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Résumé

Les ondes électromagnétiques sont omniprésentes dans notre environnement moderne

en raison de l’utilisation croissante des technologies sans fils telles que les téléphones portables,

antennes relais et réseau wifi. Cependant, la recrudescence des troubles neurologiques telles que la

dépression, l’anxiété, la fatigue chronique et des maladies neurodégénératives comme les maladies

d’Alzheimer et de Parkinsons d’après certaines études semblent étroitement liées à l’exposition

à ces ondes. Dans cette Thèse, nous étudions l’impact de l’induction électromagnétique et des

radiations lumineuses sur la dynamique des réseaux de neurones. Les modèles d’étude sont le

modèle de FitzHugh-Nagumo(FHN) et l’Integrate and Fire model (IF) qui décrivent les neurones

fonctionnels à partir d’un circuit. Nous modifions le circuit en y introduisant un memristor

permettant de simuler l’effet des champs magnétiques internes et externes sur la dynamique du

réseau de neurones considéré et un phototube pour générer une excitation dont la valeur dépend

de l’intensité de la lumière. Grâce à l’instabilité modulationnelle, la formation d’ondes modulées

et la transition de modèle sont étudiées dans un réseau de 100 neurones photosensibles. Les

régions de formation d’ondes modulées sont déterminées par l’analyse de la stabilité linéaire.

Le taux de croissance de l’IM est tracé et les zones distinctes stable/instable sont présentées.

Nous confirmons les résultats analytiques par des simulations numériques dans lesquelles les

solutions initiales d’ondes planes conduisent à l’émergence de structures localisées présentant des

caractéristiques de pointes, d’éclatements et d’états chaotiques. Il est a noté que le photocourant

à haute fréquence transforme les structures localisées en structures de type chaotique, tandis que

le flux magnétique à haute fréquence favorise la transition des structures de l’état d’éclatement à

l’état de pointes à 2 et 4 périodes. Les résultats trouvés peuvent permettre de mieux comprendre

la dynamique de l’influx nerveux dans le cerveau et de développer de nouvelles interventions

thérapeutiques pour les troubles neurologiques.

Mots clés: Neurones; influx nerveux; modèle de FitzHugh-Nagumo; memristor; équation

discrète de Schrödinger non linéaire; induction électromagnétique; radiation lumineuse; instabil-

ité modulationelle; synchronisation neuronale. structure localisée

Peter Nyifeh c⃝ 2025 University of Yaoundé I PhD-Thesis



Abstract

Electromagnetic waves are omnipresent in our modern environment due to the increas-

ing use of wireless technologies such as mobile phones, relay antennas and wifi network. However,

the increase in neurological disorders such as depression, anxiety, chronic fatigue and neurode-

generative diseases such as Alzheimer’s and Parkinson’s disease according to some studies seem

closely linked to exposure to these waves. In this thesis, we study the impact of electromag-

netic induction and light radiation on the dynamics of neural networks. The models studied

are the FitzHugh-Nagumo model (FHN) and the Integrate and Fire model (IF), which describe

functional neurons based on a circuit. We modify the circuit by introducing a memristor to

simulate the effect of internal and external magnetic fields on the dynamics of the considered

neuron model, and a phototube to generate an excitation whose value depends on the intensity

of the light. Thanks to modulation instability, the formation of modulated waves and pattern

transition are studied in a network of 100 light-sensitive neurons. Regions of modulated wave

are determined by linear stability analysis. The growth rate of the MI is plotted and the dis-

tinct areas are presented. We confirm the result by numerical simulations in which the initial

plane-wave lead to the emergence of localized structures with the characteristics of spikes, bursts

and chaotic states. It should be noted that high-frequency photocurrent transforms localized

structures into chaotic ones, while high-frequency magnetic flux promotes the transmission of

structures from the bursting state to the peak state at 2 and 4 period. The results found may

lead to a better understanding of the dynamics of nerve impulses in brain and to develop new

therapeutic interventions for neurological disorders.

Keywords: Neurons; neural networks; nerve impulse; FitzHugh Nagumo model; discrete

nonlinear Schrödinger equation;light illumination; electromagnetic induction; modulational in-

stability; neuronal synchronization.
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General Introduction

After the discovery of the solitary wave by Scott-Russel in 1834, Zabusky and Kruskal

in their work in 1965 showed the existence of a wave called soliton with its applications

in particular in the transport of energy and information. The study of the nonlinear

effects has recently been undertaken in several fields such Physics, Biology and Chemistry

thus the application of physical principles and methods to biological problems called

Biophysics tries to explain some properties of the living organisms and their physiology.

Understanding the function of the brain, the neuron behavior in response to different kinds

of stimuli has received a lot of attention during the last decades, and a critical amount of

biological and computational data is now available and makes the field of mathematical

neuroscience very active and exciting

Advances in artificial intelligence and brain science also drew much attention recently

as they have largely contributed new knowledge on the potential mechanism of information

processing in the nervous system related to learning, memory, and cognition [7–9]. Also,

the dynamic behavior of neurons is particularly important for understanding information

encoding and related diseases in the nervous system (NS). To estimate various neural

activities within the brain and its environment, many biophysical laws governing the

underlined neural activities have been derived base on various neural models and maps.

Various characteristics states such as quiescent, bursting, spiking and chaotic have been

accurately mimic as observed from biological systems.

Neurons are the fundamental building blocks of the nervous system, responsible for

transmitting and processing information in the form of electrical signals. They are spe-

cialized cell that receive, integrate and transmit signals through electrochemical processes.

Neural network have gained significant attention due to their ability to learn from data

and make predictions or decisions without been explicitly programmed [1]. To understand

how neurons interact within a network, simplified mathematical models are used, with

aim to apprehend the essence of their underlying dynamics. The Hodgkin Huxley [2]
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GENERAL INTRODUCTION 2

and Morris Lecar [3] neuron models are useful to describe the effect of ion channels on

membrane potential of neurons. Izhikevich [4] ever gave short comments for most of the

neuron model. Ibarz et al. [5] suggested that map-type model could also be effective to

produce the dynamical properties in neuronal activities. Perc and Marhl [6] confirmed

that excitable neurons that reside in a steady state near a bifurcation point to elliptic

bursting oscillations, and it was also found that in addition to the resonant frequency

of damped oscillations around the stable focus, another frequency exists that resonantly

enhances large amplitude bursts and thus amplifies the information transfer in the system.

These results could be helpful to understand the amplification of information transfer in

excitable systems. In fact, the FHN model which is a generic model of excitability and

oscillatory dynamical behavior particularly creates a very interesting trade-off between

theory and experiment.

The cerebral complexity is mainly due to the rich spectrum of activities of intercon-

nected neurons. In fact, the cerebral cortex is made of a huge number of neurons [7],

distributed in different compartments and cooperatively interacting for functional activ-

ities to be performed [8, 9]. Experimental findings show that cortico-cortical networks

display a few prominent characteristics related to complex dynamical features for pro-

cessing and integration of information by the brain [10]. Explicitly, in neural systems, any

perturbation arising in one neuron is transmitted to its neighbors via synaptic coupling,

where spike trains are mainly believed to support information transfer and processing

across the nervous system [11]. Over the years, the importance of nonlinear waves in

neural networks have been extensively investigated for a better understanding of some co-

operative behaviors including patterns formation, synchronization and coherence, as they

are surely related to normal functioning and generation of some neural ailments [12–14].

Therefore, one of the main goals in neuroscience is to unmask the mechanisms leading

to the formation of the subsequent spatiotemporal patterns for a suitable description of

brain activities. Human seizures are interesting examples among others, where spatiotem-

poral events are tributary to seizure episode initiation, development and termination [15].

Other substantial examples include the use of appropriate models on basal ganglia neu-

rons to differentiate pathological network dynamics and regular wave patterns of neural

firing [16,17]. Patterns formation has also been addressed in a network of discrete Rulkov

cells [18], with a particular interest in the coupling strength among adjacent nodes [19].

Small-world-networks were constructed, leading to chaotic and synchronous states in HR
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neurons with randomly long-range (LR) links among nearest-coupled nodes [20].

The human brain is also known to undergo large activities based mainly on neural

oscillations at various frequencies [21, 22]. Low frequency (LF) oscillations modulate ac-

tivities over broad spatial areas and across long temporal windows, while high frequency

(HF) oscillations are restrained to small regions and short temporal windows [23,24]. For

example, pathological high frequency oscillations are the main signature of epileptic cor-

tex [25]. Besides, one of the most resurgent questions in electrophysiology is to know

the key frequency related to the pathophysiology of schizophrenia, this because abnor-

mal neural oscillations are found in all frequency bands [23]. Given this, understanding

the specificity of frequency abnormalities might be a prosperous avenue to draw the link

between disease mechanisms and clinical dysfunction of many neural ailments. Experi-

mentally, the different characteristic frequencies of normal neural activities are known [24],

but the most obscure part remains their mode of generation and the appropriate model to

be used. Using one-dimensional model, it has not been possible, to the best of our knowl-

edge, to differentiate LF and HF modes. A good example of such recent calculations

is the HR model, where one frequency was detected, supposedly the one supporting HF

membrane potential oscillations [26]. Albeit one can get a general view of nerve impulse

dynamics from these one-dimensional models, it remains however that the human brain

contains around 1010− 1011 neurons, each involved in numerous connections with approx-

imately 104 − 105 different neurons [27]. Some formulations, like the cellular automata

model of the brain, consider a random distribution of neurons individually involved into

numerous connections [28]. Indubitably, neuron systems can display complex dynamical

properties in electrical activities, depending on the model and, more importantly, on the

type of connections among them. In this regard, it is widely accepted that neurons, in

order to discern their collective behaviors, should be connected in networks. For example,

two-dimensional (2D) models have been shown to exhibit interesting features and phenom-

ena related to spatial coherence resonance [29, 30] and spatial coherence due to shortcut

links [31]. In the same context, networks with 2D coupling have been found to display

various synchronization behaviors induced either by finite information delays [32] or at-

tractive and repulsive coupling [33], both related to some pathological states like epileptic

seizure [34] and uncontrolled firing [35]. In the 2D-HR model for example, more contribu-

tions have been devoted to pattern selection and self-organization in the presence of noise,

using boundary initial values and direct numerical simulations [36, 37]. Recently, Xu et

Peter Nyifeh c⃝ 2025 University of Yaoundé I PhD-Thesis



GENERAL INTRODUCTION 4

al. [37,38] considered a square lattice of HR neurons and showed that stochastic-like reso-

nance and time-delay may be favourable to the emergence of coherent patterns and spatial

regularity in the network. Indeed, spatiotemporal pattern and synchronization dynamics

are very crucial in understanding normal function and dysfunction of neuronal systems,

but they rely on specific frequencies. Experimentally, such frequencies are known and lots

of contributions have been devoted to their subsequent wave patterns, especially those

related to pathological rhythmic brain activity in Parkinson’s disease, essential tremor,

and epilepsies.

The modulational instability (MI) is a phenomenon that occurs in nonlinear systems,

where small perturbations can grow and lead to the formation of large-amplitude struc-

tures. This technique has been observed in various physical systems, including optics [39],

fluid dynamics [40] and plasma physics [41–44]. In some recent contributions, wave mod-

ulation, through the activation of MI, has been addressed by Maïna et al. [45], where

two ephaptically coupled HH networks were shown to exhibit synchronization in terms of

trains of solitonic waves. Therefore, MI is one of the direct mechanisms that lead to the

formation of solitons and train of waves in systems where there are competitive effects

between nonlinearity and dispersion [39–41,43–45].

This thesis is divided into three chapters that are outlined as follows:

z The first chapter focuses on the organization and properties of neurons as the fun-

damental building block of the nervous system, responsible of transmitting and processing

information in the form of electrical signal. We also outline some analytical methods and

neuron models, which will result on the choice of the IF and FHN models whose properties

and applications are well discussed

z In Chapter 2, after the explanation of electromagnetic induction and its relevance

to neural activity, we will presents the improved mathematical models developed in this

thesis as well as the analytical and numerical methods used to investigate the effects of

electromagnetic induction and light illumination in neurons. Some immediate applications

are made in order to facilitate the understanding of the used methods. Interestingly, a

DNLS equations are derived from generic model and allow to find analytical expression

of some MI functions such as critical amplitude along with instability criterion.

z The third chapter is devoted to results and interpretations. We first discuss the

effects of electromagnetic induction and light illumination on information pattern of cou-

pled neurons. Then the high-low frequency magnetic radiation are studied in a discrete
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model of two-dimensional FHN network.

The thesis ends with a general conclusion including the summary of the main results

and the futures orientations.
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Chapter 1

Literature review on Neurons and

Neural Networks

Introduction

Over the past hundred years, biological research has accumulated enormous amount

of detailed knowledged about the structure and function of the brain. The elementary

processing units in the central nervous system are neurons, which are connected to each

other in an intricate pattern. Advances in artificial intelligence and brain science also drew

much attention recently as they have largely contributed new knowledge on the potential

mechanism of information processing in the nervous system related to learning, memory,

and cognition [7–9]. Also, the dynamic behavior of neurons is particularly important for

understanding information encoding and related diseases in the nervous system (NS). To

estimate various neural activities within the brain and its environment, many biophysical

laws governing the underlined neural activities have been derived base on various neural

models and maps. Various characteristics states such as quiescent, bursting, spiking and

chaotic have been accurately mimic as observed from biological systems.

Neurons communicate by means of electrical impulses (action potentials). The evolu-

tion in time of these impulses forms a complex code that supports the treatment of the

nervous message. Obviously, the emission of an action potential by a neuron is favored

by the electrical properties of its plasma membrane which is ionically permeable. The

abundance of neurons in the cerebral tissue sometimes confers them complex and differ-

ent morphologies, but still retains a basic structure consisting of a cell body, an axon and

dendrites.
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Naturally in the brain, each neuron can have approximatively ten thousand connections

with other neurons, totaling a million billion electrochemical interactions in the nervous

system. Neurons interacting with each other via synapses form a network that constitutes

a very sophisticated and complex communication system. In a neurons family, the knowl-

edge of inherent properties of individual neuron does not necessarily allow the knowledge

of the properties of the network, since the electrical activity of each neuron is influenced

by those of the others to which it is connected. In particular the chemical substances of a

given afferent neuron for interneuronal communication may slow down or accelerate the

nerve impulse transmitting process . This once more makes the phenomenon of neuronal

activity (NA) very ambiguous.

To remove the equivocation, researchers have built, on the basis of experimental re-

sults, mathematical models, more or less simple, to simulate the different behavior of

neurons. Thanks to these mathematical models, it is henceforth possible to obtain spike-

shaped patterns like those obtained by Hodgkin and Huxley via experiment on the giant

squid axon. Additionally, most of the behaviors related to a neural network are accu-

rately reproduced through these models, although most of which not having biologically

specificity, have universal physical fundamentals.

This chapter is divided into two main parts. The first parts presents the neuron as the

basic unit of the nervous system with a particular emphasis on its structure and functions,

and on the properties of the action potential considered as the elementary electrical signal

of the nerve impulse. The second part, in turn, highlights the role played by synapses in

the transmission of nerve impulses from one neuron to another in a neural network.

1.1 Nervous system

The nervous system is a complex and highly organized network responsible for coor-

dinating actions and transmitting signals between different parts of the body. It’s the

body’s control and communication center, allowing us to perceive, think, feel and act.

The nervous system is divided into two main parts.

1.1.1 The central nervous system (CNS).

• The brain is the control center for thought, memory, emotion and movement.
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• The cerebellum: located at the back of the brain, responsable for higher cognitive

functions like language, learning and decision-making.

• The cerebrum: it is responsible for higher cognitive functions like language, learning

and decision making.

• The brainstem connects the brain to the spinal cord and controls essential functions

such as breathing, heart rate and blood pressure.

• The spinal cord: it serves as the major communication pathway between the brain

and the rest of the body.

1.1.2 The peripheral nervous system (PNS).

• Ganglia: it act as a relay stations for signals passing between the central nervous

system and the periphery.

• The nerves which is a network of nerves that extend from the brain and spinal cord

to all other parts of the body.

The nervous system is made up of two types of cells: the glia cells and mainly the

nerve cells called neurons.

1.2 Neurons

Neurons are the basic building blocks of the nervous system and are responsible for

transmitting information throughout the body.

Human brains comprise tens of billions of neurons, each linked to thousands of other

neurons. Thus, the brain has trillions of specialized connections known as synapses.

Neurons have many sizes, lengths, and shapes, which determine their functions. As for

the most of the biological systems, neuron structure and their various functions are closely

dependent.

1.2.1 Structure and Functions

There is a wide variety of neurons, with different shapes and sizes. However, they all

have a common structure (see Fig.1.2) comprising:
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Figure 1.1: Diagram of the nervous system [46]

• the cell body, also called the soma,

• numerous short processes of the soma, called the dendrites;

• the single long nerve fiber, the axon.

The cell body

The cell body, also known as the soma, is the main part of the neuron that contains the

nucleus and other organelles necessary for the neuron’s metabolic functions. The soma, or

cell body, is the processing center of a neuron. When it receives information, it processes

it and, if it is sufficient important relative to a certain threshold, sends a signal into the

axon. It is responsible for integrating incoming signals from other neurons and generating

electrical impulse, known as action potential. Nerve cells contain about 70− 80% water;

the dry material is about 80% protein and 20% lipid. The cell volume varies between
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Figure 1.2: Annotated diagram of a neuron [47]

600 and 70.000 µmL. The unique feature of the cell body is that it is the only part of a

neuron that contains a cell nucleus in which DNA molecule is confined. Most RNA in a

neuron is produced by the cell nucleus. Therefore, most proteins are produced in the cell

body and then transported to the entire neuron.

Dendrites

Dentrites are the branch-like structures that extend from the cell body of a neuron.

They receive incoming signals from other neurons or sensory receptors and transmit these

signals towards the cell body. They function as an "antennae" of the neuron and are

covered in specialized structures called synapses, where communication between neurons

occurs. When an electrical signal reaches a synapse, it triggers the release of neurotrans-

mitters, which then bind to receptors on the dentritic spines of the receiving neuron.

This binding process generates electrical changes in the dentrite, either depolarizing it

(excitatory) or hyperpolarizing it (inhibitory), depending on the type of neurotransmitter

released. The structure and number of dentrites can vary greatly depending on the type

and location of the neuron. Some neurons have only a few short dentrites, while others

extensive branching patterns with thousands of dentritic spines. The complexity and con-

nectivity of dentritic arborization play a crucial role in determining how information is

processed within neural networks.
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Axon is a long, slender projection that carries electrical impulses away from the cell

body to other neurons, muscles, or glands. Many neurons do not have axons. For instance,

in amacrine neurons, all the neuronal processes are dendrites. Neurons with very short

axons are also found. Some axons are covered with a fatty substance called myelin, which

acts as an insulating layer and speed up the transmission of electrical signal. The myelin

sheath is broken at various points by the nodes of Ranvier, so that in cross section it looks

like a string of sausages. The myelin protects the axon, and prevents interference between

axons as they pass along in bundles, sometimes thousands at time. The cells that wrap

around peripheral nerve fibers (nerve fibers outside of the brain and spinal cord) are called

Schwann cells (because they were first described by Theodor Schwann). The cells that

wrap around axons within the central nervous system (brain and spinal cord) are called

oligodendrocytes. The axon, with its surrounded sheath, is called a nerve fiber. Between

each pair of successive Schwann cells is a gap or a node of Ranvier. The axon hillock is

where the axon is joined to the cell body. It is from here that the electrical firing, known

as an action potential, usually occurs. At the end of the axon, there are small branches

called axon terminals that release neurotransmitters into synapses to communicate with

other neurons.

1.2.2 Classification of neurons

Neurons can be classified based on various criteria, including their structure, function

and location.

Structurally, neurons are classified by the number of processes that originate from the

cell body. For this purpose, we have four types of neurons: anaxonic neurons, bipolar

neurons, pseudounipolar neurons and multipolar neurons as shown in Fig.1.3.

Anaxonic neurons have dendrites, but no axons. They produce local electrical

variations (graded potential), but no action potential.

Bipolar neurons have two extensions that emerge from the cell body: a dendrite

and an axon; they are commonly found in sensory organs like retina of the eye.

Pseudounipolar neurons have a single and short extension divided into two branch:

one goes towards the central nervous system (CNS), peripheral extension (dendrites to

the cell body); and the other, towards the peripheral nervous system, central extension

(cell body to the CNS).

Multipolar neurons represent the most common type in the CNS; they have multiple
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dendrites and a single axon extending from the cell body.

Figure 1.3: Structural categories of neurons [48]

Functionally, neurons can be divided into three functional classes namely sensory (af-

ferent) neurons, interneurons and efferent (somatic motor and autonomic) neurons.

Afferent neurons:

These neurons transmit sensory information (temperature, pressure, light, and other

stimuli) from sensory receptor to the CNS. Sensory neurons or afferent neurons are unipo-

lar, bipolar, or multipolar shaped cells that conduct action potentials toward or into the

central nervous system. They carry somatic nervous system signals from the skin, joints,

skeletal muscles, sensory organs (eyes, ears, mouth, and nose). They also carry autonomic

nervous system signals from the visceral organs (heart, lungs, vessels, etc).

In comparison, motor neurons (efferent neurons; lower motor neurons) are multipolar

shaped cells that transmit signal from the CNS to muscle or glands, enabling movement

or secretion. Their cell bodies and dendrites are located in the central nervous system

and their axons run inside the nerves to the peripheral organs.

Interneurons (association neurons):

These neurons connect sensory and motor neurons within the CNS, facilitating commu-

nication between them. After receiving input from the sensory neurons, the interneurons
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perform many complex tasks inside the CNS. First, they integrate, image, and interpret,

the sensory information. Next, they form judgments and make needed decisions. Finally,

they plan and initiate appropriate response behaviors, which they transfer to the motor

neurons.

Figure 1.4: Functional neurons [49]

Based on its location criteria, we have:

Central Nervous System (CNS) Neurons:

These neurons are located within the brain and spinal cord.

Peripheral Nervous System (PNS) Neurons:

These neurons are located outside the CNS, such as in sensory ganglia or motor nerves.

Peter Nyifeh c⃝ 2025 University of Yaoundé I PhD-Thesis



Literature review 14

1.2.3 Electrical Activity of Neurons

The electrical activity of neurons refers to the generation and transmission of electri-

cal signals within these specialized cells of the nervous system. Neurons are electrically

excitable cells that communicate with each other through electrical impulses, known as

action potential.

The nervous signal delivered by the neuron is of an electrical nature. This property

is an exclusivity of the plasma membrane of the nerve tissue which is very permeable to

certain ions. The flow of ions through this membrane is therefore at the origin of a mem-

brane current that reflects the electrical activity of neurons. The ionic unbalance between

the intra- and extracellular media of the membrane promotes the electrical activity of the

neurons. Therefore, it is important to understand both anatomy and physiology of the

cell membrane.

1.2.3.1 Cell membrane

The neuronal membrane, also known as the plasma membrane, is a semi-permeable

barrier that surrounds the neurons and separates its internal environment. With its mosaic

of proteins, the membrane is responsible for many important functions:

• keeping certain ions and small molecules out of the cell and letting others in,

• accumulating nutrients, and rejecting harmful substances,

• catalyzing enzymatic reactions,

• establishing an electrical potential inside the cell,

• conducting an impulse being sensitive to particular neurotransmitters and modula-

tors .

The membrane is made of lipids proteins-fats and chains of aminoacids. The basic struc-

ture of this membrane is a bilayer or sandwich of phospholipids, organized in such a way

that the polar (charged) regions face outward and the non polar regions face inward. The

external face of the membrane contains the receptors, small specialized molecular regions

which provide a kind of "attachment port" for other external molecules, in a scheme analo-

gous to a key and a keyhole. For each external molecule there is a corresponding receptor.
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Whenever receptors become attached to a molecule, some alterations of the membrane

and in the interior of the cell ensue, such as the modification of permeability to some

ions. The main ions found on both sides of the membrane are Na+ (sodium) ions, K+

(potassium) ions and Cl− (chlorite) ions. The schematic view of neuron cell membrane is

drawn in Fig.1.5. At rest, the cell membrane is the seat of a resting potential.

Figure 1.5: Cell membrane flow diagram [50]

1.2.3.2 Resting Potential

Resting potential refers to the electrical charge difference across the cell membrane

when a neuron or muscle cell is at rest. In this state, there is a higher concentration of

positively charged ions outside the cell compared to inside, creating an electrical potential

difference. The relatively static membrane potential of quiescent cells is called the resting

membrane potential (or resting voltage). Generally the value of resting potential is about

−70mV .

Negative value of resting potential is due to:

• presence of large number of positive Na+ ions towards outside of membrane,

• presence of large number of positive K+ ions towards inside of membrane,
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• zwitterionic protein molecules of cytoplasm behave as negative ions in presence of

highly charged K+,

• Na+ − K+ ion pump continuously pumps out three sodium ions while only two

potassium ions are taken inside the cell.

All these factors mean that the inside of the cell is negatively charged with respect to

the outside, hence the existence of a resting potential. However, when cell membrane is

excited, the resting potential splits into action potential.

1.2.3.3 Action Potential

The influx and expulsion of ions within cell cause an action. The action potential also

referred to as a nerve impulse, it is the electrical potential difference across the plasma

membrane. Specifically , potassium and sodium ion are involved. It is a key mechanism

by which neurons communicate with each other and transmit information throughout the

nervous system. As depicted in Fig.1.6, the action potential displays four transient phases

ranging from:

• Failure phase.

The failure phase occurs when the membrane potential fail to reach the threshold

level required to generate an action potential. where the action potential is between

−70mV and −55mV . The limit value −55mV represents the threshold value above

which action potential is sustainedly generated. Thus, the action potential obeys to

the threshold law. During this phase, the sodium channels open gradually causing

the entry of sodium ions inside the cell, but their concentration remains low. At

the same time, the potassium channels are inactive and therefore remain closed.

The membrane potential remains at a subthreshold level and does not generate

action potential, this can result in a failed transmission of signals along the neuron

or between neurons leading to a disruption in communication within the nervous

system. Malfunctioning ion channels or inhibitory neurotransmitters are factors

that can contribute to the failure phase of an action potential

• Depolarization phase where the action potential increases from−55mV to +30mV ,

reaches its peak before starting to decrease. It is important to note that this maxi-

mum value can not be exceeded whatever the greatest possible value that can reach
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the intensity of the stimulus. As a result, the action potential responds to the all-or-

nothing law. During this phase, the voltage-gated sodium channels open in response

to a stimulus, allowing sodium ions to flow into the cell down their electrochemical

gradient. This influx of positive charge causes the membrane potential to become

less negative (the inside of the membrane becomes positively charged, while the out-

side becomes negatively charged) and eventually reach a threshold level triggering

an action potential. At the end of this phase, the sodium channels close, becoming

inactive, as the potassium channels open.

• Repolarization phase occurs when action potential decreases from its maximum

value +30mV to their resting state −70mV . Throughout this stage, more and more

K+ ions flow towards outside of membrane, thus leading to the initial polarization

state where more positive charges are on the outside and more negative charges on

the inside.

• Hyperpolarization phase occurs when action potential falls below the resting

potential value. This is due to the slow closing of the potassium channels and results

in a recrudescence of potassium ions outside the cell. As these channels close, the

sodium pump will initiate the slow entry of sodium ions into the cell thus allowing

the action potential to recover its resting value. At the end of this transition, the

sodium channels become active, that is to say close to respond to a new stimulus.

It should also be noted that the time interval separating the onset of depolarization and

the end of repolarization constitutes the refractory period during which the cell membrane

can not respond to a new stimulus whatever its intensity. Moreover, since action potential

is generated locally in the neuron, it becomes like a stimulus and will regenerate along

the axon to the synaptic connections. It is said that the action potential undergoes a

conduction that is saltatory in the case of myelinated axons and continuous in the case of

unmyelinated ones.

In summary, the action potential obeys to four main laws that govern its properties,

namely:

• The threshold law: the action potential emerges only when the membrane po-

tential reached a certain threshold level which is proportional to the stimulus inten-

sity [52].
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Figure 1.6: Action potential graph [51]

• The all-or-nothing law: The amplitude of an action potential is independent of

the amount of current that produced it. In other words, larger currents do not

create larger action potentials. Therefore, action potentials are said to be all-or-

none signals, since either they occur fully or they do not occur at all [53]. The

frequency of action potentials is correlated with the intensity of a stimulus. This is

in contrast to receptor potentials, whose amplitudes are dependent on the intensity

of a stimulus [52].

• The refractory period law: each action potential is followed by a refractory pe-

riod, which can be divided into an absolute refractory period, during which it is

impossible to evoke another action potential, and then a relative refractory period,
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during which stronger than usual stimulus is required [52]. These two refractory pe-

riods are caused by changes in the state of sodium and potassium channel molecules.

When closing after an action potential, sodium channels enter an "inactivated" state,

in which they cannot be made to open regardless of the membrane potential. This

gives rise to the absolute refractory period. Even after a sufficient number of sodium

channels have transitioned back to their resting state, it frequently happens that a

fraction of potassium channels remains open, making it difficult for the membrane

potential to depolarize, and thereby giving rise to the relative refractory period.

Because the density and subtypes of potassium channels may differ greatly between

different types of neurons, the duration of the relative refractory period is highly

variable. The absolute refractory period is largely responsible for the unidirectional

propagation of action potentials along axons [52]. At any given moment, the patch

of axon behind the actively spiking part is refractory, but the patch in front, not

having been activated recently, is capable of being stimulated by the depolarization

from the action potential.

• The law of conduction: the action potential generated at the axon hillock propa-

gates as a wave along the axon without turning back because of the refractory period

law. The currents flowing inwards at a point on the axon during an action potential

spread out along the axon, and depolarize the adjacent sections of its membrane.

If sufficiently strong, this depolarization provokes a similar action potential at the

neighboring membrane patches. This basic mechanism was demonstrated by Alan

Lloyd Hodgkin in 1937 [54].

1.2.3.4 Nerve Impulse

It is important to distinguish the concepts of action potential on the one hand, and the

nerve impulse on the other hand. In fact, the action potential is an electrochemical signal

that results from the depolarization phenomenon of the plasma membrane of neuron, while

nerve impulse refers to the transmission of an action potential along the nerve fiber. The

nerve pulse propagates through the nerve fiber without decay and with constant velocity.

An impulse can be formed and spread because the nerve fiber contains a nonlinear element,

which suppresses small deviations from normal state and strengthens big ones. In this

case, the nonlinear dependence of the membrane permeability (through which the nerve

impulse is spread) from the momentum and the diffusion of ions across the membrane
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are balanced. In Ref. [55], it is shown that nonlinearity can actually balance diffusion

and, as a result, a running solitary wave with constant speed and shape can occur, i.e, a

soliton. A nerve impulse is then an extension of an action potential. Physiological studies

have shown that propagation of a nerve impulse through NNs has autowave character.

This also allows simulating such processes using soliton theory which describes the form

and velocity of propagation of the nervous pulse, stability of its characteristic parameters

in time, and process locality with very good precision [56]. The conduction of an action

potential along the axon can be continuous or saltatory. In saltatory conduction, an action

potential at one node of Ranvier causes inwards currents that depolarize the membrane

at the next node, provoking a new action potential there; the action potential appears to

"hop" from node to node. This propagation mode enable fast and efficient transduction

of electrical signals in the nervous system for certain neuronal axons that are covered

with myelin sheaths. However, in the absence of the myelin sheath, the conduction of the

nerve impulse proceeds continuously, thus reducing its propagation speed. As a general

rule, myelination increases the conduction velocity of action potentials and makes them

more energy-efficient. Whether saltatory or continue, the mean conduction velocity of

an action potential ranges from 1 meter per second (m.s−1) to over 100m.s−1, and, in

general, increases with axonal diameter [54]. In practice, the nerve impulse emitted by a

neuron does not remain confined in the latter, it is transmitted to the neighboring neuron

via synaptic connections. The recipient neuron in turn transmits it to its nearest neighbor

by the same process, and so on until its final destination, which is either the brain or a

motor organ. Thus, the path taken by the nerve impulse from its source to its destination

constitutes the neural network.

1.3 Neural Networks

Neural networks are a type of machine learning model inspired by the structure and

function of the human brain. They consist of interconnected nodes, called neurons, orga-

nized in layers. Each neuron receives input from multiple neurons in the previous layer,

performs a computation, and passes the output to neurons in the next layer. Therefore,

the synapse appears as the main characteristic entity of such a network. Fig.1.7 is an

illustration of a simple neural network.

Neural networks achieved remarkable success in various fields like image recognition,
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natural language processing, speech recognition and game playing.

Figure 1.7: A neural network [57]

1.3.1 Synapses

Synapses are key to the brain’s function, especially when it comes to memory. They are

the junctions where one neuron communicates with other cells. The presynaptic terminal

of one cell comes into ’contact’ with the postsynaptic membrane of another. It is at these

junctions that neurons are excited, inhibited, or modulated. Briefly, the synapse is the

system which allows the neurons to communicate between them, it is the place where

information passes from a neuron to another. Structurally, we distinguish two types of

synapses, electrical and chemical. However, from a functional point of view, there are

excitatory, inhibitory and modulatory synapses.

1.3.1.1 Chemical Synapses

In general in chemical synapses (Fig.1.8), action potentials that reach the synaptic

knobs cause a neurotransmitter to be released into the synaptic cleft [58]. Neurotransmit-

ters are chemical molecules released at the synapse that, in general, will either excite or
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inhibit a reaction in the cell on the other side of the synapse; most axons have the same

neurotransmitter at all of their termini. The arrival of the action potential opens voltage-

sensitive calcium channels in the presynaptic membrane; the influx of calcium causes

vesicles filled with neurotransmitter to migrate to the cell’s surface and release their con-

tents into the synaptic cleft [59]. This complex process is inhibited by the neurotoxins

tetanospasmin and botulinum toxin, which are responsible for tetanus and botulism, re-

spectively [60]. There are two types of chemical junctions. Type I is an excitatory synapse,

generally found on dendrites, type II is an inhibitory synapse, generally found on cell bod-

ies. Different substances are released at these two types of synapse. The direction of flow

of information is usually one way at these junctions.

Figure 1.8: Chemical synapse diagram [61].

1.3.1.2 Electrical Synapses

Electrical synapse is a direct electrical coupling between neurons through gap junc-

tions, allowing for rapid transmission of signals. Found in various region of the brain

and spinal cord, as well as in cardiac and smooth muscle tisses (Fig.1.9) dispense with

the "middleman" of the neurotransmitter, and connect the presynaptic and postsynaptic

cells together [62]. When an action potential reaches such a synapse, the ionic currents

flowing into the presynaptic cell can cross the barrier of the two cell membranes and enter

the postsynaptic cell through pores known as connection [63]. Thus, the ionic currents of

the presynaptic action potential can directly stimulate the postsynaptic cell. Electrical
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synapses allow for faster transmission because they do not require the slow diffusion of

neurotransmitters across the synaptic cleft. Hence, electrical synapses are used whenever

fast response and coordination of timing are crucial, as in escape reflexes, the retina of

vertebrates, and the heart. Additionally, ions can generally flow both ways at these junc-

tions i.e. they tend to be bi-directional, although there are electrical junctions where the

ions can only flow one way, these are know as rectifying junctions. Rectifying junctions

are used to synchronize the firing of nerve cells.

Figure 1.9: Electrical synapse diagram [61]

In short, the comparative table between electrical and chemical synapses is presented

below

1.3.1.3 Excitatory Synapses

Excitatory synapses are responsible for transmitting signals that increase the likeli-

hood of an action potential been generated in the postsynaptic neuron. Most excitatory

synapses in the brain use glutamate or aspartate as the neurotransmitter. These neuro-

transmitters bind to non-selective cationic channels that allow for Na+ and K+ to pass.

As mentioned earlier, it takes many excitatory post synaptic potentials (EPSPs) from

these kinds of synapses to depolarize a postsynaptic neuron enough to reach threshold
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Electrical synapses Chemical synapses

Cytoplasmic continuity between pre-and

post-synaptic cells

No cytoplasmic continuity between pre-and

post-synaptic cells

Communicating agent is ionic current Communicating agent is a chemical trans-

miter

Essentially no synaptic delay Significant synaptic delay

Typically bidirectional Unidirectional

Rare in complex animals Common in complex animals

Common in simple animals Rare in simple animals

Direct communication among neurons Indirect communication among neurons

Post synaptic signal is similar to presynap-

tic

Post synaptic signal can be different

Only excitatory Excitatory or inhibitory

synchronized activity specificity: point to point communication

temperature-insensitive temperature-sensitive

Table 1.1: Comparative table between electrical and chemical synapses.

and trigger an action potential. A very important subset of synapses in the brain includes

a group capable of forming memories by increasing the activity and the strength of the

synapse. This process is called long-term potentiation. Long-term potentiation operates

at the synapse, using the neurotransmitter glutamate and the receptor known as the N-

methyl-D-aspartic acid (NMDA) receptor. The NMDA receptor is unique in that it is

both ligand and voltage regulated. When activated by ligands, it becomes permeable to

Na+, but if the charge difference is sufficient, the channel becomes permeable to Ca2+ as

well. Ca2+ can initiate a second messenger cascade that results in an increase in the num-

ber of glutamate receptors, thereby increasing the strength of the synapse. The change

in strength can last for weeks, months, or even years depending on whether or not the

synapse is continually used.

1.3.1.4 Inhibitory Synapses

It may seem somewhat of a paradox to have inhibitory synapses, but the excitability of

neurons is essentially governed by a balance between excitation and inhibition. Inhibitory
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synapses transmit signals that decrease the likelihood of an action potential been generated

in the postsynaptic neuron. The main inhibitory neurotransmitters are G-Amino-Butyric

Acid (GABA) and glycine. Both neurotransmitters bind to receptors that result in an

increase conductance of Cl− . Because of the negative charge of Cl− and the fact that it

usually moves into the cell, the effect is to oppose depolarization and cause the membrane

to move away from threshold.

The balance between excitatory and inhibitory synaptic input is crucial for proper

functioning of the nervous system. an imbalance can lead to various neurological disorders

such as epilepsy or schizophrenia. The precise regulation of excitatory and inhibitory

synaptic transmission is achieved through complex mechanism involving neurotransmitter

release, receptor activation, and modulation by other factors like neuromodulators.

1.3.1.5 Modulatory synapses

Modulatory synapses are those that can be "primed" by neuromodulators so that

they are able to respond more powerfully to other inputs. An example of a priming

neuromodulator is norepinephrine. By itself, norepinephrine has little effect on synap-

tic transmission, but when a cell is exposed to norepinephrine first, it will react more

powerfully to glutamate.

1.3.2 Functional and behavioral properties of neural networks

The human brain is a cluster of roughly 1015 neural networks whose flexibility and

adaptability make them powerful tools for solving complex problems across various do-

main. If the neuron in its individuality is capable of generating, processing and transmit-

ting information, its role remains limited to the microscopic scale. Its natural membership

in a network allows it to modulate its activity while giving it still interesting and more

promising properties. In general, NNs provide five major cognitive functions [64] namely:

• Image recognition (Perception): it is a sensory property that allows each in-

dividual to communicate with his external world through the five senses of sight,

hearing, smell, touch and taste. Thus, the perception of an object for example is

transmitted to the brain by a specialized neural network for this task, then the in-

formation received by the brain is analyzed and then decoded before being sent via

another neural network to the receiving organ (the eye) in the form of a real image
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of the perceived object.

• Thought: it is a mental process that is triggered by internal stimuli. It consists of

mental operations that the awake brain performs on internal information stored by

a network of neurons. This property involves the networks of cortical neurons and

allows the brain to imagine, perform mental or complex calculations and even move

from one place to another.

• Language: it is a communicative property that use neural networks. Language

is one of the most elaborate, complex, and rich brain functions. Its pathological

alterations are numerous and, at first sight, often bizarre. The cerebral cortex is a

mosaic of specialized areas richly interconnected with each other. When an area is

damaged, specific symptoms appear which quench the communication. Even more

gravely, when two zones are disconnected, they develop disorders just as specific.

Thanks to language, the wording of words becomes possible.

• Consciousness:, it is a discerning property of neural networks. It is thanks to it

that we make good and bad choices. But it also makes it possible to distinguish sick

subjects from healthy subjects. A loss of consciousness can lead to a comatic state

surmountable but sometimes irreversible.

• Memory: it is one of the most fascinating properties of neural networks. Thanks to

memory, enormous amounts of information are recorded during the learning process.

It also allows you to remember people or images already seen before. There is long-

term memory that can store information over a long period of time and short-term

memory that temporarily stores information.

Some behavioral properties such as the rhythm in the alpha and gamma frequency range in

the mammalian hypothalamus, NS, spiral and spindle waves formation, sleep oscillations

and many others result from the dynamics of set of a neural network. Some of these

behaviors are involved in the degradation of brain activity.

1.4 Consequences of neural networks dysfunction

Dysfunction in the transmission of information in neural network can lead to a wide

range of pathologies, affecting various aspects of cognition, movement, sensation and
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autonomic functions. Here are some prominent examples.

1.4.1 Depression

Depression is characterized A mood disorder characterized by persistent sadness, loss

of interest and feeling of hopelessness. It is associated with disruptions in serotonin,

norepinephrine and dopamine neurotransmission.

1.4.2 Epilepsy

Epilepsy is a neurological disorder characterized by recurrent seizures. Seizures result

from abnormal, excessive electrical activity in the brain. This can be caused by imbalances

in excitatory and inhibitory neurotransmission, leading to hyperexcitability of neurons.

1.4.3 Schizophrenia

Schizophrenia is a severe mental disorder characterized by hallucinations, delusions,

disorganized thinking and impaired social function. It is thought to involve imbalances in

dopamine, glutamate and other neurotransmitter systems.

1.4.4 Multiple sclerosis

An autoimmune disease that attacks the myelin sheath surrounding nerve fibers in

the brain and spinal cord. This demyelination disrupts the saltatory conduction of nerve

impulses, leading to a variety of symptoms, including muscle weakness, vision problems

and fatigue.

1.4.5 Parkinson’s disease

Primarily affects motor control, causing tremors, rigidity, bradykinesia (slow move-

ment) and postural instability. It is cause by the degeneration of dopamine-producing

neurons in substantia nigra, leading to a disruption in dopamine signaling in the basal

ganglia.
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1.4.6 Alzheimer’s disease

It first affects cognitive function, leading to memory lost, confusion and impaired judg-

ment. The accumulation of amyloid plaques and neurofibrillary tangles disrupts synaptic

transmission and neuronal function, eventually leading to cell death.

Conclusion

In summary, understanding the anatomy and physiology of biological neurons with

the culminating point of interneuronal communication is essential for comprehending how

neural networks function. Neuron’s ability to transmit and process information through

electrical signals forms the basis for complex cognitive processes observed in living organ-

isms. Roughly speaking, neurons communicate with each other through electrical signals

known as action potentials. These electrical impulses are generated when the neuron re-

ceives sufficient input from its dendrites which plays the role of the ”input device” that

collects signals from other neurons and transmits them to the soma. The soma is the

central processing unit that performs an important nonlinear processing step: if the total

input arriving at the soma exceeds a certain threshold, then an output signal is generated.

The output signal is taken out by the axon (output device) which delivers the signals to

other neurons. The intricate interplay of neurons in neural networks enables complex

information processing, learning, and decision-making capabilities that continue to drive

innovation in various fiels.
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Chapter 2

Improved models and methodologies

Introduction

Maintening the optimal electrical activities of neurons is highly important for humans

as any breakdown dues from any external attack can lead to the collapse of brain resulting

in serious diseases and even death in case of injury of the nervous system. In an attempt

to understand the collective behaviors of neurons and possible mechanism for neuronal

disease. Some theoretical models have been established for computational neuroscience,

and some biological neuron model could be helpful to understand plasticity, mode transi-

tion in electric activities. For example Liu et al. [65] used photocell to activate a simple

FHN neuron and an external optical signal is imposed to excite the photocell in order

to generate a time-varying current source. Taking into account two different time con-

stants, Panfilov and Hogeweg [66] modified the standard FHN model for excitable tissue

and showed that a spiral wave can break up into an irregular spatial pattern. Takembo

et al. [67], reported turbulent electrical activities of coupled FHN neurons under elec-

tromagnetic induction and high frequency electromagnetic radiations using the theory of

modulational instability(MI).

The phenomenon of the MI studied through the linear stability analysis method un-

fortunately does not make it possible to make long-term predictions on the manifestations

of the phenomenon. However, numerical methods such as the fourth-order Runge-Kutta

integration method are generally exploited, not only to give a validity to the linear stabil-

ity analysis, but also to reveal different patterns of the model. In this chapter, the most

prominent computational models will be develop to describe the behavior of neurons and

neural networks, Two important neuronal models will also be developed in the framework
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of this thesis with a particular focus on network morphology and the synaptic transmis-

sion known as the drive belt, or the bridge, which relays the nervous impulse from one

neuron to another. Also, we will apply the different analytical and numerical methods

mentioned above in order not only to simplify them, but also to solve them.

2.1 Mathematical Neuron Models

The functional complexity of the neuron, and more importantly, the great complexity

of a neural network, require the use of new tools beyond simple physiological considerations

to better understand the ability of neurons to mutually exchange information. One of the

best tools in this regard is the development of mathematical models to accurately simulate

the dynamics of nerve impulses as well as the various biological phenomena that it may

undergo during its propagation. The models in this category describe the relationship

between neuronal membrane currents at the input stage, and membrane voltage at the

output stage. The most extensive experimental inquiry in this category of models was

made by Hodgkin-Huxley in the early 1950’s using an experimental setup that punctured

the cell membrane and allowed to force a specific membrane voltage/current.

2.1.1 Hodgkin-Huxley Model

Alan Hodgkin and Andrew Huxley formed one of the most productive and influential

collaborations in the history of physiology. Their work, both in the Physiological Labo-

ratory of the Marine Biological Association in Plymouth, provided fundamental insights

into nerve cell excitability, won them a share of the 1963 Nobel Prize in Physiology or

Medicine as well as laying the foundations for others Nobel Prize-winning work including

that of Erwin Neher and Bert Sakmann for their discoveries concerning the function of

single ion channels in cells.

The HH model [69] is one of the most important models in computational neuroscience

built on the basis of logical physiological assumptions. In biophysically based neural

modeling, the electrical properties of a neuron are represented in terms of an electrical

equivalent circuit. Capacitors are used to model the charge storage capacity of the cell

membrane, resistors are used to model the various types of ion channels embedded in

membrane, and batteries are used to represent the electrochemical potentials established

by differing intra-and extracellular ion concentrations. In Fig.2.1, we have drawn the HH
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electrical equivalent circuit. Based on the simple application of Kirchhoff’s laws, Hodgkin

and Huxley derived a model of four first-order ordinary differential equations described

by:

Figure 2.1: Electrical equivalent circuit for a short segment of squid giant axon according

to [69]. The capacitor represents the capacitance of the cell membrane; the two vari-

able resistors represent voltage-dependent Na+ and K+ conductances, the fixed resistor

represents a voltage-independent leakage conductance and the three batteries represent

reversal potentials for the corresponding conductances.

CmV̇m = ḠKn
4(EK − Vm) + ḠNam

3h(ENa − Vm) + ḠL(EL − Vm) + Iext, (2.1a)

ṅ = αn(Vm)(1− n)− βn(Vm)n, (2.1b)

ṁ = αm(Vm)(1− n)− βm(Vm)m, (2.1c)

ḣ = αh(Vm)(1− h)− βh(Vm)h, (2.1d)

where (.) denotes the derivative with respect to time. Iext is the current per unit area,

and αi and βi are rate constants for the i− th ion channel, which depend on voltage but
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Parameter Unit Value

Cm µF.cm−2 1.0

EK mV +12

ENa mV −115

EL mV −10.63

ḠK mS.cm−2 36

ḠNa mS.cm−2 120

ḠL mS.cm−2 0.3

Table 2.1: HH model parameters [69].

not time. Ḡn is the maximal value of the conductance. n, m, and h are dimensionless

quantities between 0 and 1 that are associated with potassium channel activation, sodium

channel activation, and sodium channel inactivation, respectively. Cm is the membrane

capacitance per unit area, Vm denotes the membrane potential; EK , ENa and EL are

the potassium, sodium and leak reversal potentials, respectively. The time-dependent

functions αi and βi are given by:

αn(Vm) =
0.01(10− Vm)

exp

(
10−Vm

10

)
− 1

, αm(Vm) =
0.1(25− Vm)

exp

(
25−Vm

10

)
− 1

, αh(Vm) = 0.07 exp

(
− Vm

20

)
,

βn(Vm) = 0.125 exp

(
− Vm

80

)
, βm(Vm) = 4 exp

(
− Vm

18

)
, βh(Vm) =

1

exp

(
30−Vm

10

)
+ 1

.

The numerical values for the parameters of the HH model are given in the table 2.1. The

HH model is known to exhibit only two main features namely tonic and chaotic spiking

under the original values of parameters regime. But if the parameters are tuned, the

HH model could exhibit other interesting neuro-computational properties including tonic,

phasic and chaotic bursting, mixed mode, spike frequency adaptation, spike latency, sub-

threshold oscillations, rebound spike or burst just to cite a few [70]. As we have already

pointed out above, the HH model is one of the few neural models with a biological mean-

ingful. Such models are important not only because their parameters are biophysically

meaningful and measurable, but also because they allow to investigate questions related

to synaptic integration, dendritic cable filtering, effects of dendritic morphology, the in-

terplay between ionic currents, and other issues related to single cell dynamics. But one
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of its disadvantages is that it has too many time-dependent parameters. Also the number

of ordinary differential equations to integrate (in total four) makes its implementation

very difficult. That is why Izhikevich [70] said that one can use the HH formalism only

to simulate a small number of neurons or when simulation time is not an issue.

2.1.2 Integrate and Fire Model

The integrate and fire model is one of the most widely used models in computational

neuroscience that describe the behavior of individual neurons. It assumes that the neuron’s

membrane potential integrates incoming synaptic currents and fires an action potental

when a certain threshold is reached [71]. It is only governed by one ordinary differential

equation which describes the dynamics of membrane potential:

v̇ = a− bv + I, if v ≥ vth, v ← c, (2.2)

where v is the membrane potential, I is the input current, and a, b, c and vth are the

parameters. It is found that, when the membrane potential reaches the threshold value vth,

the neuron is said to fire a spike, and v is reset to c. The IF neuron is Class-1 excitable, i.e.,

the frequency of tonic spiking of neocortical regular spiking excitatory neurons depends on

the strength of the input, and it may span the range from 2Hz to 200Hz, or even greater;

it can fire tonic spikes with constant frequency, and it is an integrator (IF neurons prefer

high-frequency input; the higher the frequency the more likely they fire). Because of the

lack of nonlinear terms in this model, it would be useless to explore it analytically.

2.1.3 FitzHugh-Nagumo Model

The FHN neuron model [72, 73] is a mathematical model that describes the behavior

of a neuron. It was developed by Richard Fitzhugh and J. Nagumo in the 1960s as an

extension of the HH model. To derive it, FitzHugh and Nagumo have used phase space

methods (nonlinear mechanics). Obviously, their approach is, however, not so informative

in explaining how trains of impulses occur in the HH equations, where interactions between

all four HH variables are essential. This model is described by two ODEs given by:

v̇ = v(v − a)(1− v)− w + I, (2.3a)

ẇ = ϵ(v − γw), (2.3b)
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where v represents the membrane potential, w is the slow ion current through the mem-

brane and I stands for the input current. Model parameters are such that, 0 < a < 1,

0 < ϵ << 1, γ > 0 and 1/γ − (1− a+ a2)/3 > 0, (1− a+ a2)/3− ϵγ > 0.

The first equation describes how the membrane potential changes over time while the

second described how the recovery variable changes over time

The FHN model is a generalization of the Van Der Pool (VDP) oscillator, whose mod-

ified version has been recently proposed with the assumption that the neural environment

implies some periodic excitations. The importance giving to the VDP model equation in

recent years come from the fact that it describes self-excited or self-sustained oscillations,

suitable to described some important processes like those related to brain and cardiac

wave [74]. This has been confirmed many years ago by some experimental data published

by [75]. The model is often used to study various phenomena in neuroscience, such as

action potential generation, neuronal excitability and synchronization of neural activity.

2.1.4 Hindmarsh-Rose Model

One of the most ubiquitous models explored by neuroscientists, the HR model [76]

developed by John G. Hindmarch and Rosemary M. Rose in 1984 as an extension of the

FitzHugh-Nagumo model. can be described by three ODEs written as:

u̇ = v − au3 + bu2 − w + I, (2.4a)

v̇ = c− du2 − ev, (2.4b)

ẇ = r[s(u− ue)− w], (2.4c)

where dimensionless variables u, v and w are membrane potential, fast and slow current,

respectively. I represents the excitation current, while parameters (a,b,c,d,e,r,s>0). ue

refers to the resting membrane potential which is generally negative and r is the ratio of

fast/slow time scales. The original parameters values of this model are a = 1.0, b = 3.0,

c = 1.0, d = 5.0, e = 1.0, r = 0.006, s = 4.0 and ue = −1.60. In recall, HR model includes

fast-variables known as u and v, then the slow variable indicated by w. Since v-variable

is known to generate spike activity and w-variable to produce bursting-like activity, HR

system exhibits a multi-time-scale spike-burst activity with more suitable values of input

current I. The interplay between spiking and bursting regimes within this model allows it

to reproduces a rich variety of membrane potential features of thalamic neurons classifying
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from regular spiking/bursting, chaotic spiking/bursting or post-inhibitory rebound just

to cite a few. Some of such features are graphed in Fig.3.9.

-2
0
2

-2
0
2

-2

0

2

M
em

b
ra

n
e 

p
o

te
n

ti
al

 u
(t

)

-2

0

2

0 500 1000 1500 2000Time t
-2

0

2

(c)

(b)

(a)

(d)

(e)

Figure 2.2: Time series of membrane potential u(t) of HR model of thalamic neuron for

different values of input current I as (a): I = 1.5, (b): I = 2.0, (c): I = 2.5, (d): I = 3.0,

(e): I = 3.3.

We observe the emergence of spiking activity in panel (a) for I = 1.5, regular bursting

activity with two spikes per burst in panel (b) for I = 2.0, regular bursting activity

with three spikes per burst in panel (c) for I = 2.5 and irregular bursting activities in

panels (c) and (d) for I = 3.0 and I = 3.3, respectively. The latter are known to fire

chaotically. In recall, neuron electrical activity is characterized by a multi-time-scale

phenomena accordingly with different values of the external current-like a stimulus: for

1.32 ≤ I < 1.57, spiking activity also known as fasting firing; for 1.57 ≤ I < 2.92,

bursting activity also known as slowing firing and chaotic activity when 2.92 ≤ I ≤ 3.40;

for I > 3.40 neuron electrical activity disintegrates into spiking one, but with very high

emission frequencies [13].
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2.1.5 Izhikevich Model

Izhikevich’s formalism [4] is based on a model that reproduces the behavior of biological

neurons. This model, described by a set of two first-order ordinary differential equations,

is given by:

v̇ = 0.04v2 + 5v + 140− u+ I, (2.5a)

u̇ = a(bv − u), (2.5b)

with the auxiliary after-spike resetting

if v ≥ +30mV, then

 v ← c

u← u+ d.
(2.6)

Here variable v represents the membrane potential of the neuron and u represents a

membrane recovery variable, which accounts for the activation of K+ ionic currents and

inactivation of Na+ ionic currents, and it provides negative feedback to v. The model can

exhibit firing patterns of all known types of cortical neurons with the choice of parameters

a, b, c and d given in Ref. [4].

2.1.6 Morris-Lecar Model

R. Morris and H. Lecar developed in 1981 a mathematical model [3] which consist of

a simple 2-D model that describe oscillations in barnacle giant muscle fiber. It consists

of a membrane potential equation with instantaneous activation of Ca current and an

additional equation describing slower activation of current. The model reads:

CV̇ = gL(VL − V ) + gKn(VK − V ) + gCam∞(V )(VCa − V ) + I, (2.7a)

ṅ = λ(V )(n∞(V )− n), (2.7b)

where

m∞(V ) =
1

2

{
1 + tanh

[
(V − V1)

V2

]}
,

n∞(V ) =
1

2

{
1 + tanh

[
(V − V3)

V4

]}
,

λ(V ) = λ̄ cosh

[
(V − V3)

2V4

]
, (2.8)
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with parameters: C = 20µF.cm−2, gL = 2mS.cm−2, VL = −50mV , gCa = 4mS.cm−2,

VCa = 100mV , gK = 8mS.cm−2, VK = −70mV , V1 = 0, V2 = 15mV , V3 = 10mV ,

V4 = 10mV , λ̄ = 0.1s−1, and applied current I(µA.cm−2).

The model can exhibit various types of spiking, but could support tonic bursting only

when an additional equation is added, e.g., slow inactivation of Ca current. In this case,

the ML model becomes equivalent to the HH model since both have transient inward and

persistent outward currents.

The Morris-Lecar model makes it computationally efficient compared to more complex

models like Hodgkin-Huxley. However, it also means that certain aspects of neuronal

behavior may not be accurately captured by this model. Nonetheless, it remains a valuable

tool for understanding basics principles of neuronal excitability.

2.1.7 Similitude and Difference between the Various Models

Without being exhaustive, we have reviewed the most prominent neural models above.

They are all mathematical representations of the behavior of neurons. While they share

the common goal of simulating neuronal activity, they differ in their level of complexity

and the specific aspects of neuronal behavior they focus on.

Some of them have biophysically meaningful and measurable parameters (HH and ML

models). The others although not having biophysically meaningful, exhibit the most fun-

damental properties of thalamocortical spiking neurons, for this purpose we can mention

FHN, HR, Izhikevich models. The FHN which is on of the model that caught our atten-

tion is often used for bifurcation analysis to study how changes in parameters can lead

to different dynamical behaviors such as steady states or oscillations. All other aspects

of comparison between these models are contained in the table 2.2. Accordingly, HH, HR

and Izhikevich models appear to be the three most powerful neuro-models that accurately

reproduce a rich electrical activity of real neurons followed by ML and FHN ones. The

IF model, although very simple to handle, do not always exhibit the properties of cortical

spiking neurons.
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Table 2.2: Comparison of the neuro-computational properties of spiking and bursting

models [77]; of FLOPS is an approximate number of floating point operations (addition,

multiplication, etc.) needed to simulate the model during a 1ms time span. Each empty

square indicates the property that the model should exhibit in principle (in theory) if the

parameters are chosen appropriately, but the author failed to find the parameters within

a reasonable period of time.

2.2 The improved models under the effect of electro-

magnetic radiation and light illumination

2.2.1 Concept of electromagnetic induction in neuron

Electromagnetic induction refers to the process by which an electric current is induced

in a conductor when it exposed to a changing magnetic field. This phenomenon has been

extensively studied in physic and has various applications in technology.
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Neurons are fundamentally electrochemical cells. Their electrical activity is driven by

the movement of charged ions (sodium Na+, potassium −K+, chloride −Cl+ and calcium

−Ca2+ accross their cell membrane. The flow of ions during an action potential not only

generates currents but also creates local electric fields around the neuron. These electric

fields are essentials for the neuron’s own internal dynamics. According to basic physics,

any electric current generates a magnetic field around it. The magnetic fields produce by

individual neurons are weak, but when many neurons are activated at the same time, it

may sum up or interfere with each other, resulting in a collective magnetic field that can

be detected outside of the brain or nervous tissue.

According to the Faraday’s law of induction, the fluctuation or changes in action

potentials in neurons can generate magnet field in the media, thus the electrical activities

of neurons will be adjusted under feedback effect. That is to say, the fluctuation of

membrane potentials of neurons can change the distribution of electromagnetic field inner

and external of neurons; thus, the magnetic flux across membrane and electromagnetic

effect should be considered.

The interaction of the electrical and magnetic fields around neurons leads to:

Modulation of neuronal activity: Electromagnetic fields, whether generated inter-

nally or apply externally can modulate neuronal activity. These fields can interact with

ion channels affecting their gating and, thus, the flow of ions and the generation of action

potentials.

Neural oscillations: The rhythmic activity of large populations of neurons results in

the generation of brain oscillations, which are synchronized fluctuations in the electrical

activity of neurons. These oscillations are reflected in both electrical and magnetic signals,

suggesting a strong coupling of electric and magnetic phenomena in brain.

Electromagnetic coupling: The interaction of the electrical and magnetic fields

around neurons leads to electromagnetic coupling.

More often, it is claimed that neuronal system can be in good memory to keep normal

activities and the memory effect is often described by using time delay term in the model.

Indeed, magnetic field or magnet flux storage could be associated with the memory effect.

In fact, the neuronal system can be used as a reliable signal processor because slight

stimuli on the neuron can be give sensitive response by analyzing the sampled time series.

When it comes to neural networks, electromagnetic induction can have both positive

and negative effects. The electromagnetic waves when used properly, contribute to our
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well-being through different solutions they provide. Scanners and X-rays in medecine,

microwaves and freezers for cooking food and conservation, Wi-Fi, mobile phones,radio for

telecommunication. However, improper use of these waves are reported to be responsible

of neurological disorders. Research by scientists shows that prolonged presence of these

waves can cause some diseases such as depression, chronic fatigue, cell destruction, tumors,

cancer, infertility and certain neurodegenerative diseases.

Nowaday electromagnetic induction and radiation are considered in model setting for

neurons. However, the presented neuron models seldom consider the effect of electromag-

netic induction on membrane potential of neurons. In this case, it is important to set more

reliable neuron model so that the effect of electromagnetic induction in neurons could be

considered. Lv and Ma [78] recently proposed to describe the memory effect of neuron

using magnetic flux. They applied it to the FitzHugh-Nagumo and many other models,

where different oscillations modes of electrical activities were reproduced, as well as their

response to magnetic flux effects [78]. In the same vein, it was also proposed that the effect

of the electromagnetic induction may be studied by introducing a memristor in the neural

circuit [79]. Usually, a memristor is introduced in order to achieve the coupling between

the membrane potential and the magnetic flux induction, and model the intrinsic origin

of electromagnetic induction as the result of the fluctuation of ion concentration [79, 80].

There is a growing interest in understanding the way electromagnetic field interact with

the human body, especially their effect on some fundamental brain functions.

2.2.2 The improved Integrate and Fire (IF) neuronal model under

the high-low frequency magnetic radiation

The integrate-and-fire neuron model is one of the most widely used models for analyz-

ing the behavior of neural systems. It describes the membrane potential of a neuron in

terms of the synaptic inputs and the injected current that it receives. An action potential

(spike) is generated when the membrane potential reaches a threshold, but the actual

changes associated with the membrane voltage and conductances driving the action po-

tential do not form part of the model.

The integrate-and-fire neuron model has become established as a canonical model for the

description of spiking neurons because it is capable of being analyzed mathematically

while at the same time being sufficiently complex to capture many of the essential fea-

tures of neural processing. A number of variations of the model are discussed, together
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with the relationship with the Hodgkin-Huxley neuron model and the comparison with

electrophysiological data. In the traditional IF model, a neuron’s membrane potential is

modeled as an electrical circuit with capacitance representing the neuron’s membrane, and

a resistance representing ions channels. When the membrane potential reaches a certain

threshold, the neuron fires an action potential.

Electromagnetic induction resulting from fluctuation in intracellular ion concentration

during action potential initiation and propagation in excitable media has been recently

included in various neurons and neuronal network [78, 81, 82]. Lv et al. [78], investigated

mode transition in the HR neuronal model under magnetic flow. Wang et al. [81], reported

energy dependence on action potential of FHN neuron model under electromagnetic in-

duction. Mi et al. [82], investigated dynamical behaviors such as synchronization and

wave propagation of coupled neurons under field coupling. Takembo et al. [67], reported

turbulent electrical activities of coupled FHN neurons under electromagnetic induction

and high frequency electromagnetic radiations using the theory of modulational instabil-

ity.

In our improved model, electromagnetic induction is considered as an additional factor in-

fluencing the neuron’s membrane potential. Electromagnetic induction occurs when there

is a change in magnetic field strength or direction near a conductor, which can induce an

electric current in the conductor.

To incorporate the magnetic field effects into the traditional integrate and fire model,

the equation that describes the membrane potential dynamics is modify by introducing a

memristor in the circuit.

Memristors are passive electric circuit components, such as inductors, capacitors and re-

sistors, their existence was theorized in 1971 by Leon Chua [68]. From a practical point

of view, the memristor can be understood as a variable resistor whose resistance depends,

in a nonlinear way, on the amount of current that has previously flowed through it. Ad-

ditionally, it is a non-volatile device, meaning it retains its state even when disconnected

from the current. These properties explain the name that Chua gave them: memristor,

combining memory and resistor.

This memory of its history is contained in its physical configuration, so it needs to be

both:

1. Physically reconfigurable when subjected to a certain voltage level. This reconfigu-

ration must be reversible, going in both directions, from higher to lower resistivity when
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the voltage is positive and vice versa when it is negative.

2. Stable, not changing its state once the current flow through it stops.

In neural network, they can be used as artificial synapses, mimicking the learning

and adaptation capabilities of biological neurons. In a simple circuit with a memristor

connected in series with a resistor and a voltage source, as current flows through, it’s

resistance changes, affecting the overall current in the circuit.

We assume that the memristor is flux-controlled and characterized by a smooth con-

tinuous cubic monotone-increasing nonlinearity as

q(ϕ) = αϕ+ βϕ3

Where α , β > 0, the memductance φ(ϕ) is obtained as φ(ϕ) = dq(ϕ)
dϕ

= α+ 3βϕ2.

According to the Faraday law of electromagnetic induction and description about memris-

tor, the term k1φ(ϕ)x could be regarded as additive induction current on the membrane

as follow.

i′ =
dq(ϕ)

dt
=
dq(ϕ)

dϕ

dϕ

dt
= φ(ϕ)V = k1φ(ϕ)x (2.9)

The improved IF neuronal model driven by a simulation current I is given by

dx

dt
= a− bx− k1φ(ϕ)x+ I,

dϕ

dt
= kx− k2ϕ,

(2.10)

Where x and ϕ describe the membrane potential and magnetic flux variable, respectively.

The term k1φ(ϕ)x describes the suppression modulation on membrane potential, and it

is dependent on the variation in magnetic flux by generating additive faradic current. k1
is the memristor coupling that bridges the membrane potential and the magnetic flux

and hence the effect of electromagnetic induction is realized. φ(ϕ) = α + 3βϕ2 repre-

sents memory conductance of flux-controlled memristor, in which, α represents constant

conductance, β indicates the feedback rate of magnetic flux, and both depend on the

memristor. k2 and k are induction coefficients dependent on the media.

When synaptic connections are considered, neuronal network are designed, suitable for

investigating the collective behaviors of neurons via pattern formation and synchroniza-

tion. Based on the new IF model with electromagnetic induction, synaptic gap junction

coupling with nearest neighbors interaction is proposed to enhance information exchange

in the network. The dynamical equations for chain diffusive neuronal network under

high-low frequency electromagnetic radiation ϕext is given by
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dxn
dt

= a− bxn − k1(α+ 3βϕ2
n)xn + I +D(xn+1 − 2xn + xn−1)

dϕn

dt
= kxn − k2ϕn + ϕext.

(2.11)

Where ϕext = A cos(2πft)+B cos(2πNft), f and Nf are the frequencies of the magnetic

radiation. A, B are amplitudes and N as the frequency factor describing the disparity in

the two frequencies. The term D(xn+1− 2xn+xn−1) represents the synaptic gap junction

coupling term in the chain neural network, n=1,....,J. J is the number of neurons and

D is the strength of the gap junction. The system of equation above will be used later

to determine the conditions under which modulated plane wave solutions in the array

becomes unstable.

2.2.3 The improved FHN neuron model under the effect of the

internal and external magnetic field and light illumination

Phototube and memristor incorporated into the branches of a nonlinear circuit could

yield an output voltage controlled by light illumination and electromagnetic induction,

respectively. In this way, the biological neuron is thought of as an intelligent and smart

processor such that functional nonlinear circuit could be built to perform similar func-

tions. The memristive neuron has been presented in Ref. [83,84] while the photosensitive

neuron presented in Ref. [85]. The memristive photosensitive neuron was also presented

by Njitacke et al. in 2023 [85] the FHN circuit obtained from the modification of the

previous model investigated in Ref. [96] by adding a memristive device as a fifth branch

of the neuronal circuit to mimic the effect of the magnetic field on the dynamics of the

proposed neuron circuit. The circuit represented in Fig 2:1 is, an improved FHN neuron

circuit under the effect of the internal/external magnetic field and light is built. The

first branch of the circuit is made up of a phototube and a resistor used to generate an

excitation current whose value varies according to the intensity of light and the material

property of the cathode. The second branch is made up of a capacitor which enables

to generate the output voltage of the membrane potential. The third branch was real-

ized using an inductor, a resistor, and a DC source to generate a time-varying current.

The fourth branch is built using a nonlinear resistor to perform the nonlinear relation

between the voltage and current. The current from that nonlinear resistor can be given as
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iN = −1
ρ
(v− v3

3v20
) [96]. Finally, the fifth branch is realized by a memristor, used to simu-

late the effect of the internal and the additional external magnetic fields on the dynamics

of the considered neuron model. For the considered model, the value of the induction

current from the memristive device is given in Eq. (2:3)

Figure 2.3: circuit of the improved FHN neuron under the internal and external magnetic

field effects and light exposure [85]

Figure 2.4: Fingerprint of the memristive current when varying both the amplitude and

the frequency of model [85]

Inspired by the photoelectric effect, a phototube is incorporated into a simple neural

circuit, and then the output voltage and dynamics become sensitive to external illumi-

nation within a specific frequency band. The firing modes are also dependent on the

amplitude and frequency band in the illumination. In this paper, the signal outputs from
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a chaotic circuit are used as external optical signals, which are filtered and encoded by

a phototube. Then, the functional neural circuit is excited to present a variety of firing

modes and patterns. An exponential function of the filtering wave is proposed to discover

the biophysical mechanism for frequency selection in the retina as most of wave bands of

the external illumination are absorbed in the cathode material of the phototube while a

specific band is effective in inducing a photocurrent for stimulating the visual neurons.

Based on our light-sensitive neural circuit and model, external illumination is filtered and

firing modes in the neuron are reproduced; furthermore, the mode transition induced by

parameter shift is also investigated in detail. This result discovers the signal processing

mechanism in the visual neurons and provides helpful guidance for designing artificial

sensors for encoding optical signals and for repairing abnormalities in the retina of the

visual system. 
im = g(ϕ)(v − Em) = k′0(−α′ − 3β′ϕ2)(v − Em)

dϕ

dt
= k′1v − k′2ϕ

(2.12)

Where Em stands for a reversal potential [87]. g(ϕ) = k′0(−α′−3β′ϕ2) is the memduc-

tance of the flux control memristor. k′0 represent the gain of the induction current, while

k′1 and k′2 are respectively the coefficients of the contribution of the magnetic flux in the

intercellular media and extracellular media. Using the discrete values α′=0.01, β′=0.3,

k′0=5.7, k′1=0.1, k′2=1.8 while varying A and f for v = A sin(ft) with Em=0.

When applying the well-known Kirchhoff ′s electrical circuit law to Fig. 1, Eq. (2)

describing the dynamics of the considered neuron circuit is obtained.
C
dv

dt
=
vs − v
Rs

− iL − iN − im

L
diL
dt

= v + E −RiL
(2.13)

Replacing iN and im by their previous values,

C
dv

dt
=
vs − v
Rs

− iL +
1

ρ
(v − v3

3v20
)− k′0(−α′ − 3β′ϕ2)(v − Em)

L
diL
dt

= v + E −RiL
dϕ

dt
= k′1v − k′2ϕ+ eext

(2.14)

Performing the following change of variables and parameters, we obtain:

Peter Nyifeh c⃝ 2025 University of Yaoundé I PhD-Thesis



Improved models and methodologies 46

x = v
v0

, y = ρiL
v0

, t = 1
ρC

, ρ = ϕ
v0ρC

. ε = ρ
Rs

, α = ρα′, β = v20ρ
3C2β′, em = Em

v0
, c = ρ2C

L
,

a = E
v0

, b = R
ρ
, k = k′0, k2 = k′2ρC, ρvs

v0Rs
= ρvSN

v0Rs
sin(w1ρCt + Iα), eext = Eext

v0
sin(W2ρCt),

a1 =
ρvSM

v0Rs
w1 =W1ρC a2 =

Eex

v0
, w2 =W2ρC


ẋ = x(1− ϵ)− 1

3
x3 − y + a1 sin(w1t+ lα)− k0(−α− 3βφ2)(x− ef )

ẏ = c(x+ a− by)

φ̇ = k1x− k2φ+ eext

(2.15)

Based on the variable change, the following dimensionless values are provided for param-

eters of our considered neuron model a=0.7, b=0.8, c=0.1, ϵ = 0.25, a1 = 0.6, a2 = 4,

lα = 0.1 α = 0.01 β = 0.3, k1 = 0.01, k2 = 1.8, w1 = 0.5, w2 = 10, k1 = 5.7, em = 0.99

The term a1 sin(w1t + lα) is a varying external forcing that maps the photocurrent

from the phototube due to light illumination.

-k0(−α − 3βφ2)(x− ef ) is the negative feedback memristive current originating from

electromagnetic induction due to the internal effect to bioelectricity from ions exchange

across the cell membrane as well as exposure to external magnetic flux. k0 is the mem-

ristive coupling strength that couples the membrane potential (x) and the magnetic flux

variable(φ)

The term eext = a2 sin(ωt) is the external magnetic flux forcing originating from elec-

tromagnetic radiation exposure [88]. k2φ measures the magnetic flux leakage.

The photosensitive memristive neurons are considered to be couple locally in a chain

with nearest neighbor interaction. The network can be written as.



ẋi = xi(1− ϵ)−
1

3
x3i − yi + a1 sin(w1t+ lα)− k0(−α− 3βφ2)(xi − ef )

+D(xn+1 − 2xn + xn−1)

ẏi = c(xi + a− byi)

φ̇i = k1xi − k2φ+ eext

(2.16)

where i = 1.....N , N and D are the positions of node in the lattice and synaptic

coupling, respectively. ϵ =0.25, D = 0.05, a = 0.6.
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2.3 Analytical and Numerical methods

2.3.1 Multiple scale expansion in the discrete approximation

The multiple scale in a discrete asymptotic expansion has been successfully applied to

various physics problem such as fluid dynamics, plasma physics and nonlinear optics. It

provides powerful tool for understanding complex systems and predicting their behavior

under different conditions. Develop by J. Leon and M. Manna [89], the multiple-scale

allow to deduce simplified equations from a basic model without loosing its characteristic

features. The method consist of analyzing a system or phenomenon at different levels

or scales. More specifically, the method generates a hierarchy of (small) scales for the

space and time variations of the envelopes of a fundamental (linear) plane wave and all

the overtones. Moreover, the scale is directly related to the (small) amplitude of the

wave itself. The scaling of variables is performed via a Taylor expansion of the frequency

ω(k) in power of a small deviation of the wave number k. This deviation from the linear

dispersion relation is, of course, generate by a nonlinearity. The multiple scale method is

quite appropriate for the study of boundary value problems and leads to a DNLS equation

(with reversed space-time), the goal being the study of a nonlinear dispersive chain with

dispersion relation Ω(Q) where Ω represents the wave frequency and Q the wavenumber

of the carried wave. The physical problem we are concerned with is the following: the

stimulation of the first neuron in the chain network (say n = 0) initiates an action potential

(wave packet) having oscillation angular frequency ω and wave number k. Due to non-

linear effects within the network, Ω and k deviate by υ from the natural frequency Ω′

and k′. This is summar (or is submitted to an external force) at frequency Ω. Would the

chain be linear that this oscillation would propagate without distorsion as the plane wave

exp[i(Ωt + Qnd)], with d being the lattice spacing. But the nonlinearity induces some

deviations from the value Ω, namely, the wave propagates with actual frequency ω and

wave number q that are define as:

ω = Ω+ ϵλ, and q = Q+ ϵ
λ

vg
+ ϵ2cgλ

2 + ... (2.17)

where vg = ∂Ω
∂Q

is the group velocity and 2cg =
∂2Q
∂Ω2 represents the group velocity dispersion.

λ is a small deviation from the natural frequency Ω.

The principle of this method can be summarized as follow: given a discrete differential
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equation in the form

F (ün, u̇n(t), un(t), un+j(t), un−j(t), u
2
n(t), u

3
n(t), ..., u

r
n(t)) = 0. (2.18)

One first seeks a solution of Eq.(2.21) in the form of a Fourier expansion in harmonics of

the fundamental A(n, t) = exp[i(Ωt+Qnd)], where the Fourier components are developed

in a Taylor series in power of the small parameter ϵ measuring the amplitude of the initial

wave, that is to say

un(t) =
∞∑
p=1

ϵp
p∑

l=−p

ψ(l)
p (m, τ)A(l)(n, t). (2.19)

Note that the above serie includes all overtones A(n, t) = exp[i(Ωt + Qnd)] up to order

p. These are generated by the nonlinear terms which explain that the corresponding

coefficients are of maximum order ϵp. Here we have the real valued condition

ψ(−l)
p (m, τ) =

(
ψ(l)
p (m, τ)

)∗
, (2.20)

with the asterisk denoting complex conjugations. The slow variables ξn = m and τn = τ

are introduced via

τ = ϵ(t+
nd

vg
), m = ϵ2n. (2.21)

We then insert solution (2.22) into Eq.(2.21) to obtain a linear homogeneous system for

ψ
(l)
p (m, τ) polynomial in A(l)(n, t). Finally we can proceed to collect and solve different

orders of ϵp and harmonics l, order (p, l) in the obtained equation or system of equations.

Note that it is enough to consider l > 0 as negative values follow from the reality condition

(2.23). The culminating stage comes from order (3, 1) where the cubic DNLS equation is

derived. In addition, the general formulas of this method are given as follows:

un+j − un−j =

[
A(l)(n+ j, t)− A(l)(n− j, t)

]
ψ(l)
p (m, τ)

+ ϵ

[
A(l)(n+ j, t) + A(l)(n− j, t)

](
jd

vg

)
∂

∂τ
ψ(l)
p (m, τ)

+
ϵ2

2

[
A(l)(n+ j, t) + A(l)(n− j, t)

][
ψ(l)
p (m+ j, τ)− ψ(l)

p (m− j, τ)
]

+
ϵ2

2

[
A(l)(n+ j, t)− A(l)(n− j, t)

](
jd

vg

)2
∂2

∂τ 2
ψ(l)
p (m, τ)

(2.22)
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and

un+j − 2un + un−j =

[
A(l)(n+ j, t)− 2A(l)(n, t) + A(l)(n− j, t)

]
ψ(l)
p (m, τ)

+ ϵ

[
A(l)(n+ j, t)− A(l)(n− j, t)

](
jd

vg

)
∂

∂τ
ψ(l)
p (m, τ)

+
ϵ2

2

[
A(l)(n+ j, t) + A(l)(n− j, t)

](
jd

vg

)2
∂2

∂τ 2
ψ(l)
p (m, τ)

+
ϵ2

2

[
A(l)(n+ j, t)− A(l)(n− j, t)

][
ψ(l)
p (m+ j, τ)− ψ(l)

p (m− j, τ)
]

(2.23)

2.3.2 Runge-Kutta numerical integration method

The Runge-Kutta numerical integration methods are a family of implicit and explicit

iterative techniques used to approximate the solution of ordinary differential equations

(ODEs) [90] . These methods were developed around 1900 by the German mathematicians

Carl Runge and Martin Kutta.

The basic idea behind Runge-Kutta methods is to break down the ODE into a series

of smaller steps and approximate the solution at each step. The specific coefficients and

derivative terms depends on the order of the Runge-Kutta method being used. The most

commonly used order is 4, known as the fourth-order Runge Kutta methods(RK4). This

methods uses four intermediate steps to estimate the solution at each time steps. The

main steps can be express as follows:

ẏ = f(t, y), y(t0) = y(0), (2.24)

where y is an unknown function (scalar or vector) of time t, which we would like to

approximate; we are told that ẏ, the rate at which y changes, is a function of t and of y

itself. At the initial time t0 the corresponding y-value is y0. The function f and the data

t0, y0 are given. Therefore the formulas of RK4 method are given by:

y(n+ 1) = y(n) +
1

6
(k1 + 2k2 + 2k3 + k4)

t(n+ 1) = t(n) + h

(2.25)
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for n = 0, 1, 2, 3, ..., using

k1 = hf

(
t(n), y(n)

)
k2 = hf

(
t(n) +

h

2
, y(n) +

k1
2

)
k3 = hf

(
t(n) +

h

2
, y(n) +

k2
2

)
k4 = hf

(
t(n) + h, y(n) + k3

)
(2.26)

where h > 0 represents the step-size and n stands for the iteration number. y(n + 1) is

the RK4 approximation of y(tn+1), and the next value (y(n + 1)) is determined by the

present value (y(n)) plus the weighted average of four increments, where each increment

is the product of the size of the interval, h, and an estimated slope specified by function

f on the right-hand side of the differential equation. The RK4 method is a fourth-order

method, meaning that the local truncation error is on the order of O(h5), while the total

accumulated error is on the order of O(h4). Note that the above results are necessary and

sufficient to find the numerical solutions of Eq.(2.24) as long as it remains continuous.

However, considering a discrete model, one needs moreover to these results, additional

conditions called boundary conditions whose choice depends on the studied problem.

Throughout our experiments, we have adopted periodic boundary conditions since the

different models explored are assumed to be cyclic. For example, a network of N neurons

with nearest neighbors interactions obeys the following boundary conditions

x(0) = x(N) and x(N + 1) = x(1) (2.27)

Overall, Runge-Kutta numerical intergration methods are powerful tools for solving

ODEs numerically. They offer a good balance between accuracy and computational effi-

ciency and have become a standard technique in many scientific disciplines.

Conclusion

This chapter has been organized around two main themes. Firsly, the most prominent

computational models have been develop to describe the behaviour of neurons and neural

networks. It appears that the HH and ML models hold biologically acceptable properties,

since the parameters of these two models have been deduced experimentally, unlike other
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models whose basic principle was to simulate the biological behaviour of neurons observed

experimentally. We focused our attention on the FHN and the IF models that are often

used for bifurcation analysis to study how changes in parameters can lead to different

dynamical behaviors such as steady states or oscillations. the two models have been

improved to provide more accurate representations of the complex interactions between

electromagnetic induction or light illumination and neural activity. By incorporating

memristors and photocells into a simple FitzHugh-Nagumo circuit to detect and process

external magnetic flux and light radiation.

The above models have been handled by means of some analytical and numerical

methods. The RK4 method with periodic boundary conditions has also been presented

for the numerical simulations.
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Chapter 3

Results and Discussion

Introduction

Many processes in living systems are oscillatory. Biological rhythms occur at all lev-

els of biological organization, from unicellular to multi-cellular organisms, with periods

ranging from fractions of a second to years. Besides quite obvious examples of biological

oscillations such as beating of heart, lung respiration, the sleep-wake cycle...... These

rhythms find their roots in the many regulatory mechanisms that control the dynamics of

living cells. For example, neural and cardiac rhythms at the single cell level are associated

with the regulation of voltage-dependent ion channels metabolic oscillations originating

from the regulation of enzyme activity, pulsatile intercellular signals and intracellular cal-

cium oscillation associated with receptor activity, while regulation of gene expression in

hypothalamic neurons underlies circadian rhythms.

MI has been shown to be efficient pathway to energy localization in biological molecules

as well as discrete systems, in general [91, 92]. It result from the interplay between non

linearity and dispersion. Indeed nonlinear waves and solitons initiated from MI have been

showed to be suitable for complex computations, learning and describing nerve pulse in

the neuronal network for real applications in one and two dimensional coupling [93, 94].

Dispersion , on the other hand, is less relevant to neural networks but can arise in certain

types of neural dynamics. In this chapter, after applying the multiple scale expansion

method to solve our generic system of equations, we performed the linear stability analy-

sis on the results obtained. Using parameters from our analytical predictions, numerical

simulations will be performed and spatiotemporal evolutions of plane waves are investi-

gated to evaluate the long-time of the modulated waves evolving in the network under
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memristive and photosensitive parameter.

3.1 Modulated wave patterns in a IF neural networks

Here the effect of high-low frequency electromagnetic radiation on our network dynam-

ics through the memristor coupling k1 and the disparity in frequency N are investigated

both analytically and numerically.

3.1.1 Derivation of a Nonlinear Schrodinger Equation (NLSE)

with coefficients depending on the electromagnetic induc-

tion feedbacks and synaptic coupling strength between neu-

rons

Based on the IF model with electromagnetic induction, synaptic gap junction coupling

with nearest neighbor interaction is proposed to enhance information exchange in the

network. The dynamical equations for chain diffusive neuronal network under high-low

frequency electromagnetic radiation ϕext is given by

dxn
dt

= a− bxn − k1
(
α+ 3βϕ2

n

)
xn + I +D(xn+1 − 2xn + xn−1).

dϕn

dt
= kxn − k2ϕn + ϕext

(3.1)

Where ϕext= Acos(2πft)+ Bcos(2πNft). f and Nf are the frequencies of the magnetic

radiation, with respective amplitudes A and B. N is a frequency factor describing the dis-

parity in the two frequencies. The term D(xn+1−2xn+xn−1) represents the synaptic gap

junction coupling term in the chain neural network with nearest neighbors interaction.

The subscript n represents the node position in the network, n=1,...,J. J and D represents

the number of neurons and strength of the gap junction, respectively. The parameters

are selected as a=1.05, b=1.80, l=1.04, k=0.9, α=0.40, β = 0.02, k2 = 1.50, D=0.50 and

J=500. We used to determine the condition under which modulated plane wave solutions

in the array becomes unstable, resulting in the formation of localized wave patterns with

solitonic traits. The effect of electromagnetic induction via the memristor coupling are

investigated under magnetic radiation.

The system of coupled nonlinear discrete differential equations represented by Eqs.(3:1)

is very difficult to be resolved analytically. In this light we proceeded by applying the
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powerful multiple scale expansion presented previously, so as to derive a more suitable am-

plitude equation on which linear stability and instability have been successfully applied.

In the process, the first lattice site in the network annotated n=1 is stimulated at the

original frequency Ω. It is worth noting that frequency simplifies to the natural frequency

in case ϵ = 0. We designed a state vector solution for Eqs.(3:1) as Pn(t) = xn(t), ϕn(t)

having the generalized unperturbed forms given by

xn(t) =

∫
dωχ(ω)ei(wt+q0n).

ϕn(t) =

∫
dωϕ(ω)ei(wt+q0n)

(3.2)

Where P̂ (ω) = {χ̂(ω), ϕ̂(ω)}. We use the change of variables τn = ϵ(t+n/ug) and ζn = ϵ2n,

with cg = 1. The trial generalized solutions are then represented in the form

xn(t) = A(n, t)χ(ζn, ).

ϕn(t) = A(n, t)ϕ(ζn, )
(3.3)

with A(n, t) = ei(Ωt+qn). This approach introduces a new network number m which sup-

ports a large grid . For a given n, the available the set of network points that can be

considered are ..., n − N,n, (n + N)...,.written as a function of the slow variable m as

{..., (n + N) → (m − 1), n → m, (n + N) → (m + 1)..., }. We set ϵ2 =1/N due to the

pronounced discretness effects.

By making use of the Fourier series in power of the parameter ϵ

xn(t) =
∞∑
p=1

ϵp
p∑

l=−p

χ(l)
p (χn, τ)A

(l)(n, t),

ϕn(t) =
∞∑
p=1

ϵp
p∑

l=−p

ϕ(l)
p (ζn, τ)A

(l)(n, t),

(3.4)

With χ−l
p (m, τ) = (χl

p(m, τ)
)∗ and ϕ−l

p (m, τ) = (ϕl
p(m, τ)

)∗. By substituting Eqs.(3.4)

into Eqs.(3.1), we obtain
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∞∑
p=1

ϵp
p∑

l=−p

[
ϵ
∂

∂τ
χl
p(m, τ) + iωlχl

p(m, τ)
]
Al(n, t)

= a− b
( ∞∑

p=1

ϵp
p∑

l=−p

χl
p(m, τ)A

l(n, t)
)
+ I − k1

[
α+ 3β

( ∞∑
p=1

ϵp
p∑

l=−p

ϕl
p(m, τ)A

l(n, t)
)2]

+D
[ ∞∑

p=1

ϵp
p∑

l=−p

2(cos(ql)− 1)χ(l)
p (m, τ) + ϵ(

2i

vg
) sin(ql)

∂

∂τ
χl
p(m, τ) (3.5)

+ϵ2(
1

vg
)2 cos(ql)

∂2

∂τ 2
χl
p(m, τ) + iϵ2 sin(ql)(χ(l)

p (m+ 1, τ)− χ(l)
p (m− 1, τ))

]
Al(i, t).

(3.6)

∞∑
p=1

ϵp
p∑

l=−p

[
ϵ
∂

∂τ
ϕl
p(m, τ) + iωlϕl

p(m, τ)

]
Al(i, t)

= k

[
∞∑
p=1

ϵp
p∑

l=−p

ϕ(l)
p (m, τ)As(i, t)− k2

(
∞∑
p=1

ϵp
p∑

s=−p

ϕl
p(m, τ)A

l(n, t)

)]
The above coupled system is solve at different order of ϵ, with the corresponding

harmonics l.

At the order (1,l), with l=0, we obtain

χ0
1(m, τ) = ϕ0

1(m, τ) = 0. (3.7)

For l=1, we obtain the dispersion relation

[iΩ− 2D(cos(q)− 1)− b− αk1] [iΩ + k2] = 0 (3.8)

for which our system admit non trivial solutions:

χ1
1(m, τ) = χ(m, τ)

ϕ1
1(m, τ) =

k

k2 + iΩ
× χ(m, τ)

(3.9)

At the order (2, l), for l=0, we obtain the solution

χ0
2(m, τ) = ϕ0

2(m, τ) = 0. (3.10)

At l=1, a system of equations with a zero determinant is obtained, satisfying the Fredholm

condition given by

Vg = 2iD sin(q). (3.11)
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We search for solutions in the form

ψ1
2(m, τ) = π(m, τ)

ϕ1
2(m, τ) =

k1
k2 + iΩ

× π(m, τ)− k1
(k2 + iΩ)2

∂π(m, τ)

∂τ

(3.12)

with χ(m, τ) is been arbitrary function. For l=2, we obtain the solution in the form

χ2
2(m, τ) = ϕ2

2(m, τ) = 0 (3.13)

Finally, by resolving the system for χ1
3(m, τ)andϕ

1
3(m, τ), at p=3 and l=1, it yields the

nonlinear amplitude equation:

−iγ(χm+1 − χm−1) + α2
∂2χm

∂τ 2
+ β2|χm|2χm = 0 (3.14)

where

γ = D sin(q).

β2 =
cos(q)

D sin2(q)

α2 = 3βk1k
2

[
1

(k2 + iΩ)2
+

2

(k2)2 − (iΩ)2

] (3.15)

Eqs.(3.14) is a nonlinear amplitude differential equation with coefficients γ, β2, α2 depen-

dent on the electromagnetic induction feedbacks and synaptic coupling strength between

neurons. This spatiotemporal confirms information processing in the brain is not localized

in a given neuron but it is done collectively within network in both space and time. The

global forms of Eqs.(3.14) are well documented equations, already obtained in other do-

mains of nonlinear physics including charge transport in DNA [95] and myocardial action

potential propagation [92]

3.1.2 Linear stability analysis and modulated wave patterns

We consider the plane wave χm = Aei(νm−∆τ) as the solution for the amplitude

Eqs.(3.14). The complex amplitude and frequency are related to the perturbation wave

number ν via the nonlinear dispersion relation

∆2 =
−β2
α2

×
[
|A|2 + 2D sin(q)

β2
sin(ν)

]
(3.16)

The wave solution above will be unstable for ∆2 < 0. This condition depends simul-

taneously on the signs of the terms −β2

α2
and |A|2 + 2D sin(q)

β2
sin(ν). Considering sin(ν) =
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1, unstable wave will be generated for

|A|2 > 2D sin(q)

β2
= A2

cr, with
−β2
α2

< 0. (3.17)

Figure 3.1: Critical amplitude vs wave number for D=0.50, k=0,9 α = 0.40, β = 0.02

and k2 = 1.50. The stable (SR) and unstable regions (UR) of modulational instability

(MI) are presented. .

It is understood from the instability condition given by Eqs.(3.14) that when the pa-

rameters fall inside the unstable zone, unstable wave pattern emerges in the network

following the mechanism of modulational instability (MI). We plot the growth rate of

instability versus the wave number q and present the results in Fig. 3.1. More so, the

stable and unstable regions are clearly displayed. It is found that smaller values of the

wave number falls in the unstable region and hence favors the formation of localized wave

pattern. When performing our numerical simulations, we select q=0.1 π, Furthermore, by

varying the values of the memristor coupling, it is observed that the growth rate of insta-

bility decreases with increases in the memristor coupling. That is higher electromagnetic

induction feedback reduces the critical amplitude, consequently, the network becomes less
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susceptible to disruptions from external stimuli or internal fluctuations, making it more re-

sistant to sudden chaotic bursts of activity. In order to validate this analytical prediction,

we intergrate numerically our generic model.

Indeed, the linear stability analysis cannot give impulse information about the long-

time evolution of the modulated waves evolving in the network because it is based on

the linearization around an unperturbed plane wave. To verify our analytical predictions,

Eqs.(3.1) is integrated numerically using the fourth-order Runge-Kutta computational

scheme, with step size h = 0.001. The transient period for calculation is set at 10 000

time units. Initial conditions are chosen in accordance to the plane wave solution of

Eqs.(3.14). Indeed, initial conditions are perturbed plane waves having amplitude A =

0.20, wave number q = 0.1π and modulation wave number ν = 0.5π picked from the

unstable regions of the modulational instability as indicated on Fig.3.1. To discern the

effect of electromagnetic induction through the memristor coupling, on the bearing of

localized structures by our discrete system, we set k1 = 1.20, where the network is exposed

to a high-low frequency electromagnetic radiation ϕext = 25 cos(2πft) + 25 cos(2πNft),

with f = 0.04 and N = 10. We note the intrinsic parameter values selected correspond

to a point which belongs to the unstable region of the growth rate presented in Fig.3.1,

which according to the figure obtained, the instability is predicted for plane waves with

these wave numbers.

In order to study the spatial and temporal dynamics of electrical activity within the

network, the 3D pattern of the emerging pattern of nerve impulse for a network of 500

identical cells is presented in Fig.3.2. while the spatiotemporal pattern is presented in

Fig. 3.3 [panel (a)] and the corresponding time series at the node position n = 100 [panel

b1], n = 200 [panel b2] and n = 400 [panel b3] are presented in Fig.3.3.

It is found that the 3D pattern obtained in Fig.3.2 are nonlinear waves with temporal

periodic-like structures This suggest potential interference with neural activity confirms

by analycal prediction presented in Fig 3.1. This could impact neuronal communication

and potentially leading to disruptions in brain function or signaling pathways.

Fig.3.3 [panel (a)] presents the spatiotemporal pattern of the membrane potential of

500 neurons in the network, where Time runs from top to bottom and Lattice site from

left to right. It consist of alternate band of bright and dark regions. Bright regions suggest

simultaneous firing of neurons, while dark regions indicates periods of inactivity or qui-

escence across the network. In this bright regions, different firing patterns are expected.

Peter Nyifeh c⃝ 2025 University of Yaoundé I PhD-Thesis



Results and Discussion 59

The spatiotemporal patterns clearly portrait bright bands with different intensities bright-

ness, suggesting mixed or irregular firing patterns. This alternating pattern could signify

coordinated bursts of activity followed by periods of rest in the neural network.

Figure 3.2: 3D Feature of the nerve pulse in a lattice with 500 cells and recorded over a

period of t=10000, where k1 = 1.20, D=0.50, A=25.0 B=25.0, f=0.04, N=10.

Figure 3.3: Spatiotemporal (a) and temporal features (b) of the nerve impulse presented

in Fig. 3.2

The time series in Fig.3.3 presents mixed/irregular firing patterns of the network.

Peter Nyifeh c⃝ 2025 University of Yaoundé I PhD-Thesis



Results and Discussion 60

These irregular firing patterns could be clearly due to the exposure of the network to

electromagnetic radiation.The network is no longer firing in a simple, repeating, pattern,

but is exhibiting more complex rhythms with multiple frequencies. This confirms the

work reported in Ref. [96, 97]. Furthermore, the time series taken at different lattice site

and presented in Fig. 3.3 [panel (b1) . (b3)] show nonlinear waves pattern with similar

dynamics, suggesting synchronization. This could be very powerful from biophysical per-

spective where intermittent neural synchronization has been linked to Parkinson’s disease

Ref. [101] which is characterized by tremors, rigidity and impaired movement thought to

arise from abnormal activity in the brain basal’s ganglia. The improved IF model exposed

to high-low frequency electromagnetic radiation could thus be a vital prototype relevant

for understanding the potential mechanism of intermittent synchrony in Parkinson dis-

ease. It is well known that depending on the value of the memristor coupling k1 selected,

one should expect different behaviors of the system. By increasing the strength of k1, its

effect on pattern formation are presented Fig. 3.4, Fig.3.5 and Fig. 3.6.

It is found in Fig.3.4, Fig.3.5 and Fig.3.6 that the spatiotemporal patterns are greatly

modified as the value k1 are changed. Indeed , higher electromagnetic induction feed-

back gain suppresses excitability k1=2.50 in Fig 3:4, k1=2.90 in Fig 3:5 and k1=3.10 in

Fig 3:6, by reducing the spatiotemporal pattern to a homogeneous and quiescent state.

Furthermore, we examine the effect of high-low frequency electromagnetic radiation on

our network dynamics. Since we are using a superposition of two fields, we concentrate

on the effect of disparity in frequency (N) of the two fields. The results are presented in

Figs. 3.7, 3.8 and 3.9. It is observed in Figs. 3.7, 3.8 and 3.9, that as the value of N

increased, the localized patterns are modified. At a small value of N (N = 1) in Fig. 3:7,

the system presents regular spatiotemporal pattern, whereby the bright bands correspond

to the regions where the neurons are firing. Indeed, the thin structures found in Fig. 3:7

correspond to individual spikes inside a burst. This is confirmed by its corresponding

time series , where spikes are observed. It is found that as N increases as in Figs. 3:8 and

3:9, mode transition in firing state occurs Figs. 3:8 and 3:9. This factor (N) thus proofs

efficient in ensuring rich dynamic states in the network.

Overall, these approaches have advanced our understanding of how external stimuli

can influence neural activity, information processing and have potential implications for

fields such as neuroscience, especially as the rise in the use of wireless technologies such as

mobile phones, relay antennas, wifi network and other portable instruments have increased
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Figure 3.4: spatiotemporal pattern where time runs from top to bottom and lattice site

from left to right. for (a) k1 = 2.50.

electromagnetic interactions with human biological cells, notably neurons. It is found that

the collective behaviors of neurons as well as the electrical activities are dependent on the

distribution of magnetic flux. It reveal that electromagnetic induction can modulate the

formation of wave patterns and mode in electrical activities. Under high-low frequency

electromagnetic radiation, the electromagnetic induction gain via the memristor could

effectively suppress excitability to a homogeneous spatiotemporal pattern, with quiescent

state.

3.2 Modulated wave patterns in a FHN neural net-

works

Neurons in the cerebral cortex are interconnected and form networks for activity coor-

dination and cooperative behaviors, including pattern formation, impulses, synchroniza-

tion and coherent structures [98–100]. Particularly, exploring spatiotemporal patterns

dynamics behaviors in neuronal system are crucial for brain function, encoding informa-
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Figure 3.5: spatiotemporal pattern where time runs from top to bottom and lattice site

from left to right for (b) k1 = 2.90.

tion, driving behavior. A general view, from experimental and theoretical studies, is that

brain oscillations are excellent candidates in conveying information from the brain to or-

gans and may adopt a broad range of features related to either normal or pathological

behaviors.

Electromagnetic fields and light illumination have been shown to modulate the ac-

tivity and connectivity of neurons, leading to changes in their information processing

capabilities. These external pattern formation in FHN model under magnetic flow and

light illumination will be investigate through the MI technique. In that respect, effects of

some parameters on nonlinear patterns such as the memristor coupling, light illumination,

external stimulus current and magnetic radiation are investigated both analytically and

numerically.

3.2.1 Derivation of Cubic Nonlinear Schrodinger Equation (CNSE)

As a reminder, Eqs.(2.16) has three equations with three unknowns, describing the

effects of light illumination and magnetic flow in the FHN model. Based on the discrete
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Figure 3.6: spatiotemporal pattern where time runs from top to bottom and lattice site

from left to right for (c) k1 = 3.10.

asymptotic expansion method, the solutions to the system of equations are considered

wave packets, whereby the amplitudes and carrier waves are kept discrete. This approach

permits us to obtain a more manipulable equation from Eqs.(2.16) for which linear sta-

bility analysis will be discussed.

The stimulation of the first neuron in chain network initiates an action potential (wave

packets) having oscillation angular frequency ω and wave packet k. Due to nonlinear

effects within the network, ω and k deviate by ϑ from the natural frequency ω′ and k′. This

is summaarized by the relation ω = ω′+ϵϑ and ϑk = k′+ϵ ϑ
ug
+ϵ2cgϑ

2 +..., with ug = ∂ω
∂k

and
1

2cg
= ∂2ω

∂k2
. Furthermore, by introducing a new network number m that supports a large

grid in such that for any i, possible sets of network points..., i-1, i, i + N,..., are taken as a

function of a the slow variable m as ..., (i−N)→ (m− 1), i→ m, (i+N)→ (m+ 1)...,.

Consequently, the solution of Eqs.(2.16) can be expressed as Fourier expansions, whose

components are calculated in a Taylor series in powers of ϵ given as follow:

Ui(t) =
∞∑
p=1

ϵp
p∑

s=−p

Û (s)
p (ζi, τi)e

j(ki+ωt), (3.18)
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Figure 3.7: spatiotemporal pattern where time runs from top to bottom and lattice site

from left to right and membrane potential time series patterns for n=200 (a)N=1.

with Ui(t) = {xi(t), yi(t), zi(t)} and Û (s)
p (ζi, τi) = {x̂sp(ζi, τi), ŷsp(ζi, τi), φ̂s

p} being the slowly

modulation amplitude of the plane wave ej(ki+ωt), where j2 = −1 τi = ϵ(t + i
ug
) and

ζi = ϵ2i. The slowly modulated amplitude Û (l)
p respects the reality condition Û (−l)

p =Û (−l)
p ∗.

By substituting Eqs.(3.18) in Eqs.(2.16), we obtain the system of equations:
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Figure 3.8: spatiotemporal pattern where time runs from top to bottom and lattice site

from left to right and membrane potential time series patterns for n=200 (a) N=10.

∞∑
p=1

ϵp
p∑

l=−p

[
ϵ
∂

∂τ
x(s)p (m, τ) + jωsx(s)p (m, τ)

]
As(i, t) = (1− ε)

∞∑
p=1

ϵp
p∑

l=−p

x(s)p (m, τ)As(i, t)

− 1

3

(
∞∑
p=1

ϵp
p∑

s=−p

x(s)p (m, τ)As(i, t)

)3

−

(
∞∑
p=1

ϵp
p∑

s=−p

y(s)p (m, τ)As(i, t)

)

− k0
[
− α− 3β

( ∞∑
p=1

ϵp
p∑

s=−p

φ(s)
p (m, τ)As(i, t)

)2][ ∞∑
p=1

ϵp
p∑

s=−p

X(s)
p (m, τ)As(i, t)− ef

]

+D

∞∑
p=1

ϵp
p∑

s=−p

(
2(cos(ks)− 1)x(s)p (m, τ) + ϵ

(
2j

ug

)
sin(ks)

∂

∂τ
x(s)p (m, τ)

+ ϵ2
(

1

ug

)2

cos(ks)
∂2

∂τ 2
x(s)p (m, τ)

+ jϵ2 sin(ks)×
[
x(s)p (m+ 1, τ)− x(l)p (m− 1, τ)

])
As(i, t) + a1 sin(ω1t+ lα).

(3.19)
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Figure 3.9: spatiotemporal pattern where time runs from top to bottom and lattice site

from left to right and membrane potential time series patterns for n=200 (a) N=25.

∞∑
p=1

ϵp
p∑

l=−p

[
ϵ
∂

∂τ
y(s)p (m, τ) + jωsy(s)p (m, τ)

]
As(i, t)

= c

[
∞∑
p=1

ϵp
p∑

l=−p

x(s)p (m, τ)As(i, t) + a− b

(
∞∑
p=1

ϵp
p∑

s=−p

y(s)p (m, τ)As(i, t)

)] (3.20)
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∞∑
p=1

ϵp
p∑

l=−p

[
ϵ
∂

∂τ
φ(s)
p (m, τ) + jωsφ(s)

p (m, τ)

]
As(i, t)

= k1

(
∞∑
p=1

ϵp
p∑

l=−p

x(s)p (m, τ)As(i, t)

)
+ k2

(
∞∑
p=1

ϵp
p∑

s=−p

φ(s)
p (m, τ)As(i, t)

)
+ a2 sin(ω2t).

(3.21)

For different values of p, Eqs.(3:19), Eqs.(3:20), Eqs.(3:21) are solved at different orders

of ϵ. At the first order p=1, the order ϵ1, gives the system;

s=1∑
s=−1

[(jsω − 1 + ε+ αk0 − 2D(cos ks− 1))xs1 + ys1]A
s(i, t) = 0

s=1∑
s=−1

[−cxs1 + (jsω + bc) ys1]A
s(i, t) = 0

s=1∑
s=−1

[−k1xs1 + (jsω + k2)φ
s
1]A

s(i, t) = 0

(3.22)

Solving Eqs.(3:22) for s=0 yields U0
1 (m, τ) = 0

(
x01(m, τ) = y01(m, τ) = φ0

1(m, τ) = 0

)
.

At s=1, we obtain a linear system of equations in terms of x11, y01andφ0
1 summarized by

AU1
1 (m, τ) = 0 (3.23)

with Since U1
1 (m, τ) ̸= 0 , it implies the determinant of A is null, giving the relation

[jω − 1 + ε− αk0 − 2D(cos(k)− 1)]x (jω + bc) + c = 0 (3.24)

The dispersion relation given by Eqs.(3:24) above is dependent on the memristive coupling

k0. The corresponding group volocity is obtained as:

2jD sin(k)(jω + bc)

2jω + bc− 1 + ε+ αk0 − 2D(cos(k)− 1)
(3.25)

If we let x11(m, τ) = xm then we can solve for y11(m, τ) and φ1
1(m, τ) in Eqs.(3:23) such

that

y11(m, τ) =

(
c

jω + bc

)
xm

y11(m, τ) =

(
k1

jω + k2

)
xm

(3.26)
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In the same manner, for p=1, 2, the order ϵ2, s=0 gives a system of equations in terms of

x02 , y02, φ0
2

x02(m, τ) =
6βk0efk

2
1

(ε− 1− αk0 + 1/b)((jω)2 − k22)
|xm|2,

y02(m, τ) =
6βk0efk

2
1

b(ε− 1− αk0 + 1/b)((jω)2 − k22)
|xm|2,

φ0
2(m, τ) =

6βk0efk
3
1

k2(ε− 1− αk0 + 1/b)((jω)2 − k22)
|xm|2,

(3.27)

for s=1 we obtain a system of equations in terms of x12 , y12 and φ1
2 such that with

x12 = δ(m, τ), we obtain:

y12(m, τ) =
c

jω + bc
δ(m, τ)− c

(jω + bc)2
.
∂xm
∂τ

,

φ1
2(m, τ) =

k1
jω + k2

δ(m, τ)− ck1
(jω + bc)2

.
∂xm
∂τ

.

(3.28)

and for s=2 we obtain a system of equations in terms x22, y22 and φ2
2.

x22(m, τ) = Ax2m =
−3βk0efk21(2jω + bc)

[(2jω + bc)(2jω + λ) + c] (jω + k2)
2x

2
m,

y22(m, τ) =
−3cβk0efk21

[(2jω + bc)((2jω + λ) + c)](jω + k2)2
x2m,

φ2
2(m, τ) =

−3βk0efk31(2jω + bc)

[(2jω + bc)(2jω + λ) + c] (jω + k2)
2 (2jω + k2)

x2m,

(3.29)

with λ = −1+ ε−αk0− 2D(cos(2k)− 1). Finally, when p=1, 2, 3, the order ϵ2 s=0 gives

a system of equations in xs2, ys2 and φs
2. For s=1 we obtain a system equations in terms

of x12, y12 and φ1
2 such that by making use of previous relations, where x(m, τ) = x(τ) we

obtain

jP (xm + 1− xm − 1) +Q
∂2xm
∂τ 2

+R|xm|2xm = 0 (3.30)

where

P = D sin(k),

Q =
−D cos(k)

(jug)2
− c

(jω + bc)3
,

R = 3βk0k
2
1

(
1

(k2 + jω)2
+

2

(k2)2 − (jω)2

)
− 1− 6βk0efk

2
1

∧
(k2 − jω)(k2 + 2jω)

.

(3.31)

The obtained equation above is a nonlinear differential difference equation having

features of Discrete Nonlinear Schrödinger Equation (CNSE)
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3.2.2 Analytical analysis of MI

To remind the critical amplitude is the minimum strength or intensity of a stimulus

required to trigger an action potential or a neural response. Understanding the critical

amplitude in neurons is crucial for studying neural excitability and information process-

ing in the nervous system, such critical amplitude should be useful to predict the MI

phenomenon in our system.

Due to MI in nonlinear and dispersive media, a plane impulse wave could become un-

stable under modulation. By injecting a perturbation xm(τ) = x0e
j(µm−πτ) into Eqs.(3:30),

the nonlinear relation obtained is given by

π2 =
1

Q′ ×
(
−2D sin(k) sin(µ)

R
+ |x0|2

)
(3.32)

with Q′ = Q
R
. Modulated wave emerge when π2 < 0. By taking into consideration

discreteness effect, sin(µ) is bounded and thus we set µ = π
2
. If Q < 0 then unstable wave

is possible when.

π2 =
1

Q′ ×
(
−2D sin(k) sin(µ)

R
+ |x0|2

)
< 0 (3.33)

|x0|2 >
2D sin(k)

R
= x2cr (3.34)

The graph of growth rate related to the critical amplitude xcr = xcr(k) is plotted for

synaptic strength D=0.04 and presented in fig 3.10.

The critical amplitude-wave number parameter space in Fig 3.10 is divided into two

distinct regions namely the Stable Region(SR) and the Unstable Region(UR). It is ex-

pected from numerical findings that when parameters are picked from UR. modulated

wave will emerge from the network lattice.

3.2.3 Numerical analysis of MI

The linear stability analysis does not give any information about the long time evo-

lution of the modulated waves, since it is mainly based on the linearization around an

unperturbed plane wave. We therefore intend to perform full numerical simulations on

the generic system given by Eqs.(2.16). Results are obtained via the fourth-order Runge-

Kutta computational scheme, with step time h=0.01. The initial conditions are selected
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Figure 3.10: Critical amplitude vs wave number for D=0.04, k0 = 5.7 and b = 0.8. Stable

Region (SR)and Unstable Region (UR) of modulational instability (MI) are presented. .

to correspond to slightly modulated plane waves, having corresponding normal and per-

turbed wave numbers set at k = 0.1π and µ = 0.5π . Numerical simulation permits the

study of the long-time evolution of the modulated waves evolving in the network under

memristive, photosensitive parameter. This evolution in patterns is related to the hidden

structure of information coding in the network [103]. Analyzing these patterns will help

to gain deeper insights into how the brain works and how we can better understand and

treat neurological disorder.

Firsly, we examine the effect of light illumination on the spatiotemporal patterns of

membrane potential. We fix the amplitude at a1 = 0.4 and we evaluate the dependence

possible information coding on the frequency ω1. The results are presented in Fig 3.11,

Fig 3.12 and Fig 3.13. In Fig 3.11, ω1 = 0.10, in Fig 3.12 ω1 = 0.18, while in Fig 3.13,

ω1 = 0.18 ω1 = 0.20,

The result in Fig 3.11, Fig 3.12 and Fig 3.13 confirm that evolution of collective

dynamical behaviors via pattern formation in the network depends on the external stimuli

from light illumination on each node. At low frequency exposure in Fig 3.11, the network

presents a state characterized by alternate quiescent and firing pattern. This structure

corresponds to the spiking state of the network. As the frequency of light exposure is

increased to greater value in Fig 3.13, there is destruction of the initially coherent pattern

into a partially disorder state which could be linked to chaotic state. This results prove

that variety of different collective electrical activities could be induced under different
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frequency of light illumination. Photosensitive neurons can thus capture and convert

external optical signals thereby realizing the encoding of the signal. Remarkably, the

obtained patterns in Fig. 3:13 might also be a route to chimera states which has been

widely discussed recently in neuronal system. [38,79].

Figure 3.11: Spatiotemporal patterns of membrane potential calculated for each fre-

quency of photocurrent from light illumination; (a) ω1 = 0.10, with a1 = 0.4 .

Furthermore, we evaluate the dependance of patterns on the frequency of external

magnetic flux related to the electromagnetic induction. We fix the amplitude at a2 = 4.0

and we vary the angular frequency ω2. The results presented in Fig. 3.13, Fig. 3.14 and

Fig. 3.15 , where (a) ω2 = 0.50, (b) ω2 = 8.0, and (c) ω2 = 10.

The results in Fig 3.14, Fig. 3.15 and Fig 3.16 confirm varieties of firing patterns such

as bursting state as well as 2-period and 4-period spiking states can be induced in the

network under electromagnetic radiation exposure. At low frequency external magnetic

flux in Fig 3.14, the spatiotemporal pattern presents localized patterns corresponding

to bursting state. In Fig. 3.15, the 2-period spiking state is observed and at a higher

frequency in Fig. 3.16, we observe a 4-period spiking state.

Apart from light illumination, thermal fluctuation can significantly modulate excitabil-

ity of neurons by influencing gated channel conductance.
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Figure 3.12: Spatiotemporal patterns of membrane potential calculated for each fre-

quency of photocurrent from light illumination;(b) ω1 = 0.18, with a1 = 0.4 .

The above work was devoted to modulated impulse formation and pattern transition in

a chain network of memristive photosensitive neurons have been discussed through modu-

lational instability. Using parameters taken from the unstable zone, the longtime evolution

of initial plane wave solutions confirm the presence of localized modulated impulses with

features of spiking and bursting states as obtained in real biological experiments

Conclusion

In this chapter, we demonstrate that electromagnetic induction and light illumination

have a significant impact on the information pattern of coupled neurons. The use of

modulational instability and the RK4 algorithm allowed for a detailed analysis of the

effects of these external stimuli on the behavior of neuronal network. It is noted that light

frequencies and magnetic field can significantly modulate the excitability of neurons by

influencing the conductance of different ion channel. By intensifying the electromagnetic
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Figure 3.13: Spatiotemporal patterns of membrane potential calculated for each fre-

quency of photocurrent from light illumination;(c) ω1 = 0.20, with a1 = 0.4 .

Figure 3.14: Spatiotemporal patterns of membrane potential calculated for each fre-

quency of external magnetic flux; (a) ω2 = 0.5 with a1 = 4.0 .
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Figure 3.15: Spatiotemporal patterns of membrane potential calculated for each fre-

quency of external magnetic flux; (b) ω2 = 8, with a1 = 4.0 .

radiation, there is a gradual disappearance of the patterns, this could provide indications

and a better understanding of sudden heart and nerve failures when cells are exposed to

high electromagnetic radiation.
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Figure 3.16: Spatiotemporal patterns of membrane potential calculated for each fre-

quency of external magnetic flux; (c) ω2 = 10, with a1 = 4.0 .
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General Conclusion

Summary

In this thesis, we study the effects of electromagnetic induction and light illumination

on the phenomena of wave propagation and neuronal synchronization that are associated with

the transport and transfer of nerve impulses in biological neural networks. To investigate the

mechanism by which electromagnetic induction affects the electrical activity of neurons and

mastering the mechanisms underlying the dynamics of nerve impulses under the influence of

light illumination, we develop two mathematical models: the Integrate-and-Fire model and the

FitzHugh-Nagumo model.

To achieve our main goals, the work of this thesis has been subdivided into three chapters:

Chapter I presents the literature review. After a brief review of the physiology and anatomy of

neurons with emphasis on the functioning of synapses as the bridges that connected two neurons

in neuronal network, some basic ideas necessary for understanding neuronal communication are

presented. Mathematical models of biological neurons are also presented.

In Chapter II, the two models, objects of the study, are presented. we develop an improved

IF neuronal model using the additional magnetic flux variable to describe the time varying

electromagnetic field, and its feedback on the membrane potential realized using the memristor.

In the second model, memristors and photocells are incorporated into a simple FitzHugh-Nagumo

circuit to detect and process external magnetic flux and light radiation. The above models have

been handled by means of some analytical and numerical methods. In that context, the DNLS

equation describing the spatiotemporal dynamics of envelop soliton has been derived in the

discrete approximation. The RK4 method with periodic boundary conditions has been used in

the numerical simulations for integrating of original models.

In chapter III, the results of the thesis are presented. It is noted that neuronal network can be

deformed and wave propagation destroyed when exposed to continuous diverse electromagnetic

radiations light frequencies and magnetic field can also significantly modulate the excitability of

neurons by influencing the conductance of different ion channels.
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Future orientations

The work of this thesis has contributed to the improvement of mathematical FHN and the

leaky IF models to better understand the dynamics of nerve impulses in NNs. Most of the

investigations carried out aimed at studying the phenomena of wave propagation and NS as a

function of certain parameters, the number of which is not exhaustive. That is why we are

prospecting other research directions that include:

• Thermal fluctuation which can significantly modulate excitability of neurons by influencing

gated channel conductance. It is expected that in future project, a thermistor can be

incorporated into a functional circuit to detect temperature fluctuation. In that way, the

effect of thermal fluctuation on the potential mechanism of information coding in brain

micro-circuits could be uncovered.

• Synchronization in memristive neurons with no synapse coupling.

• NS in amplitude modulation revealed two distinct regimes, direct and indirect synchroniza-

tion regimes. It is therefore very important to study the phenomenon of NS in frequency

modulation when the detected HF and LF modes are mixed.

• The formation and removal of spiral waves in cardiac cells have also attracted much at-

tention in recent decades. Unfortunately, the detection of such waves which result from

the inhomogeneities of the target media has been done only either numerically or experi-

mentally. Therefore analytical finding of these survival waves could open new horizons in

neuroscience.

• Experiment findings have revealed perfect correlation between NA and DNA double strand

dynamics in the brain. We therefore need to develop mathematical models allowing to

prove that theoretically. Some of such models could be useful to study coupling effects

between DNA dynamics and neuronal activity in order to investigate for instance, the role

of DNA dynamics in NS.
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a b s t r a c t

The dynamics of localized modulated action potential induced through modulational
instability (MI) in a diffusive array of coupled neurons under high–low frequency
magnetic radiation is investigated both analytically and numerically in the frame work of
the improved Integrate and Fire model. The improved model includes the magnetic flux
variable which takes into account the effect of electromagnetic induction set up from
the variation in intracellular distribution of ions concentration during action potential
propagation. The coupling between the magnetic flux variable and the membrane po-
tential variable is realized using the memristor. High–low frequency magnetic radiation
is imposed as periodic forcing currents on the magnetic flux variable. Through the pow-
erful discrete multiple scale expansion, the nonlinear system of coupled equations are
simplified to a lone nonlinear amplitude differential equation, on which linear stability
analysis is carried out. It is found that high memristive coupling stabilizes the growth
rate of instability. The stable and unstable zones of MI portrait are clearly dependent
on the memristive coupling. Numerical experiment is performed and it confirms data
picked from the unstable zone lead to the formation of localized modulated wave
patterns with some traits of synchronization. Extensive numerical simulations revealed
higher memristive coupling suppresses the excitability of the lattice to quiescent state,
with homogeneous spatiotemporal patterns. The sample time series of the membrane
potential showed high–low frequency magnetic radiation factor (N) promotes mode
transition from spiking to bursting-like state. This could provide new insights to develop
a new therapy in controlling abnormal brain state using magnetic radiation.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Understanding the potential mechanism of information encoding and mode transition in the nervous system has been
extensively investigated using neurons and neuronal networks [1–6]. Realistic neuron models are basically mathematical
quantification of neuron’s characteristics. These models are thus vital tools in exploring the biological behaviors of
neurons. Neurons can effectively communicate either electrically, chemically, autaptically, or emphatically with neigh-
bors [3,5,7–12]. Electrical communication is possible via the axons and dendrons of neurons as well as through gap
junction proteins [7,8]. Chemical communication is through the use of neurotransmitters [9]. Autaptical communication
is through the use of autapse; a specific synapse made from auxiliary loop [10–12]. Emphatic communication is by
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a transient electrical field produced by population of spikes [3,5]. Communication amongst neurons creates neuronal
networks. Reliable neuronal networks relies can reproduce neuronal collective behaviors in an interacting environment.
Indeed, the brain counts billions of interconnected neurons and synaptic links vital for efficient processing and exchange
of information. Using neuronal networks, various complex cooperative behaviors such as pattern formation [6,13,14]
and synchronization [15,16] have been extensively reported. The first neuron model made from nonlinear equations
was presented by Hodgkin and Huxley [17]. It showed how membrane potential of neuron is related to the flow of
currents across the cell membrane of the squid giant axon. From this seminal work, various simplified models have been
constructed such as FitzHugh–Nagumo (FHN) model [18,19], Hindmarsh–Rose model(HR) [20], Morris–Lecar model [21],
Izhikevich neuron model [22] and the Integrate and Fire (IF) model [23,24]. The choice of the different neuronal models
are the ability of the model to exhibit the natural expression of a neuron and its computational efficiency. The merits of
the Izhikevich neuron model is that it takes into account both biological concepts similar to the Hodgkin–Huxley model,
and is computationally cost-effective, like the IF model [25].

Electromagnetic induction resulting from fluctuation in intracellular ion concentration during action potential initiation
and propagation in excitable media has been recently included in various neurons and neuronal networks [26–30] .
Lv et al. [26], investigated mode transition in the HR neuronal model under magnetic flow. Wang et al. [27], reported
energy dependence on action potential of FHN neuron model under electromagnetic induction. Mi et al. [28], investigated
dynamical behaviors such as synchronization and wave propagation of coupled neurons under field coupling. Ge et al. [31]
discussed wave propagation and synchronization driven by chemical autapses in neuronal network. Takembo et al. [29],
reported turbulent electrical activities of coupled FHN neurons under electromagnetic induction and high frequency
electromagnetic radiations using the theory of modulational instability(MI). Liu et al. [32] reported mode transition in
electrical activity of a hybrid neural model driven by electromagnetic induction. Hou et al. [33] reported different firing
responses in an HR neural model driven by the depolarization field effect. Indeed, polarization and magnetization can
occur when the network is exposed to continuous electromagnetic field and thus the distribution of charges and electric
field in the cells are rearranged and regulated to change the response in action potential.

MI has been shown to be an efficient pathway to energy localization in biological molecules as well as discrete
systems, in general [34,35]. It results from the interplay between nonlinearity and dispersion. Indeed, nonlinear waves
and solitons initiated from MI have been showed to be suitable in describing nerve pulse in the neuronal networks with
real applications in one and two dimensional couplings [36–38]. Although many research works many been carried out on
various neuronal networks, the condition under which modulated impulse wave emerge and propagate in an improved
IF neural networks exposed to high–low electromagnetic radiation have not yet been reported. This constitute the main
motivation of our findings. In what follows, we shall develop an improved IF neuronal using the additional magnetic flux
variable to describe the time varying electromagnetic field, and its feedback on the membrane potential realized using
the memristor. We further apply the multiple scale expansion method to solve our resulting highly nonlinear IF model.
Using parameters from our analytical predictions, numerical simulations will be performed.

2. Model equations and asymptotic expansion

The Integrate and Fire (IF) neuronal model combines biological rationality and computational efficiency [23,24]. It
mimics the electrical activities of cortical neurons. According to Faraday’s law of electromagnetic induction, an induced
current is set up due to membrane potential fluctuation [29,39,40]. In order to include the effect of the induced current
created, the magnetic flux variable and memristor are used. The improved IF neuronal model driven by a simulation
current I is given by

dx
dt

= a − bx − k1(α + 3βφ2)x + I,

dφ
dt

= kx − k2φ,
(1)

where x and φ describe the membrane potential and magnetic flux variable, respectively. The term k1(α + 3βφ2)x
represents the induced current set up across the membrane of neuron due to membrane potential fluctuation. k1 is the
memristor coupling that bridges the membrane potential and the magnetic flux and hence the effect of electromagnetic
induction is realized. α + 3βφ2 represents memory conductance of flux-controlled memristor, in which, α represents
constant conductance, β indicates the feedback rate of magnetic flux, and both depend on the memristor. k2, and k are
induction coefficients dependent on the media.

When synaptic connections are considered, neuronal network are designed, suitable for investigating the collective
behaviors of neurons via pattern formation and synchronization. Based on the new IF model with electromagnetic
induction, synaptic gap junction coupling with nearest neighbors interaction is proposed to enhance information exchange
in the network. The dynamical equations for chain diffusive neuronal network under high–low frequency electromagnetic
radiation φext is given by

dxn
dt

= a − bxn − k1(α + 3βφ2
n )xn + I + D(xn+1 − 2xn + xn−1),

dφn

dt
= kxn − k2φn + φext ,

(2)

2
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where φext = A cos(2π ft)+B cos(2πNft). f and Nf are the frequencies of the magnetic radiation, with respective amplitudes
A and B. N is a frequency factor describing the disparity in the two frequencies. The term D(xn+1 − 2xn + xn−1) represents
the synaptic gap junction coupling term in the chain neural network with nearest neighbors interaction. The subscript
n represents the node position in the network, n = 1, . . . , J . J and D represents the number of neurons and strength of
the gap junction, respectively. The parameters are selected as a = 1.05, b = 1.80, I = 1.04, k = 0.9, α = 0.40, β =

0.02, k2 = 1.50,D = 0.50 and J = 500. We use the above system of equations above to determine the conditions
under which modulated plane wave solutions in the array becomes unstable, resulting in the formation of localized wave
patterns with solitonic traits. The effect of electromagnetic induction via the memristor coupling are investigated under
magnetic radiation.

The system of coupled nonlinear discrete differential equations represented by Eq. (2) is very difficult to be resolved
analytically. In this light we proceeded by applying the powerful multiple scale expansion method [41,42] so as to
derive a more suitable amplitude equation on which linear stability and instability have been successfully applied. In
the process, the first lattice site in the network annotated n = 1 is stimulated at the original frequency Ω . It is with
this natural frequency the system evolves in the absence of nonlinear effect. However, nonlinear effects are inherent in
most biological systems including biological neural networks due to the nonlinear transmission of ions. Consequently,
the natural frequency of our network deviates such that we can express the actual frequency and wave number as
ω = Ω + ϵν and q0 = q + ϵ ν

ug
+ ϵ2cgν2 + · · · , such that the group velocity and group velocity dispersion are expressed

respectively as 1
ug

= ( ∂q
∂ω

)Ω , and 2cg = ( ∂
2q
∂2ω

)Ω . ω and q are the actual frequency and wave number, respectively. Indeed,
ν is simply a small deviation from Ω . It is worth noting that at actual frequency simplifies to the natural frequency in
case ϵ = 0. We designed a state vector solution for Eq. (2) as Pn(t) = {xn(t), φn(t)} having the generalized unperturbed
forms given by

xn(t) =

∫
dωχ̂ (ω)ei(ωt+q0n),

φn(t) =

∫
dωφ̂(ω)ei(ωt+q0n).

(3)

where P̂(ω) = {χ̂ (ω), φ̂(ω)}. We use the change of variables τn = ϵ(t + n/ug ) and ζn = ϵ2n, with cg = 1. The trial
generalized solutions are then represented in the form

xn(t) = A(n, t)χ (ζn, τn),
φn(t) = A(n, t)φ(ζn, τn).

(4)

with A(n, t) = ei(qn+Ωt). This approach introduces a new network number m which supports a large grid. For a given n,
the available the set of network points that can be considered are ..., n − N, n, n + N, . . ., written as a function of the
slow variable m as {..., (n − N) → (m − 1), n → m, (n + N) → (m + 1)...,}. We set ϵ2 = 1/N due to the pronounced
discreteness effects.

By making use of the Fourier series in power of the parameter ϵ

xn(t) =

∞∑
p=1

ϵp
p∑

l=−p

χ l
p(χn, τn)Al(n, t),

φn(t) =

∞∑
p=1

ϵp
p∑

l=−p

φl
p(ζn, τn)A

l(n, t)

(5)

With χ−l
p (m, τ ) = (χ l

p(m, τ ))
∗ and φ−l

p (m, τ ) = (φl
p(m, τ ))

∗. We further proceed by substituting Eq. (5) in Eq.(2);

∞∑
p=1

ϵp
p∑

l=−p

[
ϵ
∂

∂τ
χ l
p(m, τ ) + iωlχ l

p(m, τ )
]
Al(n, t) = a − b

( ∞∑
p=1

ϵp
p∑

l=−p

χ l
p(m, τ )A

l(n, t)
)

+ I − k1
[
α+

3β
( ∞∑

p=1

ϵp
p∑

l=−p

φl
p(m, τ )A

l(n, t)
)2 ]

+D
[ ∞∑

p=1

ϵp
p∑

l=−p

2(cos(ql) − 1)χ l
p(m, τ ) + ϵ(

2i
Vg

) sin(ql)
∂

∂τ
χ l
p(m, τ )

+ϵ2(
1
Vg

)2 cos(ql)
∂2

∂τ 2
χ l
p(m, τ ) + ϵ2 × i sin(ql)(χ l

p(m + 1, τ ) − χ l
p(m − 1, τ ))

]
Al(n, t),

(6a)

∞∑
p=1

ϵp
p∑

l=−p

[
ϵ
∂

∂τ
φl
p(m, τ ) + iωlφl

p(m, τ )
]
Al(n, t) = k

( ∞∑
p=1

ϵp
p∑

l=−p

φl
p(m, τ )A

l(n, t)
)

− k2
( ∞∑

p=1

ϵp
p∑

l=−p

φl
p(m, τ )A

l(n, t)
)
.

(6b)

3



C.N. Takembo, P. Nyifeh, H.P.E. Fouda et al. Physica A 593 (2022) 126891

We solve the above coupled system Eq. (6a)–(6b) at different orders of ϵ, with the corresponding harmonics l. At the
order (1, l), with l = 0, we obtain

χ0
1 (m, τ ) = φ0

1 (m, τ ) = 0. (7)

For l = 1, we obtain the dispersion relation[
iΩ − 2D(cos(q) − 1) − b − αk1

][
iΩ + k2

]
= 0, (8)

for which our system admits non-trivial solutions;

χ1
1 (m, τ ) = χ (m, τ ),

φ1
1 (m, τ ) =

k
k2 + iΩ

× χ (m, τ ).
(9)

At the order (2, l), for l = 0, we obtain the solution

χ0
2 (m, τ ) = φ0

2 (m, τ ) = 0. (10)

At l = 1, a system of equations with a zero determinant is obtained, satisfying the Fredholm condition given by

Vg = 2iDsin(q). (11)

We search for the solution in the form

ψ1
2 (m, τ ) = π (m, τ ),

φ1
2 (m, τ ) =

k1
k2 + iΩ

× π (m, τ ) −
k1

(k2 + iΩ)2
∂π (m, τ )
∂τ

(12)

with χ (m, τ ) is being arbitrary function. At the order, for l = 2, we obtain solutions in the form

χ2
2 (m, τ ) = φ2

2 (m, τ ) = 0. (13)

Finally, by resolving the system for χ1
3 (m, τ ) and φ1

3 (m, τ ), at p = 3 and l = 1, it yields the nonlinear amplitude
equation;

− iγ (χm+1 − χm−1) + α2
∂2χm

∂τ 2
+ β2|χm|

2χm = 0 (14)

where
γ = D sin(q),

β2 =
cos(q)

4Dsin2(q)
,

α2 = 3βk1k2
[ 1
(k2 + iΩ)2

+
2

(k2)2 − (iΩ)2

] (15)

Eq. (14) is a nonlinear amplitude differential equation with coefficients γ , β2 and α2 dependent on the electromagnetic
induction feedbacks and synaptic coupling strength between neurons. This spatiotemporal confirms information process-
ing in the brain is not localized in a given neuron but it is done collectively within networks in both space and time. The
global forms of Eq. (14) are well documented equations, already obtained in other domains of nonlinear physics including
charge transport in DNA [43] and myocardial action potential propagation [44]. Eq. (14) will be used in the next section
only for the linear stability analysis, while the direct numerical experiments will be performed on original model equation
Eq. (2).

3. Linear stability analysis and modulated wave patterns

We consider the plane wave χm(τ ) = Aei(νm−∆τ ) as the solution for the amplitude Eq. (14). The complex amplitude
and frequency are related to the perturbation wave number ν via the nonlinear dispersion relation

∆2
=

−β2

α2
×

[
|A|

2
+

2D sin(q)
β2

sin(ν)
]
. (16)

The wave solution above will be unstable for ∆2 < 0. This condition depends simultaneously on the signs of the terms
−β2
α2

and |A|
2
+

2D sin(q)
β2

sin(ν). By fixing sin(ν) = 1, unstable wave will be generated for

|A|
2 >

2D sin(q)
β2

= A2
cr , with

−β2

α2
< 0. (17)
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Fig. 1. Critical amplitude vs. wave number with D = 0.50, k = 0.9, α = 0.40, β = 0.02 and k2 = 1.50. The stable and unstable regions of
modulational instability are presented. The growth rate of instability decreases with increases in the memristor coupling.

It is understood from the instability condition given by Eq. (14) that when the parameters fall inside the unstable
zone, unstable wave pattern emerges in the network following the mechanism of modulational instability (MI). We
plot the growth rate of instability versus the wave number q and present the results in Fig. 1. More so, the stable and
unstable regions are clearly displayed. It is found that smaller values of the wave number falls in the unstable region and
hence favors the formation of localized wave patterns. When performing our numerical simulations, we select q = 0.1π .
Furthermore, by varying the values of the memristor coupling, it is observed that the growth rate of instability decreases.
That is higher electromagnetic induction feedback reduces the critical amplitude. In order to validate this analytical
prediction, we integrate numerically our generic model.

Indeed, the linear stability analysis cannot give impulse information about the long-time evolution of the modulated
waves evolving in the network because it is based on the linearization around an unperturbed plane wave. In order
to verify our analytical predictions, Eq. (2) is integrated numerically using the fourth-order Runge–Kutta computational
scheme, with step size h = 0.001. The transient period for calculation is set at 10 000 time units. Initial conditions
are chosen in accordance to the plane wave solution of Eq. (14). Indeed, initial conditions are perturbed plane waves
having amplitude A = 0.20, wave number q = 0.1π and modulation wave number ν = 0.5π picked from the unstable
regions of the modulational instability as indicated on Fig. 1. To discern the effect of electromagnetic induction through the
memristor coupling, on the bearing of localized structures by our discrete system, we set k1 = 1.20, where the network
is exposed to a high–low frequency electromagnetic radiation φext = 25 cos(2π ft) + 25 cos(2πNft), with f = 0.04 and
N = 10. We note the intrinsic parameter values selected correspond to a point which belongs to the unstable region of
the growth rate presented in Fig. 1, which according to the figure obtained, the instability is predicted for plane waves
with these wave numbers. The 3D pattern of the emerging pattern of nerve impulse for a network of 500 identical cells is
presented in Fig. 2, while the spatiotemporal pattern is presented in Fig. 3 [panel (a)] and the corresponding time series
at the node position n = 100 [panel b1], n = 200 [panel b2] and n = 400 [panel b3] are presented in Fig. 3.

It is found that the 3D pattern obtained in Fig. 2 are nonlinear waves with temporal periodic-like structures. Fig. 3
[panel (a)] presents the spatiotemporal pattern of the membrane potential of 500 neurons in the network, where
Time runs from top to bottom and Lattice site from left to right. It consist of alternate band of bright and dark
regions. In the bright regions, the neurons fires while in the dark regions, the neurons are at quiescent state. In this
bright regions, different firing patterns are expected. The spatiotemporal patterns clearly portrait bright bands with
different intensities brightness, suggesting mixed or irregular firing patterns. The time series presented in Fig. 3 presents
mixed/irregular firing patterns of the network. These irregular firing patterns could be clearly due to the exposure of
the network to electromagnetic radiation. This confirms the work reported in Ref. [45,46]. Furthermore, the time series
taken at different lattice site and presented in Fig. 3 [panel (b1) − (b3)] show nonlinear waves pattern with similar
dynamics, suggesting synchronization. This could be very powerful from biophysical perspective where intermittent
neural synchronization is reported to be associated with Parkinson’s disease [47]. The improved IF model exposed to
high–low frequency electromagnetic radiation could thus be a vital prototype relevant for understanding the potential
mechanism of intermittent synchrony in Parkinson disease. It is well known that depending on the value of the memristor
coupling k1 selected, one should expect different behaviors of the system. By increasing the strength of k1, its effect on
pattern formation are presented Fig. 4.

It is found in Fig. 4 that the spatiotemporal patterns are greatly modified as the value k1 are changed. This confirms are
analytical prediction, presented in Fig. 1. Indeed, higher electromagnetic induction feedback gain suppresses excitability
(k1 = 2.90 in Fig. 5(b) and k1 = 3.10 in Fig. 5(c)), by reducing the spatiotemporal pattern to a homogeneous and quiescent

5
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Fig. 2. 3D feature of the nerve pulse in a lattice with 50 cells and recorded over a period of t=10000, where k1=1.20, D=0.50, A=25.0, B=25.0, f=0.04,
N=10.

Fig. 3. Spatiotemporal (a) and temporal features (b) of the nerve impulse presented in Fig. 2.

state. Furthermore, we examine the effect of high–low frequency electromagnetic radiation on our network dynamics.
Since we are using a superposition of two fields, we concentrate on the effect of disparity in frequency (N) of the two
fields. The results are presented in Figs. 5 and 6.

It is observed that Fig. 5, as the value of N are increased, the localized patterns are modified. At a small value of N
(N = 1 in Fig. 5(a)), the system presents regular spatiotemporal pattern, whereby the bright bands correspond to the
regions where the neurons are firing. Indeed, the thin structures found in Fig. 5(a) correspond to individual spikes inside
a burst. This is confirmed by the corresponding time series presented Fig. 6(a), where spikes are observed. It is found
that as N increases as in Figs. 5(b) and 5(c), mode transition in firing state occurs(Figs. 6(b) and 6(c)). This factor (N)
thus proofs efficient in ensuring rich dynamic states in the network. As future work, it could be interesting to investigate
synchronization in memristive neurons with no synapse coupling [48].

4. Concluding remarks

Based on the law of electromagnetic induction, the Integrate and Fire neuronal model is improved to include the
effects of electromagnetic induction and radiation using the magnetic flux variable. The memristor is used to bridge the
magnetic flux and membrane potential. High–low frequency electromagnetic radiation is imposed on the magnetic flux
variable as external stimuli. A network of the proposed model, created using synaptic connection with nearest neighbor
interaction is used to study both analytically and numerically the emergence and propagation of localized wave patterns
via the theory of modulational instability. It is found that the collective behaviors of neurons as well as the electrical
activities are dependent on the distribution of magnetic flux. It reveals that electromagnetic induction can modulate
the formation of wave patterns and mode in electrical activities. Under high–low frequency electromagnetic radiation,

6
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Fig. 4. Spatiotemporal patterns (a) k1=2.50 (b) k1=2.90 (c) k1=3.10.

Fig. 5. Spatiotemporal patterns for n=200 (a) N=1 (b) N=10 (c) N=25.

Fig. 6. Membrane potential time series patterns for n=200, I=1.04 (a) N=1 (b) N=10 (c) N=25.

the electromagnetic induction feedback gain via the memristor could effectively suppress excitability to a homogeneous
spatiotemporal pattern, with quiescent state. Indeed, neuronal network can be deformed and wave propagation destroyed
when exposed to continuous diverse electromagnetic radiations.

7
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Functional neurons built from neural circuits are capable of perceiving and processing external
signals such as light illumination and magnetic radiation, by converting the physical signals into

modulated bioelectric signals called action potential with diverse forms and shapes. Through

modulational instability (MI), modulated wave formation and pattern transition are studied in

a chain memristive network of 100 photosensitive neurons. Memristors and photocells are in-
corporated in a simple FitzHugh–Nagumo neuron to detect and process the external magnetic

°ux and light illumination. To determine regions of modulated wave formation, linear stability

analysis is performed on a nonlinear envelope equation which resulted from the asymptotic
expansion of the generic dynamical equations. The growth rate of MI is plotted and the distinct

zones of stable/unstable MI are presented. We con¯rm the analytical result through numerical

simulations whereby the initial plane wave solutions lead to the emergence of localized struc-

tures with traits of spiking, bursting and chaotic states. High-frequency photocurrent changes
orderly localized patterns to chaotic-like patterns while high-frequency magnetic °ux promotes

pattern transition from bursting to 2-period spiking state and a 4-period spiking state.

This could provide an adequate way to in°uence the behaviors of arti¯cial neurons as well as

potential mechanism of information coding in the nervous system.
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1. Introduction

Advances in arti¯cial intelligence and brain science have drew much attention

recently as they have largely contributed new knowledge on the potential mechanism

of information processing in the nervous system related to learning, memory,

choosing and cognition.1–3 Also, proper understanding of the intelligent brain-like

algorithm could be helpful in inventing and improving deep learning calculation and

theory,4–6 which are very useful tools in designing intelligent controllers and equip-

ments.7,8 To estimate various neural activities within the brain and its environ, many

biophysical laws governing the underlined neural activities have been derived based

on various neural models and maps. Various characteristic states such as quiescent,

bursting, spiking and chaotic have been accurately mimicked as observed from bi-

ological experiments. Recent characteristic state called chimera state9,10 has equally

been detected in neuronal systems. These states are very essential in monitoring the

normal electrical activities of the nervous system. They are equally vital elements in

predicting abnormal behaviors especially when the nervous system is either attacked

or injured thereby preventing collapse and death in extreme cases.

Hodgkin and Huxley11 developed the ¯rst neuronal model, describing neuronal

potential in quantitative terms using the dynamics of ion current via gated channels

in a squid axon. Afterwards, many other simpli¯ed and computationally e±cient

models were derived to reproduce the essentials of neuronal electrical activity. These

include FitzHugh–Nagumo model,12,13 Morris Lecar,14 Integrate and Fire model,15

Izhikevich model16 and many others.17,18 The criterion for choosing a particular

neural model is principally based on its ability to mimic the natural expressions of

neurons and neural networks as well as the computational e±ciency.

In neurodynamics and computational neuroscience, many neural models have

been built from diverse neural circuits to replicate the processes of neural signals.19,20

Reliable nonlinear circuits can be designed and tamed to reproduce consistently the

various characteristics states of neurons as obtained from real biological experiments.

In light of this, simple and coupled neural circuits could be used to realize complex

dynamical and collective-cooperative processes related to wave propagation, pattern

formation and synchronization.21,22 From the knowledge of synaptic plasticity,

various memristive and hybrid synapses derived respectively, from memristor and a

combination of capacitors, inductor, resistor have been used to achieve ¯eld coupling

between circuits. Josephson junction24,25 has equally been employed in coupling two

circuits as well as to discern the e®ect of magnetic °ux. In order to encode optical

signal, phototube is incorporated in oscillating circuit. For example, Liu et al.26 used

photocell to activate a simple FitzHugh–Nagumo neuron and an external optical

signal is imposed to excite the photocell in order to generate a time-varying current

source. The main characteristics of biological neurons such as quiescent, spiking,

bursting, and even chaotic behaviors were observed by activating the phototube.

Zhang et al.27 used magnetic °ux-controlled memristor and an ideal Josephson

junction to build a simple neural circuit and estimate the e®ect of the magnetic ¯eld
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on neural activities. It's very relevant to build a reliable FitzHugh–Nagumo (FHN)

neural network by incorporating memristors and photocells in the simple FHN

network so as to replicate the processes of neural signals as obtained in biological

experiments.

The excitability properties of neurons and neuronal networks related to learning,

information coding, memory and disease state are greatly a®ected by ¯ltered signals.

Yu et al.28 studied the ¯ltering characteristic of Hodgkin–Huxley neuron and ob-

served that the ¯ltering capability of the neuron is modulated by the excitation level

received from the ¯ltered signal, and is stronger around the excitation threshold.

Noise and many other external signals could enhance the ability of neuron to detect

weak signals. Wang et al.29 investigated chaotic resonance in a neuron subjected to

electromagnetic induction and found that there exists an optimal chaotic current

intensity that ensures the excellent detection of weak signal in an isolated Izhikevich

neuron. Furthermore Hou et al. 30 studied the ¯ring response of a Hindmarsh–Rose

neuron exposed to a depolarization ¯eld and then external current forcing. It was

found that the ¯ring pattern is transformed from single busting to intermittent

multimodel busting as the frequency and amplitude of electric ¯eld were increased.

Furthermore, a reliable neural network would permit the adequate evaluation of the

su±cient conditions under which modulated impulse signals emerge and propagate

in the nervous systems. The mathematical basis for the formation of modulated

signals in nonlinear lattices is modulational instability (MI).31–34

MI is one of the direct and e±cient techniques to detect wave pattern structures

related to information coding in neuronal networks under the permanent competi-

tion between nonlinear and dispersive e®ects.35 MI became so useful after having

observed that solitons and nonlinear waves were appropriate to describe nerve

impulses. MI has been widely applied in discussing modulated information transport

along nonlinear electrical transmission lines.36,37 Within the neural network and

cardiac tissue, MI has been widely used in discussing interneural communication and

information processing related to various physiological and pathological phenome-

na.38,39 In Refs. 38 and 39 the conditions under which slightly perturbed plane wave

impulse solutions become unstable in cardiac tissue were discussed in one dimension

and two dimensions. Under suitable balance between nonlinear and dispersive

e®ects, plane impulse waves break into trains of soliton-like structures whose beha-

viors are very sensitive to parameter variations. Despite several investigations

reported on pattern formations in coupled neural circuits and networks, no contri-

bution has so far been dedicated towards modulated wave stability formations in

photosensitive neural networks exposed to external magnetic ¯eld.

In this paper, we apply the powerful discrete asymptotic expansion method to

solve the generic system of equations derived from memristive network of photo-

sensitive neurons. This results in an envelope equation on which linear stability

analysis is performed. Using data from the analytical results, numerical experiments

are carried out and the presence of modulated signals sensitive to light illumination

and magnetic radiation are con¯rmed.

Unstable wave patterns of information in neural network
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2. Model, Scheme and Discussion

Phototube and memristor incorporated into the branches of a nonlinear circuit could

yield an output voltage controlled by light illumination and electromagnetic in-

duction, respectively. In this way, the biological neuron is thought of as an intelligent

and smart processor such that functional nonlinear circuit could be built to perform

similar functions. The memristive neuron has been presented in Refs. 15 and 16 while

the photosensitive neuron has been presented in Ref. 22. The memristive photo-

sensitive neuron was presented by Njitacke et al. in 2023.23 Dimensionless equations

of the memristive photosensitive neuron are given by

_x ¼ ð1� "Þx� 1

3
x3 � yþ a1 sinð!1tþ laÞ � k0ð��� 3�’2Þðx� efÞ;

_y ¼ cðxþ a� byÞ;
’
: ¼ k1x� k2’þ a2 sinð!2tÞ:

8>><
>>: ð1Þ

The term a1 sinð!1tþ laÞ is a time varying external forcing that maps the periodic

photocurrent from the phototube due to light illumination. Indeed, a periodic

photocurrent is used as it is controlled by external illumination. The term �k0ð���
3�’2Þðx� efÞ is the negative feedback memristive current originating from elec-

tromagnetic induction due to the internal e®ect of bioelectricity from ions exchange

across the cell membrane as well as exposure to external magnetic °ux. k0 is the

memristive coupling strength that couples the membrane potential (x) and the

magnetic °ux variable (’).40,41 Also, ef denotes a reversal potential in the memris-

tive channel. The term a2 sinð!2tÞ is a periodic stimulus that maps external magnetic

°ux forcing controlled by electromagnetic radiation exposure.42 The variable y is the

slow current or recovery variable meanwhile �k2’ measures the magnetic °ux

leakage.

The photosensitive memristive neurons are considered to be coupled locally in a

chain with nearest neighbor interaction. The network can be written as follows:

_xi ¼ ð1� "Þxi �
1

3
x3
i � yi þ a1 sinð!1tþ laÞ � k0ð��� 3�’2

i Þðxi � efÞ
þDðxiþ1 � 2xi þ xi�1Þ;

_yi ¼ cðxi þ a� byiÞ;
’
:
i ¼ k1xi � k2’i þ a2 sinð!2tÞ;

8>>>><
>>>>:

ð2Þ

with i ¼ 1; 2; . . . ;N . N is the scale of the network while D is the strength of the

synaptic coupling, and i is the location of the node. The rest of the model parameters

are set at � ¼ 0:25;D ¼ 0:05; a ¼ 0:7; b ¼ 8:0; a1 ¼ 0:6; a2 ¼ 0:6; � ¼ 0:01; � ¼ 0:3;

k0 ¼ 5:7; k1 ¼ 0:01; k2 ¼ 1:8; !1 ¼ 0:5; !2 ¼ 10; la ¼ 0:1 and ef ¼ 0:99. In what fol-

lows, we apply the discrete asymptotic expansion method to solve the above generic

system of equations.
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3. Discrete Asymptotic Expansion Method

Based on the discrete asymptotic expansion method, the solutions to the system of

equations given by Eq. (2) are considered as wave packets, whereby the amplitudes

and carrier waves are kept discrete.31 This approach permits us to obtain a

more manipulable equation from Eq. (2) for which linear stability analysis will be

discussed.

In the process, the stimulation of the ¯rst neuron in the chain network initiates an

action potential (wave packet) having oscillation angular frequency ! and wave

number k. Due to nonlinear e®ects within the network, ! and k deviate by # from the

natural frequency !0 and k0. This is summarized by the relation: ! ¼ !0 þ �# and

k ¼ k0 þ � #
ug
þ �2cg#

2 þ . . ., with ug ¼ @!
@k , and

1
2cg

¼ @2!
@2k . Furthermore, by introducing

a new network number m that supports a large grid in such a way that for any i,

possible sets of network points . . . ; i�N ; i; iþN ; . . ., are taken as a function of the

slow variable m as f. . . ; ði�NÞ ! ðm� 1Þ, i ! m, ðiþNÞ ! ðmþ 1Þ . . . ; g. Con-
sequently, the solutions of Eq. (2) can be expressed as Fourier expansions, whose

components are calculated in a Taylor series in powers of � given as follows:

UiðtÞ ¼
X1
p¼1

�p
Xs¼p

s¼�p

Û
s
pð�i; � iÞejðkiþ!tÞ; ð3Þ

with UiðtÞ ¼ fxiðtÞ; yiðtÞ; ’iðtÞg and Û s
p ð�i; � iÞ ¼ fx̂ s

pð�i; � iÞ; ŷ s
pð�i; � iÞÞ; ’̂ s

pð�i; � iÞg
being the slowly modulated amplitude of the plane wave ejðkiþ!tÞ, where j2 ¼ �1,

� i ¼ �ðtþ i=ugÞ and �i ¼ �2i. The slowly modulated amplitude Û
ðlÞ
p respects the

reality condition Û
ð�lÞ
p ¼ ðÛ l

pÞ�. By substituting Eq. (3) in Eq. (2), we obtain the

system of equations:

X1
p¼1

�p
Xp
s¼�p

�
@

@�
xs
pðm; �Þ þ j!sxs

pðm; �Þ
� �

Asði; tÞ

¼ ð1� "Þ
X1
p¼1

�p
Xp
s¼�p

xs
pðm; �ÞAsði; tÞ � 1

3

X1
p¼1

�p
Xp
s¼�p

xs
pðm; �ÞAsði; tÞ

 !
3

�
X1
p¼1

�p
Xp
s¼�p

ys
pðm; �ÞAsði; tÞ � k0 ��� 3�

X1
p¼1

�p
Xp
s¼�p

’ s
pðm; �ÞAsði; tÞ

 !
2

" #

�
X1
p¼1

�p
Xp
s¼�p

xs
pðm; �ÞAsði; tÞ � ef

" #
þD

X1
p¼1

�p
Xp
s¼�p

2ðcosðksÞ � 1Þxs
pðm; �Þ�"

þ �
2j

ug

� �
sinðksÞ @

@�
xs
pðm; �Þ þ �2

1

ug

� �
2

cosðksÞ @2

@�2
xs
pðm; �Þ þ �2ðj sinðksÞÞ

� ðxs
pðmþ 1; �Þ � xs

pðm� 1; �ÞÞ
#
Asði; tÞ þ a1 sinð!1tþ laÞ; ð4aÞ

Unstable wave patterns of information in neural network
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X1
p¼1

�p
Xp
s¼�p

�
@

@�
ys
pðm; �Þ þ j!sys

pðm; �Þ
� �

Asði; tÞ

¼ c
X1
p¼1

�p
Xp
s¼�p

xs
pðm; �ÞAsði; tÞ þ a� b

X1
p¼1

�p
Xp
s¼�p

ys
pðm; �ÞAsði; tÞ

 !" #
; ð4bÞ

X1
p¼1

�p
Xp
s¼�p

�
@

@�
’ s

pðm; �Þ þ j!s’ s
pðm; �Þ

� �
Asði; tÞ

¼ k1
X1
p¼1

�p
Xp
s¼�p

xs
pðm; �ÞAsðn; tÞ

 !
þ k2

X1
p¼1

�p
Xp
s¼�p

’ s
pðm; �ÞAsði; tÞ

 !

þ a2 sinð!2tÞ: ð4cÞ
For di®erent values of p, Eqs. (4a)–(4c) are solved at di®erent orders of �. At the

¯rst order p ¼ 1, the order �1, gives the system

Xs¼1

s¼�1

½ðjs!� 1þ "þ �k0 � 2Dðcos ks� 1ÞÞxs
1 þ ys

1�Asði; tÞ ¼ 0;

Xs¼1

s¼�1

½�cxs
1 þ ðjs!þ bcÞys

1�Asði; tÞ ¼ 0;

Xs¼1

s¼�1

½�k1x
s
1 þ ðjs!þ k2Þ’ s

1�Asði; tÞ ¼ 0:

ð5Þ

Solving Eq. (5) for s ¼ 0 yields U 0
1 ðm; �Þ ¼ 0 (x0

1ðm; �Þ ¼ y0
1ðm; �Þ ¼

’0
1ðm; �Þ ¼ 0). At s ¼ 1, we obtain a linear system of equations in terms of x1

1; y
1
1 and

’1
1 summarized by

AU 1
1 ðm; �Þ ¼ 0; ð6Þ

with,

A ¼
j!� 1þ "� �k0 � 2DðcosðkÞ � 1Þ 1 0

�c j!þ bc 0

�k1 0 j!þ k2

0
B@

1
CA and U 1

1 ¼
x 1
1

y1
1

’1
1

0
BB@

1
CCA:

Since U 1
1 ðm; �Þ 6¼ 0, it implies the determinant of A is null, giving the relation

½j!� 1þ "� �k0 � 2DðcosðkÞ � 1Þ� � ðj!þ bcÞ þ c ¼ 0: ð7Þ

The dispersion relation given by Eq. (7) above is dependent on the memristive

coupling k0. The corresponding group velocity is obtained as

ug ¼
2jD sinðkÞðj!þ bcÞ

2j!þ bc� 1þ "þ �k0 � 2DðcosðkÞ � 1Þ : ð8Þ
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If we let x1
1ðm; �Þ ¼ xm then we can solve for y1

1ðm; �Þ and ’1
1ðm; �Þ in Eq. (6)

such that

y1
1ðm; �Þ ¼ c

j!þ bc

� �
xm;

y1
1ðm; �Þ ¼ k1

j!þ k2

� �
xm:

ð9Þ

In the same manner, for p ¼ 1; 2, the order �2,s ¼ 0 gives a system of equations in

terms of x0
2; y

0
2 and ’0

2;

x 0
2ðm; �Þ ¼ 6�k0efk

2
1

ð"� 1� �k0 þ 1=bÞððj!Þ2 � k2
2Þ
jxmj2;

y0
2ðm; �Þ ¼ 6�k0efk

2
1

bð"� 1� �k0 þ 1=bÞððj!Þ2 � k2
2Þ
jxmj2;

’ 0
2ðm; �Þ ¼ 6�k0efk

3
1

k2ð"� 1� �k0 þ 1=bÞððj!Þ2 � k2
2Þ
jxmj2

ð10Þ

and for s ¼ 1 we obtain a system of equations in terms of x 1
2; y

1
2 and ’1

2 such that

with x 1
2 ¼ �ðm; �Þ, we obtain:

y1
2ðm; �Þ ¼ c

ðj!þ bcÞ �ðm; �Þ � c

ðj!þ bcÞ2
@xm

@�
;

’1
2ðm; �Þ ¼ k1

ðj!þ k2Þ
�ðm; �Þ � ck1

ðj!þ bcÞ2
@xm

@�

ð11Þ

and for s ¼ 2 we obtain a system of equations in terms of x 2
2; y

2
2 and ’2

2:

x2
2ðm; �Þ ¼ �x2

m ¼ �3�k0efk
2
1ð2j!þ bcÞ

½ð2j!þ bcÞð2j!þ �Þ þ c�ðj!þ k2Þ2
x 2
m;

x2
2ðm; �Þ ¼ �3c�k0efk

2
1

½ð2j!þ bcÞð2j!þ �Þ þ c�ðj!þ k2Þ2
x2
m;

’2
2ðm; �Þ ¼ �3�k0efk

3
1ð2j!þ bcÞ

½ð2j!þ bcÞð2j!þ �Þ þ c�ðj!þ k2Þ2ð2j!þ k2Þ
x 2
m;

ð12Þ

with � ¼ �1þ "� �k0 � 2Dðcosð2kÞ � 1Þ. Finally, when p ¼ 1; 2; 3, the order �3

gives a system of equations in xs
3; y

s
3 and ’ s

3. For s ¼ 1 we obtain a system of

equations in terms of x1
3; y

1
3 and ’1

3 such that by making use of previous relations,

where xðm; �Þ ¼ xmð�Þ, we obtain

jP ðxmþ1 � xm�1Þ þQ
@2xm

@�2
þRjxmj2xm ¼ 0; ð13Þ

Unstable wave patterns of information in neural network
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where

P ¼ D sinðkÞ;
Q ¼ �D cosðkÞ

ðjugÞ2
� c

ðj!þ bcÞ3 ;

R ¼ 3�k0k
2
1

1

ðk2 þ j!Þ2 þ
2

ðk2Þ2 � ðj!Þ2
� �

� 1� 6�k0efk
2
1�

ðk2 � j!Þðk2 þ 2j!Þ :
ð14Þ

Equation (13) obtained above is a nonlinear di®erential di®erence equation

having features of Cubic Nonlinear Schr€odinger Equation (CNSE). In the next sec-

tion, we will perform linear stability analysis.

4. Stability Analysis and Modulated Wave Patterns

Due to MI in nonlinear and dispersive media, a plane impulse wave could become

unstable under modulation. By injecting a perturbation xmð�Þ ¼ x0e
jð	m�
�Þ into

Eq. (13), the nonlinear relation obtained is given by


2 ¼ 1

Q0 �
�2D sinðkÞ sinð	Þ

R
þ jx0j2

� �
; ð15Þ

with Q0 ¼ Q
R. Modulated wave emerges when 
2 < 0. By taking into consideration

discreteness e®ect, sinð	Þ is bounded and thus we set 	 ¼ 

2. If Q

0 < 0 then unstable

wave is possible when

jx0j2 >
2D sinðkÞ

R
¼ x 2

cr: ð16Þ

The graph of growth rate related to the critical amplitude xcr ¼ xcrðkÞ is plotted
for synaptic coupling strength D ¼ 0:04 and presented in Fig. 1.

The critical amplitude-wave number parameter space in Fig. 1 is divided into two

distinct regions, namely the Stable Region (SR) and Unstable Region (UR). It is

expected from numerical ¯ndings that when parameters are picked from UR, mod-

ulated wave will emerge from the network lattice. In numerical simulation, we used

fourth-order Runge–Kutta computational scheme, with step time h ¼ 0:01 and pe-

riodic boundary conditions. The initial conditions are selected to correspond to

slightly modulated plane waves, having corresponding normal and perturbed wave

numbers set at k ¼ 0:1
 and 	 ¼ 0:5
. Numerical simulation permits the study of the

long-time evolution of the modulated waves evolving in the network under mem-

ristive, photosensitive parameter. This evolution in patterns is related to the hidden

structure of information coding in the network.35

First, we examine the e®ect of light illumination on the spatiotemporal patterns of

membrane potential. We ¯x the amplitude at a1 ¼ 0:4 and we evaluate the possible

dependence on information coding on the frequency !1. The results are presented in

Figs. 2(a)–2(c). In Fig. 2(a), !1 ¼ 0:10, in Fig. 2(b), !1 ¼ 0:18 and in Fig. 2(c),

!1 ¼ 0:20.

P. Nyifeh et al.
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The results in Fig. 2 con¯rm that evolution of collective dynamical behaviors via

pattern formation in the network depends on the external stimuli from light illu-

mination on each node. At low frequency exposure in Fig. 2(a), the network presents

a state characterized by alternate quiescent and ¯ring patterns. This structure cor-

responds to the spiking state of the network. As the frequency of light exposure is

increased to greater value in Fig. 2(c), there is destruction of the initially coherent

pattern into a partially disordered state which could be linked to chaotic state. These

results prove that a variety of di®erent collective electrical activities could be induced

under di®erent frequency of light illumination. Photosensitive neurons can thus

capture and convert external optical signals thereby realizing the encoding of the

signal. Remarkably, the obtained patterns in Fig. 2(c) might also be a route to

chimera states which has been widely discussed recently in neuronal system.43,44

Fig. 1. (Color online) Critical amplitude versus wave number for D ¼ 0:04, k0 ¼ 5:7 and b ¼ 0:8. The

Stable Region (SR) and Unstable Region (UR) of modulational instability (MI) are presented.

Fig. 2. (Color online) Spatiotemporal patterns of membrane potential calculated for each frequency of

photocurrent from light illumination; (a) !1 ¼ 0:10, (b) !1 ¼ 0:18; (c) !1 ¼ 0:20, with a1 ¼ 0:4:

Unstable wave patterns of information in neural network

2450200-9

In
t. 

J.
 M

od
. P

hy
s.

 B
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 I

N
D

IA
N

 I
N

ST
IT

U
T

E
 O

F 
SC

IE
N

C
E

 E
D

U
C

A
T

IO
N

 A
N

D
 R

E
SE

A
R

C
H

 K
O

L
K

A
T

A
 (

II
SE

R
-K

) 
on

 0
6/

01
/2

3.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Furthermore, we evaluate the dependence of patterns on the frequency of external

magnetic °ux related to the electromagnetic radiation. We ¯x the amplitude

at a2 ¼ 4:0 and we vary the angular frequency !2. The results are presented in

Figs. 3(a)–3(c), where !2 ¼ 0:50 in Fig. 3(a), !2 ¼ 8:0 in Fig. 3(b) and !2 ¼ 10 in

Fig. 3(c).

The results in Fig. 3 con¯rm varieties of ¯ring patterns such as bursting state as

well as 2-period and 4-period spiking states can be induced in the network under

electromagnetic radiation exposure. At low frequency external magnetic °ux in

Fig. 3(a), the spatiotemporal pattern presents localized patterns corresponding to

bursting state. In Fig. 3(b), the 2-period spiking state is observed and at a higher

frequency in Fig. 3(c), we observe a 4-period spiking state. From the numerical

results, we observed that the double periodic stimuli respectively for periodic pho-

tocurrent controlled by external illumination and periodic magnetic °ux controlled

by external magnetic ¯eld applied on the simple neuron each promote mode tran-

sition. However, the periodic photocurrent is more sensitive to mode transition than

the periodic magnetic °ux.

Apart from light illumination and magnetic ¯eld, thermal °uctuation can sig-

ni¯cantly modulate excitability of neurons by in°uencing gated channel conduc-

tance. It is expected that in future project, a thermistor can be incorporated into a

functional circuit to detect temperature °uctuation.45,46 In that way, the e®ect of

thermal °uctuation on the potential mechanism of information coding in brain

micro-circuits could be uncovered.

5. Conclusion

Modulated impulse formation and pattern transition in a chain network of mem-

ristive photosensitive neurons have been discussed through MI. By applying the

discrete asymptotic expansion method, the dynamical equations are solved to obtain

an envelope equation suitable for linear stability analysis. Linear stability analysis is

Fig. 3. (Color online) Spatiotemporal patterns of membrane potential calculated for each frequency of

external magnetic °ux; (a) !2 ¼ 0:5, (b) !2 ¼ 8; (c) !2 ¼ 10, with a2 ¼ 4:0:
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performed such that the conditions and regions under which modulated signals

emerge in the network are determined. These analytical predictions are con¯rmed

through numerical experiments. Using parameters taken from the unstable zone, the

longtime evolution of initial plane wave solutions con¯rm the presence of localized

modulated impulses with features of spiking and bursting states as obtained in real

biological experiments. Respective frequencies of photocurrent from light illumina-

tion and external magnetic °ux are shown to signi¯cantly modify the obtained lo-

calized structures via pattern transition. This could be very useful in constructing

intelligent and useful sensory networks.
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