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& Résumé &

Les opérateurs de Hankel et de Toeplitz sont deux classes naturelles d’opérateurs spécifiques sur
des espaces de fonctions holomorphes. L’étude de ces opérateurs sur différents espaces de fonctions
holomorphes n’est pas seulement motivée par les défis mathématiques qu’ils soulévent, mais aussi par
de nombreuses applications. La tache principale de cette these est d’étudier la continuité et la com-
pacité des opérateurs de Hankel et de Toeplitz agissant sur les espaces de Bergman a poids a valeurs
vectorielles AP (B,,, E) oup > 0, & > —1 et E est un espace Banach complexe. Nous étudions d’abord
la continuité du petit opérateur de Hankel h, de A2 (B, E) dans A4(B,, F), ou b : B, — L(E,F)
est un symbole holomorphe, E, F' sont deux espaces de Banach complexes et 0 < p,q < oco. Pour
1 < p,q < +o0, la caractérisation de la continuité du petit opérateur de Hankel entre les espaces de
Bergman a valeurs vectorielles A? (B, E) et A%(B,, F') a été obtenue par Oliver [52]. Nous avons
amélioré son résultat dans le cas 1 < p < ¢ < +00. Nous avons aussi caractérisé les symboles pour
lesquels le petit opérateur de Hankel s’étend en un opérateur continu dans le cas 0 < p,q < 1. Le cas
p > 1 et ¢ =1 reste ouvert méme dans le cas classique (lorsque £ = F' = C). Nous avons caractérisé
les symboles holomorphes b pour lesquels le petit opérateur de Hankel h; s’étend en un opérateur
compact de AL (B, E) dans A%L(B,, F), ou 1 < p < ¢ < 400 et E, F sont deux espaces de Banach
réflexifs.

Dans la suite, si F et F' sont deux espaces de Banach complexes, et & > —1, on considere 'opérateur
de Toeplitz T, de symbole b € BMO(B,, L(E, F)). On montre que pour deux espaces de Banach
complexes E, F opérateur de Toeplitz T est continu de A2%(B,,, F) dans A%(B,, F) si et seulement
si sa transformée de Berezin b est bornée sur B,,. Lorsque E = F = C%, ot d > 1 est un entier, on
montre que pour b € BMOL(B,,, £L(C?)), 'opérateur de Toeplitz Ty, est compact sur A% (B,,, C?) si et
seulement si pour tout vecteur unitaire e € C?, b(z)e — 0 faiblement dans C% quand |z| — 17. Ce
résultat stipule que la compacité des opérateurs de Toeplitz Tj, de symbole b € BMOL(B,,, L(C?)),
sur Pespace de Bergman a valeurs vectorielles A% (B,,, C%) est enticrement déterminée par le com-

portement au bord de leurs transformées de Berezin.

Mots et phrases clés: Petit opérateur de Hankel, opérateur de Toeplitz, espace de
Bochner-Lebesgue, espace de Bergman a valeurs vectorielles, espace de type Bloch a valeurs

vectorielles, mesures de Carleson, transformée de Berezin, espace BMO.



& Abstract &

Hankel and Toeplitz operators are two natural classes of specific operators on spaces of holomorphic
functions. The study of these operators on different holomorphic spaces is not only motivated by
the mathematical challenges it raises, but also by many applications on applied mathematics and in
theoretical physics. The main task of this thesis is to study the boundedness and the compactness of
Hankel and Toeplitz operators acting on the weighted vector-valued Bergman spaces AP (B,,, F') where
p >0, a > —1and F is a complex Banach space. We first study the boundedness of the little Hankel
operator hy, from AP (B, E) into A%(B,,, F'), where b : B,, — L(F, F') is a holomorphic operator-valued
symbol, E, F' are two complex Banach spaces and 0 < p,q < oo. For 1 < p,q < oo, the character-
ization of those holomorphic operator-valued symbols for which h; is bounded from A2 (B,,, E) into
A%(B,,, F') was obtained by Oliver [52]. We have improved his result in the case 1 < p < g < co. We
have also characterized the boundedness of h; in the case 0 < p,q < 1. The case p > 1 and ¢ = 1
is still open even in the classical case (when £ = F' = C). We have characterized those operator-
valued holomorphic symbols b for which the little Hankel operator hy, : A2 (B,,, E) — A%(B,, F), is
a compact operator where 1 < p < ¢ < oo and E, F are reflexive Banach spaces.

Next, if E and F are two complex Banach spaces and o« > —1, we consider the Toeplitz operator
Ty, with the symbol b € BMOL(B,,, L(E, F)). We show that for two complex Banach spaces E, F,
the Toeplitz operator T, extends into a bounded from A2(B,, F) dans A%(B,, F) if and only if its
Berezin transform b is bounded on B,,. When H = C?, where d > 1 is an integer, we proved that
for b € BMOL(B,, £(C?)), the Toeplitz operator T is compact on A2(B,,C%) if and only if for all
unit vector e € C?, b(z)e — 0 weakly in C? as |z| — 1~. This result states that the compactness of
Toeplitz operators Tj, with b € BMOL(B,,, £L(C%)), on the vector-valued Bergman space A% (B,,, C%)

is completely determined by the boundary behaviour of the Berezin transform of b.

Key words and phrases: Little Hankel operator, Toeplitz operator, Bochner-Lebesgue space,
vector-valued Bergman space, vector-valued Bloch type space, Carleson measures, Berezin

transform, BM O space.
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& Introduction &

Let p > 0, and n > 1 be a nonnegative integer. Let {2 be a region in C™. The classical Bergman space AP(2)

consists of those holomorphic functions f on 2 such that

1o = ([ 150Pan) " <o

where dv is the Lebesgue measure on C".

The theory of Bergman spaces has been extensively studied and many results in operator theory, and
function theory on Bergman spaces are now well-known (see for example [78] [77] [14]). Although there
are still several difficult open problems on operator theory in Bergman spaces (boundedness criterion of the
Toeplitz operator, boundedness criterion of the Hankel operator, boundedness estimates for the Bergman
projection on tubular domains, ---), very little has been done in the case of vector-valued Bergman spaces.

For a Banach space E, the vector-valued Bergman space on 2, denoted by AP(Q, F), consists of all

holomorphic functions f : 2 — F such that

o= ( [, ||f(Z)!%dV(z)>1/p .

Hankel and Toeplitz operators are important, natural classes of specific operators on spaces of holomorphic
functions. Exploring their properties on a variety of spaces brings deeper understanding not only of the
operators but also of the spaces in question, and provides interesting connections between operator theory
and function theory. The study of these operators on different analytic spaces is not only motivated by the
mathematical challenges it raises, but also by many applications on mathematics and in physics (see for
example [55] for more information). Although the vector-valued Bergman spaces have similar properties
as the scalar-valued Bergman spaces, this generalization makes the study of vector-valued Bergman spaces
much more difficult. Sometimes even the most simple result in the classical case becomes more complicated
in the vector-valued case.
There are many authors that are working on vector-valued Bergman spaces, see [4, 15, 18, 16, 17, 24,

25, 26, 27, 28, 42, 47, 52, 57, 58, 60, 68].

If P denotes the Bergman projection on A?(12), the little Hankel operator of holomorphic symbol ¢, denoted
h,, and the Toeplitz operator of measurable symbol 1) denoted T}, are respectively defined by :

ho(f) = P(ef); Ty(f) = P ).

The problem of characterizing those symbols for which these operators can be extended into bounded or

compact operators between different classical Bergman spaces have been studied in [1, 2, 20, 61, 53, 76, 79].



Contents

The same problem in vector-valued settings has been studied recently in [26, 27, 28, 42, 47, 52, 57, 58, 60)].
Hankel operators are operators having infinite Hankel matrices (i.e., matrices with entries depending only
on the sum of the coordinates) with respect to some orthonormal basis. Finite matrices with this property
were introduced by Hankel, who found interesting algebraic properties of their determinants. One of the
first results on infinite Hankel matrices was obtained by Kronecker, who characterized Hankel matrices of
finite rank as those whose entries are Taylor coefficients of rational functions. Since then, Hankel operators
(or matrices) have found numerous applications in classical problems of analysis, such as moment problems,
orthogonal polynomials, etc. Hankel operators admit various useful realizations, such as operators on spaces
of analytic functions, integral operators on function spaces on (0, c0), operators on sequence spaces.

In 1957, Nehari described the bounded Hankel operators on the sequence space ¢2. This description
turned out to be very important and started the contemporary period of the study of Hankel operators.

It turns out that for the need of applications (see [55, 51]) it is also important to consider vectorial Hankel
operators, i.e., Hankel operators on spaces of vector-valued functions.

One of the most beautiful applications of Hankel operators is given in Chapter 15 of [55]. Vectorial Hankel
operators are used in the theory of approximation by analytic matrix and operator functions. Chapter 15
of this book also gives a solution to the famous problem of whether a polynomially bounded operator on
Hilbert space must be similar to a contraction. This problem remained open for a long time. In particular, it
was one of the problems in a famous paper by Paul Halmos called "Ten problems in Hilbert space'. Recently
it has been solved in the negative with the help of vectorial Hankel operators (see [1]).

There are at least two reasons for the continuous and increasing interest in Toeplitz operators. On
the one hand, Toeplitz operators are of importance in connection with a variety of problems in physics,
probability theory, information and control theory, and several other fields (see [21, 51]). On the other
hand, Toeplitz operators constitute one of the most important classes of non-selfadjoint operators and they
are a fascinating example of the fruitful interplay between such topics as operator theory, function theory,
and the theory of Banach algebras.

By now, there are many results that relate the boundedness and the compactness of an operator to
its Berezin transform (see for example [6, 7, 60, 79]). For the compactness, it is well-known that a bounded
operator 1" on A%(Bn) which can be written as a finite sum of finite products of Toeplitz operators with
bounded symbol is compact if and only if its Berezin transform vanishes on the boundary of the unit disk
D. (Recall that D = B; and A3(B,,) is the standard unweighted Bergman space on the unit ball in C").
This result was extended by Raimondo to the spaces A2 (B,,) in [61] and Engli§ was also extended the same

result to Bergman spaces of bounded symmetric domains in [34].

There are also several results along these lines for more general operators than those that can be written
as finite sums of finite products of Toeplitz operators with bounded symbols. In [35], Engli§ proved that
any compact operator on Bergman spaces is in the operator-norm topology closure of the set of finite sums
of finite products of Toeplitz operators with bounded symbol (this is called the Toeplitz algebra and is
denoted by Tp4.) In [65], Starez proved that an operator, T' € L(Af(B;)) with 1 < p < oo is compact if
and only if it is in the Toeplitz algebra 7, , and its Berezin transform vanishes on the boundary 0B,, of
the unit ball. This was extended to the weighted Bergman spaces AL (B,,) in [49] by Starez, Mitkovski and
Wick. This result was also extended by Rahm and Wick to the vector-valued Bergman space AZ(B,,,C%)
(where d > 1 is an integer) in [59]. For p = 2, Rahm proved in [60] that a finite sum of finite products of
Toeplitz operators with d x d matrix valued bounded symbol acting on AP (B, (Cd) is compact if and only
if its Berezin transform vanishes on the boundary of the ball. His result generalized the Raimondo’s result
in [61].
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0.1. Chapter 1: Preliminaries.

In this thesis, we are concerned with two main problems. The first problem is to characterize those
operator-valued symbols for which the little Hankel operator extends into a bounded (respectively compact)
operator from a vector-valued Bergman space to another vector-valued Bergman space. The second problem
concerns the Toeplitz operators. More precisely, we study the boundedness and the compactness problem of
Toeplitz operators with operator-valued symbol on some vector-valued Bergman spaces via the behaviour
of its Berezin transform. We are interested in the extension of the results in [79] to the case of vector-valued

functions.

The thesis is organized into five chapters.

0.1 Chapter 1: Preliminaries.

Since we are interested in functions which take their values in Banach spaces, it will be natural to recall
some useful results on the theory of functional analysis, and the integration of vector-valued functions.

In Chapter 1, we collect some definitions, results and notations needed to follow the rest of the

thesis. The first section of Chapter 1 is devoted to some basic notions on functional analysis, integration
of vector-valued functions and also on vector measures.
More concretely, in Section 1.1, we recall the Hahn-Banach extension theorem, we define the bidual of a
Banach space and we introduce the canonical injection between a Banach space and its bidual. We also
state the Uniform boundedness principle and some of its consequences. After that, we introduce the notion
of weak topologies and we recall some notions on weak convergence and strong convergence for a sequence in
some Banach space. We also state the well-known Banach-Alaoglu theorem and we define reflexive Banach
spaces. In Subsection 1.1.2, we define and collect some needed results on bounded linear operators and
compact operators on Banach spaces and we also collect some of their characterizations.

In this dissertation, we will often have to integrate vectors in some Banach space. It becomes important
to give a sense of the integration of vector-valued functions. In the literature, there are many definitions
of the integral of vector-valued functions. In Section 1.2, we adopt the definition introduced by Bochner
in [19], since its definition is much similar to the definition of Lebesgue integral. Concretely, in Subsection
1.2.1, we recall some notions on measurability. Next, we define the vector-valued simple function and we
introduce the Bochner integral for vector-valued simple functions. After having introduce the measurability
of a vector-valued function with respect to a positive measure, we have defined the Bochner integral. Given
a measure space (2,4, 1) and a Banach space E, we have proved that a vector-valued function f: Q — F
is p-Bochner integrable if and only if the function z — || f(2)||g is p-Lebesgue integrable. In Subsection
1.2.3, we introduced the Bochner-Lebesgue Lﬁ(Q,E) spaces, where 0 < p < oco. We point out that when
1 < p < oo, the set LE (£, E) is a Banach space and that the space of vector-valued simple functions form
a dense subspace of Lﬁ(Q,E). If 0 < p < 1, we recall that LZ(Q,E) is a complete metric space. We
next obtain some important results in the vector-valued Bochner-Lebesgue space. Namely, we state the
dominated convergence theorem and its converse, continuity under integral symbol, differentiation under
integral symbol, Fubini’s theorem. In the last part of this section, we find the topological dual space of
LE(Q, ) for 1 < p < oo.

In Section 1.3, we introduce vector-measures. We know that in the classical case, the problem of finding

symbols for which the little Hankel operator extends into a bounded operator on spaces of analytic functions
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0.2. Chapter 2: Vector-valued Bergman spaces.

is often reduced to finding the topological dual of some of analytic functions spaces. It is well-known in the
classical case (when E = C) that the topological dual space of the Lebesgue space L% (£2) (with 1 < p < 00)
can be identified with the space Lﬁ/ () where 1/p+1/p’ = 1 under the inner product (f,g) = [, fgdp. But
in the vector-valued settings, this identification is more difficult since the dual is identified with the space
V;f’/(Q,E*) which is the space a p-continuous vector measures with p’-bounded variation (see Definition
1.3.16) which is larger than the space Lﬁ/(Q, E*). In Subsection 1.3.2, we have proved that the topological
dual space of Lﬁ(Q, E) where 1 < p < oo can be identified with the space Lﬁ/ (Q, E*) if and only if the dual
space E* of E has the Radon-Nikodym property (see Definition 1.3.10).

0.2 Chapter 2: Vector-valued Bergman spaces.

In Chapter 2, we place ourselves in the open unit ball B,, of C" and we consider that the measure y is a
standard probability measure on B,,. In Section 2.1, we introduce the concept of ’strong holomorphy’ and
"weak holomorphy’ for vector-valued function, we remark that the two notions are equivalent on the unit ball.
Given a complex Banach space E, the complex ’conjugate’ E of E is defined as the set all linear functional
T on E* such that Z(x*) := WE g+~ In Subsection 2.1.1, we discuss about the automorphism group and
the Bergman metric. One of the most important classes of automorphisms of B, consists of involutions
of B,,, which are also called Mébius transformations. These automorphisms play an important role in the
theory of holomorphic functions. The invariance of the Bergman metric under these automorphisms will be
very useful in this thesis.

In Subsection 2.1.2, we define and collect some useful results on the classical Gamma and Beta functions.
Subsection 2.1.3 is devoted to the important notions of differentiations in the unit ball B,,. Namely, we define
the concept of radial derivative, fractional derivative, for vector-valued functions in B,,. We notice that these
operators have the same properties as their analogues in the scalar-valued settings. In Subsection 2.1.4, we
collect few results about harmonic and subharmonic functions in B,,. Some estimates are given in Subsection
2.1.5.

For o > —1, the weighted Lebesgue measure dv, is defined by dv,(z) = co(1 — |2[2)*dv(z), where

I'(n+a+1)
n!T'(a+1)

0 < p < oco. We recall that the Bochner-Lebesgue space LE,(B,,, E) consists of all functions f : B,, — E such
that

Cq = is the normalizing constant such that v,(B,,) = 1. Let E be a Banach space, &« > —1 and

1/p

poi=| [ 1F@Ndra(a)] < oo

We are now ready to present one of the main topics of this thesis. Let £ be a Banach space, o > —1 and

/1

0 < p < oo. The vector-valued Bergman space on the unit ball A2 (B,, F) is the closed subspace of the
Bochner-Lebesgue space LE(B,,, E) which consists of vector-valued holomorphic functions. Many standard
properties of the theory of vector-valued Bergman spaces have been proved in the vector-valued settings in
[16] and recently in [52]. Several results in vector-valued Bergman spaces, can be proved by reducing to the
scalar-valued Bergman spaces. This passage is done by using the Hille’s fundamental theorem (Proposition
1.2.24). In Subsection 2.2.1 , we collect some needed estimates on the unit ball and the Bergman balls. Some
results such as pointwise estimates, reproducing formula, density of vector-valued holomorphic polynomials
and of vector-valued bounded holomorphic functions in the vector-valued Bergman space AE(B,,, F), where
0 < p < o0, are proven in Subsection 2.2.2. We also present some important estimates on vector-valued
holomorphic functions in Subsection 2.2.3. Subsection 2.2.4 is devoted to the boundedness of the vector-

valued Bergman type projections, the topological dual of the vector-valued Bergman space AP (B,,, E'), where
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0.3. Chapter 3: Vector-valued Bloch type spaces.

1 <p<oo,a>—1and F is a Banach space. In Subsection 2.2.6, we recall some characterizations of vector-
valued Bergman spaces and some decomposition of the unit ball. We mention that most of the results of this
chapter already appear in [52] and are certainly known by experts. Since the problem of characterizing those
holomorphic symbols for which the little Hankel operator extends into a bounded operator between vector-
valued Bergman spaces is often reduced to the search for the topological dual space of certain holomorphic
function spaces. In [4], Arregui and Blasco proved that for n = 1, a = 0 and 1 < p < oo, the topological
dual of AP(B,, E) can be identified with the space A? (B,,, E*) under the pairing

oo = [ (72,90 mdval2),
where f € AP(B,,F) and g € A¥ (B,, E*). We want to mention that this result is obtained without any
restriction on the Banach space E. In Subsection 2.2.5, we give details proof of this result in the general

case where n > 1 is an integer and « > —1, which is strongly based on the theory of vector-measures.

0.3 Chapter 3: Vector-valued Bloch type spaces.

The Bloch type spaces are very related with the Bergman spaces. In Chapter 3, we fix F to be a complex
Banach space and we denote by @ > —1 a real parameter. The scalar-valued Bloch space B(B,,) can be
thought as the limit case of the scalar-valued Bergman space AP (B,,) as p — oo (see [77]). In particular,
B(B,) can be naturally identified with the dual space of Al (B, ). The Bloch space is intimately related to the
Bergman metric; it consists exactly of those holomorphic functions that are Lipschitz from B,, with respect
to the Bergman metric. The Bloch space has been studied much earlier than the Bergman space. Serious
research on the Bloch space of the unit ball began with Timoney’s papers [66, 67]. For more information on
scalar-valued Bloch type spaces, we recommend [77].

Another important reason of studying Bloch type spaces is that these spaces appear naturally when
we characterize the boundedness of Hankel operators. In fact, a classical theorem says that the little Hankel
operator is bounded from AP (B,) into AE(B,), for p < ¢ if and only if its symbol belongs to some Bloch
type space [3, 5]. The vector-valued Bloch space of the unit disk D, (where D = B,), B(D, E) was defined
in [4] as the set of all vector-valued holomorphic functions f : D — E for which

sup(1 — |z[*)[|f'(2)]| e < oo.
z€D

The generalization to the case of the unit ball is done in [52] where the derivative is replaced by the
radial derivative A/ to be defined later. The vector-valued Bloch type spaces play a similar role as their
scalar-valued versions. In Section 3.1, we study the vector-valued Bloch space of the unit ball B(B,,, E).
Almost all results of this section have been taken in [52]. In [4], Arregui and Blasco proved that the
topological dual of Al (DD, E) can be identified with the vector-valued Bloch space B(D, E*). This result was
recently extended to the case of the unit ball B,, in [52]. We also define the little vector-valued Bloch space
By(B,, E) as the set of all functions f € B(B,, E) such that

lim (1 - )N F(2)]e =0,

|z|]—1—
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where N f(z) = Z zkgf(z) is the radial derivative operator.
2k
k=1

It is importan‘; to note that By (B, E) is a closed subspace of B(B,,, E') in which vector-valued holomorphic
polynomials are dense. Little vector-valued Bloch spaces play an important role in the characterization of the
compactness of little Hankel operators on vector-valued Bergman spaces (see [26]). In Section 3.2, we extend
those results of Section 3.1 to the more generalized vector-valued Bloch type space B, (B,,, E), where v > 0.
This section is part of [52, Section 3.2]. Section 3.3 is devoted to the vector-valued holomorphic Lipschitz
space Ay (B, E), where 7 is a real number. Our approach here is to treat the vector-valued Lipschitz spaces
as close relatives of the vector-valued Bloch space. For 0 < v < 1, we have that B,(B,, E) = A_(B,, E).

Many characterizations of vector-valued holomorphic Lipschitz spaces in terms of differential operators
are developed in this section. These characterizations will play an important role in the proof of some results
in the next chapter. Since A,(B,, E) is not separable (see [77] for the scalar case), we consider the little
vector-valued Lipschitz space Ay o(B,, E) which is the subspace of A, (B, E) consisting of those functions
f € Ay(B,, E) such that

lim (1= |25 R ()| = O,

|z]—1—

where R is the linear partial differential operator of order k defined in Proposition 2.1.21. We also prove
(see Proposition 3.3.17) that A, o(By, E) is a closed subspace of A, (B,,, E) in which the space P(B,, E) of
all F-valued holomorphic polynomials are dense. We finally show that for 0 < p < 1 and o > —1, the
dual of the vector valued Bergman space AP (B,,, E') can be identified with the vector-valued Lipschitz space
A, (B, E*), where y = (n+ 1+ «) (% — 1) under the pairing

(.9 = [ (F(2), Drgle)) ppe (1= o) dva2)

n

where Dy, is the differential operator of order k defined by Dy := (2l + N)o (3T + N)o...o((k+1)I +N),
k > 7, is an integer, g € Ay(B,, E*) and f € AL (B,, E).

0.4 Chapter 4: Little Hankel operators on vector-valued

Bergman spaces.

In Chapter 4, we give criteria for boundedness and compactness of the little Hankel operator with
operator-valued holomorphic symbols on vector-valued Bergman spaces. Let E be a complex Banach space.
We denote by H(B,,, E) the set of all E-valued holomorphic functions and H*°(B,,, E') the subset of H(B,,, E)
which consists of bounded functions. If 0 < p,q < co are real parameters and E and F' are complex Banach
spaces, the little Hankel operator hy, : AP (B,, ) — A%(B,, F') with holomorphic operator-valued symbol
b:B, — L(E, F) is defined for z € B,, by

ho(f)(2) = / 1—(z w><)n+1+adya(w)a

where E is the complex conjugate of the Banach space E and f € H>®(B,,, E). We assume that the symbol
be Al(B,, L(E,F)). This condition is equivalent to the following:

16) 5.1
/Bn = <z,w>|”+1+0‘dya(w) < oo, forevery ze€B,.
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0.4. Chapter 4: Little Hankel operators on vector-valued Bergman spaces.

We also assume that our symbol b also satisfy the following condition
L 1@ ez o8 (1 ) dvalo) <
. 2 2@,y log RE Vo(2) < 00.

These conditions was introduced by Oliver in [52] to study the little Hankel operator between vector-

valued Bergman spaces.

The boundedness properties of the little Hankel operator in the classical case (that is, when F = F = C)
have been extensively studied and many results are now well known. For n > 1, a complete characterization
has been obtained by Aline Bonami and Luo Luo in [20] in the case p < g. The case, 1 < ¢ < p < oo was
finally resolved by Pau and Zhao in [53]. Indeed, they showed that if b is a holomorphic symbol, the little
Hankel operator h; extends to a bounded operator from AP (B,,) into A%(B,), with 1 < ¢ < p < oo, if and
only if the holomorphic symbol b belongs to the weighted Bergman space A!,(B,,) where 1/t =1/q —1/p.

We are here concerned with the question of characterizing the operator-valued holomorphic symbols
b for which the little Hankel operator h; extends into a bounded operator from AE(B,,, F) into A%(B,,, F)
where 0 < p,q¢ < oco. In [1] Aleman and Constantin solved this problem for the particular case n = 1,
p=q=2and E = F = H where H is a separable Hilbert space. More precisely, they showed that
the little Hankel operator h, extends into a bounded operator from A2 (B,,H) into A2 (B, #H) if and only
if the symbol b belongs to the vector-valued Bloch space B(B,, L£(?)). Their results extend clearly the
one known in the classical case (when H = C). On the first hand, Oliver [52] solved this problem in the
more general case 1 < p,q < oco. Namely, he showed that for 1 < p < oo, the little Hankel operator hy
is bounded from AE (B, F) into AE (B, F') if and only if the symbol b belongs to the vector-valued Bloch
space B(B,,, L(E, F)) and this result clearly generalizes the one obtained by Aleman and Constantin in [1].
On the second hand, for 1 < ¢ < p < oo, Oliver [52] showed that the little Hankel operator h; is bounded
from AP (B, E) into A% (B, F) if and only if b € A% (B,, L(E, F)), where 1/t = 1/q — 1/p. This result also
generalizes the corresponding result of Pau and Zhao in [53].

In Section 4.1, we recall some basic properties on little Hankel operators. For 1 < p < ¢ < oo, Oliver
[52] showed that the little Hankel operator hy is bounded from A2 (B,, E) into A% (B, F') if and only if the
symbol b belongs to the y-Bloch space By (B, L(E, F)) with y =1+ (n+ 1+ «) (% — %) . His proof used
the fact that the real parameter 0 < v < 1, but we remark that ~ is not always positive. Indeed, since
1/g—1/p € (—1,0), it follows that v € (—n—«, 1). Therefore, if v € (—(n+«),0), the vector-valued y-Bloch
space By(B,, L(E, F)) is not interesting and does not make sense since the definition of the vector-valued
~v-Bloch space introduced by Oliver only takes into account the case where «v > 0. In Section 4.2, we solved
this problem by replacing the vector-valued y-Bloch space B, (B,,, L(E, F)) with the vector-valued Lipschitz
space Ay (B, L(E, F')). Our result is stated as follows.

_ 0.4.1. Let 1 < p < ¢ < oo. The little Hankel operator hy : A2 (B, E) — A%(B,, F) is a bounded

operator if and only if b € Ay(B,,, L(E, F)), where v = (n+ 1 + a) (% - %) .
Moreover,

1ho]] a2 (8,0, ) 4%, B, ) = 10Nl 5 (B, (B, F))-

When 0 < v < 1, we know that By (B, L(E, F)) = A1_(B,,, L(E, F)). Thus, Theorem 0.4.1 extends the
Oliver’s corresponding result.

In Section 4.3, we study the boundedness properties of little Hankel operators with operator-valued symbols.

We recall that for 0 < p < co and a Banach space E, the weak Bochner-Lebesgue space LE°(B,,, E)
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0.4. Chapter 4: Little Hankel operators on vector-valued Bergman spaces.

consists of all vector-valued measurable functions f : B,, — FE for which

1/p
11l 2@, 2) = (ii% Nvo ({z € Byt | f(2)|E > A})> < 0.
The weak vector-valued Bergman space A2>°(B,,, F) is defined by

AP (B, E) = H(B,, E) N LE> (B, E).

In Subsection 4.3.1, for two complex Banach spaces E, F' we proved the following results.

_ 0.4.2. Let 0 < p < 1and o > —1. If the little Hankel operator h; extends to a bounded operator
from AP (B, E) into A%(B,,, F) for some (all) positive ¢ < 1, then the symbol b is in A, (B, L(E, F')) with
vy=Mn+1+aw) (% - 1) . Conversely, if b is in Ay(B,,, L(E, F)) with v = (n+ 1+ «) (% - 1) , then the little
Hankel operator hy, : A2(B,,, E) — AL>(B,, F) is a bounded operator.

A direct consequence of Theorem 0.4.2 is the following.

Corollary | 0.4.3. Suppose 0 < p < 1, and a > —1. The little Hankel operator h; extends to a bounded
operator from AP (B, E) into A%(B,,, F') for some (all) positive ¢ < 1 if and only if its symbol b belongs to

Ay(B,,L(E,F)), where v = (n+ 1+ «) (% - 1) .
In Subsection 4.3.2, we proved the following theorem.

_ 044. Let 0<p<l,a>-landy=(n+1+«) (% — 1) . The little Hankel operator extends
to a bounded operator from AE (B, E) into Al(B,, F) if and only if for some integer k > ,

1 1 -t
k — . <
% b(w)HL(E,F) S = wyF (log 1= ‘UJP) , (1)
where w € B,, and N* = N oNo---oN (k—times).

The condition (1) in Theorem 0.4.4 means that the symbol b is belong to the vector-valued logarithmic
Lipschitz space given by Definition 4.3.3. These results also generalize those in [20] for 0 < p,¢ < 1.
In Subsection 4.3.3, we prove the boundedness of the little Hankel operator hy from AP (B,, E) into
A4 (B, F) for 0 < p < g < oo and 1 < ¢ < oo. In Section 4.4 we summarize all the results obtained on
the boundedness of the little Hankel operator and we give some estimates with loss on the boundedness
of the little Hankel operator hy from AP (B, E) into A%(B,, F') in the two remaining cases 1 < p < oo,
0<g<l,and 1 < p < oo, q=1. We recall that the problem of finding a necessary and sufficient condition
for which the little Hankel operator h; is a bounded operator from AP (B, E) into A% (B, F) is still open
for 1 < p < 00, ¢ =1 even in the classical case (F = F = C).

After the study of bounded little Hankel operators with holomorphic operator-valued symbols
acting on vector-valued Bergman spaces, our next step is to look for a characterization of the compactness
of the little Hankel operator on vector-valued Bergman spaces. More concisely, we are now corcerned with
the problem of characterizing those holomorphic operator-valued symbols b for which the little Hankel
operator hy extends into a compact operator from AL (B,,, F) into A% (B, F'), where E, F' are Banach spaces
and 1 < p < ¢ < .

In the case n = 1, E = F = H (H is a separable Hilbert space), and p = ¢ = 2, Constantin [26] proved
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0.5. Chapter 5: Toeplitz operators on vector-valued Bergman spaces.

that the little Hankel operator h; is a compact operator from A2 (By,H) into A2(By,H) if and only if the
symbol b belongs to the little vector-valued Bloch space By(B,,, L(H)) (where K(H) denote the space of all
compact operators on #H). Following this result, Oliver stated the conjecture (see [52, Chapter 7]): "For
1 < p < o0, the little Hankel hy, : A2 (B,,, E) — AE (B, F') is compact if and only if the symbol b belongs
to the little vector-valued Bloch space By(B,,, C(E, F')), where K(E, F') denotes the space of all compact
operators from F to F." We proved this conjecture in Section 4.5 with the additional condition that E and

F' are reflexive complex Banach spaces. More generally, we have obtained the following result.

_ 0.4.5. Let 1 <p < g < o0, and E, F be two reflexive complex Banach spaces. The little Hankel
operator hy : AR (B, E) — A%(B,, F) is a compact operator if and only if b € A, o(B,,K(E, F)), where
Ay (B, K(E, F)) denotes the little vector-valued Lipschitz space and v = (n + 1+ «) (% - é) .

Observe that for p = ¢ in the previous theorem, we have that Ago(B,, K(E, F)) = Bo(B,, K(E, F)) is
the little vector-valued Bloch space. So, under the assumptions of Theorem 0.4.5, we have that the little
Hankel hy, : AP(B,,, E) — AP (B, F) is a compact operator if and only if its symbol b is in By(B,,, C(E, F)).

This particular case is the Oliver’s conjecture.

0.5 Chapter 5: Toeplitz operators on vector-valued Bergman

spaces.

Zorboska [79] proved that for b € BMO! symbol, then the Toeplitz operator T}, is bounded on A3(DD) if and
only if its Bezerin transtorm b is bounded on I, and T} is compact on AZ(D) if and only if b(z) — 0 as
z — OD. This result was extended to the spaces A% (B,,) in [70]. In Chapter 5, we extend results in [79] to
vector-valued settings. Section 5.1 contains some notations and definitions. We recall that the scalar-valued

Bergman space A2(B,) is a reproducing kernel Hilbert space with a kernel K defined by

1

Ka(z,w) = Kg(z) = = (z,w>)”+1+a’

where z,w € B,,. The normalized reproducing kernel k% is defined by

(1 . ‘w’2)(n+1+a)/2
(1= (z,w))ntite

kiy(2) = k% (z,w) = kg |20 k0(2) =

where z,w € B,,. The Berezin transform of a function f € L. (B, F) is the function fdeﬁned by
f(z) = . f(w) [k (w)Pdvg (w),

for = € B, and E is a Banach space. Given two Banach spaces E and F, and b € L!(B,,L(E,F)), we
define the vectorial Toeplitz operator T}, by

LN = [ 4 E<g>g><;?l+adya<w>,

for z € B, and f € H*(B,, F). The Berezin transform T, of the Toeplitz operator T}, is given by the

following relation
(Ty(2)(@), y" ) ppr = (To(kS ), KZY ),
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where © € F and y* € F*. The Berezin transform Ty, is also denoted b. Section 5.2 is devoted to
Carleson measures for vector-valued Bergman spaces. Let p be a finite positive Borel measure on B,,. Recall

that the Berezin transform g of p is defined by
i) = [ kE@Pdu(w), = €B,.

If p>0,a > —1 and E is a Banach space, we say that a positive finite Borel measure on B,, is a Carleson

measure for A% (B, E) if there is a constant ¢, > 0 such that

L 1@ < [ 17 dvna).

for all f € A?(B,,, E). The Toeplitz operator 7}, induced by a finite measure p on B,, is given by

Tulf)(z) = /]Bn (1- (f(w)n+1+ad'“(z)7 z € By.

z,w))

We also keep the same definition of the Berezin transform of a finite positive Borel measure p used in the

scalar-valued cases (see [78]). The main result of Section 5.2 is the following.

_ 0.5.1. Let p is a finite positive Borel measure on B,,, and 1 < p < co. Then the following are
equivalent.

(a) T, is bounded on A? (B, E).
(b) f is a bounded function on B,,.

(c) uis a Carleson measure for Al(B,, F).

Moreover,

[Tl = N1l oo ) = Ml car-

This result shows that that the boundedness of the Toeplitz operator 7, on the vector-valued Bergman
space AP (B, F), where 1 < p < oo is intimately related both to the boundedness of the Berezin transform
1 of v and to the notion of Carleson measures.

In Section 5.3, we introduce and we study the vector-valued BMO spaces. Let 1 < p < o0, E a
complex Banach space and f € LP (B, E'). We say that f is in BMO? (B,, E) if

sup [ 0 2(w) = ) () < o,
where ¢, is the involution that interchanges 0 and z and fis the Berezin transform of the function f defined
by (5.10). Section 5.3 also includes the study of some needed properties of vector-valued BM O spaces. We
conclude the section by extending the Li and Luecking theorem [45] to vector-valued settings. Namely, we
show that if 1 < p < oo and F is a Banach space, then the Bergman projection P, : BMO?(B,,E) —
B(B,, E) is a bounded operator. In Section 5.4, we let E, F be two Banach spaces and b € L. (B,,, L(E, F)).

The main result of Section 5.4 is stated as follow.

_ 0.5.2. Let E,F be two complex Banach spaces and b € BMOL(B,,, L(E, F)). The Toeplitz
operator Ty : A2(B,, E) — A%(B,, F) is a bounded linear operator if and only if its Berezin transform b is

bounded in B,,.
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In Section 5.5 we use the following symbols and notations: H = C%, where d > 1 is an integer. The
vectors {e;}¢_,, denote the standard orthonormal basis for C?. The letter e will always denote a unit vector
in C4. If M is a d x d matrix, ||M|| will denote any convenient matrix norm. Since all norms of matrices
are equivalent in finite dimension, the exact norm used does not matter for quantitative considerations. We
recall that the set £(C?) can be identified with the set M, the set d x d matrix with coefficients in C.
Section 5.5 is devoted to the study of the compactness of Toeplitz operators with matrix-valued symbols

acting on the C%valued weighted Bergman space A2 (B,,, C?). The main result of Section 5.5 is the following

_ 0.5.3. Let d > 1 be an integer and b € BMOL(B,,, £L(C%)) such that b € L®(B,, £(C%)). The

following are equivalent.

(a) Ty is compact on A% (B, C%).
(b) b(z)e — 0 weakly in C? as |z| — 1, for each e € C¢ with ||e||ca = 1.
(¢) Thop.e — 0 weakly in A2(B,,C?) as |z| — 17, for each e € C? with ||e||ca = 1.

bow, € e« —0as|z| =17, for each e € with ||e||ce = 1 and every p > 1.
d) | Tyop.€llpaca — 0 17, f h e € C? with |le]ca = 1 and 1

(€) | Thop.e€llpaca — 0 as 2] — 17, for each e € C? with |le]ca = 1 and some 0 < p — 1 < nj'ré—ﬁl»a

More generally, in [60], Rahm showed that an operator T' € £(A2(B,,C%)) which satisfies

sup sup [|T.ell, o ca < 00, (2)
lellca=1 €8x

also satisfies the four conditions in Theorem 0.5.3. In Proposition 5.4.9, we prove that for b € BMOL(B,,, L(C?)),
the Toeplitz operator Ty, satisfies condition (2). By [60, Lemma 3.4], we know that L>(B,,, £(C%)) is an
example of a class of symbols for which Toeplitz operators satisfies condition (2). From Theorem 0.5.3, we

can also deduce that BMOL (B, £L(C?)) is another non trivial class of symbols for which condition (2) is
satisfied by Toeplitz operators.
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Preliminaries

In this chapter, we collect some results which will be used in later chapters. Some of the results are well-

known and therefore will be stated without proofs.

1.1 Basic notions on functional analysis

The proof of most results in this section can be found in [22].

1.1.1 Hahn-Banach theorem, uniform boundedness principle, weak topolo-

gies and reflexive spaces.

Let E be a vector space over R. We recall that a functional is a function defined on F, or on some subspace
of F/, with values in R. The main result of this section concerns the extension of linear functional defined

on a linear subspace of F to linear functional defined on F.

_ 1.1.1 (Hahn-Banach). Let p: E — R be a function satisfying
(1) p(Azx) = A\p(z), Ve € E and VA >0,
(2) p(z +y) < p(z)+py), Vo,y € E.

Let G C E be a linear subspace and let g : G — R be a linear functional such that
(3) g(z) <p(z), Vazed.

Under these assumptions, there exists a linear functional f defined on E that extends g, i.e., g(z) =
f(z), Vx € G, and such that

(4) f(x) <p(x), VzekE.

We now describe some simple applications of Theorem 1.1.1 to the case in which E is a normed vector

space with norm || - [|.

Corollary 1.1.2. Let E be a (real) normed vector space over R and G C E be a linear subspace of E. If

g : G — R is a continuous linear functional, then there exists a linear functional f on F which extends g
(fic = g) such that ||f[| = [|g]-

12



1.1. Basic notions on functional analysis

Notation 1.1.3. We denote by E* the dual space of E, that is, the space of all continuous linear functionals
on E; the (dual) norm on E* is defined by

[flles = sup |(f, ) e+ 5l (1.1)
llzll p=1
When there is no confusion we shall write || f|| instead of || f||g«. Given f € E* and x € E we also write f(z)
to denote (f,z) g+ g; we say that (-, )~ g is the scalar product for the duality £*, E.

It is well known that E* is a Banach space, i.e., E* is complete (even if E is not).

We denote by ERr the vector space E over R and E¢ the vector space E over C.

f:E(C—>C
x— f(x)

a(z),8(z) € R. Then « and § are linear functionals on Fr and for all € E¢, we have that 5(z) =

)

2. For each linear functional a on Eg, the function f(z) = «a(z) — ia(iz) defines a linear functional on
Fc.

Lemma 1.1.4. 1. Let

be a linear functional such that f(z) = a(z) + if(x), where

ai

3

3. If f is a continuous linear functional on FEg¢, then « is a continuous linear functional on Eg and

1P = Tl

In the sequel, E¢ will be simply denoted by E and will be called "complex vector space'.

Corollary | 1.1.5. Let E be a complex vector space and G C E be a linear subspace of E. If g: G — C is

a continuous linear functional, then there exists a linear functional f € E* defined on all of E that extends
g such that || f]| = llgl|.

Corollary | 1.1.6. Let E be a complex normed vector space. For every xg € E there exists fo € E* such
that

1foll = llzoll and {fo,z0) = |lzol*.

Corollary | 1.1.7. For every x € E, we have

|zl = sup [(f.z)|= max [(f z)|. o)
[fllgx=1 I £l gx=1

Corollary | 1.1.8. Let E be a complex normed vector space. Let G be a linear subspace of £ which is
not dense in E and o € E \ G. Then there exists a continuous linear functional f defined on E such that
f(zo) =1, fie =0and || f|| = é, where d = dist(zg, G) = infyeq ||z0 — yl|.

Corollary | 1.1.9. Let E be a complex normed vector space and G C F be a linear subspace of F such

that every continuous linear functional on F which vanishes on G is vanishing on all E. Then G is dense in

E.
Let E be a normed vector space and E* be the topological dual of E with the norm
[flles = sup [(f,2)p~pl
Izl z=1
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1.1. Basic notions on functional analysis

The bidual E** is the dual of E* with the norm

1€l = sup [{&, ) m+]-
1715+ =1

There is a canonical injection J : E — E** defined as follows: given z € E, the map f — (f,z)p~ g is a

continuous linear functional on E*; thus it is an element of E**, which we denote by Jx. We have that
(Jz, fYpsp = (f,2)p E Vz € F, Vf e E"

It may happen that J is not surjective from E onto E** (see Chapter 3 and 4 of [22]). However, it is

convenient to identify F with a subspace of E** using J.

Definition 1.1.10. Given two normed vector spaces E and F, we denote by L(E, F) the space of continuous

(=bounded) linear operators T from E to F equipped with the norm

1Tl 2,y = sup [T p.

=l z=1
As usual, one writes L(F) instead of L(E, E)). When F' = K, (where K =R or C,) we have L(E,K) = E™*.

1.1.11 (Banach-Steinhaus, Uniform boundedness principle). Let E and F' be two Ba-
nach spaces and let (T;);c; be a family (not necessarily countable) of continuous linear operators from E
into F. Assume that

(1) sup || Tiz||p < 0o Vo € E.
el

(2) sup | T3l z(g,r) < 00
el

In other words, there exists a contant ¢ > 0 such that

|Tiz||r <cllz|lg VxeE, Viel.

A topology is a geometric structure defined on a set.

Definition 1.1.12. A topology on a set E is a collection 7 of subsets of ¥ such that

(T1) 0 and E are in 7.
(T) Any union of subsets of 7 is in 7.

(T5) The finite intersection of subsets in 7 are in 7.

A set with a topology 7 is called a topological space. An element of 7 is called an open set.

Example 1.1.13. Let E be a set. The topology defined by 7 = P(E), where P(F) is the set of all subsets
of E is called the discrete topology on E.
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1.1. Basic notions on functional analysis

Suppose X is a set without any struture and (Y;);ecs is a collection of topological spaces. Let {¢; : X —
Yi}icr be an indexed set of functions such that for every i € I, ¢; maps X into Y;. Let T denote the set of
all topologies 7 on X such that ; is a continuous map for every 7 € I. Then the intersection (), o 7 is again
a topology and also belongs to 7. (see [22, Section 3.1 p. 55]). Clearly, it is the weakest (coarsest/initial)

topology 79 such that each function ¢; : X — Y; is a continuous map.

Let E be a Banach space and let f € E*. We denote by ¢ : E — K the linear functional ¢¢(z) =
(f,x)p+ E. As f runs through E* we obtain a collection () ep+ of maps from E into K. We now ignore

the usual topology on E (associated to || ||g) and define a new topology on the set E as follows:
Definition 1.1.14. The weak topology o(E, E*) on E is the coarsest topology associated to the collection
(@f)feer (in the sense of [22, Section 3.1 p. 55] with X = E, Y; =K, for each i, and I = E* ).

Since bounded linear functionals are continuous in the norm (strong) topology, it follows that the weak

topology is coarser than the strong topology.

_ 1.1.15. ([22, Proposition 3.4 p. 57]) Let g € E, € > 0 and a finite set {f1, fo, -+, fx} in

E*. Let
V:V(fl,fQ,'-- ,fk;E):{JL‘EE: |<f,;,x—3:0)] < € Vi:1,2,'-- ,/{}.

Then V' is a neighborhood of xy for the topology o(FE, E*). Moreover, we obtain basis of neighborhoods of
xg for o(E, E*) by varying €,k and f; € E*.

Definition 1.1.16. The sequence (z,,) in E converges strongly to x € E if ||z, — z||p — 0, as n — oc.

Notation 1.1.17. If a sequence (z,) in E converges to x in the weak topology o(F, E*) we shall write

"

xn, — x. To avoid any confusion, we shall sometimes say, "z, — = weakly in o(F, E*).
In order to be totally clear we shall sometimes emphasize strong convergence by saying, "z, — x strongly”

meaning that ||z, — z||g — 0.

_ 1.1.18. ([22, Proposition 3.5 |) Let (z,,) be a sequence in E. Then

(i) [z — x weakly in o(E, E*)] & [(f,2n)p+g = (f,2)p~5 Vf € E*].
(ii) If , — x strongly, then z,, — = weakly in o(E, E*).
(iii) If z, — x weakly in o(F, E*), then (||zy||g) is bounded and ||z| < liminf, . ||z, E-
(iv) If 2, — = weakly in o(E, E*) and if f,, — f strongly in E* (i.e., ||fn — fllg~ — 0,)
then (fn, zn) g — (f,2)E* B-

Now, we have two topologies on the dual space E*.

(a) The usual (strong) topology associated to the norm in E*.

(b) The weak topology o(E*, E**), obtained by performing on E* the construction above.

We are now going to define a third topology on E* called weak™ topology and denoted by o(E*, E) (the

* is here to remind us that this topology is defined on dual spaces). For every x € E consider the linear
R Dl

functional As x runs through E we obtain a collection (p,),ecp of maps from E*
f=ea(f) = {f,2)E" B

into K.
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1.1. Basic notions on functional analysis

Definition 1.1.19. The weak* topology on o(E*, E) is the weakest topology on E* for which all the

mappings (¢, ).ep are continuous.

Since E C E**, it is clear that the topology o(E*, F) is the coarser than the topology o(E*, E**); i.e.,
the topology o(E™*, E)) has fewer open sets (resp. closed sets) than the topology o(E*, E**), which has fewer
open sets (resp. closed sets) than the strong topology.

_ 1.1.20. ([22, Proposition 3.12 ]) Let fo € E*, € > 0 and a finite set {z1,22,-- , 25} in E.

Let
V:V(xl,x2,~-- ,.’L‘k;e):{fEE*:‘(f—fo,a}iH < € Vi:1,2,--- ,k}.

Then V is a neighborhood of fy for the topology o(E*, E). Moreover, we obtain basis of neighborhoods of
fo for o(E*, E) by varying €,k and z; € E.

Notation 1.1.21. If a sequence (f,) in E* converges to f in the weak* topology we shall write f,, = f.

_ 1.1.22. (][22, Proposition 3.13 ]) Let a sequence (f,) be in E*. Then

(i) [fo = f in o(E* B)] & [(fa,2) o5 — (f,2)p 5 Vo € El.

(ii) If f,, — f strongly, then f, — f in o(E*, E*).
If f, — f in o(E*, E*), then f, > f in o(E*, E).

(iii) If f, > f in o(E*, E), then (|| f,||) is bounded and ||f|| < liminf, oo || fol]-

(iv) If f,, = f in o(E*, E), and if z,, — x strongly in E, then (fn,Tn)Ex B — (fL2)E* E-

Note that every map ¢y is continuous for the usual topology and therefore the weak topology is weaker

than the usual topology.

Definition 1.1.23. The sequence (z,,) in E converges weakly to z € E if for all 2* € E*, [(xy,, ") g g+ —

(x,x*)p px| — 0, as n — 0.
1.1.24 (Banach-Alaoglu-Bourbaki). The closed unit ball
Bp- ={f € E" : || flle» <1}
is compact in the weak™ topology o(E*, E).
Remark 1.1.25. The compactness of Bg« is one of the most important property of the weak* topology.

Definition 1.1.26. Let F be a Banach space and let J : E — E** be the canonical injection from E into
E** (see Section 1.1.2). The space E is said to be reflexive if J is surjective, i.e., J(E) = E*.

When FE is reflexive, E** is usually identified with E.

Remark 1.1.27. Many spaces in analysis are reflexive. Clearly, finite-dimensional spaces are reflexive

(since dim F = dim E* = dim E**). Also, Hilbert spaces are reflexive.

The next result is a very important property of reflexive spaces.
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1.1. Basic notions on functional analysis

1.1.28 (Kakutani). Let E be a Banach space. Then E is reflexive if and only if
B ={z € E:|z||g <1}
is compact in the weak topology o(E, E*).

In connection with the compactness properties of reflexive spaces we also have the following two results:

_ 1.1.29. Assume that FE is a reflexive Banach space and let (), be a bounded sequence in E.

Then there exists a subsequence (z, ), that converges in the weak topology o(E, E*).

The converse is also true, namely, we have

1.1.30 (Eberlein-Smulian). Assume that £ is a Banach space such that every bounded

sequence in F admits a weakly convergent subsequence (in o(E, E*)). Then E is reflexive.

Definition 1.1.31. We say that a metric space E is separable if there exists a subset D C E that is

countable and dense.
1.1.32. If F is a Banach space and E* is separable, then F is separable.

Definition 1.1.33. A subset A C E* separate FE if for all a,b € FE, we have
(Vf €A, fla) = f(b) = a=0.
1.1.34. For all Banach set E, the set E* separates F.

Proof. To show that E* separate F, we fix a € F and we assume that f(a) =0, for all f € E*. Let us show
that @ = Og. By the Hahn-Banach theorem, there exists f, € E* with || fa|| = 1 and f,(a) = ||la||g. By the
assumption, we have that 0 = f,(a) = ||a|]|g. Thus, a = 0p. O

1.1.2 Bounded and compact operators on Banach spaces

Definition 1.1.35. Let E and F' be two Banach spaces. A linear map T : F — F is called continuous if

it maps convergent sequences into convergent ones, that is, if
T, — x implies Tz, — Tx.

Definition 1.1.36. Let E and F' are Banach spaces. A linear map T : E — F' is bounded if there is a
constant C' > 0 such that
|Tallr < Cllzls,  VoeE.

We recall that L(E, F) is the space of all bounded linear operators from E into F. The set L(E, F) is

a Banach space whenever FE is a vector space and F' is a Banach space.

_ 1.1.37. ([44, Theorem 1 p. 160]) A linear map 7' : E — F of one Banach space E into another

F' is continuous if and only if it is bounded.
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1.2. Integration of vector-valued functions

Definition 1.1.38. A bounded linear operator T : E — F induces a linear operator T* : F* — E* as

follows.
T*(f)(z) = f(T()), re L, feF.

We observe that the operator 7™ is still bounded and ||7*|| = ||T||. The operator T is called the adjoint of
T.

Throughout this section, and unless otherwise specified, £ and F' denote two Banach spaces.

Definition 1.1.39. A bounded operator T' € L(E, F) is said to be compact if T'(Bpg) has compact closure
in F' (in the strong topology).

The set of all compact operators from E into F is denoted by K(E, F). For simplicity, one writes
K(E)=K(E,E).

Remark 1.1.40. Since every set with compact closure is bounded, it follows that every compact linear
operator is bounded.

If F and F are finite-dimensional spaces, then every bounded linear operator from F into F' is necessary
compact.

If F is infinite-dimensional vector normed space, then the identity operator Idg is not a compact operator.

_ 1.1.41. A bounded operator T' € L(E, F') is compact if and only if every bounded sequence

(n)n in E, has a subsequence (zy, ) such that the sequence (T'(x,, )); converges (strongly) in F.

_ 1.1.42. Let T' € L(E, F) and let Bg be the closed unit ball in E.

(a) If T'e K(E, F), then T is continuous from Bp equipped with the weak topology into F' equipped with
the strong topology; consequently, for every sequence (z,), in E which converges weakly to Og, the

sequence (T'(xy))n converges strongly to Op.

(b) Suppose that E is reflexive. Then the operator 1" is in K(E, F') if and only if for every sequence (z,)n
of points of E converging weakly to 0z, the sequence (T'(x,)), converges strongly to 0. Furthermore,
the set T'(Bg) is compact (strongly) in F when T' € K(E, F).

Definition 1.1.43. An operator T € L(E,F) is said to be of finite rank if the range R(T) of T is
finite-dimensional (dim R(T) = dimT(E) < c0).

_ 1.1.44. Every bounded linear operator T" from E into F' of finite-rank is a compact operator.

@ 1.1.45. The set K(E, F) is a closed subspace of L(E,F) (in the topology associated to the

norm || ||L(E,F) )-

Corollary 1.1.46. Let (T},), be a sequence of finite-rank operators and let T € L(FE, F') be such that
||Tn — TH[:(E,F) — 0. Then T € IC(E, F)

1.2 Integration of vector-valued functions

We assume that the Lebesgue theory of scalar-valued functions is well known. We present here a theory of

integration of functions with values in a complex Banach space, which is due to Bochner. In the following,
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1.2. Integration of vector-valued functions

(Q, A, u) will denote a measure space and (F, || ||g) will be the Banach space of values.

The principal problem of integrating vector-valued functions lies in the definition of the measurability of
functions. The "measurability” notion introduced for positive-valued functions is not sufficient for vector-
valued functions. It becomes necessary to introduce a ”u-measurability” notion which depends on both the
o-algebra A in the set  and the measure i : A — R. Throughout the thesis, we shall use the convention
0-00=0.

1.2.1 Some reminders on measurabiblity and py-measurability.

The interested reader can see [31] for more details of this section.

Definition 1.2.1. Let (2, .A) and (€9, B) be two measurable spaces. A function f : (Q, A) = (Q2,B) is
measurable if, for every B € B, we have f~1(B) € A.

Definition 1.2.2. Let (2,4, 1) be a measure space. The measure u is finite if () < oo.

The set A C 2 is o-finite with respect to the measure yu if there exists pairwise disjoint sequence (4;);>1 € A
such that A = U2, A; and p(A4;) < oo, for every i > 1.

A set A C Qis a null set (p-null set) with respect to the measure p if there exists B € A such that A C B
and p(B) = 0.

The measure space (2, A, 1) is complete or the measure p is complete or A is complete if

VACQVBCQ,(ACB and Be A and pu(B)=0)=(AcA).

The following is an example of positive measure which is not complete.

Example 1.2.3. Let Q = {a,b,c}, A={0,{a,b},{c},{a,b,c}} and p: A — R, such that

n(0) =0,
p({a,b}) =0,
n({a,b,ct) = oo,

p({c}) = oo.

A is a o-algebra, p is a measure on it. However p is not complete since {a} C {a,b} and p({a,b}) =0, but

{a} ¢ A.

In the cases that interest us, the target space of functions is the Banach space E. The o-algebra B on

will always be induced by the totpological structure on E that is, the o-algebra of Borel sets of F.

_ 1.2.4. Let (fn)n>1 be a sequence of measurable functions on 2 with values in E. If (f,)n>1

converges pointwise to f, then f is measurable.

In order to define the integral of measurable function, we need first to introduce simple functions.

Definition 1.2.5. Let (€2, A, 1) be a measure space and E a Banach space. A simple function s: Q — E

is any finite sum of the form

N
S=_aixa,
=1
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1.2. Integration of vector-valued functions

where N is a nonnegative integer, (A4;)Y, is a finite sequence of pairwise disjoint members of the o-algebra
A such that UY,A4; = Q, ()Y, € E, A; = s *({a;}) and x4 : © — {0,1} denotes the characteristic
function of A € A.

Notation 1.2.6. In the sequel, we will denote by S(€2, E) the space of all simple functions s: Q — E.

Remark 1.2.7. Every simple function is measurable. The set of simple functions is a vector space and the

multiplication of a simple function by a characteristic function is also a simple function since xaxB = XAnB
for all A, B € A.

The following notion of measurability with respect to the positive measure p will be very important to

define the integral of a vector-valued function.

Definition 1.2.8. Let (92,4, 1) be a measure space and E a Banach space. A function f : Q — FE is

p-measurable if there exists a sequence of simple functions which converges p-almost everywhere (p-a.e.) to

f.
Notation 1.2.9. We denote M, (Q2, E) the space of all y-measurable functions from €2 into E.

Remark 1.2.10. It is well-known that if f a measurable function, then f is p-measuralble (see [64,

Theorem 1.17] for positive functions). The converse is not true in general.

If the measure space (2, A, ) is not complete, we have the following counter example.

Example 1.2.11. If the measure space (2,4, 1) is not complete, then there exists A C Q and B C Q
such that A C B, B€ A, A ¢ Aand u(B) =0. Let f = x4, and s, = xp. Since u(B) = 0, the sequence

(sn) of simple functions converges to f on p-almost everywhere. But f is not measurable.

Remark 1.2.12. When the measure space is o-finite and complete, the y-measurability implies the mea-
surability (see [31]). This remark will allow us to only consider the case where the measure space (2, A, (1)

is o-finite and complete.

As in the case of the measurability, one can ask whether the properties of the p-measurability goes to

the limit. We will see that the answer is yes and the proof is very technical.

_ 1.2.13. ([31, Theorem 1.1.2]) Let (9, A, 1) be a complete measure space and (fi)i>1 C
M, (Q, E). If (fr)r>1 converges p-a.e. to f, then f € M,(Q, E).

As a consequence of Theorem 1.2.13, we have the following.

1.2.14. ([31, Corollary 1.1.1]) Let (€2,.A, 1) be a complete o-finite measure space and E be a

separable Banach space. Then f : () — F is y-measurable if and only if f is measurable.

Corollary 1.2.15. ([31, Corollary 1.1.2]) Let (£, .4, 1) be a complete o-finite measure space and E be a

separable Banach space and D a countable dense subset of E. The function f : {2 — E is py-measurable if

and only if for all d € D, the function z — || f(2) — d|| g is measurable from € into R.
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1.2. Integration of vector-valued functions

1.2.2 Integration of vector-valued p-measurable functions.

Definition 1.2.16. We say that the simple function

N
5= D XAy
i=1

Bochner-integrable with respect to a positive measure p whenever
N
Y (A aille < oo
i=1
That is, u(A;) < oo whenever a; # 0. In this case, we define the Bochner-integral of s : @ — E over A € A

by: N N
/s = | >~ eixara(huz) = 3o p(4in Ao

i=1

Unless otherwise, (€2, .4, 1) will be a complete o-finite measure space. We will also assume that the

positive measure p is such that for each simple function s = Zi]il a;x4,, a; = 0 whenever p(4;) = oo.
Remark 1.2.17. Every simple function s : Q — E is u-Bochner integrable.

Definition 1.2.18. The function f : Q — FE is u-Bochner integrable if there exists a sequence of simple
functions (sg)r>1 C S(£2, E) such that

(i) sp — f a.e., as k — oo.
() [ 15 = sl pdu(z) - 0, as & o,

Notation 1.2.19. We denote by L'}L(Q, E) the set of all functions from 2 into £ which are p-Bochner
integrable. A sequence of simple functions which satisfies assertions (i) and (ii) is called approzimant sequence
for f.

In practice, to verify that a vector-valued py-measurable function is integrable, we use the following result.

_ 1.2.20. ([31, Proposition 1.2.1]) Let (2, A, 1) be a measure space and E a Banach space. A

function f : ) — F is Bochner-integrable if and only if f is y-measurable and
[ 15@ledutz) < oc.

Since we know how to define and to show that a vector-valued function is Bochner-integrable, we will
give now a formal definition of the Bochner integral which will show us how to compute an integral of a

vector-valued function.

Definition 1.2.21. (p-Bochner-integral) Let f € Ei(Q,E), and (sg)k>1 an approzimant sequence for f.
The p-Bochner integral of f is defined by

| £@du() = fim [ si(2)dn(z).
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1.2. Integration of vector-valued functions

Notation 1.2.22. For A€ A, and f € Ei(Q, E), then x4 f is p-Bochner integrable and
[ £z = [ (ean@duto).

_ 1.2.23. The limit in Definition 1.2.21 exists and it is independent of the choice of the

approximant sequence for f.

Proof. Let f € E}L(Q, E), and (sp)n>1 an approximant sequence for f, we note that

[ (0 = sm)(@)eu2)
Q

< [ n() = sm(ledut2)
< [ lsale) = F@lledu() + [ lsn() = 1) pda(z).

E

Thus, ([o(sn(2)du(2)),~, is a Cauchy sequence in the Banach space E. Its converges in E to some vector
5. The limit obtained is independent of the approximant sequence choosen. Indeed, if (s,)n>1 and (tn)n>1

are two approximant sequences for f which integrals converges respectively to ¢5 and ¢;. We have

< [ lsnz) = tal2) pdu(2)
< [ lsa() = Epdn) + [ 1ta(2) = F)lledut2)

[ (0 = t)(2)dn(2)
Q

E

Thus, ¢s — ¢ = lim [ (s, —ty)(2)du(z) = 0. O

n—oo O

The next result exhibits a very strong property of Bochner integration.

_ 1.2.24. (Hille’s theorem) Let E, F' be two complex Banach spaces, and T': E — F is a

bounded linear operator. If f is u-Bochner integrable, then T'(f) is u-Bochner integrable and we have

(o) = [ rue

Proof. Let us first show that T'(f) is u-Bochner integrable. Let (s,)n>1 C S(Q, E) be an approximant

N
sequence for f. Then the sequence (T'(sy,))n>1 is a sequence of simple functions from 2 into F. (If s = Z aiX A,
i=1
N (2
is a simple function from €2 into E, then T'(s ZT a;)X 4, is a simple function from €2 into F.) Since T
=1

is a bounded linear operator from E into F), then for every n > 1, we have
1T (sn) = T(Hlle < T s — fllz =0,

as n — 00. S0, the sequence of simple functions (7'(s,))n>1 satisfies the assertion (i) of Definition 1.2.18.
We also have that

[T ) =T < 11 | 30 = fllecdi =0,

as n tends to infinity. Thus, (T'(s,))n>1 also satisfies the assertion (ii) of Definition 1.2.18. It follows from
(i) and (ii) that (T'(sn))n>1 is an approximant sequence for T'(f). Let us prove that the following equality

() = [
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1.2. Integration of vector-valued functions

Let (sp)n>1 C S(2, E) be an approximant sequence for f. Then the sequence (T'(sy))n>1 C S(2, F) is an

approximant sequence for T'(f) and by Definition 1.2.21, we can write

| F@du) = tim [ su(2)du(z)

| 7@ = Jim [ T(sa(2)dut2)

Since T': E — F'is a bounded linear operator, we get that

7 ([ 1)) = tim 7 ( [ sa()an(z)).

So, to obtain the desired result, it suffices to prove that for every nonnegative integer n > 1, we have
7 ([ sal2)duz)) = [ Tlon()dutz).
NTL
Np,

Let n > 1 be a nonnegative integer we know that s, has the following form s, = Z a;'xar, where (A7);7
=1
" C E. By using the fact that 7" is a linear operator, we write

and

is a measurable partition of E and (a)"
N’VL

Sp) = ZT(CL?)XA?- It follows that
i=1

Nn,

/QT(Sn)dM = ZM(A?)T(@?%

i=1

7( [ sud) =1 (i mA?)a?) — iM(A?)T(a?) — [ T(su)du

and

O
1.2.25. Let f: Q2 — E be a p-Bochner integrable vector-valued function. Then the inequality
[ rome)| < [ 1@l
holds for all A € A.
Proof. Let A € A and (sp)n>1 C S(, E) an approximate sequence for f. By duality, we have
|[reme)| = swo o ([ o).
A TEE* |T|| g =1
Now, using Proposition 1.2.24, and the fact that 7" is bounded, we obtain that
7 ([ 1) < [ ITEElsdue) < 171 [ 17t
It then follows that
| 10| < [reedue.
O
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1.2. Integration of vector-valued functions

Remark 1.2.26. By using the integrability criterion in Proposition 1.2.20, we obtain

Ei(Q,E) = {f : Q@ — E measurable such that /Q If () |ledu(z) < oo} .

For f € L}L(Q, E), let Ni(f) = / | f(2)||edpu(z). It is well known that Nj is not a norm on L’,}J(Q, E). Indeed,
Q

if N1(f) =0, then f = Op p-a.e.. As in the case of Lebesgue integrals, we consider the set A/ to be the

space of vector-valued measurable functions which are equal to zero p-a.e.

The relation f ~g< f—geN & f—g=0g p-a.e. is an equivalence relation on EL(Q, E). Now, let
Ly E) = Li(QE)/—pae = L% E) /x

be the quotient space of Ei(Q, E) by N. It is made of classes of vector-valued measurable functions ® which
are equal p-a.e.. Indeed, f,ge ®= f—9g=0 pa.e. Let de L}L(Q,E). If f,g € ®, we have f =g p-a.e.,

so |fll5 = llgllz p-ae., and then / 1f | mdp = / lgll . We then define on (%, E) the function also
Q Q
denoted N7 by
N(®) = Ni(f), for fed.

Definition 1.2.27 (Bochner-Lebesgue space). The Bochner-Lebesgue space denoted L}L(Q, E) consists of

all classes of vector-valued p-measurable functions f : Q — E such that
NP = [ pdu) = [ 1£E]du(z) < o,

for any f € f.

_ 1.2.28. The Bochner-Lebesgue space L}L(Q, E) is a normed vector space endowed with the
norm [ f{1,,6 = N1(f)-

In the sequel, we will not distinguish the class fwith its representative f € f

1.2.3 Bochner-Lebesgue LI (S, F)-spaces.

Definition 1.2.29. i) For 0 < p < oo, the Bochner-Lebesgue space L} (2, F)) is defined by:
2(Q, ) = { f:Q = E, p-measurable such that / 1 (2)[Pdu(z) < oo} e
Q

The space L% (€2, E)) is endowed with the norm

e = g = ([ 15CIPan))
ii) For p = oo, we define the Bochner-Lebesgue space L>(2, F)) by :
L>®(Q,E) ={f:Q — E, p-measurable such that esssup || f(z)||g < oo} /n,
where

| flloo,E2 :=esssup || f(2)||g = inf{C > 0: | f(2)||lg < C for p-almost every z € Q}.
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1.2. Integration of vector-valued functions

_ 1.2.30. For 0 < p < 1, the Bochner-Lebesgue space Lﬁ(Q,E) is a metric space endowed

with the metric

d(f7 g) = ”f - g”g,u,E'
In the sequel, we will write L, () instead of L7,($, C).

_ 1.2.31. ([31, Theorem 1.3.1]) For each 1 < p < oo, the Bochner-Lebesgue space LL (€2, E) is a

Banach space.
_ 1.2.32. For each 1 < p < oo, the space of simple functions S(€2, E') form a dense subspace
of L2(, E).

Proof. Let 1 <p < oo, f € LE( E), and (tn)n>1 C S(Q, E) an approximant sequence for f. For n > 1, let

Sn =taX{ 2 € B |ta(2)|e < 20f)e }-

As in Proposition 1.2.20, (sy)n>1 is a sequence of simple functions from Q to £ which converges to f p-a.e
and satisfies |5, () — f()lle < 3|f() e € LL(2,C), so by using the dominated convergence theorem for
integral of real-valued functions, it follows that ||s,(-) — f(-)[|z — 0 in LE(2, C), that is s, — f in LF (2, E)

as n — 00. ]

Corollary 1.2.33. ([31, Corollary 1.3.2]) If € is an open set of C", and FE is a separable Banach space,
then for each 1 < p < oo, the space L (€2, E) is separable.

1.2.34. ([31, Corollary 1.3.3]) Suppose 1 < p < oo and p(2) < oco. If (fx)r>1 is a bounded
sequence in Lﬁ(Q,E) which converge p-a.e. to f, then fr — f in Lf(£, E) as k — oo, for every 1 < g < p.

Corollary 1.2.35. ([31, Corollary 1.4.1]) Let 1 < p < oo and F a reflexive separable Banach space. Then
LE(Q, E) is reflexive.

1.2.4 Some reminders on scalar-valued functions

In this thesis, we have used the identity

LGBy =p [~ u(iz € Q: 15G)s > ) ¥ ax
L 0

where f :  — F is a uy-measurable. The proof is obtained by replacing the modulus by the norm in the
following lemma.
1.2.36. ([78, Lemma 2.7])Let 0 < p < co. Suppose that f : Q — C is measurable. Then
> 1
L 1r@ran) =p [~ udz € @:15G) > Apatan
We first need to recall the following monotonicity convergence theorem.

_ 1.2.37. (Monotone Convergence Theorem) Let (f;)r>1 be an increasing sequence of nonnegative

measurable functions, and let f = limy_ o fr a.e. Then

lim/fkdu:/fd,u.
k—o0 JO 0
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1.2. Integration of vector-valued functions

o0

Corollary 1.2.38. Let (uj)r>1 be a sequence of nonnegative measurable functions, and let f = Z U
k=1
Then

/Qfduzli/ﬂukd,u.

The following result is referenced in [64].

_ 1.2.39. (Minkowski inequality for integrals) Let (21,4, 1) and (Q2,B,v) be two o-finite
measure spaces. Let 1 <p < oo. If f: (Q; x 02, 4A® B) — R is measurable, then

(Ll<sbfcayyh4w)pd“@9);§u42<Shf@myfdu@ﬂ);du@)

Remark 1.2.40. If Qy = {1,2}, and v = d; + J2 is a counting measure, then for

o:00,1] — {0,1}
fey) = h(x) ify=1
g9(z) if y =2,

then for 1 < p < 0o, we have the usual Minkowski inequality

17+ gllpu < A

pp T ||g||p,u'

_ 1.2.41. Let g be a positive integrable function over €2, and (fx)r>1 a sequence of measurable
functions such that on €,

[fe(@)] < g(z)

and such that fi(x) — f(x) a.e. Then

lim/fkdy:/fd,u.
k—o0 JO 0]

In what will follow, we recall the Tonelli’s and the Fubini’s theorems for scalar-valued functions.

Given a scalar-valued function f : 1 x Q9 — C we denote by f, : 3 — C the function defined by
fz(w) = f(z,w), and f*: Q9 — C is the function defined by f*(z) = f(z,w).

1.2.42. (Tonelli’s theorem) Let (21, .4, 1) and (22, B, v) be two o-finite measure spaces and let
f: Q1 x Q9 — R be a measurable function satisfying:

(a) / |f(z,w)|dv(w) < oo for a.e. z €
Qo
and

®) [ du) | 1 w)ldv(w) < .

Q1
Then f S Ll (Ql X Qg).

@ 1.2.43. (Fubini’s theorem) Let (Q1,.A, ) and (Q9, B,v) be two o-finite measure spaces.
Assume that f € L'(€; x Q3). Then
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1.2. Integration of vector-valued functions

(i) for a.e. z € Qy, f. € L}(Q2) and / fodv € LY Q).
Qo
and
(ii) for a.e. w € Qg, f¥ € L*(Q4) and / fUdp € LY ().
(941

Moreover, one has

au(z) [ fewarw) = [ avw) [ fewdne) = [ fewduedw)

Ql QQ 92 Ql

@ 1.2.44. (Fubini-Tonelli) Let (21,4, ) and (Q9, B,v) be two o-finite measure spaces. If f :
0y x Qg — [0, 00] is a measurable function for A ® B, then

i) For p-almost every z € Qq, f, : Qo — [0,00] is measurable and, for v-almost every w € Qq, f* :

2y — [0, 00] is measurable.

ii) The function z — [q, f.dv and the function w — [, f*dp are both measurable.

iii) //leﬂz fd(p x v) :/Q1 (/92 fzdy> dp = /Ql ( o, f“’du) dv.

1.2.5 Dominated convergence theorem for vector-valued functions and
its applications.
The following result is the dominated convergence theorem for vector-valued functions.

_ 1.2.45. ([31, Theorem 1.3.3]) Let 1 < p < oo, E a Banach space and (fx)r>1 a sequence of

FE-valued pu-measurable functions such that

i) fr = f, p-a.e. on Q as k — oo.

ii) There exists g € Lf(£2) such that, for all k > 1, [|fx()l|e < g(-) p-a.e.
Then fr — f in L7 (Q, E). In particular, in the case p = 1,

| = [ san.

Le following theorem is known as the converse of the dominated convergence theorem.

_ 1.2.46. ([31, Theorem 1.3.4]) Suppose 1 < p < oo. If f, — f in L} (€2, E) as n — oo, then there
exists a subsequence (fn, )k>1 of (fn)n>1 and g € LF (2, Ry ) such that:

i) fn, — 0 prace. as k — oo.
ii) Forall k > 1, || fn,()l|lE < g(-) p-ae.

iii) Ve > 0, there exists A C Q such that p(A¢) < € and f,,, — f uniformly on Q\ A..

_ 1.2.47. ([31, Theorem 1.3.5]) Let I be a metric space and f: I x Q — E. If
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1.2. Integration of vector-valued functions

i) for p-almost every z € Q, f(-, z) is continuous at a point ty € I,
ii) for all t € I, f(t,-) is pu-measurable,

iii) there exists g € LL(Q) such that for all ¢ € I and for p-almost every z € Q, ||f(t,2)||g < g(2), then
F(t) = [ f(t, z)dpu(z) is continuous at o.

_ 1.2.48. ([31, Theorem 1.3.6]) Let I be an interval of R and f:I x Q — E. If

i) for all t € I, f(t,-) is u-measurable,
ii) there exists tog € I such that f(to,-) € L,(Q, E), there exists A C Q such that u(€2\ A) =0 and
iii) for all z € A, f(-, 2) is differentiable on I,
iv) there exists g € L,(Q) positive such that Vi € I,Vz € A, ‘ %(t, Z)HE < ¢g(z), then F(t) =

Jo f(t,2)du(z) is well-defined and is differentiable on I and we have

P = [ Dt due)

1.2.6 Fubini’s theorem for vector-valued functions.

In this section, F is still a Banach space and (Qi, A, u) (Q2,B,v) are two o-finite measure spaces. We
endowed the product ©; x 9 with the o-algebra A ® B spanned by {A x B, A € A, B € B} and with the
measure i ® v. Given a vector-valued function f : Q; x Qs — E we denote by f, : 3 — E the function
defined by f,(w) = f(z,w), and f¥: Qe — E is the function defined by f*(z) = f(z,w).

In what will follow, we give the vector-valued version of the Fubini’s theorem. We first recall that the
space L1 (€1 x Qo, A® B, u®v, E) is the class of (1 ® v)-measurable vector-valued functions f : Q3 x Qy — E

which are Bochner-integrable.

_ 1.2.49. ([31, Theorem 1.5.2]) Suppose that E is a Banach space and that (21,4, ) and
(99, B,v) are two o-finite measure spaces. If f € L}(Q x Q2, A® B, u ® v, E), then

i) for py-almost every z € Q, f. € L'(Q9,B,v, E) and for v-almost every w € Qq, f¥ € L' (1, A, u, E),

ii) the function z — [ f.dv belongs to LY (1, A, i, E) and the function w Ja, [*dp belongs to
L1(927B)V7E)7

iii) we have

//QIXQQfd(u@w)z/ﬂ1 (/szzdu)duz/gl (/ﬂrszdﬂ)d“
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4

1.3 Vector measures : topological dual of L7 (€}, F), with 1 <
p < 00.

1.3.1 Vector measures with bounded variation.

This section deals with basic straightforward properties of vector measures. The familiar notions of countable

additivity and variation are introduced together with the concepts of additivity[29].

Definition 1.3.1. Let A be a o-algebra of subsets of a set €2 and F be a Banach space.
A function G : Q — E is called a finitely additive vector measure, if for every finite sequence (A;)Y; of

pairwise disjoint members of A, we have

If in addition,

in the norm topology of E for every sequence (A4;)32; of pairwise disjoint members of A, then G is called a

countadbly additive vector measure.

Example 1.3.2. (A countably additive vector measure) Let © = [0,1] with the Lebesgues measure A.
Let T : L'([0,1]) — E be a continuous linear operator. Define G(A) = T'(x4) (x4 denotes the indicator
function of A) for each Lebesgue measurable set A C [0, 1]. Then G is clearly finitely additive. Consequently,

if (A;)22, is a sequence of disjoint Lebesgue measurable subsets of [0, 1], then

m—00 1 =i 5 m—00 i1 .
= A HT (XufimHAi) ’E
< lim A fj A | IT| = o.
m—00 P

In the sequel, instead of countably additive vector measure, we will simply write vector measure.

Definition 1.3.3. Let G: A — F be a vector measure. The variation of G is the extended nonnegative

set function |G| whose value on a set A € A is given by

GI(4) = sup - 1G(B)]

Bell

where the supremum is taken over all partitions II of A into a finite number of pairwise disjoint members
of A. If |G|(2) < oo, then G will be called a measure of bounded variation.

We now give an example of vector measure with bounded variation

Example 1.3.4. Let G be the vector measure defined in Example 1.3.2. Since ||G(A)||g < | T||\(A) for
all A € A, it follows that |G|(A) < ||T||\(A). So, G is of bounded variation.

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball
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We have the following result.

_ 1.3.5. ([29, Proposition 9 p.3]) A vector measure of bounded variation is countably additive

if and only if its variation is also countably additive.

Further elementary facts about the Bochner integral are collected next.

_ 1.3.6. ([29, Theorem 4 p.46]) If f is a pu-Bochner integrable function, then

(i) limy(a)—o 4 fdp = 0;

(ii) if (A;) is a sequence of pairwise disjoint members of A and A = [J;2; A4;, then

AfdﬂziAifdu,

where the sum on the right is absolutely convergent;

(iii) if G(A) = [, fdu, then G is of bounded variation and

GIA) = [ 171dp
A
for all A € A.

Corollary 1.3.7. If f and g are u-Bochner integrable, and [, fdu = [, gdp for each A € A, then f =g

p-almost everywhere.

Proof. Set G(A) = [,(f — g)dp. Then G(A) = 0 for each A € A. Therefore, |G|(A) = 0 for each A € A.
Then 0 = |G|(R2) = [ | f —glledp and so || f — g||g = 0 p-almost everywhere. This can happen only if f =g

p-almost everywhere. O

Definition 1.3.8. Let (92,4, 1) be a measure space, and G : A — F be a vector measure. We say that

G is p-continuous if

Example 1.3.9. Let f € L\(Q, E) and G(A) = [, fdu, where A € A. Using (i) of Theorem 1.3.6, we
have that G is a p-continuous vector measure.

The vector measure in Example 1.3.4 is also a A-continuous vector measure.

From now until the end of this chapter, (2,4, 1) is a finite measure space and E is a Banach space.

Definition 1.3.10. A Banach space F has the Radon-Nikodgm property with respect to (92, A, u) if for

each p-continuous vector measure G : A — F of bounded variation there exists g € Lb(Q, E) such that

GA) = | gdp.

for all A € A.
A Banach space F has Radon-Nikodym property if E has the Radon-Nikodym property with respect to every

finite measure space.
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Definition 1.3.11. A bounded linear operator T : Lt(Q) — FE is Riesz representable (or simply repre-
sentable) if there exists g € L>(Q2, E)) such that

7(f) Z/Qfgdu,
for all f € L,(Q).

The details in the following examples are in [29, Chapter 4].

Example 1.3.12. (Spaces with Radon-Nikodym property)

(a) Hilbert spaces have Radon-Nikodym property (see [29, Corollary 4 p.100]).
(b) Separable dual spaces have Radon-Nikodym property (see [29, Theorem 1 p.79]).
(¢) Reflexive Banach spaces have Radon-Nikodym property (see [29, Corollary 4 p.82]).

The fundamental connection between representable operators on LL(Q) and vector measure with Radon-

Nikodym derivatives is contained in the following straighforward lemma:

_ 1.3.13. ([29, Lemma 4 p.62]) Let T : L, () — E be a bounded linear operator. For A € A,
G(A) defined by
G(A) =T(xa)

is a p-continuous vector measure with bounded variation. We have that T is representable if and only if
there exists g € LL(Q, E) such that

G(A) = /A gdu,

for all A € A. In this case, g € L*°(Q, F) and
T(f) = /Qfgdu,

for all f € L,,(Q2). Moreover ||glloo,z = [|IT]-

Remark 1.3.14. The set function G defined in the previous lemma is a p-continuous vector measure
with bounded variation. In fact, G is countably additive (by the linearity and the continuity of T'). Since
IG(A)||lg < ||T||n(A), it follows that G is a p-continuous vector measure with bounded variation.

The next theorem cements the connection between the Radon-Nikodym theorem and the Riesz repre-

sentation theorem.

_ 1.3.15. ([29, Theorem 5 p.63]) Let E be a Banach space and (€,.A, 1) be a finite measure
space. Then E has Radon-Nikodym property with respect to (2, A, z1) if and only if each T € £(L,(2), E)

is representable.
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1.3.2 Vector measures with bounded p-variation.

Definition 1.3.16. Let 1 < p < oo and F be a Banach space. A p-continuous vector measure G : A — F

is said to have bounded p-variation if

» 1/p
|Gl = sup (Z”G ”’E) o,

Ao A

where the supremum is taken over all finite partitions IT of (2. We denote by V(€2, E) the space of all
p-continuous vector measures with bounded p-variation.

For p = 1, we denote by VJ(Q,E) the space all p-continuous vector measures with bounded variation
equipped with the norm ||G||; = |G|().

For p = oo, we denote by V°°(2, F) the space of all p-continuous vector measures G for which there exists
a constant C' > 0 such that |G(A)||g < Cu(A), for all A € A. Its norm is given by

IG(A) 1

Glloo = su
1Glloo = sup = 72

As in LP spaces, we have the following inclusion.

1.3.17. Let 1 < p < o0.

1
VI(Q,E) C VIQ,E).

1.3.18. ( [18, Lemma 2.8 for p = ¢]) Let E be a Banach space and 1 < p < co. The following are

equivalent.

(a) G € VP(Q, E).

(b) There exists a nonnegative ¢ € LE(2) such that |G|(A) = [,¢du, for all A € A. Moreover if
|G[(A) = [, pdpu for all A € A for some ¢ >0, ¢ € LE(Q) then Gy = ll¢llp,u-

_ 1.3.19. ([18, Lemma 2.9 for p = ¢|) Let E be a Banach space and 1 < p < oo. The following
hold.

(i) The Bochner-Lebesgue space Lf (L, E) is isometrically embedded into VP(€2, E).

(ii) We have VP(Q, E) = LF(Q, E) if and only if E has the Radon-Nikodym property.

Proof. (i) Let f € L% (S, E). For each A € A, The set function F'(A) = [, fdu is a u-continuous countably
vector measure with bounded p-variation and ||F(A)||g < |/ fllp, ME,u(A)i for all A € A. Since |F|(A) =
Jallflledp for all A € A, by Lemma 1.3.19 we have that ¢ = wp = | fllup,E-

(ii) We first assume that VP(Q, E) = LA (Q, E). Let T : LL(Q) — E be a bounded linear operator. By
Theorem 1.3.15 we need to show that T is representable. For each A € A, consider G(A) := T'(x4). By using
Remark 1.3.14, we see that G € V*(Q, E) C VP(Q, E) = LF(Q, E). By Lemma 1.3.18, there exists a function
f € Lh(Q) such that F(f) = [, fdu for all A € A. Thus, Theorem 1.3.13 shows that T'(¢)) = [ fdu for
all ¢ € L},(Q).

Conversely, let us assume that E has Radon-Nikodym property and let F € VP(Q, E) C V] (€2, E). We shall
prove that F' € LY (Q, E). By the assumption, F' is a p-continuous vector measure of bounded variation It
follows that there exists Bochner integrable function g € L, (2, E) such that F(A) = [, gdp for all A € A.
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So by Theorem 1.3.6, we have |F|(A) = [, |lg||pdp for all A € A. Using Lemma 1.3.18, we get a nonnegative
function ¢ € LE(€2) such that [F|(A) = [, ¢du for all A € A and ||F|, = [¢llp,u- It follows that ¢ = ||g]|e
p-a.e. Thus, F' € LE(Q, E). O

1.3.20. ( [18, Lemma 2.10 for p = ¢]) Let £ be a Banach space and 1 < p < oo. If F' € VP(Q, E)

then

N N , N

£l =~ sup {Z il |F(A)ll = Y aixa, € LE(Q), 1 cixally . = 1}
—1 i=1 i=1
N / N
= sup {Z |l |F[(As) = > vixa, € L5 (), 1> aixallp o = 1} -
i=1 i=1 i=1
N

Definition 1.3.21. i) Let G : A — E be a vector measure with bounded variation. If s = Z QX A,

i=1
is a simple function such that (A;);=1 2.~ forms a partition of 2 and «; € C, we define the integral

of the simple function s over (2 with respect to G by:

N
/Q s(2)dG(z) = 3 0iG(Ay) (1.3)
=1

N

ii) Let G : A — E* be a vector measure with bounded variation. If s = Z x;X A, is a simple function,
i=1
such that (A;)i=12,.. ~ form a partition of Q and x; € E, we define the integral of the simple function
s over () by
N N
‘/QSdG = /Q<dG, 3>E*,E = Z<G(Az), xi>E*7E = Z G(AZ)(.%) (1.4)
i=1 i=1

In particular, if ¢ = ijzl AkXB, is a scalar-valued simple function, we have that

G(Bi)(Ax)

™ =

/ (2)2dG(= / Z)\kxXBde( ) =

e
Il
—

I
NE

i
I

I
M=

£
Il
.

where we used the notation zdG(z) = dG(z)(xz) = (dG(2),2)E* B, pe(Br) = G(Bg)(z) and p, is a scalar-

valued measure. We note that

<$*, $>E*7E = <$v x*>E,E*'

Remark 1.3.22. Given an E-valued simple measurable function f = Zivzl rrXA, and a E*-valued mea-

sure GG, we denote by
N
Z Tk, l'k; E,E*,
k=1

where 27 = G(Ay).

If G is an E-valued measure with bounded variation, and ¢ = Zszl AkX B, is a scalar-valued simple function,
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1.3. Vector measures : topological dual of L((), F), with 1 < p < oo,

then we write N
/ $6dG = 3" MG(By).
Q k=1

Since || [ #dG|| < ||G]|1]|¢]|o, using the density of simple functions we extend the definition of [, ¢dG for

any integrable function ¢.

Let 1 < p < oo and E be a Banach space. It is well-known that if £ = C, the dual (Lﬁ(Q))* of LF(Q2)

is identified with the space Lﬁ,(Q). In [39, Section 3|, Gretsky and Uhl proved that (Lﬁ(Q, E))* cannot be
identified with Lﬁ’(ﬂ, E*) for all Banach spaces. In particular, they proved that for p = 2 and E = ¢', the

dual space L*(¢') cannot be identified with L*(¢>) = L*((£')*). The obvious question now is "when can
(Lﬂ(Q, E))* be identified with Lﬁl(Q,E*) o

_ 1.3.23. Let 1 < p < oo and E be a Banach space. Then Vlf/(Q,E*) can be identified with
*
(L2, B))".

Proof. Let F € V;f/(Q, E*). Consider the linear functional

¢F : LB(Q,E) — C

N N N
> wixa, = ¢F (Z xiXAi> Z zi, F'(A)) B, B>
i=1 i=1 i—1

It is clear that

N N
oF (mexm) Z il e[| F(As) || £+

=1

Therefore, by Lemma 1.3.20 there exists a constant C' > 0 such that H(;5FH(LP(Q )" < C||F|lp.
I )

Now, let ¢ € (Lﬁ(Q,E)Y. For each A € A, consider the set function Fy(A) : E — C defined by
Fy(A)(z) := ¢(xxa). It is clear that Fy(A) is linear (since ¢ is linear). Observe that Fy is well-defined and
is countably additive (by the continuity of ¢). We have that ¢ = ¢ F, on simple functions. Since

1
Fo(A)@) < 160130, 17Xl = Il £ (A 101 110,

1
we have that || Fg(A)||px < p(A)? Hd)”(LZ(Q,E))*' It follows that Fy is a pu-continuous E*-valued measure with
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1.3. Vector measures : topological dual of L((), F), with 1 < p < oo,

bounded variation and by Lemma 1.3.18, there is a constant C' > 0 such that

N N
[Fllyy < Csup {Z Jouil [|Fp (Ai) | = D cvixa, € LE(Q), 1Y cixa, llpu = 1}
=1

i=1 i=1

N N N
= C'sup {Z [(|evilzi, Fy(Ai)) B B2 - ZaiXAi € LE(Q), || ZaiXAin# =1,||z|lg =1 Vz’}
i=1 i=1 i=1
N
= Csup {Z [(yir Fi(Ai)) .+ | ZszA € LY (Q,E), || ZszA [ 1}
i=1 i=1 i=1
N N
= C'sup {Z@i@ %, Fy(A))E.p~ Zyz Yixa, € LL(QLE) D yie Yixallpge = 1}
i=1 i=1
N
=Csup{ Z<Z¢,F¢(A) E . E* ZZZXA ELP(Q E HZZzXA ||pu,E—1}
=1 =1 =1
N N
~ s {Jon, (Do )| aa € QBN sl =1
i=1 i=1

= CHQSH(Lz(Q,E))*'

O

1.3.24. Let 1 < p < oo and E be a Banach space. Then (Lﬁ(ﬂ, E)>* = Lﬂ’(Q,E*) if and only

if £* has Radon-Nikodym property.
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'S Chapter 2‘ * ok

Vector-valued Bergman spaces

Results of this chapter extend those in [77, Chapter 2] to the vector-valued setting. The proof of some of
them can be found in [52].

Let C denote the set of complex numbers. Throughout this thesis, we fix a nonnegative integer n and
let
C"=Cx---xC

denote the n-dimensional Euclidean space. For
Z:(le...7zn)7 w:(w17...7wn)7
in C", we define the inner product of z and w by
(z,w) = 21W1 + - -+ + 2,0y,

where wy, is the complex conjugate of wy. The resulting norm is then

ol = (20 = flar P+ el

Endowed with the above inner product, C" becomes a Hilbert space whose canonical basis consists of the

following vectors

e1 =(1,0,---,0), e2=(0,1,0,---,0), ---, e, =1(0,---,0,1).

The open unit ball in C” is the set
B,={ze€C":|z| <1}. (2.1)
The boundary of B,, will be denoted by S,,, and is called the unit sphere in C™. Thus,
S, ={2€C":|z| =1}. (2.2)
We will occasionally need the closed unit ball

B,={zeC": |z <1} (2.3)

36



2.1. Vector-valued holomorphic functions.

When o > —1, the weighted Lebesgue measure dv,, in B, is defined by
dvg(2) = ca(1 = |2[2)2dv(2), z € By, (2.4)

where dv is the Lebesgue measure in C" and

_In+a+1)
@ (a+ 1)

is the normalizing constant so that dv, becomes a probability measure on B,,. A function defined on the
unit ball B,, will be called a vector-valued function when it takes its values in some vector space.

If we do not say the contrary, in this chapter F will stand for any complex Banach space and a > —1 will
be a real parameter. We will write a < b when there is a positive constant C such that a < Cb. If both

a < band b < a, then we write a ~ b.

2.1 Vector-valued holomorphic functions.

Definition 2.1.1 (Strongly holomorphic function). If E is a complex Banach space, a vector-valued
function f : B, — E (a E-valued function) is said to be strongly holomorphic in B,, if for every z € B,, and
for every k € {1, -+ ,n}, the limit

lim f(z+ Xex) — f(2)

A—0 A

exists in F, where A € C\{0}. When f is strongly holomorphic, we use the notation

of
87:;3(2)

to denote the above limit and call it the partial derivative of f with respect to zj.

Equivalently, a vector-valued function f : B,, — E is strongly holomorphic if
f(z) = Zamzm, am € E, z¢€B,. (2.5)
m
Here, the summation is over all multi-indexes
m = (mh... 7mn),

where each my is a nonnegative integer and

m

2=

n

The series in (2.5) is called the Taylor series of f at the origin, As in the scalar case, it converges absolutely

and uniformly [77] on compact sets of the form

B, = {z € C":|z| <r}, r €]0,1[.
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2.1. Vector-valued holomorphic functions.

If we put

fk(z) = Z amzm

Im|=k
for each integer k > 1, where

Im| =m1 + -+ my,

then the Taylor series of f can be rewritten as
F(z) = fi(2).
k=0

This is called the vector-valued homogeneous expansion of f; each fi is a vector-valued homogeneous poly-
nomial of degree k. Both the Taylor series and the vector-valued homogeneous expansions of f are uniquely
determined by f. Given a vector-valued strongly holomorphic function f : B,, — F, all higher order partial
derivatives exist and are still strongly holomorphic. For a multi-index m = (my,--- ,m,), we will use the

notation
omf olml

9zm QMg

omf =
For a multi-index m, we will also use the following definition
m! =mq!---myl.

In particular, we have the multinomial formula

(214 +2z)V = Z Ezm. (2.6)

|
mj=N """

Definition 2.1.2. A vector-valued function f : B, — F is weakly holomorphic if for every x* € E*, the

scalar-valued function z*(f) : B,, — C is holomorphic in the usual sense.

Definition 2.1.3. A vector-valued function is said to be locally bounded if it is bounded on every compact
subset of B,,.

Remark 2.1.4. We recall (see [8, 43]) that a vector-valued function is strongly holomorphic if and only
if it is weakly holomorphic. In the rest of this thesis, we will omit the word ’strongly’ and we will only say

holomorphic function to mean a strongly holomorphic and weakly holomorphic function.

The space of all E—valued holomorphic functions on B,, will be denoted by H(B,,, E'). We will also denote
by H*(B,,, E) the space of all bounded E-valued holomorphic functions.

We denote by E" := E x --- x E the Banach space product of n copies of £ with the norm

n 1/2
||| gn = <Z ||xl||2E> , x=(r1,...,2,) € E". (2.7)
i=1
We will write B, (E) to denote the open ball of E™ of radius 1, that is,
B, (E) ={z € E" : ||z||gn < 1}, (2.8)

and we denote by B(E) = By (F). It is clear that B,, = B, (C).
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2.1. Vector-valued holomorphic functions.

In the sequel, we will need the notion of ’conjugate’ of a complex Banach space.

We will use the following definition and notation which can be found in [52]. If E is a complex Banach
space, then each vector x € E can be looked as an element of the bidual E** of E. That is, the norm of a

vector x € F is equal to the norm of € E** (consequence of the Hahn-Banach theorem). Thus,

lzlle = sup |(z,2%) g o+ |
2B ¥ ge =1

Let x € E, z* € E* and A € C. We define

We also use the notation

(r,2%)p g+ = 2" (x)
to represent the 'inner product’ in the complex Banach space E. We have the following identities

Az, 2"V g pr = Nz, 2") g pr = (¥, \e™) g B+,

so that we have a regular rule of an inner product. The complex conjugate T of x € E | is the linear functional
on E* defined by

(") = (z,7%) g -,

for every x* € E*. Therefore,
E={z:z€E}

is called the complex conjugate of the Banach space E. With the norm defined by

[Z]| := sup |z(z")
lz* [l px=1
E becomes a Banach space. Moreover, we have that ||z||p = ||Z|z for any z € E, so that F and E are

isometrically anti-isomorphic.

When p is the counting measure, the Bochner-Lebesgue space is denoted by ¢P(FE), which consists of

sequences {zj}r>1 of E such that

[ee) 1/p
{zk}kz1ller(m) = (Z HM%) <00 if 0<p<oo, (2.9)
k=1

and if p = oo, [{zk}r>1llee(m) = supps1 l|lzklle < oo

Another important example is when p = v,, for @« > —1, where v, is defined in (2.4). So we consider
The weighted Bochner-Lebesgue space L (B, E) := L? (B,, E) which consists of v,-measurable functions
f : B, — E such that

1/p
7 = 1l sm = ([ 1£@Ida(z)) <00 0<p<oc (2.10)

In the sequel, when E = C, L2 (B, C) is denoted by L (B,,) which is the classical Lebesgue space and the

norm is denoted by || - ||p,a-
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2.1. Vector-valued holomorphic functions.

2.1.1 The automorphism group and the Bergman metric.

When we are working on the unit ball B,,, we need to introduce the Bergman metric. To that, it is first
important to introduce the automorphisms of B,, which are also important in what will follow. The charac-
terization of the automorphisms in B,, is well-known and we refer to [63] and [77] for more details.

A mapping F : B,, — B, is said to be bi-holomorphic if F' is bijective, holomorphic and F~! is holomor-
phic. The automorpphism group of B,,, denoted by Aut(B,,), consists of all bi-holomorphic mappings of B,,.
Traditionally, bi-holomorphic mappings are also called automorphisms. It is clear that Aut(B,) is a group
with composition being the group operation. Basically, any automorphism consist of unitary transforma-
tions of C™ and involutions. Zhu [77] proved that an automorphism ¢ of B,, is a unitary transformation of
C™ if and only if ¢(0) = 0.

Recall that to every z in the unit disk B; corresponds an automorphism ¢, of the unit disk that inter-

Z—w

.- The same can be done in the unit ball B,

changes z and 0, namely for w in the unit disk, ¢, (w) =
of C". Fix a € B,,. Let P, be the orthogonal projection of C" onto the subspace [a] generated by a, and let
Qo = I — P, the projection onto the orthogonal complement of [a]. Explicitly, Py = 0 and

Pu(z) = <|ZC;";>a, if a0,

where z € C".

Definition 2.1.5 (Mobius transform). The Mobius transform (involution) g, of B, is defined by

a— Py(z) — $54Qa(2)
1—(z,a) ’

Pa(2) =

where z € B,,, and s, = /1 — [a|%.

It is obvious that each ¢, is a holomorphic mapping from B,, into C". In [63, Theorem 2.2.5] or in [77,
Theorem 1.4], we have a complete characterization of automorphisms in B,,, that is, every ¢ € Aut(B,,) is
of the form

p=Uopg=qpoV,

where U and V are unitary transformations of C", and ¢, and ¢, are involutions.

From [63, Theorem 2.2.2], we have the following formulas. For each a € B,, the mapping ¢, satisfies

(1 —lal*) (@ —[2*)

1~ Jpa(2)|* = , B, 2.11
feala)f? = S ze (211)
and
Pa © Pa(2) = 2, z €By. (2.12)
2.1.6. ([77, Lemma 1.3]) Suppose a € B,,. Then
1- 1
(1~ )1~ {2, w) o1

1-— <80a(z)7()0a(w)> = (1 — <z7a>)(1 — <a, w>)

for all z and w on the closed unit ball B,,.

In particular, each ¢, is an automorphism of B,, that interchanges the points 0 and a.
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2.1. Vector-valued holomorphic functions.

The Bergman distance between two points z,w € B, is given by

1+ |z (w)|

o) (214)

e ) = Liog

where ¢, is the involutive automorphism of B,, that interchanges 0 and z.
A calculation shows that |p,(w)| = tanh f(z,w), for every z,w € B,. It is well-known that the Bergman

metric is invarient under automorphisms, that is,

Ble(z2), p(w)) = B(z, w), (2.15)

for all z,w € B, and ¢ € Aut(B,).

We recall that dv is the normalized volume measure on B,,, so v(B,,) = 1. The surface measure on S,, is

denoted by do and is normalized so that o(S,) = 1.

2.1.7. ([77, Lemma 1.8]) The measures v and o are related by the following relation:

1
RCIZORSY /O p2n=1 / FrO)do(0). (2.16)

For z € B,, and r > 0 we let D(z,r) denote the Bergman ball centred at z of radius r, that is,
D(z,r) ={w € B, : B(z,w) < r}. (2.17)

The volume of the Bergman ball is computed in the following lemma.

2.1.8. ([77, Lemma 1.23]) For z € B,, and r > 0 we have

_ R2n(1 _ |Z|2)n+1
V(D(Z’T)) - (1 _ R2’Z|2)n+1 )

where R = tanh(r). In particular, for any r > 0, there exist constants ¢, > 0 and C, > 0 such that
cr(1—[2)" 1 < u(D(z,7)) < Cr(1 = [2[1)"*,
for all z € B,,.

For more general real « > —1, we have the following estimate of v (D(z,1)).

2.1.9. ([77, Lemma 1.24]) Let o > —1, and r > 0. There exist constants C' > 0 and ¢ > 0 such
that
C(l _ |Z’2)n+1+a < VQ(D(Z,T)) < C(l _ ‘Z‘2>n+1+a’

for all z € B,,.

Given ¢ € Aut(B,,), we denote by Jcp(z) the determinant of the complex n x n matrix ¢'(z) (see [77,
p.7]) and call it the complex Jacobian of ¢ at z. If we identify B,, (in the natural way) with the unit ball
in the 2n-dimensional real Euclidean space R?", then the mapping ¢ induces a real Jacobian determinant

which we denote by Jrp(z) and we have that Jrp(z) = |Jop(2)]?, for all z € B,,.
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2.1. Vector-valued holomorphic functions.

2.1.10. ([63, Theorem 2.2.6]) For each ¢ € Aut(B,) we have

J — 1_7|a|2 " 2.18
R@a(z) ’1 _ <Z,CL>|2 ’ ( : )

where a = ¢~ 1(0).

For integration on the unit sphere S,,, we will use the following formula.
2.1.11. ([63, Proposition 1.4.7]) For f € L'(S,, E) we have

1

[ £©aotc) = [ sy [ recas. (2.19)

The proof of the following change of variables formula is the same as in the scalar case, see [77, Proposition
1.13].

_ 2.1.12 (Change of variables formula). Let o > —1 and f € L. (B,, E). Then

(1 [y

L ree@n) = [ 5em g wele),

where ¢ € Aut(B,,) and a = ¢(0).

2.1.2 Gamma and Beta functions.

Definition 2.1.13. (1) The Gamma function denoted by I is the function defined for a complex number
z by:

I'(z) = / t*le7lde, with Re z > 0. (2.20)
0
(2) We let B denote the Beta function which is the function defined for (z,w) € C x C by
1
B(z,w) :/ 1 — ) tde where (Re z,Re w) € (0,00) x (0,00). (2.21)
0

These functions satisfy the following properties.

(1) For each complex number z with Re z € (0,00), we have that I'(z + 1) = 2I'(z). In particular,
if n € N*, we have I'(n + 1) = nl.

(2) Given two complex numbers z,w € C with (Re z, Re w) € (0,00) x (0,00) we have
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2.1. Vector-valued holomorphic functions.

(3) For each z € (0,00), we have: I'(z+1) ~ 27z (a:) as x — oo (Stirling formula). In particular,
e

I(z+ )

for A > 0, we have: m

~(1+z)*!asz — occ.

(4) For |z| <1 and A > 0 we have

=T+ )
A-a7 =3 KTV 2

k=0

(2.22)

The following lemma is very important in many situations.

2.1.15. ([63, Proposition 1.4.8]) Suppose m = (mq,--- ,my) is a multi-index of nonnegative

integers. Then

/ C™2do(C) = (n T i)":z") (2.23)

and

/ 22y (2) = L1+ ) (2.24)

B, T(n+|m|+a+1)

2.1.3 Several differentiations in B,,.

A very important concept of differentiation on the unit ball is that of the radial derivative N, which is based
on the usual partial derivative of a holomorphic function. Thus, for a holomorphic vector-valued function

f B, — E we write
Nfiz)= Z Zkaaj;(z), z € B,. (2.25)

k=1

If the homogeneous expansion of the vector-valued holomorphic function f is given by

= > fi(2), (2.26)
k=0
where fi are the homogeneous holomorphic polynomial of degree k with coefficients on FE, then
=3 kfiu(z) =Y kfi(2), z € B,. (2.27)
k=0 k=1
This is called the radial derivative of f because

N (3) — tim LEET2) = 1)

r—0 r

: z € B,. (2.28)

Here, r is a real parameter, so that z 4+ rz is a radial variation of the point z. Given a holomorphic function
f:B, — E, we have

LN f(tz)
t

£(2) = f(0) = /0 dt,  -€B, (2.29)

With the help of the homogeneous expansion, we can introduce a class of fractional radial derivatives

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball



2.1. Vector-valued holomorphic functions.

on the space H(B,,, E'). Thus, for each real parameter ¢, we define the operator
Nt H(B,,E) — H(B,, E)

as follows.
N f(z) = gflsz), where f(z) = }ima. (2.30)
The inverse A; of the operator N'* in H(B,,, E)/FE is given by
Nif(z) = N f(2) = ki_'f (), (231)

If we equip the space H(B,,, F') with the topology of uniform convergence on compact sets, then the operators
Nt and N; are both continuous on H(B,,, E).

Definition 2.1.16. For any two real parameters « and ¢, such that neither n + a, nor n + o + ¢ is a

negative integer, we define the invertible operator R*! : H(B,,, E) — H(B,, E) as follows.
o0

If f(2) = Z fx(2) is the homogeneous expansion of f, then
k=0

n+l+a)l(n+1+k+a+t)
n+l+a+t)l(n+1+k+a)

R = ). (2.32)
k=0

R*' is invertible and the inverse of R*' denoted by R, is given by

In+l+a+t)l(n+1+k+a)

Ra,tf(z):]§F<n+1+a)r(n+1+k+a+t)

fi(2). (2.33)

The proof of the two following lemmas also follows from the definition of these operators, see [71].

2.1.17. Suppose neither n + « nor n + « + t is a negative integer. Then
Rat — R(X"!‘t,—t'

2.1.18. Suppose «, t, and X are real parameters such that none of n+ A, n+A+t¢, and n+A+a+t

is a negative integer. Then
R)\,tR)\-‘rt,oz — R)\,Oc-f—t‘
The proof of the following lemma and proposition are in [77].

2.1.19. Suppose neither n + s nor n + s+t is a negative integer. If 3 = s+ N for some positive

integer NV, then there exists a one-variable polynomial h of degree N such that

1 h({z,w))
s,t o ,
f (1 — (z,w))" 18— (1 — (2, w))nH1+6+t’ z,w € By.
There also exists a one variable polynomial ¢ of degree N such that
1 q((z,w))
Rsyt(l — (z, w))" B T (1 = (2, w))n A’ z,w € By.
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2.1. Vector-valued holomorphic functions.

We recall that the scalar-valued Bergman kernel function is given by

1
(1 _ <Z, w>)n+1+a’

K%z,w) = z,w € B,.

The main advantage of the operators R*' and R, is that they interact well with the Bergman kernel

functions. This is made precise by the following result.

_ 2.1.20. Suppose neither n + « nor n + « + t is a negative integer. Then the operator R*!

is the unique continuous linear operator on H(B,,, F) satisfying

i <(1 - <Z’w>)n+l+a> T (1= (z, wy)rHiratt’

for all z,w € B,, and « € E. Similarly, the operator R, is the unique continuous linear operator on (B, E)

satisfying

i (T Grapres) = T

for all z,w € B, and x € E.

The proof of the following proposition is not quite different from the proof in [77, Proposition 1.15]. The

interested reader can find it in [9].

_ 2.1.21. Suppose N is a positive integer and « is a real such that n + « is not a negative

integer. Then R*" as an operator acting on H(B,, F) is a linear partial differential operator of order N

with polynomial coefficients, that is

olml f

oz™m

RN f(2) = Z Pm(2) (2),

meN™ |m|<N

where each p,, is a polynomial and z € B,,.

The following theorem is used to prove that those differentiation operators defined above maps holomor-

phic functions on holomorphic functions.

_ 2.1.22 (Theorem 1.5.6 of [63]). Let fi : B, — E be such that

(a) for each k =0,1,2,---, f is a homogeneous polynomial of degree k (fx(rz) = r*fi.(2)), and

(b) sup||fx(2)||E < oo, for every z € B,,.
keN

oo

The series Z fr(2) converges uniformly on every compact subset of B,, and the sum of the series is holo-
k=0

morphic on B,,.

2.1.4 Harmonic and Subharmonic functions.

In this section, we collect few results on harmonic and subharmonic functions in the unit ball that will be
needed later in the book. Each result in this section comes from [52].

A harmonic function is a continuous function that fulfills the mean value property. It is well known that
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2.1. Vector-valued holomorphic functions.

any holomorphic function in €2 is harmonic in Q. In particular, if f € H(B,, F), then f satisfies the mean

value property

£(0) = /S F(rQ)da (Q). (2.34)

Thus, for every 0 < R < 1, the following version of the mean value property holds

f(0) = ——

= V(BB Jus, (w)dvg (w). (2.35)

A function f : B, — [—00,00) is said to be upper semi-continuous if

limsup f(z) < f(20)

Z—20

for every zyp € B,,. An upper semi-continuous function f : B, — [—00,00) is said to be subharmonic if

f(z) < /S £z +1¢)do(C)

for all z € B, and 0 < r < 1 — |z|. Sometimes, this property is called the sub-mean value property. It is

interesting to notice that if f is subharmonic, we also have

f(0) < ——

< m . (w)dvg (w), (2.36)

for any 0 < R < 1, which is the volume version of the sub-mean value property. In our case, the volume
version will be more convenient.

The next result is well known, see [62, Lemma 6.4.1].

2.1.23. ([52, Lemma 1.5.1]) If f : B,, — E is a holomorphic function from the open unit ball B,,

to the complex Banach space E, then the function z — log || f(2)| g is subharmonic.

The following theorem can also be proved by using the scalar-valued case of the sub-mean property, see

the proof of Proposition 2.3 of [59] for example.

_ 2.1.24. ([52, Theorem 1.5.2]) If f : B,, — E is a holomorphic function from the open unit ball
B,, to the complex Banach space E, then the function z — || f(z)|/% is subharmonic for every 0 < p < co. In

particular, for 0 < p < 0o, a > —1 and r > 0, there exists a constant C' > 0 such that

C
15 < a0 dvate,

)

where f € H(B,,, E), z € B, and D(z,r) is defined by (2.17)

2.1.5 Some interesting inequalities.

The following result is classical and very important for some estimates of integrals.

Fheeren 2.1.25. ([63, Proposition 1.4.10]) Let 8 € R and o > —1. Then the integrals

do(¢)
Is(z) = / T8 eB,
s, |1 = (2, Q)|
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2.1. Vector-valued holomorphic functions.

and

_ [ (= w)*dy(w)
Ja,5(2) = /Bn 11— (2, w)[pFl+ats’ z € By,

have the following asymptotic properties.

(i) If 5 =0, then
(ii) If 8 > 0, then

(iii) If 8 < 0, then
I3(2) ~ Jop(2) ~ 1.

The best constant C' in the previous estimates has been recently obtained in [46]. We also have a similar

integral estimate with an extra unbounded factor 3(z,w). We give a proof here.

2.1.26. Let a > —1,t > 0 and let

1 — |w?)*B(z,w
Tat(2) == /Bn |(1 _ <‘Z’LU§‘n+(1+a+>tdy(w)’

then Ja 5(2) < (1 —|2[*) 7%, for every z € B,,.

1 1
Proof. Since (0, z) = 5 log m, we know that
(=[P = |w)?
’1 - <27u]>|2’y

Bz w) = B(w:(2), p(w)) = B(0,:(w)) S (1~ |z (w)[?)” =

for some small v < 0 that will be determined later. Then, by Theorem 2.1.25, we have that

1— 2\a+y
ja,t(z) S (1 - ‘Z|2)7/IB% ’1 . (<Z w>1‘l;z|+)1+a+t+27dy(w)

S A== o)~ = @ -z

~

provided that o+~ > —1 and v+t > 0. These contraints are fulfilled if we choose v such that
max{—t,—(1+a)} <v<0

and the result is proved. O

2.1.27. ([77, Lemma 2.20]) For each r > 0 there exists a positive constant C, such that

1 (—1af)

Ccit < G=lal) ¢,
(1—z%)

and
(1—la*)

Crl< 2L
T (e T

Q

for all @ and z in B,, with S(a,z) < r. Moreover, if r is bounded above, then we may choose C, to be

independent of 7.
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2.2. Vector-valued Bergman spaces.

2.1.28. ([77, (2.20) p. 63]) For each R > 0, there exists a constant Cr > 0 such that

for all z € B, and all u;v € B,, with S(u,v) < R.

Corollary 2.1.29. ([77, Corollary 2.21]) Suppose r; > 0, 73 > 0 and r3 > 0. Then, there exists a constant
C > 0 such that

<C (2.37)

for all z and w in B,, with 5(z,w) < rs.

Definition 2.1.30. A sequence {aj}; of points in B, is called a separated sequence (in the Bergman

metric) if there exists a constant § > 0 such that $(a;,a;) > 0 for any i # j.

We also need the following well known discrete version of Theorem 2.1.25.
2.1.31. ([52, Lemma 1.4.5]) Let {2z} be a separated sequence in B,,, and let n < ¢t < s. Then

there exists a positive constant C such that

i 1_‘276‘) <C(1_|Z|2)t—s 2B
== ()l ~ ’ "

Lemma 2.1.31 can be deduced from Theorem 2.1.25 after noticing that, if a sequence {z } is separated,

then there is a constant r > 0 such that the Bergman metric balls D(zy,r) are pairwise disjoint.

2.2 Vector-valued Bergman spaces.

In this section, we present the theory of the weighted vector-valued Bergman spaces in the unit ball of
C™. Main topics covered include integral representations, Bergman-type projections, characterizations in
terms of various derivatives. The integral representation formulas developed in this section, together with
the fractional differential and fractional integral operators introduced will play a very important role in

subsequent chapters.

2.2.1 Pointwise estimate and reproducing formulas on vector-valued

Bergman spaces.
We recall that for a > —1, the weighted Lebesgue measure dv, is defined by

dvg(2) = ca(1 — |22)%du(2),

where
F'n+a+1)
Coqp — — /=
n!l(a+1)
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2.2. Vector-valued Bergman spaces.

is the normalizing constant so that dv, is a probability measure on B,,.

For a > —1, the weighted vector-valued Bergman space A2 (B,,, E) are defined to be
AP (B,,E) :=H(B,,E)NLE(B,, E), 0<p<oo.

It is not hard to see that A2(B,, E) C AL(B,, E) for all 1 < p < oo.
When a = 0 and E = C, we simply write A?(B,,) instead of Af(B,,,C). These are the standart (unweighted)
Bergman spaces.

We will use the notation

o = [ [ 15CIa)]

for every f € LP (B, E). If E = C, we simply write

I/

= lpac = [ [ 15GIPdva(2)] .

n

Recall that when 1 < p < oo the Bochner-Lebesgue space LE (B, E) is a Banach space with the norm
| - llp.a,E- If 0 < p < 1, the Bochner-Lebesgue space L’ (B, E) is a complete metric space with the following

distance:
d(f,9) = IIf = all} o5

In the special case when p = 2 and H is a Hilbert space, the Bochner-Lebesgue space L2 (B,,, H) is a Hilbert

space under the inner product given by

(oo = [ (1) 9D ndvaz),

n

where f,g € L2(B,#) and (-, -)3 is the inner product on H.
According to the sub-mean property in Theorem 2.1.24, for a function f € H(B,, F), for every 0 < p < oo,
and r > 0 we have that

C
VO < (= ppersa Jy,

for z € B,,. An immediate consequence is that any vector-valued Bergman function f satisfies the following

) 1f (w) [pdva(w),

)

pointwise estimate
C
<
||f(Z)HE — (1 _ |Z|2)(n+1+06)/p ||f

p)a7E7

for some positive constant C' independent of the point z € B,, and the function f.

As in the scalar case, one can get the constant C' to be one.

FERESTeM 2.2.1. ([77, Theorem 1.5.2]) Let 0 < p < 0o and @ > —1. Then

I1f£(2)lle < 1/ llp.ov

(1 _ |Z|2)(n+1+a)/p’

for every f € AL(B,, F) and z € B,,.

One important consequence is that, for any z € B,,, the point evaluation
T,: A (B,,E) — E
[
is a bounded linear operator for all 1 < p < oco. This allows one to prove that the weighted vector-valued

Bergman space AP (B, E) is a closed subspace of L?(B,, E) and, therefore, it is a Banach space. We use
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2.2. Vector-valued Bergman spaces.

the following notation

FrGor = /B (F(2), 9(2)) .o+ v (2). (2.38)

to represent the "inner product" for f € A2(B,,F) and g € A2(B,, E*). When we refer to the classical
weighted scalar-valued Bergman spaces, we will denote (-,-)q = (-,*)ac for the inner product in L2 (B,,).
Recall that in the weighted scalar-valued Bergman spaces, A2(B,) is also a reproducing kernel Hilbert
space but in the vector-valued scheme, this is not clear, but we still have an integral representation of each

weighted vector-valued Bergman function that we still call it, the reproducing kernel formula.

_ 2.2.2 (Reproducing kernel formula). Let o > —1 and f € AL (B, E). Then

f(Z) = /n (1 _ <Z7,w>)n+1+adyo‘(w)’

for any z € B,,.

Proof. Let f € AL(B,,E) C H(B,, E). Using (2.35) and letting R — 1, by the dominated convergence

theorem, we obtain

70) = [ flw)dva(w).

Now, fix z € B,,. If we replace f by f oy, and we make a change of variables (Proposition 2.1.12) we obtain
that

— |z 2\n+14+a
1) = [ foeatwno) = [ S v )

By

Since the function w +— f(w) is in AL (B,, E), the function w — f(w)(1 — (w, 2))"1+ is also in AL (B, E).
Replacing again f(w) by f(w)(1 — (w, 2))" ™1+ we get that

n a n 1o (1 — <w7z>)n+1+oc
PPy = (= ey [ ) ey v ),

Then simplifying we arrive at the desired reproducing kernel formula. O

We have some important consequences which are the following (recall the definition of R** and R,

given in Subsection 2.1.3.

[PESPOSifion] 2.2.3. Let o > —1, f € AL(B,, E) and t > 0. Then

a,t f w
R%f(2) = /Bn 1- <271£>)21+1+a+td”a(w)

and
Roif(2) = /n - <2Jj(ww>))n+1+adl/a+t(w)a

for any z € B,,.

Proof. By using the reproducing formula in Proposition 2.2.2 and applying R*! under the integral sign,
we get the first identity using Proposition 2.1.20. The case R, follows the same proof but applying the

reproducing formula in Proposition 2.2.2 with « + ¢ instead of «. O
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2.2. Vector-valued Bergman spaces.

2.2.2 Density of vector-valued holomorphic polynomials and bounded

holomorphic functions on A2 (B,, F).

The following density property is extremely useful in many situations.

2.2.4. Let o > —1. The space P(B,, F) of all vector-valued holomorphic polynomials is dense in
AP (B, E), for any 1 < p < oc.

Proof. Let 1 <p < oco. Given a function f € A?(B,,, E), let f,(z) = f(pz) be its dilation, where 0 < p < 1.
Each function f, is analytic in a larger disk, so it can be approximated uniformly in B,, by polynomials, the
partial sums of its Taylor series. Thus it will be enough to prove that f can be approximated in AP (B,, E)

norm by its dilations, i.e., ||f — follp,a,z — 0 as p — 1. First, we recall that the integral means

My(r, f) := (/Sn Ilf(rC)ll%dU(C)>l/p, 0<r<l,

are increasing with r, see [77, Corollary 4.21], and observe that M,(r, f,) = My,(rp, f).
Therefore,
ME(r, f — fp) < 2P(ME(r, f) + ME(r, f,)) < 2" ME(r, f).

But the assumption that f € Af(B,, E) is equivalent to saying that MJ(r, f) is integrable over the interval
[0, 1) with respect to the measure 2nc,r?"~1(1—72)%dr see (2.16), and it is clear that f,(z) — f(z) uniformly
on compact subsets of B, as p — 1, which implies that M} (r, f — f,) — 0 for each r € [0,1). Thus by (2.16),

and the Lebesgue dominated convergence theorem (Theorem 1.2.45), we conclude that

1
Hf N fp||§70¢7E - ana/() Mg(ra f - fp)TQnil(l - Tz)ad’r — O7
as p — 1, which completes the proof. -

2.2.5 (Density). Suppose that 0 < p < oo. Then the space of all bounded vector-valued holo-
morphic functions H*°(B,,, F) is dense in A2 (B,, E).

Proof. We are going to give the proof for 0 < p < 1, since the case 1 < p < oo is [52, Lemma 2.1.4]. Given
a function f € AP (B,, E), let f, defined for z € B,, by f,(2) := f(pz), where 0 < p < 1. The function f, is
holomorphic in the set {z € By, : |z2| < 1/p} hence is bounded on B,,. We first recall that the integral means

Myl )= [ IFGOIdo(©). o< <1

are increasing with r, see [77, Corollary 4.21]. Since M(r, f,) = My(pr, f), we have by Minkowski’s inequality
that

Mg(r7fp_f) SMg(Taf)—i_M]IJJ(r?fp) < 2M£(T7f>

By the formula (2.16) in Lemma 2.1.7, we get

1
15 = Follp = 2mca [ MG Sy = 1= 120 . (239)

Since f € AL (B, E), we have that the function Mp(r, f) is integrable over the interval [0, 1) with respect

to the measure 2n(1 —r2)®r?n~1dr. It is also clear that fp — f on any compact subsets of B,, which implies
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2.2. Vector-valued Bergman spaces.

that MP(r, f, — f) — 0 for each r € [0,1) as p — 1. Applying the dominated convergence theorem in (2.39),
we obtain that || f — prZ’a’E — 0,as p — 1. O

Corollary | 2.2.6. For 0 < p <1, the following inclusion is dense

2.2.7. Let t > 0. Then

1) 90 a() = [ R F(2) - 9C)dvasi(2),
Bn

n

for every f € P(B,, F) and g € P(B,,C).

Proof. Let f € P(B,, F) and g € P(B,,,C) be polynomials. Then, by Proposition 2.2.3, Fubini’s theorem

and the integral representation in Proposition 2.2.2, we have that

z dVa t(Z
_ / f(w) (/B a _g<<z)7w>);+(11a+t> dva(w)

= (w) - g(w)dva(w).
Br

Since f and g are polynomials we can apply Theorem 2.1.25 to see that the assumption of Fubini’s theorem
is fulfilled. O

Let w € B,,. Recall that the scalar-valued Bergman reproducing kernels is defined as

1
Ky(z) = 0= Gewpymiie z € B,.

Using Theorem 2.1.25, we get that

_ =1
IS lpa = (1= wP)" 7 D 1< p <o
In particuar, for p = 2, we have that
|KSll20 = (1 — w]?) 7z 14, (2.40)

So, for 1 < p < 0o, we recall also the scalar-valued p-normalized reproducing kernels

Ky(2)
kS (2) = 22— z € B,.
w,p( ) HKw”p,a’ n
For p = 2, we write
Ku(2)
ki (2) = ki o(2) = W? z € By,.
w 2,0
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2.2. Vector-valued Bergman spaces.

2.2.3 Some useful estimates

2.2.8. Let E be a Banach space. Suppose p >0, a > —1,0<r < 1,and m = (my,--- ,my) is a
multi-index of nonnegative integers. Then there exists a positive constant C' such that

7], <

p,o,E
for all f € AP (B, E) and all z € B,, with |z| <.

Proof. Fix some real 6 € (r,1) and apply Proposition 2.2.2 in the special case o = 0. We have that

fs(w)dv(w
CCR A e L

where fs5(z) = f(0z). It follows that

f(oz) = /IB W z € B, (2.41)

1— (z,w))"tl’

Making the change of variables { = dw, and replacing §z by z, in we get

_ f(€)dv(¢)
F(2) = 82 /C|<5 R 2] < 6. (2.42)

We differentiate under the integral sign (Theorem 1.2.48), and we get a positive C' (which depend only on
n, /m| and §) such that

’ = < Csup{[|f(w)llg : |w| < 4},

e

for all |z| < d. Which reduces the proof of the lemma in the case |m| = 0, therefore, the desired result then
follows from Theorem 2.2.1. O

Corollary 2.2.9. For each p > 0, the weighted vector-valued Bergman space AP (B,, E) is closed in
LE(B,, E).

Proof. Suppose {f,} is a sequence in A2 (B,, E) such that

lim | — fllpas =0

n—-+0o0o

for some f € LP(B,,dv,). Then by Theorem 1.2.46, there exists a subsequence {fy,, (2)} of {fn(2)} which
converges to f(z) for almost every z in B,,. Also, {f,} is a Cauchy sequence in AP (B,, E), so by Theorem
2.2.1, the sequence {f,(z)} is uniformly Cauchy on each set {z € B, : |z| < r}, and must converge to
a holomorphic function there, where 0 < r < 1. Since r is arbitrary, {f,(z)} converges to a holomorphic
function g(z) on B,,. By the uniqueness of pointwise limits, we have f(z) = g(z) for almost all z in B,,. Since

the function ¢ is holomorphic, we have f = g on B,. This shows that f is holomorphic in B,, and hence

f € A(B,, E). 0

It follows that the weighted vector-valued Bergman space AP (B,,, E), with topology inherited from the
Bochner-Lebesgue space LE (B, E), is a Banach space when 1 < p < oo, and is a complete metric space

when 0 < p < 1.
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2.2. Vector-valued Bergman spaces.

When p = 2 and F = H, where H is a complex Hilbert space, the space A2%(B,,,H) is a Hilbert space.

Moreover, if

f(z) = Z amz"

meN”

is the Taylor expansion of f, then by (2.24),

m!I'(n 4+ a+ 1) 9
1£13,00 = / 1£(2) 3 dva(z) = [[am 5 (2.43)
Lo = g H m%ﬂ T'(n+|m|+a+1) H
If H is separable with an orthonormal basis {ex }ren then
T 1
(n+|m|+a+ )zmek (2.44)
m!l'(n+a+1) R —

is an orthonormal basis of A% (B,,, H).

Remark 2.2.10. We mention that (2.43) is not longer true for Banach spaces. Indeed, for n = 1 and
a=01let 2 <p<ooandlet ¥ ={{x}r: > e |zk|P < oo} be the Banach space of scalar-valued sequences
and let {er} be the canonical basis of ¢P. If

flz)= Z ez,

keN
then f € A%(By,¢P), indeed, for any k > 1 and z € By we have that fix(2) = (f(2),ex)er = 2% Thus
o0 1/p 0o 1/p |Z|
1 )ller = (Z rmz)p) = (Zu\p)'f) S —
= = (1 |zP)?

It follows that

24 1 34
o= [ I8N = [ LWL s [ (H«<OO7

2 2
L(1 - [pr) 1)

since p > 2. But

o
> lewller _
= k1

The following lemma is critical for many problems concerning the weighted vector-valued Bergman spaces

AP (B,,, E) whenever 0 < p < ¢ < 0.

2.2.11. Let 0 < p < ¢ < co. Then
1_1 1
L @I = =2 6P dug () < 18
for all f € AP (B, E).

Proof. Since

£ = I @IEIfIE".
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2.2. Vector-valued Bergman spaces.

By Theorem 2.2.1, we have that

FEIE < Hf\lpaE
(1-22)

)

It follows that

A R N E

L_Ly(n a
L IF@IB = 225D a2

11 o
LIS = o) G0 Chintselqy, ;)
Br

sle [ I )dva(z)

p,o, B

IN

= |flye
= 13

In the case where ¢ = 1, we have the following version

Corollary | 2.2.12. Let 0 < p < 1. Then

L 1@ le = 1RG0 du () < |

p,a,EH
for all f € AP (B, E).
The proof of the following technical result can be found in [20].
2.2.13. Let 8,0 > 0. For all w € B,,, we have
1= (z,w)\|” (1= |wP)?
Ia = 1 (o} < 5
w = [, Jos (=5 )| et <€

where C' is independent of w and log is the principal determination of the logarithm.

Definition 2.2.14. Let 0 < p < oc.

a) The weak Bochner-Lebesgue space L2 (B, E) consists of all vector-valued measurable functions
f B, — FE for which

1/p
£l 2z @,y = (iglgApVa ({z€Bn:lf)le > /\})> < 0.

b) The weak vector-valued Bergman space AP>°(B,,, E) is defined by

AL (B, E) = H(By, E) N L5 (B, E).

In the sequel, we will use the fact that the weak vector-valued Bergman space AL (B,,, E) is continuously
embedded in the vector-valued Bergman space A%(B,, E), with 0 < ¢ < 1. We justify this in the following

lemma.
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2.2. Vector-valued Bergman spaces.

2.2.15. If 0 < ¢ < 1, then the identity i : LL>®(B,,, E) < L% (B, E) is continuous in the sense
that there exists a constant C'(q) > 0 such that for every f € LL>°(B,,, E), we have

1 llges < C@OISI 1o, )

Proof. Let f € LL>®(B,, E).
The result is evident if f = 0. Let now assume that f # 0. We have that

1l = [ 17 bava(2)
2 (2 € Bt 15()ls > ) e

(Bn, E)

o],
/Ilf LLee

e ({z€Bu || f(2)lle >t} dt
i /Ifll Leo 7 v ({2 € B 2 [|f (2)]lp > t}) dt

(Bn . E)
1£1l, 1,00 00
< q/ Lo BB ya=1y, (B,,)dt + ¢ 1972 (try ({z € By : ||f(2) || > t})) dt
0 11,10 5
s, Loo 00
< [y T g [ 172 (tvo ({z € Bo s | £(2) |1 > £}))
171, L0 o,
< A1y oy + s | Eltq—l]oo
q 171, 10 o,
_ (1+>||fHL1wB = ( SN,y

where in the second line we have used Lemma 1.2.36. Therefore, we obtain that

1 \1/g
1 lg.oe < (1_q> Il @,.m)

Corollary | 2.2.16. For 0 < p < 1, the following inclusion is dense

L3 (Bn, E) C L5(By, E).

Proof. Let f € L2(B,, E), g = || f||% and r = 2/p > 1. Using Holder’s inequality, We get

[ e = [ @ < ([ serane)” = ([ i)

Since simple functions are dense in L (B, E) and are also dense in L2(B,, E), the desired result follow at

once. 0

2.2.4 Boundedness of vector-valued Bergman type projections.

The Bergman projection operator P,, is the integral type operator given by

Pu(f)(2) = /B K f <7<~‘;),<3U”>c3i@i>l+a7 (2.45)

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball



2.2. Vector-valued Bergman spaces.

for any f € LL(B,,E) and z € B,,. It is not hard to see that Pnf € H(B,, E), for every f € L.L(B,, E).
Indeed, Proposition 1.2.24 imples that (P, f,2*)g g« = Po({f,2*)g g+), for any f € L. (B,, E) and 2* € E*.
Since P, acting on scalar-valued functions is holomorphic, we have that P, is weakly holomorphic and
then vector-valued holomorphic. Moreover, it is easy to see by Fubini theorem and Theorem 2.1.25 that
P, : L. (B,,E) — AL(B,, E) is a bounded linear operator, for all v > «. We have a more general result on
the boundedness of integral type operators acting on L2 (B,,, E), for 1 < p < oc.

_ 2.2.17. Let 1 < p < o0, a,v > —1 and § a real parameter. If

—pB<a+1<ply+1), (2.46)
then the operators defined by
(1 1.2\8 f(w)dvy (w)
SH@) == [ e 2B
and v (1)
B )dvy (w
( ) ’Z‘ /n ’1_ Zw|n+1+,y+ﬁ7 ZG]B’VZ

are both bounded on LE (B, E).

Proof. Let f € LE(B,,, E). If p = 1, it directly follows by the Tonelli’s theorem and Theorem 2.1.25. Indeed,

—|z12)e+B(1 — |wl?
[ sl £ [ [ irst T LD g e

1— |z|2)2Bdu(z
AJU@M@O—WVV(AHGéh&m1s$>dwm

S /B 1f ()l = w1 = [w)* T duv(w) S [Ifll1,0.8;

taking into account that v —a > 0 and a + 8 > —1 which is true by the assumption (2.46).
Now suppose 1 < p < oo and let € > 0 that will be specified later. By Lemma 1.2.25, we have that

— |wl|? P
ITsEIE S u—VWW<AJuwwEH_t7HLiﬁ¢wmQ

- a—pmw(évaw(u'g;wﬂﬂwdmm).

The last integral over p, using the Holder’s inequality, is less or equal than

(1 — Jw2)2*<dy(w) (1 — Jw[2)P=0=9/ =Dy (w) \ "'
</IBn 1 (w )||E|1 <z’w>|n+1+’y+5> </an 11— (z,w)[nF1+71+8 ) ’

Then, if
—Q— €
and
—Q — €
y+p-2 >0, (2.48)
p—1
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2.2. Vector-valued Bergman spaces.

using Theorem 2.1.25, it follows that

1 — |w|2)p—a=e)/(r=1) 1 (w p-1 —B(p—1)—a—e
</n | |\1 |—)<z,w)|n+1+v+5 ) S (1= [zyrrolemhme=e,

So, we get

— |w?)eTedy(w
ITHE S (1 - o2pHo-ae ( IR <‘Z7’w)>‘n+‘f+§+;> .

Finally, applaying Tonelli’s theorem and Theorem 2.1.25 again, if
Y+ B —€e>—1, (2.49)

we obtain that

dvyip-c(2)
P P 2\e V+B—e
[ izroane) < [ 1l -l ([ =Pt ) dat)
S /15; 1 ()1 = Jw*) (1 = [w]*)~“dva(w) S IFI1} o 5
It only remains to show that (2.47), (2.48) and (2.49) are fulfilled. For this we need to take € > 0 such that
max{0,y —a—B(p—1)} <e<min{y+f+1,p(y+1) = (a+ 1)}

which is clearly possible by the assumption (2.46). Since ||S(f)|lz < |IT(f)||E, the boundedness of T' on
LE (B, F) also shows that the operator S is bounded on LE (B, F). O

The following theorem singles out a very important case of Theorem 2.2.17.

_ 2.2.18. Let 1 < p < oo and o,y > —1. If a+ 1 < p(y + 1), then the Bergman projection
P,:LP(B,,E) = AP (B,, E) defined in (2.45) is a bounded linear operator.

Proof. 1Tt is a direct consequence of Theorem 2.2.17 (use S with g = 0). O
_ 2.2.19. For any 1 < p < oo, if p’ is the conjugate exponent of p, then
<Paf7 g>Oc,E - <f7 PaQ)a,E:

for every f € LP(B,,F) and g € L? (B,,, E*).

Proof. Let f € L2(B,, E) and g € L? (B,,, E*). Then by Proposition 1.2.24 and Fubini’s theorem, we have
that

(Pafef)ap = [ (Paf(2).9(2) pedvalz) = [ g(2)(Paf(2)dva()

n

= L Gt

B /n </IB%n (1- <zf,(zz)))n+1+adya(z)> (f(w))dva (w)
= [ Pagl)(f@)dvaw) = [ (f(w), Pag()p.-dva(w)

n n

= <f7 Pag>a,E'
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2.2. Vector-valued Bergman spaces.

Note that the application of Fubini’s theorem is correct because of the Holder’s inequality and the bound-

edness of the scalar positive Bergman operator P.f. O

Observe that Theorem 2.2.18 and Proposition 2.2.2 show that P, is a bounded projection of L? (B,,, E)
onto AP (B, F) for any 1 < p < oo (that is P, : L? (B, E) — AL (B, E) is a bounded linear operator such
that Py o Py, = P, and P,L%(B,, F) = AL (B, E)).

As a consequence of that fact, we will obtain results on duality of the weighted vector-valued Bergman
spaces. It is known that, for any 1 < p < oo, the dual space of LE (B, E) can be identified with the
space V7 %(B,, E*) (see Theorem 1.3.23) where V¥ (B,, E*) is given by Definition 1.3.16 and p’ is the
conjugate exponent of p. If E* has the Radon-Nikodym property wth respect to the measure v,, see [29,
p-98] (this condition is satisfied if, for example E* is separable [29, p.79]), then the space ng/ (B,,, E*) becomes
L? (B,, E*), where p/ is the conjugate exponent of p. Therefore we identify the dual space of L2 (B,,, F) with
the space Lg (B, E*), where p’ is the conjugate exponent of p, with some restriction on the Banach space
E. Fortunately, for the weighted vector-valued Bergman spaces, we have the same duality structure without
any restriction on the Banach space E. The case of the unit disc is proved in [4, Theorem 3.9] and the same
proof work for the unit ball B,,. For sake of the completeness, we will give the detail of the proof for the

unit ball. Before that, we will introduce some preliminary notion.

Definition 2.2.20. (Bergman projection induced by vector measures) Let G € V. (B,,, E). We define the
Bergman projection of the vector measure G as the vector-valued analytic function in the unit ball B,, given

by:
' dG(w)
P.G(2) :/Bn TGy €

Since sup,ep,, =e w1>|n+l+a < = Zl)lnHJra, it follows that P,G(z) is well defined. Actually since the series

F'n+14+m|l+a) ,,—
Ka — m_m
Hw)= ) T la) =

)
meN”

is absolutely convergent for each z € B,,, we have

P,G(z) = Z rmz™,

meN”

I(n+14|m|+a)
mi'(n+ 1+ «)

where x,, =

/ w"dG (w).

n

We recall that the definition of the space VP(B,,, E) is given in Definition 1.3.16.

_ 2.2.21. Let E be a complex Banach space and 1 < p < co. Then the Bergman projection P,
is bounded from VP(B,, E') onto AE(B,, E).

Proof. Since G € VP(B,, E), by Lemma 1.3.18, there exists a nonnegative ¢ € LP(B,,) such that d|G| =
¢dvg and ||@||p.o = ||G||p. Now, for each z € B,,, we have

PG = | [ n K%z,w)dG(w)HE < [ oGl = [ o), )
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2.2. Vector-valued Bergman spaces.

1
(1 _ <Z, w>)n+1+a '

where K%(z,w) = Now, to finish the proof, let us recall that if

PEE) = [ K wlfw)dvaw)

then P : L2 (B,) — LP(B,) defines a bounded operator for every 1 < p < oo (see for instance [77] or [75]

for a proof). Therefore
1PaGllp.o.e < 1Pa(D)rr < Clilz, = ClGp-

O

Theorem 2.2.21, as in the scalar-valued case will be useful to get the duality result for vector-valued

Bergman spaces.

2.2.5 Topological dual of A2 (B, F), with 1 < p < cc.

We recall that the definition of the space VP (B,,, E) is given in the Subsection 1.3.2.

@ 2.2.22 (Duality of AR (B, F) with p > 1). Let 1 < p < co and let E be a complex Banach
space. If p’ is the conjugate exponent of p, then (AL (B, E))* is isometrically isomorphic to Ag (B,,, E*).

Proof. Let us define the linear operator .J : A? (B,,, E*) — (A% (B, E))* defined by

@) = [ {9022 pdva(2).
It follows from the Holder’s inequality that J is bounded with |J|| < 1. Let us see that J is injec-
tive. Indeed, assume that g(z) = > genn xgzﬁ e AP (B,, E*) is such that J(g) = 0. Hence if u,,(z) =
Fn+1+|m|+«)
mil'(n+1+ «)

2™ then, for any m € N" and x« € E, we have

0=J(g)(um ®FE) = / (9(2), thm © 2(2)) e ol (2)

-/ (9(2). i (2)2) - (2
(e 211“125” [, o0z ante)

- <JJ ; >E* E,

where u,, ® z is defined by (um ® x)(2) = um(z)z. It follows that all the Taylor coefficients of g are equal
to zero. We conclude that g = 0.

Let us show that J is surjective. Given £ € (AP(B,, E))*, the Hahn-Banach theorem gives an extension
€ € (LP(B,, E)* with the same norm. Using duality (see Theorem 1.3.24 and Definition 1.3.21) there
exists a vector-valued measure G € V¥ (B,, E*), with p/-bounded variation equal to ||€]|, for which &(¢) =
Jp, (dG, ¢) g+ g for every ¢ € LE (B, E). Define g = P,G From Theorem 2.2.21 we get g € AY (B, E*). Let
us see that J(g) = & For f € P(B,, E) we can write f(2) = 3 5<n 2327, where each z5 € E,N € N and
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2.2. Vector-valued Bergman spaces.

z € B,,. By using the Fubini’s theorem , it follows that

T = [ (6) £ pdval2)

n

_ / (PaG(2), £(2)) g pdva(z)

- / </ Ka(z,w)dG(w)’f(Z)>E*,EdVa(Z)
_ Z/ < K (2, w)dG (w )xﬁzﬁ> dve(2)

BI<N EnE
= K%(z,w)2B(dG (w), 25) p+ pdva(2)
mgzv/ e o
= / / K%(z,w)28dva(2)(dG(w), 25) g+ &
IBI<N
— Ko (w, 2)28dve(2) |(dG(w), 25) g+,
E U Juseries
= Z wB(dG(w), x5) g+ 1
|BI<N 7B
- /B ([dG(w), S 250®) g i
" |BISN

_ / (dG(w), f(w)) 5+ 1
B

n

= &)
O

Remark 2.2.23. For 1 < p < oo and o > —1, the topological dual space of AP (B, E) is identified with
the space A2 (B,,, E*) under the pairing

oo = [ (F(2),96) ppdval2) (2:50)

n

where f € A2 (B,, E) and g € A? (B, E*).

Corollary | 2.2.24. Let 1 < p < oo and F be a reflexixe Banach space. Then the weighted vector-valued
Bergman space AP (B,,, E) is a reflexive Banach space.

Proof. Assume that F is a reflexive Banach space. Then E** = E. It follows by Theorem 2.2.22 that
(AP (B, E))* = AP (B,,, E*) and (Afo’: (B,, E*)>* = AP (B, F). That is, AP (B,,, E) is isometrically isomorphic
to (A2 (B,,E))™™. O

2.2.6 Several characterizations of AL (B, ) and Decomposition of B,,.

In this section, we present various characterizations of AE(B,,, E') in terms of fractional differential operators

and higher order derivatives.

We also need to recall the notion of (invariant) gradient. Let E be a Banach space and f € H(B,, E).
Then

Vf(z) = V(fog.)0), z€B,. (2.51)
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2.2. Vector-valued Bergman spaces.

and we call |V f(2)|g» the invariant gradient of f at z € By, and |[V.f(z)| g~ is the holomorphic gradient
of f at z € B,,, where V is the "complex" gradient

of of
L. (z)> , (2.52)

"0z,

Vi) = (

One of the most important property of the invariant gradient is the following:

IV(f o @) mn = IV(F) 0 @)l m, (2.53)

for all p € Aut(B,,) and z € B,,.

In the scalar case, it is easy to see [77, Lemma 2.14] that
(L= [zPINfR) < (L= 2PV < V),

where NV f denotes the radial derivative of f. In the vector-valued case, the first inequality is still obvious
using just Cauchy-Schwarz, see [52, (3.1.3)]. The second inequality is not trivial anymore. It is an example
of a problem whose proof is simple in the scalar-valued setting and becomes much more difficult in the

vector-valued setting.

2.2.25. ([52, Theorem 3.2.6]) Let E be a Banach space and f € H(B,, F). For any z € B, we

have

(L= PN < (1= [2PIVFE)E < IVFE)lpn

_ 2.2.26. Suppose 0 < p < oo and FE is a Banach space. Then for every f € H(B,, E), the

following conditions are equivalent:

(a) f e AL (B, E).
(b) IVf(2)lpn s in LE(By).
(c) =[PV f(2)len is in LE(Bn).

(d) = [P)INF(2)llp is in LE(Bn).

Proof. Lemma 2.2.25 shows that (b) implies (c), and (c¢) implies (d).
To prove that (a) implies (b), we fix 8 > a and observe (using Lemma 2.2.8 ) that there exists a constant

c1 > 0 such that
IV9(0) < 1 [ o) Fpavaw)

for all ¢ € H(B,,E). Let ¢ = f o ¢,, where z € B,; and ¢, is the holomorphic mapping of B,, that

interchanges 0 and z. Making a change of variables according to Proposition 2.1.12,we obtain

_ bd
V1) <@ = |21+ [ u”f&?i'j”;,ﬂ”ff?"fgy

An application of Fubini theorem and part (ii) of Theorem 2.1.25 then gives

L Vi@l ave(z) <o [ £,
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2.2. Vector-valued Bergman spaces.

for some positive constant ¢y and all f € H(B,, E). To prove that (d) implies (a), we assume that f €
H(B,,, E) is such that the function (1 — |2|?)||N f(2)|| is in LE(B,). Let 8 be a sufficiently large positive

constant. Then by Proposition 2.2.2, we have

N f(w)dvg(w
Nf(z):/Bn (1—<(Z’L)>)ﬂn(+12rﬁ’ z € By,.

Since N f(0) = 0, we have

N f(w) ((1(2,30})"*”5 —1) dvg(w), z € B,,.

B

It follows that NE
56 =10 = [ M ai= [ viwre s,

where the kernel

L(z,w) = /01 ((1 — <Z7;>)n+1+5 B 1) %

I S
1= (2 w) [+

satisfies
|L(z,w)| <

for all z,w € B, (see [77]). Thus,

(1= [wP) N f(w)]lE (w)
11— (z,w)|"*F Vo—1{W).

1£) = S O)lp < x| (2.54)

n

Now if 1 < p < oo and [ is large enough so that
0<a+1<pg,
then Theorem 2.2.17 shows that
17 = Ol < es [ (0= 2PINAE)E)" din2)

The case 0 < p < 1 calls for a different proof. We start from the inequality (2.54). Now assume f sufficiently

large so that we can set

!/
8= ntl+f _ (n+1),
with —1 < a +p < 8. By Corollary 2.2.12, we have
Nf(w) ?
- P < /
I19G) = Ol < s [, | = aryrs]|, o)

where ¢g > 0 is a constant independent of f. Using Fubini’s theorem and part (ii) of Theorem 2.1.25, we

then obtain

L 15 = £ lfpava(z) < er [ (0= ERINAEE)" dve(z).

n

This completes the proof of the theorem. O

Remark 2.2.27. We see that the proof of the above theorem is similar to the proof of Theorem 2.16 of
[77] where we replace the modulus by the norm.

We also note that the proof of Theorem 2.2.26 actually produces equivalent norms on AP (B, E) in terms
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2.2. Vector-valued Bergman spaces.

of the radial derivative, the gradient, and the invariant gradient of f.

The interested reader can repeat the proof of the scalar-valued version of the following theorem in [77]

by replacing the modulus by the norm.

_ 2.2.28. Suppose 0 < p < oo, k is a positive integer and f € H(B,, E). Then f € A2 (B,, F) if
and only if the functions
Q- mi=k
azm b )

all belong to L2 (B, E).

Decomposition of the unit ball B,,.

Many technics in analysis involve covering lemmas, namely, ways to decompose the domain into special

nice pieces. We now present a useful decomposition of the open unit ball B,, into Bergman metric balls.

2.2.29. ([77, Lemma 2.22]) Given any positive number R and natural number M, there exists
a natural number N such that every Bergman metric ball of radius r, where » < R, can be covered by N

Bergman metric balls of radius /M.

Recall that for r > 0 and z € B,,, the set
D(z,r) ={w € B, : B(z,w) < r}

is the Bergman metric ball at z.

_ 2.2.30. ([77, Theorem 2.23]) There exists a positive integer N such that for any 0 < r <1 we
can find a sequence {ay}x in B,, with the following properties:

(i) B, = U2, D(ag,r).
(ii) The sets D(ag,r/4) are mutually disjoint.
(iii) Each point z € B,, belongs to at most N of the sets D(ag, 4r).

Notation 2.2.31. The constant r in Theorem 2.2.30 is called separation constant for the sequence {ay }x

and the sequence {ag}; in Theorem 2.2.30 is called r-lattice in the Bergman metric.
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Vector-valued Bloch type spaces

We discuss in this chapter some properties of vector-valued Bloch type spaces. We use here many arguments

of scalar-valued Bloch type spaces. Many results in this chapter are also developed in [52].

3.1 Vector-valued Bloch space.

In this section, we study the vector-valued Bloch space B(B,,, F) and the little Bloch space By(B,,, E). The
Bloch space is prominent among Mobius invariant function spaces. In fact, it is the largest possible space
of holomorphic functions whose (semi-)norm is invariant under the action of the automorphism group. We
discuss here some properties of the vector-valued Bloch space. It is well-known that Boch type spaces [78]

play an important role in characterizing bounded Hankel operators on Bergman spaces [20, 52, 78].

In the classical function theory of the open unit disk D = B, in the complex plane, the Bloch space is a

central object of study.

Definition 3.1.1. The vector-valued Bloch space B(B,, ) is defined as the space of vector-valued holo-
morphic functions f € H(B,, E) such that

1f 5@, = SEUBP(l ~ IV f()len < oo

I - HB(B,L,E) is only a semi-norm, with ||f||B(BmE) = 0 if and only if f is constant. We obtain a norm on
B(B,,, E) by putting
£l =1 O)le + [ fllB®@.,,E)-

With this norm, we have the following result whose proof is obtained by replacing the modulus by the

norm in the proof of the scalar-valued version.

_ 3.1.2. Endowed with the norm || f|| = [ f(0)||& + || f||5.,E), the vector-valued Bloch space
B(B,,, E') becomes a Banach space.

3.1.3. ([52, Lemma 3.1.1]) Suppose ¢t > 1. If

_ [ 9(w)dve(w)
f(Z)_/Bn (1—(z,w>)5’ ZG]BTU

65
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for some g € Al (B, F), then

1R g(w)|| pdvate(w)
11— (zw)[ftt 7

IVl S [,

n

for every z € B,,.

Sometimes it will be very useful to have other characterizations of the vector-valued Bloch space.

_ 3.1.4. Suppose f € H(B,, E). Then the following conditions are equivalent:

(a) f € BB,,E).

(b) sup (1 — |2/2)|INf(2)||g < oo, where A is the radial derivative given by (2.25).
ZEBTL

(c) f = P,g for some g € L>*(B,, E).
Proof. (a) = (b): By the Cauchy-Schwarz inequality, for every z € B,,, we have
(L= [PINf)E < (1= 2PIVFE)E-
Thus,

sup (1 — [2[) [N f(2) |5 < sup (1 = [2*) [V f(2) ]| pn < oo
z€B, z€B,

(b) = (c): Consider the function

o) = 2y [ A e,

We can rewrite

o) = ) [ v w),

Ca

and break the integral into two. The result is that

(1 - [2[»NF(2)
n+1+a«a

(67

Ca+t1
o) = ot [(1 1P +
Since sup,cp, (1 — |2[*)|Nf(2)| g < oo, to conclude that g € L>(B,,, E), it remains to show that

sup (1 [2*) [ f(2) |5 < <.

ZEBTL

But the identity AT
5 - 0y = [ My (3.1)

0

shows that f grows at most as fast as —log(1 — |z[?). Since sup,¢p, (1 — |2|*) log ﬁ < 00, it follows that

g € L*®(B,, E). By Fubini’s theorem and the reproducing property of P, and P,41, we have that
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3.1. Vector-valued Bloch space.

w)dy, (w
Fag(z) = /IBn (1 g(<z)’ w))gl+)1+a

R e Ny i O MW

Car 1 — (z,w))ntite — (w, u))nt2ta
)

_ 1 flu
= /n (1 — <Zv,w>)n+1+o¢ /Bn ( <’LU,’U,>)”+2+O‘
B (1 _ <w’ Z>>f(n+1+a)

[ s [

= (1 — <u, w>)n+2+a dl/a+1(w)dya(u)

= [ = () T w) = (2)

(c) = (a): We finally assume that f = P,g for some g € L*(B,, E). For z € B,,, we have

f(z) = /]En (1— <Zg’guil;))n+1+adya(w)'

Now, differentiating under the integral sign we obtain that

af Wrg(w)

oo @)=t 1ra) [ P v w),
and this implies that B

Vf(z)=(n+1+a) /B 1- <1;)’.ng}7>1}))”+2+& dve (w).

By using Theorem 2.1.25, we get that

Vii(n+1+a)

IVF(2)llen < WHQHOO,E.

Thus,
sup (1 — |2)[Vf(2) 5 S 9lloo,p < o0

ZeBn

O

If f € H(B,, FE) and s,t are such that neither n + s nor n + s + t is a negative integer, we define the

functions

fsi(z) = (1— \z!z)tRs’tf(z), z €B,. (3.2)

We will see that these functions play an important role on the vector-valued Bloch and Bergman spaces.

Next result is an example.

_ 3.1.5. Let f € H(B,,FE), « > =1, ¢t > 0and 0 < p < oo. If neither n + s nor n + s + ¢
is a negative integer, then f € AP (B,, E) if and only if the function fs; € L2(B,, E) (defined in (3.2)).

Moreover, || f|p.a,2 = || fstllp,a,E-

Proof. First assume that f € AR(B,,, E). Let 5 := s+ N, where N is a sufficiently large positive integer.

We have the following integral representation

f(w)drg(w
f(z) = /JBn a —(<z), w>/8)§z+)1+,8’ z€B,
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3.1. Vector-valued Bloch space.

Applying the operator R*! inside the integral and using Lemma 2.1.19 and Lemma 2.2.7, we have

st fw)h({z,w))dvg(w RAtf(w)h((z,w))dvge(w
R f(2) = B, ((1 _) ((z<,w>)>”)+1f5(+t) - /n (1<_)<Z(’<w>)n>—21+g:t( )’ (3:3)

where h is a one-variable polynomial of degree N, and z € B,,. By using the first integral of (3.3), we have

that () pdvs ()
N w) || pdvg(w
1745 E)e S [, e

s 1 ()| s (w)
w vpglw
Iar(m S Q= 1eP) | e S

for all z € B,,.
If p>1, and N is large enough so that
a+1<p(B+1),

then if follows by Theorem 2.2.17 that

L 1@k 5 [ 15 v,

If 0 < p < 1, we write
n+l+d

p

g —(n+1).

Here we assume that N is large enough such that o < o/. Let

f(w)

g=(w) = (1 — (w, z))nF1+B+t’ w € By.

Then by the assumption, we have g, € AL, (B, E). Using (3.3) and Corollary 2.2.12, we have

IR 5 ([ o-tw)ledvst))
< (] lasw)sn - W) G ) )

< [, o=l (w)

< 1 (w) [ dvar (w)
~ B, |1 = (zw) [

An application of Fubuni’s theorem in combination of Theorem 2.1.25 shows that

[ 1aal@lpdva() < s [ 1 dva().
B, Bn

where c5 is a positive constant independent of f.
Next assume that fs; € LE (B, E). Since R*! and R”* are comparable, see [77, p. 54], the function [+ also
belongs to LE (B, E). By [77, Corollary 2.3], Fubini’s theorem and the reproducing formula in Proposition
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3.1. Vector-valued Bloch space.

2.2.2 we have that
[.(w)dvg(w)
P = :
5fp4(2) /an (1 — (z,w))nt+1+58

¢s [ R f(w)dvgeo(w)

ot JB, (1= (z,w0))n 16

5 / frw)dvg(w) e
= 1m W18 =
cprt 1B, (1 — (z,w))"* CB+t

It follows that

RP f(w)dvgy(w
flz) = /IB ke <(z,)w>)€:“ 1(%)' (3.4)

If 1 < p < oo, then by Theorem 2.2.18, we have that

CB+t CB+t
1 llpae = %rrpﬁfﬁ,trrp,a,E < iTHPﬁHHfﬁ,th,mEa

showing that f € A2 (B, E).
When 0 < p < 1, By (3.4), we have

If e S /B lg: (w)ll (1 — |w[*)"**dv(w), z€B,

where RO ()
g:(w) = (1 — (w,z))t1+8

w € By.
We assume that N is large enough so that

1 /
ﬁ—i—t:THp—Fa—(n—i—l),

for some o’ > —1. Observe that
m+1+B8)p=n+1+d —pt=n+1+a+(d —pt—a),

and we assume that N is so large that

o —pt—a>0.

Then by the assumption, we have g, € A2,(B,, E) (Rﬁ’tf € A}, (B, E) C AL, (B, E)) . Therefore using
Corollary 2.2.12, we have

15 S ([ lo-@le - o aw)

([ lo-llp = w75 vy (w) )
Bn

[ llg=(w) v ()

n

Bt p
/B ‘1 _HR f(w)HE dya/(w).

(2w

AN

AN

Using Fubini’s Theorem and Theorem 2.1.25, we deduce that

L 1F@Idva(z) S [ 15502 pdva(2).
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3.1. Vector-valued Bloch space.

Thus, the proof of the theorem is completed. O

It is not always easy to show that a given function belongs to the vector-valued Bloch space. The

following theorem give equivalent conditions for a function to be in the vector-valued Bloch space.

_ 3.1.6. ([52, Theorem 3.1.3]) Suppose t > 0. If f € H(B,,, E), then the following conditions are

equivalent:

(i) The function f is in B(By, E).
(ii) We have f = P,g for some g € L*(B,,, F).

(iii) The function fu+(z) = (1 — |2|?)! R f(2) is in L®°(B,, E).

Moreover,

1 £ 8@.,E) = 19lloo, 2 = [ fa,tll oo,

Now we continue with some properties of vector-valued Bloch spaces.

3.1.7. Let 0 < p < oo. Then B(B,,, E) C A% (B, E).

Proof. This is immediate from Theorem 3.1.5 and Theorem 3.1.6. Ul

Next result gives a pointwise estimate for vector-valued Bloch functions.

_ 3.1.8. ([52, Proposition 3.1.5]) If f € B(B,,, E), then there exists C' > 0 such that

1
1f ()l < Clifllse,, ) log =P

for any z € B,,.

To finish this section, we recall that B(B,,, E*) is the topological dual space of Al (B, E). This generalize

the similar result in the scalar-valued case.

@ 3.1.9. ([52, Theorem 3.1.6]) Let E be a Banach space. The space (Al (B,,, F))* can be identified
with B(B,,, E*) under the integral pairing given by

(fr)ap = /B (F(2),9(2)) .5+ dva(2), (3.5)

n

where f € P(B,,, E) which is a dense subspace of AL(B,, F) and g € B(B,,, E*).

A completely different proof of Theorem 3.1.9 in the unit disk can be seen in [4, Corollary 3.17].

3.1.1 Little vector-valued Bloch space.

The vector-valued Bloch space is not separable. In this section, we discuss a separable subspace of the
vector-valued Bloch space, the little vector-valued Bloch space. As in the scalar-valued case, this space is

useful in the study of the compactness of operators on vector-valued Bergman spaces.
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3.2. Vector-valued ~-Bloch space.

The little vector-valued Bloch space By(B,,, E) is the subspace of B(B,,, ) consisting of those functions
f : B, — E for which

Jim (1 ) IV () = 0.

The following proposition is a particular case of Proposition 3.3.17 in page 84.

_ 3.1.10. Let f € B(B,, E). The following conditions are equivalent:

(i) f € Bo(By, E).
(i) limg_y - [|f — fsllB®,,m) = 0, where f; is the dilation function defined for z € B,, by fs(2) := f(s2).

(iii) f belongs to the closure of P(B,, E), where P(B,, E) is the set of all holomorphic polynomials on the

unit ball with coefficients in E.

3.2 Vector-valued y-Bloch space.

In this section we are going to define and characterize the more general type of vector-valued Bloch spaces,
the y-Bloch spaces By (B, E).

Definition 3.2.1. For v > 0, B,(B,,, E) is the space of vector-valued holomorphic functions f € H(B,, E)

such that
of

2k

sup (1 — [2*)7 || 5 (2)

ZE]Bn

< 00,
E

for any 1 < k < n. It is simple to see that the vector-valued 7-Bloch space B,(B,, E) consists of all
vector-valued holomorphic functions f € H(B,,, E) such that

sup (1 — )N f(2) ||z < oo.

ZeBn

It is clear that By (B, E) = B(B,, E). Therefore, the vector-valued y-Bloch spaces with v > 0 extend the
vector-valued Bloch space. As in the scalar case, it is well-known that f € H(B,,, E) belongs to B, (B, E)
if and only if

1£ 115, Bn, ) = sup (1 = |2*)V [V f(2)]|pn < o,

zebn
n 2 1/2
IVf(2)lEn = <Z ) :
1
Taking [|f|| = [|fll5,,.z) + [If(0)||z we have a norm. With this norm, it can be shown that B, (B, E) is a

Banach space (see [77] for the scalar-valued case).

where

azz

Definition 3.2.2. Let v > 0. The little vector-valued ~-Bloch space By (B, E) is the subspace of
By(B,, E) consisting of functions f such that

Jim (1= 2P IV =0,

We also have some equivalent characterizations of these spaces more suitable for our purpose.
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3.2. Vector-valued ~-Bloch space.

3.2.3. ([52, Theorem 3.2.1]) Let E be a Banach space. Lte v > 0, § > —1 such that v+ > 0.
If f € H(B,, E) then the following conditions are equivalent:

(i) f € By(By, E).

(ii) There exists a function g € L*°(B,,, E) such that

f(z) :/IBS ( g(w)dvs(w) z€B,.

1 — (z,w))" o477

(iii) The function (1 — |z|2)YRFTY=11f(2) is in L>®°(B,,, E). Moreover,

1118, B0 ) = l9lloc,p = sup (1 [2) [ R7FHf(2) | .

z€B,,

Next lemma gives more general criteria of functions in By (B, E).

3.2.4. ([52, Lemma 3.2.2]) Let a > —1 and v > 0 such that o —y > —2. If f € H(B,,, E) then

the following conditions are equivalent;:

(a) The function (1 — |z|?)YR¥! f(z) is in L= (B, E);

(b) The function (1 — |z|?)Y ' R* 1 £(2) is in L®°(B,, E) for some t > 0.
Moreover,
sup (1 — [2[*) | R f(2) || = sup (1 — 22T R F(2) | -

ZEIBTL ZE]Bn

As a corollary we get the following result which is actually the most used in what follows.

3.2.5. Let @ > —1 and v > 0 such that « — vy > =2. If f € H(B,, E) then f € B,(B,, E) if

and only if the function (1 — |2]2)7 T R®!H1 £(2) is in L>°(B,,, E), for some t > 0. Moreover,

£l (8,m) = sup (1 — [2*) 7T RV f(2) | .

ZE]B’VL

Proof. Notice that with the same notations of above theorems, if we set a := § + v — 1, condition g > —1
is equivalent to say that o« — v > —2 and condition v + 5 > 0 is equivalent to say that a > —1. This
means that, in fact, under these conditions, statement (iii) of Theorem 3.2.3 is equivalent to statement (a)
of Lemma 3.2.4. So, Theorem 3.2.3 and Lemma 3.2.4 give the result. O

As a consequence we also have some basic properties of these spaces.

Corollary 3.2.6. Let v > 0 and 0 < p < oo. Then B,(B,,E) C AL(B,,E) for all a > —1 with

a>ply—1)—1.

Proof. Let f € By(B,,E) and 0 < p < oo and a > —1. By Theorem 3.1.5 an Theorem 3.2.3, we have that

1/p
e = ([ (1= PP O R ) fdva(2))

n
1/p

S s, ([ (1= 0 rdn(z))

The condition o > p(y — 1) — 1 ensures that the last integral is finite. O
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3.2. Vector-valued ~-Bloch space.

Then we also have the following pointwise estimate for vector-valued ~-Bloch functions.

_ 3.2.7. ([52, Proposition 3.2.5]) Suppose v > 1. If f € B,(B,, E) then there exists C' > 0
such that
Cllfll

1f(2)le < W;

where | f|| = £ (0)llz + [|f]l5,®..k) and z € By.

Note that in the particular case of z = 0 we have that || f(0)||z < || f]|, for any v > 0. We have already
seen the pointwise estimate of vector-valued «-Bloch functions for the particular case of v = 1 in Proposition
3.1.8.

We need another characterization of the y-Bloch spaces in termes of the invariant gradient. Before that

we need two new results about the vector-valued invariant gradient.

3.2.8. ([52, Theorem 3.2.7]) Suppose 5 > 0 and t > 0. If

o)
1= G

for some g € Al (B, F), then

1R g(w)|| pdva4s (w)
11— (2, w)|#T2

V1), < V2801 - \z\QWZ/
for every z € B,,.

Finally, the last characterization of the vector-valued ~-Bloch space is the following.

_ 3.2.9. ([52, Theorem 3.2.8]) Let E be a banach space. If f € H(B,,F) and v > %, then
€ s if and only if the function
B.(B,, E) if and only if the functi

(1= 227 |[Vi2)

En

is in LBy, E). Moreover, ||£|g, s, 5 = sup.cp, (1 |2|2)71 ||V £(2)|

En’

To finish this section we have the following estimates for functions in the vector-valued Bloch space
B(B,, E), you can follow the same proof of [4, Corollary 5.3], but we include another simpler proof for

completeness.

3.2.10. ([52, Corollary 3.2.9]) If f € B(B,, E), then there exists C' > 0 such that
1/ (2) = f(w)lle < CB(z, w)|| flla,,E):

for any z,w € B,,.

In the case where 0 < v < 1, it is more convenient to introduce the vector-valued Lipschitz spaces.
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3.3. Vector-valued Lipschitz spaces.

3.3 Vector-valued Lipschitz spaces.

In this section, we intoduce and study some properties of the vector-valued holomorphic Lipschitz spaces
A, (B,,E) and we see, as in the scalar-valued case, that when 0 < v < 1, we have that B,(B,,E) =
A1—(By, E). Our approach here is the same as in [77] and in [71]. Some results like integral representation,

estimates in terms of various derivatives are developped in this section.

Definition 3.3.1. Let 0 < v < 1. The vector-valued Lipschitz space A (B,,, E) is the space of vector-valued
holomorphic function f :B,, — E such that

If(z) = f(w)lle

|2 — w|?

£l Ay @B, 2) ZSHP{ L Z,w eIB%n,z;éw} < 0.

As in the scalar-valued case, we have that a vector-valued holomorphic function f € A, (B,, F) if and
only if
sup (1 — [2) 77N f(2) |5 < 0.

ZGBTL

It is clear that each space A,(B,, F) contains vector-valued holomorphic polynomials. Endowed with
the norm || f|| = [|f(0)ll& + I flla,B,,E)> Ay(Bn, E) becomes a Banach space (see [77] for the scalar-valued

case).

The proof of the following theorem is similar to the proof of [77, Theorem 7.9] in the scalar-valued case.

@ 3.3.2. Suppose 0 < v < 1,8 > —1 and f € H(B,, E). Then the following conditions are

equivalent:

(a) fisin Ay(By, E).
(b) f is in the ball algebra and its boundary values satisfy

1£(Q) = £(O)lle
S“p{ C—¢p

:q,geSn,csAf}mo.

(¢) The function (1 — |z|2)!=7||N'f(2)| g is bounded in B,,.

(d) There exists a function g € L>°(B,,, E) such that

o= [ )
B, (1 — (z,w))n+1+6—
for all z € B,,.
(e) The function (1 — |2|?)'=7||Vf(2)| g is bounded in B,.
Remark 3.3.3. Let v € (0,1). As consequence of Theorem 3.3.2, we have that
Bi—~ (B, E) = Ay(B,, E)

with equivalent norms. Therefore, the following pointwise estimate holds

1f(z) = Fw)]e < Cllfll|z = w7,
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3.3. Vector-valued Lipschitz spaces.

for all f € By(By, E), and z,w € B,. In particular, for w = 0, we have that

1f()lle < ClIAl=,

where || f|| = [|f(0)le + If|l5,(®,.5), and |z| > 3. The previous inequality means that the point evaluation
is a bounded linear functional on the vector-valued y-Bloch space B (B,,, E'), with a norm that is uniformly
bounded on each compact subset of B,,. We have B,(B,, E) C H*(B,, E), the space of all vector-valued

bounded holomorphic functions on B,,.

In the section, we extend the theory of vector-valued Lipschitz spaces A, (B,,, E) to the full range v € R.

Definition 3.3.4. Let v € R. We let A, (B,,, E) to be the space of vector-valued holomorphic functions
f B, — FE for which, there exists an integer k£ > ~ such that

1Flla, @, m) = sup (1= [z N f ()| < o0,

z€bn

where N¥ = N oN o---oN k—times and with the norm

I/

v.8 = £z + s, @5

the space A,(B,, E) becomes a Banach space. The space A (B, E) will be called the vector-valued holo-

morphic Lipschitz space.

We first prove that the definition of Ay (B,, E) is independent of the integer k used.

3.3.5. Suppose f is in H(B,, E). Then the following conditions are equivalent:
(a) There exists some nonnegative integer k > v such that the function
(1= 2N f(2)

is bounded in B,,.

(b) For every nonnegative integer k > v the function
(1= [z N f(2)
is bounded in B,,.

Proof. Suppose k is a nonnegative integer with k > ~. Let ¥’ = k + 1. If the function
(1 — |2>)¥ "N* f(2) is bounded in B,, then the function N'* f(z) e Aé(IB%n,E), with 8 = k' —~ and by
Proposition 2.2.2 we have

/ NF f(w
Nk f(z) = /Bn (1 — <Z’w§)n)—&-ﬁ+1dyﬁ(w)'

Since N* f(0) = 0, we obtain that

N9 1) = [ W) (= — 1) dwatw),
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3.3. Vector-valued Lipschitz spaces.

Hence
N*F(2) = NEF(0) = /OlNli;(tz)dt
— [ s (s 1) )]
= i [ (= )
= [ )Lz wpavs),
where

Lz w) = /01 ((1 - t(z,L>)n+B+1 - 1) %'

By [77] there is a constant C' > 0 such that

C

L < ——MF—.
R T N

It follows that

IV F@Ie = | [ A @)L w)dv(w)

< /B I £ ()| 5| L (2, w)]dvs(w)
o[ WFrw)le

= O i)

< / dv(w)
~ e (1= ()[R

1
(1= [z)*=

AN

Thus, (1—|z|>)*=7||N*f(2)|| is bounded in B,,. Conversely, if the function (1 — |z|?)* " YA* f(z) is bounded
in B,,, then the function N*f € A,lg_V(IBSn, E) and by Proposition 2.2.2 we have

(1 — w*)* TN f (w)dv (w)

(1 _ <Z, w>)n+1+k7ﬁ/

NEF(2) = ehesy /B

n

Taking the radial derivative in both sides, we get

, , 1 — |Jw)F YN f(w) {2, w)dv(w
NF f(Z):CCkﬂ/B ( |(|1)_<ij>)£+3§rk’—'y> ( )

n

It follows, by Theorem 2.1.25, that

" dv(w) 1
WIS [, T S T

Thus, (1 — |2)?)" =7 |N* f(2)| £ is bounded in B,,.

Therefore, the function (1—|z|2)*~YA* f(2) is bounded in B,, if and only if the function (1—|z|?)**1=YN*+1f(2)
is bounded in B,, where k is any nonnegative integer satisfying k > ~. This clearly proves the desired re-
sult. O
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3.3. Vector-valued Lipschitz spaces.

For v = 0, we write Ag(B,,, E) = B(B,, E).

3.3.6. Let f € H(B,, E). The following conditions are equivalent:

(a) There exists a nonnegative integer k >  such that

sup (1 — [2)* 7[R f(2) | < oo

Ze]Bn

(b) For every nonnegative integer k > v we have

sup (1 — [2)* 7[R f(2) | < oe.
ZGBn
Proof. 1t is clear that (b) = (a). So to complete the proof, we will prove that (a) = (b). Suppose that there

exists an integer k£ > ~ such that

¢ = sup (1 — [z[H)* || R  f(2)|| & < oo.
z€B,,
We want to prove that
sup (1 — [2[}) RO (2) |5 < oo
z€B,,
Since ¢ < oo, then f € Aé(]B%n, E), where § = a+ N, and N is a sufficiently large integer. Indeed, if N is
large enough so that 5+~ > —1, by Theorem 3.1.5, we have that

Ifllpe = /(1—IZ\2)k\|R“’kf(Z)HEdVﬁ(Z)

n

= /B (1= [ R ()L — [2[*) dw(2)

n

[ =1y duz)

n

N

< Q.

By using Lemma 2.1.19, we have that

Ra,k-l—lf(z) — /]B f(w)h(<z>w>) dl/ﬂ(w),

(1 — (z,w))nt1+A+k+1
where h is a one-variable polynomial of degree N and § = a + N. Applyng Lemma 2.2.7 it follows that

RF f(w)h({z,w
R = G s (o),

If N is large enough such that § + v > —1, we have

okt [(1 = [ RM f (w) || ] (1 — [w]*)+
HR f(Z)HE S /n ‘1 o <Z,w>’"+1+5+7+(k+1_7) dl/(w)
&
(1__|ZP)k+1—y'

S

Therefore, we have that
sup (1 — [2)* RO f(2) |5 S e < oo

ZGBn
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3.3. Vector-valued Lipschitz spaces.

Also, if k is a nonnegative integer with k > ~ such that

¢ == sup (1 — [z[*)* TRV ()| 2 < oo,
z€By,
then

sup (1 — [2)* 7[R f(2) | < o0
ZeBn

Applying Proposition 2.2.3 and Lemma 2.2.7 we have that

wkrrn [ @bz w)dvg(w) [ RO w)R((z, w))dvs e (w)

’w>)n+1+5+k - (1 _ <Z,w>)n+1+5+k ’

where h is a one-variable polynomial of degree N and = aa+ N, and z € B,,. By using Theorem 2.1.25 and
the fact that 8+~ > —1, it follows that

. (1= o)1 RO )] (1 = fw2)* ()
B @le 5 [ 5T

/ (1= |w[?)*7dv(w)
‘)
B, |1 — (2, w)[vH1+A+r+(k=7)

C/

L —
(L= [P)E

Since z € B, is arbitrary, we obtain that

sup (1 — [2[*)* VRV f(2) || S ¢ < oe.

ZeBn

O

3.3.7. Let 0 < t < 00, 79 € R and « such that o + vot > —1. Then A, (B,, E) C AL (B, E).

Proof. Let k > ~y. Applying Theorem 3.1.5, for f € A, (B, E), we have that

I1f

hol2 2/ [(1 = [=)* IR £ ()|l £) dva(2)
Bn
:/ [(1 = [z R F(2) [ 2] (1 = |21*)" dva(2)

n

Sl @y [ =R du() < 0. O

n

_ 3.3.8. Suppose s and v are real such that neither n + s nor n + s + v is a negative integer.
Then R*Y map Ay (B, E) onto B(B,,, E).

Proof. Suppose f € H(B,, F). Then the function R*7f is in the vector-valued Bloch space B(B,, F) if

and only if the function sup (1 — |z|?)*||N*(R*7 f)(2)||z < oo, where k is any positive integer, (see Lemma
zebn

3.3.5). If f € Ay(By, E), then the function
g9(2) = (L= [z)* TN f(2)
is in L*°(B,,, E'), where k > + is a positive integer. Let N be a sufficiently large positive integer such that

k—~v+p=s+N>—-1.
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3.3. Vector-valued Lipschitz spaces.

Then we use Proposition 2.2.2 to write

Nkf(z) — /IB g(w)dyﬂ(w) = Bn

(1—(z, w>)n+1+k—7+ﬁ’

Applying Lemma 2.1.19, we obtain a polynomial A such that

sy ANk _ g(w)h(<z7 'U}>)dVﬁ ('LU)
RINTf(2) = B, (1— (z,w))n+tksB 2 € Bn.
Since all the radial diffenrential operators commute, we have
(1= [2P)PRPINFf(2) = (1 = [2[*)'NP R f(2), z € By,

By Theorem 2.1.25, the function (1 — |z|)*N*R$7f(2) is in L>°(B,, E). On the other hand, if g €
B(B,, E).we search for a function f € Ay(B,, E) such that R*7f = g. Since g € B(Bj,, E), then R*7 f will
belongs tothe vector-valued Bloch space B(B,,, E'). By Lemma 2.1.17, the function Rsi _,f € B(B,, E).
We fix a sufficiently large positive integer N such that the real 5 = N + s+~ > —1. By part (c) of Theorem
3.1.4 , there exists a function g € L>(B,,, E) such that

w)drg(w
Rsyy,—f(2) = /JBn (1 g<<z)7 wf)(n—&—)l—&—ﬂ'

We apply the operator R*T7~7 to both sides and use Lemma 2.1.19 to obtain that

f(z):/m; p((z, w))g(w)dvs(w)

(1= (z,w))"+ 15777

where p is a polynomial. An easy computation then shows that

Nige) = [ Alemewdn
Bn

(1-— <Z’w>)n+1+ﬁ+k7'y7
where k is any positive integer geater than v and ¢ is another polynomial. By Theorem 2.1.25, the function
(1—|22)* Nk f(2) is in L®(B,, E), namely, f € A,(B,, E). O
Given a positive integer k, we define the differential operator Dy by

Dy :=2I+N)oBI+N)o...o((k+1)I+N), (3.6)

where [ is the identity operator and A is the differential operator given in (2.25).
In the sequel, we denote by P(B,, E) the space of all vector-valued holomorphic polynomials. The proof of

the following lemma is similar as in the scalar case in [40], we omit the details.

3.3.9. For all f € P(B,, E) and g € P(B,,, E*), we have the following identity

[ @@ mmdvaz) = o [ () Dig(mse (1~ [) dva(2),

n ]Bn

where ¢, is a positive constant depending only on the integer k. The above identities are valid for vector-

valued holomorphic functions when both sides make sense.

The following lemma will be very useful in the sequel.
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3.3. Vector-valued Lipschitz spaces.

3.3.10. Let {ax} a sequence of positive numbers. For any positive integer k, let M}, the differential
operator of order k defined by

My = (aoI+N)O(CLlI+N)o...O(ak_1[+N). (37)

Then a vector-valued holomorphic function f belongs to A, (B, E) if and only if there exists an integer
k > v such that
sup (1 — |2)* 7| My f (2)[| & < oe.

z€B,

Proof. Let us assume first that f € A (B, E), and we prove the desired estimate on Mj,. By assumption,

there exists an integer k > + and a positive constant C such that
IN*f(2)lle < O = |2,

for any z € B,,. It is enough to prove that the following inequality
IV F(2) e < C(L = |21?)77F,

holds for 0 < j < k, since the assumption give the case j = k. For g € H(B,,, E) and z = rz/, where r = |z,
and 7’ is in the unit sphere. We have
Ng(rz') =ro.g(rz').

Thus,
/ !/ " / d
olr=) = 9('/2) = || Wols)

Now, for g € H(B,,, F) such that |Ng(z)||g < C(1 — |2|?)Y~%. We have that

lo(r=) = 9(='/2)lle < 2 [ [Ng(s2") s

IN

40/1 (1—s%)7"Fsds
3

= —2(3’/1 —25(1 — s2)7 " *ds
3

20 pyiit]”

— 1— y—k+1
[’yk:Jrl( +) 1
—-2C INv—k 1.,_

_ Y T peyk oty k+1}'
7—k+1{( ") (=7

Now, if vy — k+1 < 0, then

-2C

lg(rz") = g(z'/2)|l e < (1= r*)7F = Crp (1 = 27

vy—k+1

If vy—k+1>0, then

lgtr) = 9(//Dls < — {(1 N Ean r2)7—k+1}

vy—k+1 4
L(l _ l)v—kﬂrl =},
vy—k+1 4 7
/ 2\y—k
< Gy, (U= 1219)777,
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3.3. Vector-valued Lipschitz spaces.

where the last inequality is justified using the fact that (1 — |z|?)"™* > 1. It then follows that
lg(2) e < O~ |2*)77*.

Now, we use this fact inductively for g = AN* f, then g = N*~1f, ... to conclude. Conversely, assume that

there exists an integer k > v and a positive constant C' such that
1My f(2)]le < CQ—[2*)7F,
for any z € B,,. To conclude, it is sufficient to prove that for a fixed positive real a, the inequality
lag(z) +Ng(2)||p < C(1 = [2*)* (3.8)
implies the inequality
IVg(2) e < O~ |2*)77F,

for any function g € H(B,,, E). Choose a real 3 such that §+~v—k > —1. By the assumption (3.8), we have
that

[ lagle)+ Ng(@)ls( — 1o Pau(z) < oc.

n

Thus, for any z € B,,, we have

ag(z) + Ng(z) = 05/]3 ([(;gfltgi’ﬁ:ué\)ffﬁi); (1= [w]*) dv(w).

Then, differentiating under the integral sign, we obtain that for all 1 < i < n, we get

0., lag(2) + Ng()] = (n+ 1+ Bhea [ SOOI ETI (1 Pano)

Therefore,

[ag(w) + Ng(w)](z, w)
(1 _ <ij>)n+2+ﬁ

N (ag(=) + Ng(=)) = (n+ 1+ Bes [ (1 = fuwf?) dv(w).

n

Applying (3.8), and Theorem 2.1.25 we get that for all 1 <i <mn,

(1~ fuwf?) =+
IV (ag(2) + No) I < Ces | e s )

< C(1— |22+t

Thus, the derivative of ag(z) + Ng(z) is bounded by (1 — |2|>)"~*~1. So, to prove the inequality above, we

are reduced to consider smooth functions ¢ of one variable r € [0,1), and to prove that the inequality
[/ (r)lle < C(1—r) =",
with ¢ (r) = a¢(r) + r¢’(r), implies that
Iré/(r) |z < C(1—r)*

(here, ¢(r) = g(rz")). Now, differentiating v, we obtain ¢'(s) = (a + 1)¢'(s) + s¢”(s). Multiplying both
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3.3. Vector-valued Lipschitz spaces.

sides of the previous inequality by s%, we obtain that s%/(s) = (a + 1)s%¢(s) + s*T1¢"(s) = [s°t1¢/(s)] .
Then integrating the equality above on [0, 7], we obtain that

1 s
) = =t [ S0 ()ds.

Therefore, the desired estimate follows at once, since k > ~. O

Remark 3.3.11. We shall use extensively this lemma for two particular classes of differential operators:

the class Dy, and the class Ly, corresponding to the choice a; = n + a + j + 1. For this choice, we have

i n+a+j+1
(5T + M)A = o)™ = e

and inductively,

Li(1 - <Z7w>)7niail = (1— <Z’;>k)n+a+k+l'

The proof of Lemma 3.3.10 allows us to define an equivalent norm of f in terms of My, f. Particularly, we

will write the equivalent norm of f in terms of Dy f and Ly f. More precisely, we have the following result:

Corollary 3.3.12. Let Dy a differential operator of order k defined in (3.6) and Ly, a differential operator
of order k defined in Remark 3.3.11. For f € H(B,, E), the following assertions are equivalent.

(1) feA(By, E).

(2) There exists an integer k£ > ~ such that

sup (1 — [2)* 77D f(2) | < o0.

z€B,,
(3) There exists an integer k > 7 such that

sup (1 — |2/*)* 7| Lif (2) || < oo

ZG]BTL

Moreover, the following are equivalent

£l = 17O + sup (1 - |2)5 | Dief (2) |2

~ | £O)lle + sup (1 - |2*) N Lef (2) |-

_ 3.3.13. Let v € R and 8 > —1 such that n+ § — is not a negative integer. For f € H(B,, E),

the following conditions are equivalent.

(i) The function f is in A (B, E).

(ii) There exists a function g € L>°(B,,, E') such that

(w)dvg(w)
f(z) = /IBSn (1 —g<z, w>)€l+1+6—7'

Proof. (i) = (ii) First assume that f € A,(B,, F). By Theorem 3.3.8 the function R°~77f is in the

vector-valued Bloch space B(B,,, E'). According to the integral representation in Theorem 3.1.4, there exists
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3.3. Vector-valued Lipschitz spaces.

a function g € L*°(B,,, E) such that

RO = Page) = | S (39)

Applying the operator Rg_, - to both sides of (3.9) and using Proposition 2.1.20 we conclude that

f(z) :/]B ( g(w)dvs(w) z € B,,.

1 — (z,w)) 1487’

(ii) = (i). Let g € L*°(B,,, F) such that

f(z) :/]B ( g(w)dvs(w) z € B,,.

1 — (z,w))n+1+8-7

For any nonnegative integer k > v, we have

Nesie) = [ et 5.10)

(T = (2, w) T e=

where p is a polynomial of degree k and z € B,,. Using Theorem 2.1.25 in (3.10), we get

1
k

IVl S T
that is f € Ay(By, E). O

_ 3.3.14. Let v and ¢ be two real such that ¢ > ~. Let s be a real such that neither n + s nor

n + s+t is a negative integer. For f € H(B,, F), the following conditions are equivalent.

(i) The function f is in A, (B, E).

(ii) The function (1 — |z|2)I"Y R f(2) is in L°°(By,, E).

Proof. (i) = (ii) First assume that f is in A,(B,,, E). By Theorem 3.3.13, there exists g € L>°(B,, E) such
that

o= [ S
B, (1= (z,w))"t1+0=7

where z € B, and [ is a sufficiently large positive real such that § — v = s + N, for some positive integer

N. We have, using Lemma 2.1.19

ot z,w))g(w)dvg(w
- | et

z € B,.

using Theorem 2.1.25 )

IR f(2)lle < W7

that is (1 — |z|?)! YRS f(2) € L™ (B, E).
(ii) = (i) Conversely, we assume that the function g(2) := (1 — |z|?)!"YR®! f(2) is in L>°(B,,, F). Let 3 be a
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3.3. Vector-valued Lipschitz spaces.

sufficiently large positive real. The function R*!f € A} 4B (B,,, E). Indeed, we have that

; Rst
RY(=) = / (1= (2, w){”(Jrl)“ 775 Wiyt (w)

e g(w)(1 — )~
(-

(z, w))"“*t g d—y8(w)

)1 — w[*)°
= 7+5/ 1_ = %Lﬁdv(w). (3.11)
Using Theorem 2.1.25, it follows that
1
1t
IBR™f(2)lle S 1=z z € By,
By (3.11) we have
st el — Ct=1+B g(w)dvg(w)
R() = cs /IBn (1 — (z,w))nt1+t=y+8’ z € Bn.

If kK > ~ is a nonnegative integer, we observe that there exists a polynomial p such that

NER () = T [ ) s € B, (312)

cs w) )ikt

Since [ is sufficiently large positive real, let N be a sufficiently large positive integer uch that 5 —~ = s+ N.
apply the operator Rg; to both sides of (3.12), and using Lemma 2.1.19, we get

Rt = 2 [ i)t 5.13)

cs 1 — (z, w))nHl+k+B—7"

where p is a one-variable polynomial of degree N and z € B,,. Since all radial differential operators commute,

we have

R NFRS = NF. (3.14)

Applying Theorem 2.1.25 in (3.13) and using 3.14, we obtain

IOy p—

SToEmE FER
That is f € A, (B, E). O

Remark 3.3.15. According to Theorem 3.3.14, given v > 0, we observe that the vector-valued Lipschitz

space A, (B, E) consists of functions f € H(B,, £) such that for some nonnegative integer k > -, we have

1Fllay(8,,m) = sup (1= [2[) 7[R f(2) | < oo

Zen

Definition 3.3.16. The little vector-valued Lipschitz space A o(By, E) is the subspace of A, (B,,, E), which
consists of functions f € Ay (B, E) such that

lim (1 [22)F7 R £(2)]| = 0. (3.15)
|z]—1
When v =0 and k£ =1, then
Aoo(By, E) = By(By,, E).
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3.3. Vector-valued Lipschitz spaces.

The little vector-valued Lipschitz space Ay o(By, E) is the closure of the set of vector-valued polynomial
P (B, E). We have the following important result.

_ 3.3.17. Let v > 0 and f € A, (B, E). The following conditions are equivalent.

(1) feN B, E).
(ii) limg_y1- ||f — fslla, 8.,y = 0, where fs is the dilation function defined for z € B,, by fs(2) := f(s2).

(7i7) f belongs to the closure of P(B,, E), where P(B,, F) is the space of vector-valued holomorphic

polynomials.
Proof. (i) = (ii). Suppose that 3 <r < s <1, and let fs(z) = f(sz), z € B,. By the definition, we have:

1 = Fillay@a,m) = sup (1= [2)* VR (f = fo) ()l

ZGBn

= sup (L= IR £) () = (R f) (=)

= sup (1~ [2/)* (R f)(2) — (R f)(s2) ||

z€B,

= sup (1= )RS F) (=) = xr(2) (R ) (2)

+ X (2) (RO ) (2) = (RO f) (52) |

< sup (1= |2/ 7N (RT4)() = ()1 ()

+ sup (L= 2P () (R ) (2) = (RF ) (s2)

where x, is the characteristic function of the set {|z| < r}. We first have the following estimate:

sup (1 — [z)* (R F)(2) = xr () (B ))(2) e < sup (L= [2[) 7 N(RYES)(2) = xo(2) (B ) ()|

2€By, |z|<r

+ osup (1= [z)M (B )(2) = xr () (R ) (2) |

r<|z|<1

= sup (L— [z (R f)(2)|e

< sup (1= [zP) (R g

Secondly, we have following estimate,

sup (1 — |21 7 xe () (R ) (2) = (R ) (s2) 2 < sup (L — [ 7 xr (2) (R ) (2) — (R¥Ff)(s2) |

z€By, |z|<r

+ osup (1= [z[)" 7| (2)(RYFF) (2) = (R f)(s2) | e
r<|z|<1

= ﬁlf(l — 2R ) (=) — (RYFf)(s2)
z|<r

+ sup (1= [z[)"V(RY* f)(s2)] -
r<|z|<1
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3.3. Vector-valued Lipschitz spaces.

Using the change of variables w = sz, we then obtain

sup (1—[2[2)* 7|(R*"f)(sz)llp = sup ( > [(RF £)(w)|
r<|z|<1 rs<|w|<s
_ Rak
rsiﬁ,ﬁq*sw S (2 )T IR )|
<2277 sup (1 — [w?)F[(ROF ) (w)]| 6.
r2<jwl<1

It follows by using the assumption that

1f = fsllaygam) < Oy sup (1 —[w) (R f)(w)]

r2<lw|<1
+ ol (1= 22 NRYE ) (2) = (RO ) (s2)

with C, = 1 + 22:--7). Since (R**f)(sz) — (R*Ff)(2) in E uniformly on the compact set {|z| < r} as
s — 17, we have
lim sup (1 — |2)*7|(R** f)(2) — R** f(s2)||p = 0.

s—1— |z|<r
It follows that
Jim I1f = flla, @..5) < Cylimsup(1 — [w]*)* 7| (R¥* f)(w)]| & = 0.

|w|—1—

(13) = (417). Given € > 0, by the assumption, there exists sop € (0, 1) such that

1 = Faolla, @) <€ (3.16)

Further note that fs, € H( B, E) and 1 < 1+SO
that for each m € N, there exists a F-valued polynomlal Pm such that

< - From this, and by using Taylor’s formula, it follows

lim sup Hfso(z) —pm(2)[E = 0.

m—r0o0

Zeﬁﬁn
Therefore, there exists mg € N such that
sup_ || fso(2) — pm(2)llE <€, (3.17)
Zeﬁﬂn
for m > myg. By the Cauchy’s inequality, there exists a constant cs, > 0 such that for each i = 1,--- ,n we
have of 5
p
swp |22() = D) <y sup_ o) ol (318)
z€By, Zi Zi E z€ 1+2$0 B

Suppose k is a nonnegative integer with & > ~. By using (3.18) and Proposition 2.1.21, there is a constant
¢ = ¢(sp,n, o, k) such that

sup [|(R* fo)(2) = (R b)) (2)|E S ¢ sup_ || fsg(2) = Pmo (2) | - (3.19)
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It follows from (3.19) and (3.17) that

Sequ(l — IR (fo = Pmo) (2) | < sup IR f50)(2) = (R**pimg) (2) |2

<c sup_ [ fs0(2) = Pmo (2) | E < ce.

2
zE Tisg B

Thus
[ fso = Pmolla,®.,m) < ce (3.20)

Using (3.16) and (3.20), it follows that

1f = Pmolla,@n,2) S If = Fsolla,Ba,2) + | fso = Pmolla, B, E)
<e+ce=(1+c)e

(¢4i) = (i). Let f in the closure of the set of vector-valued polynomial P(B,, E) in A,(B,,, E'). There exists

a sequence of vector-valued polynomials {p,,} in P(B,, F) such that

Jim |[f = pmlla, @,z = 0. (3.21)
Let us prove that for each k > ~,

lim (1 —[z[) 7 [[(R**f)(2) & = 0.

|z] =1~
Let k£ > ~. We have that

IR 1)) e < I(BYEF)(2) = (B pm)(2) | + (R pim) (2)l| 2
< (BYF1)(2) = (BR**pm) (2) | & + R D o, 24

where || R**py|0o.r = max,en, ||(R%*py)(2)| g. It follows that for each m € N, we have

(1= [P MR NHE)E < (1= 1P TNRYF)(E) = (B pm) ()1
+ (1= ) IR pia oo,

< 1f = Pimllay@a,m) + (1= 213 TR ppnloo, -

Letting |z| — 17, we obtain that

limsup(1 — [2)* R f(2) |z < |If = Pmllas @)

|z| =1~

for each m € N. Now, letting m — oo on both sides of the previous inequality, it follows by (3.21) that

lim sup(1 — \2]2)k_7\\Ra’kf(Z)HE = 0.

|z]—1—
O

Remark 3.3.18. One of consequence of Proposition 3.3.17 is that, given v > 0, the little vector-valued
Lipschitz space Ay o(By,, E) is a closed subspace of the vector-valued Lipschitz space A, (B, E).

We present now our first important contibution in this thesis. Mainly, we show that we can identify
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3.3. Vector-valued Lipschitz spaces.

the topological dual space of the weighted vector-valued Bergman space AP (B, E) for 0 < p < 1 with the
vector-valued Lipschitz space Ay (B, E*), where v = (n + 1+ «) (% — 1) .

_ 3.3.19. Let 0 < p < 1. The space (A4 (B, E'))* can be identified with A, (B,, E*) with v =
(n+1+«) (% - 1) under the pairing

(Do = [ (F(2), Drgle)) ppe (1= o) dva2), (3:22)

n

where Dy, is defined by (3.6), &k > +, is an integer, where cj is the positive constant in Lemma 3.3.9,
g€ Ay(B,, E*) and f € AP (B, E). Moreover,

9y @n ) = sup [(f, 9)a,ml-
HfHAg(]Bn,E):l

Proof. We first suppose that g € A(B,,, E*), with v = (n+1+«) (% — 1) . Given a positive integer k > =,

we consider the functional

Ng AP (B,,E) — C
f () = ci J, (f(2), Drg(2)) 55+ (1 = |2 Fdva(2),

where ¢, is the positive constant in Lemma 3.3.9. We observe that A, is linear and is well defined on
AP (B,,, E). Indeed, let f € AP (B, E). We have

[N (DI = ek

[ ) Digle)) e (1= |2 odva(2)

n

< Ck:/B 1F ()| £l Drg(2) 2+ (1 — |2*)*dva(2)

B C’“/ (1= =) 1 Drg(2) | 5 (1 = 2111 f () Edva(2)
B

n

< o sup (L= ) IDeg(ler [ (L 121 dva(2)
1_ n «

S gl [ (0= BV 1) | sdva(2)

S Nl @l lpas

where for the last inequality we used Corollary 2.2.12. We conclude that A4 is bounded on A? (B, E) and
I Ag 'S lgllas @.,2)-

Conversely, let A be a bounded linear functional on AZ(B,, E). Let us show that there exists g €
A, (B, E*), withy = (n+1+«) (% - 1) such that A = A,. Since A2(B,,, E) C A%(B,, E) and A is bounded
on AP (B, E), A is also bounded on A% (B, E). Then by Theorem 2.2.22, there exists g € A%(B,,, E*) such
that

ND = [ G 9 s dva2) (323

for all f € A2(B,, E). Since g € A%(B,, E*), for any positive integer k, we have Dyg € A2, (B,, E*).
Applying Lemma 3.3.9 in (3.23), we obtain that

A(f) = Ck/ (f(2), Deg(2)) g,p+ (1 — |2[})Fdva(2), (3.24)

n
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for all f € A%2(B,, E). Now, we fix z € E, w € B,, and an integer k > . Let

(1= fuf?)
(T (o)) o1Fatt

z € B,

f(z) =
By Theorem 2.1.25, we have that f € A2(B,, E). Proposition 2.2.2 and (3.24), give us

A =ar [ (1), Dag()mee (1 = 21 dva(2)

n

~ |2y
L e D

Cack

Dyg(2)
(1 —w|?)k / dva
Ca+k [w] < v (1 — (w, z>)n+1+a+k Vartk(2 )>EE*
CoC k
1-— Yz, D .-
Ca+l<:( |w| < kg(w >E E

By Theorem 2.1.25, f € AP (B, E) and || f|lp,a,r S ||2||g. Since z is arbitrary, by duality, we have that

| Drg(w)||px = sup [(z, Drg(w))E, -]

)l p=1
1
= 2 Ty )
S WH AMIF llpa.e
Al
= s Ty
—linll

(1= JwP)R
According to Corollary 3.3.12, we conclude that

g€ MBy, E*) and  |glla, .60 SITAIL

y=Mn+1+a) (% - 1) . To finish the proof, it remains to show that (3.23) remains true for functions in

AP (B,,, E') which is a direct consequence of the density in Corollary 2.2.6.

O
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'S Chapter 4‘ * ok

Little Hankel operators on vector-valued

Bergman spaces

In 1957 Nehari [50] described the bounded Hankel operators on the sequence space ¢2. This description
turned out to be very important and started the contemporary period of the study of Hankel operators.
Hankel operators can be defined in many different ways and they admit different useful realizations. Such
a variety of realizations are important in applications, since in a concrete case we can choose a realization
that is most suitable for the problem under consideration. The history of the Hankel operators began with
the Hardy spaces and the Hankel matrices. Immediately they became very popular and they led to very
good applications [51, 55]. Since then many other generalizations were made.

It is also well known that the Hankel operators are closely related to Toeplitz operators, another well
known operator. There is only one type of Hankel operators on Hardy spaces. In the Bergman setting, there

are two different Hankel operators, the little (or small) Hankel operator and the big Hankel operator.

In this chapter, we are concerned with the question of characterizing the operator-valued holomorphic
symbols b for which the little Hankel operator h; extends into a bounded (resp compact) operator from
Ab(By, E) into Ad (B, F') where 0 < p,q < oo (resp where 1 < p < ¢ < o0). The study of the boundedness of
the little Hankel operator with operator-valued symbol began with [1] where Aleman and Constantin solved
this problem for the particular casen = 1, p = ¢ = 2 and £ = F' = H where H is a separable complex Hilbert
space. They showed that the little Hankel operator hy;, extends into a bounded operator from A% (B, H)
into A2(B,,,H) if and only if the symbol b belongs to the Bloch space B(B,, L(#)). For the compactness
problem, Constantin proved in [26] that the little Hankel operator hy is a compact operator from Ag (By,H)
into A3(By,H) if and only if the symbol b belongs to the little vector-valued Bloch space By (B, (H)). The
more general case for the boundedness problem was obtained in [52] where Oliver proved that for 1 < p < oo,
and E, F' be two complex Banach spaces, the little Hankel operator h; is bounded from AZ(B,, E) into
AP (B, F) if and only if the symbol b belongs to the vector-valued Bloch space B(B,,, L(E, F)) and this
result clearly generalizes the one obtained by Aleman and Constantin in [1]. Moreover, for 1 < p < ¢ < o0,
Oliver showed that the little Hankel operator hy is bounded from AP (B, E) into A% (B, F') if and only if
the symbol b belongs to the y-Bloch space By(B,, L(E, F)) with v = 14+ (n+ 1+ «) (% - %) . Also for
1 < g < p < oo, Oliver showed that if F' has finite cotype (see [52] for the definition of the cotype of a
Banach space), then the little Hankel operator hy is bounded from A? (B, E) into A% (B, F) if and only if
be AL (B,, L(E,F)), with 1/t = 1/q — 1/p, which generalizes the main result in [53].

In this chapter, we will study the boundedness problem in the remaining cases and we will also study

the compactness problem for 1 < p < ¢ < oco. We start by remarking that there is an error in the result by

90



4.1. Basic properties and definitions

Oliver on the case 1 < p < g < oo. Firstly, we will correct the result by Oliver in the case 1 < p < ¢ < 00, we
shall continue the work with the study of the boundedness problem in the cases 0 < p,q < 1. We finally will
solve the boundedness problem in the case 0 < p < gand 1 < ¢ < co. Inthecase 1l < p < ocoand 0 < ¢ < o0,
we give some estimates with loss. After the boundedness problem, we will study the compactness problem.
Precisely, we will prove that for two reflexive complex Banach spaces F, F and 1 < p < q < oo, the little
Hankel operator h;, with operator-valued symbol b extends into a compact operator from AP(B,,, E) into

A%(B,, F) if and only if its symbol b is in the little vector-valued Lipschitz space Ay, o(B,, C(E, F')), where

’Yo=(n+1+a)(%—%).

4.1 Basic properties and definitions

In this section, we are going to introduce basic concepts of the little Hankel operator. In the scalar case,
the little Hankel operator hy : A%(B,,C) — A2 (B, C) with symbol ¢ € L*(B,,C) is defined (see [53]) by

ho(f)(2) == Pa(¢f)(2), f € AL(By, C).

Since
BNG) = [ o) f € LB C)

is an integral operator we have that hy is also an integral operator with the form

ho(f)(2) = /B i f (50)7 Z ;b)(ﬁ)l+adya(w), f e A2(B,,C).

The characterization of this operator is widely studied and established, see [78] for example. The little
Hankel operators has many applications, mostly in physics [55, 51]. In this thesis, we are interested in little
Hankel operators with operator-valued symbols and vector-valued functions.

From now on, let E and F' be two complex Banach spaces, and let b : B,, — L(FE, F) be a holomorphic
function, i.e., b € H(B,, L(E, F)), and then the most general little Hankel operator h; with operator-valued
symbol b is defined as

It is clear that if b satisfies

15(0) £
/Bn T da(w) <00, 2By, (4.1)

then the little Hankel operator hy is well-defined for polynomials, which is a dense subspace of AE(B,,, E)
for 1 < p < oo, by Lemma 2.2.4, meanning h;, is densily defined on A2 (B,,, E) for any 1 < p < co. Since

1= {zw)[ > [1 = [{z,w)]| > (1 -]2]) zw € By,

it is clear that condition (4.1) is equivalent to b € AL (B, L(E, F)). In what will follow, we will assume that

the operator-valued holomorphic symbol b satisfy the following condition:

L I oger los (1_1,2) dva(2) < oo. (4.2)
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4.1. Basic properties and definitions

The following technical lemma is useful for what follows.

4.1.1. ([52, Lemma 4.1.1]) Let f € P(By,E) and g € P(B,, F*). If b € A%(B,, L(E, F)), for

some 1 < r < 0o, then

(tl£),9)ar = [ T, 9 rrdvalz).

The aim of this chapter is to characterize the general little Hankel operator h; in terms of the properties
of the symbol b. The techniques used here are similar to [1]. In order to do that, we need to show the following

generalization of Lemma 2.2.7.

4.1.2. ([52, Lemma 4.1.2]) Let ¢ > 0. Then

[ U@ 9@ pmdvatz) = [ (R1(), 9(2) 5 dvesel2)

n ]Bn

— / ), R%'g(2)) p.p+ AVatt(2)

n

for any f € P(B,, E) and g € P(B,, E*).

4.1.3. ([52, Lemma 4.1.3]) Suppose t >0 and 1 < p < oco. Ifb e Ag(IBén, L(E, F)), where p is

the conjugate exponent of p, then the equality

| @ FE). 9@ rredva(z) = [ (ROEFE). 9 predvasi(2)

n

holds whenever f € AP (B,,, E) and g € P(B,, F*).

The proof of the following lemma can also be found in [52].

4.1.4. Let f € H®(B,,E) and g € H®(B,, F*). If b € H(B,, L(E, F)) is such that (4.1) and
(4.2) hold. Then we have

(1), o = [ (B (FE): 9(2) pedva(2). (43)

Proof. Let f € H*(B,, E) and g € H*(B,,, F"*). By the definition of (-, ), r, Fubini’s theorem, Lemma
1.2.24 and the reproducing kernel property, we have:

(ho(f)s G)ar =
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4.1. Basic properties and definitions

It remains to show that the assumption of Fubini’s theorem is fulfilled. Indeed, since f € H*(B,,, F) and
g € H*(B,,, F*), by Tonelli’s theorem, Theorem 2.1.25 and relation (4.2) we have that

LA

<w>>)

1 _ n+1+a

16(w)ll 27, 7
w)dvats /IB%n /Bn 11— (z,w) |"+1+0éd Vo (w)dva(2)

1
< _ -
~ /IEBn 1560}l Yo (1 — !w\2> dva(w) < co. =

4.1.5. Let f € H®(B,, F) and z € B,. For b € H(B,,, L(E, F)) satisfying (4.1) and (4.2) the

function
f(w)

gz(w) = (1 — <w,z))"+1+a’ w € B,

belongs to H*°(B,,, ') and the following identity holds:
(1)) = G [ Li (bluw) (g:w))) dvsn(w),
where k is any positive integer and C}, is a positive constant depending only on k.

Proof. 1t is clear that g, € H*(B,,, E). By the definition of the little Hankel operator and the reproducing

kernel property, we have

ho(f)(2) = /B q _b(z)’(w;)lfl)ﬁw dve(w)
flw
= /Bn b(w) <(1 — (w(z>))"+1+a) dvg (w)
= [ blw)(g=(w))dva(w)
Br
N /B blw) (/IB (1- (w,g §§T)L+1+a—|—k dVaJrk(C)) dve(w)
-, (o o) o

—t [ [, R ) v

=i [ L (MO :(0)) dvoss Q)

The assumption of Fubini’s theorem is fulfilled. Indeed by (4.2), we have that

b(w)(9:(C))
/IBn = dvg (w)

(C, w))ntHiTa+k Va1 (C)

f, :

b))
<ol [ [ 5 wcfnfﬂmd o () £ (C)
dvg,
L e e s = L)

1
< z|loo E. 1 PR [} .
< lglos | 1) loqe (og1_|w‘2)du (w) < oo =
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4.2. Boundedness of the little Hankel operator h; : A2 (B, E) — A%(B,, F'), case
1<p<qg<oo.

4.2 Boundedness of the little Hankel operator h;, : A2 (B,,, E) —
Al (B, F), case 1 < p < q < o0.

Most of the results prensented in this section can be found in [52] and [9].

Here, we present one of the most important results of this chapter, the boundedness of the little Hankel
operators hj with symbol b € H(B,, L(E, F)). In this section we are going to characterize bounded little
Hankel operators hy, from A (B,, E) into AL(B,, F) for 1 < p < g < co. For convenience, we recall that
the little Hankel operator Ay is defined as

for any f € P(B,, F).

In this case, the result obtained by Oliver ([52]) is stated as follow:

_ 4.2.1. Let 1 < p < ¢ < oo. The little Hankel operator hy : AP (B,,, E) — A% (B, F) is a bounded
operator if and only if b € B,(B,,, L(E, F)), where

1 1
y=1+(Mn+1+a) (—)
q P
Moreover
1o]| a2 (8,0, 1) 5 4%, B, 1) = 10Nl 5, 8,0, 2B, F))-
Remark 4.2.2. Suppose 1 < p < g < oo,and v =14+ (n+1+ «) (% — %) Then ~ is not always

positive. Indeed, since 1/¢—1/p € (—1,0), then v € (—n —a, 1). It follows that when v € (—(n+«),0), the
vector-valued v-Bloch space By (B,,, L(E, F)) is not interesting and does not make sense since the definition
of the vector-valued ~-Bloch space introduced by Oliver only takes into account the case where v > 0. In
the next theorem, we correct the problem by replacing the vector-valued «-Bloch space with the generalized
vector-valued Lipschitz space Ay (B, L(E, F)), where v9 = (n + 1+ «) (l - %) . Since v = 1 — 7o, we see

P
that when 0 < 79 < 1, we have that

B,(B,,L(E,F)) = Ay, (B,, L(E,F)).
As one of our modesty contribution, we improved Theorem 4.2.1 by introducing the vector-valued Lips-
chitz space Ay, (B, L(E, F)).

_ 4.2.3. Suppose 1 < p < g < oo. The little Hankel operator hy : AR (B, E) — A%(B,, F) is a
bounded operator if and only if b € A, (B,,, L(E, F)), where

Yo=Mm+1+a) (;—;)

Moreover, ||| a2, 5)— 4%, B, ) = HbHAWO(Bn,E(EF))‘

Proof. Let p’ and ¢ such that 1/p+1/p’ =1 and 1/q+ 1/¢' = 1. We first assume that h; is a bounded
operator from AP (B, E) to A% (B, F) with norm |[hl = [|hell a2 (B, 5)—a9B,.r)- Let © € E and k >
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4.2. Boundedness of the little Hankel operator h; : A2 (B, E) — A%(B,, F'), case

1<p<qg<oo.

(n+1+a)/p. Let z € B,, and put

(1= (w, 2))¥’

Since k > (n+ 14 «)/p, by Theorem 2.1.25, we have that f € AL (B,,, F) and

flw) =

w € B,.

|zl
<
||f||p70taE ~ (1 _ ’Z‘Q)k_(n+1+a)/p'

By Proposition 2.2.3, we have that

WG = [ e ()
b(w)(T
- /Bn (1- <Z,(w;§”+1+a+k dva(w) = R*"b(2)(T).

It follows by Theorem 2.2.1 that

IR b(=)@)lr = |Ih(F)(2)]F
[1Po(f)lg.0 7
- (1 _ ’2‘2)(n+l+a)/q
7o [1].f 1.0, 22
— (1 _ |z|2)(n+1+a)/q
Py IR
~ (1 — |z]2)kt(nt4a)(1/a=1/p)
[Pl | =

(SEUE
Since x € E is arbitrary and ||z|| g = [|Z|/z we get that

ok _ [1Fa
IR b(z)Hﬁ(Ef) S W

Thus
sup (1 - [22/* 0 [ R*0(:)l| .y S ol

z€B,

By Lemma 3.3.6 this means that b € A (B,,, L(E, F)) and 1blls, (B..cE
O mny

) S -

Conversely, assume that b € A, (B, L(E, F)). Let f € AL (B, E), g € A% (B,,, F*) and k > 9. By Corollary

3.3.7, we have that
b€ Ay (By, L(E,F)) C AL (B, L(E, F)),

so by Lemma 4.1.1, Corollary 4.1.3 and Lemma 3.3.6 it follows that

[(ho(f); 9o, Fl

‘/B b(2)(f(2)), 9(2)) pp+dva(2)
/ (RM10(2)(F(2)), 9(2)) b pr Vas ki (2)

n

k FI%Y k
S /}B IR 20(2) | 2y I F ) gl g () (L = [22)FFHHdu(2)
S Wllayecery [, 19 Elg) e (1= o) 0du().
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4.3. Boundedness of the little Hankel operator h; : A2 (B, ) — A%(B,, F'), case
0<p,g<lLl

By Holder’s inequality the last integral is less than or equal to

1/¢

([ 1510 2y man) " ([ a0 k)

For ¢ = p, we have vy = 0 and thus

() D] S W0, g8, 1 I 1
For ¢ — p > 0, using Theorem 2.2.1, we have
_ LFIEI I e LFIEI 1 e
a _ P q-p P, _ P
£ E = fFNEIfIET < (1 — |22)(@P)ntita)/p T (- |2[2)a0

It follows that

1/q

([ 1r@isa - perma) s
Bn
— |22y +av0 1/q
s (co [ Vo D ) = Wl

Therefore, by duality, we obtain that

Il az o,y s @y = sup ((f).garl S Il @cEey

1 £1lp,0, E=L5ll9ll g7 0, % =1

4.3 Boundedness of the little Hankel operator h;, : A2(B,,, E) —
A4 (B,, F), case 0 < p,q < 1.

In this section, we present some of our contribution which can also be found in [9].

4.3.1 Boundedness of h, : A2(B,,F) — A%(B,,F), case 0 < p < 1 and
0<qg<l.

Fiheorem 4.3.1. Let 0 <p<land0<g< 1.

1) If the little Hankel operator h; extends to a bounded operator from AP (B, F) into AL(B,, F), then
the symbol b is in A (B, L(E, F)) with v = (n+ 1+ «) (% — 1) )

2) If bis in Ay(By,, L(E,F)) with v = (n + 1+ «) (% - 1), then the little Hankel operator hy :
AP (B,, E) — AL>°(B,, F) is a bounded operator.

Proof. First assume that h, extends to a bounded operator from AZ(B,, E) to A%(B,, F), with ¢ < 1.
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4.3. Boundedness of the little Hankel operator h; : A2 (B, ) — A%(B,, F'), case
0<p,g<lLl

Let [[h]| := [|ho]| a2 (B,,£)—s a2 (B,,,F)- We want to show that b € Ay (B, L(E,F)). Since hy, : A2 (B,, E) —
A4 (B, F) is a bounded operator, we have by Theorem 3.3.19 that

(o (f)s Dokl S ol Fllp..2ll9llas @ 70)s

for every f € AP(B,,,E) and g € Ag(B,, F*), with § = (n+ 1+ «) (% — 1) .Letx € B, y* € F*, we B,
(1 —[w*)*

(1 — (z,w))nriratk ™

It is clear that f € H*(B,, E) and g € Ag(By, F™), with ||g||a,B,.7+) = [[y*[|F+. We also have by Theorem

2.1.25 that f € AP (B, E), with ||f|lp.o.r S ||z] . Hence

and an integer k such that k >~y = (n+ 1+ «) (2% - 1) . Let g(2) = y*, and f(z) =

[(ho(f): Qe | S 1ozl £llyxl -, (4.4)

Applying Lemma 4.1.4 and the reproducing kernel property, we have that

(= w7

[(he(f); 9)a,r| = ‘/Bn (b(2) <(1 — <Z7w>)n+1+a+k‘r> 7y*>F,F*dV0¢(Z)
_ b(z) (T N
= (1=l /IB%n <(1 — <w(, z)>§n4)r1+a+k:’y )i e Wal(2)

b(z) (T
= (1= [wf)™ </]Bn (1-— <w(, z)>§n4)rl+a+k v (2), y") o

1 — |w[?)k7 b(z) (T
N (|Ck’) </n Li ((1 — <7u(l)7)z(>)7)1+1+04> dVa(Z),y*>F7F*
1 — |w[)F7 b(z) (T .
- (‘C’J) (Ly, </Bn = <fU’)Z<>>31+1+ad1/a(z)) Y >F’F*
= OB o) @)
N Ck k\OGW)IRL)) Y ) g e |-

Thus,

(1= Juwf?)s I
), e = S [ (o) () ) | (4.5)
From (4.4), (4.5) and the fact that ||z||g = ||Z||5, we deduce that
(1~ |wf?)*™ ‘(Lk (b(w) (@), ¥") e | < N6llIZ N5y |- (4.6)

Since x and y* are arbitrary, we get that

sup (1= ) Lib(w)l £ ey S Ml

That is, b € Ay (By, L(E, F*)) with by 5. @) S B0l

Conversely, assume that b € Ay (B, L(E,F)) and let us prove that h; extends to a bounded operator
from AP (B, E) to AL®°(B,,, F). Choose a positive integer k > v, and let f € H*°(B,,, E). Taking

f(w)

g-(w) = (1 — (w, 2))n+i+a’
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4.3. Boundedness of the little Hankel operator h; : A2 (B, ) — A%(B,, F'), case
0<p,g<lLl

with w € B,, and applying Lemma 4.1.5, Corollary 2.2.12 and the assumption we obtain

Latpam (o)
/B Ly (b(w)m) dVoH—k(w)H

1he(F)(F =

S )
- B, (1 (<z >)n+1+a dvayr(w)

F
= (k(<b >)n+12a dvactr(w)
¢ g | U T,
< Wz, S et

n

= ||b\|A7(Bm£(EF))P;g(z),

where the reproducing kernel is justified by (4.2) and

- w2 w
Proy = [ LR,
Br

“ 1= (z, w)[r+1+e

is the positive kernel Bergman operator of the positive function g(z) = (1 — |2[*)Y||f(2)]|e-
Now, let A > 0. We have that

va({z € By < 1n(D@F > A) < val{z € Bu: ctllblly s, cmm P o(=) > A).

Since the positive Bergman operator P} : Ll (B,) — LL°°(B,) is bounded (cf. eg. [11]), there exists a

constant ¢ such that

c
va({z € By, Ck”bHA (Bn,L(E, F)PJr (2) > A}) < hY l9llz: B.)

ckllbl Ay (B, ,L(E,F))

CCL
= = Wl @,.cEm) 191128 B2)-

Applying Corollary 2.2.12 to the function f, we get that

ol = [ (1= 1BP @ ledva(z)

n

= [ =BG 1) pdva)

n

11

IN

p,o, B

It follows that
)\Va({z €By: ||hbf(z)HF > )‘}) N ||b||A7(]Bn,L(E,F))||f||p,a,E

for all A > 0. Therefore, h;, extends into a bounded operator from AZ (B, E) to AL>®(B,,, F) with

1381l a2 8,0, £)—s AL B,y S Pl BB P
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4.3. Boundedness of the little Hankel operator h; : A2 (B, ) — A%(B,, F'), case
0<p,g<lLl

By density of H>*(B,,, E) on A (B, E), the proof of the theorem is finished. O

As a direct consequence, we have the following result:

4.3.2. Suppose 0 < p <1, and 0 < g < 1. The little Hankel operator h; extends to a bounded
operator from Af (B, F) into A% (B, F) if and only if its symbol b belongs to A, (B,,, L(E, F)), where

7—(n+1+a)(1—1).

p
Moreover, [|hy|| := [|ho]| a2 (8, £) A2 B, F) = 10llA 8,08 F):
Proof. Just apply Lemma 2.2.15 and the second part of Theorem 4.3.1 to conclude. O

4.3.2 Boundedness of the little Hankel operator h;, : A2 (B,,, E) — A4 (B, F),
case 0 <p<landq=1.

Definition 4.3.3. Let v > 0. The vector-valued logarithmic Lipschitz space denoted by A, 16e(By, E)

consists of all E-valued holomorphic function f such that

1
sup (1= |24 hog (15 ) IV (2) s < o

z€By,

where k is any positive integer greater than ~.

_ 4.3.4. Let 0 < p < 1. The little Hankel operator h; extends to a bounded operator from
AP (B, E) into AL(B,,, F') if and only if b is in the vector-valued logarithmic Lipschitz space A jog(Bn, L(E, F)),

where

'y:(n-l—l—l-oz)(;—l).

Moreover, [|hy|| == [|hol 4z (B,,,5)— a1, B0, 7) = 1Vllx ., (Bo.cE.F))

Proof. 'We first prove the sufficiency of the theorem. We assume that b € A, jog(By, L(E, F)). Thus,

1101] 5 B 1 \!
k Jlo. (anﬁ(EvF))
NV b(w)H/:(EF) < (11 g|w|2)k’7 (log = ]w|2> , w € B,.

Likewise by Corollary 3.3.12, we have that

16lla . (B .cE 1\
o < f%]og( LX) (E7F))
||Lkb(w)”£(E,F) ~ (1 _ ’w‘Q)k—fy lo 1_ ’w‘Q

Applying Lemma 4.1.5 for any f € H>*(B,, E), we get

b(w) (f (w)) _ Lib(w)(f (w))
/n a ) dvg(w) = ¢ /IBn ( dvggk(w).

1 — (z,w))ntite
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4.3. Boundedness of the little Hankel operator h; : A2 (B, ) — A%(B,, F'), case
0<p,g<lLl

Thus, by the assumption, Lemma 4.1.5 and Corollary 2.2.12 we have that

156 ()Nl a3, (8, ) :/B Ck/B (1L_kb<(z w(> EH-)lz-adVaJrk( )| dva(z)
" F
s [ lEdi| 0- Pdv wdva)
n n F

| L1:b
/B /B |1| : ”fnfiallﬂ NE(1 = |w]?)fdva(w)dva(2)

= [ ([ i twe ) 1) o ) [T a1 = ol dvo (o)
(1= Jwf?)*

1 1 -1
<
¥l iy, (108 7= ) 1T e =yt (ot 7o) dvolw)

n

= ol ey [, 17~ ) dva(w)

1_ n «
S N p——— / L) (1 — o) 3D+, ()

< ||bHA%IOg(]B;n,g(EF))Hszna,E-

Conversely, we assume that h; extends into a bounded operator from A2 (B, E) to AL(B,, F). Then for all
fe H®(B,, E) and g € B(B,, F*), we have

[ (f) Dokl < 1ol Fllpc. £l 9l B2 70 (4.7)

We choose the particular function g(z) = y*, with y* € F*. Applying Lemma 4.1.4, relation (4.7) becomes

/ <hb(f)(z)7y*>F7F*dVa(Z)

L T e
thmunp,wuy -

IN

Thus
< [[hall| ]

p7oz,EHy*HF* (4'8)

[ T vl

for all f € H>®(B,, E) and y* € F*. Now, take x € E, y* € F*, and an integer k such that k > ~. Fix
w € B, and put

~ lwl2)k-
1) = s e+ 0() = logl1 (e,

where log is the principal branch of the logarithm. Since f € H*(B,, F) and g € B(B,, F’*), by relation
(4.7), we have that

(o (f), Do r < IRzl 2lly* |7+ (4.9)

Applying Lemma 4.1.4 for those particular vector-valued holomorphic functions f and g and using the fact
that

log(1 — (w, 2)) = log(1 — |w|?) + log (W) ;
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4.3. Boundedness of the little Hankel operator h; : A2 (B, ) — A%(B,, F'), case
0<p,g<lLl

we obtain

— |w|?)E—
(ho(f)s G)aFr = / (b(z) <(1 —(1<z L>Ln)+1+a+k$>710g(1 - (Z’w>)y*>F,F*dVOé(Z)

1— |w|*)* 1o 1—{(w,z))_ )
N </nb(2) [( (|1 l)<w7,z>)igrl+oz<+k >)x‘| dl/a(z),y >F,F*

</ b(2)(@)(1 — w[*)* 7 log(1 — [wl*) .

(1 —(w, Z))n+1+a+k v (Z)’y*>F7F*

1 — |w|?)k= 1—(w,2)\ _ N

= (1~ [w*)* 7 log(1 — [w]?) /IBn (1 E(?L{i)>(;:i(li)a+k’y*>F,F*

1 — |w|?)kF— 1—(z,w N
+ </B7L b(z) <(1 _( <Z’1|U>|)n)+l+a+k log (1_<|w|2>> CC) dva(z),y >F,F*
= (1= Jw*)* 7 log(1 — [w|*)(Ly, </ (1- ?@E}Z)z(;;zwruadya(z)) Y) b e
1—(z,w) .
+ </an b(z) (f(z) log (1W>> dva(2), ") p

= (1~ |w*)* 7 log(1 — [w|*){Ly(b(w)(@)), y*) r, -

([ b)) dval2). ") mre,

_l’_

1—(z,w)

1= w2 > . Therefore, we can write (hyf, g)a.r = I1 + I2, with
— |w

where p(z) = f(2)log (
I = (1 = [w[*)* 7 log(1 = [w]*){Li(b(w) (@), y") -

and

I :< 5 b(z)(@)dya(z),y*>F’F*.

Applying Lemma 2.2.13 with § = p, and 8 = p(k — =), we obtain that

s = (] o (222)
= llele ( |

1—(z,w)
log< 1= Ju]? )
S llzfl 2

~ /p
Po(1= |w?)p=) .
|1 — (z,w)|p(nt1t+a+tk) ||| % dva (2)
P (1-— |w‘2)p(k77) 1/p
|1 — <Z,w>’n+1+a+p(k_,y) dve(2)

According to the relation (4.8), we obtain the following estimation of Iy
2| < [[hllll@llp.o.elly™ e < hellllzl 2lly*|e--
Since I} = (hpf, 9)a,r — I2, by the relation (4.9) and the previous estimates on I, we have that

1L < [(ho(f); Garl + 2 S sl £lly™| -
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4.3. Boundedness of the little Hankel operator h; : A2 (B, ) — A%(B,, F'), case
0<p,g<lLl

Since x € E, y* € F* are arbitrary and ||z||g = ||Z|/5, we get that
2\k—y 1 = *
[ = (1= |w|*)" 7 log T P [(Li(b(w)(T)), y*) F,F+|
S izl zly™ e

Since T € E and y* € F* are arbitrary, we deduce that :

ILrb(w)ll o5y = sup (L1 (b(w)(T)), y") 7]

IZzlz=Llly*llpx=1

s ( 1 >
< 1 .
S TR T I N P

Applying Corollary 3.3.12, it follows that b € Ay 1og(By, L(E, F)) and HbHM o (B LB F)) S < || hs]|- O

4.3.3 Boundedness of the little Hankel operator h; : A2 (B,,, F) — A%(B,, F),
case 0 <p<gand 1< q < 0.

_ 4.3.5. Let 0 < p < ¢, and 1 < ¢ < oo. Then the little Hankel operator h; : A2 (B,, E) —
A4 (B, F) is a bounded operator if and only if b € A (B,,, L(E, F)), with

’yz(n—i—l—ka)(;—;).

Moreover, [|ho|| := [|hol| az (8, £) A2 B, F) = 10lIA 8,20,

Proof. To prove the necessary part, we assume that the little Hankel operator hy : A2 (B,,, E) — A%(B,, F)

is a bounded operator. It follows that

[(he(f) 9ol < (a1l f

. Ell9llg 0, (4.10)

for all f € A2(B,, E), and g € AL (B, F*), where % + % =1.Fixez e E, y € F*and w € B,,. Let

1 1 N
f(z) = W$; 9(z) = 1- <z,w>)"+1+ay )

where z € B, and k is an integer such that kp > n + 1 + «a. It is clear that f e HOO(IBBH,E) and g €

H>(B,,, F*). By using Theorem 2.1.25 it follows that || f|l,.0.r < (1 — |w|?)” bty
(1 _ ‘w’2)7%(n+1+a)

Szl

|ly*|| <. We also have that

(ho(f), 9)ar = /<b(2)(m)79(2)>F,F*dVa(Z)

n

- / <<1 3(?)(@»%’ (1- <Zf£>)n+l+a>w dva(z)

= < >(;.Zj-§+>a+k’y*>F’F*
= (oF ( ) V),
_ jk<Lk (b(w)(@)) , ¥ -
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4.3. Boundedness of the little Hankel operator h; : A2 (B, ) — A%(B,, F'), case
0<p,g<lLl

Therefore, the inequality (4.10) becomes

1

__ —k _1
(L, (b(w) (@), 5™V k] S sl (1 = [w]?) TG 2] gy | e (4.11)
Since x € E is arbitrary and ||z||g = ||Z||5, it follows that

[(Li (b(w) (@) 5" e S Mol (X = [wl?) @z lly* | e (4.12)

for every 7 € E and y* € F'*. Thus,

1Lk (W)l 5,y = sup (L (b(w) (@) " e | S (L = Jw]?) =5

=l z=1,lly* [ F=1

Since w € B,, is arbitrary, it follows that

sup (1 — [w)* | Li(b(w)l £ 5,y < Iho]-

weB,

Thus,
be Ay (B, L(E.F)), and [bly 5. pgm S Il

with vy =(n+ 1+ a)(% — %) Which is the desired result.

For the sufficiently part, we assume that
be Ay(B,, L(E,F)),

where v = (n+ 1+ a)(% - é) Let us show that the little Hankel operator hy : A2 (B,,, E) — A%(B,, F) is a
bounded operator. Let an integer k > «. Applying Lemma 4.1.5, with

f(w)

g (w) = (1— (w, Z))n""l""a’

with w € B, f € H*(B,, F), and z € B,,, we obtain that

M) = Cr [ Lib(w)@=(w)dvas(w)

CChta Lib(w)(f(w))(1 — |w|?)*
- *;§+ u/n kEl?f<i,ugg”+1L“|) )
= Gap (1) (2),
where
Ty(f)(w) = Lib(w)(f(w))(1 = [w|*)F, w € By,

We have that
L m @ fvaw) = [ L) F@)]; @ - o)
S O O ] A T KL P

q YA 2
S B o, cimmy [, 1T~ fwf®) v )
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4.4. Summary of the results obtained and estimates with loss.

Since f € H*(B,, E) is arbitrary, we know that || f(w)|z = [|f(w)| g, for every w € B,. Therefore, by
Lemma 2.2.11, it follows that

1 1

LTG0~ ) dvaw) = [ @0 )G v w)

VAo

IN

Thus Ty, is bounded from AP (B,,, E) into L4 (B,,, F') and

1Tsfllg0F S ||bHAV(]Bmg(E7F))Hpr,a,E'

Since 1 < ¢ < oo, by Theorem 2.2.18, we know that the Bergman projection P, is bounded on LY (B,, F).
Therefore, it follows that

1726(f)

G F S [ Pa (To(f)) ||q,a,F S ”Tb(f)Hq,a,F S Hb”AW(Bn,L(EF))||f||p,a,E7

for all f € H*(B,, E). Since the space H*(B,, E) is dense in A (B, E), the desired result follows at

once. O

4.4 Summary of the results obtained and estimates with

loss.

In this section we summarize all the important results we have obtained in the previous section and we
obtained some estimates with loss of the boundedness of the little Hankel operator from AP (B,, E) into
A% (B, F) in the two remaining cases 1 <p < 00,0<¢g<1l,and 1 <p < o0, ¢ = 1.

4.4.1 Summary of the results obtained.

In this section we summarize all the important results we have obtained in Section 4.3.

_ 4.4.1. Let 0 < p,q < 0o. and b € H(B,,, L(E, F)). Then

(i) for 1 < p < ¢ < oo, then hy : AL (B, E) — A%(B,, F) is bounded if and only if b € A, (B, L(E, F))

where
1 1
y=Mn+1+a) (—)
b q
and, moreover, |[hy|| := |[hw]l 4z B, ) 49,8, 7) = NVl A (B,.00B,F))-

(ii) for 0 <p <1land 0 < g < 1, then hy : AE(B,,, E) — A% (B,, F) extends into a bounded oparator if
and only if b € A (B, L(E, F)), where

y=(n+1+a) (;—1)

and moreover, [|g|) == [ ag 5, ) 43,50y = 10l 5. (8.0

(iii) for 0 <p <1 and g =1, then hy : AE(B,, F) — A%L(B,, F') extends to a bounded operator if and only

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball



4.4. Summary of the results obtained and estimates with loss.

if b € Ayjog(Bn, L(E, F)), where
y=(n+1+a) (1—1)
p
and moreover, |[hy|| := [|ho|l 42,8, 5)— a1 B, 7) = 10l A, ., B,.cE.F))
(iv) for 0 < p<gand 1 < ¢ < o0, hy : AL(B,,E) — AL(B,, F) is a bounded operator if and only if
be A(B,, L(E,F)), where

(i)

Moreover, [|ho|| := [|hol| az (8, £) A2 B, F) = 10lA 8,00 F):

Notice that since E is isometrically equivalent to E we have the same result if we replace E by E. Now
we present some important examples of little Hankel operators. For example, if FF = C we get the little
Hankel operator hy with symbol ¢ € H(B,,, E*). The little Hankel operator hy : A? (B,,, E) — A%(B,,) is the

linear operator defined as

ho((e) = [ LOHIEE (), 2By s € P(BE)

_ 4.4.2. Let 0 < p,q < co and ¢ € H(B,,,E").

(i) For 1 < p < g < oo, the little Hankel operator hy is bounded if and only if ¢ € A, (IB%n,Fk) where

a3

and, moreover, |[hg|| = [Pyl az(w,,p)— a8 ®,) = 1] 5 @, 7
(ii) For 0 <p <1and 1< ¢ < oo, the little Hankel operator hy is bounded if ¢ € AV(IEBn,F), where

e (i)

and moreover, |[h|| := [|hol az.B,, 5)~a2®.) = 19l s, 5, 5

(iii) For 0 <p <1, and 0 < g < 1, the little Hankel operator h is bounded ¢ € A,Y(IBBn,E*), where
1
y=(n+1+a) (p—l)

and moreover, |[hg[| := [|hol azB,,5)~ a8 B.) = 1045, 7
(iv) For 0 < p < 1 and ¢ = 1, the little Hankel operator h; extends to a bounded if and only if ¢ €
A tog (Bn,F*), where

y=(n+1+a) (;—1)

and moreover, [|hgl| = |l az 5,5 a1, = 19lls. (e 5°)
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4.4. Summary of the results obtained and estimates with loss.

4.4.2 Estimates with loss for the boundedness of the little Hankel oper-
ator, case 1l <p<ooand 0 < q < 1.

In this section, we consider conditions for which the little Hankel operator with operator-valued symbol
hy : AP (B, E) — A%(B,, F'), where E, F' are two complex Banach spaces and ¢ < p. We give very partial

results, which are far from necessary being and sufficient conditions as in the case of improving estimates.

_ 4.4.3. Let 1 < p < oo.

1) If b € AY (B, L(E, F)), where ]% 1% = 1, then the little Hankel operator h; extends into a bounded
operator from AP(B,, E) into AL*®(B,, F).

2) If F = C, and the little Hankel operator h; extends into a bounded operator from A?(B,, E) into

AL>°(B,,,C), then b € AP (B,,, E"), where lyl=1

Proof. 1) Letbe A? (B, L(E, F), with %—i—l% = 1. For every f € A2 (B, E), the function bf is in L. (B, F).
In fact, if f € AP(B,, E), then by using Holder’s inequality, we obtain
| @@ @lrdvaw) < [ b)) lgdva(w)

— [ 160l oy 1 ) v ()
< bl 1l

Since the Bergman projection P, is bounded from L (B, F) into AL>(B,,, F), it follows that

V()| g o, 9 = I PalbDlasoe s, gy < B < llblly ezl e

2) Let F = C, and 0 < t < 1. Assume that hy : A2(B,,, E) — AL°°(B,) is bounded. Then by the sub-mean
inequality (or the pointwise inequality), for all f € A2 (B,, E), hy(f) € AL>®(B,) C AL (B,) and we have
that

1/t
(OO ([ D1 dn@) " = Do

Also, by Lemma 2.2.15, there is a constant ¢ > 0 such that ||hy(f)||t,a < Cth(f)HAl,OO(Bn)

Using the assumption, we obtain a constant C' > 0 such that

(O] < ellhof | i s, < CllF e

Since

ho(£)(0) =

it follows that
()5l < IS0z

That is, b is in the dual space of A2 (B, E), that is, A2 (B,,E"). O
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4.5. Compactness of the little Hankel operator b, : A2(B,, E) — A%(B,, F), case
l<p<g<oo.

444. let 1 <p<oo,0<g<land F=C. If bisin Ag(IBn,E*), then the little Hankel

operator hj extends to a bounded operator from AE(B,,, F) into A%(B,,C).

_ 4.4.5. Suppose 1 < p < oo and g = 1.

1) If the function b(z)log ﬁ is in L¥ (B, L(E, F)), with % + ]% = 1, then the little Hankel operator
hy, extends into a bounded operator from A2 (B, E) into AL (B, F).

2) If hy extends into a bounded operator from AZ(B,, E) into Al (B,, F), then there exists a constant
C > 0 such that for all z € B,,,

+1+a -1
1) oz < L= 1) (log = )
Proof. 1) Let f € AP (B, E). We have
17 (f)ll1er = /IB 17 (f) (w)]| Pdve(w)
_ / / b(2)(f(2))dva(2)
e =ty
b(z
< / n / n ’1\_ w(J; §|nﬂf+adya(z)dua(w)
b(z _
/n /n e 11 —Hﬁqquj ||7|z+(1+)o’JEd”a(z)dVa(w)
bz e
- /n /n e 11 —Hﬁquj ||7|z+(1+)o’JEdVa(Z)dVa(w)

1
= [ gl f e | o dve() ) dua()
1
S 18 oe o s | 1 lsavala)

1 o 1/p
</JBn |:Hb<z)’L(E7F) log 1—\z|2] dya(z)>

_ Hb(z) log

dve (w)

AN

</]Bn Hf(z)H%dVa@)l/p

T .2 Hf“p,a,E-
1- ”ZP p,a,L(E,F)

2) It is enough to follow step by step the second part of the proof of Theorem 4.3.4 by taking this two

particular functions: Fix w € B,,, x € F and y* € F* and choose

n+l4+a

fuw(z) = (il__<|7:0‘ >))n+/1+aa:, guw(z) =log(1 — (z,w))y* z € B,.

4.5 Compactness of the little Hankel operator h; : A2(B,,, ) —
A4 (B, F), case 1 < p < q < 0.

The compactness properties of the little Hankel operator on the vector-valued Bergman space A2 (D, H),
(where D = By, and H is a separable Hilbert space) has been studied by Constantin ([26, Theorem 3.1]). In
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4.5. Compactness of the little Hankel operator b, : A2(B,, E) — A%(B,, F), case
l<p<g<oo.

this section, we obtain a similar result (see [9, Theorem 8]) for vector-valued Bergman spaces.

In this section, we characterize those symbols b for which the little Hankel operator h; extends into a
compact operator from AP (B, E) to AL(B,, F'), where 1 < p < ¢ < co and E, F' are two reflexive complex

Banach spaces.

4.5.1 Preliminaries notions.

To to present the principal result compactness of the little Hankel operator with operator-valued holomorphic

symbol, we first need the following results.

4.5.1. Let 1 <t < 00, and b(z) = > genn b(B)z" € At (B, L(E, F)). Then

06 (F@) i) rravaz) = 3 [ 2608) (FR)) v dva(2),

BeN™

for every f € H*(B,, E) and y; € F* with ||y§|lrx = 1.

Proof. Since b(z) = 3 genn b(B)2" € AL (B,,L(E,F)), we have that

t

lim
N—oo JB,

bz)— >, b(B)

BEN™|BI<N

dve(z) = 0.
L(E,F)

We have

/B<(b<z>— > Bw)zﬁ) <<z>>,y5> dva(2)

BEN™:|B|<N PP

< / bz — S b(B)P 1598 dva(2)

- / 1 R S () 1£(2) | pdva(=)

BEN|BI<N L(B.F)
t
) - X W vz —o0
By BGN"‘IB‘SN E(EyF)

as N — oo, where we have used Holder’s inequality on the last estimate.

Therefore, we have that

[ 0 (F@) i) mur-dvaz) = Jim Bn< > k) (f(z)),ya> dvo(2)

" BGN"'|5|<N F F*

. (022 (7). 36

Jm [ (592 (F&)) 1 18) 1 . dval2)
" BeNn: |ﬁ\<N

ol )2 (£6) 95)

Jim > / 927 (F) 38) 1 . dval)
BEN™:|B|<N
= Y [ (66)2 (&) 55) .. dvala). - O
BeN”
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4.5. Compactness of the little Hankel operator b, : A2(B,, E) — A%(B,, F), case
l<p<g<oo.

In the following lemma, we compute the little Hankel operator when the operator-valued symbol is a

monomial.

4.5.2. Let 1 < p < o0, v € N" and a, € L(E, F). For every f(z) = Z ez’ € AP(B,, E), we

BEN™
e Tn+1+a+ |y 8)
_yWn+1+a+|y—
ha, 1 (f)(2) = Z a,(c3) 1
! BEN™ <~ (7_5)F(n+1+a+|ry|)
Proof. Since
flz) = Z 6526 € AP (B, E),
BEN™
and p > 1 by using [74, Corollary 4], it follows that
P
/ Z cg?’|| dva(z) =0 as N — oo. (4.13)
B {l1g1>N 41 5
Firstly, let us prove that
2 genr av(@)wﬂ a7 cﬂ
L e = 3 [ dva ) (4.14)

BEN™

Let N € N. We have that

2 penr ay(@)ﬁ — 2J81<N av(@)m 2|8=N+1 av(@)m
dve(w) = dve(w)
(1= (z,w))n¥ite T e | = (e | T
F
B Qy (Z|ﬁ|2N+1(@)w’B)
= | Ta | et
" F
< la |l 2z ) 8| q
= (1 [o])ntite Z cpw Va(w)
" lIBIZN+1 B
< |l 2z ) 8 4
< Aot > cpw’| dva(w)
" lIBIZN+1 B
2 1/p
< layll 2z r) 8 q
(1= |z|)ntite > cpw Vo (w) :
" [IBI=N+1 B
Therefore L o
2_penn a(ca)wh — Z\B\SN ay(@)wﬁd
;. (- (zupreit velt)
F
is less than or equal to
las oz ’ v
Yl £(E,F) 8
(1= [z)r+ita /B S epu| dug(w) | . (4.15)
" 181> N+1 5
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4.5. Compactness of the little Hankel operator b, : A2(B,, E) — A%(B,, F), case
l<p<g<oo.

By using (4.13) and (4.15), it follows that

penn BI<N
B, (1 — (z,w))n+i+a dva(w)| — 0
F
as N — oo, and so
> ay(cp)uw? S ay(c5)u?
per - BN
dv, = 1 dvg,
/JBn (1= (2, w)ymire (w) Moo Ja, (1= (z,wy)ntira ™ (w)
- a, (c5)w’
= lim Z / i Avg(w)
[e'e) — n+1l+a
N— |ﬁ‘<N n (1 <Z7w>)
w?
- Z / n+1+a dva(w),
BENT
which is the desired result. Secondly, let us prove that
n+1+a+k) W\ / n+1+a+k) i
) dva(w s w) dve(w). 4.1

Let N € N. We have

iv: n+1+a+/€)<zw>k if‘(n+1+a+k;)||k

n+1+a)k‘! ’ - P F(ﬂ—Fl—i—O&)k‘!
i F(n+1+a+k)| k
T = Tin+1+a)k!

1
(]_ _ ‘Z|)n+1+a :

1 1
Since /]B ) Wd%(w) = W, by the dominated convergence theorem, we have that

N

ntltatk . T(n+1l+a+k
Z/ o T e et = i 35 [ SEERES T wt o)

B Fn+1+a+k) &
= lim / Z Tn T 15 o)kl (z,w)"dvg (w)

: F'n+1+a+k) &
— lim Y .
/Bn Niﬁok —~ T(n+1+a)k! (2 w) dva(w)

Z T(n+1+a+k)
I'(n+ 1+ a)k!

(z,w)Edvg (w).

Bnko

We are now ready to prove our lemma. For f(2) = > gcnn cgz? € AP(B,, E), by using the following
multi-nomial formula [77, (1.1)] and the following formula [77, (1.23)] respectively

| |
ko [ p— 2 - m'(n+a+1)
<Z,U)> - 7'2 w, ’Z ’ Voc(z) - )
i ™ B, Fn+|m|+a+1)
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we get that, using (4.14) and (4.16)

ayw” (ZﬂeNn c[gwﬁ)

ha'yZ'Vf(z) = /n (1= (z, w))nti+a Va (W)
W' S (e
BeNn
— d o
5, (0~ (e e
uﬂa ez )wh
- Z/ 7 Bn—i—l—i-ady (w)
BeNn
T(n+14a+k) )
= Z a~(cg / wYwh Z (z, W) dvy(w)
et F(n+1+ a)k!
n+1+a+k) &
= Z a(cz Z/ wwh (2, w) dva(w)
fetin L(n+1+a)k!
S I(n+1+a+k) — K
=Y ay(cs Z / wwf Y 2wy, (w)
et IF'n+1+4+a)k! Jg, ik m!
°°F(n+1+a+k) k! —_—
=Y ay(c Z Y = [ w2 wmdrs(w)
et Fin+ 1+ a)k! ik m! Jg,
Fn+1+a+k)
=Y ay(c Z Z / w? 2w B dy, (w)
e =0 F(n+ 1+ a)m!
R PO N
= Z a~(¢3) Z 2 / w wPtmdy, (w)
fetin mign Tln+14a)m! .

B Fn+1l+a+|y—7]) 3
- Z a’Y(Cﬁ) F(n+1+a) v — /8 277 / ZPY| dV

B _TITn+1+a+py=p8) 4 Tn+1+a) 8
= Y ay(cp) Tt 1t o) =B F(Tl—l—l—l—a—l—|fy|)27

_ Z 0. (3) YT(n+1+a+|y—p8|) B
BEN™ <~ (7_5)‘F(n+ I+ a+ |’7|)

O

The goal of the following lemma is to prove that the linear span of the vector-valued Bergman kernel
:L.*
_ <w7 Z>)n+1+a’

where z* € E* and z,w € B,, form a dense subspace in the vector-valued Bergman space

(
AIO’: (B, E*), with 1 < p < 0o and p/ is the conjugate exponent of p.

4.5.3. Let 1 < p < co. For each z* € E* and z € B, let

x*

: B,,.
(= (w,zyynriras  0S

€zt (W) =
Then e, ,+ € Ag’ (B, £*) and the subspace generated by e, ,+ is dense in Ag’ (B, E*).

Proof. Let ¢ € AP(B,, E) such that (¢,e, z+)or = 0 for all z € B, and 2* € E*. Let f* € AP (B, E*).
According to the Hahn-Banach theorem, it suffices to prove that (¢, f*)o g = 0. For all z € B,, and 2* € E*,
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4.5. Compactness of the little Hankel operator b, : A2(B,, E) — A%(B,, F), case
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using Proposition 1.2.24 and the reproducing kernel formula, it follows that

0 = (¢,e:0)a,E
= /B<q§(w),ez,x*(w)>E,E*dVa(w)

n
*

= [, (60, ey Sy dva(w)

o(w) .
/JB7L<(1 — <Z7w>)n+1+a7‘r ) B, dve(w)

Therefore, for all * € E*, we have
((2),2%)p,p+ = 0.

Thus ¢(z) = 0 for every z € B,,. It follows that for each f* € A? (B,,, E*), we have

(6, [V = /B (6(2), F*(2)) b+ dva(z) = 0.

n

O

4.5.4. Suppose that 1 < p < 0o, and F is a reflexive complex Banach space. Let {f;} C A2 (B, E)

such that f; — 0 weakly in A? (B, E') as j — oco. Then for each 5 € N", we have that aﬁfj (0) — 0 weakly

98l

in F as j — oo, where 0/8—67.

Proof. Since for each j € N, f; € AP (B, F), using the reproducing kernel formula in Proposition 2.2.2, we

have that £ w)
fj(z) = /n (1 — <Z;7wu>])n+1+adya(w)’ z € By,

Differentiating both sides of the previous relation with respect to z, we obtain

(wVi?
0 1i(2) = e 8) [ v (w)

B, (1 _ <Z’w>)n+1+a+|ﬁ|

Therefore, we have

9” £;(0) :C(n,a,\ﬂ\)/B Fi(w) @’ dvg (w).
Now, let 2* € E* and let us show that (3% f;(0),2*) g g+« — 0 as j — oo. But we have that
@50 e = Clna ) ([ fweda(w).a”)
n E,E*

= [ i) a w0} ppedva(w)
Bn

= ([i19)ag =0 as j— oo,
with g(2) = 2*2# € AP (B,,, E*). Thus, (3° f;(0),2*) g g — 0 as j — oo. O

We recall that the symbol b used in the following lemma satisfies (4.1) and (4.2). We also recall that the
set (E, F') is the space of all compacts operators from E to F.

4.5.5. Suppose that E is a reflexive complex Banach space and k is a nonnegative integer. If the
holomorphic mapping z + b(z) maps B,, into C(E, F), then the holomorphic mapping z + R**b(2) also
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maps B, into K(E, F).

Proof. Let z € By,. Let {f;} a sequence of elements of E which converges weakly to 0 in E as j tends
to infinity. Let us prove that lim; o [|[R¥*b(2)(f;)||F = 0. We know that the sequence {f;} is strongly
bounded in E. Let j € N, by using (4.1) for z = 0, we get that the function z — b(2)(f;) € AL(B,, F). By

the reproducing kernel formula, it follows that

WE) = [, G —ZZ(Z’SU(;;{?)HJFQ v (w). (4.17)

Applying the partial differential operator R** to (4.17), we have

Ra’kb(z)(ﬁ) = ‘/Bn (1 _ <Zflfu)>(){z{21+a+k dya(w),

We also have

1b(w)(F))| _ 16wl 25,1yl f5 1l 2

|1 — (z,w)[rtltatk = (1 — |z|)ntitath
Cn+1+a)
= (1= |z])ntitoth I1b(w )HC )
and o ) )
n+l+a
L sl b oy dva(w) < oo
Therefore, by applying the dominated convergence theorem, we have that
: - : b( )(F)llF
lim sup ||R**b(2)(F; < limsu / | J dvg (w

limy o [|b(w )( )llF _
/B dvg(w) = 0.

. ’1 _ <Z, w>‘n+1+a+k

Thus for each z € B,,
lim [|R**b(2)(f;)||F = 0.
j—oo

The following result will be also important in the sequel.

4.5.6. Suppose By € N", {f;} a sequence of elements of E which converges weakly to 0 as j
tends to infinity. For z € B, let (z) = 2% f;. Then {x;} C A2(B,, E) and {x;} converges weakly to 0 in

AP (B, E).

Proof. Let j € N. Since f; — 0 weakly in E as j — oo, it follows that {f;} is strongly bounded in E (see
[22]). Let By € N* and z;(2) = 2% f;. Tt is clear that {z;} C AR (B,, E). For every g € A? (B,,, E*), we have

@jgar = [ (0(2)9(2) mp-dva(2)

n

_ /B<Z/Bofj,g(z)>E7E*dya(z)

n

_ /z60<fj’g(z)>E7E*dVa(z).
B,
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Since
‘Zﬁo<fj,g(z)>E,E* < |2%(f5,9(2)) B p+ |
< |fillelg=)]x-
< Cllg(2)ll e+,
and

l9(2)[ 2+ dva(2) < lg9(2) - dva(2) 7o
/. (., )

By using the dominated convergence theorem and the assumption, it follows that

lim sup(x;, 9)a,E :/B 2P0 lim (fij,9(2)) B Exdva(z) = 0. O

Jj—>00 Jj—>00

4.5.2 Compactness of h;, : A2(B,, F) — A%(B,, F'), case 1 < p < q < oo.

From now on, we choose 79 = (n+ 1+ «) (% — %) , with 1 < p < ¢ < 00, and we consider the vector-valued
Lipschitz space A, (B, E). In what follows, we assume that E, F' are reflexive complex Banach spaces. We

first introduce the following proposition which will be usefull in the proof of Theorem 4.5.8.

_ 4.5.7. Suppose 1 < p< g < oo, 0<r <1andy € N" If a, € K(E,F), then the little

Hankel operator hgy : AL (B, E) — A%(B,, F) is a compact operator, where g} (2) = a,(rz)? for every
z €B,.

Proof. Let {f;} be a sequence in A? (B,,, E) such that f; — 0 weakly in A% (B,,, ) as j tends to infinity. We

want to prove that lim; oo [|hgy (f;)|lg.a,7 = 0. Let the Taylor expansion of f; given by f;(z) = Z Cézﬁ €
BeNn
AP (B, E). Since f; — 0 weakly in A? (B, F), applying Lemma 4.5.4, using the fact that cjﬁ = 9%f;(0)/B!,

we have that for all § € N”, 075 — 0 weakly in E as j — co. By Lemma 4.5.2, for every z € B,,, we have

i T+ 1+aty=Bl) jig s
a1 (f3)(2) ﬁGN;Bqav( 5)(7_5)1p(n+ Tta+h)

— Y Tn+1+a+|y—0|)
2 D T itat bl

BeEN™ By

(rz)7_6

Therefore,
q 1/q
dv,, (z))

mﬂmmmf=(é
" F

a 1/q
’Y!F(n+1+a+\’y—5])”@7((375)HF(T|ZD|%5‘ q
- (/n 661\%:53’7 (7—5)!F(n+1+a+]7‘) dva(2)

< > (f (lo@ne 2ttt DA ) )

e Y= A)T(n+1+a+h)
1

= (e YL+ 1+ a+|y =Bl NT=Blady, ()"
BeNg,:ﬁgv | W(Cjﬁ)”F('y—B)!r(nJrHaJrh,) (/Bn( |2]) drg( ))

YT (n+14+a+[y—B]) 7
> Lo mTmiirarppla@le

~

BEN™, By
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where the third line above is justified by the Minkowski’s inequality for integrals. Thus,

Z YT(n+1+a+|y—p5|)

(= A+ 1t atpp @l (4.18)

gy (fi)llgar S
BeNT <y

Now, since cé — 0 weakly in FE as j — oo, it is clear that gﬂ — 0 weakly in F as j — co. By the assumption,

we know that a, € K(E, F'). Since cjﬁ — 0 weakly in F as j — oo, we have that ||a7(%)||p — 0 as j — oc.
It follows that

MT(n+1+a+|y—2]) . o
2 ATt irar il =0

lim sup [|hgy (f5)llqar S
-0 BENT A<y

We are now ready to give the proof of the main result of this section.

@ 4.5.8. Let F and F be two reflexive complex Banach spaces. Suppose that 1 < p < g < oo,
and a > —1 The little Hankel operator hy : AL (B, E) — A%(B,, F) is a compact operator if and only if

be Ayo(Bn, KLE,F)),

where Ay o(By,, K(E, F)) denotes the little vector-valued Lipschitz space and v = (n+ 1+ «) (% - %) , see
(3.15).

Proof. First assume that b € Ay o(B,,, C(E, F)) and denote by b.(z) := b(rz) with z € B,, and 0 < r < 1.
Since b € Ay o(B,, K(E, F)), by Theorem 4.2.3, we have that

1P6ll 42 (B, By A%, (B, 7) S N1BllA (B, 2 1)

Therefore, we have
_ < ||p — _
1y = T, | 4280, 5y AL (B, ) S 0= brlly (8,,,E.F))-

By using Proposition 3.3.17, we have that

Tl_i}l’{lﬁ ”b — bTHAWO(anL(EvF)) = 07

so to prove that hy is a compact operator, it suffices to prove that h, is a compact operator. Since b, is
analytic on a neighbourhood of B, it can be approximated by its Taylor polynomial in the vector-valued

Lipschitz norm. Thus,
]\}1—13100 Hbr - PN’T||AWO(Bn7£(E7F)) =0, (4-19)
with Py ,(2) = Z b(B)rl?1 28 where b(3) € K(E, F) are the Taylor coefficients of b. We also have by

BEN™,|BI<N
Theorem 4.2.3 that

1he, = hpy Nl a2 @0, By 2@ F) S 100 = PNrllA, B,0,008,7)
So by (4.19), to prove that hy, is a compact operator, it is enough to prove that h Py, 18 @ compact operator.

Since Py is a polynomial, it is enough to do the proof for monomials of the form 3(6)7“‘6 |28, with B € N,
z € By, and b(3) € K(E, F). Thus, according to Proposition 4.5.7, the proof of this part is complete.
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Conversely, for the “only if part”, let us assume that
hy : AL (B,,, E) — Al (B,, F)
is a compact operator. Since hy is compact, hy is then bounded and Theorem 4.2.3 yields
beAy,(B,, L(E,F)).

We shall first prove that the Taylor coefficients b(8), 8 € N of b belongs to K(E, F). Let {f;} C E such
that f; — 0 weakly in E as j — oo, fix By € N*, and let z;(2) = zﬁofj. By Lemma 4.5.6, we have
{z;} C AL (B, E) and {z;} converges weakly to 0 in A?(B,, ). Since

b(Bo)(Fllr = sup [(B(Bo)(f)), y") ]

lly*lly =1

and F is reflexive, by the Kakutani’s theorem [22, Theorem 3.17] there exists y; € F* with ||y} r+ = 1 such
that

16(80) (F3)ll = [(6(Bo) (F7)s 4} ) e

But y5 € A? (B, F*). By Lemma 4.1.4, we have

o) darl = | [ GE@)E),6)rrdva(2)

n

- / 2003 2P0(B) (), ul) pr dva(2)

n BEN"

= | 6B @)y re /B P20y (2)

BeN™ "
(BB, | [ 12 Fdva)

ﬁo!l“(n + o+ 1)
I'(n+|6o] +a+1)
ﬁo!l“(n + o+ 1)

= e B ) ()

[(b(Bo) (F3). 47) P+

where Fubini’s theorem is justified by Lemma 4.5.1 with {z;} C H>*(B,,, E). Since hy, is compact and {z;}
converges weakly to 0 as j tends to infinity, we have that {hy(x;)} converges strongly to 0 as j tends to

infinity, therefore one gets that

im (hy(25), Y5 )a,r = 0.
j—o0

Thus
,BO!F(n +a+ 1)

lim
j—oo D'(n + |Bo| + o+ 1)

16(50) (£ = 0.

We then obtain
lim ||b(50) fj|r = 0.
]*)OO

In fact, we have shown that B(ﬁo) belongs to K(E, F') and as By is arbitrary, this holds for all 3 € N™. Let
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1 <t < oo. Since b € Ay, (B, L(E, F)), we have that b € A% (B, L(E, F)) and

lim b(w b(B) W’ = . dre(w) = 0.
N b l16( |52<:N Wl 5 )y dValw)

Let z € B,,. There exists a constant C, > 0 such that

I62) = 32 6B oy < C- [ W) = 3 Ay ().

IBI<N IBI<N

Thus,

~

T [5() Y0 BBz =0
IBISN
Since z € B, is arbitrary, we deduce that b(z) € K(E, F), for each z € B,. It remains to show that b satisfy
e " little yo- Lipschitz" condition. Let z € E and y* € F*. Since b € A, (B,,, L(E, F')), then the mapping
2+ (b(2)Z,y*) .+ belongs to Al (B,,). By using the reproducing kernel formula, it follows that

)@y IRE 4 . (4.20)

<b(z)(f)7y*>F,F* - (1 _ <Z7w>)n+1+a

Let k > ~o. Applying the operator R** in (4.20), we obtain that

(ROFB(2)(T), y™) e = 5 (fi“g%)ﬁﬂi v (w). (4.21)

Let z € B,,. Since HR“’kb(z)HL(E F) = SUP|¢| =1 | R%*b(2)(Z)||r, by Lemma 4.5.5, the operator R“Fb(z) is
compact. So there exists xg(z) € E with ||zo(2)||g = 1 and

IR*(2) |l £ .y = [IR*F0(2)70(2) | -
Also

|B**b(2)(@0)@r = sup [(R**b(2)0(2), 4") .

ly*ll =1
Since F' is reflexive, it follows by the Kakutani’s theorem [22, Theorem 3.17] that there exists y5(z) € F*
with ||y§(2)||Fx = 1 such that

IR 0(2) |5,y = IB*FB(2) (o (2)) | F = [(R**b(2) (0(2)), 45 (2)) Py . (4.22)

By (4.21) and (4.22) we get

(1= [2PY O URFD() | oy =
(1 |22y

L 0@l s e e v ()] = o) vl s,

ith
" rol2)(1 — [zf2)P= 1+ .
= €
d
an . ( )(1 _ |Z’ )k+ (n+14a)/q—B
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where [ is chosen such that
m+1+a)/p<B<k+((n+1+a)/q.

By Theorem 2.1.25 we have z, € A2(B,,, E), y* € A% (B,, F*), and

sup [z lp.a. < 00, Sup [|yz g7, 7 < 00
ZGBTL ZeBn

Let us prove that

x, — 0 weakly in AP(B,,FE) as |z| — 1. (4.23)
Since
sup [|z:p,a,2 < 00,
z€bnp
to prove (4.23), by Lemma 4.5.3, it suffices to prove that
(2, wa*)a,p — 0 as |z — 17,
where for each a* € E* and w € B,,, we have
_ 1 * B
ew,a* (C) - (1 _ ((,w))"*“raa 9 < e n-
By using the definition of e, 4+ and the reproducing kernel formula, it follows that
@esevatpar = [ @(0)sena (©)rrdva(C)
— 1 * d
_ / @ e v ()
z2(C)
- </n (1—(w,¢ )n+1+ad”a(o’a*>E,E*
= (z:(w),a >E‘,E*
Therefore, we have
(22, ewar)popl = [(22(w),d") B e
B (1— ’2‘2)5—(n+1+a)/p .
T Ty @
(1 _ |Z‘2)ﬁ—(n+1+a)/p )
< la*|[zx — 0
(1 — Jw[)?
as |z| — 17. By using (4.23), the compactness of h; and the fact that
sup [[4Z[lg s < 00,
zelby
it follows that
. 2\k— k 1 _
Jim (= P IR gy = Jim[(Aole). o) eur| = 0
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which completes the proof of the theorem. OJ
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'S Chapter 5‘ * ok

Toeplitz operators on vector-valued

Bergman spaces

Toeplitz operators are natural classes of specific operators on spaces of holomorphic functions. Exploring
their properties on a variety of spaces brings deeper understanding not only on the operators, but also on
the spaces in question. The study of their behaviour on the Hardy and Bergman spaces has generated an
extensive list of results in operator theory and in theory of functions spaces. One of the useful approaches in
this area is the use of the Berezin transform as a determining factor of the behaviour of the Toeplitz operator.
This method is motivated by its connections with quantum physics and noncommutative geometry [51]. In
this chapter, we study the boundedness and the compactness of Toeplitz operator T} with operator-valued
symbol b acting on the weighted vector-valued Bergman spaces Ag (B,,, E'), where FE is a Banach space. The
first result on the compactness of the Toeplitz operator T, on the vector-valued Bergman space A2 (B, Cc)
with matrix-valued symbol b appeared in [60]. More precisely, for an integer d > 1, let L55a denote the set
of d x d matrix-valued functions f : B,, — M such that z + ||f(2)|| is in L>(B,,).

For a function b € L} (B, L(E, F)), the Toeplitz operator T}, on A2 (B, F) is densily defined by

(NG = [ ) ), (5.1)

o (1= (z,w))ntite
where f is in H>(B,,, F). The following theorem was proved by Rahm [60].

_ 5.0.9. Let d > 1 be an integer and T € £(A2(B,,,C%)) which can be written as

m  Mj
T:=> 11T, (5.2)
j=1k=1

where b = (bjx) € L34- Then the following are equivalent:
(1) T is compact on A2 (B, C%).
(2) (T(2)(e), h)ca — 0 as |z| — 1~ for all e, h € C% with |le||ca = ||h]lca = 1.
(3) T?e — 0 weakly in A2 (B,,CY) as |z| — 17, for all e € C¢ with ||e|ca = 1.

(4) I7%ellr (B, c4) — 0 as [z| = 17, forany p > 1 and e € C? with [le||ca = 1.

120



5.1. Some reminders and definitions.

Moreover, Rahm shows that if the condition (5.2) can be replaced by a bounded operator T" with

sup sup [|T.e|l, o ca < 00, p>1 (5.3)
llellca=1z€Bn
the same result holds.
From Theorem 5.0.9, we have a complete description of the compactness of the Toeplitz operator T on
A2 (B,,C?% with b € L% a- In this chapter, we study the compactness of the Toeplitz operator T}, on
A2(B,,,C%) with bounded mean oscillation symbol (b € BMO'(B,,, M%)).

The study of Toeplitz operators with BMO symbols began in [79] where Zorboska proved that the
Toeplitz operator T}, with a bounded mean oscillation (BMO!) symbol b is bounded (resp. compact) on
the scalar-valued Bergman space A?(ID) (where D = By is the unit disk) if and only if its Berezin transform
b is bounded in D (resp. b vanishes at the boundary of D). Later, these results were extended to the
scalar-valued weighted Bergman space of the unit ball A% (B,,) [70].

In this chapter, we extend main results in [79] to vector-valued settings. Precisely, we prove the two

following theorems.

_ 5.0.10. Let E, F be two complex Banach spaces and b € BMOL(B,,, L(E, F)). The Toeplitz
operator T, : A2(B,, E) — A2(B,, F) is a bounded linear operator if and only if its Berezin transform b is

bounded on B,,.

_ 5.0.11. Let d > 1 be an integer and b € BMOL(B,,, £L(C%)) such that b € L(B,,, £(C?)). The

following are equivalent.

(1) Ty is compact on A% (B, C%).
(2) b(z)e — 0 weakly in C% as |z| — 1™, for each e € C% with ||e|ca = 1.
(3) Thop.e — 0 weakly in A2(B,,,C?) as |z| — 17, for each e € C? with [|e||ca = 1.

(4) | Toop.€llpace — 0 as |z| — 17, for cach e € C* with ||e[|ca = 1 and every p > 1.

a+1

(5) | Thop.ellpace — 0as|z| — 17, for each e € C? with |le||ca = 1 and some 0 < p — 1 < e

The proof of Theorem 5.0.10 follows the same idea of the proof of [70, Theorem 3.1] and the proof of
Theorem 5.0.11 used the same approach in the proof of [60, Theorem 4.1].

5.1 Some reminders and definitions.

We recall that the reproducing kernel K¢ and the normalized reproducing kernel k& in the classical Bergman

space A2(B,), are given respectively by

1
K(2) = (1— (z,w))ntiva’ (5.4)
and (1 | ‘2)n+é+a
— |w
kx(z) = 0= (z0))iFa’ (5.5)
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5.2. Carleson type measures for vector-valued Bergman spaces.

for z,w € B,,. We recall that for » > 0 and z € B,,, (see Lemma 2.1.27 and Lemma 2.1.9) we have

|~ 122 u € D(z,1), (5.6)
Va(D(z,7)) =~ (1 — |z|?)" Tt (5.7)

The following identities can be found in [70, 79).

|k (0= () PIRS ()7 = [k () (0) z,w,v € By,
K,y (w)kS (u) = kg (w) K3 (@2 (w)) z,w,u € By,
KO‘( 2()kg (v) = k(W) KQ () (v) z,u,v € By,
k2 (a) K (p:(a), 02 (b)) kg (b) = K*(a,b) z,a,b € By,
EX(w)kd o o (w) =1 z,w € B, (5.8)
20 Puw = Py, (w) © U z,w € B,, where U is a unitary transformation of C".
(5.9)
The Berezin transform of f defined by
f(z) = . F(w) |k (w)[dva(w). (5.10)
For f € L. (B,, E), the average of f over D(z,r) is defined by
frm —— [ fwdvaw) (511)
Z)i= —— w)dvg (w). .
Va(D(z,7)) JD(2r)

Given two complex Banach spaces E and F, we recall that L(E, F) is the space of all bounded linear
operators 1 : E — F with the norm

1Tl ze,py = sup [T (z)]F = sup (T(x), y") rre].

[zl z=1 =l z=1,lly* [ Fx=1

5.2 Carleson type measures for vector-valued Bergman spaces.

The notion of Carleson measures was introduced by Carleson [23] for the unit disk. Carleson’s original
definition works well in the theory of Hardy spaces, and this can be seen in such classics as Duren [33]
and Garnett [36]. The characterization of Carleson measures for the Hardy spaces on the unit ball can be
found in Hérmander [41] and Power [56]. In this section, we introduce the notion of Carleson measures for
weighted vector-valued Bergman spaces on the unit ball and relate the notion to Toeplitz operators whose
symbol is a positive Borel measure. The corresponding notion for scalar-valued functions can be found in
[78].

Definition 5.2.1. Let p be a positive finite Borel measure on B,, and p > 0. We say that p is a Carleson

measure for the vector-valued Bergman space AP (B, F) if there exists a finite constant ¢, > 0 such that

| W@l <6 [ 1FGIRdva(z), (512)
B, Bn

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball



5.2. Carleson type measures for vector-valued Bergman spaces.

for all f € AP (B, E). Moreover, the Carleson norm ||u||car of p is defined by:
Iilear = int {eu > 05 [ IFGIanG) < o [ 15 Idvale) VS € AL B B}

We will show later that the property of being a Carleson measure for AP (B, F) is actually independent
of p, but only depends on «.

_ 5.2.2. Let pu be a positive finite Borel measure on B,,. Let p > 0 and r > 0. Then p is a Carleson
measure for A? (B, E) if and only if

_ u(D(z,1))
S 4 { (1- \z|2>n+1+a} =

Moreover, we have that M ~ ||u||car-
Proof. Assume that p is a Carleson measure for A? (B, E). It follows that
15 dutw) < lnllcan [ 1) Fpavw) (513)

for all f € AP(B,,, E). For a fixed a € By, and a unit vector z € E, let

_a2n1a 1/p
o= (R VL,

I {w,a}) 2015

From Theorem 2.1.25, we have that f € AL(B,, E) and || f|| 4z (s, z) =~ 1. Therefore, by (5.13) we have that

/ (1 _ |a‘2)n+1+0‘ / (1 _ ‘a|2)n+1+a
D |1

o T, ay ey #0) <l | == sy dva(w) = Iilcan:

Since for w € D(a,r), Lemma 2.1.27 gives

(1 _ \a|2)n+1+0‘ 1

~

1= (w,aPOF) = (T = faPyr e

It follows that for every a € B,,, we have

1
(1 — |a|2)n+1+au((‘D(a7r>) S HMHCCL’I’I'

Thus,

M := sup
aE]Bn

{ . M(D<2a, r))

_ ‘a )n+1+a} S ||M||Ca7’l < 0.

Conversely, assume that
n(D(a,r))

M= s { (1- |a|2>n+1+a} = oo

Let 0 < r < 1, and {ax} a r-lattice in the Bergman metric (see Definition 2.2.31). We have that

o0

L@l < S [ l5@)duc:)
B, =1 D(ag,r
0o
< > w(D(ag,r)) sup  [|f(2)|5
k=1 z€D(ay,r)
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5.2. Carleson type measures for vector-valued Bergman spaces.

Let kK > 1, and z € D(ag, ). By Proposition 2.1.24 there is a constant C' > 0 such that

N < s, 1) pdvato)

Since 1 — |2|? ~ 1 — |ag|? and D(z,7) C D(as,2r) we get that

)

C
w G S Gy f, o, (),

z€D(ay,r) ( a,2r)

It follows that

L 1rwldu) < ¢y ’“_“akf’f;jfw /D o ITlE)
" k:l ag,2r)

CMZ / ) e o)

D(a,2r

A

S CMN /B Hf(w)H%dva(w),

where N is a positive integer such that each point of B,, belongs to at most N of the sets D(ag, 2r). Thus,
p is a Carleson measure for AP (B, F) and ||p||carr S M. The equivalence follows at once, thus ends the

proof. O

Remark 5.2.3. From Theorem 5.2.2, we remark that 4 is a Carleson measure for A? (B,,, E), independently
of pand F.

Definition 5.2.4. Let u be a finite measure on B,,. The Berezin transform g of u is defined by

i) = [ kS@Pdu(w), 2 €B,.

The Toeplitz operator T}, with symbol y is defined by

where g € H*(B,,, F) and z € B,,.
5.2.5. Let p a finite positive Borel measure on B,. We have :
(Tl(£), 9o = [ (F(w), g(w),m-dpw)

for all f € H>®(B,, F) and g € H>*(B,, E*).

Proof. let f € H*(B,, E) and g € H*(B,,, E*). By Fubini’s theorem, the Hille’s theorem (Lemma 1.2.24)
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5.2. Carleson type measures for vector-valued Bergman spaces.

and the reproducing kernel formula (see Proposition 2.2.2), we have that
Tl o = | n<Tu<f><z>,g<z>>E,E*dua<z>
A )
= [ (. [ 2 ;)EJHQ>E7E* dp(w)

= [ () gw) g e dptw).

n

The following theorem generalizes [78, Theorem 7.5].

_ 5.2.6. Let 1 < p < oo and p a finite positive Borel measure on B,. Then the following are
equivalent.

(a) T, is bounded on A? (B, E).
(b) 1 is a bounded function on B,.

(c) p is a Carleson measure for AL (B, E).

Moreover,

1 Toull > N1l oo 0y = Mltllcart-

Proof. Assume that (a) holds. Then we have

[{Tufs gdaBl < NTullllfllaz @2 190 42 @, 5oy (5.14)

for every f € AR (B, E) and g € A? (B,,, E*). Now,
Let z € By, 9 € E with ||zg||[g = 1. Let 2* € E* with ||2*||g+ = 1 such that |(zg,2*)g g+| = 1. Let

(1— |Z|2)(n+1+a)/p’

fo(w) = (1 — (w,z))nri+a

(1—|a2)ntital/p
(1= (w, zyytira ™

o and g.(w) =

where p’ is the conjugate exponent of p. We have, using Theorem 2.1.25, f, € AL (B,,, E), g. € Ag’ (B, E¥)

and
10 a2 @0y 2 1 = 92l gy g, ey

Applying (5.14) for these particular functions and using Lemma 5.2.5, we have

(1 _ ‘Z|2)(n+1+a)/p’ (1 _ ’2‘2)(n+1+a)/p *>
0, x dp(w)| < N Tll-
_ +1+ _ +14
< (1= (w, z))rte = (1= (w, )i [
That is for all z € B,
aoa") | [ k2 () Pdpa(w) = () < 1T,
Thus, g is bounded in B,, and
1Fll oo B,,0) = sup fi(2) S I Tpll-
ZGBn

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball



5.2. Carleson type measures for vector-valued Bergman spaces.

This completes the proof of "(a) implies (b)".

(b) = (c). Assume that g is a bounded function on B,,. Let z € B,, and r > 0. By the assumption, we
have that
[ ke@Pdu) < [ k2 )Pdu() < 7l e, < o (5.15)
D(z,r) B,

Since for w € D(z,r), by Lemma 2.1.27, we have

’ka(w”? B (1 _ ’2‘2)n+1+a N 1
z - (1 _ ‘Z|2)n+1+a'

= T (o, 2 20T (5.16)

From (5.16) and (5.15), it follows that

u(D(z,7)) ~
(1 — ’Z|2)n+1+a S ||M||L°°(Bn,(C)7

for all z € B, and 7 > 0. Using Theorem 5.2.2, we obtain that y is a Carleson measure for Al (B, E) and

p(D(z,r))

lullcon = sup { GEZSD < il

This completes the proof "(b) implies (c)".
(c) = (a). Assume that p is a Carleson measure for the vector-valued Bergman space Al(B,, E). Let us
prove that T), : AL (B,, E) — AL (B,, E) is a bounded linear operator. Fix z € B, and f € AL (B,, E). The

function

f(w)
FZ = ) Bn,
(w) 0w, 2T w e
belongs to Al (B,, E). Indeed, by Hélder’s inequality, we have
1/ (w)l&
[ el < [ Gl W

1
S oy M lae.e):

Since y is a Carleson measure for Al (B, E), there holds
[ NE@lpda() < lillcan [ 1F-0)lLpdvaw). .17

By using (5.17) and the fact that for p > 1, the positive Bergman operator P} defined by

_ o)
PE@E) = | el
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5.3. Introduction to vector-valued BMOP spaces for p > 1.

is a bounded operator on L?(B,,,C) (see [77]), we then obtain
p
dve(2)

[ s = [ | e maute) )
< (] et s

= [ ([ 1#llstuw) ()
< Dl [ ([ 1P lsdvaw) ) dva(2)

dv,

=l |, ([ O s dva()) )

— il [ [PHS1)E)] dval2)

n

S 1l [ 1))

We have proved that T, : AL (B,,E) — A%(B,, £) is bounded and ||T,| < |/u||cari- This completes the
proof of the theorem. O

5.3 Introduction to vector-valued BMO? spaces for p > 1.

It is well-known that BM O spaces play an important role in many domains of Mathematics. The BMO
space have been extensively studied (see [12, 13, 10, 54, 73, 78, 45]) for scalar-valued functions. In this

section, we introduce the vector-valued BM O spaces.

Let z € B, and r > 0. For a v,-integrable vector-valued function f : B,, — E, we define a function
ﬁ : B, — E as follows:

fr(z) = 7/ f(w)dvg(w), z € B,.
va(D(2,7)) JD(z2r)
If f is a vector-valued integrable function, we define the mean oscillation of f at z in the Bergman metric as
1 -
MOTa 2:27/ w) — fr(2)|| pdvae(w).
EDE) = o pimy foy W) = i)
We say that f has a bounded mean oscillation in the Bergman metric if

1 Baros B, ) = bequ MO), 5(f)(2) < oo.

We denote by BM O}ya(IB%n, E) the space of E-valued integrable functions on B,, with bounded mean oscil-
lation. Let p > 1, and BMO? (B, E) be the space of all f in L% (B, E) such that

”fHBMOfZ,a(]Bn,E) ‘= sup MOraE(f)( ) < oo,

ZEBn
with .
MO (D) = (s [ 1)~ Bl )
z) = e a—— 1%
monl Z/Q(D(Z,T)) D(z,r) “
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5.3. Introduction to vector-valued BMOP spaces for p > 1.

We observe that
L>(B,,E) C BMOf@(IB%n,E) C LE(B,, E), p>1,

BMO} (B, E) € BMO? (B, E) C BMO; (B, E), 1<p<gq

5.3.1. Let 1 < p < oo. A function f is in BMO? (B, E) if and only if there exists a constant
C' > 0 such that for any z € B,, there is a vector A, € E with

1 p
TG Jorn 1) = Aclfpra(w) < C.

Proof. The "only if" part follows by taking A, = ﬁ(z) For the "if" part, we assume that the above inequality
holds for all z € B,,. By the triangle inequality for L? (B,,, F) integral, we have

1

~ 1/p
|jj04(D(Zﬂﬂ)) /D(z,r) 1f(w) = fT(Z)|’EdVa(w)1

1
: lvaw(zm)) Lo

1/p

) 1f (w) = Asllfpdvaw) |+ [1fr(2) = Azl

)

By Holder’s inequality,

Hﬁ(z) —XllE= ‘ (f(w) = Az)dva(w)

1
va(D(z,7)) /D(w)

E

1/p
< ) - Azrr%dvaw)] .

Va(Dl(Zﬂ"))/D(,

It follows that

1 R ) 1/p
[W /D(z,r) I (w) = fr(z)”EdVa(w)]

1 » 1/p
<2 [%(D(z,r)) /D(w) I1f (w) —AzllEdua(w)] ,

Definition 5.3.2. Let » > 0 and f : B,, — E. We define a function w,(f) on B,, by

wr(f)(2) :=sup{[|f(2) = f(w)|E : we D(z,r)}.

wr(f)(z) is called the oscillation of f at z in the Bergman metric. We say that a vector-valued continuous

function f : B,, — F has bounded oscillation in the Bergman metric if

sup wy(f)(2) < oc.
z€By

We denote BO,(E) the space of all vector-valued continuous functions on B,, with bounded oscillation.

5.3.3. A vector-valued function f : B, — FE belongs to BO,(F) if and only if there exists a
constant C' > 0 such that

1f(2) = f(w)le < C(B(z,w) + 1),

for all z,w € B,.
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5.3. Introduction to vector-valued BMOP spaces for p > 1.

Proof. We first suppose that f € BO,(E). If f(z,w) < 1, then the desired result is obvious. Now, fix two
points z and w in B,, with 8(z,w) > 1. Let v(t), 0 <t <1, be the geodesic in the Bergman metric from
z to w. Let N = [f(z,w)] + 1 and t; = i/N, 0 <+i < N, where [z] denotes the largest integer less than or

equal to x. Then

810, (1)) = P2 <4
and hence
1f(z) = f(w)llz < Z 1f(v(tim1)) = f(y(ta)ll e
< N”fHBO B) < I fllBoe)(B(z,w) +1).
The converse implication is obvious. O

A consequence of the above lemma is that the space BO, (FE) is independent of the choice of r. Thus, we

simply write BO(E) = BO,(E) We equipped BO(FE) with the following semi-norm

[fllBo(z) = supfwr(f)(2) : 2 € Ba}.

Definition 5.3.4. Let 0 < p < oo and r > 0. We say that f € BAP(E) if f € L (B,, E) and

— 1
=S Br(z) = s 7/
15 a0y = s (IF11)r (2) = swp Do f

)

1f (w)|[pdva(u) < oo
The intials BA stand for "bounded average”.

Functions in BAP(FE) are described as follows.

5.3.5. Let 1 < p < co and f € LE(B,, E). Set duso = ||f||%dva. The following conditions are
equivalent:

(i) The measure py is a Carleson measure for A? (B, ).

(ii) f € BAP(E) for some (for all) r > 0.

(i) sup [ 1f o pa(w)fdva(w) < x.

ZEEn Bn
Moreover,

HfH%AI;(E) ~ ||pfallcar = sup||f o SOZHZ&(IBME)'

z€B,

Proof. By Theorem 5.2.2, condition (i) is equivalent to

f1a(D(2,7))
(0% art — .1
leegallcar: = SUP L Eyrita (5.18)
for some r > 0. Since (D(=.r))
su /p\r ~ su Hia =r
zeéi(HfHE) ( ) 2611(1‘_’Z|)n+1+a
it follows that (i) and (ii) are equivalent with ||fHBAp ~ |\ ps.allcart-

We recall that |1 — (z,u)| ~ (1 — |z|?) for u € D(z,7). Usmg Proposition 2.1.12 and Lemma 2.1.9, for every

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball



5.3. Introduction to vector-valued BMOP spaces for p > 1.

z € B,,, we have

[ 1o eatw)lfpdvatw) = [ 151k ()Pdva(w)
B Br
> [ I )P

z,r

1 D dye () = (TF T (2
= Bt o O ) = (),

,T

This proves that (i7i) implies (i) and HfHBAp S sup || f o p:|f, (B0 E)"
ZGBn * ™

To complete the proof, we will prove that (i) 1mplies (iii). Let {a;} be an r-lattice in the Bergman metric.
Then,

[ 170 petwlfpdva(w) = [ )1k (0 Pdva(u)
= (1 _ |Z|2)n-&—1—|—o¢/]B ”f(u)H% dUa(’LL)

. |1 _ <Z u>|2 n+1+a)

<=kl ”“MZ/ oy T T T 40

)

By Lemma 2.1.28, we have
1= (zwl =1 = (z0a),

for u € D(aj,r). It follows by (5.18) that

P n+1+o¢ pfa(D(aj,r))
L 170 s ava(w) £ (1~ J2P) Z,l_ o e

< (1= 21l Z (= Ja, P
fallCarl <1 - (2,a)2nt+1+)°

By using Lemma 2.1.31 with s =2(n+ 14 «) and t = (n + 1 + «), we obtain that

Z 1 - |a ’ )n+1+a < (1 ‘Z‘ ) n+1+a)
Z a; |2 (n+1+a) ~

Therefore, we obtain that:
sup [ 11f o pa()lffpdvaw) £ ltgalicar

ZeBn

Thus, () implies (4i7) and Su]Bp |f o <pz||Lp (B 5 llef.allcart: O
z€bn

Remark 5.3.6. As a consequence of Lemma 5.3.5, we see that the space BAP(E) is independent of the
choice of r. Thus, we simply write BAP(E).

The scalar-valued version of the following theorem can be found in [77].

_ 5.3.7. Let r > 0 and p > 1. Then the following are equivalent :

(1) f € BMO? (B, E).
(2) f = fi+ fo, with f; € BO(E) and f, € BAP(E);

3) suwp [ If o pu(w) = Fo)lpdva(w) < .

z€B, /B

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball



5.3. Introduction to vector-valued BMOP spaces for p > 1.

(4) There exists a constant C' > 0 such that for any z € B,, there is a vector A\, € E with
L 1f oew) = Aslfpda(w) <

Moreover,

I fllBaror,,B.,5) = LfillBar(e) + [ f2ll BO(E) = Sup 1f 0w = f()is,,B)-
Proof. (1) = (2): Since r is arbitrary, it suffices to show that BM O}, (B, E) C BO(E)+ BAP(E). Given
f € BMO}, (B, E) and B(z,w) < r. Put fi = f, and fo = f — f,. Let us show that f; € BO(E) and
f2 € BAP(E). We have that

17:2) = Fowlls < 15:2) = Farl)llp + 1 (2) = Folw) s
1
< S BET / £ (1) = Jor (2)l| pdva () (5.19)
1 —~
BT Joun 110~ el (520)

By Holder’s inequality and the fact that D(z,7) C D(z,2r) and f € BMOY, ,(B,, E), (5.19) becomes :

1f () = for(2) | pdva (u)

1 - » 1/p
g m </D(z,7’) ”f(u) o fQT(Z)HEdVa(U)>

1
va(D(z,7)) /Dw

< ||f||BMO”

2r,a

(Bn,E)"

For the inequality (5.20), since D(w,r) C D(2,2r) and f € BMO}, (B, E), it follows from Hélder’s
inequality that:

1 ~ 1
BT oy 10~ P llpdva(w) S s

1/p
(] 1100 = Bl 5 o
D(z,2r)

2r,a (Bn vE) :
It follows that the function f; = f, belongs to BO(FE) and
<
IillBo) S 1flBr0z, @0 -
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For fo = f—f, with f € BM OQT o(By, E), we next show that fo € BAP(E). By the Minkowski inequality,

o 1/p
IEREC = | D) fogn M0~ T @ et >]

1
(
1/p
o DC) Jope 1700~ T et >]
1
(

1/p
bt o 100 FG ()
(8..5) +wr(fr)(2).

IN

A

> ”fHBMOp

2r,a

Since f, = f1 is in BO(E), and f € BMOY, (B, E), it follows that the function f, is in BAP(E) and
I f2llBar(E) < ||f||BMO§T7a(IBn,E) + I f1llBo(r)- We have proved that BMOgr,a(BnaE) C BAP(E) + BO(E)
and

I filleoe) + 1 f2llBArE) S W flBMOE. (B0, )

2r,a

(2) = (3): First note that by Minkowski’s inequality, Proposition 2.1.12 and Hélder’s inequality, we

have

|f o, — f(Z)HLg(]Bn,E) <|foe:llir®, k) + ||f(z)”Lg(]Rn,E)
=|fo 902||Lg(Bn,E) +f(2)le <2[fo (PZHLZ(IB%n,E)'

If fis in BAP(E), it follows by Lemma 5.3.5, that || f o ¢, — f(z)”Lg(BmE) is bounded and

Sup 1f o p: = FE iz @np) S Sup 1f ozl @®..m) = 1 F Baz(E)- (5.21)
On the other hand,
If o w: = FN 5,0 = / £ 0 ¢:(w) = f(2) | Tpdva(w)

IN

L1 eeaw) = Fo el w)dua w).
If f € BO(FE), then Lemma 5.3.3 shows that

1£(2) = f(w)le < (B(z,w) + DIflBoe

for all z,w € B,,. This along with the M&bius invariance of the Bergman metric, implies that

£ 00 = F e < 1Moy [ [, (Blww) + 1) ave w)ve(u)
W, [ [ (B0.0) + 60.u) + 1Pava(wiava(u)
— 1o [ [ (hw)+ h(w) + 17 dva(w)da w),

n n

where h(w) = 5 log (}J_rm ) . Since
_l’_

/n [log (1 — :Z:)rdva(w) = 2nc, /017“2”_1 {log <1j:>r(1 — 1)y < o0,
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5.3. Introduction to vector-valued BMOP spaces for p > 1.

In fact,
1 1 p 1 1 P
/0 p2n—l [log (1 i_ :)} (1 —rHodr ~ /0 p2n=l [log (1 t:)} (1 —r)%dr
1 : 9 P
< 1-—nr)®
7/0 0g<1_r>] (1 —r)*dr
1 2\ 1P
L) o
0 p
1
<2° / [log?(2) — log”(p)] p*dp
0
1
=2P logp(2)/ padr—2p/ log?(p)p®dr
P 1oo?
_ 2Plog (2) WL,
a+1 ’
with

Ipo = / log?(p)p“dp.

To conclude, we need to show that I,, < oco. Let 0 < A < 1 be a real such that 0 < a + A. Since

hH(l) p* M ogP(p) = 0, there exists a real > 0 such that for p < 7, we have
p—

1
p*logP(p) < Py

It follows that
n
Iyo < / dp+/ log?(p)p®dp < 0.
o P

It follows that
sup ||fo<,0z - ( )HLP B,,E) ~ ”fH%OE

ZeBn

Thus, we have shown that f € BO(FE) implies that ||f o ¢, — f(z)HLZ(BmE) is bounded and

sup ||f o ¢: = F(2)12@,.5) S I1f | Bo(p)- (5.22)

ZE]BTL

Now, for f = fi1 + fo, with f; € BAP(FE) and fo € BO(FE), we have by Minkowski’s inequality, (5.21) and
(5.22), we have

||fogoz— ( )HLP B,.,E) < Hflo(pz ( )”LP B, E)+HfQO‘pz_/f;(Z)”lzg(BmE)

S fillsare) + 12l BoE)-

(3) < (4): Since the proof of the equivalence of (3) and (4) is similar to that of Lemma 5.3.1, we omit
the details.
(3) = (1): By Lemma 2.1.9 and Lemma 2.1.27, we have that

1~ v (D(z, 7)) |k (w) 2,
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5.3. Introduction to vector-valued BMOP spaces for p > 1.

for all z € B,, and w € D(z,r). It follows that

! p ry p «
) S 0~ FOMtwat) < [ 1) = Tk )P o)

S [ 170 wutw) = T fpdva(w).
The desired result then follows at once. O

Remark 5.3.8. One of the consequences of the above result is that the space BMO? (B, F) is also
independent of r. Thus, from now on it will be denoted by BMO?(B,, E). A canonical semi-norm on
BMOE (B, E) is given by

HfHBMog(Bn,E) = Seu]é) 1f o, — f(z)HLZ(IBn,E)'
z n

A norm on BMO? (B, E) is defined by

Wl sroz@,.5) = I1F(Olle + 1/ 5oz @, 5)-

[BESBOEOH] 5.5.9. Lot f < (B, F).

(1) Tf f € BMOL(By, E), then sup ([[flx(2) — [ F()]5) < .

z€B,,

(2) Tf  is bounded in B, and sup ([|f[lp(2) — | f(2)[l5) < oo, then f € BMOL(B,, E).
z€B,

Proof. (1) For z € B,,, we have that

(7T = 17e) = [ (1@l = 17E)E) ke w)Pdva(w)
< [ 1£(w) = Fo)slk ()P (w)

= /. 1f o w.(w) — f(2)|| pdva(w)

=[fop:— f(2)lLaE

where we have used the change of variables w = ¢, (v) in the third line of the previous equation.
Since f € BMOL(B,,, E),

sup [|f o, — f(2)|l1,0,E <0
z€B,,

and so

sup ([[lle(=) = 172)e) < oo

z€B,,

(2) Assume that f is bounded in B,, and ¢ := sup (|%(z) - Hf(z)HE) < oo. For any z € B,,, we have

ZEBTL
that
1#1e) = (116() = 1FE)e) + 17 < e+ swp [ fE)]ls < oo
z n
But since
1fowz = f(2)lar < Ifob:lliee+If(2)e = fllez)+If(2)E,
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5.3. Introduction to vector-valued BMOP spaces for p > 1.

we get that
sup ||f oz — f(2) 1,05 < 00

ZEBn

and thus f is in BMOL(B,, E). O
The scalar-valued version of the following theorem has been proved by Li and Luecking in [45].
_ 5.3.10. The Bergman projection
P,: BMO\(B,,E) — B(B,, E)
is a bounded operator. Moreover, we have

Pafllls@..e) S I FIlBro B E)-

Proof. Let f € BMOL(B,, E). By Theorem 5.3.7, we have f = fi + fo, with fi € BO(E), f» € BAY(E)
and | fllBavor @.,e) = 1 fillBoE) + | f2llBar(p)- Since Pof = Puo(f1) + Pa(f2), we have

| Pafllws@®,,B) < |Pafille@,,r) + | Pofollss,, k)

So, to complete the proof of the theorem, we will prove the following two inequalities:

| Pafille®,.z) S IfillBoE),

and

| Pafolla@,,r) S 2l Bar (-

For the first inequality, we first show that P,(f1) € B(B,, E). For this, it suffices to show that the
function (1 — |2|?)N Py(f1)(z) is bounded. Let z € B,,. We have

Pa(1)(2) = [ K8 fu(w)dva(w),

Therefore,

NP(f)() = [ NS i) dv(w),

n

with
(n+14a)(z,w)

(T (2wt

Now, fix z € B,, and consider the holomorphic function

NEG(2) =

1+ a)(w,z)
g:(w) = (1 — (w, z))n+2+a”
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5.3. Introduction to vector-valued BMOP spaces for p > 1.

By using the reproducing kernel formula, we get

0= gZ(O) = /]Bn (1 o <gf1(01§§n+l+a dl/a(w)
= | g(w)dva(w)
Br
B n+ 1+ a)(w,z)
= /]B dvg(w)

n (]' - <w7 Z>)n+2+a “

= /]Bn NEK&(2)dve(w).

Therefore, | NKG(z)dve(w) = 0. It follows that, using Lemma 5.3.3
By

INPof1(2)] e

| [ wiwsen <w>dua<w>HE
[ NS - fl(Z)]dVa(w)HE
<(n+ 1+a)/ | f1(w) — f1(2)”EdV ()

B, |1 — (z,w)|r2te ¢
B(z,w) +1
< (n+1+a)fillBoe) T (z,w>\"+2+adya(w>

n

Z,W
SWllsoe [, [T o)

+(1 = 2 Ml Bos)-

By Lemma 2.1.26, we know that

B(Zaw)dya(w) 1" 2\—1
/B <C"(1— |27

n 1= (2, w)|rH2te

It follows that
INPafi(2)lle S 1 =121 fillbo):

Thus,

sup (1= IV Pa(f1) () E S I fill o) < oo

That is Pa(f1) is in B(B,, ) and || Pofills®,,r) S 1f1llBoE)-

It remains to prove that P,(f2) € B(B,, E). Since f» € BA'(E), by condition (i) of Lemma 5.3.5 we have
that the measure dyif, o = ||f2[|pdvey is a Carleson measure for Al (By, E) and || follpar(g) = litfs.allcar-

Consider the function 1
nle) = Pal)(e) = [ R

We have
(2, w) fo(w)dve(w)
(1= e w)yrezre

Nga(z) = (n+1+a)/

n

Let x € FE with ||z||g = 1. Using Lemma 5.3.5 and Theorem 2.1.25, we obtain a constant ¢ independent of
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5.4. Boundedness of Toeplitz operators with operator-valued BMO! symbols.

z such that L2
(1= 1P Waa)le < (n+1+a) [ Il = oy ()
Sy = R
<(n+1+a)pgallcat /Bn = (1z,_v,l;‘j+2+adya(w)

S N fellBare)-
This shows that go = P,(f2) is in B(B,,, E) and
| Pafolle®,.e) S I f2llBare)-

Therefore, P, f € B(B,, E) and

| Pafllw@,.e) S IfillBoe) + 1 f2llBare) = | fl BMmoL (E)-

Since P, f(0) = f(0), it follows that

1 Pafllln@..e) = [Faf Oz + [[Paflls@,.p) S IfllBaoxe) = 1£O0)le + (£l Broy @)

Since BMOP.(B,,, E) C BMOL (B, E), for all p > 1, then we have the following result:

Corollary | 5.3.11. Let 1 < p < co. The Bergman projection

P,:BMO?(B,,E) — B(B,,E)
is a bounded operator. Moreover, we have

Paflll@..e) S a0z @.,5)-

5.4 Boundedness of Toeplitz operators with operator-valued
BMO! symbols.

In this section, for E, F two complex Banach spaces and b € BMOL (B,,, L(E, F)), we show that the Toeplitz
operator T}, is bounded from A2 (B, E) into A2(B,,, F) if and only if its Berezin transform b is bounded on
B,,. We recall that the Toeplitz operator Tj, with operator-valued symbol b : B,, — L(E, F) is defined by

1)) = [ o ),

and that the Toeplitz operator TIIbIIL(E »)» is defined by

(1— (z,w))ntite L0 9(2),

blw w w)||b(w dve (w
T (oe) = [ Mmoo, () [ stlbollamndo(o)

where dpp, o (w) = ||b(w)||z(g,F)dva(w), and g € H®(B,, E). Since b € L, (B,,, L(E, F)), the positive measure

dpip, (w) is a finite Borel measure on B,,. Let E, F' be two complex Banach spaces. We recall that the Berezin
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5.4. Boundedness of Toeplitz operators with operator-valued BMO! symbols.

transform b of an operator-valued function b : B,, — L(E, F) is the operator-valued function defined by
Bz = [ K2 ) Pow)dvaw)
By
such that for each x € E we have

b(2)(z) = / |2 (w) [Pb(w) () dva (w). (5.23)

n

We also note that the Berezin transform of the scalar-valued function |[b|| (g, r) is given by

Bl ry( = [ k)b e, rdva(w).

The folloowing definition can also be found in [59].

Definition 5.4.1. The Berezin transform of the Toeplitz operator Ty is the operator-valued function defined
by
(Ty(2)(@),y" ) ppr = (To(kS ), KZY ), (5.24)

for all z € B,,, x € F and y* € F*.

5.4.2. For x € E and y* € F*, the following identity holds
(To(2) (@) ") mee = (0(2)(2), 4" ) F e (5.25)
Proof. Let x € E and y* € F*. By Fubini’s theorem, for all z € B,,, we have

(Ty(kZw), kY o F =/ (Ty(kZ (w)), kg (w)y™) p.pedva(w)
kS

n ([ a (?ﬂuﬁ;‘)ﬁm dvafu) K@)y ) dvolw)

kY (w)y*|dve (w
(st uye). [ LS v

(k2 (w)a), k2 (0)y) v ()
@K W[,y ()

b(u) o) S () Pl ). )
Bn

b(2) (@), y*) Fr+-

n

n

n

I
2/\@\@\@\:@\@

F,F*

—~

Remark 5.4.3. For every z € B, we have Tj(z) = b(z).

[PESPOSIEioN] 5.4.4. Let b € LL(B,, L(E, F)). If the Toeplitz operator T}, : A2(By, E) — A2(B,, F) is
bounded, then its Berezin transform b is bounded on B,,.

Proof. Assume that the Toeplitz operator Ty, is bounded from A2 (B,,, E) into A2(B,,, F'). Let us prove that

sup [[6(2) | £(z.1) < oo

ZGTL
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5.4. Boundedness of Toeplitz operators with operator-valued BMO! symbols.

Let € E and y* € F*. Since T}, : A2(B,,, F) — A2(B,, F) is bounded, by Lemma 5.4.2, for all z € B,,, we

have

[(0(2) (@), v ) e = (To(RZ2), k2 )a |
I To|[|+5

IN

2,0,E k2 Y |2,0,7+

1 Tollllz ]| lly™ | -

Since x € E and y* € F* are arbitrary, it follows that

16(2) |22,y = sup |(b(2) (@), 4" ) e | < IITo]| < oo

Izl e=1lly*llpx=1

That is, b is bounded in B,,. O

_ 5.4.5. Let E, F be two complex Banach spaces and b € L. (B, L(E, F)).Ifb € BMOL(B,, L(E, F))

and b is bounded in By, then dyp o = 1]l £(£,7)dva is a Carleson measure for A} (B, E).

Proof. We assume that b € BMOL(B,,, £L(E, F)) and b is bounded in B,. Let us prove that 10/l 22, Fydva is
a Carleson measure for Al (B, E). Since b € BMO.(B,,, L(E, F)), by (1) of Proposition 5.3.9 we have that

30 (Bl (2) = 18)lleqmm) < oo

P

and thus |[b(-)||z(g p) is bounded in B,. Since ||b]|z(z ) = 0, and b € Ll (B,,L(E,F)), then the measure
dpp,e = ||bllz(E,F)dva is a finite positive Borel measure on B,. By Theorem 5.2.6, the Berezin transform
[ = [1b()|l (g, ) is bounded in By, implies that du,a = [|bl| z(z,7)dVa is a Carleson measure for Al (B, E).

O

_ 5.4.6. Let E, F be two complex Banach spaces and b € L, (By, L(E, F)). If [|bl|z(p, pydva is

a Carleson measure for AL (B, E) (for Al (B, F*)), then T} is bounded from A% (B, E) into A2(B,, F).

Proof. Assume that [|b]|z(g, p)dra is a Carleson measure for Al (B, E). Let us show that T} is a bounded
from A2(B,, F) into A%(B,, F). In fact, let g € H*(B,,, E) and h € H®(B,,, F’*). By using the Fubini’s

theorem, and the reproducing kernel formula, we have

@) Do = [ T9)(2) W) dva2)

n

= [ (oo, o S el
= [ (e, [ o), )

_ / (b(w) (g(w)), h(w)) p.p+dva(w).

n

Let g € H*(B,, F), and h € H*(B,, F*). Using Holder’s inequality and the fact that |[b||(g F)dve is a
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5.4. Boundedness of Toeplitz operators with operator-valued BMO! symbols.

Carleson measure respectively for A2 (B, F) and for A%(B,,, F*), we get

[ btw)gte) hw)erdvaw)| < [ [)ow)hw)redaw)

n n

/IB”b(w)HE(E,F)Hg(w>HEHh(w)HF*dVa(w)

= [ [ gy o] (10N, Vo) -] dva(w)

IN

1/2
< ([ o)zt lo.ndva(w))
1/2
< ([ W) 10w ey dva(w))

S g

2.0.E || ]| 2,0,F-

So, we have shown that
[(To(9), B)a,p| S Nl9ll2,a,ellRl2,0,F%,

for all g € H*(B,,, F) and h € H>*(B,,, F*). Thus,
1To(9) o < 11920,

for every g € H*®(B,,, E). Since H*(B,,, E) is dense in A2(B,,, E), we conclude that the T} is bounded from
A% (B, E) into A%(B,, F). O

The following theorem is the main result of this section.

_ 5.4.7. Let E, F be two complex Banach spaces and b € BMOL(B,, L(E, F)). The Toeplitz
operator T, : A2(B,, E) — A%(B,, F) is a bounded linear operator if and only if its Berezin transform b is
bounded in B,,.

Proof. The proof is a direct consequence of Proposition 5.4.4, Proposition 5.4.5 and Proposition 5.4.6. [

In what will follow, we let E, F' to be two Banach spaces.

5.4.8. Let b € BMOL(B,,, L(E, F)). Then bo ¢, € BMOL(B,, L(E, F)) for all z € B,,.

Proof. Let z € B,,. By using the change of variables v = ¢, (u) ( see Proposition 2.1.12) and the identity

K (0= () P[RS () = kg () (),

we have
bown(w) = [ boga(wlkg(da(w)
= [ Mok @)k @) o)
= [ B (0) P (v)
= Hps(w)).
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5.4. Boundedness of Toeplitz operators with operator-valued BMO! symbols.

Now, let b € BMOL(B,,, L(E, F)) and z € B,,. By using the identity
©20Puw =Py (w)©U, where U is a unitary transformation of C",

and the invariance of v, under U, we obtain that

160 @ llBrmoLB,,cEF) = sup 160 . 0pu —bo (W)l acEr
webn

= sup [[bo gy, w) = b(@:(W)llLa.cimF)

weB

= sup [lbo P, (w) — g(Sf’z(w))||1,a,z:(E,1t«“)
P2 (w)EBy,

= sup [[boyy, — b(“)”l,a,L(E,F)
u€B,,

= bl BroL B,,cE,F)) < 00

[PESPOSIEioN] 5.4.9. Let b € BMOL(B,, L(E, F)) and b be bounded in B,,. Then

sup  sup ||Thop, €|lp,a,r < 00, for p>1. (5.26)
llelle=1 z€B,

Proof. We first recall that if g € H(B,, F'), then its LE (B, F)) norm ||g||p.q,F is equivalent to ||g(0)| r +
(1 = [2]>)Ng(2)||par (see Theorem 2.2.26). For g € B(B,,, F), we have that

9llp.a,r = g(0)llr + (1 = |2/*)Ng(2)
S lg@lr + 11 = [N g(2)lloorr = llgll- (5.27)

p,o, F

Let b € BMOL(B,,L(E,F)) and e € E, with ||z = 1. By Lemma 5.4.8, we have that (bo ,)e is in
BMOL(B,, F) and

[(bowz)ellpror ®,,7) < b0 @l BroL B,,c(E,F)) (5.28)

Using (5.27), (5.28), Theorem 5.3.10, Remark 5.3.8 and (5.9), we get

| Pa(bo @ )e]

poF S [[Pa(bopze)lsm,,r)
S (6o w2)ell Baroy e, F)
S oo e:llBror B,,cE,F))

S oo e

—_—

= o @) Ollecer) + sup fbo ¢z pw =bowz(w)liace.r)

= [1b(2)l ey +  sup b0 @y, (w) — b(0:(W)|1a.c(EF)
pz(w)EBy,

= 16(2)l () + Sél]BP 160wy _g(u)Hl,a,ﬁ(E,F)-

Thus, for b € BMOL(B,, L(E, F)) and b being bounded in B,, we get

sup  sup || Thop, €|lp,a,r < 00, for p>1.
llellz=1 z€Bx
O
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5.4. Boundedness of Toeplitz operators with operator-valued BMO! symbols.

The following lemma is an extension of Lemma 3.2 in [79, 70] to vector-valued settings.

5.4.10. Let E, F be two complex Banach spaces and b € L. (B, L(E, F)). Let T}, be bounded
from A2(B,, E) into A%(B,,, F). Then for every z € B, and every unit vector e € E the following holds:

(a) (To(KZe))(u) = K2 (u)Pa(bo wze)(pz(u)).

(b) Ts(kZe)ll2.0,r = [[Thop. €

‘2,a,F~

(c) For b € BMOL(B,, L(E,F)), each Ty, is bounded from A% (B, E) into A2(B,, F).

Proof. (a) Let z € B,,, and e € E with |le||p = 1. By using the change of variable formula (Proposition
2.1.12), we have

Ty(KZe)(u) = Pa(bKZe)(u) = /b(w)(K?(w)e)KS(w)dVa(w)

n

= /b(soz(v))(K?(soz(v))e)Kﬁ(soz(v))\k?(v)lzdva(v)-

n

Since )
K (p-(v)k3(v) = ————71a>
(1— 225

and

it follows that

MKW = [ [bow] (0)(e) K2 (s ()2 ()] [REG)RE(0)] doaa(v)
1 AN ().
_ / ol 0O Tk R, )0

_ /B [bo:] (v)(e) K (K2 (v)dva(v)

= K?(U)/B b(p=(v))(€) Ky (2 (u))dva(v)
K (u)Po (bo wze) (z(u)).

(b) By using the change of variables w = ¢, (u), we have

ITy(kZe)|30r = / 1Pa(b() (kS ()e)) (w) [ Fdva(w)

n

= /BHPa(b(-)(k?(~)e))(¢z(u))H%!kS(U)Pd%(U)

7 2
= [ sk )oK, @ik )dva(w)]dva(w).

n n F

By the change of variables w = ¢, (v), and using the fact that
K7 oy (k2 (0) = FE (@) Kg (pa(w).
and
k2 (pz(0)kZ (v) = 1,
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5.5. Compactness of Toeplitz operators with matrix-valued BAMO! symbol.

it follows that

2
Tk Br = [ | blo)(k ()R K luave )| v
2
-/ / blaw) (€)1 () PR (s () v ()| dva()
By F
2
-/ /bsoz N2 o+ () PR o= oI (0) Pl (0)| ()
2
-/ /bsoz NS (0= ) PR ) PRE@)dva(0)]| ()
2
-/ / b(ip:(0)) () K (0)dva(v)| dva(u)
Br F

= [ 1P o))l dvalw)

= Palbo o)l ar = [Thop.cl3 ar

(c) If b€ BMOL(B,, L(E, F)), then bo ¢, € BMOL(B,, L(E, F)), for all z € B, (see Lemma 5.4.8). Since
for z,w € B,, b/o\c_;z(w) = b(p-(w)) (see the proof of Lemma 5.4.8), then b being bounded (Theorem 5.4.7)
implies that b/o\gp/z is bounded independently of z. It follows by Theorem 5.4.7 that T}, is a bounded
operator from A2 (B, F) into A2(B,, F).

5.5 Compactness of Toeplitz operators with matrix-valued
BMO! symbol.

In this section, we will study an extension of Theorem 3.1 in [79] and Theorem 3.4 in [70] to the vector-valued
settings. In particular, we will show that when the target space is of finite dimension, we obtain a similar
result. From now on, we consider and integer d € N with d > 1. We recall that £(C?) is identified with
the space M? of d x d matrix with coefficients in C. Since all norms of matrices are equivalent in finite
dimension, for a d x d matrix M, we will denote || M| any convenient norm of M. Let LS4 := L>(By, M)
denote the set of d x d matrices-valued functions, b, such that the function z — [|b(2)| £ (cay is in L>(By).
We denote by {e;}; the standard orthonormal basis in C%. For x = (21,--- ,74) and y = (y1,--- ,yq) in
C?, the inner product on C? is given by

‘7: y cd = Z ZTili-

d
Given = = (z1,--- ,24) in C%, we denote by z)|Zq = Z |z;|* the norm on C?. If M is a d x d matrix, || M||
i=1
will denote any convenient matrix norm.

Definition 5.5.1. Let H be a complex Hilbert space and z € B,,. We consider the linear operator

U,: A (B,,H) = A%2(B,,H)
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defined by
U.f = fop:ks fe AL (B, H), (5.29)

where we recall that k¢ is defined in (5.5). Given a complex Hilbert space H, we have the following

lemma.

5.5.2. For any z € B,,, the operator U, is self-adjoint, idempotent, and isometric on A2 (B, H).

Proof. We first show idempotency. Given f € A% (B,,H), we have using (5.8)

UZf = U(U.f)
= ((Uzf) 0 p2)kZ
= (fops0w)(ky 0 p)kS
= f

Next, we show the isometry. Using the change of variables u = ¢, (w) and the identity (5.8), we have

V- = [ NSt
= [ 15 0wk ) dva(w)

= [ 170 o)k () Pdvo(w)
= 17 el o ) P02 ) P )
= [ 7 el - ()2 ) P )
[, 1) v

= 1£13.0

We finally show that U, is self-adjoint. Since U, is an isometry, for every f,g € A2(B,,H), we have
(fs 9 am = (U.f,U.g)an- It follows that

<U2f7 g>oc,’H = <U2sz, Uzg>a,7-[ = <fa UzQ)oe,’H-

OJ
Let H be a complex Hilbert space.
Definition 5.5.3. Let A € L(A2(B,,,H)). We define the operator A, on A%(B,,,H) by
A, = U, AU, = U*AU, = U, AU?. (5.30)

_ 5.5.4. Let ¢ € L. (B, L(H)). If A =T is a bounded Toeplitz operator on A2 (B, H), then
A, = Tyoyp, for any z € B,,. In particular, each A, is still a bounded Toeplitz operator on A2 (B, H).

Proof. Let f € A%(B,,H) and z € B,,. We have, using the change of variables v = ¢, (u) and the identity
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(5.8)
(Ty(U:f))(w) = K*(w,w)y(u) (f o pz(w)ks (u)) dva(u)

By

= K (w, u)y(u) (f o ¢z(u))

z

B
= [ Koo () 0

= K (w, 92(0))k2 (v) (¢ 0 02(v)) (f(v))dva(v)

B
= 7@?(“))/]B k2 (02 (W) K (92 (2 (w)), 02 (0) ) k2 (V)1 0 @2 (v) f (0)dva (v).
Since
k2 (a)K*(p2(a), 92 (b)) k2 (b) = K*(a,b),

for all a,b € B,,, it follows that

U = k2lw) [ K (pa(w), o) o o) (0)dva(v)
= K2 () (Tyop ()22 ()
= (UTyop. (1)),

Hence
Usz/JUz(f) = Tz/;oapz (f)

This proves the desired identity. O

We will use the following extension of Berezin transform of of vector-valued operator introduced in [58].

Definition 5.5.5. Let H be a complex Hilbert space and A € L(A2(B,,H)). We define de Berezin
transform A of A by

(A(2)e, hyw == (A(kZe), kZh)an,

where z € B,, and e, h € H.

_ 5.5.6. Let A € L(A2(B,,H)) and z € B,,. We have Ao, = A,.

Proof. Let A € L(A%2(B,,H)) and z,w € B,,. For any e € H we claim that

U.(Kge) = ke (W) K2 (e. (5.31)

w pz(w

Indeed, for f € A%2(B,,H), and e € H we have, using the definition of U, and the change of variables

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball



5.5. Compactness of Toeplitz operators with matrix-valued BAMO! symbol.

¢= @z(w)

(f;U=(Ke))an

which implies the claim.
By writing (5.31) as

U.(Kge) = HK”‘Z(U, wllza(U=Kge)
= 1K, ) Hm ()(H 26K ) €
= (11K, () l2.0k2 (w)) kgz(w)e-

It follows that
-1
K e = (IS IS 20 Ko@) Us(KGe). (5.32)

(2 w

By (2.40) and (2.11), it follows that

o - 1
||K z(w)||2,a - (1 _ |<pz(w)‘2)(n+l+a)/2
_ 1= {z,w)["H1+e _ IKGll2al K ]l2a
(1 _ |Z|2))(n+1+a)/2(1 _ |w|2))(n+1+a)/2 |Ka( )|

It follows that

IS 120 K )

2(w)] = [KZ]20-

Therefore, there holds
[Raeh

2.0l KQ. ) 2,0 RS (w)] = 1. (5.33)

Using (5.32) and (5.33), for every e, ez € H, we have

(Ao p.(w)er, ea)y = (A(pz(w))er, e2)n
= (A (w)€1): kg (w)€2) o
= (IEG AN, 2.0 S @)]) ™ (AU (KGer). Us (K e2)) o
= (1K 121K, o l2al K2 (w)]) T (AU (er), U (Be) o
= (

IS A IK o a2 )]) (AU (1), U (kS e2))
= (AU:(kge1), Uz(’ffé@))aﬂ
= (U, AU, (kye1), kge2)an
(Az(kyer), kpez)an

(Az(w)er), ea).

This shows that A o = ;l; as maps on H. O
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The following result already appears in [60] for H = C%, d > 1.

_ 5.5.7. Let H be a separable Hilbert space and A be a bounded linear operator on A2 (B,,, H)
and let e € H with |e||yy = 1 such that A(z)e — 0 weakly in H as |z| — 17. Then A.e — 0 weakly in
AZ(B,,H) as |z| — 1.

Proof. We recall that if {ex} is a countable orthonormal basis for H, then

Dbl Fat 1)
m!l'(n+a+1) k mENT kel

is a countable orthonormal basis for the vector-valued Bergman space A2 (B,,,H). So, (up to a normalization

constant which does not matter us) it is enough to show that (A.e, hw*)oy — 0 as |z| — 17, for every
s € N and for every h € H with ||h|5y = 1. From Proposition 5.5.6 and Definition 5.5.5, we have that

(A(SOZ(A))@ h)H = <sz()‘)ev h>H = <AZ( ge)? k§h>a,7{

3B
AX
Since k§(w) = (1 — [A[2)(nF1te)/2 Z L , where

BeN”

I (n+1+ a)
n+8l+1+a)’

V8 =
we obtain

(A(p=(N)e, )y = (A (kSe), kS h)an
AN’
= (1= AP 3 (Aew”, ho™) g = (5.34)
ﬂ,mGN" V/nym

Now, we fix 7 € (0,1). We multiply both sides of (5.34) by X*/(1 — |A|?)**'*® and we then integrate

over rB,, to obtain

<‘Z{(907J()‘)>67 h>HXS <Az€’U)’B, hwm>a H ~—B+s
dva()) — 7 / AN dva (V)

_ Z (Azewﬁ, hw5+3>a,7.¢
561\]71 ’YB’-YIB"FS

/ INH512dug (M),
rBn
We recall that

[P0y = [ 10w P w)
T]:Bn n

2ntgrs) B Tnt+l+a) p2n1Bsl)
8
'n+ 8+ s|+a+1)

It follows that

_ . .
/ (Alp=(N))e, B)yuA dva(A) = P2RH2n 3 (Acew?, ™) o5
Br

(1 _ ‘)\’2)71+1+a B30 8
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o _ (A=) = AP
1= (A 2)?
assumption, we have that A(p,(A))e — 0 weakly in H as |z| — 17. On the other hand, for each A\ € rB,,,

Since 1 — [, (M| , then for each A € B,,, we get |p,(A)| — 1 as |z] — 17. Thus, by the

we have

4]
= (1= p2)ntlta’

| (Alp:(N)e, )X’
(1 — [A[2)ntita

So, by the dominated convergence theorem, we have that

. (Ap-(N))e, By X"
1
ot Jm, (1= [A2)rite

dve(A) = 0.

Therefore, we have that

<A26,hws>a77{ + Z <Azewﬂvhw6+s>

@t 2180 0, (5.35)
o 18>0 78

1
as |z| — 17. Since ||w’||2.0 = 75 and [wP*$ |20 < [|wP]|2,4, We obtain that

< 4]l (Z TQW)
=1

— 14| (,i %kk)

4y (iakm)r%)
~ 4l (Z o )

5 (Azew?, hwl™*) o o

181>0 B

where ag(n) = C¥_,_, is the cardinal of the set {(81, - ,8;) € N": By + -+ + 8, = k}. Using (2.22), we

n

get
k=1 k'r(n) " 1 (1 — 7"2) L

It follows that

(Azew®, hwPs), 4 1
P R8I < A T 1). (5.36)
18>0 e
1
Let € > 0. By (5.36) and the fact that || Al <(12)n - 1) — 0 as r — 0, there exists 79 < 1 small enough
—r
such that
(Azew? hwPts) 24 o 1 €
g A ot 26| < | 4 oY <3 (5.37)
18>0 e 0

Since 9 = 1, by using (5.35) there exists § > 0 such that 1 — |z| < § implies

Asew? ),
(Ase,h o + Y (Asew?, o™ o 2181 % (5.38)

181>0 B
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Now, let z € B,, be such that 1 — |z| < §. We have, using 5.37 and 5.38

(Asew®, o) o
0

\(Aze, hw8>a,H‘ < <Azeahws>o¢,7—l + Z

18150 e
(Azew? hwP+s), % 218

+

2.

181>0 B

Sl
=5 2—6.

Therefore, we have
lim (A.e, hw®)qy =0.

|z]—1—

O

From now on, we fix # = C%, where > 1 is an integer. A useful tool in the study the problem of the

compactness of operators between Bergman spaces is the following Schur’s test.

5.5.8. Let (€2, 1) be a measure space, 1 <p < oo and 1/p+1/g = 1. For a d x d-matrix-valued

kernel M (z,y), consider the integral operator

:AM@WMMM)

If there is a C7 > 0, Cy > 0 and a positive function h on £ such that

1@ lIh) du() < Cah(a)? (539
for almost every = € (2, and

[ 1M (@) h(e)d@) < Can(y)” (5.40)
for almost every y € €, the operator T : LP(Q,C%, 1) — LP(Q,C%, 1) is bounded and

IT) < ¢y/Cy"".
Proof. Given a function f € LP(Q,C%, 1), Holder’s inequality gives
1/p
sl < [ [ v wtneane)] | [ 1 wline) 1w Ian
for almost all x € 2. By using (5.39), we get that
ITf ()2 < CV/h(x) / 1M (2, w) |2 (y) P [.f () [Gadrly)
for almost all z € Q.
By the Fubini theorem and (5.40), we obtain
LT @Eadute) < P [ ne / 104 Gz 1) 1 () sy d(a)
=t [ 15 @Inw) | [ 1 0)hdn() | dutw)
< Y1y [ 1) ahls) h(w)Pduly) = CCs [ 15w udu(y)
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Thus, T is bounded on LP(Q,C%, 1) and
[yengleins

O

There is also a vector-valued test to determine an operator’s membership in the Hilbert-Schmidt class.

Definition 5.5.9. The matrix-valued function M (z,w) is in L?(B,, x B, £(C%),dv, ® dv,) if

||M”L2(an153n,c(<cd ,dve ®drg) // M (2, w) HQdVa( )dra(z) <

Definition 5.5.10. Let H be a separable Hilbert space, and {1} be an Hilbertian basis of H. We say
that the operator T : H — H is a Hilbert-Schmidt operator if

D ITYk? < oo.
k=1
The Hilbert-Schmidt norm of T is given by
oo 1/2
1Tl as := <Z ||T¢k|!2> :
k=1

The definition of the Hilbert-Schmidt operator is independent on the choice of the Hilbertian basis (see
[78, 22]).

_ 5.5.11. ([22, p.169]) Each Hilbert-Schmidt operator T is a compact operator.

5.5.12 (Vector-valued Hilbert Schmidt test). A linear operator T € £(L2(B,,C%)) is a Hilbert-
Schmidt operator if there is a matrix-valued function M in L?(B,, x B, £(C%),dv, ® dv,) such that

T(f)(z):= | M(z,w)f(w)dva(w).

By

Proof. Let M*(z,w) be the adjoint of the matrix M (z,w). Let {1, } be an orthonormal basis for L2 (B,,, C9),
let e € C? with |le||ca = 1 and let M, (w) := M(z,w), then there holds

2

i

IMZell3 o ca (Me, Yr)a,ca

b
Il
—

2

M

[ 2z w)e vn(w)cadvalw)

T

2

= /B (e, M (w)¢p(w))cadva(w)

k=1

— kgl <e, /IBn Mz(w)¢k(w)dya<w)>

= i (e, Top(2))cal? (5.41)
k=1

2

(Cd
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Using Fubini theorem and (5.41), we get that
=3 [ ITnCe) vz
_2/ Z| e1, Tbi(2)) cal 2dva(2)

”'Ll

:Z/ Z| e, T (2)) a2 dva(2)

"k 1
d
=3 [ Izl codval2)
d
Z/ / IM* (2, w)ei | 2adva (w)dva(2)
gd/B / 1M (2, w)|[2dve (w)dv(2) < .

n n

Therefore, T is a Hilbert-Schmidt operator. O

We recall that (see Theorem 2.1.25) the integral

—w2t1/w
Teit(2) :=/B 1~ Jol ) dv(w) (5.42)

|1 _ <Z, w> ‘n—i—l—i—t-i—c

is bounded on B, if ¢ < 0 and ¢ > —1. Before we state the next result, we need to introduce a new operator.

Definition 5.5.13. Let f € A%(B,,,C%). For w € B,,, we denote by R the operator defined on C? by
R(w) = —w.

We define the linear operator Ug : A2(B,,C%) — A2(B,,C?) by
Urf=foR,

for all f € A2(B,,,C%). If T : A2(B,,C%) — A2(B,,C?) is a bounded linear operator, we define the following
operator
Tr = UrTUR.

We observe that the operator Ug is self-adjoint, idempotent and isometric. For z € B,,, we recall that
T_,=U_,TU_,,

where U, is defined in (5.29).

We now state the following lemma that is useful to obtain our Schur’s test.

55.14. Let pe R, 0<p—-1< niﬁa, q € R such that 1/p+1/qg =1 and T € L(A%(B,,C?)).
For i e {1,---,d}, we have

yl/p
)

@ [ 2Rz w)llcal K5l advn0) < 1K 50l Tl co 510 W2
n z&bn
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d
(b) /IB TR (KZ i) (w)lca | K112 0dva(z) < K550 (Z Hwaequ,a,(cd) Sup | T ()7,
n ]:1 z n
where 2(%1) <e< (712}37:2);9’ a=Mn+1+a)(p—1-%),b=0a-— %, and J,p is given by (5.42).

Moreover, the quantity,

sup |Jop(2)[MP < .
ZGBn

Proof. We prove the first inequality and we show that the second one is a consequence of the first. We
begin by observing that for every i € {1,---,d}, and z € B,,, we have, using (5.29), the fact that U_, is
idempotent and (5.30)

T, (Kfei) = URTUR (K €;)
= | KZl2,UrTUR (K7€)
= | K2]l2,URT(U-—¢;)
= |KZ |2, URU_.U_.TU_¢;
= |KZ |2, URU-.T—¢;
= K2 l2,aUr ((T-2€i) 0 p—2.k2)
= | K220 (T-z€i) 0 o> 0 R) .k
= ((T_ze;) o p— 0 R) .KZ

It follows that

/BHTR(K?%)(M)H@HKfiHiadVa(w)=HK?Hz,a/B I((T-z¢:) © oz (=w)) [l ca [KZ (W) [ |[3,0dVa(w)

n n

= HK?Hz,a/B I((Tz¢:) © oz (w)) | ca [KE (=) [ |[3,0dVa(w)

n

= HK?Hz,a/B I((T-z€:) © oz ()| ca [E2, (W) [ K |3 0 Ve (w)

n

= HK?HQ,a/ I(T—ze0) (u) g [k (02 DG (o I5.al k22 (w) *dva(w),

n

(5.43)
where we used the fact that || Kg|2.q = || K%, |l2,« and the change of variables u = ¢_,(w). If we write
-1
1Ko . wlloa = 1KG wlloa IKS ., wll2a (5.44)
we observe that
IKS w30 = K (p—z(u), p—-(u))
= K(u,u) [k, (u)|
= [|Kg 113,k (w) 72,
Thus,
IKS o llza = 1K 2.0k, (w)| 7. (5.45)
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It then follows from (5.45) and the identity (5.8) that

2.0 [k (0 (W) 1K () * = || K [l2,alk® (w)| 7F 52 (9 ()] 1K (u)
= K7 ll20 [F2 (02 (w))R2, (u))|
= 1K 2.0

1KS . ()

This implies that, using (5.43) and (5.45)

L TR (2 )l <G s v ()
= IEE e | W@l 1S
= I e | N @llco NS oK o 5 ()

= I e [ N @llcs N o (VS a2 0] ) dva(w)

= 1K 120 /B (T eq) (W)l 1115, 0 52 ()"~ du (u)

= IIKSIIE,a/B (T eq) (@)l 1B 15,0 K2 ()M~ dva (w).

2.0 [k (0—z ()] K2 () P KE_ (o) 150 dva(u)

Let
I(z) = HK?IIE,Q/B (T—ze0) (W) l|a 1K G 115,0l K (w)['~ dva(u).

n

1

Applying Holder’s inequality with p~! + ¢~ = 1, we have

1/p
7(2) < K2 sl Tseillyce [ IR B (0)PIdva(u))

In order to complete the proof, we need to study the integral in the right hand side of the previous inequality.

Since we know explicitly the kernel, we have

—(n+1+a)pe
2

2
ape e (o p(l—e) (= uf?) dva(u)
/Bn G 12 2 (W) [P dva(u) = /B 1= (=2, u) [ 1Tap(1-0
(n4+14a)pe

e (1= Jul?)*~ = dv(u)
L

. u)’n+1+[a—L;a)pe]+(n+l+a)(p—l—%
(n+14a)pe
Y € S (7 S L C)
- 11— (—z,up|ntitatd cadap(=2),
wherea = (n+1+a)(p—1-%), b=a— w, and J, is given by (5.42). Because we need a > —1
and b < 0, we obtain the following double inequality @ <e< (7124(3712)1;' It is clear that we can find such
an € ifand only if p—1 < nﬁ‘_‘fia That is, p < 1+ nﬁja So we have proved the first inequality. Therefore,
1

/B TR (K e)(w)l|cal K15, 0dva(w) < [|KZ]50 1Tzl 0,ca Sup | Tap ()7 (5.46)

n z n
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To prove the second inequality, we start by remarking that

Tr(KZei)(w)

I
‘M"*

(Tr(KZei)(w), ej)ca €j

<
Il
—_

I
.M&

(Tr(KZei), Kiyej), ca€)

<
Il
—_

I
.M&

(KZei TR(Kq€j)) o ca €

<
Il
-

I
QM"*

(i, TR(Kye;)(2))ca €5

<
Il
-

It follows that

d

,, RGeS el S s adva(z) = |3 (e Ta(Kes) @D e

n

K13, 0dva(2)

(Cd

<3 [ ITR(K e e K2l ().
j=17Bn
Using (5.46) replacing T by T* and w by z, we obtain for each j € {1,--- ,d} that

/BHTﬁ(Kq‘ieg‘)(Z)IICdHK?HE,adVa()<HKO‘HQaHT*wequaw\Jab( w)['7.

Thus,
d

/B TR (K7 i) (w)lca | K15 0dvalz) < K50 (Z HT*wequ,a,cd) Sup | Tap ()17
n webn

j=1

We are now ready to prove the main result on compactness of T, on A2 (B, C%)..

_ 5.5.15. Let d > 1 be an integer and b € L®(B,, £L(C%). For b € BMOL(B,, £L(C%)), the

following are equivalent.

(1) Ty is compact on A2(B,,CY).
(2) b(z)e — 0 weakly in C% as |z| — 17, for each e € C% with ||e|ca = 1.
(3) Thop.e — 0 weakly in A2(B,,,C?) as |z| — 17, for each e € C? with |le||ca = 1.

(4) | Toop.€llpaca —+ 0 as |z| — 17, for each e € C? with |le]|ca = 1 and every p > 1.

(5) | Thop.€llpaca —+ 0 as |z| = 17, for each e € C? with |le|]|ca = 1 and some 0 < p — 1 < niﬁa

Proof. (1) = (2). We assume that T} is a compact operator on A2 (B, C%). Let e € C? with |le]|ca = 1.
We want to show that b(z)e — 0 weakly in C? as |z| — 1. Let h € C% We have that

|(b(2)e, h)gal = [(Th(ke), k) o cal < [Ihllcal| To(kS ) l2,0,c0- (5.47)
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Since T}, is compact on A2 (B, C?), by (5.47), it is enough to show that k%e — 0 weakly in A% (B,,C?) as
2| = 17. By Lemma 4.5.3, it is enough to prove that (ke, KGh'), ca — 0 as [z| — 17 for each b’ € C% and
w € By,. By the reproducing kernel formula, we have (kfe, KGh'), ca = (kg'(w)e, h')ca. It follows that

n+l4+a

(1- |2

o o/ _ o !
[(kZe, Kgh') o cal = [(kZ (w)e, ') ca| < (1= [w)Fe

17 ]lga — 0

as |z| = 17.

(2) = (3). Assume that b(z)e — 0 weakly in C% as |z| — 17, for e € C? with |e||ca = 1. Since b is
bounded and b € BMOL (B, £(C%)), it follows that T} is bounded on A2(B,,C%). Let h € C?, and e € C?
with |e[|ca = 1. Since T} is bounded on A2 (B,,, C%), by using Proposition 5.5.4, (T}): = Thop.. By Lemma

5.4.2 and the fact that (Tp(z)e,h)ca = (b(z)e,h)ca — 0 as |z| — 17, it follows by Theorem 5.5.7 that
(T}) 26 = Thop. e — 0 weakly in A2 (B,,C%) as [z| — 1.

(3) = (4). Suppose that Thop, e — 0 weakly in A%(B,,C?) as |z| — 17, for e € C? with ||e[ca = 1. Let
0 < r < 1. We first show (4) for p = 2.

Thop. el it = [ I1Thmg.e(w)lEsdvalw)

= [ g Topeew) Rudva(w) + [ [Topew)Budva(w) = 11(2) + D),

where

I :/ Tho 2 dvg (w),
1@ = [ 5 [Toopee(w) [Gudva(w)

and
B(2) = [ Thae(w) [Badva ).

n

On the first hand, using the Cauchy-Schwarz inequality and Proposition 5.4.9, we have that

1/2 1/2
Il(Z)S(/ _ Hwaze(w)H?‘cddva(w)) (/ _ 1dua<w>>
]Bn\"’]Bn ]Bn\T]Bn

1/2
2 1dv,
4’0[7@(1 (/IBn\T'Bn 3 (w)

a+1

<C(n,a,r)(1—71) 2,

< HTbosaze

where

sup HTbogazeHZ,a,(Cd'
z€Bn

2neq max{ (1 + ), 20‘}>1/2

Cn,a,r) = (e

On the second hand, we have that

Iz(Z)I/f | Thop. e(w)|[Zadva(w) < sup || Thop. e(w)]|Za-
rBn werB,

It follows that

”Tbosoze”%,a,cd < C(n,o,r)(1—r)*tt 4 sup HTbO%e(w)H%d. (5.48)
’LUE'V’Bn

Let w € 7B,,. Since Thop, e — 0 weakly in A2(B,,C?) as |z| — 17, for e € C? with ||e||ca = 1, we have,
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5.5. Compactness of Toeplitz operators with matrix-valued BAMO! symbol.

using the reproducing kernel formula

d
Thop. e(w)lIEa = D (Thop. e(w), e5)cal”
i=1

d
=Y Thop.e. Kgei)ocal® = 0,
i=1
as |z| — 17. Therefore, we get that
lim  sup || Thop,e(w)|Ea = 0. (5.49)
|Z‘_>1_ wEr@n

Let € > 0. Choose ry < 1 such that

C(n,a,m9)(1 — 7“0)0‘Jrl < %

By (5.49), there exists § > 0 such that for all 1 — |z| < ¢ we have

€
Sup [Ty e(w)l2 < 5.
wergB,

For 1 —|z] < ¢, (5.48) becomes

€ €
| Theeel o < Ol 0)(1=10)* + 5D [Tompe(w) 2 < S+ 5 =

wergB,

That is,

‘pmrmw;ma@—o

This proves the claim for the case p = 2. For 1 < p < 2, we have that

HTbO@ze’ p,a,Cd < ||Tbotp26”2,a,(Cdﬂ

and the desired result follows from the case p = 2. Finally, for 2 < p < 0o, we have using the Cauchy-Schwarz

inequality

Thogelf o = [ 1 Thmguc(u) [Bucdvs()

= [ 1 Thepe) el Tipe(a) |25 )

< ([ Mmsetzaara) " ([ e Davw)
Bn

= HTbosozeu2 o CdHTbosozeHQp 2,a,C"

Since 2p — 2 > 2 > 1, the desired result follows from Proposition 5.4.9 and the the case p = 2.
The implication (4) = (5) is obvious.

(5) = (1). Assume that || Thop. €|, o0 ca — 0 as [2| — 17, for every e € C* with [le]|ca =1 and p > 1. Let
us prove that T is a compact operator on A2(B,,,C%). Considering the operator Ur defined in Definition
5.5.13, since Ug is bounded and invertible, we have that T3 is compact if and only if UrT,Ur = (Tp)5 is

compact. So, we will show that (7})4 is compact. To do this, we are going to prove that (73) is an integral
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5.5. Compactness of Toeplitz operators with matrix-valued BAMO! symbol.

operator with matrix-valued kernel My(z,w) given by the following relation
(My(z,w)ei, ej)ca := (1) g (KZ€j)(w), ei)ca- (5.50)

Indeed, for f € A2(B,,C%), we have, using the reproducing kernel formula

(Ty) R (N)(w), ei)ca = (To)r f5 Kipei)a,ce
= (/, (To)r]" (K g€i))a,ca

- /ﬂaa (f(2), [(Ty)r]* (Kgei)(2))cadva(z)

= /]B D (f(2),€5)cales, (Th)r]* (Kgei(2))cadva(z)

J=1

Hence,

d
(To)p f(w) =D _((To)r f(w), es)caci

zzl .
=Y [ S U)o (T (K2ey) (), ) codva e
i=1"Pn j=1
d d
= Z/}B Z<f(z)7€j>(Cd<Mb(Zaw)€i7ej>(cddl/a( )e.
i=1""n j=1
d d
- (Z Mb(ZW)eweg)cd(f(Z),6J><Cd) eidva(2)
ni=1 \j=1

Il
—
S
—
N
S
S~—
=
Ny
g

Q
N

3

We conclude that (73)5 is an integral operator with matrix-valued kernel My (z, w). As in the scalar-valued
case, we introduce now the truncations of this oparator. Set now on 7% := T}, (1) = T% and t € (0,1).
We define the truncated operator {Tg’z} . of T7bz by:

[TR], (D)= [ My(z,w) f(2)dva(2). (5.51)

[t] B,

Thus, [T;’z} " is an integral operator with kernel given by Mlgt](z, w) := xB, (2) My(z,w). Let us prove that

d d
[sz} . is a Hilbert-Schmidt operator. To this, let ||(Mi,j);-i’j:1||2 = Z Z |M; ;|* be a norm on the space of
i=1j=1
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d x d matrices. Using (5.50), we have

1Mz, w)||* = ZZ\ My(z, w)ei, ) cal?
i=17=1

(TR (K2ej) (w), ei)cal?

I
.M&
M&

s
Il
—
<.
Il
-

R (K2ej) (w)|ga- (5.52)

I
M=
At

<.
Il
-

It follows that for any t € (0, 1), we have, using (5.52)

/ / I8} )P (2)dva ) = [ / My (2, w) [2dv (2) dve (w)
-1/ S TS (K2;) (1) adva () ()
5
d
=3 [, [, 1Tk Rz ()l (uldva)
d
=3, IR (K2 I il

d
b
<Y [ ITIPIRE 1 cadva(2)
j=1"1n

=ik | HK;”H%,Qdua(z)

d| T |
= TR [ el < e <o

According to Lemma 5.5.12, the operator [Tf’z} . is Hilbert-Schmidt, and therefore is compact on A2 (B,,, C%).

So, to prove that Tf’z is a compact on A2 (B, C?), it is enough to prove that

lim
t—1—

T - [Tk [t]H -0

First, we note that 7% — [T%} " is an integral operator with kernel given by H{;_y (2, w) = X\, (2) Mp(z, w).

We are going to use Schur’s test and Lemma 5.5.14 to estimate the norm of this operator. For Schur’s test,

choose as test function h(z) = (K%(z,2))"? = [ K]]S o If we choose p such that 0 <p —1 < nf‘(_ﬂ_a, and ¢
1,1 _ 2p—1)  2(a+1)

such that st = 1, and € € ( o (n+1+a)p) then we can apply

Lemma 5.5.14. Thus,

[ g ) MBS advaw) = [ s, m, ()M w) G s o)

d d
= xam, () [ 30 100 w)es )l [KE I adva(w)
n4=1j5=1
d d
=) [ 30D TR (2e) () ) v o)
ni=1j5=1
d

n

< dX]B"\tIBn(Z)Z/]B TR (KZes) ()l cal K15 0 dva(w).
j=1
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5.5. Compactness of Toeplitz operators with matrix-valued BAMO! symbol.

By Lemma 5.5.14, for each j € {1,--- ,d}, we have

/B ITR (K2ej) (w)lleall Kl adva(w) < IKL5,allT2 el 0o sup [Tup(2)]'7,

z€By,
where a and b are given in Lemma 5.5.14. It follows that, using (a) of Lemma 5.5.14

d
/13 [Hp—g (2, ) [ 15,0 va(w) < dxs, s, (IEL 56 D 112264l g0,ca Sup | Tap(—2)[ /7

d
€ b
= dxs,\, (2) | K7 2,4 (Z ”T—zej”q,a,(cd) Sup | Tap(2)['/P
i=1 2€Bn

d
b
< d[|[ K7 [l5,0 (Z sup HT_zeg‘Hq,a,cd) Sup | Tap(2)]7,
z n

j=1lzI=t

where a and b are given in Lemma 5.5.14. Similarly, we have that, using the norm H(Ml-J)ngIH =

d d
Z Z |M; ;| and (b) of Lemma 5.5.14
i=1j=1

[(My(z, w)ei, ej)cal [ K 15,0 dva(z)

d
=1

L Mg )2 s adva(z) = [ o8, () 3

=17

d d
< YD TR (Eley) (w), ei)cal [ K25, 0dvalz)
7 =1 j=1

d
<a>" [Tk (2e) )cal K25 dva(2)
j=1--m
d
<a>" [ TR (e (s 1K 5 adva)
j=17Bn

d
< K5, (Z ||(Tb)*—w€qu,a,<cd) Sup | Tap ()77
w n

j=1

d
< A KG 15,6 (Z sup II(Tb)*_wequ,a,cd) sup [Ty, p(w)['7.

j=1 wEIBn UJEBn

Since a and b are as in Lemma 5.5.14, we have, using Theorem 2.1.25

sup |Jup(2)YP < .
z€B,,

Also, using the condition 0 < p—1 < ni‘ﬁa and the fact that % + % =1, we obtain ¢ > 2 + 7. It follows

by Proposition 5.4.9 that for each j € {1,--- ,d},

d
Z sup ||nge]'||q,a,(cd <d sup sup ||(Tb)—ze||q,a,(cd < 00,

P FEY: lellga=12€Bn
and
d
b\ * *
Z sup H(T )7wej”q,a,(cd <d sup sup ”(Tb)—wqu,a,(Cd < 0.
21 weB, lellca=1wEBn
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5.5. Compactness of Toeplitz operators with matrix-valued BAMO! symbol.

By using the Schur’s test (Lemma 5.5.8), we get

X

d
7 - [14], | < [d (Z sup ||szej||q,a,cd) sup [ Top (27

j=1 |z|>t z€B,

d
[d (Z sup H(Tb)twej”q,a@d) sup |\7a,b(UJ)|1/p] . (553)

j:l weB, weB,

Using the assumption (5), we have | T° e;l, o.ci = [[Thop_.€jllgace — 0, as [z| — 17. It follows by (5.53)
that

lim |78 — |T% H =0.
ti’f}l‘ R [ R] 1]
Therefore we have proved that UrTUgr := Tf’z is compact, hence T} is compact. O

According to the method of the above proof, we also get the following results.

5.5.16. Let b € L (B,, £(C%)) and e € C? with ||e||ca = 1, such that b(z)e — 0 weakly in C? as
|z| = 17. Let Ty be bounded on A2 (B,,, C%). If there exists p > 2 + T+q such that

Sup  sup HTbowze”p,a,(Cd < o9,
llell ca=1 z€Bn

then we have sup sup ||Thop, €llga,ca < 00 and || Thop. €| qca — 0 as [2| — 17, for every ¢ < p.
lellca=12€Bn

Proof. Let e € C? with [|e[|ca = 1. Since ¢ < p, and sup  sup || Thop. €|l 0.ct < 00, by Hélder’s inequality
llellca=1z€Bn
we get

sup sup Hwa;H%%@ < 0.
lellca=1 2€Bn

Let s = £ >1 and t such that 1 +1 =1 Letee C?with |le|ca = 1. Then

Thooell g o= [ W elEudvatw) + [ [ Thope(w)[fudvaw) = 1i(2) + Ia(2)
o rB Bn\T]Bn

where

() = [ g e(w)[&udvw)

and

B = [ [ Tepe()fdva(w).
Bn\rBn

Since b(z)e — 0 weakly as |z| — 1~ for each e € C% with ||le||ca = 1, by the implication of (2) = (3) in
Theorem 5.5.15, we get that T, e — 0 weakly as |z| — 1. We have that

Li(2) < sup |[[Thop, e(w)|[ga-
werB,

Using Holder’s inequality, we get

1
t

h(z) < ( Lo uwaze<w>u@dua<w>> ( Los dua<w>)

1+«

<C(n,a,r)(1—r)t,
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where

2ncq max{ (1 + )¢, 2a}>l/t

D
a+1 Sup HTbO%e”;@,Cd

C(n,a,r) = (
z€By,

2
(we recall that by Proposition 5.4.9, sup,cp_ HTbO%eH;a ca < 00). It follows that

14+a

HTbo@ZeH;a’@ < sup [[Thop.e(w)]|¢a +C(n,a,r) (1 —r) . (5.54)
'LUE'/‘Bn

Let w € rB,,. Since Tho,, e — 0 weakly in A% (B,,C?) as |z| — 17, for e € C? with |le[|ca = 1, we have, using

2
-

lim  sup [[Thop,e(w)]|Eq = 0. (5.55)

2|=17 werBy,

the reproducing kernel formula

q/2
HTbowze(w)”g;d |<Tbocpze(w)a €i><Cd|2>

—_

M=

a/2
|<Tb090z€7ng’i>a,Cd‘2> — Oa

Il
—

as |z| — 17. Thus,

Let € > 0 and 0 < rg < 1 such that

C(n,a,m9)(1 — ro)lta < %

Using (5.54) and (5.55) we obtain § > 0 such that for all |z| < d, we have that

14+

1 Toop.ell] qca < sUP [ Toop. e(w)lIga + C(n, a,m0) (1 —10) 0 <
Y wGTOEn

O

_ 5.5.17. Let b € L. (B, £L(C?)) such that T} is bounded on A2(B,,,C%) and suppose that there
exists p > 2 + ;15 such that

sup  sup [ Thop. €llp qct < 00
lellpa =1 2€Bn

and

sup sup HTb*O@Zerﬂ’Cd < 00,
lellca=12€Bn

where for every z € B,,, b*(z) is the adjoint of the operator b(z). Then b(z)e — 0 weakly in C% as |z| — 1~
for each e € C? with ||e]|ca = 1, implies that T} is a compact operator on A2 (B,,CY).

Proof. By Lemma 5.5.16, there exists ¢ > 2 + ;5 such that

sup sup ||Tbo¢z€‘|q’a7cd < 00
lellca=1 2€Bx

and || Tyop. €| g.q,ca — 0 as |z] — 17. The same holds for ||Ty+op. €l|, o ca- The proof of (4) = (1) in Theorem
5.5.15 shows that T} is compact on A2 (B, C?). O

Discussion of the Theorem 5.5.15. We first observe that in Theorem 5.5.15 the target space is a

finite dimension space. So, the natural question we can ask is: "It is possible to replace the set C% by any

Doctor of Philosophy/Doctorat PhD : Hankel and Toeplitz I:l Hugues Olivier DEFO © UY1 2023

operators on vector-valued Bergman spaces on the unit ball



5.5. Compactness of Toeplitz operators with matrix-valued BAMO! symbol.

infinite dimensional Hilbert space H ?” We notice that the very important idea in the proof of Theorem
5.5.15 is the fact that the truncated operator defined by (5.51) is a Hilbert-Schmidt operator, and therefore
is a compact operator. Since each constant in the proof of the compactness of the truncated operator in
(5.51) depend on the dimension d of the space C?, we cannot expect that this method could work for the
infinite dimensional case. In fact, if H is an infinite dimension separable Hilbert space with the orthonormal
basis {ex}r>1, we prove that the multiplication operator M, . defined in [79, (3.19)] is not a compact
operator from A2(B,,H) into L2(B,,H) ( we show that the sequence {ej}r>1 converges weakly to 0 on
A2 (B, M) and that ||M,,, egl2.0,4 > 0). Thus, to handle this problem, it will be necessary to change our
approach.
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& Conclusion and future work &

This thesis aimed to study Hankel and Toeplitz operators between vector-valued Bergman spaces. More
precisely, the main goal of this thesis was to extend some known results [20, 79] on the boundedness and
the compactness of Hankel and Toeplitz operators acting on Bergman spaces of scalar-valued functions to
Bergman spaces of vector-valued functions.

We started this thesis with some useful recalls on functional analysis and the integration of vector-
valued functions. The definition and the study of vector-valued Bergman spaces allowed us to build our
framework. After defining and studying vector-valued Bloch and Lipschitz spaces, we have defined little
Hankel operators. Namely, given two complex Banach spaces E, F and a > —1, we defined the little Hankel
operator h, with operator-valued symbol b € AL (B, L(E, F)) by

b(w)(f(w))dvg(w
) = [ ),

where f € H*®(B,, FE) and z € B,,. Let 0 < p,q < co. We were first interested in the problem of character-

izing those operator-valued holomorphic symbols b for which the little Hankel operator hy : AR (B, E) —
A% (B, F') is a bounded operator. This problem was solved by Oliver [52] in the cases 1 < p,q < oo.
Our contribution to this problem was to correct the Oliver’s result in the case 1 < p < ¢ < oo and to
solve the boundedness problem of the little Hankel operator on vector-valued Bergman spaces in the cases
0 < p,q < 1. We also obtained a complete characterization in the case 0 < p < 1 and 1 < g < co. Some
estimates with loss are given for 1 < p < oo and 0 < ¢ < 1. To solve this problem, we have adapted the
methods in [20] and used those in [52].

Secondly, we were interested in the problem of characterizing those operator-valued holomorphic sym-
bols b for which the little Hankel operator hy : AP (B,,E) — A%(B,,F) is a compact operator, where
1 < p < g < oco. We have completely solved this problem when FE, F' are reflexive complex Banach spaces.
Our approach to solve this problem is similar to that in [26]. Notice that in the proof of Proposition 4.5.7,
we gave a new method to prove the compactness of the little Hankel operator with monomial symbol by
using directly the characterization of the compactness of an operator.

The last part of this thesis is devoted to the study of the boundedness and the compactness properties
of Toeplitz operators with operator-valued symbols on vector-valued Bergman spaces. Our work is to extend
those results in [79] to vector-valued settings. For b € L (B,,, L(E, F)), the Toeplitz oérator is defined by

b(w w))dv, (w
Tb(f)(z) = /n ((1 )({Z(, U?;)nJrl(Jra)’

163



5.5. Compactness of Toeplitz operators with matrix-valued BAMO! symbol.

where f € H*(B,, F) and z € B,,. Unlike the Hankel operators, we do not have a complete characterization
of the boundedness and the compactness of the Toeplitz operator in terms of its symbol. Many tools are
introduced in the literature to study Toeplitz operators. In this thesis, we introduced Carleson measures for
vector-valued Bergman spaces and we studied some of its properties. Using Berezin transforms introduced
in [60, 59], we have defined and studied vector-valued BMO spaces. Using Carleson measures, Berezin
transforms and BMO spaces, we proved that for b € BMOL(B,, L(E, F)), the Toeplitz operator is a
bounded operator from A2 (B,,, E) into A2 (B,,, F) if and only if b is bounded on B,,. In the case E = F = C%,
where d > 1, we proved that for b € BMO.(B,, £(C%)), the Toeplitz operator T} is a compact operator
on A2(B,,C% if and only if for each e € C?, with |le]lc = 1, we have b(z)e — 0 weakly as |z| — 17. The
approach used to prove these results is adapted from the scalar-valued cases.

Despite the work done in this thesis, many problems remain open (see for example [52, Chapter 7]).
Some of the following problems can be interesting to look in future work.
The first problem is to look for a complete characterization of the boundedness of the little Hankel operator
with operator-valued symbol acting on vector-valued Bergman spaces for 1 < p < oo and 0 < ¢ < 1. The
second problem is the characterization of the compactness of the little Hankel operator from AL (B,,, E) into
Al (B,, F). The compactness properties of the big Hankel [52] operator on vector-valued Bergman spaces is
still an open problem. For the Toeplitz operator, we hope that the results obtained on the boundedness of
Toeplitz operators with BM O symbols can be extended on the vector-valued Bergman spaces AP (B, E),
for 1 < p < oo and a > —1. We are also interested on the characterization of compact Toeplitz operators on
the vector-valued Bergman space A2 (B,,, ), where 1 < p < co and H is infinite dimension complex Hilbert

space.
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David Békollé, Hugues Olivier Defo, Edgar L. Tchoundja
and Brett D. Wick

Abstract. In this paper, we study the boundedness and the compact-
ness of the little Hankel operators h; with operator-valued symbols b
between different weighted vector-valued Bergman spaces on the open
unit ball B,, in C". More precisely, given two complex Banach spaces
X,Y,and 0 < p,q < 1, we characterize those operator-valued symbols b :
B, — L£(X,Y) for which the little Hankel operator hy : A (B,, X) —
Al (B,,Y), is a bounded operator. Also, given two reflexive complex Ba-
nach spaces X,Y and 1 < p < g < oo, we characterize those operator-
valued symbols b : B,, — £(X,Y) for which the little Hankel operator
hy : A% (B, X) — AL(B,,Y), is a compact operator.

Mathematics Subject Classification. 32A10, 32A36, 46E40, 47B35.

Keywords. Little Hankel operator, Operator-valued symbol, Vector-valued
Bergman spaces.

1. Introducton

It is well known that Hankel operators constitute a very important class
of operators in spaces of analytic functions. The study of these operators on
different analytic spaces is not only motivated by the mathematical challenges
it raises, but also by many applications on applied mathematics and in physics
(see for example [13] for more information). In this paper, we are interested on
the boundedness and the compactness problem of the little Hankel operator
with operator-valued symbols on weighted vector-valued Bergman spaces on
the unit ball.
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Throughout this paper, we fix a nonnegative integer n and let

C"=Cx---xC

denote the n-dimensional Euclidean space. For
z2=1(21,--y2n), w = (wy,..., W),
in C", we define the inner product of z and w by
(z,w) = 2101 + -+ + 2p Wy,
where wy, is the complex conjugate of wy. The resulting norm is then
2l = V{z2) = VI P+ + [zl

Endowed with the above inner product, C" become a Hilbert space whose
canonical basis consists of the following vectors

e1 =(1,0,...,0), e2 =(0,1,0,...,0), ..., e, =(0,...,0,1).
The open unit ball in C" is the set
B, ={z€C":|z| < 1}.
When a > —1, the weighted Lebesgue measure dv,, in B,, is defined by
dve(2) = ca(1 = |2[*)*dv(2), z€eB,
where dv is the Lebesgue measure in C" and

. I'(n+a+1)
7 nll(a+1)

is the normalizing constant so that dv, becomes a probability measure on B,,.
A function defined on the unit ball B,, will be called a vector-valued function
when it takes its values in some vector space. If X is a complex Banach space,
a vector-valued function f : B,, — X (a X-valued function) is said to be
strongly holomorphic in B,, if for every z € B,, and for every k € {1,...,n},
the limit

i {4 2e) = £(2)
A—0 A

exists in X, where A € C — {0}. The space of all X-valued strongly holo-
morphic functions on B,, will be denoted by H(B,,, X). We will also denote
by H*(B,, X) the space of all bounded X-valued holomorphic functions.
Let X* denotes the space of all bounded linear functionals z* : X — C
(the topological dual space of X). We say that a vector-valued function
f : B, — X is weakly holomorphic if for every x* € X*, the scalar-valued
function z*(f) : B, — C is holomorphic in the usual sense. An impor-
tant result by Dunford [7] shows that a vector-valued function is strongly
holomorphic if and only if it is weakly holomorphic.
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1.1. The Conjugate X of the Complex Banach Space X

In the sequel, we will need the notion of “conjugate” of a complex Banach
space [11].

We will use the following definition and notation which can be found in
[11]. Let x € X, 2* € X* and A € C. We define

(Az*)(z) := Az* ().
We also use the notation
(z,27)x x+ = 2" ()

to represent the ‘inner product’ in the complex Banach space X. We have
the following identities

Az, 2%) x x+ = Mr, %) x x+ = (@, \o*) x x+,

so that we have a regular rule of an inner product. The complex conjugate T
of x € X, is the linear functional on X* defined by

T(SE‘*) = <.§C, $*>X,X*’
for every x* € X*. Therefore,
X={Z:2cX}

is called the complex conjugate of the Banach space X. With the norm defined
by

[zl == sup [Z(z7)],
[l =1
X becomes a Banach space. Moreover, we have that ||z||x = ||Z||5 for any

z € X, so that X and X are isometrically anti-isomorphic.

1.2. Vector-Valued Bergman Space

In the sequel, we will integrate vector-valued measurable functions in the
sense of Bochner (see [7] for more information). Let X be a complex Ba-
nach space. A measurable function f : B,, — X is Bochner-integrable with
respect to the measure v, in the unit ball B,, if and only if the Lebesgue
integral

|um@x:ié|uwmxm@@>

is finite. For 0 < p < oo, the Bochner-Lebesgue space LY (B,,, X) consists of
all vector-valued measurable functions f : B,, — X such that

Hﬂ%xzé|mdﬂ®4d<m

The vector-valued Bergman space AL (B,,, X) is defined by
AP (B, X) =LY (B,,X)NH(B,, X).
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The weak Bochner-Lebesgue space L2 (B,,, X) consists of all vector-
valued measurable functions f : B,, — X for which

1/p
Il 60 = (500200 ({5 € B £l > D) <o
>
The weak vector-valued Bergman space AP*°(B,,, X) is defined by
AP (B, X) = H(B,, X)N L2 (B,, X).

Let X,Y be two complex Banach spaces and @ > —1. We have the
following two lemmas whose proofs can be found in [11].

Lemma 1. Let T : X — Y be a bounded linear operator. If f : B,, — X
1s Vo-Bochner integrable in the unit ball, then T'f : B, — Y s v,-Bochner
integrable in the unit ball and we have

/Bn Tf(2)dve(z) =T (/Bn f(Z)dVa(z)> '

Lemma 2. If f : B,, — X is a v,-Bochner integrable vector-valued function
in the unit ball, then the following inequality holds

/Bn [Hdralz))| = / N @lxdva(2)

1.3. Vector-Valued Lipschitz Spaces and Vector-Valued ~-Bloch Spaces

The radial derivative of a vector-valued holomorphic function f : B, — X
denoted N f is defined for z € B,, by

Nf(z):= sza—zj(z) (1.1)
Let f € H(B,, X) and

f) =) fu(z), z€B,
k=0

the homogeneous expansion of the function f where f; are homogeneous
holomorphic polynomials of degree k with coefficients in X. For any two real
parameters a and ¢ such that neither n+ a nor n+a+1t is a negative integer,
we define an invertible operator R** : H(B,,, X) — H(B,, X) as

o

RO F(2) ::Zf(n+1—|—a)f‘(n—l—1+kj+a—l—t)

k=0
where z € B, and I' is the classical Euler Gamma function. For v > 0,
we denote by I',(B,,, X) the space of vector-valued holomorphic functions
f B, — X for which there exists an integer k£ > 7 such that

[f1ly.x = 1F(O)][x + Sup (L= [N F(2) ][ x < oo,

where N¥* = No No---oN k-times. The definition of the space I, (B, X)
is independent of the integer k£ used. The space I'y(B,, X) will be called
the vector-valued holomorphic Lipschitz space and for v = 0, we write
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B(B,,X) = T'y(B,, X). It is clear that f € B(B,,X) if and only if f is a
vector-valued holomorphic function and

1fllB@..x) = 1/ (O)]x + sup (1= 2N f(2)]x < oo
That is, B(B,,, X) = T'o(B,,, X) is the vector-valued Bloch space. The vector-
valued y-Bloch space B, (B,,, X) for v > 0, is defined as the space of vector-
valued holomorphic functions f € H(B,,, X) such that

sup (1 — [2*)7 [N f(2)]|x < oc.

z€B,
The little vector-valued ~-Bloch space B o(B,,, X) for v > 0, is the subspace
of B (B,,, X) consisting of functions f such that

lim (1 |2*)"[INf(2)]x = 0.

|z|—1—
It is easy to see that By(B,,, X) = B(B,,, X). Therefore, the vector-valued ~-
Bloch spaces with v > 0 generalize the vector-valued Bloch space. Let v > 0.
The generalized vector-valued Lipschitz space A, (B,,, X) consists of vector-
valued holomorphic functions f in B,, such that for some nonnegative integer
k > v, we have

1flla, @,.x) = Sup (1= 2R f(2)]|x < o0.
zelb,,

We consider the following norm on the generalized vector-valued Lipschitz
space A, (B, X) by

1A @) = sup (L= [ RY* £ (2)llx,
where k > ~ is a nonnegative integer. Equipped with this norm, the general-
ized vector-valued Lipschitz space A, (B,,, X) becomes a Banach space. The
generalized little vector-valued Lipschitz space A, o(B,,X) is the subspace
of Ay(B,,, X), which consists of functions f € A,(B,,, X) such that

lim (1 [ IR f(2)|lx = 0. (1.3)
|z|—1—
When v = 0 and k£ = 1, then A¢(B,,X) = B(B,,, X). It is also important
to note that as in the classical case, when 0 < v < 1, we have A, (B,,, X) =
Bi—(B,, X).

1.4. Little Hankel Operator with Operator-Valued Symbol

Given two complex Banach spaces X and Y, we denote by £(X,Y') the space
of all bounded linear operators 7' : X — Y endowed with the following
norm

T zx,yy= sup [[Tz[y = sup (T2, y")v,v+|,

lllx=1 lzllx=1[ly*[[y+=1

where T € L(X,Y). Then £(X,Y) is a Banach space. We consider an
operator-valued function b : B, — L(X,Y) and we suppose that b €
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H(B,,L(X,Y)). The little Hankel operator with operator-valued symbol b,
denoted hy is defined for z € B,, by

hof () = /B K _bfjf Zfﬁlm dva(w), [ e H*(B,,X).

In the sequel, we will assume that the symbol b satisfies the following condi-
tion

Hb(w)Hc(Y,y)
/]Bn 1= (2, w)|n e dvg(w) < 0o, for every z € B,,. (1.4)
It is easy to check that if b satisfies (1.4), then the little Hankel operator h;
is well defined on H*>*(B,,, X).

1.5. Problems and Known Results

The boundedness properties of the little Hankel operator in the classical
case (that is, when X = Y = C) have been extensively studied and many
results are now well known. For the case n = 1, important references are
[6,15]. For n > 1, a complete characterization has been obtained by Aline
Bonami and Luo Luo in [4] when p < ¢. In 2015, Pau and Zhao [12] solved
the case 1 < ¢ < p < o0. Indeed, they showed that if b is a holomorphic
symbol, the little Hankel operator h; extends to a bounded operator from
AP (B, C) into AL (B,,C), with 1 < ¢ < p < o0, if and only if the symbol b
belongs to the weighted Bergman space AL (B,,, C) where 1/t = 1/q—1/p. We
are here concerned with the question of characterizing the operator-valued
holomorphic symbols b for which the little Hankel operator h; extends into
a bounded operator from AP (B,,, X) into A% (B,,,Y") where 0 < p,q < co. In
[1] Aleman and Constantin solved this problem for the particular case n = 1,
p=gq=2and X =Y = H where H is a separable Hilbert space. They showed
that the little Hankel operator h; extends into a bounded operator from
A2(B,,H) into A%(B,,,H) if and only if the symbol b belongs to the Bloch
space B(B,,,L(#)). Constantin also obtained in [5] that the little Hankel
operator hy is a compact operator from A2 (B,,, H) into A2 (B,,,H) if and only
if the symbol b belongs to the little vector-valued Bloch space By (B,,, K(H)).
Their results extend clearly the one known in the classical case (when H = C).
In [11], Oliver solved this problem in the case 1 < p, g < co. Mainly, he showed
that for 1 < p < oo, the little Hankel operator hj is bounded from AP (B,,, X)
into AP (B,,,Y") if and only if the symbol b belongs to the vector-valued Bloch
space B(B,,, £(X,Y)) and this result clearly generalizes the one obtained by
Aleman and Constantin in [1]. Moreover, for 1 < p < ¢ < oo, Oliver showed
that the little Hankel operator hy, is bounded from AP (B,,, X) into A% (B,,,Y)
if and only if the symbol b belongs to the y-Bloch space B, (B, £(X,Y)) with
vy=14+(n+1+4+a«) (% — %) . Also for 1 < ¢ < p < oo, Oliver showed that the
little Hankel operator hy, is bounded from AP (B,,, X) into A%(B,,,Y) if and
only if b € A, (B, L(X,Y)), with 1/t = 1/q—1/p, which generalizes the main
result in [12]. We are also concerned here with the question of characterizing

the operator-valued holomorphic symbols for which hj extends into a compact
operator from AP (B,,, X) into A%(B,,,Y) where 1 < p < ¢ < oc.
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1.6. Statement of Results

Let X be a complex Banach space and 0 < p < 1. The topological dual
of the Bergman space AP (B,,, X) can be identified with the Lipschitz space
I'y (B, X™) as follows:

Theorem 3. Let 0 < p < 1. The space (AP(B,,,X))* can be identified with
I'y(B,, X*) withy=(n+1+«) (% - 1) under the pairing

(f,9)ax = Ck:/ (f(2), Drg(2))x,x- (1 = [2[*) dva(2), (1.5)

Bn

where Dy, is defined by (2.3), k > ~, is an integer, g € I'y(B,, X*) and
f e Ar(B,,, X). Moreover,

lgllr, @, x+) = sup 1(f,9)a, x|
”f”Ag(]Bn,X):l

Before stating the next results, we need to make another assumption on
the operator-valued symbol b. More precisely, we assume that the operator-
valued holomorphic symbol b satisfies the following condition:

[ e o (=1 ) ) < . 16)

Let X and Y be two complex Banach spaces. Our contributions to
the boundedness problem of the little Hankel operator with operator-valued
symbol for 0 < p,q < 1 are the following :

Theorem 4. Suppose 0 < p < 1, and o > —1. If the little Hankel opera-
tor hy, extends to a bounded operator from AP (B,,X) into AL(B,,Y) for
some positive ¢ < 1, then the symbol b is in I'y(B,, L(X,Y)) with v =

(n+1+a) (% — 1) . Conversely, if b is in T (B, L(X,Y)) withy = (n+1+
a) (% — 1) , then the little Hankel operator hy : AP (B, X) — AL>°(B,,Y)

1s a bounded operator.
As a direct consequence, we have the following result:

Corollary 5. Suppose 0 < p < 1, and o > —1. The little Hankel operator
hy extends to a bounded operator from AP (B,,, X) into AL(B,,,Y) for some
positive ¢ < 1 if and only if its symbol b belongs to T~ (B, L(X,Y)), where

vz(n—l—l—i—a)(%—l).

P
little Hankel operator extends to a bounded operator from AP (B,,

Al (B,,Y) if and only if for some integer k > 7,

C 1\
k
INFb(w)l| £ x,y) < A= WPy (log = |w|2> weB,. (1.7)

Theorem 6. Let 0 < p < 1, a« > —1 and v = (n—l—l—i—oz)(l—l). The
X

) into
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Theorem 7. Suppose 1 < p < q < oo. The little Hankel operator hy : AP
(B, X) — A4(B,,,Y) is a bounded operator if and only if

be Ay(B,, L(X,Y)), where o = (n + 1+ ) (% — %) . Moreover,

176 4% 8,0, )5 48 B, v) = [blA, (B, cx 7))

If X,Y are reflexive complex Banach spaces, then we have the following
theorem

Theorem 8. Suppose that 1 < p < q < oo, and o« > —1 The little Hankel
operator hy : AP (B,,, X) — AL(B,,Y) is a compact operator if and only if

be Ay, 0B, KX,Y)),

where Ay, 0(B,,K(X,Y)) denotes the generalized little vector-valued Lips-

chitz space and vo = (n + 1 + «) (% - %) , see (1.3).

1.7. Plan of the Paper

The paper is divided into six sections. In Sect. 2, we recall some preliminary
notions on vector-valued holomorphic functions and we also give the proofs of
some important results. Sect. 3 contains the proof of Theorem 3 on the dual
of the vector-valued Bergman space AP (B,,, X) for 0 < p < 1. In Sect. 4, we
give the proof of Theorem 4 and Corollary 5. In Sect. 5, we give the proof of
Theorem 6. In Sect. 6, We first give some preliminaries results to prepare the
proof of Theorem 8. We recall the result by Oliver [11] of the boundedness of
the little Hankel operator with operator-valued symbol h; from AP (B, X)
into A2 (B,,,Y), with 1 < p < ¢ < oo and we generalize it. In the same
section, we give the proof of Theorem 8.

Throughout this paper, when there is no additional condition, X and Y
will denotes two complex Banach spaces, the real parameter a will be chosen
such that o > —1 and ¢ will be a positive constant whose value may change
from one occurrence to the next. We will also adopt the following notation:
we will write A < B whenever there exists a positive constant ¢ such that
A < ¢B. We also write A ~ B when A < B and B < A.

2. Preliminaries

2.1. Vector-Valued Bergman Projection and Integral Estimates

Here we give some definitions and notations which will be used later and can
be found in [4,11].

For f € L1 (B, X) and z € B,,, the Bergman projection P, f of f is the
integral operator defined by

Pof(z) = / Ko (2 0) f () v (w),
1

is the Bergman reproducing kernel of

where K, (z,w) 1= (1 — (z,w))+1+a

B,,. In this situation, P, f is also a X-valued holomorphic function.
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Lemma 9. (Density) Suppose that 0 < p < co. Then the space of all bounded
vector-valued holomorphic functions H>*(B,,, X) is dense in AP (B, X).

Proof. We are going to give the proof for 0 < p < 1, since the case 1 < p < oo
is [11, Lemma 2.1.4]. Given a function f € AP (B,,X), let f, defined for
z € B, by f,(2) := f(pz), where 0 < p < 1. The function f, is holomorphic
in the set {z € B, : |z] < 1/p} hence is bounded on B,,. We first recall that
the integral means

My f) = [ 10O Rdoe),  0<r<
Sn
are increasing with r, see [14, Corollary 4.21]. Since M(r, f,) = My(pr, f),
we have by Minkowski’s inequality that
My(r, fo—[) < MJ(r, f) + MP(r, f,) < 2MJ(r, f).

By the formula of [11, (1.1.1)], (integration in polar coordinates formula) we
get

1
1f = £l = 2nca / MP(r f, — (1 — ) e (21)

Since f € AL(B,, X), we have that the function MJ(r, f) is integrable over
the interval [0, 1) with respect to the measure 2n(1 — r2)*r2"~1dr. It is also
clear that f, — f on any compact subsets of B,, which implies that M2 (r, f,—
f) — 0 for each r € [0,1) as p — 1. Applying the dominated convergence
theorem in (2.1), we obtain that ||f — f,|7 , x — 0, as p — 1. O

Corollary 10. For 0 < p < 1, the following inclusion is dense
A% (B,,X) C A2 (B, X).
Proof. The proof follows directly from Lemma 9. O

In [3], Oscar Blasco obtained the duality theorem for the vector-valued
Bergman spaces in the unit disc By without any restriction on the Banach
space. The proof also works for the unit ball B,,. The result is stated as
follows:

Theorem 11. (Duality). Suppose 1 < p < oo. The dual space (AE (B, X))*
can be identified with Ag’ (B,,, X*), where p’ is the conjugate exponent of p
given by % + ﬁ = 1, under the integral pairing defined by

(. Phax = / (F(2), 9(2)) xx+ dva(2), (2.2)

for any f € A2(B,, X), g € A? (B,, X*).

Remark 12. Suppose 1 < p < oo. If X is a reflexive complex Banach space,
then the vector-valued Bergman space AP (B,,, X) is a reflexive Banach space.

The following reproducing kernel formula also holds for vector-valued
Bergman spaces. The proof can be found in [11, Proposition 2.1.2].
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Proposition 13. Let f € AL (B,, X). We have

flw
10 | v ().

for any z € B,,.

We have the following pointwise estimate on the vector-valued Bergman
spaces. The proof can be found in [11].

Theorem 14. Let 0 < p < oo. Then

Hf(Z)HX < ||f||p,a,X

(= J=P) e/
for any f € AP (B,,, X) and z € B,,.

The following lemma is critical for many problems concerning the weighted
vector-valued Bergman spaces AL (B,,, X) whenever 0 < p < 1 and will be
extensively used.

Lemma 15. Let 0 < p < 1. Then
1_ n (07
[ U~ O, ) < )

for all f € AP (B,,, X).
Proof. Write

|p,a,X7

IF )l = IF IR Ix T,

and estimate the second factor using Theorem 14. The desired result follows.
O

The following technical result is proved in [4, Lemma 3.1]

Lemma 16. Let 3,6 > 0. For all w € B,,, we have

()= [ log(ll_fﬁ;r?)g ik

1= (z,w)|rH1rath
where C' is independent of w and log s the principal branch of the logarithm.

dv,(z) < C,

n

In the sequel, we will also need the following lemma which the scalar
version can be found in [8].

Lemma 17. If 0 < q < 1, then the identity i : LL>°(B,,, X) — L% (B,, X) is
continuous in the sense that there exists a constant C(q) > 0 such that for
every f € LL>°(B,,, X), we have

[fllg.ex < COIfl Ly @, x)-

The following result will be very useful in many situations. A proof can
be found in [14].

Theorem 18. For 3 € R, let

_ (1 — Jw[*)*dv(w)
Io,5(2) .—/]E 1 wars € B,,.
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(i) If B =0, there exists a constant C > 0 such that

I, 3(%2) < Clog z €B,.

1— [z

(ii) If 5 > 0, there exists a constant C' > 0 such that

b

(1—[2?)%"

(iii) If B < 0, there exists a constant C' > 0 such that
I,5(z) <C.

Ia,,@(z) < C A Bn-

2.2. Differential Operators and Equivalent Norms for I,
Given a positive integer k, we define the differential operator Dj by
Dy:=2I+N)o(B[+N)o...o((k+1) I+ N), (2.3)
where [ is the identity operator and N is the differential operator given in
(1.1).
In the sequel, we denote by P(B,,, X) the space of all vector-valued

holomorphic polynomials. The proof of the following lemma is similar as in
the scalar case in [10].

Lemma 19. For all f € P(B,,, X) and g € P(B,,, X*), we have the following
identity

/ (f(2),9(2)) x x+dva(z) ZCk:/ (f(2), Drg(2))x.x- (1 = |2[*)*dva(2),
B. B,

where ¢y is a positive constant depending only on the integer k. The above
wdentities are valid for vector-valued holomorphic functions when both sides
make sense.

The following lemma will be very useful in the sequel.

Lemma 20. Let {ax} a sequence of positive numbers. For any positive integer
k, let My the differential operator of order k defined by

Mk; = (aOI+N)o(alf—i—N)o...o(ak_lI—i—N).

Then a wvector-valued holomorphic function f belongs to I'y(B,, X) if and
only if there exists an integer k > ~ such that

sup (1 = 2% [ M f (2) | x < oo
zeby,

Proof. Let us assume first that f € I'y(B,, X), and we prove the desired
estimate on Mj. By assumption, there exists an integer k£ > ~ and a positive
constant C' such that

IN®f(2)lx < O~ |27,
for any z € B,,. It is enough to prove that the following inequality
IN7F(2)llx < O —[2*)"*,
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holds for 0 < j < k, since the assumption give the case j = k. For g €
H(B,, X) and z = rz’, where r = |z|, and z’ is in the unit sphere. We have

Ng(rz') =ro,.g(rz").
Thus,
" ds

g(rz') —g(z'/2) = Ng(sz')?.

(NI

Now, for g € H(B,,, X) such that ||Ng(z)||x < C(1—]z|?)"~*. We have that

lg(rz") — g(='/2)lIx SQ[ INg(sz")||xds
< 40/ (1— %) Fsds

=20 | —2s(1—s*)7""ds

o

— i(l _ 32)v—k+1 '
—2C 1
- == 1 — 2\y—k+1 _ 1—- = y—k+1 .
Ykt 1 {( ) (=7
Now, if v — k 4+ 1 < 0, then
—2C _ _
Hg(’l‘,z/) — g(z//Q)HX < m(l — 7a2)’y k _ Ck;ﬂ(l — ’Z|2>’7 k.

If v—k+1>0, then

lg(rz") —g(2'/2)[Ix < 7—2—lf+1 {(1 - i)v_k“ —(1- T2)7—k+1}

2C 1
<—1__’y—k+120/
_7—k+1( 7 ko

< G, (1= 122)77F,
where the last inequality is justified using the fact that (1 —|z|?)Y=% > 1. It
then follows that
lg(2)llx < C(1—[2*)77*.

Now, we use this fact inductively for ¢ = NFf, then ¢ = N*71f, ... to
conclude. Conversely, assume that there exists an integer k£ > + and a positive
constant C' such that

1My f(2)]x < O —[2)77F,

for any z € B,,. To conclude, it is sufficient to prove that for a fixed positive
real a, the inequality

lag(z) + Ng(2)|x < C(1 —[2[*)7" (2.4)
implies the inequality
INg(2)]x < C(1 12?7,
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for any function g € H(B,,, X). Choose a real § such that g+~ —k > —1.
By the assumption (2.4), we have that

/ lag(z) + Ng(2)||x (1 — |2*)Pdv(z) < co.

Thus, for any z € B,,, we have
_ lag(w) + Ng(w)]
CLg(Z) + Ng(z) = Cp /Bn (1 o <z,w))”+1+5

Then, differentiating under the integral sign, we obtain that for all 1 <17 < n,
we get

(1= |w]*) dv(w).

9z, lag(z) + Ng(z)] B
— (14 )y [ CH LRI 1w avto)

Therefore,

N (ag(z) + Ng(z))
ag(w) + Ng(w)|(z, w
a1y [ LN

Applying (2.4), and Theorem 18, we get that for all 1 <i < n,

(1 = |w]*)?dv(w).

(1 = [w]?)7 =+~
IN (ag(z) + Ng(z))lx < Ocs B |1 — (z,w)|nH1Hy—k+B+(k—7+1) dv(w)

<O — |27+
Thus, the derivative of ag(z) + Ng(z) is bounded by (1 — |2]?)Y~*~1. So, to
prove the inequality above, we are reduced to consider smooth functions ¢ of
one variable r € [0,1), and to prove that the inequality
1% (F)llx < C(1—r)7F
with ¢(r) = a¢(r) + r¢'(r), implies that
Ir¢' (r)llx < C(1—r)"
(here, ¢(r) = g(rz’)). Now, differentiating ¢, we obtain ¢’(s) = (a+1)¢'(s)+
s¢"(s). Multiplying both sides of the previous inequality by s, we obtain that
54 (s) = (a+ 1)s2¢/(s) + s (s) = [3“+1¢’(s)]/. Then integrating the
equality above on [0, ], we obtain that

1 "
o) = =7 [ s (s)as.
Therefore, the desired estimate follows at once, since k > ~. O

Remark 21. We shall use extensively this lemma for two particular classes of
differential operators: first the class Dy, then the class Ly, corresponding to
the choice a; = n + a + j + 1. For this choice, we have

—n—a—j—1 _ n—l—a—|—]—|-1
(a;1 + N)(1 = (z,w)) = (1 — (2, w))ntotit2’
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and inductively,
c
Li(1 = (zw)) "7 = :

(1 — < >)n+a+k+1'

The proof of Lemma 20 allows us to define an equivalent norm of f in
terms of My f. Particularly, we will write the equivalent norms of f in terms
of Dy f and Ly f. More precisely, we have the following result:

Corollary 22. Let Dy, a differential operator of order k defined in (2.3) and
Ly, a differential operator of order k defined in Remark 21. For vector-valued
holomorphic functions, the following assertions are equivalent:

(1) fel\(B,,X).

(2) There exists an integer k > = such that

sup (1= 21 Drf(2) ]| x < oo
zeby

(3) There exists an integer k >~ such that
sup (1 = [2[2)* | Ly £ (2)]x < oo
zeby,
Moreover, the following are equivalent

1Fllr, 8.0y = 1F(O)llx + sup (1= [2*)* 71 Dif(2) ] x

z€B,

~ [|f(0)][x + Sup (1= |2 Lk f(2)x
The proof of some of the results obtained in this paper will be based on
the following lemma. A proof is in [11], but for the sake of completeness, we
will recall the proof.

Lemma 23. Let f € H® (B, X) and g € H*®(B,,,Y™*). Ifb € H(B,, L(X,Y))
is such that (1.4) and (1.6) hold. Then we have

(o f, Yy = / ()T, 9(2) vy dva(2). (2.5)

Br

Proof. Let f € H*(B,,X) and ¢ € H>*(B,,Y*). By the definition of
(,)a,v, Fubini’s theorem, Lemma 1 and the reproducing kernel property,
we have:

(ho(f). Phoy = / I (F)(2), 9(2)) .y~ dva(2)

n

_ b(w)(f(w)dva(w) -
B /]Bn</Bn (1 _< >)n+1+o¢ ’g( )>Y,Y*d a( )

_ ; b(w)(f(w)dva(w) \ .
L )</ -G >>n+l+a>d (2]

_ (G N
_/Bn /]Bn o) <(1 — <z,w>)"+1+a> dve (w)dva(2)

- /13 </Bn (1— (@Z<§>))n+1+a d’/a(z)) (MW(W)) dve (w)
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= [ atw) (o) (7)) dva(w)
_ /]PB (b(w) F(), g(w))y,y+ v (w).

It remains to show that the assumption of Fubini’s theorem is fulfilled. In-
deed, since f € H*(B,,X) and ¢ € H*(B,,Y™), by Tonelli’s theorem,
Theorem 18 and relation (1.6) we have that

o) (p)F@)|
/En /IBn (1 — (z,w))n+i+e Vo (w)dve (2)
/ / |1H—b (z |1|L)£(|i(—:;)—¥—a Va(w)dva(2)

1
S [ 1oy tog (1= ) dvalw) < o0

n

O

Lemma 24. Let f € H*(B,,,X) and z € B,,. For b € H(B,,L(X,Y)) satis-
fying (1.4) and (1.6), the function

f(w)

g.(w) = (1= (w, ) riva’ w e B,

belongs to H>*(B,,, X) and the following identity holds:

B = Co [ L () 52000)) dvs ).

where k is any positive integer and Cy, 15 a positive constant depending only
on k.

Proof. Tt is clear that g, € H*°(B,,, X). By the definition of the little Hankel
operator and the reproducing kernel property, we have

/ T e el

=

b(w)(g- C
- (L = ) o
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L )@@\
- [ (/B 1 (Coupreree el )>d ekl

=it [ L (HOGD) e )

The assumption of Fubini’s theorem is fulfilled. Indeed by (1.6), we have that
dya-l—k (C)

[ e 0
B, ||./B, (1—(C w))n+1+a+k Y v
[[o(w)| (XY
<ol [ [ gy e )i
dv,
L O e e e e RS

1
< |92l o b(w ~ log ———= | dvy (w) < oo.
<ol | 10l (lor 7o ) et

3. The Proof of Theorem 3
Proof. We first suppose that g € I'y(B,,, X*), with vy = (n + 1+ «) (% — 1) .

Given a positive integer k > ~, we define the functional
Ng: AL (B, X) — C
Frona(h) =ci [ (), Drge)) e (1 o) (o)
B,

where ¢, is the positive constant in Lemma 19. It is clear that A, is linear
and is well defined on AP (B,,, X). Indeed, let f € AP (B,,, X). By Lemma 15,

we have

| Ag ()] = ck

/ (F(2), Deg(=))xx- (1 — |2 v (2)

n

< Ck/ﬁ 1F () lx 1 Drg(2) - (1 = [2[*) dva(2)
B c’“/ (1= ) 1Drg ()l x+ (1 = [2P) 1 f(2) | x dva(2)

n

<o sup (L= P Dig)lxe [ (1= P15 xdva(2)
z€B, B,

1_ n «
S ol [ (0 GO ) xava )

n

S lglle, @, x )11 f]

We conclude that A, is bounded on AL (B, X) and || Ag || S ll9llr. B, x+)-
Conversely, let A be a bounded linear functional on AP (B, X). Let

us show that there exists g € I'y(B,, X*), with v = (n + 1 + «) (— — 1)

p,a, X -
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such that A = A,. Since A%(B,,X) C AP(B,,X) and A is bounded on
AP (B, X), A is also bounded on A2 (B,, X). Then by Theorem 11, there
exists g € A% (B,,, X*) such that

A(F) = /B (F(2), 9(2)) x.x- dva(2), (3.1)

n

for all f € A%2(B,,X). Since g € A%(B,,, X*), for any positive integer k, we
have Dyg € A§+k(IBBn, X™*). Applying Lemma 19 in (3.1), we obtain that

A(f) = / (F(2) Drg(=))xx (1 — |2[2)Fdva (2), (3.2)

n

for all f € A%2(B,, X). Now, we fix x € X, w € B,, and an integer k > . Let

1 — 2\k—~
fz) = (1 _( <Z’1|Uu>)‘)n)—|—1+oc+k:x’ z € By

By Theorem 18, we have that f € A2(B,,, X). Proposition 13 and (3.2), give
us

Af) = / (F(2), Dug(2))x.x+ (1 — |2[2)dva(2)

n

_ wl|2)E
- k/B a —(1<z L>|)n)+1+a+kx, Dig(2)) x x. (1= [2[*) dva(2)

_ Calg 2 k— Dyg(z)
" Cadtk (1= lwl) 7<x’/man (1 — (w, z))ntitath dya+k(z)>X’X*

= S0 ()~ Jw[2) (&, Dyglw
Ca+k
By Theorem 18, f € A2 (B,, X) and ||f

by duality, we have that

))x x+-

pa.x S |lzllx. Since z is arbitrary,

|Drg(w)|x+ = sup [{z, Drg(w))x,x+|

|zl x=1
Ca+k 1
= —— sup — [ A ()]
CaCk |af|x=1 (1 — [w]?)F=7
1
S sup A e, x
lzllx=1 (1 = [w[?)kF=7 me
VAN
< sup Al

o T ey 7
A
~ (1= Jw)Er
According to Corollary 22, we conclude that

g € I'y(By, X*) and |[g|r, &, x S Al

with vy = (n+ 1+ «) (% — 1) . To finish the proof, it remains to show that

(3.1) remains true for functions in AP (B,,, X') which is a direct consequence
of the density in Corollary 10. ]
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4. The Proofs of Theorem 4 and Corollary 5

In this section, we will give the proofs of Theorem 4 and Corollary 5.

4.1. Proof of Theorem 4
Proof. First assume that h; extends to a bounded operator from A2 (B,,, X)
to AL (B,,Y), with ¢ < 1. Let [|hp|| := [|ho|| 4z (s, x)— a8 B,,,v)- We want to
show that b € T (B, £(X,Y)). Since h; : AL(B,,X) — A%(B,,Y) is a
bounded operator, we have by Theorem 3 that

{76 (£)s Gay | S 1ol fllp, o x N9llrs @,y

for every f € A2 (B,,X) and g € I'g(B,,,Y™), with = (n+ 1+ «) (— - 1)

Let x € X, y* € Y*, w € B,, and an integer k such that k > ~v = (n+ 1+
1— 2\k—~y
) (% - 1) .Let g(z) = y*, and f(z) = a _( <z,luu;’)”)+1+a+kx' It is clear that

f e H*B,,X) and g € T'g(B,,Y™), with |gllr;@®,,y+) = [|y*[ly-- We also
have by Theorem 18 that f € AP (B,,, X), with ||f||p,a x < ||z]|x. Hence

[(ho(f): 9oy | S 1ol llx[lyxlly-, (4.1)

Applying Lemma 23 and the reproducing kernel property, we have that

aY‘

(1 —|w[?)k= .
( | >|)n)+1+a+kx) Y >Y,Y*dl/a(z)

X

= (1 - [w*)* / (b(z) ( 1— (w, z;)n+1+a+k) ’y*>Y,Y*dVa(Z)
= (= ol | [ e o Dy ()
= (1 —[w]*)*7 </ 5(2 nJ)rl+a+k: dya(z)ﬂy*>y,y*
1 — |w[?)k= b(z) ( N
e (VA (oo s ) R RO

O ([ et )

B e 0) @) )y
Thus,
_ O fupy -
(ha(£).g)ecv] e (L (0(0) @) )y | (42

From (4.1), (4.2) and the fact that ||z||x = ||Z||+, we deduce that

(1—le2)"“_”’<Lk (b(w) (@) ")y v | S Iy Iy (4.3)
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Since x and y* are arbitrary, we get that

sup (1= [wl) N Leb(w)l g,y S sl

That is, b € Iy (B, £(X, Y*)) with bl @, sz S el

Conversely, assume that b € T, (B, £(X,Y)) and let us prove that h;
extends to a bounded operator from A2 (B, X) to AL>*°(B,,Y). Choose a
positive integer k > v, and let f € H>*(B,,, X ). Taking

f(w)

90 = T w, e

with w € B,, and applying Lemma 24, Lemma 2 and the assumption we
obtain

b(w)(f(w)
/Bn (1 _(<Z?5U>()”+)1+oz dve (w)

= ¢g /IB Ly (b(w)W) dvg ik (w)

1P f()lly =

Y

Y

z,w))ntita Aot (w)

(

< Y
(i

<

dvayk (w)
Y

[\
(@)
ol
w\
h
bl
=
£
=
S
N——

Ck:Ca—f—k/ (1= Jw*)* | Leb(w) | £ 3 1 f (w) |5
Coy " |1 — (z,w)|nt+1+a

(1 — w71 (w)llx

1= {z,w)[rHite

< dvg (w)

n

S HbHI‘W(]B%n,L(X,Y))/B dve (w)

= 1bllr, @,.ccx.v)) Fa 9(2),

n

where the reproducing kernel is justified by (1.4) and

Plg(z) = /B T <5g)|n+1+a dv (w)

is the positive Bergman operator of the positive function g(z) = (1 — |2]*)”

1/ (2)llx -
Now, let A > 0. We have that

va({z € By : | f(2)ly > A}) < val{z € B : clblir, @, .c0x.v))Pa 9(2) > A}).

Since the positive Bergman operator P} : L! (B,) — LL>°(B,) is bounded
(cf. e.g [2]), there exists a constant ¢ such that

C
vo({z € B, : Ck||b||F7(Bn,L(Y,Y)PoJ¢r9(Z) > A} < N ||g||L(1x(Bn)
ckllbllT, (B,,,£(X,Y))
CCl
= T||b||r7(13n,£(7,y))||9||L3(Bn)'
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Applying Lemma 15 to the function f, we get that

ol = [ (1= PP xdval2)

n

- /IB% (1= 2P0 £(2) xdva(2)

n

S ”pr>O‘7X'
It follows that
MWa({z € By : [[he f(2)ly > A}) S bllr_ @, o2y 1 fllpa.x

for all A > 0. Therefore, hj extends into a bounded operator from A? (B,,, X)
to AL>°(B,,,Y) with

||hb||AQ(IBSWX)—>AQOO(IEBMY) N HbHFW(Bn,ﬁ(Y,Y))'

By density of H>*(B,,, X) on AP (B,,, X), the proof of the theorem is finished.
O

4.2. Proof of Corollary 5

Proof. Just apply Lemma 17 and the second part of Theorem 4 to conclude.
O

5. The Proof of Theorem 6

This section is devoted to the proof of Theorem 6.

Proof. We first prove the sufficiency of the theorem. We assume that there
exists a constant C’ > 0 such that

—1
IN*B(w) | o 3y < ¢ log —— )
e S T Ty T up

Likewise by Corollary 22, we have that, there exists a constant C' > 0 such
that

C L
||Lkb(w)||£(7,y) < (1 — |W|2)k_7 (10g 1— |w|2> .

Applying Lemma 24 for any f € H*(B,, X), we get
b(ar) () [ Lbw)F@)
/]B dve(w) = k/IB%n ( dvg i (w).

(1= (z,w))ntita = (2, w))rrira

Thus, by the assumption, Lemma 24 and Lemma 15 we have that

Ao fll Az (B,,v)

/ k/]B (1 <Z w>)n ! Oéd a+k( ) Y a( )
l, b(w 2
: ( EL—I—?l)—l-a (1 - |w| )kdya(w)dya(Z)
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Ly b(
/ / |!— ”Tnfﬁlnﬂw)nxu—|w|2>’“dVa<w>dVa<Z>

-/ </ T

1 Zab(w) ] 2323y 1 () [ (1 = w]*)*dva (w)

< [ (or = ) i S (s ) vt

- / 1 (w)llx (1 = Jw]*) " dve (w)

n

- / 1 @)lx (1 — [w]?) D+ 4y, (o)

n

S Hf”p,Oé,X'

Conversely, we assume that hj extends into a bounded operator from AP (B,,, X)
to AL (B,,Y). Then for all f € H*®(B,,, X) and g € B(B,,,Y*), we have

[(he(f): Gay | < [1hollll fllp.0x 19l BE, v +)- (5.1)

We choose the particular function g(z) = y*, with y* € Y*. Applying Lemma
23, relation (5.1) becomes

/ (hof(2),y >YY*dVa

‘</ (T (2),5 )y -

< [[ho [ £ lp,a,x 1y ™[y«
Thus

< Al llp e ™ M1+ (5.2)

[ Ty el

for all f € H>*(B,,X) and y* € Y*. Now, take x € X, y* € Y*, and an
integer k£ such that £ > «. Fix w € B,, and put

— lwl?)F—
R e L e

where log is the principal branch of the logarithm. Since f € H*>*(B,,, X ) and
g € B(B,,Y™), by relation (5.1), we have that

(o fs )y < [[lll[] x [y [[y+- (5.3)

Applying Lemma 23 for those particular vector-valued holomorphic functions
f and g and using the fact that

1—
log(1 — (w, z)) = log(1 — |w|2) + log L’? :
1 — |w|
we obtain

<hbf g a,Y

/ (b(z < 1_‘I;’)n)i:a+ka:>,log(1—<z,w>)y*>Y’Y*dua(z)
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1 — |w?)F 7 log(1 — (w, 2)) _ .
:</B b(z)l( (Qliwa)ﬂmik >):1:] Ava(2),4")y v

n

([ MO ) s o

(1 = (w, z))ntitatk dya(z),y*>Y7Y*

n

e (R

n

= (1= o) Thog1 — ul) [ et W )y

+</ b(z) ( 1 — |u>)|)n)+1+oz+k log <11_<—TTQ)>> 3’)) dya(z)7y*>Y,Y*

= (1 —|w[*)* 7 1log(1 — |w|2)<Lk </B = b(zl(f)zwwa dua(z)> ,y*>Y7Y*

(w,

+</Bn b(z)< (2)log (11<—EUTQ)> dva(2), 4" )y 3.

= (1 (w27 log(1 — [wP) Lk (b(w)(®), 5" v.y-
< / b(2) (P())dva2), 4y,

n

1—
where p(2) = f(z)log (ﬁ) . Therefore, we can write (hyf,¢)ay =

I + I, with

Iy = (1~ [w|*)* " log(1 — [w|*){Lx(b(w)(T)), y*)v,y+

and

I = </ 0(2))dva (2 2y )y g
Applying Lemma 16 with 6 = p, and 3 = p(k — ), we obtain that
lellp,a,x
- 1/p
- 1— (z,w)\[" (1= |w][?)pt=) ,
= (/]Bn log ( 1 — |w|2 ) |1 o <Z7w>‘10(n+1+oz+k) ||'r”XdVOz<Z)

el ([ os () Ry (Z))l/p

1= (2, w)[rttteteti=)
S Nl x
According to the relation (5.2), we obtain the following estimation of Iy

[Ia| < [[Rolll@llp.a.x 9" llv+ < 1ol x [y ™[Iy~

Since I1 = (htf, 9)a,y — I2, by the relation (5.3) and the previous estimates
on I5, we have that

1] < (b fs g)ay |+ 2l S hsllll]lx[ly™ [y
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Since x € X, y* € Y* are arbitrary and ||z||x = ||Z||%, we get that

_ 1 _
1l = (1= [wP)* o ( 1z ) KEa00)@). o7 )ov-
< ClhollllZllxlly™ v+
Since T € X and y* € Y* are arbitrary, we deduce that :

ILeb(w)llox,vy = sup (L (b(w)(Z)), ¥ ) v,y |

Izl x=1lly*[[y~=1

_ C : 1 -1
=S A—wp) BT ep)

The desired result follows at once using Corollary 22. [

6. Compactness of the Little Hankel Operator, h;, with
Operator-Valued Symbols b From A? (B,,, X) to
Al (B,,Y), Withl < p < g < oo

In this section, we are going to characterize those symbols b for whch the little
Hankel operator extends into a bounded compact oparator from AP (B,,, X)
to A4(B,,,Y), where 1 < p < ¢ < oo and X,Y are two reflexive complex
Banach spaces.

6.1. Preliminaries Notions

The proof of the following remark can be found in [11, Proposition 1.6.1]

Remark 25. Let t > 0. Then the operator R*! is the unique continuous linear
operator on H(B,,, X) satisfying

Rat x B x
(1= (z,w))mtre ) (1= (z,w))nritott?
for every z € B,, and x € X.

We will use the operator R*?, for t > 0, in the vector-valued Bergman
space Al (B,,, X) as follows:

Proposition 26. Let t > 0 and f € AL(B,,X). Then

a,t f w
o) = [ ),

for each z € B,,.

The proof of the following proposition is not quite different to the proof
in [14, Proposition 1.15], but for the sake of completeness, we will recall the
proof.

Proposition 27. Suppose N is a positive integer and « is a real such that n+«
is not a negative integer. Then RN as an operator acting on H(B,,, X) is
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a linear partial differential operator of order N with polynomial coefficients,
that s

RONf(z) = Y P(2) 5 (2),

where each p,, is a polynomial.

Proof. Let x € X and w € B,,. By using the multi-nomial formula

k!
kE _ v ome—m
(z,w)¥ = Z e
|m|=Fk
it follows that
T

(A= vy
(1 — (z,w) + (z,w))N
(= (e, w)yr e N

_ Y (1= (z,w)V =k
- ;::0 KN — &) (1 (2, w))ntita+N

B = KI(N —k)! it m!” (1= (z,w))ntltatk

N N! m w"x
=) 2 mI(N — k)~ (1= (2, w))n+i+atk

k=0 |m|=k

RIPNT; =y o ()

k=0 |m|=k Hj:O(n + 1+ a+7)mI(N —k)!

Z

Therefore, there exists a constant c,,; such that

() - > 2 o oo ((1—<z,i>>n+1+a>'

k=0 |m

Thus

N ak
m .
8zm
k=0 |m|=k

OJ

We will also need the following results whose proofs can be found in
[11].

Lemma 28. Lett > 0. Then
/ £(2)9() dval / RO F(2)g(2)dvas (7).

for all f € AL(B,,,X) and g € H*(B,,C).
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Lemma 29. Lett > 0 and X a compler Banach space. Then

/B (F(2),9(2))x - dva(z) = / (R £(2), 9(2)) x.x+ ase (2)
- / (F(2), R (=) x Wnse(2),

for every f € AL (B,,X) and g € H>*(B,,, X*).

Corollary 30. Supposet >0 and1l <p<oo. Ifbe Ag (B, L(X,Y)), where
p’ is the conjugate exponent of p, then the following equality holds

/}B (=) T (), 9(2))yydva(z) = / (RO()F(2), (=)~ v (2)

B
for f € H*(B,,,X) and g € H*(B,,,Y™).

In the sequel, we will need to interchange the position of the summation
symbol and the integral symbol in a particular situation. That is why we
introduce this lemma.

Lemma 31. Assumel <t < oo. Letb(z) =3 5cm b(3)2° € AL (B, L(X,Y)).

Then
[ 06 (F@) i dvater = 3 [ 2006) (7)) i dvale)
B, BeNn

for every f € H*(B,,,X) and y; € Y* with ||y;|ly~ = 1.

Proof. Since b(2) = > 5cxn b(3)z° € At (B, £L(X,Y)), we have that

t

lim bz)— Y. b(B) dve(z) = 0.

N — oo Bn
BEN 7|ﬂ‘SN ﬁ(Y,Y)

We have

/B<b(z)_ >, B’ (W),y6> dva(2)| <

BEN™:|BI<N Y,Y*

/B be)= D b 17 iy dva(2) =

BEN™:|BI<N L(X,Y)

/ b - S b(B) 1) xdva(z) <
B BEN™:|BI<N ﬁ(y’y)
t

/B e — Y b v (2) —> 0

m ﬁEN":|B|§N E(Y,Y)

as N — oo. Therefore, we have that
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[ 0G) (&) vipwr-dval2)
B,
= Jim_ | < > W) (1) ,ya> dva (2)

BEN”'|ﬁ|<N Y,y *

~ lim / > (60 (7&) i), dval2)
)

Br genm: |6|<N

- Jim, Z/ me (7).

BeEN™:B|<N

= 3 [ (000 (7)) 35, dvae)

BEN™

In the following lemma, we compute the little Hankel operator when the
operator-valued symbol is a monomial.

Lemma 32. Suppose 1 <p < oo andy € N". Ifa, € L(X,Y), then for every
— B P
f(z) Z%Nn cpz” € AP (B,,, X), we have

YT(n+1+a+]|y—70|)
hawz“/f(z) = Z a ( ) Z
o GBI T et )
Proof. Since
f(z) = Z C,BZB € AL (B, X),
BEN™

and p > 1 by using [16, Corollary 4], it follows that

P
/ Z cg2?|| dva(z) = 0 as N — oo. (6.1)
Boll1g1>N+1 %
Firstly, let us prove that
/ ZBGNn av(@)wﬁ Z / a’Y(Cﬂ _B dy ( ) (6 2)
s, (= (eup e et = o fy T wpyrires

Let N € N. We have that

2 pe naW(C_)W_Z <Na7(0_)m
/Bn BeN (1/3_ <Z,w>)nlf|1_+a 5 ()
218> N 1CL7(C_)W
N [Rn (1|B|—_<z—:—w>)n—l—/61—|—a dVa (w)

ay (X 15w 41 (@) 0P
-/, <(1 ﬁ<z,w§>n+ﬁl+a> o)
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H%HL(Y Y)
’ B
< (1— |z)ntive /B Z cpw dva(w)
" 1B1=N+1 X
- laslegey, |
= (1= |zt Jp Z csW Vo (w)
n||181=N+1 X
p 1/p

lay |l zcxv)
; B
S A IV D

Boll1g1>N+1

X
Therefore
/ > penn aw Cﬁ)wﬁ Do 181<N aw(@)wﬁdy (w)
n+l+a «
— ) .
is less than or equal to
p 1/p
||ay||£(y Y)
b B
(1= [2)mtro /B Z cpw dv, (w) . (6.3)
" {1812 N+1 X
By using (6.1) and (6.3), it follows that
> ay(@wf - Y ay(@@w?
peNn |BI<N
L e o0
Y
as N — oo, and so
ZBGN” av(@)m ZI5|<N a(cg)w”
/ dve(w) = lim — dv, (w)
B, (1= (z,w))rtite N=voo J, - (1= (z,w))rHite
. a,(cp)w?
=1 2
2 | T e
av(@)m
= d @ )
2 | Tty et

which is the desired result. Secondly, let us prove that

/ Zr(n+1+a+k)(z,w>kdua(w):

B, = C'(n+ 14 a)k!

Z/ n+1+a—|—]€)<z,w>kdya(w)- (6.4)

I(n+1+ a)k!

Let N € N. We have
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]VFM+1+a+szwﬁ <jVFm+1+a+m|w
P F'(n+1+a)k! 7’ s I'(n+1+ a)k!
MPM+1+Q+M|W
= F(n+ 1+ a)k!
B 1
(L= fef)nttrer
1 1

Since an 1= 2o dvg (w) = (1= z]mFa’ by the dominated conver-

gence theorem, we have that

Z / nn++11++an)rkl!C) (2 w) dva (w)

— lim Z/ ”’Ll*o‘*k)( W) rdug (w)

N—o0 F(n+1+ a)k!

= lim/ Z n+1+a+k)(z,w)kdua(w)

B, (n+1+ a)k!

B Fn+1+a+k) k
_/ Nlinoo Tt 1+ ok &) alw)

/ Z Pintlt+a+k) (z,w) dvg, (w).

|
Bt I(n+ 14 a)k!

We are now ready to prove our lemma. For f(2) = > 5 yn cpzP € A2 (B, X),

by using the following multi-nomial formula [14, (1.1)] and the following
formula [14, (1.23)] respectively

k! T 1
= 3 [ =
ek m! B,, Cin+|m|l+a+1)

we get that, using (6.2) and (6.4)
haqzv f(z)

_ /]B aw(llm(ZﬁENn Cﬁwﬁ) v (10)

(= w)y e

n

_/ UﬂZBGNn a(cg)w”

(1 — (z,w))nt1ta

w”aw ) wP
- Z/ n+1+adyo‘(w)

BeEN™T

= Z a~(cg / wYwh Z n+1+a+k)(z,w)kdua(w)

et (n+1+ a)k!

dve (w)
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n+1+a+k) i
= Z a~ (¢ Z/ wlwh (15 )kl (z, w)*dv, (w)

(o}

Fn+14+a+k) el 1
a(%5) — IF'(n+1+a)k! /an v Z me Y V(W)

BENT k |m|=k
_ Hn+1+a+k _
= 3 ) T 2 i, ¢ T
BEN k=0 |=k
- Fm+1+a+m —
=Y @Y Y e w
BEN™ k=0 |m|=k L(n+1+a)m! Jg,
T(n+1 —
= a,(c5) Y §Q++jﬂyih7D/f/ w Wi dvg (w)
Genn pureil n + a)m! B,

Pn+1+a+ly—p]) _,

= Z_ a~(c3) Tt it a)(y—9) 27 /]B |27 dvg (w)

n

_ Z a(c)l“(n-l—l—koz-l-h Bl) AT(n+1+«) P
. Fn+1+a)(y-—pB)! I’(n+1+a+|’y|)

YTn+1+a+|y—p5])
= 2 e ttath)

BEN™, By

O

The goal of the following lemma is to prove that the linear span of the
x*
vector-valued Bergman kernel , where z* € X* and z,w €
i (1= (w, )1
B,, form a dense subspace in the vector-valued Bergman space A’O’; (B, X™),

with 1 < p < oo and p’ is the conjugate exponent of p.

Lemma 33. Suppose that 1 < p < co. For each x* € X* and z € B,,, let

w‘k
€z,x* (’U)) = (1 _ <’U), z>)n+1+a; w € By.

Then e, 4 € Ag (B,,, X*) and the subspace generated by e, is dense in
AP (B,,, X*).

Proof. Let ¢ € AP (B, X) such that (¢,e, +)a,x = 0 for all z € B,, and
¥ € X*. Let f* € AP (B,,, X*). According to the Hahn-Banach theorem,
it suffices to prove that (¢, f*)o,x = 0. For all z € B,, and z* € X*, using
Lemma 1 and the reproducing kernel formula, it follows that

0 = <§b, ez,m*>0£,X
:/B <¢(w),6zja;*(’w)>X,X*dVoc<w)

I*

= [ o). g

)yntita ) x,x+ AV (w)
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P(w N
:/Bn<(1_< ( )n+1+a71‘ ) x,x+dvg (w)

zZ,w))
= (¢(2), ") x x+.

Therefore, for all x* € X*, we have
(0(2),2")x,x+ =0.

Thus ¢(z) = 0 for every z € B,,. It follows that for each f* € AZ (B,,, X*),
we have that

(6 ") aux = / (6(2), F(2)) xx-dva(z) = 0. .

In the proof of the following lemma, we use the fact that when X is a
reflexive complex Banach space and 1 < p < oo, the dual of the vector-valued
Bergman space A2 (B,,, X*) can be identified with A2 (B,,, X), where p/ is the
conjugate exponent of p.

Lemma 34. Suppose that 1 < p < oo, and X s a reflexive compler Banach
space. Let {f;} C AP(B,,X) such that f; — 0 weakly in AL (B,,X) as
j — oo. Then for each B € N", we have that O° f;(0) — 0 weakly in X as

918l

j — o0, where 07 = 557 -

Proof. Since for each j € N, f; € AP (B,, X), using the reproducing kernel
formula we have that

b= [ B, sen,

B (1 _ <Z’w>)n+1+a

Differentiating both sides of the previous relation with respect to z, we obtain

fi(w)w”
P fi(2) = C(n,a,|B|) /IBn 1- (Z,IE)>))”+1+O‘+W|

Therefore, we have

0° £,(0) = C(n, v, |8)) / 3 (w) TP dv ().

dve (w).

Now, let #* € X* and let us show that (9° f;(0), 2*) x x+ — 0 as j — oco. But
we have that

0105 5 = Clnenlo) ([ n (e dvau). o

X, X~
:/B (fi(w), z*w?) x x+dve (w)
= <f;,g>a,X — 0 as j — oo,
with g(z) = 2*2” € AP (B,,, X*). Thus, (3° f;(0),2*)x x+ — 0asj — co. [

We recall that the symbol b used in the following lemma satisfies (1.4)
and (1.6).
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Lemma 35. Suppose that X is a reflexive complex Banach space and k s
a nonnegative integer. If the holomorphic mapping z — b(z) maps B,, into
K(X,Y), then the holomorphic mapping z — R**b(z) also maps B,, into
K(X,Y).

Proof. Let z € B,,. Let {f;} a sequence of elements of X which converges
weakly to 0 in X as j tends to infinity. Let us prove that lim;_, . | R¥*b(2) f;|ly =
0. We know that the sequence {f;} is strongly bounded in X. Let j € N, by
using (1.4) for z = 0, we get that the function z — b(2)f; € AL(B,,Y). By
the reproducing kernel formula, it follows that

%= [ (o) (6.5)

Applying the partial differential operator R** to (6.5), we have

R T = [ )i 4y (w).

B, (1= (z,w))rtitoth

We also have

[6(w) £ ly _ ()l v 1531l
|1 — <z’w>|n+1+a+k — (1 _ |Z’)n+1+a+k
Cn+1+a)

- (- ’Z‘)n+1+a+k Hb(w)HE(Y,Y)’

and

/ (C’(n+1—|—a)
B

1 — |Z|)n+1+a+k ||b(w)”£(Y,Y)dVOé(w) < 0.

Therefore, by applying the dominated convergence theorem, we have that

. o by
1 Ra,kb ] <1 H J d o
s | R < msp | P v

[ o) Tl g, o,
B

o L= (2 w)|rrtroth 8

Thus for each z € B,
[R**b(2) fjlly = 0.

lim
Jj—o0
The following result will be also important in the sequel.

Lemma 36. Suppose 5y € N, {f;} a sequence of elements of X which con-

verges weakly to 0 as j tends to infinity. For z € B,,, let x;(2) = 2P0 f;. Then
{z;} C AP (B,,, X)) and {z,} converges weakly to 0 in AP (B, X).

Proof. Let j € N. Since f; — 0 weakly in X as j — oo, it follows that {f;}
is strongly bounded in X (see [9]). Let 8y € N" and x;(2) = 2% f;. Tt is clear
that {z;} C A2(B,,, X). For every g € A? (B,, X*), we have

(55, 0)ax = / (25(2), 9(2)) x.x- dva(2)

n
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_ / (% £, 9(2)) x x- dva(2)
:/B ZB‘)(fj,g(Z))X,X*dVoc(Z)'

Since
‘Zﬂ(](fjag(z»X,X* < 12%(f;,9(2)) x,x+|
< 15 x g ) x-
< Cllg()] x-.
and
, 1/p'
/ Hg<z>uX*dva<z>s(/ ug<z>up*dva<z>) <o
n B,

By using the dominated convergence theorem and the assumption, it follows
that

limsup(z;, g)a,x = / 2 lim (f;,9(2))x.x+dva(z) = 0. O
j—>00 B, J—0
6.2. Boundedness of the Little Hankel Operator with Operator-Valued Sym-
bol on Vector-Valued Bergman Spaces

The principal result here is that, the little Hankel operator with operator-
valued symbol hy, is a bounded operator form AF (B,,, X) to A% (B,,,Y) with
1 < p < g < o if and only if the symbol b belongs to the generalized vector-
valued Lipschitz space A, (B, £(X,Y)), where

o= (n+1+a) (%—é)

The result obtained generalize the Oliver’s result [11, Theorem 4.2.2]. In the
following lemma, we first prove that the definition of the generalized vector-
valued Lipschitz space A, (B,,, X), with v > 0 is independent of the integer
k used.

Lemma 37. Let f € H(B,,, X). The following conditions are equivalent:
(a) There exists a nonnegative integer k > = such that
sup (1 — [2]*)* 7[R f(2)] x < oo
z€B,
(b) For every nonnegative integer k > ~ we have

sup (1 —[2)* 77| R** f(2)]|x < oo.
z€B,

Proof. Tt is clear that (b) = (a). So to complete the proof, we will prove that
(a) = (b). Suppose that there exists an integer k£ > - such that
c:= sup (1 — |z 7| R¥* f(2)| x < oo.
z€B,

We want to prove that

Sup (1= [ R (2)]|x < o0,
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Since ¢ < oo, then f € AL(B,,X). Indeed, by [11, Theorem 3.1.2], we have
that

flax = / (1= )R £ ()| xdva(2)

n

- / (1= PP R £ x]A — 2] dva(2)

n

<o / (1~ 22+ du(2)

n

< 00.

By using Proposition 26, we have that

Applyng Lemma 28, it follows that

. Rk f
R 7k+1f(z) = /Bn (1 — <Z,w>)ng—u1)—)|—a+k+l dl/a_|_k(w).
Thus,
N 1 — 2\k—~ }yka 1 — 2 o+
Ir eyl s [ e v

< C
(=P

Therefore, we have that

sup (1 — [2[*)* 1R (2)]|x S e < oo

z€B,

Also, if k is a nonnegative integer with £ > ~ such that

¢ = sup (1 — [z])"1 77| RO f(2)||x < o0,

z€B,,

then

sup (1= 2R f(2)]|x < oo

Applying Proposition 26 and Lemma 28 we have that
Ra,kf(z) — / f(w)d’/a(w) _ / Ra7k+1f(w)dl/a+k+1(w)
B, ( B,,

e ) N S Ry EA) [
where z € B,,. By using Theorem 18, it follows that

1— 2\k+1—~ }yLk+l 1 — 2 a+7dy
Rt pel s [ T b )

Sy S Rl

= ()

n

C/

< °
~ (1= 22
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Since z € B, is arbitrary, we obtain that

sup (1 — [2)F 7 [ROF £(2)|x S ¢ < o x

z€B,

Proposition 38. Let v > 0 and f € Ay(B,,, X). The following conditions are
equivalent:
(1) €Ay oB,,X).
(ii) limg_1- [|f — fslla,@®,,x) = 0, where fs is the dilation function defined
for z € B, by fs(z) := f(sz).
(iii) f belongs to the closure of P(B,,X), where P(B,,X) is the space of
vector-valued holomorphic polynomaials.

Proof. (i) = (ii). Suppose that % <r<s<l,andlet fs(2) = f(s2), z € B,.
By the definition, we have:
1f = Follay @,.x) = sup (1= [2/)* V[ RY*(f = fo)(2)]Ix

z€B,

= sup (1 — [z[))* (R f)(2) = (R fo)(2) 1 x

z€B,

= sup (1 — [z[)* (R f)(2) — (R f)(s2)]x

z€B,

= sup (1= 2" NR ) (2) = xe(2) (B f)(2)
e (2) (RO F)(2) = (R f)(s2) ] x
< sup (1= [2[2)* (R f)(2) = xr(2) (R ) (2)]1 x

z€B,,

+ sup (1= [2[1) 77 xr (2) (R f) (2) = (RVF f)(s2) 1,

z€B,

where . is the characteristic function of the set {|z| < r}. We first have the
following estimate:

sup (1 — [2[)* 7RV )(2) = xr (2) (R¥F)(2) 1 x

< Zieu;(l = 2P R ) (2) = xo(2) (R F)(2) 1 x
+7“<S\L;F<1(1 = 2P RN F)(2) = xer () (R F) () x
- T<s|1;|p<1(1 = 2P IR ) (2)llx
< rziﬁa(l — 2P IR ) (=)l x-

We secondly have the following estimate:

sup (1 — [2%)* 77 [Ixr (2) (R¥F £) () — (RF ) (s2)llx

z€B,

< sup (1= [2[)* 77 (2) (ROF £) (2) = (RYF ) (s2)llx

|z|<r

+ sup (1= [2)" e (2) (RYF)(2) — (R f)(s2) 1 x

r<|z|<1
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= sup (1 — [2[)* (R f)(2) — (R f)(s2)]x

|z|<r

+ sup (1= |2)* 7 [[(R f)(s2)] x-
r<|z|<1

Using the change of variables w = sz, we then obtain

sup (1 — [2]*) (R f)(s2) ] x

r<|z|<1
k—~
jo? .

— s (——2 1R £) (w)]|x
rs<|w|<s S
= sup g (87— ) TR ) ()] x
rs<|w|<s S v
<2200 qup (1= [w)E T (ROF F) ()] x.

r2<|w|<1

It follows by using the assumption that

If = folla, @) < Cysupragguar (X = [w) (R F)(w)] x
+supp <, (1= [2[1) V(RO f)(2) — (R f)(s2)l]x,
with C, = 1 + 22(k=7)_ Since (R**f)(sz) — (R**f)(2) in X uniformly on

the compact set {|z| < r} as s — 17, we have

lim sup (1 — [2[*)*77[(R** f)(2) = R*" f(s2)||x = 0.

ST 2| <r
It follows that
Tim ([ = filla ) < Gy lmsup(L = |w) 7[R )(w)]x =0,

|w|—1—
(1) = (ui1). Given e > 0, by the assumption, there exists sg € (0, 1)
such that

If = Fsolla, @.,x) <€ (6.6)

Further note that fs, € %(%Iﬁ%n,X) and 1 < 14—250 < % From this, and by

using Taylor’s formula, it follows that for each m € N, there exists a X-valued
polynomial p,, such that

lim — sup_|[fs(2) = pm(2)llx = 0.

m—r 00 2
z€ T¥sg B,

Therefore, there exists mg € N such that

sup_ |[f5o(2) = pm(2)llx <, (6.7)

2
FAS WBTL

for m > myg. By the Cauchy’s inequality, there exists a constant cs, > 0 such
that for each i = 1,...,n we have

afSo 6pm

sup

1T < sy sup ||fse(2) = Pm(2)]x- (6.8)
z€B,

X z€ B,

_2
1+sg
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Suppose k is a nonnegative integer with k& > ~. By using (6.8) and Theorem
27, there is a constant ¢ = ¢(sg, n, a, k) such that

sup [[(R** fs)(2) = (R** i) (2)|x < ¢ sup_ [ fsg(2) = P (2)l|x-

z€B,, zGﬁBn
(6.9)
It follows by (6.9) and (6.7) that
Sup (1= 2P RYF (foo — Pmo) (2) [ x
< Sup I(R** fo)(2) = (R**pimy) (2)l| x
<c sup | fso(2) = pmo(2)lIx
zeﬁlﬁin
< ce.
Thus
[ fso = Pmolla, B, x) < ce. (6.10)

Using (6.6) and (6.10), it follows that
1f = pmolla, @, x) < If = fsollay®a,x) + 1 fso = Pmolla, ., x)
<e+ce=(1+c)e.

(7i1) = (7). Let f in the closure of the set of vector-valued polynomial
P(B,,X), in Ay(B,,X). There exists a sequence of vector-valued polyno-
mials {p,,} in P(B,,, X) such that

Jim [[f = pmlla,e..x) = 0. (6.11)

Let us prove that for each k& > ~,

Jim (1= ) (B x =0

Let k > v. We have that
IR 1)) x < MR F)(2) = (RY*pm) (2) [ x + [(R**pm) (2) ] x

)(z
< (R £)(2) = (R**pm) (2)lIx + |B** P oo x

where |R%*p,,|lco.x = max,ep, [|[(R**pm)(2)|x. Tt follows that for each
m € N, we have

(1= [P R ) (2)llx
< (L= [ IR 1) (2) = (R pm) (2) ][ x + (1= [2[) VR Fpy [l oo, x
<f = Pmllay @0 + (1= 122 IR bl o, x

Letting |z| — 17, we obtain that

limsup(1 — [2[*)* RV f(2)[lx < [If = pmlla, 0,505

|z|]—1—

for each m € N. Now, letting m — oo on both sides of the previous inequality,
it follows by (6.11) that

limsup(l — |z|2)*7||R** f(2)|x = 0.
|z|—1— -
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Remark 39. One of the consequences of the previous result is that, given
v > 0, the generalized little vector-valued Lipschitz space A, o(B,,X) is a
closed subspace of the generalized vector-valued Lipschitz space A, (B,,, X).

From now on, we choose 7o = (n+1+4«) (— — %) ,with1 < p < ¢q < o0,

and we consider the generalized vector-valued Lipschitz space A, (B, X).
Corollary 40. Suppose 1 <t < co. Then A, (B,, X) C AL (B, X).

Proof. Let k > 7. Applying [11, Theorem 3.1.2], for f € A, (B,,X), we
have that

/ (1= [22)F R £(2) ] x] dva(2)
/ (1= [2)F 0 R F(2) [ x]F (L — [2[2) " dvia(2)

S W@ [ (1= 1P dn(e) < . -

In what follows, we assume that X,Y are reflexives complex Banach

spaces. We first introduce the following proposition which will be used in the
proof of Theorem 8.

Proposition 41. Suppose 1 < p < g < o0, 0<r <1 and~y c N". Ifa, c
K(X,Y), then the little Hankel operator h,y : AP (B,,X) — A% (B,,Y) is a
compact operator, where g)(z) = a(rz)" for every z € B,,.

Proof. Let {f;} be a sequence in AP (B,, X) such that f; — 0 weakly in
AP (B, X) as j tends to infinity. We want to prove that limj_>Oo Py fi
0. Let the Taylor expansion of f; given by f;(z Z c7 2P e AP (IB%n,X ).

BeEN™
Since f; — 0 weakly in A? (B, X), applying Lemma 34, using the fact that

cjé = 0°f;(0)/8!, we have that for all 8 € N", cjﬂ — 0 weakly in X as j — oo.
By Lemma 32, for every z € B,,, we have

- YT(n+1+a+|y -8
horfi(z) = ) “V(C%)(V AT (n+1+a+ ||

rly=Bl =8

Therefore,

= (/En q dl/a(z)) B

— q 1/q
YT (n+ 14 a+ |y = B])llay(ch) |y (r]2)) 77!
: (/B 2 (v = AT+ 1+ath) da(2)

BEN™, By

W41t at y—B) s
> o mrmrirarhy "

BEN™, B~y

1

w (T Y(n+1+a+|y—8|) ONESY:] 4 U a
> (/n(u (@l e b B ) )da< >)

BEN™, B~y
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1

_ a(cd vmm+1+a+h—M)( oy —Blag,, Z>q
BGN;KWH AL ey e v /Bn( 127 Pl dw, (2)

YT (n+1+a+|y—p8]) _
S 2 Goprmtitarpple @l

BEN™,B<y

where the third line above is justified by the Minkowsky’s inequality for
integrals. Thus,

YT(n+1+a+|y—35|) —
gy S lay(cp)lly- (6.12)
! %N;ﬁg (y=B)T(n+1+a+qH)" "

||hg?fj
Now, since cé — 0 weakly in X as j — oo, it is clear that gﬂ — 0 weakly in
X as j — co. By the assumption, we know that a € K(X,Y). Since c%, — 0
weakly in X as j — oo, we have that ||av(62)||y — 0 as j — oo. It follows
that

- M(n+1+a+|y—4)
PEN™BSY (4 — BT (N 414 a + |Y|)

limj o fla (c})]ly = 0.

Let us state Oliver’s result on the boundedness of the little Hankel op-
erator with operator-valued symbol between vector-valued Bergman spaces.

Theorem 42. Let1 < p < q < oo. The little Hankel operator hy, : AP (B,,, X) —
A4 (B,,,Y) is a bounded operator if and only if b € B, (B,,, L(X,Y)), where

=14 (n+1+a) (1—1).

qQ p

Moreover

17l a2 (B, x) > A%®,.,v) = 1l @B,,20%,v))-

Remark 43. Suppose 1 < p < q < o0, and v = 1+(n—|—1+a)<$—%).
Then ~ is not always positive. Indeed, since 1/q — 1/p € (—1,0), then v €
(=n—a,1). It follows that when v € (—(n+a),0), the vector-valued y-Bloch
space B, (B,,L£(X,Y)) is not interesting and does not make sense since the
definition of the vector-valued vy-Bloch space introduced by Oliver only takes
into account the case where v > 0. In Theorem 7, we correct the problem by
replacing the vector-valued v-Bloch space with the generalized vector-valued
Lipschitz space A, (B, £(X,Y)), where vo = (n + 1 + «) (% - %) . Since
v =1— 9, we see that when 0 < vy < 1, we have that

B’Y(an‘c(y7 Y)) - A’YO(BHVC(y’ Y))

In what follows, we give the proof of Theorem 7 which generalize the
Theorem 42 and correct the mistake mentionned in Remark 43.
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6.3. Proof of Theorem 7
Let us recall the statement of Theorem 7.

Theorem 44. Suppose 1 < p < q < oo. The little Hankel operator hy
AP (B, X) — A%(B,,,Y) is a bounded operator if and only if

be Ay,(B,, L(X,Y)), where vo = (n + 1+ ) (% - %) . Moreover,

16| 4% 8,0, ) 48 B, v) = [blA, B, 7))

Proof. Let p’ and ¢’ such that 1/p+1/p’ =1 and 1/q+ 1/¢' = 1. We first
assume that h; is a bounded operator from AP (B, X) to A%(B,,Y) with
norm |||l = [|hs]| a2 (B, x)— 4% ®B,,v) Let * € X and k > (n + 1+ a)/p. Let
z € B,, and put
T
A e
Since k > (n+ 1+ «)/p, by Theorem 18, we have that f € AP (B,,, X) and

|l x
<
||f||p,06,X ~ (1 . |Z|2)k_(n+]__|_a)/p'

w € B,.

By [11, Proposition 2.1.3 ], we have that

mi) = [ 5 f’(g?(lf“; ) ()

. )
b(w)(T
- /IB%n (1-— <z,(w>))(n4)rl+a+k dva(w)
= R*"b(2)(Z).
It follows by Theorem 14 that
IR*0(2)@)lly = [[hof(2)lly
1720 f |

q,0,Y
= A= p)rrise
[P ][ f 1., x

= [ eynrivars
< [P [ 1]l x
S 1 o) bt T a)(1/a-177)
_ Bzl x

(1= [z[2)F=e

Since x € X is arbitrary and ||z||x = ||Z|x we get that

ok _ Il
||R b(z)||E(X7Y) ~ (1 — |Z|2)k_70 :

Thus

Sup (1= 2P IR b() | o vy S ol
By Lemma 37 this means that b € A, (B, £(X,Y)) and ||b||A70 (B, L(X,Y)) S
17
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Conversely, assume that b € A, (B,,L(X,Y)). Let f € AE(B,,X), g €
Ag; (B,,Y™*) and k > 7. By Corollary 40, we have that

b€ Any(Bn, L(X,Y)) C AL (By, L(X,Y),
so by [11, Lemma 4.1.1], Corollary 30, and Lemma 37 it follows that

oty ghay] = / (=) T2, 9(2))y dval2)

/B (RO F(2), 9(2))y sk (2)

5/@ IR F20(2) || o e ) 1F (2 el g (2) = (1 = [2[*) < dur(2)

n

v+ (1 —|z[)*t0dy(2).

S ”bHAWO(Bn,L(X,Y))/E 1 ()l x[lg(2)]

By Holder’s inequality the last integral is less than or equal to

([ wronea—prrema) ([ 1@ -1 o)

For ¢ = p, we have 7y = 0 and thus
[(hof, 9oy | S NbllA,, B, cx IS

For ¢ — p > 0, using Theorem 14, we have
a—p

_ TN
7@l = IR < ! , Zz)>“<f_”p><n;1fa)/p -
q—p

IF N5 e x

(1= J#f2)os

1/q

|p7oz,X ”g”p/,OC,Y'

It follows that

(/]Bn 1f ()% (1~ |Z’2)a+q7°dy(2)> 1/q _

B 1 — |z]2)atavo 1/q
Iy (e e ) =1

Therefore, by duality, we obtain that

p,a, X -

1holl a2, (B, x)— A%B,.,v) =
sup [(hofs Gay | S N0lla, ®,,c0xv)): O

[ £llp,c, x =13llgll g7 0,y + =1
q o,

6.4. Proof of Theorem 8
We are now ready to give the proof of the main result in this section that is
Theorem 8 that we recall here.

Theorem 45. Let X and Y be two reflexive compler Banach spaces. Sup-
pose that 1 < p < q < oo, and o« > —1 The little Hankel operator hy :
AP (B, X) — A%(B,,Y) is a compact operator if and only if

be AyoBn K(X,Y)),
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where Ay 0(B,, K(X,Y)) denotes the generalized little vector-valued Lips-
chitz space and vo = (n + 1+ «) (% — %) , see (1.3).

Proof. First assume that b € A o(B,,, K(X,Y)) and denote by b,.(2) := b(rz)
with z € B,, and 0 < r < 1. Since b € A, o(B,,, K(X,Y)), by Theorem 7, we
have that

||hb”A§(]Bn,X)HA$(Bn,Y) 5 Hb”AWO(]BSn,L(Y,Y))'

Therefore, we have

17y = ho, || a2 B, x) > a2 @, v) S 10 =rlla B,.cx.v))

By using Proposition 38, we have that

rl_if]lfl_ 16 ="brlla, @,.cxv)) =0,
so to prove that h, is a compact operator, it suffices to prove that hy, is
a compact operator. Since b, is analytic on a neighbourhood of B,,, it can
be approximated by its Taylor polynomial in the generalized vector-valued
Lipschitz norm. Thus,

A}i_ffloo [br — P,y Ay (Bn, L(X,Y)) — 0, (6.13)

with Py ,(2) = Z b(B)rP128  where b(8) € K(X,Y) are the Taylor
BEN™,|B|<N

coefficients of b. We also have by Theorem 7 that

1o, — hpy Az @, x) 542 @,v) S 1or = Prella, @,.c27))-

So by (6.13), to prove that hp,_ is a compact operator, it is enough to prove
that hp, . is a compact operator. Since Py, is a polynomial, it is enough to
do the proof for monomials of the form 3(6)7“'5'7;/8, with 8 € N*, z € B,, and
b(3) € K(X,Y). Thus, according to Proposition 41, the proof of this part is
complete.

Conversely, for the “only if part”, let us assume that

hy @ AP(B,, X) — A%(B,,Y)

is a compact operator. Since hy is compact, h; is then bounded and Theorem
7 yields

b€ Ay (Ba, L(X,Y)).

We shall first prove that the Taylor coefficients B(ﬁ), B € N” of b belongs
to K(X,Y). Let {f;} C X such that f; — 0 weakly in X as j — oo, fix
Bo € N, and let z;(2) = 2P f;. By Lemma 36, we have {z;} C AP (B,, X)
and {x;} converges weakly to 0 in A% (B,,, X). Since
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16(Bo) Filly = sup  [(b(Bo) S, y" v,y

ly*lly==1

and Y is reflexive, by the Kakutani’s theorem [9, Theorem 3.17] there exists
y; € Y* with |ly5|[y~ = 1 such that

16(Bo) filly = 1b(B0) 5, v -
But y; € AP (B,,,Y™*). By Lemma 23, we have

(oo )y | = / B)TR(2), vy dva(2)

_ /B (ST PHB) Tyl vy dval2)

- Z@(ﬁ)f_j,y;)xy*/ 2P7P0du, (2)

BeN” B,
= |<6(60)f_j7 Y7 )v,y+| / |zﬁ0 I2dvg(2)
B

_ Boll(n+a+1)
- I(n+|Bo|+a+1)
_ Boll(n+a+1)
 I(n+|Bl+a+1)

where Fubini’s theorem is justified by Lemma 31 with {z,;} C H*(B,, X).
Since hy is compact and {z;} converges weakly to 0 as j tends to infinity, we
have that {hyx;} converges strongly to 0 as j tends to infinity, therefore one
gets that

|<B(50)f_j, y;>Y,Y* |

15(Bo) f;1Iv»

(hozj, Y5 )ay = 0.

im
j—o0
Thus

. Boll'(n 4+ a+1)
lim
j—oo I'(n 4+ |Bo| + a4+ 1)

We then obtain

16(Bo) filly = O.

lim |[b(50) f5ly = 0.
j—oo

In fact, we have shown that b(8y) belongs to K(X,Y) and as f is arbitrary,
this holds for all 8 € N, Let 1 < t < oo. Since b € A, (B, L(X,Y)), we
have that b € A% (B,,, £(X,Y)) and

tim [ fo(w) — 3 BB’ gy dvaw) = 0.

N — o0
B 1B|<N

Let z € B,,. There exists a constant C, > 0 such that
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bz — 3 b(3)2 1L Xy))<C/ [bw) = 3 BB s yyydva(w).

IBI<N IBI<N

Thus,

hm |16(2) Z b(3)z HL(Y,Y)) = 0.
IBI<N

Since z € B, is arbitrary, we deduce that b(z) € K(X,Y), for each z €
B,,. It remains to show that b satisfy the “little - Lipschitz” condition.
Let z € X and y* € Y*. Since b € A, (B,,L(X,Y)), then the mapping
z +— (b(2)T,y*)y.y~ belongs to Al (B,,C). By using the reproducing kernel
formula, it follows that

womater [ R

dvg (w). (6.14)

Let k > 9. Applying the operator R** in (6.14), we obtain that

(R*"b(2)T, 5" v,y + / (1_ ;;nﬁ{;Mdua(w). (6.15)

Let z € By. Since [[R**b(2)| zxy) = SUDjzx=1 IR¥*0(2)(T)]ly, and by
Lemma 35, the operator R**b(2) is compact. So there exists x(z) € X with
llzo(2)]|x =1 and

IR*b(2) || £ x.yy = IR**b(2)x0(2)]]v-
Also

IR b(2)zo(2)lly =  sup  [(R**b(2)z0(2), ") v.y+|.

ly*llyx=1

Since Y is reflexive, it follows by the Kakutani’s theorem [9, Theorem 3.17]
that there exists yj§(z) € Y* with ||y5(z)||y+~ = 1 such that

IR b(2) |l 2 vy = IRVF0(2) (2o (2))lly = [(RFb(2)0(2), 415 (2)) vy .
(6.16)
By (6.15) and (6.16) we get

(1= 2P R b() | oy =

[ 00005 v QLD )] = 1y e
- s Y0 Y)Y (1—<z,w>)”+1+o‘+k « zrYz/0,Y |5

with
() = ) = )
o (1= (w,2))? ’

w € B,

and
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* 1— 2\k+(n+14a)/q—pB
yz(uo ::yO(Z)( |Z‘) 7 UJGZBH,
T )
where 3 is chosen such that
m+l+a)/p<p<k+n+1+a)lq.

By Theorem 18, we have z, € A2 (B, X), 4> € AL (B,,Y*), and

sup |2z [lp,a,x <00,  sup [|yXllg e,y < oo

z€B, z€B,
Let us prove that

z, — 0 weakly in A? (B, X) as [z] — 1. (6.17)

Since

Sup (22 [parx < o0,
z€B,

to prove (6.17), by Lemma 33, it suffices to prove that
(Ty,€war)a,x — 0as |z — 17,

where for each a* € X* and w € B,,, we have

1
(1= (G w))rtite

Cw,a* (C) *, ¢ € B,.

By using the definition of e,, 4+ and the reproducing kernel formula, it follows

that

(erewarJpax = / (220 ewar (O))xx dva(0)

. 1 *
= [, 450 b (0

= ( / T (0.0

w), a >X X*-
Therefore, we have
(2 €w,ar )p.a,x| = [(2z(w), a") x, x+]
(1 — [of?)f - (mitte/p «
[ e
(1= 2oty
STy e 0

as |z| — 17. By using (6.17), the compactness of h;, and the fact that

sup [|yZ g0,y + < 00,
z€B,

it follows that
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lim (1= [z[)* | R*b(2)| pxyy = lim [(hpzz,y5)ay| =0,
|z|—1 |z|—1

which completes the proof of the theorem. l

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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