f(x,?) into the expression
for y(x,t), the one-soliton solution for the nonlinear Schrodinger equation takes

the following form:

kx—wt

This solution represents a soliton wave, stable and localized, which propagates

without changing shape.

Hirota’s bilinear method, after transforming the nonlinear Schriédinger equation,
allows us to obtain exact solutions like the soliton. The details of the calculations

involve deriving the bilinear equations and solving them with specific waveforms.

2.3.6 Fourth order Runge-Kutta method

Over the past six decades, scientific computation has emerged as the most versatile
tool to complement theoretical frameworks and empirical studies. Numerical calcula-
tions have seamlessly integrated experimentation and theory, fundamentally transform-
ing the nature of scientific inquiry. In this thesis, we have employed the fourth-order
Runge-Kutta (RK4) method, a powerful numerical technique deeply rooted in Taylor
expansion formulas. The RK methods, renowned for their efficacy in solving ordinary
differential equations (ODEs), offer unparalleled precision and robustness. Specifically,
the Runge-Kutta 4 method, our method of choice, boasts several undeniable advantages.

It not only ensures superior accuracy compared to lower-order methods but also stands
HKETg oo <
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out for its simplicity in implementation and understanding, making it widely embraced
across various domains. Moreover, its robustness and stability shine through even in
the face of complex problems with challenging initial conditions or highly nonlinear
systems. Notably, it excels in handling stiff problems, delivering reliable performance
even in scenarios with rapidly varying derivatives. Additionally, its versatility extends
to a wide range of problem types, from ordinary to partial differential equations. The
widespread availability of the Runge-Kutta 4 method in numerous software and nu-
merical computing libraries further facilitates its seamless integration into research or
engineering projects.

However, it is crucial to acknowledge the limitations inherent in the Runge-Kutta
4 method. Its increased complexity relative to lower-order methods may pose imple-
mentation challenges, requiring meticulous attention to detail. Furthermore, the com-
putational overhead incurred by computing multiple derivatives at each step can sig-
nificantly impact computation time, particularly for systems with numerous variables.
This method may also exhibit reduced stability compared to alternative approaches, es-
pecially when confronted with stiff problems or challenging initial conditions. Sensitiv-
ity to rounding and approximation errors can further compound over extended periods,
potentially leading to significant error accumulation. Moreover, the use of the Runge-
Kutta 4 method may introduce spurious oscillations, particularly evident in highly non-
linear systems, and may not ensure the preservation of crucial physical quantities such
as energy, introducing complexities in certain physical contexts. Nonetheless, despite
these considerations, the RK4 method remains indispensable, providing a crucial in-
termediary step in the computation of y;,;. To elucidate further, let us delve into the

following definitions:

dy tiv1
i f&,y), yie1=yi+ f(t,y)dt. (2.52)
t
To elucidate the philosophy behind RK methods, let’s consider the second-order RK
method. The initial approximation involves Taylor expanding f(¢,y) around the mid-
point of the integration interval ¢; to ¢;,1, thatis, at ¢, 1, yielding:
li+1
ft,y)dt=hf (ti+;;yi+;)- (2.53)
t; 2 2

Consequently, we have:

Yi+1 =yi+hf(ti+%;yi+% +0(h3)). (2.54)
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However, the value of y;1/2 is unknown. Therefore, the next approximation involves

using Euler’s method to approximate y;,1/2, resulting in:

hdy h
Yirl =it 2 dr y(E) + Ef(ti,yi)- (2.55)

The key distinction from previous one-step methods is the need for an intermediary
step in our evaluation, specifically ¢; +% =t;, 1 where we assess the derivatives . While
this entails more operations, the payoff is enhanced stability in the solution. The RK4
method, which we will employ in solving various differential equations below, follows

the algorithm:

ki=hf(t,y),

h
kzzhf(ti+§,yi+ﬁ),

2
< (2.56)
h k
ky :hf(ti+§,yi+§),

ka=hf(t;+h,y; +k3),

with the final value:

1
yi+1:yi+g(k1+2k2+2k3+k4). (2.57)

Thus, the algorithm involves first computing k21 with ¢;, y;, and f as inputs. Subse-
quently, we increment the step size by 4/2 and calculate k9, followed by k3, and finally

k4. With this method, we can obtain the new value of the variable y.

2.4 Conclusion

This chapter has offered a detailed exploration of mathematical models and ana-
Iytical methods. We have reviewed several specific mathematical models used in MTs,
including the Sataric et al. model, the U-model, the radial model, the Priya et al. model,
and the general model. Concerning analytical methods, we have explored approaches
such as RWA, modulational instability phenomenon, direct ansatz method, and the
HBM, all essential for developing new soliton profiles. Finally, we introduced the numer-
ical method of Runge-Kutta 4 as an additional tool to validate analytical predictions. In

the next chapter, titled Results and Discussions, we will analyze the outcomes derived
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from the methods discussed here and engage in in-depth discussions regarding their

implications and applications.
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3.1 Introduction

his chapter builds upon our findings. While there is a wealth of research on
MTs using the methods described in Chapter 2, our thesis specifically focuses
on the impact of cytosol viscosity on soliton generation and localized structure
formation through modulational instability processes. We also investigate the creation
of new solutions capable of shedding light on the dynamics of MTs, whether in the

presence or absence of cytosol viscosity.

3.2 Energy Localization in MTs with Radial Dislocation

In this section, we delve into the dynamics of MT's considering the influence of cytosol
viscosity, using a model of discrete radial dislocations. Subsequently, we examine how
this viscosity affects the modulational instability processes of MTs. Additionally, we
develop new solution profiles to elucidate biological mechanisms involving stationary
MTs.

The section is structured as follows: first, we introduce the model and derive the dis-
crete nonlinear differential equation. Next, we analyze the influence of cytosol viscosity
on the modulation instability processes of MTs. Utilizing the direct ansatz method, we
search for new solution profiles and study their characteristics. We show that cytosol
viscosity has no impact on the characteristics of the stationary solitonic waves obtained.

Numerical simulations confirm the analytical results with a notable degree of accuracy.

3.2.1 The model

The theoretical methodology applied in this research is based on the model developed
by Zdravkovié [15], as detailed in Section 2.2.3 of the previous chapter. In our study,
the variable ¢ has been designated as y,. The Hamiltonian governing the evolutionary

dynamics of a dimer within an MT-PF is expressed as follows:

I K 9 2 )]
H=Y |=%.2+= (Yn+1—1n) +pE [22 - 22 _1]]. 3.1
;2)( 2(7(”%) p(2 24 (3.1)

In Eq. (3.1), the symbol y, represents the angular displacement of a dimer located at
position n relative to its equilibrium position. The notation y, indicates a derivative
with respect to time ¢. The moment of inertia is given by I = 1—1sz2 where the dimer’s
mass is m = 1.8x10722 kg [204], and its length is L = 8 nm [15]. The intra-dimer stiffness

parameter is denoted as K = 0.1 eV [24], while the electric dipole moment is represented
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by p = 337 Debye = 1.13 x 10727 Cm [205], with pE = 0.25 eV where E (E = 4 x 107
V/m) denotes the intrinsic electric force. The orders of magnitude are specified in Refs.
[206, 207] with p,E > 0.

The terms on the right-hand side of Eq. (3.1) have the following meanings:

* the first term represents kinetic energy,

* the second describes the chemical potential energy between two neighboring

dimers belonging to the same PF,
* the last term corresponds to the dipole-dipole potential energy of the dimer y,.

Thus, the Hamiltonian (3.1) describes a conservative system. The effect of cytosol viscos-
ity, which acts as a damping term, can be accounted for in the dynamics by introducing
the viscosity torque M, = —I"y,, where I represents the viscosity coefficient [15]. Us-
ing the Hamilton-Jacobi formalism, the motion equation of the dimer can be derived as
follows:

An+E€xXn =0 (Yni1—2Xn+Xn-1) + W5 @xy = Xn), (3.2)

; K 2_pE _T _1
with a = T Wg =7 ,€=7,and a = ;. Here,

* «a quantifies the potential energy of chemical bonds during their rotation.

* wg represents the lowest cutoff frequency at which pE plays a crucial role in stabi-
lizing PFs and the MT itself, imparting a crucial stabilizing effect to polymerization
[15].

The understanding of MT dynamics in our study relies on analytical solutions of Eq.
(3.2). To further explore this, we seek to solve Eq. (3.2). Our approach begins by assum-
ing that y, represents a slowly modulated wave emerging from the initial nonlinear
problem formulated in Eq. (3.1). This wave oscillates within the linear domain, allow-

ing us to express it as follows:

xn() = Fp(t)e “et £ F*(t)e' Vel (3.3)

The functions F,,(t) and F,(¢)* are considered as complex conjugates, whose temporal
evolution is relatively slow compared to the main oscillation at frequency w,, as ex-
pressed by ¥, < wg xn [164]. By substituting Eq. (3.3) into (3.2) and applying the RWA
presented in Section 2.3.1, we derive the discrete cubic CGL equation governing the
behavior of F,,(¢):

(6-2iwg)Fp—a[Fpy1—2F, +Fp_1]1-3aw’ |Fol*Fp—icwgFy =0, (3.4)
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which will be analyzed in the context of the MI phenomenon.

3.2.2 Modulational instability processes

The study of MT dynamics in Zdravkovié’s radial model [15] is conducted using linear
stability analysis. In this section, we focus on the MI phenomenon on the CGL Eq. (3.4),
as we hypothesize its connection to Eq. (3.2). From this perspective, we first seek wave
solutions to Eq. (3.4) of the form:

F,(t) = ¢po expli(gn —wot)], (3.5)

were q, wo, and ¢o denote an angle, angular frequency, and wave amplitude, respectively,
with wg = —wg. Substituting Eq. (3.5) into Eq. (3.4), we obtain the following nonlinear

dispersion relation:
. . 2(94 2 2 _ . —
~wo(2wg +ie)+4asin (5)—3awgl(p0| —iwge=0. (3.6)

Eq. (3.6) holds if and only if ¢2 > 4.
To assess the linear stability of the initial plane wave, we introduce small perturba-

tions in both its amplitude and phase, assuming a solution of the form:

Fo(t) = (o + by) e  OnD+iyn®)
= (o +bp) (L +iy,)e o
~(@o+igoyn +bn)e' ™, 3.7)

where 0,(t) = gn —wot. Assuming that |b,(¢)| < |¢pol, and |y, (1) < 16,(¢)] [164, 180],
we substitute this expression into Eq. (3.4) and separate the real and imaginary parts,
yielding:

bpn=N1bp +No(bpi1—2b,+bp-1)
+N3(Wnt1=2%n +Yn-1)+Na(bps1—bp-1)
+N5(Wn+1—Wn-1), (3.8a)
Yn=P1b,+Pa(byi1-2by,+bp-1)
+P3(Wn+1—2Wn+Yn-1)+Ps(bp+1—bn-1)
+P5(Wnt1—Yn-1). (3.8b)
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The coefficients N; and P; (with i =1,---,8) are expressed as follows:
_6aw§5¢’(2) _aecos(q)
1- D ’ 2= D ’
No e 2¢powg a cos(q) _ 2awg sin(q)
3= D ’ 4= D ’
ae sin(q) 12a0?
N5 = —, 1 = b
D D
2wg a cos(q) a e cos(q)
2 = b = b
D ¢5 D ¢5
a e sin(q) 2awg sin(q)
== L pgp=_— %" 7 3.9
4 D 5 Dg? (3.9)
The solutions considered for Eq. (3.8) are assumed to take in the following form:
bn(t) _ b1 b exp(i'(Qn+Qt)) ’ (3.10)
Ya(t) Y1 Y1 exp(—i(@n+Q*t))

were b1 and v are real constants, while @ and (2 denote the wave number and the fre-
quency of the perturbation, respectively. The asterisk (*) denotes the complex conjugate.

Substituting Eq. (3.10) into Eq. (3.8) and linearizing around the perturbed plane waves

-

a11 =2i Ny sin(Q) — 4N, sin(Q/2) + Ny,
a12 = —4 N3 sin?(Q/2) + 2i N sin(Q),
a91 =2i Py sin(Q) — 4Py sin®(Q/2) + Py,
@99 = —4P3 sin?(Q/2) + 2i P5 sin(Q).

lead to the following linear system:

0
0

1Q+aiq aig (3.11)

a2l iQ+a22

The coefficients are given by:

For a non-trivial solution to exist, the determinant of the system (3.11) must vanish.
This condition results in the formulation of a second-order polynomial dispersion rela-
tion:

0?+A1Q+A)=0. (3.12)
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The coefficients A1 and A are given by:

A1 =4iN; (sin(Q/2))* +4i(sin(Q/2))*> Ps — i N;
+2Ny4 sin(Q) +2P5 sin(Q),
A =8iNs sin(Q)(sin(Q/2))?> P5 — 16 No (sin(1/2Q))* P
—8iN3 sin(Q)(sin(Q/2))%2 P4 + 16 N3 (sin(Q/2))* P2
+8i Ny sin(Q)(sin(Q/2))? Ps — 81 N sin(Q) (sin(Q/2))% Py
—2iNj sin(Q)P5 + 4 Ny (sin(Q/2))? Ps — 4 N (sin(Q/2))? P,
+4 Ny (sin(Q))?Ps +2i N5 sin(Q) P1 — 4 N5 (sin(Q))* Py. (3.13)

Modulation instability arises when Q is a complex number (2 = Q, +1,Q;), with a
non-zero imaginary part. The system is considered unstable when Q; < 0, and the in-
stability growth rate is defined as G = Max(—(2;) (i = 1,2). The modulation instability
growth rate is plotted as a function of unstable wave numbers @ and the parameter
€ (Fig. 3.1). In this representation, the width of the unstable mode regions increases
along the axis of unstable wave numbers for low values of ¢ (¢ being of the order of wg
[206]). However, as ¢ increases, the amplitude of the instability growth rate gradually
decreases until it eventually reaches zero. This suggests that while cytosol viscosity
expands the range of unstable mode parameters for @, at sufficiently high values, it
suppresses instability. This finding aligns with the results of Molines et al. [27], who
demonstrated that cytoplasmic viscosity plays a key role in regulating MT polymeriza-
tion and depolymerization rates. Their study indicates that higher viscosity slows MT
dynamics by increasing resistance to filament growth and shrinkage, which may explain
the suppression of instability observed at large €. These insights highlight the intricate
interplay between mechanical constraints and biochemical regulation in shaping MT

behavior within the cytoplasmic environment.

3.2.3 Analytical solutions

MI processes allow identifying parameter zones where solitary waves are likely to
occur. However, certain essential characteristics of solitary waves, such as their shape,
amplitude, and phase, when propagating through continuous media are not predicted
by this analysis. To address this gap and obtain useful information about other types of
waves that may propagate in these media, it is necessary to rely on analytical solutions.
These solutions also allow for the validation of numerical results from models. Several
powerful methods have been developed to solve nonlinear partial differential equations
KBTS oo <
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Figure 3.1: MI growth rate versus unstable wavenumber @ and the € parameter when q = 1.18. The presence
of the cytosol viscosity stabilizes the system as it induces a decrease of the magnitude of the MI growth rate.
However, by widening the unstable wavenumber region, the cytosol viscosity drives the system to instability.
Parameters are: K =0.1 eV, pE =0.25 eV and ¢¢ = V5.

N

H o

U,

similar to Eq. (3.2). Among these methods are the inverse scattering transform method
[209], the tanh method [210], the exponential expansion method [211], the HBM [196,
199], the F-expansion method [212, 213], the (G'/G) expansion method [214], and the
BDK method [215, 216]. In this study, we employ a direct approach to construct solitary

wave solutions of Eq. (3.4). To achieve this, we reformulate solution (3.3) as follows:

hyn(®)=hF,()e st t RF*(t)e' V¢!, (3.14)

with 0 < y,(¢) < %, where A is a constant whose value will be determined later to satisfy
experimental conditions [175]. We make the initial assumption that the function F,,(¢)
and F,(t)* vary slightly over time around the cutoff frequency. * represents the complex
conjugate. This implies that F,(¢) and F,(¢)* can be considered as continuous functions
of space x = nl (where I = 80A is the spacing between tubulin dimers [24]) and time
t. These considerations suggest that the discrete functions present in Eq. (3.4) should
be replaced by their continuous counterparts using appropriate Taylor series expan-
sions. Then, the continuous form of the function F,,(¢) is denoted as ¢(x,?). After some

algebraic manipulations, the continuous version of the discrete cubic CGL Eq. (3.4) is
KBTS oo <
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obtained as follows:
i@+ Ppre+QloplPp—iyp=0. (3.15)

The expressions for P, @, and y are as follows:

P 2al%w, _ 6aow}
- ’ r - >
P : 4w§+£2 Q- 4w§+622
p. - al?e Q awge
' 402 +€2’ o 402 +€2’
202 ¢
g
Yr=-rTs
y=+ dwgte (3.16)
wg €2 , 9
Yi:—4w2+£2’ with ag =a/h”.
g

By applying the direct method explained in Section 2.3.3, we assume that the solution
to Eq. (3.15) is:
o(x,t) = [Asech(Bx)+iB tanh(Bx)] e@¥"?. (3.17)

Subsequently inserting Eq. (3.17) into Eq. (3.15) and separating the real and imaginary
parts, we obtain an overdetermined system of equations, the solutions of which are

found using the symbolic computation software MAPLE 13 (see Appendix A):

V2w
A=+2hV2,B=0,v=+,/0,, 8= £ 3.18
v wg, Val ( )
From these results, we rewrite the solution (3.17) as:
1
t)=|+2h V2 ———— (2 1) 3.19
@(x,t) V2 cosh(p) expi(v°t) (3.19)

To retrieve the solution of the original discrete problem (3.2), we insert this solution
into Eq. (3.3) with x = n! to revert back to the discrete scenario. This corresponds to the

solutions of Eq. (3.2) written as:
An(t)=+2Asech(Bnl). (3.20)

The obtained solution satisfies the experimental condition stated in Eq. (3.14) pro-

vided that A < 5 471/7. It is crucial to highlight that the solutions presented in Eq. (3.20)

differ significantly from previously developed breathers solutions [15, 206, 208]. Station-

ary solutions, widely studied across various domains of physics [217-219], are particu-
larly relevant in this context. Indeed, such solutions may offer valuable insights into
biological processes in which MTs maintain long-term stability, such as cytoplasmic

transport mediated by MAPs. This stability is essential for cellular organization since
KBTS oo <
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MAPs regulate both the spatial and temporal distribution of cargo transport along MTs,
ensuring efficient intracellular trafficking.

Furthermore, the width of the solution in Eq. (3.20), given by (B81)~! = % 1% , is
directly influenced by the ratio between the rigidity and the electric energy of the dimer.
An increase in the electric energy of the dimer leads to a decrease in the width of the soli-
tary wave. This observation suggests that the electrical and chemical potential energies
of neighboring dimers within the same PF's, along with their inertia, play a fundamental
role in determining the spatial properties of solitary waves. Consequently, our solutions
could serve as a theoretical framework for distinguishing MTs with varying masses and,
by extension, different biophysical characteristics.

Moreover, the presence of two possible values for the parameter A leads to two dis-
tinct solution profiles: a bright solitary wave for A > 0 (see Fig. 3.2) and an anti-dark
solitary wave for A < 0 (see Fig. 3.5). This variability offers a promising avenue for
understanding and modeling MT behavior under different conditions. Bright solutions
may correspond to localized energy transfer along MTs, potentially linked to intracellu-
lar signaling mechanisms, while anti-dark solutions might be associated with structural
deformations occuring under mechanical or electrostatic stress. These finding further
highlight the complex interplay between MT mechanical properties, electrical energy
distribution, and biological function, shedding new light or their role in dynamic cellu-

lar processes.

3.2.4 Numerical analysis and discussions

It is commonly accepted that analytical solutions, whether exact or approximate,
such as those expressed by Eq. (3.20) for nonlinear partial differential equations, may
exhibit instability when applied to real physical experiments. Indeed, unstable solutions
that do not manifest in these experiments are not considered tangible physical phenom-
ena. To assess the stability of these analytical solutions in the context of a time-evolving
partial differential equation, a common method involves first integrating them into the
underlying equation, followed by numerically solving it. The stability of the numerical
solution is confirmed if it evolves without disintegration over a sufficiently long period,
matching the observation time of the phenomenon in the experiment.

In this context, we employ the fourth-order Runge-Kutta computational scheme, as
outlined in Section 2.3.6, in conjunction with periodic boundary conditions [220]. A time
step of At = 10710 s is chosen, and the spatial grid is set to range from -10 to 10 units,
consistent with this numerical approach. The subsequent analysis will focus on evalu-
KBTS oo <
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ating the numerical stability of the two types of solutions discussed earlier.

3.2.4.1 Bright solitary wave

We identify a stationary bright solitary wave with a positive amplitude from the solu-
tion to Eq. (3.2), defined by y,(¢) = W\/ﬁinl)' Integrating this solution at the initial time
t = 0 enables numerical analysis. The results, comparing the spatiotemporal evolution
of the analytical (Fig. 3.3) and numerical (Fig. 3.4) solutions, show excellent agreement,
with the solution remaining stable for ten times longer than those observed in previous
studies [24, 206], indicating increased stability.

Stationary solutions, such as the one shown in Fig. (3.2), suggest the conservation
of energy, enabling MTs to maintain a stable spatial configuration. This could facilitate
the role of MAPs in intracellular transport, analogous to a railway track where MAPs
transport essential cargo, providing insight into the biological function of MTs. Under-
standing the stationary states of MTs can shed light on biological phenomena, such as
the presence of GTP or the conformation of the cap at the MT ends, both of which con-
tribute to their stability and prevent catastrophic events. This ability to regulate MT
stability is not only essential for cellular function but also presents therapeutic opportu-
nities. One example is Epothilone D, a tubulin stabilizer that enhances MT stability and
influences cellular dynamics. According to Kolman (2004) [221], it has proven effective
in treating diseases associated with mitotic instability. Additionally, Wang et al. (2005)
[222] demonstrated that Epothilone D helps overcome tumor cell resistance to other MT-
targeting drugs, such as taxol, by stabilizing MTs and inducing irreversible structural
changes. These findings highlight the importance of modulating MTs, both through sta-
tionary states and drug interventions, to regulate cellular stability and function, espe-
cially in oncology, where agents like Epothilone D and taxol disrupt MT instability to
induce cell death in tumor cells [221, 222].

3.2.4.2 Anti-dark solitary wave

The initial configuration for the numerical integration of Eq. (3.2) is now specified
as the anti-dark soliton wave, characterized by Eq. (3.20) with y,(£) = —4v2 sech(8nl).
The spatiotemporal evolutions of the angular variation of dimers are detailed in panels
(a) (analytical) and (b) (numerical) of Fig. (3.5), respectively. An important remark is
that the numerical solution maintains the initial spatial distribution throughout the
simulation until ¢ = 10* ns, which solidly confirms the stability of our anti-dark soliton

wave. Furthermore, it is pertinent to emphasize that these anti-dark soliton wave solu-
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Figure 3.2: Spatiotemporal evolutions of the bright solitary wave: (a) analytical, (b) numerical solutions.

The numerical solution matches the analytical one with good accuracy. pE =0.25 eV, K =0.1€eV, [ =80 A,
e=11wg.
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() t=2.10%, (c) t =3.103, and (d) t = 4.103.

BTG ees
Tabapsi Kamdem Rostand

Ph.D-Thesis 60



3.3 - Nonlinear dynamics and the effect of cytosol viscosity on microtubules, with exact solutions

<A EIERETG oo

T 0 =y gk =t b =t :'g Ot b et b 4 doob 4=t 4=t 4= +

® -

= 4 = 4

7 i 2 ¥

<. \ o . i

o 0.1 \, 5 0.1 \’

- *+ANAL o +ANAL

5 (a) i —NM (b) ! —NUM

%-0.2 : - L2 : : :

-10 -5 0 5 10 =< -10 -5 0 5 10

n n

:',; Ok b b b g b d=h = 4= § Ok sk b b g 4ok = gk =t b

= ¢ = /

0 i n i

c | c | I

0.1 \, 0.1 i

; ‘1 + ANAL : \1 + ANAL

€ o) (c) ‘ M e (d) | | TNUM

> 10 5 0 5 10 < 410 -5 0 5 10
n n

Figure 3.4: Comparison between the numerical solution (represented by the red dotted line) and the analyt-
ical solution (represented by the blue dotted circles) of y,(t) at different time values, with € = 0: (a) t = 102,
(b) t=2.103, (c) t =3.103, and (d) t = 4.103.

tions hold particular interest in explaining the movements of MAPs along MTs, as well
as in understanding the stable positions of MTs induced by the GTP cap. This observa-
tion enriches our understanding of biological processes involving MTs and opens new

avenues for research in this field.

3.3 Nonlinear dynamics and the effect of cytosol viscosity on microtubules,

with exact solutions

3.3.1 Model and equation of motion

In our analysis, we adopted the model by Priya et al. [178], extensively discussed in
Section 2.2.4. This model is specifically applied to the study of neuronal MT networks,
where protein pairs induce radial and longitudinal oscillations, thus generating a com-
plexity of six degrees of freedom. Within this framework, the model considers two main
degrees of freedom: longitudinal displacement following the U,, model [168, 169] and
angular displacement following the ¢, model [15]. To keep the notation consistent, we
assigned the variable y, to ¢,. We have chosen to introduce the moment of inertia,
rather than simple mass, in the context of radial displacements. This consideration is

based on the fact that it offers a more thorough characterisation of the behaviour of an
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object subjected to rotational forces, while providing a more robust foundation for calcu-
lations and analysis in rotational dynamics. The resulting Hamiltonian is expressed as

follows:

m_.o I o K K
H:Z EU§+§X3L+?1(Un+1_Un)2+?Z(Xn+1_)(n)2
n A (3.21)

) Ug + g U;f —pEcos(yn)|.

In Eq. (2.5), the first couple of terms represents the kinetic energy related to the dis-
placements U, and y, , with m standing for the mass and I = (m 12)/12, the moment
of inertia of dimers, where / = 8 nm is the length of a single dimer. The dot implies
the first derivative with respect to time ¢. The third and fourth terms emerge from the
neighbouring dimers’ restoring and deforming forces in the protofilament (PF), K; and
Ky account for inter-dimer stiffness parameters for the U, and y, displacements, res-
pectively. The fifth and sixth terms depict the double-potential well of U,, displacement
[165, 169, 171], while the final term illustrates the dipole-dipole potential energy due
to y, displacement. p denotes the electric dipole moment, and £ is the intrinsic electric
field of the dimers, whose order of magnitude is provided in Ref. [15, 207] making sure
that p,E > 0. A and B are positive parameters of the double-potential well. The afore-
mentioned Hamiltonian integrates both radial and longitudinal aspects of the dimers,
which of course is a conservative system. In the context of eukaryotic cells, the cellular
components are immersed in a fluid known as the cytosol, which is characterised by its
viscosity. The viscosity of the cytosol acts as a dissipative term and may be incorporated
into the dynamics using the following expressions: F, = —yU,, and M, = -I'j,,. Here
F, and M, denote the force and viscosity moment associated with longitudinal and an-
gular displacements, respectively. The viscosity coefficients y and I' are related to be
above specific displacements. Employing the Hamilton-Jacobi formalism, we derive the

equations of motion that the dimer satisfies:

Up+€1Un = a1 Uns1—2Un +Up_1)+ 02 U, —1U}, (3.22a)
¥n+eain=az (Xn+1—2xn+ xn-1)+ w§2 (@x3 —xn), (3.22b)
where €1 = %, a1 = %, ag = I%, a= %, w§2 = TE, T= % and wz,l = %. The value of €9

varies proportianally with I', since I is a constant, according to the relationship &9 = %

Numerical values of the coefficients in Eqgs. (3.22) are given in Tab. 3.1.

By exclusively considering the linear terms of Eq. (3.22), we scrutinize its solu-
tions in the form of plane waves, expressed as U,(t) «x expi(qin—wg, t) and y,(t) o
HKETg oo <
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Table 3.1: Parameter network values

Parameters values References
Y 5.6x 10T kg/s | [165, 169, 171]
A 1.8eV [223]
B 2.8 eV [223]
K, 0.5 N/m [169]
Ky 0.1eV [24]
m 1.8x1027kg | [15, 171, 208]
r 43 x 10730 Nms [223]

0
o] —
T ® -0.05
= = 01
- o™
5 < .0.15
: 10 1
,70 0.5 A “5\ /)0 0'55‘ “g\
400 WO 40 0 A0

Figure 3.5: Spatiotemporal evolutions of the anti-dark solitary wave: (a) analytical, (b) numerical solutions.
The numerical solution recovers the analytical solution with high accuracy. Parameter values are: pE = 0.25
eV, K=0.1eV,I=80A,e=11w,.

expi(qan —wg,t). Here, q1,q2 are the wave number and angle, while wg,,wg, represent
the longitudinal and angular frequencies, respectively. Inserting the above plane wave
solutions into Egs. (3.22) and neglecting frictionnal terms lead to the ensuing linear
dispersion relations

After using these ansatze, we neglect the friction terms. By introducing these solu-

tions into Eqgs. (3.22), we derive the ensuing linear dispersion relations:

4K 4K
w% = —wz,l + 2 lgin? (%) , with wz,l < —1, (3.23a)
m
4K
W} = wgo+ —>sin? (L) (3.23b)

By examining how a carrier wave with a frequency in the linear frequency range is
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modulated, we can insert the test solution into Eq. (3.22), in the form:

U, (t) = Gp(t)e a1t £ GE(t)e!Ver?, (3.24a)
An(t) = Fr(t)e et 4 F*(2)e'e2!, (3.24b)

First, we note that the functions G,(¢), G, (¢), F(t), F,(t) are complex functions that
show slow variations over time compared to the main oscillations at frequencies
Wg,, Wg,- This is expressed as U, < wg, Up, fn < 0g, Xn. Substituting Egs. (3.24)
into the Eqgs. (3.22), and applying the RWA, i.e., keeping only terms proportional to
exp(tiwg,t) and exp(tiwg,t), respectively, we derive the discrete CGL equations satis-
fied by G, (¢),F,(t):

(61-2iwg,)Gn— a1 (Gni1=2Gn +Gp 1)~ 02 G +371G,*Gr —i104,Gn =0, (3.250)
(e2-2iwg,) Fp—ag (Fpy1—2F, +Fy_1)-3aw’, |Fy*Fy—icgwg, Fr = 0. (3.25b)
Also, we assume that the function G,(¢), G, (t), F,(t), F,(t) varies slightly with time
in the vicinity of the cut-off frequency. This means that G and F can be viewed as
continuous functions of both space x = nl/ and time ¢. As a result, after an appropriate

Taylor series expansion, the discrete functions G,(¢) and F,(¢) in Eqgs (3.25) are replaced

by their continuous counterparts G(x,t) and F(x,t), respectively, leading to

iG:+P1Ge +Q1IG2PG-iA1G =0, (3.26a)
iF;+PoFy+Q2|FI1>?F —i Ay F = 0. (3.26b)
Egs. (3.26) represents the continuous CGL equations, where P, @, and I" are defined as
follow
P, = @ e Q, = 31& A __Bwg e
T+ 40, R T oy
Py =4 Q1= Aq =1
2a112wg1 Q.. = 6Twg, A _2“)2:1 + S%wgl
=], c1— 9 2 =
“ 8% +4wg, €y + 4wy, . 5% + 4w§1
(3.27a)
_ 2al2wg2 Q,, = 6aw22 A =— 2(1)2,252
"2 4w§2 + eg’ T 4w§2 + 8%’ 2 4w§2 + 8%’
Py =1 Q2 =< Ag =<
al’e 3aw?. &9 Wg, €2
PC2:_42—+22’ Qe = ——5——, Ney=—322—.
wg, + € 4wz, +€ 4wy, + &
(3.27b)

The next subsection is devoted to finding exact solutions of Eq.(3.26).
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3.3.2 Exact solutions of cubic complex Ginzburg-Landau equation

Analytical solutions play a central role in exploring biological systems by providing
precise details on their dynamic behaviors. Their exceptional accuracy allows for pre-
dicting and characterizing complex variations within these systems, thereby offering
an in-depth understanding of biological processes. Furthermore, these solutions play
a crucial role in validating numerical models, thus establishing a solid foundation for
interpreting and predicting biological phenomena.

The modified HBM that we are using here stands out for its innovative approach in
solving nonlinear equations. It employs a bilinear formulation specifically tailored to
obtain exact solutions, thus demonstrating notable efficiency in addressing nonlinear
evolutionary equations. Its user-friendliness and capacity to generate novel progressive
wave solutions make it a distinctive method, combining precision, efficiency, and ease of
implementation for solving complex problems in science and engineering.

A thorough study of CGL equations with third-order nonlinearity has been exten-
sively investigated [198-202]. Among the various approaches to applying the modified
HBM, the approach presented in [198] has particularly caught our attention. We define
the modified Hirota operator [198, 199] as follows:

m n 6 6 " 6 6 " I 4/
Dﬁ,tD§,xH.T: @—5& @—5£ H(x,t)T(x ,t)lx’=x,t'=t- (328)
Setting
G(x,t) = y(x, t)e™?, (3.29a)
F(x,t) = p(x, t)e™?, (3.29b)

and substituting Egs. (3.29) into Eqs. (3.26), we get:

i+ P1ye +Q1ly>we™ =0, (3.30a)
i s+ Py by + Qo |p|? 2! = 0. (3.30b)

The two solitary wave solutions of Egs. (3.30) are looked for in the form:

y(x,t) =ui(x,t) + ug(x,t), (3.31a)
P(x,t) =v1(x,t) + va(x, 1), (3.31b)

where u1(x,t)ug(x,t) =0 and v1(x,t)ve(x,t) = 0 correspond to one solitary wave. Insert-
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ing Egs. (3.31) into Eqgs. (3.30), we get the system:

w1+ Prute +Q1luilPure™ +Q1e™ (2usluil* +ujui) =0, (3.32a)
iugs+Prugg + Q1lusl®uge™ +Qqet? (2u1 lusl? + uj u2) =0, (3.32b)
i1+ Pavie + Q2lv12v1 €M + Qg™ (203 |v1 1% + 05 v2) =0, (3.32¢)
i Vgt + Pavgye + Q2lval?v2 e + Qg e (201 |vg)? + v} v3) =0, (3.32d)

where the asterisk (*) denote the complex conjugate. We use the modified Hirota ansatz

to construct solutions of Eqs. (3.32) as:

uy(x,t) = H(x,t) T1(x,£) ™', us(x,t) = Lx,t) Ty (x, )%, (3.33a)
v1(x,2) = S(x, 1) Tolx, 1) %2, va(x, ) = R(x,t) T(x, )2 (3.33b)
In Eqgs. (3.33), H, L, S, and R are complex functions, and T'; and T are real functions.

The complex constant §; = 1+i6.; (wWhere j = 1,2) needs to be determined. Using Eq.
(3.28) along with Egs. (3.33) the bilinear form of Egs. (3.32) are

(iD(gl,t +P1D§Lx) H-T; =0, (3.34a)
(iDs, ¢ +P1DE, | L-T1 =0, (3.34b)
2Qe?MU(H2+HL* +2LH*
D2T;-T; = Qie” (] - ) (3.34c¢)
P151(51+1)T1 =
2Q1e®M{(L2+LH*+2HL"*
D2Ty-T; = Que™ (L —— ) (3.34d)
P151(51+1)T1 1
(iDs, e+ P2D3, ) S T2 =0, (3.34¢)
(iDs, ¢ +P2D%, | R-T5 =0, (3.34f)
2Q2e2M!(|SI2+SR* +2RS*)
D2Ty-Ty = Q: 151 —— (3.34g)
P252(62+1)T2 2
2Q.e?M (|RI2+RS* +2SR*
D27y T, = 292 (EI ) (3.34h)

P2 6(89+1)T2 2
Eqgs. (3.34) are valid provided that the following conditions are satisfied HL # 0,SR #
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0,(H+L)YH*-L*)=0,(S+R)S*-R*)=0,L =¢H and R =¢S, such that

(iDs, ¢+ P1DE ) H-T1 =0, (3.35a)
(iDs,e+P1DE, ) L-T1 =0, (3.35b)
2Q1e?Mi(1+3¢)
DT, -T, = @ ——|H? (3.35¢)
P151(51 + 1)T1 1
2Q1e2Mi(1+3¢)
D2Ty-Ty = @ ——ILI%, (3.35d)
P161(671+ ]‘)Tl 1
(iDss+P2D}, ) S T3 =0, (3.35¢)
(iDss+P2DE, JR -T2 =0, (3.35f)
2Q2e2M2!(1+ 3¢)
D2Ty Ty = Q2 IS, (3.35g)
Py 6969+ ].)T2 2
2Q2e*M21(1+3
D27, T, = 29267 1F39) b (3.35h)

Pyd2(82+ DTS2
with € € {—1,0,1}. € = 0 correspond to a one solitary wave. The left-hand sides of Eqs.
(3.35¢), (3.35d), (3.35f) and Eq. (3.35g) are real, so the right-hand sides must be as well.

The latter requirements impose real solutions to the following equations:

01.=0,82; =0, (3.36a)
(P1cQ1r —P1,Q1c) =tan(2A1.t) (P1.Q1c + P1,Q1r), (3.36b)
(P2cQ2r — Por Qac) = tan(2 Ag. t) (Poc Q2c + P2, Qo). (3.36¢)

Hence, Eqgs. (3.35) can be rephrased as:
(iDal,t +P1D§Lx) H-T,=0,

(iDs, ¢ +P1D}, | L-T1 =0, (3.37a)
D2T,-T; = (P1.Q1c +P1,Q1,) €217 i(1 + 3¢) H?
* cos(2 A1ct)| P12 ’
DZT T — (PICQIC +P1rQ1r) e2A1rt(1+3€) |L|2 (3 37b)
S cos(2 A1 8) P12 ’ '
(iDss+P2DE, ) S T2 =0,
(iDss+P2DE, )R- T2 =0, (3.37¢)
D2 Ty Ty = (P2CQ2(: +P2rQ2r) eZAQrt(l +3e€) |S|2
* cos(2 Agc t)|Pa|? ’
P + Py, Qo) e2N2rt(1+ 3
D32CT2'T2:( 2cQ2c 2 Q2 )e ( €) |R|2 (3.37d)

cos(2 Ag. t) |Po|?
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Once the bilinear conditions and forms are available, the next step is to find the soli-
tary wave solutions. Multiple soliton solutions are accessible, such as impulsive, frontal,
and dark solutions [200]. The modified bilinear operators (3.28) frequently utilize these
solutions. The impulsive solutions are of significant interest to us because of their di-
verse applications in the signal processing and transportation of data in microtubular

networks [155]. This is done by starting with an expansion written as:
H=e"T1 =1+N(1)e?91, (3.38a)
where, 01 =k1x+ h1(2).
S =e%, Ty =1+ Ny(t) %40, (3.38b)
where, 0o = kox + ho(t), with k1,k9 € R.

h1,he, and N1,Ns are time-dependent complex an real functions, respectively. By insert-
ing Egs. (3.38) into Eqs. (3.37), we obtain:

dhy .
— - iP1k2=0, (3.392a)
—— —iPyk5=0 3.39b
TR s ( )
1 le 2
—— =2P1.k 3.39
Nl(t) dt 1c 1> ( C)
= =2Py k%, 3.39d
No(t) dt 21 (3:394)
P P 2hirt(1+3
Nl(t):( 1chc';' 1rQ1r)e (1+3e¢) (3.39)
2k1|1P1|% cos(2A1.t)
P2 Qac + Po, Qo) 2M2r(1+ 3
Nz(t):( 2c Q2 -2F 2rQar) € 1+ 6). (3.390)
2k5|Pg|? cos(2 Agc t)
After integration of Eqgs. (3.39a - 3.39d), we have:
h1(t)=iP1 k%, (3.40a)
ho(t)=iPyk3t, (3.40b)
N1(t) = Noy exp (2k2 Py, t), (3.40¢)
Na(t) = Nog exp (23 Pa. t). (3.40d)
From Eqgs. (3.39a), (3.39d) and Eqs. (3.40c), (3.40d), we obtain:
P P,Q1)(1+3
N01=( lchc+ 21 Ql )(1+ 6), (3.41a)
2k5|P1|?
P Py Q2,)(1+3
N02:( 2cQ20+ 22 QZ )(1+ 6)' (3.41b)
2k5|Py|?
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Inserting Egs. (3.41) and Eqgs. (3.40) into Eqgs. (3.29) and using the transformations Eqs.

(3.31), the soliton solution associated with Eqs. (3.26) can be expressed in the form:

_ exp (k1x+ (Alr +i1(A1.+ Py k%)) t)

42
G1x,8) 1+ Nop exp(2k1 %) ’ (3.428)
G(x,t)=(1+€e)G1(x,t), (3.42b)
exp (kgx + (Agr +1(Ag. +Ps k%)) t)
Fi(x,t) = 3.42
16, 8) 1+ Ny exp(2k2x) ’ (3.42c)
F(x,t)=(1+¢)F1(x,1). (3.42d)
Returning to the discrete system, Eqs. (3.42) transform as follows:
exp (klnl + (Alr +1(A1c + Py k?)) t)
G t)= 3.43
1(n, 1) 1+ No; exp(2k1nl) ’ (3.432)
Gn,t)=1+e)G1(n,t), (3.43Db)
exp(kanl+(Agr+i(Agc+P2k2)) t)
Fi(n,t)= 3.43
1(n,?) 1+ Noz exp(2kanl) ’ (3430
F(n,t)=1+¢€)F1(n,t). (3.43d)

Employing Egs. (3.33), (3.38), and (3.40) within the context of Eqs. (3.24) facilitates the
derivation of spatio-temporal solutions characterizing the longitudinal displacement U,
and the angular displacement y,. These solutions serve to elucidate the dynamics of
energy propagation within the MT network, as delineate by the formulation articulated
in Eqgs. (3.43). We obtain:

exp(nl-Vy,, t)
exp(—k1)+ No1 exp(kinl)

exp (nl—-V,,t)
exp(—kg2) + Nog exp(kanl)

Un(t)=2(1+¢) x cos{(k3 Py, + A1 — g}, (3.442)

Xn@®) =2(1+¢) x cos{(k3 Poy + Age — g, th, (3.44b)

with
202a1k1%2+3
Un:wgl( a1~ 81), (3.452)
(512+4wg12)k1
v :_2wg22+€2[al2k22) (3.45b)
An (522+4wg22)k2 '

Each solution of Egs. (3.44) has a free parameter: k£ for the longitudinal displacement
2

2
and ko for the angular displacement. Eq. (3.44b) is valid for 0 <l eawg, ag < l;)_lfgz' This

implies that kg € |0, % , such that k9 €[0,1.6719], and y(, ) < % [175]. This leads us
XEFg e <
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to choose the specific value k9 = 0.3. The solution (3.44a) exists if 0 <l e1wg, — %";% <ay
for a1 = 4.5455 x 1078, This imperative led to our preference for £1 = 0.3. It is important
to note that the solitary wave solutions resulting from Eqs. (3.44) are solitary wave
solutions that differ significantly from previously derived kinks, breathers [15, 224],
and stationary bright solitary waves. When e = 1, G(x,t) = 2G1(x,t) and F(x,t) = 2F1(x, t)
which correspond to the two solitary wave solutions. The two solitary wave solutions
differ from one solitary wave solutions (¢ = 0,G(x,t) = G1(x,t) and F(x,t) = F1(x,t)) by
a factor of two and by the expressions of the parameters Ny; and N2, which directly
influence the functions G1(x, ) and F'1(x,t). In contrast to the bright stationary solutions
presented in Section 3.2 which are independent of viscosity and remain constant over
time, the solutions described here are dynamic and depend explicitly on both time and
the viscosity of the cytosol. Finally, for € = —1, Eqgs. (3.26) yields a null solution. One
solitary wave is a well-established solution found in various domains of physics. This
solution may explain the rolling carpet phenomena observed in the dynamics of MT,
which often occurs during the transport of organelles within the cytoplasm. Unlike the
solitary wave solutions usely found, we propose in this work two-soliton solutions to
explain the dynamics of angular or longitudinal of MTs for the first time, to the best of

our knowledge.

3.3.3 Numerical experiments

Analytical methodologies are used to solve systems of ordinary and partial differen-
tial equations. These methods provide analytical solutions, which are often approximate
and may not accurately reflect the reality of the studied systems. In contrast, numerical
methods offer more suitable solutions that better align with real-world scenarios. Due
to the nonlinear nature and complexity of many biological models, analytical solutions
are often difficult to obtain. As a result, researchers must carefully select appropriate
numerical techniques to solve and compare the results versus analytical solutions. In
this part of the work, our objective is to numerical solve Eqs. (3.22) and compared the
results against the analytical prediction found above. The fourth-order Runge-Kutta
method was employed to conduct numerical simulations of Eqs. (3.22). The computa-
tions were performed on a spatial grid with 10° equally spaced points spanning the
interval [-40,40] with periodic boundary conditions. The initial conditions at time t = 0
were derived from the corresponding analytical solutions (Eqs. (3.44)). Simulations run
up to trip = 10* ns with the time step of d¢ = 0.1 ns.

In the absence of viscosity (i.e., ¥ = 0 and €9 = 0), the analytical and numerical curves
KBTS oo <
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Figure 3.6: Comparison between the numerical solution (red dotted line) and the analytical solution (blue
dotted circles) of Un(t) at different time values: (o) t =103, () t =2-103, (¢c) t =3-10%, and (d) t = 4- 103,
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Figure 3.7: Superposition of analytical and numerical maximum values: assessment of the absolute error
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Figure 3.14: Spatiotemporal evolution of the solitary pulse for the same parameters as in Fig. (3.6).
Numerical solutions of Up(t): (@) y =0, (b) y =5.6 x 10711 ¢=0.
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Figure 3.15: Spatiotemporal evolution of the solitary pulse for the same parameter as in Fig.(3.9). Numeri-
cal solutions of x,(t): (a) e2 =0, (b) £2 =1.1wg,,e =0.
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coincide perfectly at different time points, with constant maximum amplitudes of 0.26
A in Fig. (3.6) for U, and 0.3 rad in Fig. (3.9) for y,. These results correspond to the
case € = 0. The error analysis reveals a slight discrepancy in Fig. (3.7) for U,, and in
Fig. (3.12) for y,. For € = 1, the maximum amplitudes remain constant at 0.37 A for
U, and at 0.303 rad for y, in Fig. (3.17.a). These observations are corroborated by the
very minimal disrepancies (of the same order of magnitude) between the analytical and
numerical solutions, as shown in Fig. (3.16.b) for U, and in Fig. (3.17.b) for y,. The
initial conditions in Figs. (3.14.a, 3.15.a, 3.16.a, 3.17.a) remain unchanged, reinforcing
the reliability of our analytical predictions.

Viscosity has no effect on the angular dimer dynamics, as evidency by the numerical
solution obtained for €3 = 1.1wg,, shown in Figs. (3.10), (3.9), (3.17.c) and (3.17.a), where
g9 =0 for both € =0 and € = 1. In contrast, viscosity significantly affect the longitudinal
displacement U, drastically reducing its maximum amplitude from 0.26 A (y =0, see
Fig. (3.6)) to 0.08 A in Fig. (3.8) for ¢ = 0. For ¢ = 1, the maximum amplitude drops
from 0.37 A (y =0, see Fig. (3.16.a)) to 0.117 A in Fig. (3.16.c). Our analytical solutions
exhibit good agreement with the numerical one, achieving reasonable accuracy. The
errors between the analytical and numerical solutions range between 5 x 107% and 107°
for € = 0 and between 4 x 107% and 107° for ¢ = 1. The obtained error values are nearly
identical for € € {0, 1}, further confirming the validity of our analytical solutions.

It is well known that the presence of viscosity in the medium influences the dynam-
ics and functions of MT's in several ways. For instance, viscosity can affect the mobility
of MTs by creating resistance to their movement, thus influencing the stability and pro-
cesses of assembly and disassembly of MTs [28, 29]. Authors in [224, 225] suggested
that an increase in viscosity acts as a damping factor for MT growth. Biologically, such
a viscosity-induced resistance could be linked to an interaction between proteins asso-
ciated with MTs, allowing the MT structure to remain stable. Regarding angular dis-
placement, viscosity does not seem to influence the shape, amplitude, or propagation of
the solution. This stability may be attributed to a stable configuration of MTs, including
a curved conformation [89, 96] or the presence of a GTP cap at their ends [226]. This
stability could also result from the interaction of MTs with associated proteins such
as dynein and kinesin, all contributing to MT stability. The solutions obtained support
potential important implications for regulating viscosity in the cytosol, the growth and
division of cancer cells, as well as understanding and treating dysfunctions related to
MTs. A better understanding of the correlation between cytosol viscosity and MTs could
improve certain treatment modalities such as targeted therapies for specific pathologies,
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Figure 3.16: Numerical spatiotemporal evolution of longitudinal displacement € = 1. For y =0, a) bright
solitary wave, b) maximum of absolute error. For y = 5.6 x 10711, ¢) bright solitary wave, d) maximum of

absolute error.

including cancer and neurodegenerative diseases [89, 227].
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3.4 Conclusion

This chapter examines the nonlinear dynamics of MTs within the cytosol. We began
by investigating the dynamics of radial dislocations of MTs, incorporating a dissipative
term that arises due to cytosol viscosity. Through the analysis of MI of plane waves,
we demonstrated that cytosol viscosity introduces new unstable modes. However, we ob-
served that the growth rate amplitude of this instability decreases as viscosity increases,
and for sufficiently high viscosity values, the instability is completely mitigated. To ad-
dress these findings, we introduced new stationary solution profiles, specifically the
bright and anti-dark profiles, and outlined their conditions for existence. We further ex-
plored the relevance of these solutions, discovering that viscosity does not affect them.
These stationary profiles were identified as viable candidates for explaining biological
mechanisms in which MTs must remain stationary. The results were confirmed through
numerical simulations. To further analyze the effects of cytosol viscosity on MT dynam-
ics, we developed new approximate analytical solutions. This enhanced our understand-
ing of MT dynamics, particularly regarding the influence of cytosol viscosity on both
longitudinal and angular displacements. We proposed a two degree of freedom model
that incorporates cytosol viscosity. Using the modified HBM, we obtained approximate
analytical solutions of the solitary wave type to describe MT dynamics. Our findings
indicated that for longitudinal displacements, the amplitude of the solution decreases
due to viscosity, while for angular displacements, viscosity appeared to have no effect, at
least over the total propagation time considered in this study. Thus, viscosity provides

a means to control the assembly, disassembly, and stability processes of MTs effectively.

XEFg Ve <
Tabapsi Kamdem Rostand Ph.D-Thesis 79



GENERAL CONCLUSION

n this thesis, we studied the influence of viscosity on the distribution of energy
within MTs, as well as the potential use of this parameter to regulate their dy-
namics. This thesis is organized into three parts.

The first chapter addresses MTs, highlighting their composition, structure, and dy-
namics essential for various cellular processes. Proteins associated with MTs are dis-
cussed for their role in regulating MT formation and function, impacting cellular func-
tions such as cell division, intracellular transport, and cell shape. The importance of
MTs in maintaining cellular integrity and proper cell function is emphasized, as well
as the risks of dysfunction that can lead to pathological consequences, particularly in
neurodegenerative diseases and developmental disorders. An in-depth understanding of
MTs and their molecular regulation is crucial for deciphering the mechanisms of normal
and pathological cellular functions, thus paving the way for new research and therapeu-
tic approaches for diseases associated with MT dysfunction. The chapter concludes with
a discussion on solitons and their various manifestations.

The second chapter offers a detailed exploration of mathematical models and analyt-
ical methods. We examine several specific mathematical models used to describe MTs,
such as the Sataric et al. model, the U model, the radial model, the Priya et al. model,
and the general model. Regarding analytical methods, we explore approaches such as
the rotating wave approximation, modulational instability processes, the direct ansatz
method, and Hirota’s bilinear method, all of which are crucial for constructing new ap-
proaches and solutions in this study. Finally, we introduce the numerical Runge-Kutta
4 method as a complementary tool commonly used to confirm analytical results.

The results and main contributions of this research are presented in the third chap-
ter. Our study focuses on the dynamics of radial dislocations of MTs in the presence of a
dissipative term related to cytosol viscosity, denoted as I'. By analyzing the MI of plane
waves, we highlight the significant impact of cytosol viscosity on system stability. Our
findings reveal the emergence of new unstable modes in the presence of this viscosity,

but the growth of instability decreases with increasing I', and for some high values, cy-
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tosol viscosity eliminates this instability. Furthermore, it is well-established that MTs
adopt stationary states during certain biological processes. To study these phenomena,
we transform the original discrete differential equation into a dissipative CGL equation,
allowing us to deduce stationary solutions using a direct ansatz method. Two distinct
stationary profiles are identified: a bright profile and an anti-dark profile, both of which
are relevant candidates for explaining biological mechanisms involving stationary MTs.
Our analytical results are confirmed by direct numerical integrations of the original
discrete model. The stationary solutions obtained indicate a constant energy, enabling
microtubules to maintain their configuration. During this process, MT's act as tracks on
which microtubule-associated proteins attach to transport essential elements for proper
cellular function. From a biological perspective, these results can be used to halt MT dy-
namics. In this context, targeted drugs like taxol represent a direct application of our
findings.

Furthermore, we have developed new exact solutions to deepen our understanding
of MT dynamics, taking into account the influence of cytosol viscosity on both longitu-
dinal and angular movements. To this end, we devised a two-degree-of-freedom model
incorporating this viscosity. From our analyses, we employed the rotating wave method
to obtain a CGL equation. Subsequently, we converted this discrete equation into a con-
tinuous one using a semi-discrete approximation. Hirota’s bilinear method enabled us
to construct bright two-soliton solutions describing MT dynamics. We observed that dur-
ing longitudinal displacement, the solution experiences a decrease in amplitude due to
viscosity y, while for angular displacement, no influence of viscosity I' was noted; the so-
lution retains its shape and amplitude during displacement. Thus, viscosity offers the
potential to influence the assembly, disassembly, and stability processes of MTs. The
solutions we obtained, defined under certain conditions of existence, were validated by
numerical simulations, confirming their reliability. These findings are of paramount im-
portance in regulating cytosol viscosity and could pave the way for the development of
targeted therapies for specific pathologies such as cancer. However, several questions

remain unanswered and are intended to be explored in the near future.

1= Investigating the use of streamlines within MTs to study the synchronization of

dimers during elongation and shortening processes.

1= Exploring the bifurcation phenomena of spiral structures emerging within the

streamlines of MTs.

1 Developing a three-dimensional model of MTs by incorporating fractional deriva-
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tives to uncover hidden dynamics that are not captured by single-degree-of-

freedom models.
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APPENDIX

Appendix A: Resolution of cubic GLC

To solve the following equation:

i+ P +Qlopl2p—iyp=0.  (Ay)
we consider a solution in the form:
¢(x,t) = [Asech(Bx) +iB tanh(fx)] e 7. (As)

Inserting Eq. (A2) into Eq. (A1) and separating the real and imaginary parts, we obtain:
Real part

(2 al?eBB* +(-3B%agewg? + 2Bew,”) (cosh (,Bx))2 ~3aow, e A%B + 3B?’a0£wg2) sinh (Bx)
+ (—6ABza0wg3 -2Aa ,leza)g + A + 4Av2(ug2 —Aazwg)

x (cosh (,Bx))2 ~6aow A% +6AB%ag0,” +4Aa fPlPw, = 0. (A3)
Imaginary part

(4al?w,Bp*-6aw,*A%B +6B3agw,”)sinh (fx)

+(~6B%agwg® + Be?v? +4Bv2wg? - Be?w,) (cosh (fx))? sinh (x)
+(3AB%apewg? + Aa fPel® —2Ac w,?) (cosh (,Bx))2 +3aowg’e A3
- 3ABza0£wg2 —2Aap%12=0. (Ay)

By setting the coefficients of the terms sinh (Bx), cosh (Bx), cosh? (Bx) to zero, we
obtain the following equations: For the real part (As)

- 3B?’aogwg2 + ZBeza)g2 =0,
~3aowg e A’B+3B%apew,” +2al?e Bf% =0,
- 6AB2a0wg3 —2Aa,32l2wg +Ae%? +4Al}2wg2 —Aezwg =0,

~6aow, A% +6AB%agw,® +4Aa B l%w, = 0.(A5)
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For the imaginary part (A4)
- GBSang3 +Be?v? + 4Bv2wg2 —Be2wg =0,
~6a¢wg>A’B+6B3agw,® +4al’w Bp? =
3AB2a0£a)g2 +Aa ,32812 - 2A£wg2 =0,
3agwg e A’ —3aow, e B?’A - 2al?e AB® = 0.(Ag)

Solving equations (A5) and (Ag) using the Maple 17 Solve command, we obtain:

[A=0,B=0,=p,0=0], A—zﬁ,B O,ﬂ:%,v Vg |,

»A 2/3\/‘/53 0,f=- %g,vzﬁ,A—gﬁ,B—O,ﬁ——%g,v— Vg | »
:A: 25:3 0,8= ‘/\/Eaa’lg,v:\/@ : A——gﬁ,B—O,ﬁ:%g,v Vg | »
A:—%%,B:o,ﬂ:—%g,u:\/@ : Az—%%,B:O,ﬁ:—%g,v:—\/@ :
.A 1/3\‘753 1/3\/\/2:ﬁ:0,v:\/_ A——1/3£B 1/3:j:ﬁ 0,0= /g |,
-A 1/3{23 1/3:j_fﬁ:0,v:\/@,A 1/3:;_53——1/3\\j:ﬁ 0,0= /g |,
-A 1/3{?73 1/3\‘725T B=0,0=—/ag |, A——1/3£B:1/3%,ﬁ:0,v:—@,
4- 1/35:?7 —1/3\‘75T B=0,0=—/ag |, A——1/3£, :—1/3%,/3:0,1):—\/@,
:A 0,B = 1/3\/‘/313 —\Zial,v:\/— A=0,B= 1/35_5/3 —\/“_'ial,u:—\/@,
A=0B-= 1/3\/‘/3,;3 %,v: la=0,B= 1/3{2,/3 %,v:—\/@,
'A:O ——1/3\/‘/3,;3 —\/“_’_il,v— la=0,B=- 1/3{2,/5 —\/“_'ial,u:—\/@
,[A:O,B:—1/3\/—\/§,ﬂ:\/(i)ial,v:\/@ , A:O,B:—1/3%,,B:\/Liial,v:—\/@ ,
[A 2\‘;,3 0, = %g,v:-\/@ (A7)
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For ag = a/h?, we consider the following solutions:

VZw,

Vol . (Ag)

A:izh\/g,Bzo,v=i,/wg,,3=
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Abstract In this study, we investigate the dynamics of microtubules in the presence of the cytosol viscosity using a discrete radial
dislocations model. Applying the semi-discrete approximation, the discrete model is first converted into its continuous counterpart
which is nothing else but the cubic Complex Ginzburg-Landau equation. Performing a linear stability analysis of plane waves, it
is shown that the cytosol viscosity modifies the modulation instability of the system by enlarging the width of unstable zones but
softens the instability as it shrinks the growth rate of instability. Furthermore, motivated by the existence of a range of biological
processes during which microtubules exhibit a stationary behavior, we look for stationary state solutions and first apply a direct
method to the cubic Complex Ginzburg—Landau equation. Coming back to the original discrete model, we show that both bright and
anti-dark profiles solitary waves are good candidates likely to explain biological mechanisms that necessitate stationary microtubules.
Our analytical predictions are corroborated by intensive numerical simulations with a pretty high accuracy. By providing system
parameters related to obtaining stationary states, our work may find applications in targeted microtubules drugs that aim to stabilize
cells growth like cancers.

1 Introduction

Eukaryotic cells are structurally and dynamically organized by a network of protein polymers called the cytoskeleton [1]. The
cytoskeleton is organized as a framework consisting of three types of well-organized structures that extend throughout the cyto-
plasm, namely microfilaments, actin filaments and largely microtubules (MTs). MTs are defined as a network of proteins that are
superimposed on each other in the form of dimers. They are present in all eukaryotic cells, where they have a wide range of tasks
such as maintaining and protecting cell structures and are involved in a large number of biological processes such as cell division
and motility. They also serve as transport networks for motor proteins and intracellular organelles [2]. MTs result from the assembly
of o and B tubulins, which are composed of positive and negative electric charges. The association of these sub-units leads to the
formation of dimers each of length 8 nm [3, 4]. The addition of dimers along the length leads to the formation of a protofilament
(PF), whose reconstitution in a helical manner yields to the formation of a MT, with internal and external diameters are 15 and 25
nm, respectively. Given their different functions, the propagation of waves along MTs is a fundamental concern and relies on the
hydrolysis of guanosine triphosphate (GTP) which releases energy. According to recent theoretical results, it is believed that energy
propagates through MTs as solitary waves [5]. We recall that solitary waves are approximate analytical solutions of nonintegrable
partial differential equations that are localized with respect to the transverse variable(s) while solitons are exact solutions of inte-
grable nonlinear partial differential equations localized with respect to the transverse variable(s) which collide elastically except a
phase shift that might appear after the collision [6].

In general, all physical systems can be considered open due to interaction with the environment [7]. The cytosol in which the
cellular organelles are immersed in represents the environment that directly affects the dynamics of the MT via its viscosity and shear
strength which are firmly linked to the concept of rheology where temperature plays an important role [8]. In 2000, Foster et al. [9]
studied the effect of viscosity on vibrations in MTs and reported that electrical signals from yeast cells at 8.18 MHz with an extremely
narrow bandwidth (< 0.01 MHz) correspond to MT oscillations. Using the so-called ¢-model (though we choose for convenience
to denote ¢ by x below), Zdravkovic et al. [10] showed that the nonlinear dynamic of MTs can be explained by a kink soliton
moving through the MTs. Elaborating on the coupled modes theory and in the absence of the cytosol viscosity, it has been shown
that the polymerization and depolymerization mechanisms are better described by coupled nonlinear waves [11]. The temperature
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substantially modifies the cytosol viscosity hence giving rise to hybrid solitons [12]. Assuming that the cytosol viscosity and the
dipole moment direction depend on both internal and external factors, it was revealed that the viscosity dampens the vibrational
processes while the oscillations of the tubules become harmonically damped only in certain areas on the equal frequency maps [13].
It was suggested that the variation of the cytosol viscosity deeply alters the MTs polymerization in depolymerization processes
[14]. It is clear from the above results that the cytosol viscosity plays an important role on the dynamics of MTs. In particular, it is
expected that nonlinear waves that explain the dynamics of MTs are affected by the cytosol viscosity. Indeed, taking into account the
cytosol viscosity, the original MT partial differential equation was converted into the conservative nonlinear Schrédinger equation
whose breather solitons have been used to explain the MTs dynamics [15]. Instead of casting the original equation into a nonlinear
Schrodinger type equation in order to exploit its known solution, direct approaches may be used to find other profile solutions like
bright and antikink solitary waves [10, 16]. The dynamics of the MTs is governed by a nonlinear partial differential equation, which
in principle, admits a large number of solutions that remain to be constructed. Apart from the above few analytical solutions [10,
15, 16], the dynamics of the MTs is not spill out in details. Other nonlinear wave structures are still awaiting to be unveiled. On the
other hand, it is well known that the modulation instability (MI) mechanism is a very good tool to easily activate solitary waves
in different media like DNA, proteins, active matter [19] and Bose-Einstein condensates [20], to name just a few. The effect of the
cytosol viscosity on the MI of MTs needs to be clarified. The aim of the current work is to fill in our gap on the knowledge of the
influence of the cytosol viscosity on the MI of MTs. In addition, we construct new solitary wave solutions that explain the dynamics
of MTs in the presence of the cytosol viscosity which, in fact, does not affect the dynamics of the MT.

The rest of the manuscript is organized as follows. In Sect. 2, starting from a MT Hamiltonian, we first derive the discrete
nonlinear differential equation that governs the dynamics of MTs in the presence of the cytosol viscosity. Then, after performing
a linear perturbation, we analyze the impact of cytosol viscosity on MI of MTs. Applying the direct ansatz method, analytical
solutions with bright and anti-dark profiles are constructed and their main characteristics analyzed in Sect. 3. It is shown that the
cytosol viscosity does not affect any characteristic of the stationary solitary waves constructed. Numerical simulations performed
corroborate there analytical counterparts with a pretty high accuracy. The manuscript is concluded in Sect. 4.

2 Model and analytical prediction of MI
2.1 The model

In order to derive the equation of motion that governs the dynamic of a dimer in a PF of the MT, we start by writing the Hamiltonian
given by [10]

2 4

Hz;[;x'hf(xnﬂ—xn)2+pE (%—;‘—Z— )] ()
In Eq. (1), x, represents the angular displacement of a dimer at site n from its equilibrium position. The dot over x, accounts for a
derivation with respect to time 7. I = mL?/12 is the moment of inertia of each dimer where m = 1.8 x 10722 kg is the mass of the
dimer [21] and L = 8 nmiits length [10]. K = 0.1 eV [11] is an intra-dimer stiffness parameter, p = 337 Debye = 1.13 x 10727 Cm
[22]is the electric dipole moment, and pE = 0.25 eV where E (E = 4 x 107 V/m) is the intrinsic electric field strength. The order of
magnitude is given in [15, 23] such that p, E > 0. The physical meaning of the terms in the right-hand side of Eq. (1) is as follows.
The first term accounts for the kinetic energy, the second one describes the chemical potential energy of two neighboring dimers that
belong to the same PF, and the last term is the dipole-dipole potential energy of the dimer x,. The Hamiltonian (1) corresponds to a
conservative system. The cytosol viscosity which is a damping term may be included in the dynamics by considering the viscosity
momentum M, = —TI" x,, where I" represents the viscosity coefficient [10]. Applying the Hamilton—Jacobi formalism, one derives
the equation of motion satisfied by the dimer as [10]

Ko+ € Xin =& (ns1 — 2 Xn + Xn—1) + @5 (@ X — Xn)- )

witha = %, a)§ =pE/l, ¢ = g anda = é o measures the potential energy of the chemical bonds during their rotation; w, is the
lowest cut-off frequency where pE plays a decisive role in stabilizing PFs and the MT itself, hence has a stabilizing effect on the
polymerization [10]. We neglect the nonlinear terms and the viscosity in Eq. (2) by introducing the expression x, () =o e!(@"=®1,
and the resulting dispersion relation is given by
2_ 2 . 2(4
o° = wy +4a sin (5) 3)

where w is the linear angular frequency and ¢ is an angle.

Insights on the dynamics of MTs rely on analytical solutions of Eq. (2), but only a few of them are available in the existing
literature [10, 15, 16]. To obtain deeper insights in Eq. (2), we start by assuming that x,, is a slowly modulated wave of the original
nonlinear problem Eq. (1) whose frequency is in the linear band such that one may write

Kn(0) = Fy(0) e~ st 4+ F(n)e! 5! @
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F,(t) and F,(¢)* are complex conjugate functions assumed to vary slowly in time with respect to the main oscillation at frequency
wg,1.e., Xn K wg xn [17]. Inserting Eq. (4) into Eq. (2) and applying the so-called rotating-wave approximation, after a few algebra,
leads to the discrete cubic complex Ginzburg-Landau (CGL) equation satisfied by F,(¢)

(e = 2iwg) Fy—a [Fyp1 =2 Fy+ Fy1] = 3a ) |Fy|* Fy —i s wg Fy =0. 5)
2.2 Analytical prediction of MI

In this part of the work, we analyze the MI of the CGL Eq. (5) since we expect it may manifest itself in Eq. (2). To this end, we first
look for plane wave solutions of Eq. (5) in the form

Fu(t) = ¢o expli (g n — wo1)], (6)

q, wo and ¢ represent an angle, the angular frequency and amplitude of the wave, respectively, wg = —wy and all are related by
the nonlinear dispersion relation

—wo Qg +ie)+4a sinz(%) —3aw? o] —i wg & = 0. %)

Eq. (7) is verified if and only if q% > 4. To examine the linear stability of the initial plane wave, we slightly disturb both its amplitude
and phase and look for a solution in the form

Fou(t) = [(¢o + bu(t))]e' V0O o

where 6,(t) = gn — wot. Assuming that |b,(1)|<< |¢o| and [V, (1)|<< 16,(¢)| [17, 18], we introduce Eq. (8) into Eq. (5), then
separating the real and imaginary parts, we obtain

by = N1 by + Na (bpt1 — 2bp +bp—1)
+ N3(Wns1 — 2¥n + Yn—1) + Na (bp+1 — bn—1)
+ N5 (Yne1 — Yn—1)
Yn = P1by + Py (bps1 — 2by +by1)
+ P3(Yns1 — 290 + Y1) + Pa (b1 — by—1)
+ Ps (Yn+1 — Yn—1). ©

In Eq. (9), coefficients N;, P; (i =1, - - -, 8) are provided in Appendix (A) as well as a full derivation of the perturbed equation Eq.
(9). Solutions of Eq. (9) are supposed to have the forms

[bn(t)]_[bl bl][ exp(i(Qn + Q1)) ] (10)
V() | L1 v | exp(=i(Qn+ Q% 1)) |’

where by, ¥, being real constants, Q and 2 the wave number and frequency of the disturbance, respectively. The asterisk (*)
represents conjugate of a variable. By inserting Eq. (10) into Eq. (9) and after linearization around the perturbed plane waves, we

obtain the linear system
iQ+all . ain bl _ 0 . (11)
ay;  iQ+axp || Y1 0

with all the coefficients given in Appendix (B). The system of Eq. (11) admits a nontrivial solution if its determinant vanishes. This
leads to the second-order polynomial dispersion relation

Q2+AIQ+A)=0, (12)

Ay, Ag are given in Appendix (C) as well as a full derivation of Eq. (11). The existence of MI is possible if €2 is a complex number
(2 = @, +1i ;) with a nonzero imaginary part. The system is unstable provided that 2; < O with an instability growth rate
G =Max(—;) (i = 1, 2). The MI growth rate is plotted as a function of the unstable wavenumbers Q and the parameter ¢ (Fig. 1).
In this figure, the width of the unstable mode regions increases along the unstable wavenumber axis for small values of ¢ (¢ is order
of w, [15]), while for increasing values of ¢, the magnitude of the instability growth rate decreases down to zero. This means that
the cytosol viscosity extends the unstable mode parameter region for Q, but its large values alleviate the instability. The latter result
agrees with observations in [14].
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Fig. 1 MI growth rate versus unstable wavenumber Q and the ¢ parameter when ¢ = 1.18. The presence of the cytosol viscosity stabilizes the system as it
induces a decrease in the magnitude of the MI growth rate. However, by widening the unstable wavenumber region, the cytosol viscosity drives the system
to instability. Parameters are: K = 0.1 eV, pE = 0.25eV and ¢ = /5

3 Analytical solutions and numerical analysis

The MI analysis helps to determine parameter zones in which solitary waves are likely to be found. However, important characteristics
of solitary waves that can propagate through the MTs such as their shape, amplitude and phase are not predicted by the MI analysis.
To fill in such a gap and provide useful information about other types of waves that may propagate through MTs, analytical solutions
are needed. Other advantages of analytical solutions are that they help to test the validity of the numerical solutions of the model
under consideration. Several powerful methods are designed to solve nonlinear partial differential equations similar to Eq. (2).
Among these are the inverse scattering transform method [24], the tanh method [25], the Exponential-expansion method [26], the
modified Hirota method [27, 28], the F-expansion method [29, 30], the (G’/G)-expansion method [31] and the BDK method [32,
33]. In this work, we apply a direct method to construct solitary wave solutions of Eq. (5). To this end, we redefine the solution (4)
in the form:

hoxu(t) =h Fy(t)e @' + h F:([)eiwé’t
with 0 < xu (1) < % 13

where £ is a constant whose value will be specified later to respect the experimental conditions [34]. We first assume that the function
F,(t) and F,(¢)* vary weakly in time near the cut-off frequency. This means that F,,(¢) and F,(¢)* may be considered as continuous
functions of space x = nl (where [ = 80 A is the tubulin dimers spacing [11]) and time 7. The latter arguments imply that the
discrete functions in Eq. (5) should be replaced by the continuous versions after adequate Taylor series expansions. In the following,
the continuous version of the function F,(¢) is denoted ¢(x, t). After a little algebra, one recovers the continuous version of the
discrete cubic CGL Egq. (5) given by

. 2 .
igr + Poux + Qlpl"¢ —iye = 0. 14
The expressions of P, Q and y are
_ 2alPwg _ 6agw;
p_ Pr=gme | 9= ame
- - 2
o al?e o _3a0wg£
bi=—q5ea Qi = —Zmet
2w§£
V= T 4wl+e?’
y = ; (15)
W& .
Y = 4w§7+82, withag = h2a.
8

Applying the direct method, we assume the solution of Eq. (14) as
@(x, 1) = [A sech(Bx) +iB tanh(Bx)]e ") (16)

Then, inserting Eq. (16) into Eq. (5) and separating the real and imaginary parts leads to a system of over-determined equations,
whose solutions found with the computer algebra software MAPLE 13 are

«/Ea),
A=42h+2,B=0,v=1= /g, B = g 17
v Jog, B Jal )
From Eq. (17), we rewrite the solution (16) as
1
) =|+2hvV2——no i(v21). 18
o(x, 1) [ fcosh(ﬂx)]expz(v ) (18)
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Fig. 2 Spatiotemporal evolutions of the bright solitary wave: a analytical, b numerical solutions. The numerical solution matches the analytical one with
good accuracy. pE = 0.25eV, K =0.1eV,l =80A,¢ = 1.1 wg

In order to retrieve the solution of the original discrete problem Eq. (2), we insert Eq. (18) into Eq. (4) with x = nl to come back to
the discrete situation. This corresponds to the solutions of Eq. (2) written as

xn(t) = £2 A sech(Bnl). (19)

T
The solution Eq. (19) satisfies the experimental condition Eq. (13) provided that & < ads It is worth noting that the solutions Eq.

(19) are stationary ones rather different from breather solutions previously derived [10, 15, 16]. Stationary states are well-known
solutions that appear in many fields in physics [35-37]. The stationary solutions found above may explain biological processes during
which the MTs do not change in time. Such processes occur for example during cytoplasmic transport by Microtubules Associated
\%2 p£E is proportional to ration of the stiffness and
the dimer electric energy; its value decreases with increasing values of the dimer electric energy. This implies that for different
MTs, it is the electric and chemical potential energies of two neighboring dimers belonging to the same PF and the inertia that alter
the width of the solitary waves. Our solutions may be applied to distinguish MTs with different masses, hence different kinds. In
addition, since there are two values of A, they lead to two different profiles of solutions, namely a bright solitary wave for A > 0
(see Fig. 2) and an anti-dark solitary wave for A < 0 (see Fig. 3). It is well known that exact or approximate analytical solutions as
Eq. (19) of nonlinear partial differential equations may be unstable in real physical experiments. Unstable solutions not observed
in experiments are not considered as real physical objects. One way to study the stability of analytical solutions of a time evolution
partial differential equation is to insert them at initial time into the underlying equation and solve the latter one numerically. The
stability of the numerical solution is confirmed by its evolution without disintegration after a sufficient long time for which the
phenomenon under investigation is observed in experiment. In what follows, we use the fourth-order Runge—Kutta computational
scheme with periodic boundary conditions [38]. The time step has been chosen as Ar = 10710 s while the spatial grid is [-10, 10].
Let us analyze the numerical stability of the two cases of solutions presented above.

Proteins (MAPs). Moreover, the width of the solution Eq. (19) (/31)_1 =

3.1 Bright solitary wave

We obtain a stationary bright solitary wave for a positive amplitude of the solution (19) written as x,(t) = 42 / cosh(Bnl), that
is inserted at initial time # = O for numerical integration. We display in Fig. 2 spatiotemporal evolutions of the analytical (Fig. 2a)
and numerical (Fig. 2b) solutions. A scrutiny analysis of both panels of Fig. 2 shows that the numerical solution corroborate the
analytical prediction with a very high accuracy. As stated above, the numerical solution remains stable up to a final time equals
to 10* ns, a lifetime 100 times longer than the ones presented in previous works [11, 15]. Stationary state solutions like the ones
presented in Fig. 2 imply a constant energy that could be used by the MT to stay in a spatial configuration during a sufficiently
longer time that would allow MAPs to use the MT as an intracellular transport channel [39]. During this transport, the MT behaves
like a railway on which the MAPs attach themselves in order to transport the elements necessary for the proper functioning of the
cell. Knowledge of stationary states of MTs are also important since it was suggested that they could explain the presence of a GTP
or the conformation cap at its end. The GTP cap keeps the MT in a stable position and prevents it from tipping over in a catastrophic
event. In the conformational capping approach, MTs are prone to keep a stable position in case the PFs have straight positions or

bending angles < z. In our case, the amplitude of the dimer angle which is in the range [0.15, 0.16] rad is in good agreement with

the results of the work of [34] where the limiting angle of PF dislocations is 77 /6 rad [10]. Moreover, a stationary MT implies the
death of the cell. This might be used to stop cell dynamic leading to its death. In this perspective, drugs that target MTs may be
applied to arrest their dynamics instability to kill cancer cells for example. A striking example is the taxol, a drug that stabilizes
MTs and is used in cancerology for its ability to freeze the mitotic network [40, 41].
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Fig. 3 Spatiotemporal evolutions of the anti-dark solitary wave: a analytical, b numerical solutions. The numerical solution recovers the analytical solution
with high accuracy. pE = 0.25eV, K =0.1eV,/ =80 A, e = 1.1 w,

3.2 Anti-dark solitary wave

The initial condition for numerical integration of Eq. (2) is now the anti-dark solitary wave of Eq. (19) given by x,(t) =
—44/2 sech(Bnl). Spatiotemporal evolutions of the angular variation of the dimers are presented in panels (a) (analytics) and
(b) (numerics) of Fig. 3, respectively. Once again, the numerical solution maintains the initial spatial distribution up to # = 10* ns,
hence confirming the stability of our anti-dark solitary wave solution. As mentioned above, the anti-dark solitary wave solutions are
also a good candidate to explain MAPs displacements on the top of MTs or the stable position MTs induced by the GTP cap.

4 Conclusion

In this work, we have studied the dynamics of MTs radial dislocations in the presence of a dissipative term originating from the
cytosol viscosity I'. Through the MI analysis of plane waves, we have shown that the viscosity of the cytosol has a major impact
on the stability of the system. To be more precise, our results show that in the presence of the cytosol viscosity, new unstable
modes appear, nevertheless, the magnitude of the instability growth rate decreases with increasing values of I" and for some large
values the cytosol viscosity wipes out the instability of the system. Moreover, it is well known that MTs during some biological
processes behave like stationary states. Converting the original discrete ordinary differential equation into a dissipative complex
Ginzburg-Landau equation in which the dissipation viscosity coefficient no longer acts, we constructed using a direct ansatz method,
stationary solutions of the original discrete problem. We provided two distinct profile stationary states, a bright and an anti-dark
profiles that as explained above, are good candidates to explain biological mechanisms where MTs should keep stationary. Our
analytical results are supported by direct numerical integrations of the original discrete model. The model [10] considered here
works well for different collective conformations of dimers in PFs [42]. It is well known that the hydrolysis of GTP that triggers the
dynamics of the MTs is a stochastic process which in principle should alter the MTs dynamics. In future works, we aim to include
in the governing equation the random mechanisms due to the hydrolysis of GTP.
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Appendix A

We consider the perturbed wave solution (Eq. (8)) in the form

Fou(t) = (¢ + by)e!OnOriva(®
= (o +bu)(1+ i)™
= (¢0+i¢01ﬁn +bn)ei9n(l) (Al)
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with 6, (1) = (gn — wot) such that |, ()| <K 6,()] .

Fut1 = (o +igo¥nr1 + byrp)e'™Ve™e.

| En (D> Fu(t) = 3 (o + b — ihorys + 2y + 2icho i )e’ V.

Fut) = (bn + id0tin — iwo(¢o + by + icho i) eV

(A2)
(A3)

(A4)

We introduce equations Al, A2, and A3 into Eq. (5). After linearization, we separate the real and imaginary part and obtain the

perturbed equations
— by — 2weoYn = —a(bus1 — 2by +by_1) cOS(q)
- a(Wn+l - lﬂn—l) - 3aw§¢g(b;: + bn),

2wgby — edovin = —ado(Ynst — 2¥n + Y1) cOS(9)
— a(bus1 — by—1) sin(q) — 3awydg(Yn — Vi)
Let us consider
Zy = —a(byy1 — 2by + by 1) cos(q)
— a(Wns1 — Y1) — 3aw,d5 (b + bn),
Zy = —ado(Yn+1 — 2 + Yu—1) cos(q)
— a(bps1 — bu—1) sin(q) — 3awy ¢ (Yn — Y.
Equations (A5) and (A6) become:
_gb.n - 2“)g¢0‘/}n =7

2a)gb.n - 84’0% =27
The system formed by equations (A7) and (AS8) is as follows:
{ —Eb.n. — 2wg¢91ﬁ,, =7
2w¢by, — epoYn = Z3.
Solving (A9):
. 2wg21 +eZy . —&7Z1 +20)gZ2
Vn=—— 55 ba= — 5
(4?2 + )¢y (6% +4w3)

Eq. (A10) may be rewritten as

by = Ny by + Ny (bus1 — 2by + by—1)
+ N3(Wns1 — 2¥n + Yn—1) + Na (bp+1 — bn—1)
+ Ns (Yne1 — Yn—1)

Yin = Pi by + Py (bpsi — 2by +bp1)
+ P3(Yn+1 — 2¥n + Y1) + Py (bps1 — bp—1)
+ Ps (Y1 — Yn—1)

where the coefficients N;, P; are given by:

6aa)28¢2
D :(92+4a)§; Ny = —s 0
D
2 cos
Ny = 2ECOS@) . 2w cos(g),
D D
Ny = o@eSin@) - aesinGg)
D D
_ 12aa)§. _ 2wgacos(q)
P = ;s Ph=—77F5—
D Doy
aedo cos(q) ae sin(q)
P = 72q s Py =
Dy D

(A5)

(A6)

(A7)

(A3)

(A9)

(A10)

(Al1)

(A12)
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Appendix B

Appendix C

We consider Eq. (11) above

The determinant of this matrix is:

20wg sin(q)
P5 =3 5
Dy

)

ay1 = 2i Ny sin(Q) — 4N, sin>(Q/2) + Ny
arp = —4N3sin®(Q/2) + 2i N5 sin(Q)
ar1 = 2i Pysin(Q) — 4P sin>(Q/2) + Py

ax = —4P3sin(Q/2) + 2i Ps sin(Q)

i§2+a11 aln bl _ 0
a1 iQ+an ||y | |0

Q2+ A Q+Ag=0.

Where the coefficients A1, Ag of Eq.(C1) are given by
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ARTICLE INFO ABSTRACT

Keywords: The viscosity of the cytosol plays a crucial role in the biology of microtubules (MTs), affecting
Microtubules their architecture and dynamics function. Understanding the overall functionality of this
Viscosity parameter is essential. The effect of viscosity on MT dynamics is studied when modelling

Ginzburg-Landau equation
Solitary waves

longitudinal and angular displacements. The rotating wave approximation is used to derive
two uncoupled complex Ginzburg-Landau (CGL) equations for the longitudinal and angular

displacements, respectively. Then, analytical two solitary wave solution types are constructed
using the modified Hirota bilinear method. Its appears that the viscosity dampens the longi-
tudinal displacements of MTs by significantly reducing the magnitude of longitudinal waves.
In the case of angular displacements, the influence of viscosity is negligible, such that MTs
angular displacements are transparent to viscosity. Our analytical predictions are confirmed
by numerical solutions with pretty much high accuracy. The solutions obtained offer promising
prospects for regulating the viscosity of the cytosol in order to control the assembly, disassembly

and stability of MTs.

1. Introduction

Eukaryotic cells, which are characterized by a nucleus surrounded by a membrane, have distinctive features in the form of
intricate networks of protein filaments also known as the cytoskeleton. At the core of this cytoskeleton are microtubules (MTs),
the subject of this study. In conjunction with motor proteins, MTs play a central role in shaping and stabilizing cells, orchestrating
cell division and monitoring various cellular cycling processes [1]. MTs have a cylindrical shape with outer and inner diameters of
15 nm and 25 nm, respectively [2]. They are mainly composed of protofilaments (PFs), 13 PFs arrange in parallel helically around
an axis of rotation form a hollow cylinder. Each PF is made of a set of 8 nm long dimers, forming dipoles [2], the latter dimers are
in turn composed of alpha and beta tubulin subunits with negative and positive charges, respectively. a, § tubulin binding sites for
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nucleotides are mainly the guanosine triphosphate (GTP) [3]. During MT assembly, g-tubulins link to the GTP bound to the plus
end of the MT. During depolymerization, GTP hydrolyses into guanosine diphosphate (GDP), which weakens tubulin association
and facilitates MT dissociation.

Research in cell biology has led to the introduction of many mathematical models whose analytical solutions are actively needed
in various subfields. Among these subfields, MTs stands out with extensive studies aimed at modelling their complex properties.
For example, a one-dimensional electrical model simulating MTs has been studied using a reductive perturbation approach [4],
which explained that the evolution of ionic waves in MTs is governed by a NLS equation whose solutions help characterize possible
biological implications of solitary wave like waves in MTs. Another mathematical description that leads to partial differential
equations of MTs involved the analysis of conductive properties of MTs modelled as nonlinear electrical transmission lines [5]. In
this work, we elaborate from a Hamiltonian that takes into account both kinetic and potential energies of MT dimers moving either
longitudinally or radially to introduce via specific transformations presented below coupled CGL equations to model the dynamics of
MTs. Solitary wave solutions of our derived CGL equations suggest possible biological information processing where stationary MTs
may play the role of carpets on which rolls other proteins that may carry biological material or information. The study of the effect of
cytoplasmic viscosity on MTs has opened up new perspectives for understanding future cellular processes. According to Betterton [6],
an increase in viscosity is associated with a decrease in the rate of both MTs formation and disassembly. Shirmovsky et al. [7] have
extensively studied the vibrational properties of MTs and highlighted the critical influence of viscosity on these processes, affecting
the dissipation of vibrations and their energy management. This suggests a potential role in maintaining structural equilibrium
or preventing damage. Molines et al. [8] shed light on a direct correlation between cytoplasmic concentration and the rates of
MT polymerization and depolymerization, which are closely linked to fluctuations in cytoplasmic viscosity. This highlights the
importance of viscosity in regulating MT dynamics, even in a normal cellular context. Using a discrete radial dislocation model,
Tabapsi et al. [9] showed that viscosity alters modulation instability, expanding unstable regions and reducing their growth rates,
in agreement with Molines et al. [8]. An investigation led by Latifah [10] delved into the influence of solvent viscosity on the
dynamics of MTs, shedding light on its impact on assembly and disassembly processes. A result which implies that modulating solvent
viscosity could constitute an effective strategy to expedite or modify cellular processes associated with MTs. MTs, in turn, respond
to the electric field generated by the depolymerization of the neuronal membrane, as detailed in the study by Priya et al. [11]. In
this context, the authors established a model with two degrees of freedom, namely longitudinal displacement U, and an angular
displacement ¢,. By deliberately neglecting cytosol viscosity in their work, they arrived at a third-order NLS equation. Examination
of modulational instability led them to posit a possible localization of dipolar oscillations in the protofilament of neuronal MTs.
The consideration of system viscosity holds paramount importance in biophysics [6-10]. Our approach aims to assess the impact of
cytosol viscosity on the interaction of dimers in the presence of an electric field. In this work, we construct below exact solutions
capable of elucidating the dynamics of MTs, taking into account cytosol viscosity, which influences MTs dynamics based on both
longitudinal and angular degrees of freedom.

The structure of our work is outlined as follows: in Section 2, we delineate the Hamiltonian of the model and derive the
uncoupled CGL equation, incorporating the effects of the double-potential well, the electric field, and viscosity using the Rotating
Wave Approximation (RWA) [12]. Section 3 is dedicated to constructing exact solutions using the modified Hirota method [13].
Numerical investigations and discussions of the results will be conducted in Section 4. Section 5 will be devoted to summarizing
the obtained findings.

2. Model

The Hamiltonian in [11] solves the movement of a single protofilament, affected by strong interactions between dimers that
belong to the same protofilament. This model consists of two degrees of freedom, specifically the longitudinal displacement
from the U, model [14,15] and the angular displacement from the y, model [16]. We have chosen to introduce the moment of
inertia, rather than simple mass, in the context of radial displacements. This decision is based on the fact that it offers a more
thorough characterization of the behaviour of an object subjected to rotational forces, while providing a more robust foundation
for calculations and analysis in rotational dynamics. The Hamiltonian combining both angular and longitudinal displacements [11]
reads :

H=Y [% U? + %;gj + % Uiy —U)* + % Utnst = An)* — % U2+ g U} — pEcos(z,)| - 1)

n

In Eq. (1), the first couple of terms represents the kinetic energy related to the displacements U, and y,, with m standing for the mass
and I = (m1%)/12, the moment of inertia of dimers, where / = 8 nm is the length of a single dimer. The dot implies the first derivative
with respect to time ¢. The third and fourth terms emerge from the neighbouring dimers’ restoring forces in the protofilament (PF),
K, and K, account for inter-dimer stiffness parameters for the U, and y, displacements, respectively. The fifth and sixth terms
depict the double-potential well of U, displacement [14,17,18], while the final term illustrates the dipole-dipole potential energy
due to y, displacement. p denotes the electric dipole moment, and E is the intrinsic electric field of the dimers, whose order of
magnitude is provided in [16,19] making sure that p, E > 0. A and B are positive parameters of the double-potential well. The
aforementioned Hamiltonian integrates both radial and longitudinal aspects of the dimers which of course is a conservative system.
In the context of eukaryotic cells, the cellular components are immersed in a fluid known as the cytosol, which is characterized by
its viscosity. The viscosity of the cytosol acts as a dissipative term and may be incorporated into the dynamics using the following
expressions: F, = —yU, and M, = —I'y,. Here F, and M, denote the force and viscosity moment associated with longitudinal and
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Table 1

Parameters network values.

Parameters Values References
y 56x 10711 kg/s [14,17,18]
A 1.8 eV [20]

B 2.8 eV [20]

K, 0.5 N/m [14]

K, 0.1 eV [21]

m 1.8x 102" kg [1,16,17]
r 43 x 107 Nms [20]

angular displacements, respectively. Employing the Hamilton-Jacobi formalism, we derive the equations of motion that the dimer
satisfies

Uy +e1 U, =ay Uy =20, +U, ) + @ U, ~7U,), (2a)

., . _2 2 3 2b

It €2y =0 (Aur1 = 20 + Hut) + 05, (a2, = Xn) - (2b)
where ¢, = ﬁ,al = %,az = %,a = é,wz = ”IE,T = ; and a)gl = %. The value of ¢, varies proportionally with I', since I is a
constant, according to the relationship ¢, = § Numerical values of the coefficients in Egs. (2) are given in Table 1.

By exclusively considering the linear terms of Egs. (2), we scrutinize its solutions in the form of plane waves, expressed in
complex notation as U, (f) o« expi(q n— wg 1) and y (f) « expi(gyn —w,, 1). Here, q;,q, are the wavenumber and angle, while
— —n
w, . g, Tepresent the longitudinal and angular frequencies, respectively. Inserting the above plane wave solutions into Egs. (2)
and neglecting frictional terms lead to the ensuing linear dispersion relations

4K 4K

w%:—w§1+ ml sin <‘121>’ with a) L < ml (3a)
4K2 . 9>

0} =y, + 7 51112(3). (3b)

By examining how a carrier wave with a frequency in the linear frequency range is modulated, we can insert the test solution
into Eq. (2), in the form

U,(1) =G, (t)e a1’ + G*(t)e o' (4a)
() = F, (e " + FX() P (4b)
First, we note that the functions G,(t), G} (1), F,(t), F,(t) are complex functions that show slow variations over time compared to the
main oscillations at frequencies w, , w, . This is expressed as U, < o, , Ups 2y < @, 1, Substituting Egs. (4) in Egs. (2) and applying

the RWA, i.e., keeping only terms proportlonal to exp(+iw,, 1) and exp(ila)g2 1), respectively, we derive the discrete CGL equations
satisfied by G,(t), F, (1)

(€1 =2iwy) G, = a; (Gppy =26, +G,_y) = @}, G, +371G,|* G, —ie 0, G, =0, (5a)
. - 2 .
(e -2iwg ) F, —ay (Fppy —=2F,+F,_) — 3aco§2 |F,|” F, —iew,, F, =0. (5b)
Also, we assume that the function G,(t), G:(?), F,(1), F;(t) varies slightly with time in the vicinity of the cut-off frequency. This
means that G and F can be viewed as continuous functions of both space x = n/ and time 7. As a result, after an appropriate Taylor

series expansion, the discrete functions G,(r) and F,(r) in Egs. (5) are replaced by their continuous counterparts G(x,t) and F(x,1),
respectively, leading to

iG,+P Gy +0,|G*G—-iA G =0, (6a)
iF,+ P F +Q,|F?F—iA, F=0. (6b)

Egs. (6) represents the continuous CGL equations, where P,Q and I' are defined as follows

2 2 _ 37g
P = ap % g _ 2al’wg, er = —g FpeRl
" £ +40] 2 402 +e2°
P, 1 &1 P, = 82 2 Q —
1= va 12 » = ) 1=
P a1 g, P =_ al” e 61:wg1
W= 740l ) b0, el 0, = Teel
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ﬁamgz A 3mg1 £] A 2w§2 &)
Qr2 T 402 +€2° " e +4w? L TP R
_ & T2 A = 1 &1 A = g 2
Q2 - 3aa? ¢ 1= 203 +ew 2= 2
0. = 8 2 A =81 L& A = P
2 4w§2+52’ B e%+4m§] ’ ip 4w§2 +£§'

3. Exact solutions of nonlinear Ginzburg-Landau equation

Analytical solutions are essential for understanding the dynamics of biological systems and for validating numerical models.
Several methods have been developed to solve nonlinear partial differential equations, including the modified bilinear Hirota
method. Known for its precision and efficiency, the modified Hirota method uses a specific bilinear formulation to obtain exact
solutions to nonlinear partial differential equations. The modified bilinear Hirota operator takes the form [13,22-25]

Dy, Dy HT=(2 5 %)m (-5 %) He DT )y ®
Setting

G(x,1) = yw(x,1) e, (9a)

F(x,1) = ¢(x,1) e, (9b)

then substituting Egs. (9) into Egs. (6), we get
iy, + Py, +0 |yl ye =0, (10a)
i+ Py + Oy [ pe™ =0, (10b)
The two solitary wave solutions of Egs. (10) are looked for in the form
w(x, 1) =u(x,1) + uy(x,1), (11a)

@(x, 1) = v1(x,1) + vy(x,1), (11b)

with u;(x, ) uy(x,7) = 0 and v;(x, ) vy(x,7) = 0 corresponding to one solitary wave. Inserting Egs. (11) into Egs. (10), we get

iy, + Prup, + O lug )2 uy e + 0, M (2u2 lug|? + 7 u?) =0, (12a)
ity + Pyuy,, + O luy|* uy e + Q) €™ (2w |uy|* +uf1u3) =0, (12b)
iv), 4 Py, + 0y vy} vy e+ 0, M (20, log | + v; U%) =0, (12¢)
iUy + Py Uy + Qs [05] 0y €™ + 0y ™' (20, |0y |* + v U%) =0, (12d)

where the asterisk (*) denotes the complex conjugate. We use the modified Hirota ansatz to construct solutions of Egs. (12) as
w0 = Heo T up(x0) = LoD T] (132)
vy (xe.1) = ST, 2, vy(x.1) = RGN T~ (13b)

In Egs. (13), H,L, S, and R are complex functions, and T; and 7, are real functions. The complex constant §; = 1 +i4;; (where
Jj =1,2) needs to be determined. Using Eq. (8) along with Egs. (13) the bilinear form of Egs. (12) are

(i Dy +P D} x) H-T, =0, (14a)
<i Dy +P D} x) LT, =0, (14b)
20,2M (|HP?>+HL*+2LH*
DT, T, = — — , (14c)
P 8 (6 + DT}
20,2M(|L*+ LH* +2H L*)
DT, T = —! — , (14d)
P (6, + DT
(i Dy, + Py Dﬁqu) ST, =0, (14e)
(iDse+ P DY) R-Ty =0, 140
20,20 (|S]2+ S R* +2 R S%)
DTy Ty = —2 = , (14g)
Py 6, (6, + DT,
20, (|R*+RS*+2 S R*
p2r, T, = 2220 (R ), (14h)

Py 5, (5, + DT,
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Egs. (14) are valid provided that the following conditions are satisfied HL # 0, SR # 0,(H + L)Y(H* — L*) = 0,(S + R)(S* — R*) =
0,L =¢ H and R = ¢S, such that

(iz)&l,, +P Dgl’x> H-T, =0, (15a)
(;‘1)51,,+P1 Dﬁl’x) LT, =0, (15b)
20,2411 +3
DT, T, = Qe 252 HI%, (15¢)
P 6, (8, + DT}
20, e2M(1 +3¢)
DTy -T = — ——ILI%, (15d)
P8, (6, + DT
(iDs+P D% ) S Ty=0, (15¢)
(iDss+ P DY) R-Ty =0, (150
20,2021 +3¢)
DT, T, = —=2 ISP, (15g)
Py, (6, + DT,
20,e*M1(143
P PR P L G LYo (15h)

Py 6, (6, + DT %72

with € € {-1,0,1}. ¢ = 0 corresponds to a one solitary wave. The left-hand sides of Egs. (15c), (15d), (15f) and Eq. (15g) are real,
so the right-hand side must be as well. The latter requirements impose real solutions to the following equations

8, = 0,6y =0, (16a)
(P Q1, — P, Qy;) =tanQR Ay 1) (Py; Qy; + P, Qy,) (16b)
(P2[ 0y — Py, sz) = tan(2 Ay; 1) (P2i Oy + P, Q2r) . (160)

Hence, Egs. (15) can be rephrased as
(iD51~f + P Dé,x) H-T, =0,
(iD‘S'*’JrP‘ D§1x> L-T =0, (17a)
(Pli Q)+ Py, Q1r) M1 +3¢)
cos(2 All.t)|P1|2
(Pli 0, +P, Q1r) A1 +3¢)
cos2 Ay 1) | Py|?
<iD5,I+P2D§2x) S'T2 =0,

DT, -T, = |H|?

>

DT, T, = |L|%, (17b)

(i D;, + P, Dgqu) R-T, =0, 17¢)

(Py Q5 + P, 0y,) &4'(1+3¢) P
cos(2 Ay 1) | Py |?

(Py; Oy + Py, Qy,) €"2'(1+3¢) IR
cos(2 Ay; 1) | P |? '

DT, T, =

s

DT, T, = 17d)

Once the bilinear conditions and forms are available, the next step is to find the solitary wave solutions. Multiple solitary wave
solutions are accessible, such as impulsive, frontal, and dark solutions [23]. The modified bilinear operators (8) frequently utilize
these solutions. The impulsive solutions are of significant interest to us due to diverse applications in the signal processing and
transportation of data in microtubular networks [5]. This is done by starting with an expansion written as

H=e"T, =1+ N, (18a)
where , 0, = k| x + hy(1).

S =e",T, =1+ Ny(t) %2, (18b)
where , 0, = k, x + hy(¢), with k;, k, € R.

h;,h, and N, N, are time-dependent complex and real functions, respectively. By inserting Eqs. (18) into Egs. (17), we obtain

dhy 5
?_’Plkl =0, (192)
dh, 2
? —1 P2 k2 = 0, (19b)
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1 dN;

——Ll=2pP. K 19
N, dt 1151 (19¢)
dN.
L 22 _op, k2 (19d)
Ny(t) dt
P, 0, +P,0,) EMri(1+3¢)
Nl(t)=( 1i C1i 1 1) ’ (19)

2Kk%|Py|* cos(2 Ay, 1)
(PZi Oy + P, er) 2 M (1 +3¢)

Ny(t) = —— (196
2k | Py |“ cos(2 Ay; 1)
After integration of Egs. (192)-(19d), we have
hi()=iP k31, (20a)
hy(t) =i Py k3t, (20b)
N (t) = Ny exp (23 Py; 1), (20c)
Ny(t) = Ny exp (2k3 Py 1) . (20d)
From Egs. (19f), (19f) and Egs. (20c), (20d), we obtain
P,0, +P,0,)1+3¢
Ny = LuQut P Qi) (430 21a)
267 1P
PiQi+PrQr 1+3e
N02=(2 21+ Py Oar) ). (21b)
263 |Py?

Inserting Egs. (21) and Egs. (20) into Egs. (9) and using the transformations Egs. (11), the solitary wave solution associated with
Egs. (6) can be expressed in the form

exp (ky x+ (Ay, +i(Ay; + P kD)) 1)
1+ Ny, exp (2k1 x)
G(x,t) = (1 +¢€) G (x,1), (22b)
exp (ky x + (Ay, +i (Ay + Py kD)) 1)

Gi(x,1) = , (22a)

Fi(x,t)= , (22¢0)
1050 1+ Ny, exp(2k2x)
F(x,t) = +e¢) Fi(x,1). (22d)
Returning to the discrete system, Eqgs. (22) transform as follows
exp (kynl+ (A, +i(A;+ P k?) ¢
G (n.1) = (gl + (A, 1+ P kD) ), (23a)
1+ Ny exp (2k; nl)
Gn,H)=(1+e)G(n1), (23b)
exp (kynl+ (Ay +i(Ay + Py k) t
Fy(n.1) = pllani+ (4, 2+ P2 k) ), (230)
1+ Ny, exp (2 kznl)
F(n,t) = (1 +¢€) Fy(n,1). (23d)

Employing Egs. (13), (18), and Egs. (20) within the context of Egs. (4) facilitates the derivation of spatio-temporal solutions
characterizing the longitudinal displacement U, and the angular displacement y,. These solutions serve to elucidate the dynamics
of energy propagation within the MT network, delineated by the formulation articulated in Egs. (23). We obtain

exp (nl -V, t)

U, =201 X K2P, + A, —w, )1}, 24

n() ( +€) exp(—k1)+N01 eXp(kl }’ll) COS{( 1 lr+ 1i wgl) } ( a)
exp (nl— Ve t) R

n=2(1 x K2 Py + Ay — @, )1}, 24b

X =2(1+¢) oxp (=) + Nog xp(ky 1) cos{(ky Py, + Ay — ) 1} (24b)
with
o, (21Pa k> +3¢

Vy, =  (2Pek” +36) (25a)

n

<612 +4a)g12) k]
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Fig. 1. Numerical spatiotemporal evolution of longitudinal displacement e = 1. For y = 0, (a) bright solitary wave, (b) maximum of absolute error. For
y =5.6x 107", (c) bright solitary wave, (d) maximum of absolute error.

_ngzz +&, (a 12k22)

V. =
<£22 + 4a)g22) ky

Xn

(25b)

Each solution of Egs. (24) has one free parameter: k; for the longitudinal displacement and k, for the angular displacement.

2
Eq. (24b) is valid for 0 < &5, @ 0.—2 | such that k, € [0,1.6719], and z,, < = [26].

2w§2 . . . 2
@, < —5. This implies that k5 € e <

242"
= k5

This leads us to choose the specific value k, = 0.3. The solution (24a) exists if 0 < I’fl’wgl»_% < a;. This imperative led to

82’

our preference for k; = 0.3. It is important to note that the solitary wave solutions resulting from Egs. (23) differ significantly
from previously derived kinks, breathers [16,27], and stationary bright solitary waves [9]. When ¢ = 1, G(x,1) = 2G,(x,?) and
F(x,t) = 2F;(x,t) which correspond to the two solitary wave solutions. The two solitary wave solutions differ from one solitary
wave solutions (¢ = 0,G(x,1) = G(x,t) and F(x,t) = F;(x,1)) by a factor of two and by the expressions of the parameters N,; and
Ny, which directly influence the functions G(x,#) and F;(x,?). In contrast to the bright stationary solutions presented in [9] which
are independent of viscosity and remain constant over time, the solutions described here are dynamic and depend explicitly on both
time and the viscosity of the cytosol. Finally, for ¢ = —1, Egs. (6) yields a null solution. One solitary wave is a well-established
solution found in various domains of physics. Unlike the one solitary wave solutions usely found, we propose in this work two
solitary wave solutions to explain the dynamics of angular or longitudinal of MTs for the first time to the best of our knowledge.

4. Numerical experiments

Analytical methodologies are used to solve systems of ordinary and partial differential equations. These methods provide
analytical solutions, which are often approximate and may not accurately reflect the reality of the studied systems. In contrast,
numerical methods offer more suitable solutions that better align with real-world scenarios. Due to the nonlinear nature and
complexity of many biological models, analytical solutions are often difficult to obtain. As a result, researchers must carefully select
appropriate numerical techniques to solve and compare the results versus analytical solutions. In this part of the work, our objective
is to numerical solve Egs. (2) and compared the results against the analytical prediction found above. The fourth-order Runge-Kutta
method was employed to conduct numerical simulations of Eqs. (2). The computations were performed on a spatial grid with 10°
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Fig. 2. Numerical spatiotemporal evolution of angular displacement e = 1. For &, =0, (a) bright solitary wave, (b) maximum of absolute error. For ¢, = 1.1, ,

(c) bright solitary wave, (d) maximum of absolute error.

equally spaced points spanning the interval [-40,40] with periodic boundary conditions. The initial conditions at time ¢ = 0 were
derived from the corresponding analytical solutions (Egs. (24)). Simulations run up to t;, = 10* ns with the time step of d = 0.1 ns.

In the absence of viscosity (y = 0, &, = 0), maxima of amplitudes remain constant at 0.37 Ain Fig. 1(a) for U,, but at 0.303 rad in
Fig. 2(a) for y,. The initial conditions in Fig. 1(-a) and Fig. 2(a) evolves keeping their original shapes, without any disintegration,
hence confirm that our analytical predictions may be considered as robust physical objects. Such results are also supported by very
small discrepancies (of the same order of magnitude) between analytical and numerical solutions displayed in Fig. 1(b) for U, and
Fig. 2(b) for y,, respectively.

The presence of the viscosity for the angular displacement does not affect the dynamics of dimers as can seen by examining the
numerical solution obtained for &, = 1.1 w,, plotted in Fig. 2(c) and Fig. 2(a) where ¢, = 0. Conversely, the viscosityusignificantly
alters the dynamics of the longitudinal displacement U, by drastically reducing the maximum amplitude from 0.37 A (y = 0, see
Fig. 1(a)) to 0.117 A displayed in Fig. 1(c). Similarly as above, our analytical solutions agree with the numerical ones with a rather
good accuracy. The errors between analytical and numerical solutions exhibited in Fig. 1(d) for U, and Fig. 2(d) for y, are bounded
from above by 4 x 1079 and 10~5, respectively, definitely confirming the validity of our analytical solutions.

It is well known that the presence of viscosity in the medium influences the dynamics and functions of MTs in several ways.
For instance, viscosity can affect the mobility of MTs by creating resistance to their movement, thus influencing the stability and
processes of assembly and disassembly of MTs [6,8]. Authors in [9,10,27] suggested that an increase in viscosity acts as a damping
factor for MT growth. Biologically, such a viscosity-induced resistance could be linked to an interaction between proteins associated
with MTs, allowing the MT structure to remain stable. Regarding angular displacement, viscosity does not seem to influence the
shape, amplitude, or propagation of the solution. This stability may be attributed to a stable configuration of MTs, including a
curved conformation [28,29] or the presence of a GTP cap at their ends [30]. This stability could also result from the interaction of
MTs with associated proteins such as dynein and kinesin, all contributing to MT stability. The latter arguments are consistent with
those in [9]. The solutions obtained support potential important implications for regulating viscosity in the cytosol, the growth and
division of cancer cells, as well as understanding and treating dysfunctions related to MTs. A better understanding of the correlation
between cytosol viscosity and MTs could improve certain treatment modalities such as targeted therapies for specific pathologies,
including cancer and neurodegenerative diseases [28,31].
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5. Conclusion

In this work, we have constructed new types of solutions to deepen our understanding of MT dynamics including the influence
of the cytosol viscosity on longitudinal and angular displacements. Assuming slow envelope variation of the waves, we employ the
rotating wave approximation to derive discrete CGL equations satisfied by longitudinal and angular displacements of MT dimers.
Then, we transformed the discrete equations into continuous ones using the semi-discrete approximation. The modified Hirota
bilinear method enabled us to construct solitary wave solutions of our continuous CGL equations. An inverse operation helped
us to recover the discrete solitary wave solutions that describe MT dynamics. We observed that for longitudinal displacements, the
solution indicates a decrease in amplitude due to viscosity, while for angular displacements, viscosity seem to have no effect (at
least for the total time of propagation considered in the current work). Hence, viscosity offers the possibility to effectively control
the assembly, disassembly, and stability processes of MTs.
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