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1 Contexte et objectifs

Introduction

1 Contexte et objectifs

La théorie des valeurs extrémes est une théorie relativement récente, les premieres publica-
tions dessus ne datent que de 1927 (Fréchet [41]) et 1928 (Fisher and Tippett [40]). Elle possede
néanmoins plusieurs domaines d’applications, tels que par exemple 1I’environnement ou la fi-
nance, dont a chaque fois la particularité du probleme traité est le fait que I’on s’intéresse aux
maximums ou aux minimums de données collectées, ou plus généralements aux valeurs ex-
trémes. Cette theése se place dans le domaine de la théorie spatiale des valeurs extrémes et est
principalement axée sur les processus stochastiques max-stables.

Définition 1.1. On dit qu’un processus stochastique 1 est max-stable si pour tout n € N¥, il
existe des fonctions a,, > 0 et b, tels que :

i — bn L
max =
1<i<n  ay,

n

. o A . [ e e .
ou (1;)1<i<n est une suite i.i.d de méme loi que 1 et = désigne 1’égalité en loi.

Ainsi, nous nous sommes intéressés a diverses propriétés des processus stochastiques max-
stables : la convergence des extrémes, les lois et les simulations conditionelles, le mélange fort,
et la propriété de Markov. Cela a été le plus souvent fait a travers le prisme d’un outil qui sera
utilié de facon récurrente dans cette these : les processus ponctuels de Poisson. En effet, d’un
coté les processus stochastiques max-stables jouent un role essentiel dans la théorie des valeurs
extrémes, et d’un autre coté il existe une forte liaison entre les processus max-stables et les
processus ponctuels de Poisson mis par exemple en évidence dans une publication de Giné et al.
[44]]. Ainsi, des auteurs comme Smith [70] ou encore de Haan [30] ont donné des méthodes de
constructions de processus max-stables a partir de processus ponctuels de Poisson abondamment
utilisés dans la littérature.

2 Extrémes de champs aléatoires i.i.d. : une approche par les
processus ponctuels

Comme I’indique son titre, le Chapitre [2] de cette these traite des processus de maxima par-
tiels, et cela, a travers I’étude de processus ponctuels. Soit (£, d) un espace métrique complet
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séparable et £ la tribu borélienne de . Une mesure borélienne p sur E est dite finie sur les bornés
si, pour tout borélien borné B, 1(B) < oo. On notera M} (E) I’espace des mesures boréliennes
finies sur les bornés. Pour {/i,,n > 1} et yu des mesures de M/ (E), on dira que {j,,,n > 1}

converge f-faiblement vers p quand n — oo, et on notera alors /i, ﬂ; st [ fdp, — [ fdu
quand n — oo pour toute fonction f bornée et continue de (£, d) a support borné. Muni de cette
notion de convergence, M,f (E') est un espace métrisable complet séparable.

Soit T un espace métrique complet, on notera C* = C*(T') I’espace des fonctions positives
et continues sur 7" muni de la topologie de la convergence uniforme sur les compacts. Pour
n € N, soit (X;,);>1 est suite de processus i.i.d de méme loi qu’un certain processus (X, (f))ter
a trajectoire continue que nous supposerons positif ( £ = [0, 00) ). L’un des principaux résultats
du Chapitre [2|est la convergence des deux processus suivants :

M, (t) = max{X;,(t), 1 <i<n}, teT,
et R
M, (u,t) = max{X;,(t), 1 <i<|nul}, u>0,teT.
On utilise la convention Mn(O, t) = 0. La convergence du processus M, ne sera pas directement

1 . , —+ .
établie sur CT, mais sur I’ensemble C, = (0, +00| X Sc+ ot Sc+ = {z € CT : ||z||oc = 1} estla
sphere unitaire, munie d’une métrique plus adaptée aux outils manipulés pour la démonstration :

=+
d((r1,51), (r2,82)) = [1/r1 = 1/ra| + [|s1 = sall,  (r1, 1), (r2,52) € Gy .
Cette métrique a ’avantage de rendre les ensembles de la forme (g, 00] X Sc+ bornés. Ainsi

(@g , d) est un espace complet et séparable et les ensembles (0, 00) x S¢+ et C§ = C*\ {0} sont
homéomorphes. Ceci nous permet d’obtenir le théoreme suivant.

w! — —
Théoreme 2.1. Supposons que nPP|X,, € -] — v dans MS(C:{) et que IJ(C(J)r \ C¢) = 0. Alors,
le processus M,, converge faiblement dans C quand n — oo vers le processus M défini par

M(t) =supY;(t), teT,

i>1
ou )y . y, est un processus ponctuel de Poisson sur intensité v.
1 Oy; est ssus ponctuel de Poiss C¢ d’intensit,

Considérons maintenant la convergence de M,,. Pour u > 0 fixé, on a M, (u,-) € C*, par
contre la fonction u — M, (u, -) & valeur dans C* est cad-1ag sur [0, +00). Ainsi, nous considé-
rerons le processus M, comme un élément aléatoire de I’espace de Skohorod ([0, +00), Ct)
muni de topologie J; (pour la définition et les propriétés de I’espace de Skohorod voir par
exemple Ethier et Kurtz [39]).

wh — —
Théoreme 2.2. Supposons que nP[X,, € -] — v dans Mg(@; ) et que V((C(J)r \Cd) = 0. Le
processus M, converge alors faiblement dans D([0, +-00), C*) quand n — oc vers le processus
super-extrémal M défini par

M(uat) = Sup{m(t)l[Ui#oo)(u); P> 1}7 u>0,teT,

oty ;o Oy, v, est un processus ponctuel de Poisson sur C3 x [0, +00) d’intensité v @ (, {
désignant la mesure de Lesbegue sur |0, o).
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Par la suite nous nous sommes intéressés 2 diverses propriétés du processus limite A/. Par
exemple, nous avons déterminé ses lois fini-dimensionnelles, en utilisant les notations suivantes :
I >1,t=(t,....t;) € Ty = (y1,...,y) € [0,+00)!, et pour u > 0, nous avons écrit
M (u,t) <y pour dire que M (u,t;) < y; pour touti € {1,...,1}.

Proposition 2.1. Pourk > 1,0 =uy <u; < --- < u, t € T et Yi,--, ¥k €0, —i—oo)l, ona

PV (11, 8) <y, Mg ) < 3] = Hexp ;= uj1)v(4;)]

avec A; ={feC{; Jiel,. .. I f(t )>m1ny;“}

Des propriétés reposant sur I’homogénéité de la mesure v ont aussi été données, rappelons
que I’on dit que v est homogene d’indice —a < 0 lorsque pour tout u > 0, v(uA) = u®v(A).

Proposition 2.2. Supposons que v soit homogéne d’indice —a < 0, alors :
— M est max-stable d’indice o > 0, i.e. sz MY, ..., M" sont i.i.d de méme loi que M, le
maximum N?_, M' a la méme loz que naM ;
— M est auto-similaire d’indice X —, Le. pour tout c > 0, le processus (M (cu, -))uso posséde

la méme loi que (c'/*M (cu, -))uso.

Des propriétés sur les statistiques d’ordres ont aussi été établies. Pour 1 < r < nett € T,
on note M (t) le r®me plus grand élément parmi X1, (t), ..., X,n(t), aussi M = (M (t))er est
appelé la statistique d’ordre  de { X1,,, . . ., X1, }. De laméme facon, pourr > 1,¢t € T'etu > 0,
on définit M (u, t) comme étant le rm plus grand élément parmi X1, (t), ..., X nujn (t). Dans les
deux cas si r > n, alors la statistique d’ordre r est considérée comme nulle. Enfin, considérons
I'ensemble By, = {(f,v) € C§ x [0,400); f(t) > y,v < u}. Nous avons la propriété suivante.

Théoreme 2.3. Supposons que nP[X,, € -] “$ y dans Mﬁ((C ) et que V((C \Cg) = 0. Alors
pour tout v > 1, le vecteur joint de statistiques d’ordre (M LM ) converge faiblement dans
D([0, +00), (C*)") quand n — oo vers (M*, ... M") déﬁnipar

Mj(u,t) = sup{y > 0; l:[,,ﬂBgi >r}, 1<j<r,u>0teT,
avec 1, un processus ponctuel de Poisson sur Cg % [0, +00) d’intensité v @ L.

Le Chapitre [2] a été conclu par Iillustration de différents résultats dans le cas des processus
gaussiens.

3 Lois conditionnelles des processus max-infiniment divisibles
et simulations conditionnelles des processus max-stables

3.1 Lois conditionnelles des processus max-infiniment divisibles

Soient 7" un espace métrique compact et Cy I’espace des fonctions continues positives et non
nulles sur 7" muni de la norme sup. Le Chapitre [3] est consacré a I’étude des lois conditionnelles
des processus max-infiniment divisibles (max-i.d.).
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Définition 3.1. On dit que n = {n(t) }1er, un processus stochastique de Co, est max-infiniment
divisible (max-i.d.) si pour tout n > 1, il existe des processus {n,;, 1 < i < n} de Cy i.i.d. tels

que :
=1

ou \/ désigne le maximum ponctuel.

Considérons 1 = {7(t) }+er un processus stochastique max-i.d. de Cy. Soit M,(Cy) I’espace
des mesures ponctuelles sur Cy finies sur tous les ensembles de la forme { f; € Cy: || fi|| > ¢},
Ve > 0. D’apres le Théoreme 2.4 de [44]], on sait qu’il existe une mesure y sur Cy, qui est la
mesure d’intensité de & = S~ | §,, un processus ponctuel de Poisson de M, (Cy) tel que :

n(t) £ max{g(t); f € [®]}, teT,

ol [®] désigne I’ensemble des atomes de & € M,,(Cy). La mesure p est alors appelée la mesure
exponentielle de 7. Pour le vecteur s = (sy,...,s;) € T' et toute fonction f € Cy, nous note-
rons f(s) = (f(s1),..., f(s1)), et us la mesure exponentielle du vecteur aléatoire max-i.d. n(s)
définie sur [0, +00)" \ {0} par :

ps(A) = u({f € Co: f(s) € A}), A C[0,400)"\ {0} borélien.
Toujours pour le vecteur s = (sy,...,s;) € T', définissons aussi la fonction suivante :

fs(X) = p({f € Co:3s; € {51,..., 8}, f(55) > miet f(s) #0}), x=(1,...,1) € [0, +00)".

La proposition suivante nous permettra de définir un outil que nous utiliserons souvent : les
fonctions extrémales.

Proposition 3.1. Pour tout t € T, les assertions suivantes sont équivalentes :
(i) 1l n’existe presque siirement qu’un unique un atome de ® noté ¢, tel que n(t) = ¢, (t);
(i) f¢(0") = 400 et fi; est continue sur (0, +00) ;

(iii) la loi de n(t) n’a pas d’atomes.

Dans le cas ol les assertions de la proposition précédente sont vérifiées, ¢, sera appelée la
fonction extrémale en ¢. Nous allons travailler avec K = {t,...,t;} un ensemble fini de 7, tel
que pour tout ¢t € K, la fonction fi; soit continue et /i,(0") = 4o00. Par la suite nous noterons
t = (t;,...,tx) ety = (y1,...,yr) € [0,+00)F, aussi pour tout ensemble non vide L C K,
nous adopterons les notations suivantes : L = {i € [1,k] : t; € L}, t; = (ti)ici» Yo = (Wi)ick
et L°= K \ L.

Définition 3.2. Soit ~ la relation d’équivalence (aléatoire) sur K = {ty,...,ty} définie par
t~ 1t sietseulement si ¢ = ;. Lapartition® = (01,...,0ye)) de K en classes d’équiva-
lences sera appelée hitting scénario. Pour j € [1,£(0©)], nous noterons goj la fonction extrémale
associée aux éléments 0;, i.e., telle que gpj = ¢ pourtout t € 0.
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Pour x € [0, +00)!\ {0}, soit Ps(x, df) la loi conditionnelle de p(df) sachant f(s) = x (plus
d’amples explications seront données sur cette mesure conditionelle dans I’ Appendix [3.A.2)),
c’est a dire que pour toute fonction mesurable

F 1[0, +00)" x Cy — [0, 400)

s’annulant sur {0} x Cy, nous avons :

[rsenman = [ ] R R i)

Co

Soit Pk I’ensemble des partitions de K. Pour 7 € Pk de cardinal ¢, nous noterons v{ la mesure
sur [0, +-00)* définie par :
v (C) =P(n(t) € C; © =1),

ot C C [0,+00)* est un borélien. Ainsi v4 la loi de 7n(t) est donnée par vy = > repy Vi
Maintenant considérons les lois conditionelles suivantes :

m(y, ) = PO € [n(t)=y]
Qt(Y77-v ) = P[(Soj_)lﬁjﬁf € | U(t) =y, 0= T]
Ri(y, 7 (fih<j<e, -) = P@g€-|nt)=y,0=7,(9) hi<j<e = (fir<j<d,

N - E(@) + , . . .. .
oud, =o—- > j=1 ¢; - Nous avons pu déterminer des expressions explicites de ces lois, le

résultat est dans le théoreme suivant :

Théoreme 3.3. Nous avons les trois résultats suivants :
1. Pour tout T € Pk, nous avons vi(dy)-presque partout :

_odyy
N th

(¥)

Tt (y7 T)

ou dv{ /dvy est la dérivée de Radon-Nykodym de v{ par rapport a vs.

2. Nous avons vy(dy)m(y, dr)-presque partout :

Qt(Y7T7 dfl o dff) -

{ Litrer<y,er Py (V73 df5) }
i—1 PtTj (yTj7 {f(tT]C> < yTJC})

<
I

3. Soit Cy (y) = {M € M,(Cy); Vf € [M], f(t) < y}. Pour tout ensemble mesurable
B € M,(Cy), nous avons vi(dy )-presque partout :

Roly. 7. (f;), B) = Re(y, B) = L2 € B0 Ct(]Y)]

P[® € Cy (y)

Le résultat du théoreme précedent nous permet d’obtenir le théoreme suivant similaire au
résultat déja obtenu par Weintraub [80] dans le cas bivarié.
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Théoreme 3.4. Nous avons vi(dy)-presque partout :

Pln(s) <z | n(t) =y]

e s U (Bre e, f(s) <z
= expl-u({f(s) 22, f(t) <yD] D mly. ") [] AZ EJ;({)J«:; y)<£<i)< })

TGPK j=1

pourtout! > 1,s € T' etz € [0, +00)".

3.2 Simulations conditionnelles des processus max-stables

Le Chapitre [ est issu d’une collaboration entre Mathieux Ribatet, Clément Dombry et moi.
Dans ce chapitre, les résultats obtenus dans le Chapitre [3] ont été utilisés pour faire de la simu-
lation. Nous nous sommes placés dans le cas ou 7' = X C R?, de plus pour tout 7 > 1 chaque
atome du procesus ponctuel ® est donné par :

¢i = GYi

ol {¢;}i>1 sont les atomes d’un processus ponctuel de Poisson sur (0,00) d’intensité ¢ ~2d(
et {Y;};>1 est une suite de processus stochastiques i.i.d de méme loi qu’un processus stochas-
tique postif Y tel que E{Y ()} = 1 pour tout ¢ € R?. Les simulations du Chapitre 4| ont été
faites sous la condition que & soit régulier, c’est a dire qu’il existe une fonction A, telle que
ts(dz) = Ag(z)dz. Cette fonction est appelée fonction d’intensité. On définit également la fonc-
tion d’intensité conditionnelle :

)\( 57t) (u, z )

Asje, (1) = W, (s,t) € X™ u e R™, z € (0, 400)k.

Ainsi dans le Chapitre [] les simulations ont été effectuées avec deux processus max-stables tres
utilisés. Le processus de Brown—Resnick [16), 51] qui correspond au cas ot V¢ € R?, on a :
Y (t) = exp{W(t) —v(t)} , W étant un processus gaussien centré a accroissement stationnaire,
de variogramme -y et tel que W (0) = 0 presque siirement. Le processus de Schlather [67] qui
correspond au cas ot V¢ € RY, Y (t) = (27)"/2max{0,s(t)} avec € un processus gaussien
standard dont on notera par p la fonction de correlation. Néanmoins pour que ® soit régulier
nous considérerons plutdt la représentation équivalente avec Y (t) = (27)'/2¢(t) (t € R?). La
procédure de la simulation est la suivante :

Théoréme 3.5. Soient (x,5) € X**™ K = {x1,..., 2}, et 7 = (11,...,7) € Pk. Considé-
rons la procédure suivante :
étape 1 : créer une partition aléatoire 0 € Py de loi :

I7|

1
mer) = 0= 71 20) =2} = 5o Do) | Aein o ()i
C(J],Z)]]‘_le ! {Uj<ZTJ¢} j| A ’
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ou la constante de normalisation est

|7|

Clas) = Y [ n) [ N ()

FePk j=1 {uj<ze}
étape 2 : Pour un 7 = (1,...,7) donné, créer { vecteurs aléatoires indépendants
01 (8),. .., (s)apartir de la loi suivante :
+ 1
pr{ef(s)edv|Z(x)=20=r1}= o 1{u<z77¢}>‘(s,r7]c)\xfj7zfj (v,u)du ¢ dv
; .

ou 1y est la fonction indicatrice et

Cj = /1{“<ZT¢}>\(S:xr¢)$ijZTj (U,u)dudv.
J J

On définit le vecteur aléatoire suivant Z*(s) = max;_y @j(s).

étape 3 : Indépendamment créer un processus ponctuel de Poisson {(;}i>1 sur (0,00) d’in-
tensité (~2d(C et {Y;}i>1 une suite i.i.d de processus de méme loi qu’un processus 'Y, et définir le
vecteur aléatoire

Z7(5) = max GYi(s)Lc,vi@)<z) -
Alors le vecteur aléatoire Z(s) = max {Z*(s), Z~(s)} suit la loi de Z(s) sachant Z(z) = .

Malheureusement méme lorsque la valeur de £ se trouve relativement modérée, la loi de
m(z,-) est impossible a simuler car I’espace d’état Py devient vite trés large. Il a été utilisé
alors pour la simulation un échantillonneur de Gibbs. Nous avons appliqué ces algorithmes de
simulations conditionnelles a des données de températures et de pluies en Suisse.

4 Propriétés de mélange fort des processus max-infiniment di-
visibles

Nous nous sommes intéressés dans le Chapitre [5] aux coefficients de mélange, le but étant
d’obtenir le théoréme de la limite centrale pour des fonctionnelles additives de processus max-i.d.
stationnaires. Soit 7" un espace métrique localement compact. Considérons C(7T") = C(T, [0, +0o0))
I’espace des fonctions continues positives muni de la topologie engendrée par la convergence
uniforme sur les ensembles compacts et de C sa tribu borélienne. Soit ¢ un processus ponc-

tuel de Poisson sur Cy(7") de mesure d’intensité 1, une mesure borélienne localement finie sur
Co(T) = C(T) \ {0} et vérifiant

n[{f € Co(T); sup f > e}] < oo, pour tout compact K C T ete > 0.
K

Le processus : 7(t) = max{¢(t), ¢ € ®}, ¢ € T est un proccesus continu sur 7" et max-
infiniment divisible, dont y est la mesure exponentielle. Pour tout sous-ensemble fermé S C 7T,
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notons F la tribu engendrée par les variables aléatoires {7(s), s € S}, et notons Pg la loi de
la restriction 7g dans I’ensemble C(S) muni de Cg sa tribu borélienne. Pour S;, Sy C T des
sous-ensembles fermés disjoints, le coefficient de S-mélange entre Fg, and Fg, est donné par :

B(Slv 52) = Ssup {|P51U52<C) - PSI ® PS2(C)’; Ce CS1U52}'

Une autre définition (équivalente) du coefficient de S-mélange est :

8515 = g {30 D IPIAINE) - PAJR(E)I},

i=1 j=1

le supremum étant pris sur toutes les partitions {Ay,..., A;} et {B,..., B;} de ) tel que pour
1<i<I, A € Fgetpourl <j<J, B; € Fg,. Le principal résultat du ChapitreE]est le
suivant.

Théoreme 4.1. Soit n un processus max-i.d. continu sur T de mesure exponentielle ji. Alors,
pour tous sous-espaces fermés et disjoints S1, 5, C T ona :

8(51,52) <2 | PIf s 1 s 1) ud).
Co
Ce résultat peut étre réécrit dans le cas ou S; et Sy sont dénombrables. Pour cela, pour tout
(s1, 82) € T?, nous noterons i, s, la mesure exponentielle de (1(s1), 17(s2)), on obtient le résultat
suivant.

Corollaire 4.2. Si S et Sy sont des sous-espaces fermés et disjoints, finis ou dénombrables, de
T, alors :

B(S1,S) <2 Z Z /P[U(Sl) < y1, 1(52) < ol they s (dy1dys).

51€51 52€852

A partir de 1a, les résultats du Chapitre [5] ont été donnés sous la condition que 7 soit max-
stable simple. Le qualificatif simple signifie que les marginales sont de loi Fréchet unitaire, c’est
adire :

Py(t) <yl =exp[~y 10, yER, tET.
Un nouvel outil a été utilisé, le coefficient extrémal ¢ défini pour tout compact S par la relation
suivante :

P[iggn(S) <yl =exp[-0(S)y~'], y>0.

Nous avons les propriétés suivantes.

Théoreme 4.3. Soit 1 un champ aléatoire max-stable simple continu sur T
Pour tout compact S C T, la quantité

C(S) = E[sup{n(s)"'; s € S}]

est finie et de plus :
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— Pour tous compacts disjoints S1,5y C T, ona :
B(S1, $2) < 2|C(S1) + C(S)] [6(51) +0(S%) — 0(S1 U S1).

— Pour (S1,)icr et (S2;)jes des familles dénombrables de compacts de T telles que
S1 = Uier S, et Sy = Uje S, ; soient disjoints, on a :

B(S1,82) <230 37| C(S1) + C(Sa,)]| [0(815) + 0(825) = (815U S2,)] -
icl jeJ
En se mettant dans le cas ou .57 et S; sont dénombrables, et en adoptant la notation suivante :
0(s1,82) = O({s1,82}), 51,852 €T,
le théoreme précédent nous donne le résultat suivant.

Corollaire 4.4. Supposons que 1 soit un champ aléatoire max-stable simple continu sur T. Si Sy
et Sy sont des sous-espaces fermés et disjoints, finis ou dénombrables, de T, alors :

B(S51,5:) <4 Z Z 2 — 0(s1, 52)].

51€51 52€852

Maintenant plagons nous dans le cas ot 7 = Z* et notons || = max;<;<4 |h;| la norme de
h € Z%. Bolthausen dans [10] a présenté une version du théoreme de la limite centrale pour des
processus stationnaires mélangeants. Aussi les résultats que nous avons obtenus et les criteres de
Bolthausen nous permettent d’aboutir au théoréme suivant.

Théoreme 4.5. Supposons que 1) soit un champ aléatoire max-i.d. stationnaire sur Z° de mesure
exponentielle | et considérons la quantité suivante :

v(h) = /P’[n(o) < w1, n(h) < yo] pon(dyrdyz), he A

Soient g : R? — R une fonction mesurable et ty, ..., t, € 7 tels que
Elg(n(t1),...,n(t,))*™] < co pour tout § > 0.
Si les conditions suivantes sont vérifiées
Z v(h) = o(m™%) et Zmd’1 sup v(h)% ) < oo,
|h|>m m=1 [h|Zm
alors le champ aléatoire stationnaire X défini par
X(t) =gty +1),...,n(t, +1), tez’
vérifie le TCL.

Le Chapitre [5|se conclut par I’application de ce résultat afin de montrer la normalité asymp-
totique d’estimateurs du coefficient extremal.
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S Processus max-stables simples stationnaires et markoviens

Dans le Chapitre [6] nous avons déterminé tous les modeles de processus stochastiques sur
les ensembles 7" = Z ou T" = R max-stables simples stationnaires et vérifiant la propriété de
Markov. Rappelons qu’un processus X = (X (¢));er est dit max-stable simple si et seulement si
pour toutn > 1:

X E£pt \n/ X;
=1

ol (X;);>1 est une suite i.i.d de processus de méme loi que X. Ici pour tout ¢ € 7', X (¢) suit la
loi de Fréchet unitaire, c’est a dire :

P[X(t) < y] =exp(—1/y), pourtouty > 0.

Pour (F,), 7 une suite de variables aléatoires i.i.d. de loi Fréchet unitaire et a € [0,1], on
définira les processus max-stables maximum-autoregressifs d’ordre 1 (max-AR(1)) de parametre
a de la fagcon suivante :

(1—a)\ o ™F, sia€l0,1)
X, (t) = n<t , tez.
Xl(t)EFO sia=1

On peut en effet remarquer que X, vérifie la relation suivante qui lui confere aussi la propriété
de Markov :
Xo(t+1) = max(aX,(t), (1 —a)Fy1), te€Z.

Inversement X, = (X, (—t le processus a temps renversé associé a X, peut s’écrire :
o= (Xa(=t)),cz lep P aP

X.(t)=(1—a) \/ a"'E,, te,
n>t
ou (Fn)n <7, = (F_pn), 7, vérifie la relation de max-autoregressivité backward :
X, (t —1) = max(aX,(t), (1 —a)E,_,), teZ.

D’une facon générale le processus a temps renversé d’un processus stationnaire et markovien est
lui aussi stationnaire et markovien. Aussi notre principal résultat en ce qui concerne la caractéri-
sation des processus max-stables simples stationnaires et markoviens est le théoréme suivant.

Théoreme 5.1. Tout processus max-stable simple stationnaire vérifiant la propriété de Markov
est égal en loi a un processus max-AR(1) ou a son processus a temps renversé associé.

Pour prouver ce théoreme nous avons eu besoin de la représentation des processus max-
stables donnée par de Haan [30] : considérons ) = (n(t)),.7, un processus max-stable simple, il
existe un processus positif Y (non unique) tel que, pour tout t € Z, E[Y (t)] = 1 et vérifiant la

relation suivante : B
<77( ) teZ, i>\/1U ( ) teZ,

10
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ou (Y;);>1 est une suite de processus i.i.d. de méme loi que Y, et {U;,7 > 1} est un processus
ponctuel de Poisson sur (0, +0c) de mesure d’intensité u~?du et indépendant de (V;);>1. Aussi,
les résultats du Chapitre 3] nous permettent d’écrire pour tout ¢, ¢y, ..., ¢, € Zet z, 21, ..., z;, des
réels strictement positifs, la formule suivante :

Pin(ty) < z1,...,n(te) < zx | n(t) =

z]
- el Ol 5[V 2 X0

=1 z; z Z.

avec ici (x)* = max(z, 0). Cette formule nous a permis d’obtenir la proposition suivante :
Proposition 5.1. Si ) vérifie la propriété de Markov, alors pour tout t; <t < ty, ona:
PY(t1) =, Y(t)|Y() >0=1 ou PY(t2) =Y (t)|Y(t) >0] =1,

ou oy est linfinimum essentiel de Y (t') /Y (t) conditionnellement a Y (t) > 0, i.e.

aip =inf{c > 0; PIY(¥)/Y(t) <c|Y(t) > 0] > 0}.

Considérons les cones suivants :
D ={feF Ve, [(t)=[O)},

Dy={feF, Hoe€Z Vt €Z, f(t) = f(to)lp=t}},

et pour a € (0, 1), le cone
D,={f€eF; o€ Z VteZ, f(t)= f(to)a" "Ly} }-

Nous avons la propriété suivante :

Proposition 5.2. Soit 1 un processus max-stable simple. Si ) est stationnaire, alors pour tout
a € [0, 1] les assertions suivantes sont équivalentes :

i) 1 ala méme loi que le processus Max-AR(1) X, défini précédemment ;

ii) PIY € D,| = 1.

Ces deux propositions nous permettent de démontrer le Théoréme [5.1] Le Chapitre [6] a été
conclu par une géneralisation du résultat obtenu dans le cas continu. Pour a € (0, 1), notons
par g, la fonction ¢ — —log(a)a'l{;>0y. On peut voir que [ gq(t)dt = 1. Considérons alors le
processus suivant :

Za(t) - \/ Uiga(t - ,Tz)7 te R7
i>1
ot {(U;, T;); i > 1} est un processus ponctuel de Poisson sur (0, +00) x R d’intensité u~2dudt.
On définira de facon similaire Z, le processus A temps renversé :

Z.(t) =\ Uiga(t = T1), teR,
i>1

avec §,(t) = —log(a)a <oy = gu(—t7), g est cad-lag. Pour a = 1, Z; = Z; est un pro-
cessus a trajectoire constante tel que Z;(0) suive une loi de Fréchet unitaire. Nous avons alors la
propriété suivante :

11
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Théoreme 5.2. Tout processus max-stable simple stationnaire n = (1(t))cr @ trajectoires cdd-
lad vérifiant la propriété de Markov est égal en loi au processus Z, ou au processus Z, pour un
certain a € (0, 1].

12



Chapitre 1
Préliminaire

1.1 Processus Ponctuel de Poisson

Soient E un espace localement compact a base dénombrable et £ sa tribu borélienne.

Définition 1.1.1. Soit (x,,),>1 une suite de points de E. On appelle mesure ponctuelle sur E,
une mesure m de la forme m = fozl 0z, Oll O, estla mesure de Dirac en x,,.

Nous allons désigner par M,(E) I’espace de toutes les mesures ponctuelles définies sur £
et le munir de M,,(E) la plus petite tribu qui pour tout borélien /' € £ rend mesurable 1’appli-
cation m € (M,(E), M,(E)) — m(F) € ([0, 00], Bjo,~)). On définit les processus ponctuels
aléatoires de la facon suivante.

Définition 1.1.2. On appelle processus ponctuel aléatoire toute application mesurable N :
(2, F,P) = (Mp(E), My(E)).

A partir de 1a, on définit alors les processus ponctuels de Poisson de la facon suivante.
Définition 1.1.3. Soient ;1 une mesure de Radon (finie sur tout compact) sur £ , et N un processus
ponctuel. On dit que N est un processus ponctuel de Poisson de mesure d’intensité |1 si :

i) Pourtout I’ € &£ et pour tout entier positif k :

exp{—p(F)}(u(F))* /K si pu(F) < o0

PIN(F) = K = {0 si p(F) = o0

it) Pour (Fy)k>1 une famille d’ensembles disjoints de E, (N (F}))i>1 forme une famille de va-
riables aléatoires indépendantes.

Le théoreme suivant, sera tres souvent utilisé dans les démonstrations faisant intervenir les
processus ponctuels de Poisson.

Théoreme 1.1.4. Soit 11 un processus ponctuel de Poisson de mesure d’intensité ji, o-fini sur
Uespace d’état F, et soit f : E — T une fonction mesurable telle que la mesure image de |1 par
f soit une mesure de Radon. Alors f(I1) est un processus de Poisson sur T de mesure d’intensité

po fh
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1.2 Quelques notions sur les lois des valeurs extémes univariés

Dans cette section, nous rappelons quelques notions de base de théorie des valeurs extrémes
univariées.

Définition 1.2.1. Soient X une v.a. et (X;);en une suite i.i.d de v.a. de méme loi que X. On dit
que X est max-stable si, pour tout n € N, il existe des réels a,, > 0 et b, tels que :

max(a; '(X; — by)) £ X.

i<n
On peut remarquer que cette définition est aussi valable pour les processus stochastiques.

Proposition 1.2.1. Si X est une v.a. max-stable, alors pour tout réels p et 0 > 0, 0. X + p est
aussi max-stable.

Preuve :

Une fonction £ est la fonction de répartition d’une v.a. max-stable ssi Vn € N, il existe des réels
a, > 0etb, tels que F"(a,x +b,) = F(z). En effet, soit (X;);cn une suite i.i.d de v.a. de méme
loi que X, pour toutréel @ > Oetbona:

Plmax (o' (X, — b)) <a] = [[Pl(a ' (X; — b)) < ]

1<i<n

Or, si X est une v.a. max-stable, il existe alors des réels a,, > 0 et b, tels que max(a, ' (X; —b,))

i<n

et X ont méme loi. Finalement, on a :

PloX +p<x] =PBlx < E 1)
(z —p)

= (P[X <a, ~ + ba])"
= (PloX + u < apx + (ob, — anp + p)]).

Ainsi 0 X + p et m<ax{a;1((aXi + ) — (b, — app + )} ont méme loi, donc o X + 1 est

max-stable. [

Théoréme 1.2.2. Les trois lois suivantes sont max-stables :

i) La loi de Gumbel qui a pour fonction de répartition :
F(z) = exp(—e™®).
ii) La loi de Fréchet de parameétre 0 > 0, qui a pour fonction de répartition :

F(a:0) = exp((—2)") Lo (2).

14
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iii) La loi de Weibull a parametre 6 > 0, qui a pour fonction de répartition :
F(z;0)=1— e—(x9)1]0;+oo) ().

Preuve :
e Dans le cas de la loi de Gumbel, on a :

F'(z —Inn) = exp(—ne *tnn)
(—=e™)

= exp

= F(z)
Ici a,, = 0, et b,, = Inn, la loi de Gumbel est donc bien max-stable.

e Dans le cas de la loi de Fréchet, on a :

F(nox;0) = exp(n(—niz)~ %)110;+00) (nox)
= exp((=2) ™) Ljo,100) (7)
= F(x;0).

Icia, = n%, et b, = 0, la loi de Fréchet est donc bien max-stable.

e Dans le cas de la loi de Weibull, nous allons plut6t travailler avec sa queue, on a :

Q"(n"1x;0) =(1—F(n 92;0))"
= 1), +§o)(n’%x) exp(—n(n’%x)e)
=e€ ~(@ )1}0+oo)< )
= Q(z;0) .

Icia, = n_%, et b, = 0, la loi de Weibull est donc bien max-stable. O

Comme le suggere la Proposition[I.2.T|toute transformation affine de ces loi demeure max-stable.

Notons au passage que si la variable aléatoire X suit une loi de Gumbel, alors la variable aléatoire
X suit quant 2 elle une loi de Fréchet.

Théoreme 1.2.3 (Fisher & Tippet 1928). Toutes les lois max-stables sont a une transformation
affine pres du type Gumbel, Weibull et Fréchet.

1.3 Représentation de processus max-stables

Par représentation de processus max-stables il est en fait question de constructions de pro-
cessus max-stables a partir de processus ponctuels de Poisson. Dans un cadre bien plus général
Giné et al. [44] nous ont donné une relation entre processus ponctuels de Poisson et processus
max-stables. Mais ici nous allons plut6t rappeler la méthode de construction de Smith [70]. Pour
S un ensemble mesurable, soit ® = ) ., J(¢ 5, un processus ponctuel de Poisson sur (0, c0) X S

15
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de mesure d’intensité £2d€v(ds), ou v est une mesure positive sur S. Pour 7' un ensemble pa-
ramétrique quelconque, soit f : S x T"— [0, c0) une fonction positive mesurable telle que :

/f(S,t)V(dS) =1, VteT.
s
Alors le processus 7 défini par
n(t)=\/&f(sit), teT.
ieN

est un processus max-stable sur 7. Le processus est max-stable simple et plus généralement pour
I un sous ensemble de 7T, on obtient :

Ply(t) <yt € I) = exp {— /Smax { ﬂs)u(ds)” .

tel Ut

Exemple 1 : Pour S = RE" et T = R? si I’on choisit le cas ol v est la loi d’un processus
gaussien centré a accroissement stationnaire X et f : (g,t) — ed()=Var(X(1)/2 dans ce cas,
nous avons bien :

/f(& t)v(ds) = E[eXO-VarXt)/2) — 1.
S

De plus pour (X;);en une suite de processus i.i.d de méme loi que X, la représentation

ﬁ 3 —var
n(t) = \/fif(si,t) = \/ e VarXN/2 -y e T,

i€N €N

correspond alors a une représentation bien étudiée par Kabluchko et al. [S1]].

Exemple 2 : Pour S = RE x R, soient F un processus stochastique de loi Pr tel que
E [ fga F(t)dt] = 1, v = Ppds et f la fonction définie par, (g, s,t) = g(t —s),t € R%. Ona

/ » f(g,s,t)dsPp(dg) =E [/Rd F(t— s)dg] —1

Aussi pour (F});en une suite de processus i.i.d de méme loi que F' et ), dy,) un processus
ponctuel de Poisson d’intensité la mesure de Lebesgue sur R?, la représentation suivante

n(t) = \/fif(si,t) £ \/ GFi(t—s;), teT,

1€EN 1€EN

est appelée “mixed moving maxima process® et est aussi souvent rencontrée dans la littérature
[51,156].
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Chapitre 2

Extremes of independent stochastic
processes : a point process approach

Abstract

For each n > 1, let {X;,, ¢ > 1} be independent copies of a nonnegative continuous
stochastic process X,, = (X,,(¢))er indexed by a compact metric space 7. We are interested in
the process of partial maxima

M, (u,t) = max{X;,(t),1 <i < [nu]}, u>0 teT.

where the brackets |- ] denote the integer part. Under a regular variation condition on the se-
quence of processes X,,, we prove that the partial maxima process M, weakly converges to a
superextremal process M as n — co. We use a point process approach based on the conver-
gence of empirical measures. Properties of the limit process are investigated : we characterize
its finite-dimensional distributions, prove that it satisfies an homogeneous Markov property, and
show in some cases that it is max-stable and self-similar. Convergence of further order statistics
is also considered. We illustrate our results on the class of log-normal processes in connection
with some recent results on the extremes of Gaussian processes established by Kabluchko.

2.1 Introduction

A classical problem in extreme value theory (EVT) is to determine the asymptotic behavior of
the maximum of independent and identically distributed (i.i.d.) random variables (Z;);>;. What
are the assumptions that ensure the weak convergence of the rescaled maximum

Z; — by

max , ap>0,b, € R,
1<i<n  a,

and what are the possible limit distributions ? These questions were at the basis of the develop-
ment of EVT and found its answer in the Theorem by Fisher and Tippett [40] characterizing all
the max-stable distributions and in the description of their domain of attraction by Gnedenko [43]]
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and de Haan [28]. Another stimulating point of view developped by Lamperti [52] is to introduce
a time variable and consider the asymptotic behavior of the partial maxima
Zi - bn

max ,  u>0.
1<i<[nu] an

The corresponding limit process is known as an extremal process : it is a pure jump Markov
process wich is also max-stable, see Resnick [61].

Since then, EVT has known many developments. Among several other directions, the ex-
tension of the theory to multivariate and spatial settings is particularly important, as well as the
statistical issues raised by the applications on real data sets. For excellent reviews of such deve-
lopments, the reader is invited to refer to the monographies by Resnick [62]], de Haan and Fereira
[31] or Beirlant et al [6] and the references therein.

Our purpose here is to focus on the functional framework and investigate the asymptotic
behavior of the partial maxima processes based on a doubly infinite array of independent random
processes. Let T’ be a compact metric space and, for eachn > 1, let {X;,,, i > 1} be independent
copies of a sample continuous stochastic process (X,,());er . Without loss of generality, we will
always suppose that X,, is nonnegative (otherwise consider X' (t) = ¢*X»(®)) and we denote by
C* = C*(T) be the set of nonnegative continuous functions on 7. We are mainly interested in
the process of pointwise maxima

M, (t) = max{X;,(t), 1 <i<n}, teT, (2.1)
and the process of partial maxima
M, (u,t) = max{X;n(t), 1 <i < [nu]}, u>0teT (2.2)

We use the convention that the maximum over an empty set is equal to 0, so ]\7[n(0, t) = 0.
Clearly, we also have M, (1,t) = M,(t). In this framework, the parameter ¢ € T is thought as a
space parameter and u € [0, +00) as a time variable.

Our approach relies on the convergence of the following empirical measures

Bu= 0x, and  Bp=) 6(x,i/m (2.3)
=1

i>1

on C* and C* x [0, +00) respectively. The maxima processes M,, and M,, can be written as
functionals of the empirical measure 3,, and B respectively. We will prove the continuity of the
underlying functionals and then use the continuous mapping Theorem to deduce convergence of
the maxima processes from convergence of empirical measures.

Connections between EVT and point processes are well known. In the case when the under-
lying state space is locally compact, the following result holds (see Proposition 3.21 in[62]) : if
nlP[X,, € -] vaguely converges to some measure /i, the empirical measures 3, and B converge
to Poisson random measures with intensity ¢ and p1 ® ¢ respectively, ¢ being the Lebesgue mea-
sure on [0, +00). However, in our framework the state space C™ is not locally compact and we
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2.2 Preliminaries on boundedly finite measures and point processes

need a suitable generalization of the above result. To this aim, we follow the approach by Davis
and Mikosch [22] based on the notion of boundedly finite measures and f-weak convergence
detailed by Daley and Vere-Jones in [20]].

The paper is organized as follows. In section 2, we introduce the technical material needed
on boundedly finite measures, §-weak convergence and convergence of empirical measures. Our
main result is the convergence of the partial maxima process M,, which is stated and proved in
section 3. Then, in section 4, we investigate some properties of the limit process M, known as a
superextremal process. A brief extension of our results to further order statisctics is considered
in section 5. The last section is devoted to an application of our results to the class of log-normal
processes, based on a recent work by Kabluchko [49] on the extremes of Gaussian processes.

2.2 Preliminaries on boundedly finite measures and point pro-
cesses

In this section, we present general results on boundedly finite measures and point processes
that will be useful in the sequel. The reader should refer to Appendix 2.6 in Daley and Vere-Jones
[20]] or to section 2 of Davis and Mikosch [22]. This has also closed connections with the theory
of regular variations, see Hult and Lindskog [46, 47].

2.2.1 Boundedly finite measures

Let (E, d) be a complete separable metric space and £ the Borel o-algebra of E. We denote
by M,(E) the set of all finite measures on (£, £). A sequence of finite measures {j,,,n > 1}
is said to converge weakly to y € M,(E) if and only if [ fdu, — [ fdu for all bounded
continuous function f on E. We write ji, — p to denote weak convergence. It is well known
that this notion of convergence is metrized by the Prokhorov metric

p(p, p2) = inf{e > 0; VA € &, n(A) < pa(A%) + ¢ and pa(A) < pa(A%) + e}

where A° = {x € F; Ja € A, d(a,z) < ¢} is the e-neighborhood of A. Endowed with this
metric, M,(F) is a complete separable metric space.

A measure ;1 on (E, £) is called boundedly finite if it assigned finite measure to bounded sets,
i.e. u(B) < oo for all bounded B € €£. Let Mbﬁ(E) be the set of all boundedly finite measures
won (E,E). A sequence of boundedly finite measures {/.,,, n > 1} is said to converge f-weakly
to u € M{(E) if and only if [ fdu, — [ fdyu for all bounded continuous function f on E with
bounded support. There exists a metric p* on M, bﬁ (E) that is compatible with this notion of f-weak
convergence and that makes M,f(E) a complete and separable metric space. Such a metric can
be constructed as follows. Fix an origin ¢g € E and, forr > 0, let B, = {x € E; d(x,ep) < r}

be the closed ball of center e, and radius 7. For any ji1, s € Mg(E), let ygr) and ,ug” be the
restriction of y; and ps to B,.. Note that 11 and p are finite measures on B, and denote by p,
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CHAPITRE 2 : Extremes of independent stochastic processes : a point process approach

the Prokhorov metric on M,(5,). Define

(r) (7"))

< oy
Pn pa) :/ ey CRmCIN
0 1+pr(:u1 7“2 )

There are several equivalent characterizations of f-weak convergence. Let {p,,,n > 1} and
1 be boundedly finite measures on £. The following statements are equivalent :

i) [ fdp, — [ fdu for all f bounded continuous real valued function on E with bounded
support ;

i) p*(pn, ) = 0;
iii ) there exists a sequence r, " 400 such that, for all £ > 1, ,ug’“) 2 oule)
iv) p,(B) — p(B) for all bounded B € & such that (0B) = 0.

) ;
We write 1, — /i to denote §-weak convergence.
A boundedly finite point measure on £ is a measure u of the form

K= Z Oz,
icl
with {x;,7 € I} a finite or countable family of points in £ such that any bounded set B C F
contains at most a finite number of the z;’s. The set of boundedly finite point measures on £ is
denoted by M (ﬁb’p) (E). It is a closed subset of M/ (E) and hence is complete and separable when
endowed with the induced metric.
The following characterization of f-weak convergence of boundedly finite point measures

will be useful. Let {y, = > ;0,n,mn > 1} and u = »_, 0., be elements of bem)(E). Then

wh . . . .
in — b if and only if there exists some sequence 7, * +oo such that for all & > 1, there exists
N > 0 and m > 0 such that

m

V=N, p{? = 6. and p =>"5,
=1 1=1

for some points {z"*, z¥; 1 <i <m, n > N} in B,, such that z/"* — zF.

(Rl )

2.2.2 Convergence of the empirical measures

Let (2, F,P) be a probability space. A boundedly finite point process on £ is a measurable

mapping N : 0 — M(ti (E). A typical example of boundedly finite point process on E is a

b.p)
Poisson point process II, with intensity v € M (E). We will also consider the following empi-
rical point processes [3,, and Bn defined by Equation (2.3), where, for each n > 1, { X, i > 1}
are independent copies of an F-valued random variable X,,. The random variable (3, is a finite
point process on F, while Bn is a boundedly finite point process on E=FEx [0, +00) endowed

with the metric

d((z1,u1), (22, u2)) = d(x1, 22) + |ug — uy|, x1,22 € E, ug,us € [0, +00).

The following Proposition will play a key role in the sequel.
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2.3 Extremes of independent stochastic processes

Proposition 2.2.1. The following statements are equivalent, where the limits are taken as n — oo
t
i) nPX, € 1S v;

ii ) B, = 11, with 11, a Poisson point process on E with intensity v and = standing for weak
convergence in M (ﬁb ().

iii ) Bn = 11, with 11, Poisson point process on E x [0, 4+00) with intensity 1&Y, { being the Le-
besgue measure on |0, +00) and = standing for weak convergence in M fb ) (E % [0,400)).

The proof of this Proposition follows by an adapation of Proposition 3.21 in Resnick [62]
which states a similar result in the case of a locally compact state space and in terms of vague
convergence. As noticed by Davis and Mikosch [22], the proof remains valid for a complete
separable metric space F if we change vague convergence by f-weak convergence. See also
Theorem 4.3 in Davydov, Molchanov and Zuyev [27].

In the terminology of Hult and Lindskog [46|47], the condition i) in Proposition[2.2.T|means
that the sequence X, is regularly varying. A particularly important case is when £ is endowed
with a strucure of cone, i.e. a multiplication by positive scalars. If there exists a sequence (a,,),>1
of positive reals such that

1 wh
nPla, X1 € | = v

for some nonzero v € M, bﬂ (E), then the random variable X is said to be regularly varying. Under
some technical assumptions on the structure of the convex cone E (e.g. continuity properties of
the multiplication), the limit measure v is proved to be homogeneous of order —a < 0, i.e.

VAA) = \u(A), A>0,A€&.

Furthermore, the sequence a,, is regularly varying with index 1/a. In this framework, if
{X;, i > 1} is an i.i.d. sequence of regularly varying random variables and X;,, = a,'X;, then
condition 1) is equivalent to
wh
nPla,'X, € -] S v

where the limit measure v is homogeneous of order —a < 0 and

M,(u,t) = a,*'

n

max X;(t), u>0,teT.

1<i<[nu]

2.3 Extremes of independent stochastic processes

We go back to our original problem where the X,,’s are non negative continuous processes on
T. We endow the set C* = C*(T) of non negative continuous functions on 7" with the uniform
norm ||z|| = sup,eq |z(t)], z € C*. It turns out that, when working with maxima, the uniform
metric is not adaptated, mainly because sets such as {x € CT; ||z|| > £} are not bounded for this
metric. For this reason, we introduce @g = (0, 4+00] x Sc+ where Sc+ = {z € CT : ||z|| = 1}
is the unit sphere. We define the metric

d«rl;Sl)a (T2732)) = |1/7’1 - 1/7"2’ + H31 — SQH, (7“1,51), (7“2,82) € @S_
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CHAPITRE 2 : Extremes of independent stochastic processes : a point process approach

The metric space (@SL, d) is complete and separable. Define also C; = C* \ {0} and consider
the “polar decomposition” :

T{C(J)r — (0,00)XS((;+
z = (=], z/]z)

The mapping 7 is an homeomorphism and we identify in the sequel C¢ and (0, +00) x Sc+. In
this metric, a subset B of C{ is bounded if and only if it is bounded away from zero, i.e. included
in a set of the form {z € C¥; ||z|| > £} for some € > 0.

2.3.1 Spatial maximum process

For the sake of clarity, we present first our results on the spatial maximum process M,, defined
by Equation (2.1).

wh — —
Theorem 2.3.1. Assume that nP|X,, € -| > vin Mbﬁ((Cg) and that I/(CJ \ C{) = 0. Then, the
process M, weakly converges in C* as n — oo to the process M defined by

M(t) =supYi(t), teT, 2.4)

i>1
where Y .-, Oy, is a Poisson point process on C{ with intensity v.

The proof of Theorem [2.3.T|relies on the following Lemma. With a slight abuse of notation,
we define . .,
M, (C3) = {1 € M ,(Cq) : (T \ C) = 0}.

. =+
Note M (ﬁbm) (C{) is an open subset of M. (ﬁb,p)“:o ).

Lemma 2.3.2. The mapping 0 : M(ﬁb p)((CaL) — C* defined by 6(0) = 0 and

9(2 5(”,51.)) = <t — supq{r;s;(t); i € I})

iel
is well-defined and continuous.

Proof of Lemma2.3.2}

— First, we show that the mapping 6 is well defined. This is not obvious since the pointwise
supremum of a countable family of functions is not necessarily finite nor continuous.
For £ > 0, let ;1) be the restriction of 1 on the set B° = [¢, o] x Sc. Since B° is bounded
for the metric d, the point measure £() has only a finite number of atoms and therefore
6(u'®)) is the maximum of a finite number of non negative continuous functions and is
hence a non negative continuous function.
Furthermore, for all t € T, |0(u®)(t) — 0(u)(t)| < e. So O(y) is the uniform limit as
e — 0 of the continuous functions . (u), and hence 6(p) € C* and satisfies

0
10(1)) = 0(p)]| < . (2.5)
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2.3 Extremes of independent stochastic processes

— Second, we show that the mapping 6 is continuous.
Let {ftn = > ;c; 0on, 7n > 1} be a sequence of measures in M éjhp)((Car) converging to
W= Ziel dz,. For all € > 0, there exists ¢’ < ¢, N > 0 and m > 0 such that

m

Vn> N, p)= i (590?5/ and &) = Z‘Swf’
i=1

i=1

with 27 25 € B and 27¢ — 5 as n — oo. Clearly, this implies that H(Mv(f/))
converges in C* to #(u®)) as n — oo. Hence there exists an integer n, such that
16(157)) = 6(u")|| < & for all n > ny.

Then, thanks to Equation (2.5]), we obtain for n > ng

16Gn) = Ol < 116(ka) — O + 10(s7) = O+ 116(1?) — B())]| < 3e.

This proves that 6(p,,) — (1) as n — oo and that the mapping 6 is continuous.
U

Proof of Theorem[2.3.1]:

Under the assumption nPP[X,, € -] w v, we know from Proposition [2.2.1| that the empirical

measure (3, defined by Equation (2.3) weakly converges in M, ) (@3 ) to a Poisson point

process II, with intensity v. The assumption u(@g \ C§) = 0 ensures that II, lies almost
surely in M, ,)(Cg). Note that M,, = 6(3,), and according to Lemma the mapping 0
is continuous. So the continuous mapping Theorem (see e.g. Theorem 5.1 in Billingsley [8]])
entails 0(5,) = 6(11,) which is equivalent to M,, = M. O

2.3.2 Spatio-temporal maximum process

We consider now convergence of the space-time process M, defined by Equation 2.2).

For fixed u > 0, the space process ¢ — Mn(u, t) is sample continuous and non negative, i.e. a
random elements of C*. Furthermore, the time process u +— Mn(u, -) can be seen as a C*-valued
cad-lag process on [0, +00); it is indeed constant on intervals of the form [k/n,k/n + 1/n),
k € N. Hence, we will consider the process M, as a random element of the Skohorod space
D([0,400), C*) endowed with the .J;-topology (see for example Ethier and Kurtz [39] for the
definition and properties of Skohorod space).

Theorem 2.3.3. Assume that nP[X,, € -] “ v in M} (@T ) and that u(@g \ C§) = 0. Then, the
process M,, weakly converges in D([0, +00),Ct) as n — oo to the superextremal process M
defined by

M (u,t) = sup{Yi() 1y, 4oo)(u); i > 1}, u >0, teT, (2.6)

where Zizl S(v,,us) s a Poisson point process on Cg x [0, +00) with intensity v ® .
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CHAPITRE 2 : Extremes of independent stochastic processes : a point process approach

For the proof, we will need the following analoguous of Lemma @ in the space-time
framework. Let M£7P(Cg x [0, +00)) be the subset of measures j1 € M, bp)((C x [0, +00)) such

that u((C; \ Ci) x [0, +00)) = 0 and define

(j{eMjj

(v (Co % [0,+00)); u(Cy x {u}) <1 forallu > 0}.

In other words, a measure p = Zie 7 O(ri,s:,u,) Delongs to C if and only if r; < +ooforallz € [
and the u;’s are pairwise distinct.

Lemma 2.3.4. The mapping 0 : M v (Co % [0,+00)) = D([0, +00), C*) defined by 8(0) =0

and
é(Zé(msiul ) = < u, t) = sup{ris;(t) Lju, o00) (w); @ € I})

i€l

is well defined and continuous on C.

Proof of Lemma 2.3.4}

The proof is similar to the proof of Lemma [2.3.2)and we glve only the main lines.
— First we show that 6 is well defined. Recall that (C x [0, +00) is endowed with the metric

d((rh sl,ul), (TQ, 827u2)) = d((?”l, 81), (T‘Q, 82)) + |U,2 — U1|.

Let 1 € Mjj ((C+ x [0,+00)). For ¢ > 0 and M > 0, let u&*) be its restriction to
BsM = [g, +oo] X Sc+ x [0, M]. Slnce B=M is bounded, ;(**) has only a finite number
of atoms and we easily check that 6(1(™)) belongs to D([0, +00), C*). Furthermore, for
u< MandteT,

[0(1ED) (u, 1) —

0
so that 6(1(™)) converges uniformly on [0, M] x T to 0(;) as € — 0. The constant M
being arbitrary, this implies that 6(x) € D([0, +-00), C*) and that the application 8 is well
defined. It also holds that

()(u,t)] < e

sup |0 (u,t) — O(p)(u,t)| < e. (2.7)
(u,t)€[0,M]xT

— Next, we show that 0 is continuous on C.
Let {ftn, = > ;c; 0zn; m > 1} be a sequence of ]\4&1))(((33r X [0,400)) converging to
p= icr0a € C.Foralle > 0 and M > 0, there exists &’ < &, M’ > M, N > 1 and
some m > 1, such that

m m
iz N, N =30 and g0 =370,
=1 =1

with 2 = (rl', s?, ul), z; = (14, 8i,u;) € BeM and x — x; as n — oo. The condition

RE A Mt}

i € C ensures that the u;’s are pairwise distinct and we can suppose without loss of

24



2.4 Properties of the limit process

generality that u; < --- < u,,. For n large enough, we will also have u} < --- < up,.
Define §s the metric associated with the .J;-topology on ID([0, M'], C*) by

Ope(z,y) =1inf  sup |z(Au, t) — z(u,t)|
A (u,t)€[0,M')|xT
where the infinimum is taken over the set of non-decreasing homeomorphisms A of [0, M'].
Since for large n the u;’s and the «'’s are in the same relative order, there exists a non-
decreasing homeomorphism \’};, of [0, M'] such that A}, (u}) = u; forall 1 <1i < m. We
then have

Snar (O ™ )), O(ut=MY)

< S (0(p)) 00 ™)) 4 Sarr (O(s ™M), B MDY) + 80 (B(1 M), B(11))
< sup ’maxlﬁlém( ( )1 AT ult,+00) (u)) - 1@%}( (TiSZ( )1[uz +00) ( ))|
(u,t)€[0,M']xT A sism
=  max ||r’'s? — ;s
1<i<m

— 0 asn — oo.

Hence, for sufficiently large n, 5y (0(pl ™), (€M) < & and thanks to Equation
(2.77), this entails

53 (0(412)), 0(11)) o ) )
> §M’<< ), 00 ™)) 4 O (Bt ™), (M) 4 Sagr (B( 1), (1))
< €.

Since M’ is arbitrary large and ¢ arbitrary small, this proves the convergence (yi,,) to (s
in D([0, +00), C*).
U

Proof of Theorem[2.3.3} .
The proof is very similar to the proof of Theorem Note that M, = 6(f3,) where 3, is

defined by Equation @]) According to Proposmon , the emplrlcal measure ﬁn weakly
converges in M, bp ((C X [0,+00)) to a Poisson pomt process II, with intensity v ® ¢. The
assumption u((C \ C¢) and the fact that the Lebesgue measure ¢ has no atoms ensure that
H lies almost surely in C'. From Lemma [2.3.4] the mapping 6 is continuous on C, so that the
contlnuous mapping Theorem implies 0(5n) = G(H ) which is equivalent to M,, = M. O

2.4 Properties of the limit process

In this section, we give some properties of the superextremal process M defined by Equation
in Theorem[2.3.3] First, we characterize its finite dimensional distributions. We use vectorial
notations : for I > 1,t = (t1,...,4;) € T,y = (41,...,m) € [0,+00)" and u > 0, we write
M (u,t) <y if and only if M(u,t;) < y; foralli e {1,...,1}.
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CHAPITRE 2 : Extremes of independent stochastic processes : a point process approach

Proposition 2.4.1. Fork > 1,0 =ug < u; < -+ < up, t € T'and yy,...,yx € [0,+00), it
holds

P M(ul,t) <Vyi, ..., M(uk, } HeXp —uj_1)v(A;)]

with Aj = {f S (Ca_, di € 1, ey l, f(tl) > InlIlij yk,i}-

Proof of Proposition 241y .
Let j € {1,...,k}. Note that M (u;,t) < y; if and only if II,, doesn’t intersect the set

B ={(f,u) € C§ x[0,+00); u <wujand Fi € {1,---1} f(t;) > y;.}
So, we have
P31, ) <y, Mug ) <ye| = P[i, 0 (UL, By) = 0]
— expl-(v® (UL, B).
The B;’s are not pairwise disjoint. To compute the measure (v ® £)(UY_, B;), we observe that
Ui By = Uiy ([wj-1,u5) x Ay) U ({ug} x Ay)

where the sets in the right hand side are pairwise disjoint. From this, we deduce

(v®0)(u

uj — uj—1)v(A;).

IIMw

This proves the Proposition. U

Next we prove that the process u —» ]\:4 (u,-) is a C*-valued homogeneous Markov process.
Let F, be the o-algebra generated by {M(s,t); s € [0,u],t € T}. The symbol V stands for
poinwise maximum.

Proposition 2.4.2. Let u > 0. The conditional distribution of (M [ (w+h,-))hso given F, is equal
to the distribution of (M (u,-) V M'(h,-))n>0 where M’ is an independent copy of M.

In some sense, this Proposition states that the process M has “independent and stationary
increments” with respect to the maximum : for 0 = 1wy < u; < --- < uy, the distribution of
(M (ui, -))1<i<k is equal to the distribution of

(v;lej(Uj — Uj-1, ‘))1§i§k7

where M, ..., M* are ii.d. copies of M. This property is similar to the property of indepen-
dence and stationarity of increments (with respect to the addition) of Lévy processes. For a fixed
point t € T, the process { M (u,t), w > 0} is known as an extremal process (see Proposition
4.7 of Resnick [62]).
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2.4 Properties of the limit process

Proof of Proposition[2.4.2]

Consider the decomposition IT,, = 19 U 1> where
M0 =11, N (C¢ x [0,u]) and I =TI, N (CF x (u, ).

By the independence properties of the Poisson point process, fﬂ? “ and INIL”’OO) are independent.
Furthermore,

M(u +h,:) = sup{rs(-)lj to0)(u+ h); (r,s,v) € ﬁl[P,u]}
V Sup{rs(.)l[wroo)(u -+ h)’ (7“, s, U) c ﬁl(/u,oo)}

and the two terms in the r.h.s. are independent. It is easily seen that the first term is equal to
M (u, ), and that the invariance of the Lebesgue measure ¢ implies that the second term has the
same distribution as M (h, -). This proves the Proposition. O

In the particular case when the measure v is homogeneous of order —a < 0, the process M
enjoys further interesting properties.

Proposition 2.4.3. Suppose v is homogeneous with index —a < 0. Then :
— M is max-stable with index o > 0, i.e. if M L ..., M" are independent copies of M, the
maximum V™ M has the same law as na M. .
— M is self-similar with index X, i.e. for all ¢ > 0, the rescaled process (M (cu,-))y>o has
the same distribution as (¢'/* M (cu, -))u>0

Proof of Proposition[2.4.3]
We check that the the two processes have the same finite dimensional distributions. To this aim,
we use Proposition [2.4.1]and the notations of the proposition.

— Let M, ..., M" be independent copies of M. By Proposition and the homogeneity
of u,

P[v?zl Mi(uj,t) <y, Vj € {1,...,k}] = P[M(uj,t) <yj, Vi€ {1,...,k}]n
k
= Hexp[—(uj —uj1)v(Aj)]"

=1

= H exp[—(u; — uj71)V(n71/aAj)]

This proves the max-stability.
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CHAPITRE 2 : Extremes of independent stochastic processes : a point process approach

— Similarly, the self-similarity is proven as follows :

P M(cuj,t) <y;, Vjedl,... Jc}} = Hexp[—c(uj —u;_1)v(A)]

2.5 Further order statistics

The point process approach for extremes is powerful : the convergence of the empirical mea-
sure [3, entails not only the convergence of the maxima M,, but also of all the order statistics,
and a similar result hold for the space-time version of these processes.

For1 <r <nandt € T, define M (t) as the r-th largest value among X, (%), ..., X, (t).
Note M}(t) = M,(t) is simply the maximum. For 7 > n, we use the convention M (¢) = 0. The
process M = (M (t));er is refered to as the r-th order statistic of the sample { X1, ..., X1, }.
Similarly, for » > 1, ¢ € T and v > 0 define M};(u, t) as the r-th largest value among
X1n(t), -+ ., Xjnuln(t) with the convention M (u,t) = 0 if » > [nu]. An alternating definition in
terms of the empirical measure B, is given by

M (u,t) = sup{y > 0; B,(BY,) >}

with By, = {(f,v) € Cg x [0,400); f(t) > y,v < u} and the convention that the supremum
over an empty set is equal to zero.
With these notations, we can strengthen Theorem as follows :

Theorem 2.5.1. Assume that nP[X,, € -] “ in M} (@Sr) and that 1/(@:; \ C¢) = 0. Then, for
each v > 1, the joint order statistics (M, ..., M) weakly converges in D([0, +00), (C*)") as
n—ooto (M, ... M") defined by

Mj(u,t) = sup{y > 0; l:I,,ﬂBZ’t >r}, 1<ji<r,u>0teT,
with I1,, a Poisson point process on C3 x [0, +00) with intensity v & (.

The limit process M/ corresponds to the r-th space-time order statistic associated to the point
process II,,.
Proof of Theorem|[2.5.1]:
Using once again Proposition [2.2.1] and the continuous mapping Theorem, it is enough to prove
the following generalization of Lemma [2.3.4]: the mapping

0" : M}, (C§ x [0,400)) = D([0, +00), (C*)")
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2.6 Gaussian case

defined by #(0) = 0 and
0(8)(u,t) = (sup{y > 0; B(BY,) > j}i<j<r

is well defined and continuous on C'. The proof is very similar to the proof of Lemma and
the details are omitted for the sake of brevity. U

2.6 Gaussian case

Gaussian processes can be very useful for modelisation in EVT, Kabluchko, Schlather and
de Haan in [51] have extended its use for the construction of Brown-Resnick processes. The-
reafter the work of Kabluchko [49] on extreme of gaussian process inspired us to use Gaussian
processes, to create processes (log-normal processes ) verifying the condition given in section 3
to construct partial maxima processes which converge to a superextremal process.

Solet {Z,,n € N} be a sequence of continuous zero-mean Gaussian, unit-variance processes
with covariance function 7, (t1,t2) = E[Z,(t1)Z,(t2)], t1,t2 € T. Here (T,d) is a compact
metric space verifying :

/Ol(log N(e))Y%de < o0

where N (g) is the smallest number of balls of raduis ¢ needed to cover T'. Let define following
processes :

{Yo(t) = bn(Zn(t) = bn), t€T},
with b, = (2logn)"? — (2logn)~*2((1/2) loglog n + log(2y/7)),
and the log-normal process{ X,,(t) = exp Y,.(t), teT}.
Theorem 2.6.1. Fixt, € T. Suppose that :
i ) Uniformlyint,,to €T :

F(tl,tg) = lim 4(1 — T’n(tl,tg)) IOgTL € [O, OO) (28)

n—oo

ii ) Forallt,ts € T, 3o > 0,C, >0

sup 2(1 — r,(t1,t2)) logn < Cid(ty, ts). (2.9)

n=1
Then : u
lim nP[X, € -] = v(-) in M}(C),

n—oo
o 1
where v(A) = / P[wew(')_%r(to") € Al—dw, Aisabounded set of C,
0 w

{W(t),t € R} is a Gaussian process with incremental variance T such that W (ty) = 0.
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CHAPITRE 2 : Extremes of independent stochastic processes : a point process approach

Let Y be the process Y,, conditioned by Y;,(t9) = w, with E[Y*(¢)] = u¥(t). We have :
[ () = wr(t, to) + b2 (ra(t, to) — 1)

Cov[Y(t1), Y, " (t2)] = b2 (r(ty, ta) — Tn(ty, to)rn(ta, to)) -

Lemma 2.6.2. If the criterions of the theorem hold, then the family Y, — p', w € R,n € N is
tight un C(K). Fix w , the family (Y, )nen is tight.

Proof of Lemma [2.6.2}

This lemma has already been proved, when the criterions of the theorem hold, by Kabluchko (see
demonstration of Theoreme 6 of [49]]).

O
Lemma 2.6.3. If the conditions of| hold, then :
1
(Yot € RY L% fw+ W) - SL(tto).t € T},
Proof of Lemma[2.6.3}
We have :
Pl () = wry(t, to) + b2 (ra(t, to) — 1)
COU[Y,;U(tl), an<t2)] = bi(?“n(tl, tg) — ’I"n(tl, to)’l"n(tg, to))
Since for every tq,ts € T, I'(t1,t3) < oo, Hence :
. 1
lim p;;(t) = w— (2, to)
n—oo 2
: w w 1
nh—{{olo CO’U[Yn (tl), Yn (tg)] = §(F(t1, to) + F(tg, to) — F(tl, tg))
Therefore : .
(Ye@),te Ty L% fw+W(t) — SL(tt0) t € T},
O
Proof of Theorem[2.6.1}

This proof is inspired by the work of Kabluchko, Schlather and de Haan (see proof of theorem
17 of [31]), but here, to prove the theorem we will use the convergence criterions given by Hult
et Lindskog (see theorem 4.4 of [47]) :

i) sup nPlsup,cx Xn(t) > 7] < 0.
T S d—o
i) Jim sup nPlwx, (6) > ¢e] =0

iii ) Convergence to v in the sense of finite-dimensional .
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2.6 Gaussian case

e Proof of 1).
For 7 = Inr, We have :
nP[sup X, (t) > r] = nP[sup,cx Ya(t) > 7]
teT
n 2 /91,2
= ————— [ e/ PPsup V¥ (t) > 7]d
e su T]dw
vV 27Tbn6b%/§ f]R; [tezl“) w() > 1]
<2 [y et 2 Plsup Y, (1) > Fldw .
teT

For every c; € R, there exists some h; > 0 such that
+oo . +oo
/ e T2 Plsup V() > 7ldw < / e Ydw=hy < o0
C1 teT C1

By Lemma [2.6.2] there exists ¢; > 0 such that

Plsup(¥,"(1) — (1) > e <

N | —

For some c3, ¢4, we have

sup pu(t) < w + c3, and sup VarY,“(t) < cj.

teT teT
Applying Borell’s inequality, we obtain

r—w—Cy — C3

Plsup Y,4(t;) > 7] < 2u( )
teT Cy

Where 1) is the tail of the standard Gaussian distribution. We have

T —w —Cy — C3 (Fzw—ca—c3y2

<e °4
() <o
Choosing w sufficiently small, we obtain :
Plsup Y,“ () > 7] < 2¢ % (2.10)

teT

So, choosing c; sufficiently small, there exists some hy > 0 such that

c1 Cc1 w2
/ e TP sup Y () > F — wldw < / e " dw = hy < 0.

—00 teK —00

Therefore, there exists some h, we can choose here h = h; + hs, such that :

sup nP[sup X,,(t) > r] < h < o0
n teT
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CHAPITRE 2 : Extremes of independent stochastic processes : a point process approach

e Proof of ii).

—For all § > 0, we have
wx,, (0) = weva (0)

Hence

w?
\/%b €b2 /2 f Qb%P[weY#) (5) 2 g}dw
QfR sup]P W,y (0) = eldw .

sup nPlwy, (0) > ¢] = =sup e s

By tightness of the sequence {e¥», n > 1}, for every fixed w, we have :

. (8 S o]
(151{% sup Plwywe (0) > €] =0

thelel()le
1 (& w > =
(1;1{‘% sup Plw, v (0) =2 €] =0

—For all 0 < § < 4y, ¢ > 0, we have

w ifw > —c
e supPlwyy (0) Z €] < 4§ ow sup Plw, vy (d0) = €] if w < —c

n

+o0
/ e Pdw = e < 0o and w, vy (6y) < sup(e’™)

C

S0, we have
Plw. v (09) = €] < P[sup(Y,)’) > Ine] siw < —c¢

By (2.10), for some c sufficiently large, VC, there exists some % such that

/ e “sup P[sup(¥,”) = Cldw < h < oc.

o0

Hence, for 0 < § < g, we have :

/e_w sup Plw, vy (§) = eldw < h + € < 0.
R

n

therefore, we can use the dominated convergence theorem

. S
}Slirg)sgpnp[w)cn@) >¢el=0

e Proof of iii).
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2.6 Gaussian case

Let J C N be a finite subset with |J| =k, {¢;, j € J} beasequence of 7" and {y;, j €
J} be a sequence of R. We have

]- 2\2 2
\/27Tbn€b’21/2 ~ 1 and w) = e~ (w+b3)* /20,
Fraten (@) V2,

So, for y; = In x; we obtain

nP[3j5 € J: X,(t;) > x;] = nIP[EIj eJ:Y,(t ) > yj]
_wtbg)?

2 P[j e J Y, () > y;|Ya(te) = w]dw

\/%b Jne

\/27Tb eb2/2 Jre
~ fpe 2b2 P[Ej € J:Y,"(t;) > y;]dw

TUTRIPE) € T YO (t) > yldw

And .
P35 € J: Y, (t;) > ;]

NN

> es PRI (t5) > w4l
> jes P [Sup Yu(t) > yj] :

teT
Since there existe some h such that for all n, 5 :

/e_w 2bQIP’[squ (t) > y;
R

teT

dw < h < o0,

so we obtain
/e_w_;l’;LIED[EIj e J: Y, (t;) > y;ldw < kh < co.
Furthermore since :
nh_)rgo eﬂk%@’[ﬂj €J Y (t) >yl =e“PEFje w+W(t;) — %F(tj,to) > ;]
by applying dominated convergence theorem, we obtain
lim nB[Ej € J: Xot)) > a,) = /RewIP’[EIj € T w W) = STt 1) > )
We may write the above as
nll_}Ilolo nP[3j € J: X, (t;) > zj] = /000 P[3j € J : we )3T ko) > xj]idw.

Therefore nP[X,, € - | converges to v in finite-dimensional sense .
The three conditions of the convergence criterion hold, so we have

lim nP[X,, € -] vt v(-)in C{.

n—oo
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CHAPITRE 2 : Extremes of independent stochastic processes : a point process approach

Remark 2.6.4. As in Kabluchko [49], Theorem can easily be generalised to deal with
non reduced process (zero-mean Gaussian processes) under a suitable scaling assumption of the
covariance function.
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Chapitre 3

Regular conditional distributions of max
infinitely divisible processes

Abstract

This paper is devoted to the prediction problem in extreme value theory. Our main result is
an explicit expression of the regular conditional distribution of a max-stable (or max-infinitely
divisible) process {7(t)};er given observations {n(t;) = y;, 1 < i < k}. Our starting point
is the point process representation of max-infinitely divisible processes by Giné et al. [44]]. We
carefully analyze the structure of the underlying point process, introduce the notions of extremal
function, sub-extremal function and hitting scenario associated to the constraints and derive the
associated distributions. This allows us to explicit the conditional distribution as a mixture over
all hitting scenarios compatible with the conditioning constraints. This formula extends a recent
result Wang and Stoev [79] dealing with the case of spectrally discrete max-stable random fields.
This paper offers new tools and perspective for prediction in extreme value theory together with
numerous potential applications.

3.1 Introduction

3.1.1 Motivations

Max-stable random fields turn out to be fundamental models for spatial extremes since they
arise as the the limit of rescaled maxima. More precisely, consider the component-wise maxima
N (t) = gzagiXi(t), teT,
of independent and identically (i.i.d.) random fields {X;(¢)}ier, ¢ > 1. If the random field
M = (Nn(t))ier converges in distribution, as n — oo, under suitable affine normalization, then
its limit 7 = {n(¢) }ser is necessarily max-stable (see e.g. [31}62]). Therefore, max-stable ran-

dom fields play a central role in extreme value theory, just like Gaussian random fields do in the
classical statistical theory based on the Central Limit Theorem.
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Since the pioneer works by Fisher and Typett [40] and Gnedenko [45]], the univariate theory
of extremes is now well established with extensive studies on models, domains of attraction,
parameter estimations, efc. (see e.g. de Haan and Fereira [31]] and the references therein). The last
decades have seen the quick development of multivariate and spatial extreme value theory : the
emphasis is put on the characterization, modeling and estimation of the dependence structure of
multivariate extremes. Among many others, the reader should refer to the excellent monographs
6,31, 138, 162]] and the reference therein.

In this framework, the prediction problem arises as an important and long-standing challenge
in extreme value theory. Suppose that one already has a suitable max-stable model for the depen-
dence structure of a random field = {n(t) };c7 and that the field is observed at some locations
t1,...,tx € T. How can we take benefit from these observations and predict the random field
n at other locations ? We are naturally lead to consider the conditional distribution of (n(t))er
given the observations {n(t;) = v;, 1 < i < k}. A formal definition of the notion of regular
conditional distribution is deferred to the Appendix [3.A.2]

In the classical Gaussian framework, i.e., if 7 is a Gaussian random field, it is well known
that the corresponding conditional distribution remains Gaussian and simple formulas give the
conditional mean and covariance structure. This theory is strongly linked with the theory of Hil-
bert spaces : the conditional expectation, for example, can be obtained as the L2-projection of
the random field n onto a suitable Gaussian subspace. In extreme value theory, the prediction
problem turns out to be difficult. A first approach by Davis and Resnick [23, 24] is based on
a L'-metric between max-stable variables and on a kind of projection onto max-stable spaces.
To some extent, this work mimics the corresponding L?-theory for Gaussian spaces. However,
unlike the Gaussian case, there is no clear relationship between the predictor obtained by projec-
tion onto the max-stable space generated by the variables {n(t;), 1 < i < k} and the conditional
distributions of 7 with respect to these variables. A first major contribution to the conditional dis-
tribution problem is the work by Wang and Stoev [79]. The authors consider max-linear random
fields, a special class of max-stable random fields with discrete spectral measure, and give an
exact expression of the conditional distributions as well as efficient algorithms. The max-linear
structure plays an essential role in their work and provides major simplifications since in this
case 1 admits the simple representation

n(t) =\ Zf;(t), teT,

where the symbol \/ denotes the maximum, fi, ..., f, are deterministic functions and Z1, . . ., Z,
are independent and identically distributed (i.i.d.) random variables with unit Fréchet distri-
bution. The authors determine the conditional distributions of (Z;)i<;<, given observations
{n(t;) = yi, 1 < i < k}. Their result relies on the important notion of hitting scenario de-
fined as the subset of indices j € [1,¢] such that n(t;) = Z;f(t;) for some i € [1, k], where,
forn > 1, we note [1,n] = {1,...,n}. The conditional distribution of (Z;);<;<, is expressed
as a mixture over all admissible hitting scenarios with minimal rank. The purpose of the present
paper is to propose a general theoretical framework for conditional distributions in extreme va-
lue theory, covering not only the whole class of sample continuous max-stable random fields
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3.1 Introduction

but also the class of sample continuous max-infinitely divisible (max-i.d.) random fields (see
Balkema and Resnick [3]).

Our starting point is the general representation by Giné, Hahn and Vatan [44] of max-
1.d. sample continuous random fields. It is possible to construct a Poisson random measure
d = Zf\;l d4, on the space of continuous functions on 7" such that

n@£V@@ teT

Here the random variable N is equal to the total mass of ¢ that may be finite or infinite and £
stands for equality of probability laws (see Theorem [3.1.1| below for a precise statement). We
denote by [®] = {¢;, 1 < ¢ < N} the set of atoms of ®. Clearly, ¢(t) < n(t) forallt € T
and ¢ € [®]. The observations {n(t;) = v;, 1 < i < k} naturally lead to consider extremal
points : a function ¢ € [®] is called extremal if ¢(t;) = n(t;) for some i € [1, k], otherwise
it is called sub-extremal. We show that under some mild condition, one can define a random
partition © = (fy,...,0,) of {¢1,...,t;} and extremal functions ¢, ..., p, such that the point
t; belongs to the component ¢, if and only if goj(ti) = n(t;). Using the terminology of Wang
and Stoev [79], we call hitting scenario a partition of {t1,--- ¢} that reflects the way how
the extremal functions ¢y, ..., ¢, hit the constraints ¢} (t;) < 5(t;), 1 < i < k. The main
results of this paper are Theorems [3.3.2] and [3.3.3] where the conditional distribution of 7 given
{n(t;) = vi, 1 <i < k} is expressed as a mixture over all possible hitting scenarios.

The paper is structured as follows. In Section 2, the distribution of extremal and sub-extremal
points is analyzed and a characterization of the hitting scenario distribution is given. In Section
3, we focus on conditional distributions : we compute the conditional distribution of the hitting
scenario and extremal functions and then derive the conditional distribution of 7. Section 4 is
devoted to examples : we specify our results in the simple case of a single conditioning point and
consider max-stable models. The proofs are collected in Section 5 and some technical details are
postponed to an appendix.

3.1.2 Preliminary on max-i.d. processes

Let 7" be a compact metric space and C = C(7T', R) be the space of continuous functions on 7’
endowed with the sup norm

1f]l = jgg!f(t)!, fec.

Let (€2, F,P) be a probability space. A random process 1 = {n(t) }+er is said to be max-i.d. on C
if n has a version with continuous sample path and if, for each n > 1, there exists {n,;, 1 <i <
n} independent and identically distributed (i.i.d.) sample continuous random fields on 7" such

that .
=1

where V denotes pointwise maximum.
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Giné, Hahn and Vatan (see [44] Theorem 2.4) give a representation of such processes
in terms of Poisson random measure. For any function f on 7" and set A C T, we note

J(A) = supieq f(1)-

Theorem 3.1.1. (Giné, Hahn and Vatan [44])
Let h be the vertex function of a sample continuous max-i.d. process 1 defined by

h(t) =sup{zx € R; P(n(t) > z) =1} € [-o0,00), t €T,

and define Cr, = {f € C; f # h, f > h}.

Under the condition that the vertex function h is continuous, there exists a locally-finite Borel
measure |1 on Cy, such that if ® is a Poisson random measure ® on C;, with intensity measure [i,
then

(06} 1er = {sup{h(t), $(t); ¢ € [®]}}er 3.1)

where [®] denotes the set of atoms of P.
Furthermore, the following relations hold :

h(K) =sup{z € R; P(n(K) > z) =1}, K C T closed, (3.2)

and
Pn(K;) <zi, 1 <i<n]=exp[—p (U {f €Cp f(K;) >z}, (3.3)

where n € N, K; C T closed and x; > h(K;), 1 <i <n.

Theorem [3.1.1] provides an almost complete description of max-i.d. continuous random pro-
cesses, the only restriction being the continuity of the vertex function. Clearly, the distribution of
7 is completely characterized by the vertex function A and the so called exponent measure (1. The
random process e’ — e is continuous and max-i.d. and its vertex function is identically equal to
0. Since the conditional distribution of 7 is easily deduced from that of ¢” — ¢”, we can assume
without loss of generality that h = 0 ; the corresponding set C; is the space of non negative and
non null continuous functions on 7'.

We need some more notations from point process theory (see Daley and Vere-Jones [20,21]).
It will be convenient to introduce a measurable enumeration of the atoms of ¢ (see [21] Lemma
9.1.XIII). The total mass of ® is noted N = ®(Cy). If ;4(Cy) < oo, N has a Poisson distribution
with mean 1(Cp), otherwise N = +o0 almost surely (a.s.). One can construct Cy-valued random
variables (¢;);>1 such that & = S 4.

Let M,(Cy) be the space of point measures M = . _, d;, on Cy such that

il
{fi € Co: ||fs|| > €} is finite for all € > 0.
We endow M,,(Cy) with the o-algebra M,, generated by the applications
M — M(A), A C CyBorelset.

For M € M,(Cy), let [M]| = {fi, i € I} be the set of countable atoms of M. If M is non null,
then for all £ € T', the set { f(¢); f € [M]} is non empty and has finitely many points in (g, +00)
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for all € > 0 so that the maximum max{f(¢); f € [M]} is reached. Furthermore by considering
restrictions of the measure M to sets {f € Cy; ||f|| > ¢} and using uniform convergence, it is
easy to show that the mapping

T 0
max(M): = [0,400)
£+ max{£(1): f € [M]}
is continuous with the convention that max(M) = 0 if M = 0.
In Theorem (with h = 0), Equation (3.3) implies that the exponent measure  satisfies,
forall ¢ > 0,

pn({f € Co; || f]| > €}) < oo (3.4)

Consequently, we have & € M,(Cy) almost surely and 7 £ max(P).

An illustration of Theorem [3.1.1]is given in Figure [3.1] with a representation of the Pois-
son point measure ¢ and of the corresponding maximum process 7 = max(®P) in the moving
maximum max-stable model based on the Gaussian density function.

FIGURE 3.1 — A representation of the point process ® (left) and of the associated maximum
process 7 = max(®) (right) in the moving maximum max-stable model based on the gaussian
density function. Here 7' = [0, 5].

3.2 [Extremal points and related distributions

In the sequel, n denotes a sample continuous max-i.d. random process with vertex func-
tion » = 0 and exponent measure . on Cy. On the same probability space, we suppose that a
M,(Cy)-valued Poisson random measure ¢ = Zf\il 04, with intensity measure 4 is given and
such that 7 = max(®P).

3.2.1 Extremal and sub-extremal point measures

Let K C T be a closed subset of 7". We introduce here the notion of K -extremal points that
will play a key role in this work. We use the following notations : if f;, fo are two functions
defined (at least) on K, we write
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fi=k fo ifandonlyif Vte K, fi(t) = fa(t),
fi <k fo ifandonlyif Vte K, fi(t) < fa(t),
f1 %K fg if and 01’11y if Jte K, f1 (t) Z fg(t)

Let M € M,(Cy). An atom f € [M] is called K-sub-extremal if f <, max(M) and
K-extremal otherwise. In words, a sub-extremal atom has no contribution to the maximum
max (M) on K.

Definition 3.2.1. Define the K-extremal random point measure ®}; and the K-sub-extremal
random point measure P by

N N
CI)} - Z 1{@‘5(1(7]}5% and P = Z 1{¢i<K7]}5¢i'
=1 i=1

FIGURE 3.2 — Decomposition of the Poisson point measure ® into the /K -extremal point measure
®. (black) and the K -sub-extremal point measure @5 (grey). Left: K = [0, 5]. Right : K = {3}
represented by a black square.

Figure [3.2| provides an illustration of the definition. It should be noted that ®}; and @ are
well defined measurable random point measures (see Lemma[3.A.3|in Appendix [3.A.3). Further-
more, it is straightforward from the definition that

O =0, + &, max(P)=gn and max(Py) <k 7.
Define the following measurable subsets of M, (Cy) (see Lemma in Appendix :
C = {M € My(Co); Vf € (M), f #x max(M)}, (35)
Cilo) = {M € My(Co); Vf € M), f <k g}, (3.6)
where ¢ is any continuous function defined (at least) on K. Clearly, it always holds
oL eCt and Py € Cx(n).

The following theorem characterizes the joint distribution of (®}., ) given that ®; is finite.
We note ¢y the Dirac mass at 0.
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Theorem 3.2.2. For all measurable A, B C M,(Cy),
P[(®%, ®x) € A x B, }(Co) = 0] = exp[—1(Co)] do(A) do(B),
and, for k > 1,

P[(®), Pr) € A x B, ®(Co) = k]

1
A st caen® 2 € B0 (V' 1)] s, )
0

Theorem fully characterizes the joint distribution of (®}., ) provided that 7, (Cy) is
almost surely finite. We now focus on this last condition.

Proposition 3.2.3.
The K-extremal point measure ®}. is a.s. finite if and only if one of the following condition
holds :

(i) p(Co) < +o0;
(i) p(Cy) = 400 and tlél}f( n(t) > 0 almost surely.

It should be noted that any simple max-stable random field (with unit Fréchet margins) satis-
fies condition (ii) above. See for example Corollary 3.4 in [44]].

Remark 3.2.4. Using Theorem it is easy to show that distribution of (9}, ®%) has the
following structure. Define the tail functional [ix by

ik (9) = n({f €Co; [ £x 9})

for any continuous function g defined (at least) on K. Suppose that ®}; is finite almost surely. Its
distribution is then given by the so-called Janossy measures (see e.g. Daley and Vere-Jones [20]
section 5.3). The Janossy measure of order k of the K -extremal point measure ®}; is given by

Jk(dfl, ce ,dfk) = exp |:—/_LK (\/521 fz)] 1{2511 5fi60;}u®k(dfl’ c ,dfk)

Furthermore, given that ®}. = Zle dy,, the conditional distribution of ®; is equal to the dis-
tribution of a Poisson random measure with intensity 1 (F<xVE L £} p(df). These results are not
used in the sequel and we omit their proof for the sake of brevity.

3.2.2 Extremal functions
Let t € T. We denote by j; the measure on (0, +00) defined by
u(A) = u({f € Coi f(£) € A}), A C (0, +00) Borel set,

and by ji; the associated tail function defined by

fir(z) = p([z, +00)), x> 0.
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Note that

P(n(t) < x) = exp(—=p({f € Co; f(t) = 2})) = exp(—fu(x)), = >0. 3.7)

The following proposition states that, under a natural condition, there is almost surely a unique
{t}-extremal point in ®. This extremal point will be referred to as the t-extremal function and
noted ¢;.
Proposition 3.2.5. Fort € T, the following statements are equivalent :
(i) @}, (Co) = 1 almost surely;
(i) @:(0%) = +o0 and fi; is continuous on (0, +00) ;
(iii) the distribution of 1)(t) has no atom.

If these conditions are met, we define the t-extremal function ¢ by the relation <I>2Lt} =90 of @S-
For all measurable A C Cy we have

P(} € 4) = / expl—fie(£(1))] pldf). (3.8)

An important class of processes satisfying the conditions of Proposition [3.2.5]is the class of
max-stable processes (see section below).

3.2.3 Hitting scenarios

Proposition gives the distribution of ®}. when K = {t} is reduced to a single point.
Going a step further, we consider the case when K is finite. In the sequel, we suppose that the
following assumption is satisfied :

(A) K ={ty,...,tx} is finite and, for all ¢ € K, [i; is continuous and ji,(0") = +oc.

Roughly speaking, this ensures that the maximum 7(¢) = max(®)(t) is uniquely reached for all
t € K. This will provide combinatorial simplifications. More precisely, under Assumption (A),

the event
Qi = [ {2}, (Co) = 1}
teK
is of probability 1 and the extremal functions (b;, ceey (b;: are well defined. In the next definition,

we introduce the notion of hitting scenario that reflects the way how these extremal functions hit
the maximum 7 on K.

Let Pk be the set of partitions of K. It is convenient to think about K as an ordered set,
say t; < --- < 1. Then each partition 7 can be written uniquely in the standardized form
T = (m,...,7) where { = ((7) is the length of the partition, 77 C K is the component of
t1, 72 C K is the component containing min(K \ 71) and so on. With this convention, the
components 7y, . . . , 7, of the partition are labeled so that

min7; < --- < min 7.
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3.2 Extremal points and related distributions

Definition 3.2.6. Suppose that Assumption (A) is met. Define ~ the (random) equivalence rela-
tionon K = {t1,....ty} byt ~t' ifandonlyif ¢; = ¢. The partition © = (0y,...,0y0))
of K into equivalence classes is called the hitting scenario. For j € [1,((0)], let ¢ be the
extremal function associated to the component 0, i.e., such that go;“ = ¢ forallt € 6;.

We illustrate the definition with two examples in Figure [3.3]

FIGURE 3.3 — Two realisations of the Poisson point measure ¢ and of the corresponding hitting
scenario © and extremal functions ¢, ..., gpz(@) with K' = {ty,ty,13,t4} represented by the
black squares. Left : the hitting scenario is © = ({¢,}, {t2}, {t3,t4}), the extremal functions are
of = ¢, ¢35 = ¢ and ¢F = ¢;, = ¢/ . Right : the hitting scenario is © = ({t1,t2}, {t3,t4}),
the extremal functions (black) are pf = ¢; = ¢, and p3 = ¢;, = ¢;.

Clearly a point ¢ € [®] is K-extremal if and only if it is ¢-extremal for some ¢ € K, so that
[®F] = {¢;, t € K}. Furthermore, the random measure ®. is almost surely simple, i.e. any
atoms have a simple multiplicity, otherwise the condition @E} (Co) = 1 a.s. would not be satisfied
for some ¢ € K. These considerations entail that

«e)
Vo= D0t (3.9)
j=1

In particular, the length ¢(©) of the hitting scenario is equal to ®};(Cy). Furthermore the extremal
functions satisty

Vi€ L4, vteb;, of(t)>\ o)1) (3.10)
J'#i
The distribution of the hitting scenario and extremal functions is given by the following
proposition. The proof relies on Theorem [3.2.2]

Proposition 3.2.7. Suppose Assumption (A) is met.
Then, for any partition T = (11,...,7;) € Pk, and any Borel sets A C C5, B C M,(Cy), we
have

PO =1, (¢f,...,p7) € A, &, € B| (3.11)

— ¢ L
=/, Lyvend, ;5-,V,z; £, [@ € BNk (\/j:1 fj)] peo(dfy, ... dfe).
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CHAPITRE 3 : Regular conditional distributions of max infinitely divisible processes

3.3 Regular conditional distribution of max-id processes

We now focus on conditional distributions. We will need some notations.

If s = (s1,...,8) € T and f € Coy, we note f(s) = (f(s1),...,f(s;)). Let s be the
exponent measure of the max-i.d. random vector 7(s), i.e. the measure on [0, +00)'\ {0} defined
by

is(A) = u({f € Cos f(s) € A}), A C [0,+00)"\ {0} Borel set.

Define the corresponding tail function

fis(x) = u({f € Co; f(s) £ xand f(s) #0}), x € [0,+00)"

Let { Ps(x,df); x € [0, +00)"\ {0} } be a regular version of the conditional measure z(df) given
f(s) = x (see Lemma|3.A.2|in Appendix |3.A.2). Then for any measurable function

F :[0,4+00)! x Cy — [0, +00)

vanishing on {0} x Cy, we have

[rueman = =[] PR 61)

Co

Lett = (t1,...,tx) andy = (y1,...,y%) € [0,+00)". Before considering the conditional
distribution of 1 with respect to 7(t) = y, we give in the next theorem an explicit expression
of the distribution of 7(t). We note K = {t,...,t;}. For any non empty L. C K, we define
L={ic[l,k]:t; € L} and sett; = (t:);c;, ¥z = (vi);ez and L¢ = K ~ L.

Theorem 3.3.1. Suppose assumption (A) is satisfied. For T € Py, define the measure v{ on
[0, +00)* by
v (C)=P(nt) e C; ©=1), C C|0,+00)* Borel set.

Then,

l
vi(dy) = expl=in)] Q) { P, (vo 1/ (te) <yee}) e, (dy) ) G13)

7=1
and the distribution vy of 1)(t) is equal tovy = 3 __p, V4.

Under some extra regularity assumptions, one can even get an explicit density function for 4
(see the section [3.4.3|on regular models below).

We are now ready to state our main result. In Theorem [3.3.2] below, we consider the regular
conditional distribution of the point process ¢ with respect to 7(t) = y. Then, thanks to the rela-
tion 7 = max(®), we deduce easily in Corollary below the regular conditional distribution
of 1 with respect to n(t) =y.
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3.3 Regular conditional distribution of max-id processes

Recall that the point process has been decomposed into two parts : a hitting scenario © to-
gether with extremal functions (¢, .. ., @Ze)) and a K -sub-extremal point process @ .. Taking
this decomposition into account, we introduce the following regular conditional distributions :

m(y, ) = PO€- |n(t)=y]
Qi(y, 7, -) = Pl(y;)€-|n(t)=y,0=r]
Rt(y>T7 (fj)7 ) = ]P[CI);( S | U(t) = y7@ =T, (@j) = (f])]

We use here the short notations ¢ = {(7), (¢7) = (¢f,...,¢;) and similarly
(fj) = (f1,-.., fo). The following theorem provides explicit expressions for these regular condi-
tional distributions.

Theorem 3.3.2. Suppose assumption (A) is satisfied.

1. Forany T € Pk, it holds v¢(dy)-a.e.

.
dy{

(Y, T) = . (y) (3.14)

where vy and v{ are defined in Theorem and dv{ /dvy denotes the Radon-Nykodym
derivative of v{ w.r.t. v4.

2. It holds v (dy)m(y, dT)-a.e.

Yt <yr P, (v df)
Quly. 7 dfy - dfe) = ®{Pﬁ (yr,, [t ) <yre})

In words, conditionally on n(t) = y and © = T, the extremal functions (o7, ..., o))
are independent and gpj follows the distribution Ptfj (¥, df) conditioned to the constraint

f(tTJC) < Y‘rc
3. Let Cy (y) = {M € M,(Co); Vf € [M], f(t) <y} It holds a.e.

}. (3.15)

IP’[fIJ e BNCy (y)]
Re(y,7,(f;),B) = Ry, B) = 3.16
for any measurable B € M,(Cy). In words, conditionally on n(t) =Yy, ® is independent
of © and (o7, ..., 902(9)) and has the same distribution as a Poisson point measure with

intensity 1) <yy(df).
As a consequence, we deduce the regular conditional distribution of 7 with respect to
n(t) =y.
Theorem 3.3.3. It holds v(dy)-a.e.

Pln(s) <z |n(t) =y]
14 —Ptf . s S Z
= expl-u({f(s) £z, f(t) <y} Y m. ][] iﬂt {(ff {)f(< y) <£( i)< ’

TEPK j=1

foranyl>1,s € T"and z € [0, +00)".
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CHAPITRE 3 : Regular conditional distributions of max infinitely divisible processes

Remark 3.3.4. Let us mention that Theorem suggests a three-step procedure for sampling
from the conditional distribution of 7 given 7(t) =y :

1. Draw a random partition 7 with distribution 7¢(y, -).
2. Given 7 = {7,..., 7}, draw ¢ independent functions v, . .., 1, with ¢; following the
distribution P¢_(y~,, df) conditioned on f(t¢) <y

3. Independently of the above two steps, draw ) _._; 0, a Poisson point measure on Cy with
intensity 1yyt)<y}/(df). It can be obtained from a Poisson point measure with intensity
w(df ) by removing those points not satisfying the constraint f(t) <y.

Then, the random field

n(t) = max{y(t),...,¥e(t)} Vmax{ep;(t), i€ I}, teT,

has the required conditional distribution.

The issues and computational aspects of conditional sampling are addressed in the paper [36].
The special case of Brown-Resnick max-stable processes is considered and tractable expressions
are derived and the above three-step procedure is implemented effectively.

3.4 Examples

As an illustration, we apply in this section our general results to specific cases.

3.4.1 The case of a single conditioning point

It is worth noting that the case of a single conditioning point, i.e. kK = 1, gives rise to major
simplifications. There exists indeed a unique partition of the set X' = {¢} so that the notion of
hitting scenario is irrelevant. Furthermore, there is a.s. a single K -extremal function (] which
is equal to the t-extremal function ¢; . In this case, Theorems [3.3.2] and [3.3.3|simplify into the
following proposition.

Proposition 3.4.1. Let t € T' and suppose that conditions (i)-(iii) in Proposition are met.
Then, conditionally onn(t) =y, ¢; and ® . are independent ; the conditional distribution of ¢;
is equal to P,(y,-); the conditional distribution of ® is equal to the distribution of a Poisson
point measure with intensity 1¢ )<,y 1(df ). Furthermore, forl > 1, s € T" and z € [0, +0)’,

Pin(s) <z |nt) =yl = Py, {f(s) <z})exp[—nu({f(s) £z, f(t) <y})]. 3.17)

3.4.2 Max-stable models

We put the emphasis here on max-stable random fields. For convenience and without loss
of generality, we focus on simple max-stable random fields 7, i.e., with standard unit Fréchet
margins

P(n(t) < z) =expl—z lyse, 2 €R, teT.
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3.4 Examples

A random field 7 is said to be simple max-stable if for any n > 1,

Ui £pt \n/ i
i=1

where {n;, i« > 1} are i.i.d. copies of 1. Any general max-stable random field can be related
to such a simple max-stable random field 7 by simple transformation of the margins, see e.g.
Corollary 3.6 in [44]. Furthermore, Corollary 4.5.6 in [31] states that 1) can be represented as

{n(t) ber £ { \/ FiYi(t)} (3.18)

teT
i>1 €

where (I';);>1 is the nonincreasing enumeration of the points of a Poisson point process on (0, 00)
with intensity z~2dz, (Y;)i>1 is an i.i.d. sequence of continuous random processes on 7', inde-
pendent of (I';);>1 and such that

EY;(t)] =1,t€T, and E[|Vi]] < cc.

Since a continuous simple max-stable random field is max-i.d., it has a Poisson point measure
representation (3.1). The normalization to unit Fréchet margins entails that the vertex function is
equal to 0 and that the exponent measure y satifies, forallt € T,

m(dy) =y *1lysmdy and i (y) =y~ ', y>0.

The correspondence between the two representations (3.1)) and (3.18)) is the following : the point
measure ¢ = > .., Ir,y, on C; is a Poisson point measure with intensity

p(A) = / E[l{vieay) r~2dr, A C Cy Borel set,
0

The distribution of the Y;’s, denoted by o, is called the spectral measure and is related to the
exponent measure p by the relation

p(A) = / / Lyreny U(df)T_2d7‘, A C Cy Borel set.
0 Co

Taking into account this particular form of the exponent measure, we can relate the kernel
P,(y, -) to the spectral measure o. For z € R, we note (z)* = max(z, 0).

Proposition 3.4.2. Let 1) be a continuous simple max-stable random field with spectral measure
o andt € T. The {t}-extremal function ¢, has conditional distribution

PIot € 10(0) =31 = Py ) = | 1igas e fO (),

Furthermore, forl > 1, s € T and z € [0, —i—oo)l,

Pln(s) <z [n(t) =y (3.19)
- e[ [ (VL2 20y o] [ s

=1 z;
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CHAPITRE 3 : Regular conditional distributions of max infinitely divisible processes

Equation (3.19) extends Lemma 3.4 in Weintraub [80] where only the bivariate case | = 1
is considered. Note the author considers min-stability rather than max-stability ; the correspon-
dence is straightforward since, if 7 is simple max-stable, then 7! is min-stable with exponential
margins.

3.4.3 Regular models

We have considered so far the case of a single conditioning point which allows for major
simplifications. In the general case, there are several conditioning points and the hitting scenario
is non trivial. This introduces more complexity since the conditional distribution is expressed as a
mixture over any possible hitting scenarios and involves an abstract Radon-Nykodym derivative.
The framework of regular models can be helpful to get more tractable formulas.

The exponent measure y is said to be regular (with respect to the Lebesgue measure) if for
any [ > 1and s € T' with pairwise distinct components, the measure yi5(dz) is absolutely conti-
nuous with respect to the Lebesgue measure dz on [0, +0c)’. We denote by )\ the corresponding
Radon-Nykodym derivative, i.e., us(dz) = \s(z)dz.

Under this assumption, we can reformulate Theorems [3.3.1] and [3.3.2] For example, Equa-
tion implies that the distribution v¢ of 7(t) is absolutely continuous with respect to the
Lebesgue measure with density

v, £(7)

) =exp[—u(y)] 3 [] / Aty re) (¥ 2) 25
y {Zj<y7']¢} !

TEPK j=1

Equation (3.14) giving the conditional distribution of the hitting scenario becomes

()
Hj:l f{zj S )‘(tT]- tre) (¥r,,2;)dz;

Tt (Y7 7—) - (") .
2 e Lm f{zj<y7'.c} )‘(tfjf. ,tfjf.c)(yfj’-v z;)dz,
J

The conditional distribution of the extremal functions Q¢ (y, 7, -) in Equation (3.13)) is based on
the kernel P;(y, df). Using the existence of a Radon-Nykodym derivative for the finite dimen-
sional margins of ., we obtain

/\(t,s)(Ya Z)
Ae(y)

This approach is exploited in [36] for Brown-Resnick max-stable processes. Indeed, the model
turns out to be regular.

Py, f(s) € dz) = dz.

3.5 Proofs

3.5.1 Proof of Theorem and Proposition 3.2.3|

For the proof of Theorem[3.2.2] we need the following lemma giving a useful characterization
of the K -extremal random point measure. If My, My € M,(Cy) are such that My— M, € M, (Cy),
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3.5 Proofs

we call M; a sub-point measure of M.

Lemma 3.5.1. The K -extremal point measure ®}. is the unique sub-point measure o of ® such
that . . .
deCf and @ — d e Cp(max(P)).

Proof of Lemma[3.5.1} )
First the condition ® — ® € O (max(®P)) implies

max(® — ®) <x max(®) and max(P) = max(P).
Let f € [® — ®]. The condition & — d € Oy (max(®)) implies f < max(®P). Since P is a
sub-point measure of ®, max(®) < max(P) so that f <y max(®P) and f is K-sub-extremal in
.
Conversely for f € [N] the condition ® € C}: implies the existence of 5 € K such that

f(to) = max(®)(ty). Hence f(ty) = max(®)(ty) and f is K-extremal in ®.
U

Proof of Theorem[3.2.2}
First note that ®}.(Cy) = 0 if and only if ® = 0. This occurs with probability exp[—u(Cy)] and

in this case ®}; = @5 = 0. The first claim follows.
Next, let £ > 1. According to Lemma [3.5.1, ®(Cy) = k if and only if there exists a k-uplet

(é1,...,r) € [®]" such that

k k
; 5, €C: and @ — ;5@. e (Vo).

When this holds, the k-uplet (¢4, ..., ¢x) is unique up to a permutation of the coordinates and

we have
k k
D 65 =P and - 5, =Dy
i=1

i=1
Hence the sum

\/C’“ 1{25:1 5¢i€AﬂC;§’ (P*Zf:l 6¢i€C§(V§:1 ¢1>} d¢1 Z 5¢J d¢k
0

is equal to k!1 ¢+ )eAxB} if ®:(Cy) = k and 0 otherwise. Using this and Slyvniak’s formula
(see Append1x , we get

KIP[(DF, @x) € A X B, ®(Co) = k]
= E[/Ck 1{2;?:15%@00;, DYk, 64,€BNCK (Vis, 6i)} O (dgr) - Z% (do, }

_ / Lt s cancyB @ € B CE (\/f:1 7] W)
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CHAPITRE 3 : Regular conditional distributions of max infinitely divisible processes

This proves Theorem [3.2.2] O

Proof of Proposition|[3.2.3]

In the case p(Cy) < +oo, ® and a fortiori ®}. are a.s. finite. Suppose now u(Cy) = +o0,
so that ® is a.s. infinite. If inf,c 7(¢) = 0, then there is t, € K such that 1(ty) = 0 (recall
n is continuous and K compact). This implies that ¢(to) = 0 for all ¢ € [®] and hence
®), = @ is infinite. If inf,cx n(t) = € > 0, then the support of @ is included in the set
{f € Co; f(K) > €}. From the definition of M,(C,), this set contains only a finite number of
atoms of ® so that . must be finite. U

3.5.2 Proof of Propositions [3.2.5|and 3.2.7

Proof of Proposition|[3.2.5]
According to equation (3.7), for all z > 0,

Ply(t) = x] = exp[—fu(a™)] — exp[—fu(z)],

and P[n(t) = 0] = exp[—f(07)]. The equivalence between (ii) and (iii) follows.
The equivalence between (i) and (ii) is a consequence of Theorem with K = {t}, k=1
and A = B = M,(Cy) : we get

PGy (€ =1 = [ 10, Pl € Cy ()

_ /[ el ndy)

It remains to prove that this probability is equal to 1 if and only if (ii) is satisfied. To this aim, we
compute

Plbry(Co) =1] = / o ¢ Mz dopn(dy) (3.20)
(0,400

= / e’ u(A,) de,
(0,400)

where A, = {y > 0 : (y) < z}. Since —[i; is cag-lad, decreasing and tends to oo at 0,
A, = (inf A;,00) # @ for all z > 0. Furthermore using equation (3.20) and the fact that
ut(A,) < x, we get that ]P[@Ert} (Co) = 1] = 1 if and only if p,(A,) = x for all z > 0. We see
easily that this is equivalent to condition (ii) and this completes the equivalence between (i) and
(i1).

We now prove Equation (3.8)). Assuming that conditions (i)-(iii) are met, it holds

P(¢) € A) = P[], € A, &}, (Co) = 1]
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3.5 Proofs

with A = {§;, f € A}. Theorem[3.2.2|with K = {t}, k = 1 and B = M,(C,) entails
POT€A) = [ Lgeancy, PPN Cig (1] ()
0

_ / 1reay expl—f(£(t))] u(df)-

Co
This proves Equation (3.8). O

Proof of Proposition|3.2.7;
First note that the inequalities (3.10) characterize the hitting scenario. Let 7 = (71, ...,7) € Pk
and define the sets

C~'7— = {(fl»-u;fé) = Cév Vj € [[1,@]], fj >7'j \/j/;ﬁj fjl}'
and

0
OT = {jgéf] € MP(CO)v (fla s >f€) € éT}

Note that C; C C}; and that © = 7 if and only if . € C,.
Furthermore, © = 7 and (¢7, ..., ¢} ) € Aif and only if ®}. € A, with

4
A= {36y € M€ (oo S € Crn AL,

j=1
Hence the following events are equal

{©=1, (¢f,...,¢)) € A, @ € B} = {0} € A, D € B, D5.(Cy) =}
and Theorem [3.2.2]implies

PO =1, (¢f,...,p;) € A, ®x € B

1 ¢
- ®L
E/cg Lt sy eaP |2 € BNCR (\/j:1 fjﬂ PO dfy, . df). (321)

Finally, Z§=1 o7, € A; if and only if there exists a permutation o of [1,/] such that
( Joys -+ fg(g)) € AN C’T. Such a permutation is unique and this proves the equivalence of

Equations (3.11) and (3.21). O

3.5.3 Proofs of Theorems [3.3.1,(3.3.2/and [3.3.3
Proof of Theorems|3.3.1|and[3.3.2}

Note that 7(t) can be expressed in terms of the hitting scenario and the extremal function as
follows. For 7 € Py, define the mapping ', : C§ — [0, +00)* by

FT(fb .. .,fg) = (y17 Ce 7ykz) Wlth Y; = f](tz) lf tl € Tj.
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Definition @ entails that for all ¢+ € 6;, n(t) = ¢, (t). This can be rewritten as
n(t) =Te(éT,..., ¢/ ). Using this, the probability

P(r,A,B,C) =P[6 =T, (gpf, . ,gpj) €A, o, € B, n(t)e ]
can be computed thanks to Proposition :

P(r, A, B,C)
= PO =1, (¢f,....¢/) € ANT;1(C), ®x € B, n(t) € C]

l
- /Amrl(c) 1{VJ'€[17@]]7 Fi>7i Vi fj/}]P [CI) €BNCk (vj:1 f])} M®Z(df17 o dfe)

Now for each j € [1,/], we condition the measure p(df;) with respect to f;(t.,) : Equation

(3-12) entails
P(r, A, B,C) (3.22)
V4
— - . 1 .
N /C/A 1{vj€[1f]]7 fi>7V 14 fj/}P [CI) €Bn CK <\/j:1 fj)] ®j:1 {Ptfi (YTJ" df]> Hto, (dyfj)}

= / / Liviena, f;(6,0)<y e} X P[® € BNCE(y)] @5y { Py, (Yry dfy) pe,, (dyr,) }-
C A J J

In the last equality, we use the fact that f;(t,,) = y,, a.s. under PtTj (y-;,df;), whence

viewa s>,V i} = {viend i<\ _ v}
= {vie 4. £ty <y}

— ? —
and OK(\/j:I fi) = C¢ (y)
We now prove Theorem Setting A = C§ and B = M,,(C,) in Equation (3.22), we obtain

=7, 1(t) € C]
/ / Livieqa, I fi(te)<ys C}P[Cb € Cy (y) ®§=1 {Ptfj (yTj7dfj)/’LtTj (dyTj)}.
Using the fact that P[® € C; (y)] = exp[ fit(y)] and performing integration with respect to

@5 P, (yr,. df;), we obtain Equation (3.13) and this proves Theorem
“We now consider Theorem[3.3.2] Comblmng Equations (3.13)-(3.16) together with Equation

(3.22), we get
T, (¢f,...,0f) € A, O € B, n(t) € C]

B [® e BNC; (y)] ,
_ / / e C ) QT (@)

— /C/ARt(Y>7—7(fj)7B)Qt(y,T,dfl..-dfe)ﬁt(y,T)yt(dy). (3.23)
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In particular, with A = C§ and B = M,,(Cy), we obtain the relation

PO =7 (0) € Cl = [ mly.mudy)
characterizing the regular conditional distribution P[© = 7 | n(t) = y] (see Appen-
dix [3.A.2). This proves that Equation (3.14) provides the regular conditional distribution
P[O© = 7 | n(t) = y]. Similarly, Equation entails that the regular conditional distributions
Pl(p]) € - [ n(t) =y,0 = 7] and P[ € - | n(t) = y,0 = 7,(¢]) = (f;)] are given
respectively by Q¢(y, 7, -) in Equation (3.15)) and R(y, 7, (f;), -) in Equation (3.16).

We briefly comment on these formulas. The fact that the distribution Q¢(y, 7, -) in Equation
(3:13) factorizes into a tensorial product means that the extremal functions ¢, ..., ¢, are
independent conditionally on 7)(t) = y and © = 7. The fact that the distribution Ry (y, 7, (f;),-)
in Equation does not depend on 7 and (f;) means that conditionally on n(t) = Yy,
@ is independent of © and (¢y,..., ¥, )). The distribution R¢(y,-) can be seen as the

distribution of the Poisson point measure ¢ conditioned to lie in Cy (y), i.e., to have no atom
in {f € Co; f(t) £ y}. Itis equal to the distribution of a Poisson point measure with intensity

Lis@<yruldf). O
Proof of Theorem[3.3.3}
Remark that

{n(s) <z} = {(f,0x) € 5 (2) x C5 (2)}
= U {©=T1,07(8) <z,...,0/(s) <2z, P € C.(2)}

TEPK

where C; (z) is defined in Theorem Using this, Theorem entails

Pln(s) <z |n(t) =y]
= Y PO=1,9((s) <z,....0/(s) <z, Pg € C(z) | n(t) =]
T€PK
= Y mely, T)Quly, 7, {f(s) < 2} )Rely, C5 (2)).
TEPK
The result follows since

¢ ‘ Ptfj (Y {f(tTf) < Yo fls) <2})
Qely. 7. {f(s) <2}) =]] Py, (¥r, {f(re) < yre})

j=1

and
P[® € G5 (z) N Cy ()]
P[® € Cy (v)]
exp[—u({f(s) £z or f(t) £y})]
exp[—p({f(t) £ y})]
= exp[—u({f(s) £z f(t) <y}l

Ri(y, G5 (b2)) =
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3.5.4 Proof of Propositions 3.4.1 and 3.4.2

Proof of Proposition[3.4.1}
This is a straightforward application of Theorem [3.3.2] and [3.3.3] Take into account that when
K = {t}, Pk is reduced to a unique partition of size / = 1 so that © = {t} and | = ¢}. O

Proof of Proposition|[3.4.2}
According to Proposition 3.4.1}, P[¢;” € - | n(t) = y] = P,(y, -). For any measurable A C C, and
B C (0, +00), we compute

/ / s reayf (D)o (df ) (dy)
B JCy
B /0 /C/c Lirato e gy Lirgeny f (D)o (df )r2dro(dg)

HO)

= / / Lirenylrpeny r2dro(df)
Co Y0

= / LireayLipweny n(df)
C

0

The second equality follows from the change of variable 7 = rg(t)/f(t) together with the rela-
tion [, g(t)o(dg) = 1. This proves that

P A) = [ gpren FO)otdr).
According to Equation (3.17))
Pln(s) <z |n(t) =yl = Py, {f(s) < z}) exp[—nu({f(s) £z, f(t) <y})].

We have
Py, {f(s) <2}) = /C L o0 Fo )
B /CO 1{Vi:1 f(z‘?><f§;>}f(t)a(df)
and

W{f(s) £, f(1) <)) = / N / Lo oy onrtreny2dro(df)

o
_ ) -2
= / / 1{ min Zz. §T< yt }71 d?"J(df)
0 Co 1<i<i f(si) F(t)

(VL 10y

Y

(=)
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This proves Equation (3.19). U

3.A Appendix : Auxiliary results

3.A.1 Slyvniak’s formula

Palm Theory deals with conditional distribution for point processes. We recall here one of the
most famous formula of Palm theory, known as Slyvniak’s Theorem. This will be the main tool
in our computations. For a general reference on Poisson point processes, Palm theory and their
applications, the reader is invited to refer to the monograph [74] by Stoyan, Kendall and Mecke.

Let M,(Cy) be the set of locally-finite point measures N on C, endowed with the o-algebra
generated by the family of mappings

N +— N(A), A C Cy Borel set.

Theorem 3.A.1 (Slyvniak’s Formula).
Let ® be a Poisson point process on Cy with intensity measure ji. For any measurable function
F: Cg X MP(C()) — [0,+OO),

E[/CkF((bl,...,qﬁk,(I) 25@) (d61) ( = 3,,)(d) -+~ (@ 25%) (dn) |

_ /CkE[F(fl,...,fk,q))]u@k(dfh--.,dfk)-

3.A.2 Regular conditional distribution

We recall here briefly the notion of regular conditional probability (see e.g. Proposition
A1.51II in Daley and Vere-Jones [20]). Let (), G) be a complete separable metric space with
its associated o-algebra of Borel sets, (X, F) an arbitrary measurable space, and 7 a probabi-
lity measure on the product space (X x YV, F ® G). Let my denote the X-marginal of 7, i.e.
mx(A) = m(A x Y) for any A € F. Then there exists a family of kernels K (x, B) such that

- K(z,-) is a probability measure on (), G) for any fixed z € X';

- K(-, B) is an F-measurable function on X for each fixed B € G ;

- m(Ax B) = [, K(x,B)mx(dx) forany A € Fand B € G.

These three properties define the notion of regular conditional probability. The existence of the
regular conditional probability relies on the assumption that ) is a complete and separable metric
space. Furthermore, for any F ® G-measurable nonnegative function f on X x Y, it follows that

flagyn(dody) = [ [ Ko dyme(do)
xJYy
The following Lemma states the existence of the kernel

{Ps(x,df); x € [0, +00)" \ {0}}

Xx)Y
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satisfying Equation (3.12)). This is not straightforward since the measure 4 is not a probability
measure and may be infinite.

Lemma 3.A.2. The regular version of the conditional measure u(df) with respect to
f(s) € [0, +00)!\ {0} exists. It is denoted by {Ps(x,df); x € [0,+00)' \ {0}} and satisfies
Equation (3.12).

Proof :

Let | - | denote a norm on [0, +o00)!. Define A = {f € Cy; f(s) # 0} and, for i > 0,
Ay = {f € Cyp; (i +1)7" < |f(s)| < i~'} with the convention 0~! = +o0. Clearly, A is
equal to the disjoint union of the A;’s. We note z*(-) = u(- N A;) the measure on the complete
and separable space Co U {0}. Equation (3.4)) ensures that 1, is a finite measure (and hence a pro-
bability measure up to a normalization constant) and there exists a regular conditional probability
kernel P!(x, df) with respect to f(s) = x. We obtain, for all F': [0, +00)’ x Cq,

/A () Pul) = /A | /C (e PP i),

where A; = {z € [0,+00)"; (i +1)~" < |x| < i~'}. Let us define Py(x,df) a probability
measure on Cy by

(%, df) =) L a Palx, df).

i>1
If £ vanishes on {0} x Cy, we obtain

RIS / uldf)

Co i>0

- / /C P (x, df Jus(d)

- / / F(x, f) P, df Js(dx).
[0,400)"\{0}
This proves Equation (3.12). U

3.A.3 Measurability properties

Lemma 3.A.3. ®. and ®;; are measurable from (Q, F,P) to (M,(Cy), M,).

Proof :

From Definition 3.2.1} it is enough to prove that that the events {¢; <x n} € F and {¢; £k 1}
are J-measurable. Let K, be a dense countable subset of K and note that ¢ <y 7 if and only if
there is some rational € > 0 so that ¢(¢) < 7(t) —e forall ¢t € K. Hence, for alln € NU{+o0},

{oi<xn; N=n} = |J[V{N=n; ¢t) <nt)—e}

e>0teKy

U N UV =n; ¢i(t) < ¢;(t) — ¢} (3.24)

e>0teKy j<n
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and {¢; <k n} = ~{¢i <k n; N =n} € F. Note the union over ¢ is countable. O

Lemma 3.A.4. The set C}; and C;(g) are measurable in (M,(Cy), M,,).

Proof :
Let g be a continuous function defined at least on K and consider the Borel set

A={feCy [ £k g} CCo.
The set C';(g) defined by Equation (3.6)) is equal to
Cklg) ={M € M,(Co); M(A) = 0}

and is M,,-measurable.

In order to prove the measurability of C- defined by Equation (3.3)), we introduce a measurable
enumeration of the atoms of a point measure M (see Lemma 9.1.XIII in Daley and Vere-Jones
[21]). Given an ordered dissecting system of Cy, one can construct measurable applications

K MP(C()) — NU {OO} and 'lbl : Mp(CO) — Co, 1> 1,
such that

k(M)
M= 6p0n, MeM(C).
i=1

A point measure M does not lie in C'}; if and only if it has a K -subsextremal atom. Hence,

M,(Co) \ C = | U{r(M) = k; (M) <ic max(M)}.

k=01i=1

Similar computations as in Equation (3.24)) entail

{r(M) = k; (M) <x max(M)} = | J () J{r =k vut) < ¢(t) — e},

e>0teKy j<k

whence C}; is M,,-measurable. O
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Chapitre 4

Conditional simulation of max-stable
processes

Abstract

Since many environmental processes are spatial in extent, a single extreme event may affect se-
veral locations, and their spatial dependence has to be appropriately taken into account. This
chapter proposes a framework for conditional simulation of max-stable processes and gives clo-
sed forms for the regular conditional distributions of Brown—Resnick and Schlather processes.
We test the method on simulated data and give an application to extreme rainfall around Zurich
and extreme temperatures. The proposed framework provides accurate conditional simulations
and can handle real-sized problems.

4.1 Introduction

Max-stable processes arise naturally when studying extremes of stochastic processes and
therefore play a major role in the statistical modelling of spatial extremes [[17, 58, 26]. Although
a different spectral characterization of max-stable processes exists [30], for our purposes the
most useful representation is [67]]

Z(t) = max(Yi(t),  teR 4.1)

where {(;};>1 are the points of a Poisson process on (0, 00) with intensity (~2d¢ and the Y;
are independent replicates of a nonnegative stochastic process Y such that E{Y (t)} = 1 for
all t € R% It is well known that Z is a max-stable process on R? with unit Fréchet margins
[31.167]. Although (@.1) takes the pointwise maximum over an infinite number of points {¢; } and
processes Y}, it is possible to get approximate realizations from Z [67, 57].

Based on (4.1]) several parametric max-stable models have been proposed [67, (16, 51}, 26]
that share the same finite dimensional distribution functions

pr{Z(t) < =1, ... Z(ty) < 21} = exp [—E { ‘max MH ,

j=1,...,k Zj
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where k €N, z1,...,2, > 0and ty,...,t, € R%

Apart from the Smith model [42], only the bivariate cumulative distribution functions are
explicitly known. To bypass this hurdle, de Haan and Pereira [32] propose a semi-parametric
estimator and Padoan et al. [58] suggest the use of the maximum pairwise likelihood estimator.

Paralleling the use of the variogram in classical geostatistics, the extremal coefficient function
[69, 19]

Oty —to) = —zlogpr{Z(t1) < z,Z(t3) < z}

is widely used to summarize the spatial dependence of extremes for stationary processes. It takes
values in the interval [1, 2] ; the lower bound indicates complete dependence, and the upper one
independence.

The last decade has seen many advances to develop geostatistics for extremes, and software is
available to practitioners [78, 68, 64]]. However an important tool currently missing is conditional
simulation of max-stable processes. In classical geostatistic based on Gaussian models, condi-
tional simulations are well established [18] and provide a framework to assess the distribution
of a Gaussian random field given values observed at fixed locations. For example, conditional
simulations of Gaussian processes have been used to model land topography [S3]].

Conditional simulation of max-stable processes is a long-standing problem [23| 24]. Wang
and Stoev [79] provide a first solution, but their framework is limited to processes having a
discrete spectral measure and thus may be too restrictive to appropriately model the spatial de-
pendence in complex situations.

Based on the recent developments on the regular conditional distribution of max-infinitely
divisible processes, the aim of this chapter is to provide a methodology for conditional simulation
of max-stable processes with continuous spectral measures. More formally for a study region
X C R our goal is to derive an algorithm to sample from the regular conditional distribution
of Z | {Z(t1) = z1,...,Z(tx) = 2} for some zy,...,z, > 0 and k conditioning locations
ty,..., 1l € X.

4.2 Conditional simulation of max-stable processes

4.2.1 General framework

This section reviews some key results of an unpublished paper available from the first author
with a particular emphasis on max-stable processes. Our goal is to give a more practical inter-
pretation of their results from a simulation perspective. To this aim, we recall two key results and
propose a procedure to get conditional realizations of max-stable processes.

Let R be the space of real-valued functions on X C R? and let ® = {(;};>; be a Poisson
point process on R where ;(t) = ¢;Y;(t) (i = 1,2,...) with ¢; and Y; as in (#.1). We write
f@t) ={f(t1),..., f(tx)} for all random functions f: X — Randt = (t1,...,1;) € X*. Itis
not difficult to show that for all Borel sets A C R¥, the Poisson process {¢;(t)}>1 defined on
R¥ has intensity measure

(4) = / T {CY(r) € A},
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4.2 Conditional simulation of max-stable processes

The point process P is called regular if the intensity measure z; has an intensity function ), i.e.,
pi(dz) = M\(2)dz, forall t € X*,

The first key result is that provided the Poisson process & is regular, the intensity function )\,
and the conditional intensity function

A S )
s,z (w) = M, (s,t) € XMtk u e R™, z € (0, —l—oo)k, 4.2)
Ae(2)
drives how the conditioning terms {Z(¢;) = z;} (j = 1,..., k) are met, see Steps 1 and 2 in
Theorem 4.2.11

The second key result is that, conditionally on Z(t) = z, the Poisson process ® can be
decomposed into two independent point processes, say ® = &~ U ®*, where

k
O ={pecd:pt;) <z,i=1,...,k}, <I>+:U{gpe(1);<p(ti)zzi}_
i=1

Before introducing a procedure to get conditional realizations of max-stable processes, we
introduce notation and make connections with the pioneering work of Wang and Stoev [79].

A function ¢ € & such that p(t;) = z; for some i € {1,...,k} is called an extremal
function associated to ¢; and denoted by @j It is easy to show that there exists almost surely
a unique extremal function associated to ¢;. Although ®* = {¢/,..., gozz} almost surely, it
might happen that a single extremal function contributes to the random vector Z(¢) at several
locations t;, e.g., gogz = gpt”;. To take such repetitions into account, we define a random partition
0 = (6,...,0,) of the set {t1,...,t} into ¢ = |6] blocks and extremal functions (7, ..., ¢;)
such that & = {of,..., ¢} and ] (t;) = z if t; € 0; and @) (t;) < z ift; ¢ 0; (i =
1,...,k; 7=1,...,¢). Wang and Stoev [[79] call the partition 6 the hitting scenario. The set of
all possible partitions of K = {¢1, ..., 1}, denoted Py, identifies all possible hitting scenarios.

From a simulation perspective, the fact that &~ and ®* are independent given Z(t) = z
is especially convenient and suggests a three—step procedure to sample from the conditional
distribution of Z given Z(t) = z.

Theorem 4.2.1. Suppose that the point process ® is regular and let (t,s) € X**™, For v =
(T1,...,7) € Pgand j = 1,....(, define I; = {i: t; € 7;}, tr; = (ti)ier; 2r; = (Zi)icr,
bre = (ti)ig1, and Zre = (2i)ig1;- Consider the three—step procedure :

step 1 : Draw a random partition 6 € Py with distribution

||

M) = ped0 = 7| 20) = 2} = g [ o) [

j=1 {uy <ZTJ<3}

)\t‘rjc |t7'.7' 737']- (u.])du.77

where the normalization constant is

7|

et = 3 10, [ Mg ()i

FePx j=1 {uj<zze} 7
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step 2 : Given 7 = (11,...,7), draw { independent random vectors ¢ (s), ..., o] (s) from
the distribution
1
pr {80;(8) eEdv|Z(t)=2z2,0= 7-} =5 {/ 1{u<z7¢})‘(svtfc)\tq,zq (U,u)du} dv
j J J b b

where 1 is the indicator function and

Cj = / Lucz e} A s o)t 2r, (V5 0)dudv,
J J

and define the random vector Z™*(s) = max;_1 ¢ ¢; (s).

-----

step 3 : Independently draw a Poisson point process {(;}i>1 on (0, 00) with intensity (~2d(
and {Y; }i>1 independent copies of Y, and define the random vector

Z7(s) = max GYi(s) Ly <z) -
Then the random vector Z(s) = max {Z*(s), Z~(s)} follows the conditional distribution of
Z(s) given Z(t) = z.
The corresponding conditional cumulative distribution function is

7]

pr{Z(s)<alZ(t)==z}= Z (2, T) HFTJ(CL)

TEPK

pr{Z(s) <a,Z(t) < z}
pr{Z(t) < z} ’

(4.3)

where

A(stre)ltr 2, (U, u)dud
f{u<ZTjg,’U<a} ( ’tﬂ'j‘)|t7']'7 T (U u) udv

J

Fojla)=pr{gf(s)<alZ(t)=20=r1}=

f{u<z7-]?} At-rj? ‘t‘rj 7Z‘rj (u)du

The first term in the right hand side of (4.3)) corresponds to Steps 1 and 2 while the ratio is a
consequence of Step 3. It is clear from (4.3)) that the conditional random field Z | {Z(t) = 2} is
not max-stable.

4.2.2 Distribution of the extremal functions

In this section we derive closed forms for the intensity function \;(z) and the conditional
intensity function A, .(u) for two widely used max-stable processes ; the Brown—Resnick [16]
S1]] and the Schlather [67] processes. Details of the derivations are given in the Appendix.

The Brown-Resnick process corresponds to the case where Y (t) = exp{W(t) — ~(¢)}
(t € R?) in (@) with T a centered Gaussian process with stationary increments, semi vario-
gram ~ and such that W (0) = 0 almost surely. For ¢ € X* and provided the covariance matrix
¥ of the random vector W (t) is positive definite, the intensity function is

k
1
Ai(z) = Crexp <—§ log 27Q,log z + L, logz) Hz;l, z € (0,00)",

=1
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4.3 Markov chain Monte Carlo sampler

11727y, —1)2 1
C, = (QW)(l—k)ﬂ’Et|—1/2(1;€2;11k>—1/z exp _( k 7{ ’Ztl ) _ _%T2t—1%
2 1,31, 2

and for all (s,t) € X™™, (u,z) € (0,00)™™* and provided the covariance matrix X is
positive definite, the conditional intensity function corresponds to a multivariate log-normal pro-
bability density function

m _ 1 o
Agjr = (1) = (2m) "2 | S| 7% exp {—g(logu — fsles) 53 (log u — Mst,z)} [Tu

where 115, . € R™ and X, are the mean and covariance matrix of the underlying normal distri-
bution and are given by

Es_\t = Ji,k@(s,t)Jm,ka Ms|t,z = {L(s,t)Jm,k - 10g ZTjrz;kQ(s,t) Jm,k} Zs|t;

_ Ly, T _ Om,k
Jm,k: - |:Ok,m:| ’ Jm,k - |: Ik :| ’

where I;; denotes the £ x £ identity matrix and 0,,, ;, the m X n null matrix.

The Schlather process considers the case Y (t) = (27)'/2max{0,¢(¢)} (t € RY) in @)
with ¢ a standard Gaussian process with correlation function p. The associated point process
® is not regular and it is more convenient to consider the equivalent representation where
Y (t) = (27)Y2e(t) (t € RY). For t € X* and provided the covariance matrix ¥; of the ran-
dom vector £(¢) is positive definite, the intensity function is

with

(b _ k+1
M) = s [ ke (EL) e
where a,(z) = 275, 2.

For (s,t) € X™*, (u,z) € R™"* and provided that the covariance matrix X is positive
definite, the conditional intensity function )\S|t,z(u) corresponds to the density of a multivariate
Student distribution with k£ 4 1 degrees of freedom, location parameter p = Yg.;2, 12, and scale
matrix

~ a+( 2 -
5 t( ) (Zs . Es:tEt 1Et:5) , E(s,t) - |:

Es E‘<5:t
E+1 '

2t:s Et

4.3 Markov chain Monte Carlo sampler

The previous section introduced a procedure to get realizations from the regular conditional
distribution of max-stable processes. This sampling scheme amounts to sampling from a discrete
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distribution whose state space corresponds to all possible partitions of the set of conditioning
points, see Theorem[.2.1|Step 1. Hence, even for a moderate number & of conditioning locations,
the state space Py becomes very large and the distribution ;(z, -) cannot be computed. A Gibbs
sampler is especially convenient.

For 7 € P, let 7_; be the restriction of 7 to the set {1, ...,t;}\ {¢;}. Our goal is to simulate
from the conditional distribution

pr(@ c - | G,j = T,j), (44)

where 0 € Py is a random partition which follows the target distribution m;(z, -).

Since the number of possible updates is always less than %k, a combinatorial explosion is
avoided. Indeed for 7 € Py of size ¢, the number of partitions 7* € Py such that TX =T for
some j € {1,...,k}is

v 14 if {¢,} is a partitioning set of T,
¢+ 1 if {¢;} is not a partitioning set of 7,

since the point ¢; may be reallocated to any partitioning set of 7_; or to a new one.
To illustrate consider the set {¢1,t2,t3} and let 7 = ({¢1,t2}, {t3}). Then the possible parti-

tions 7* such that 7*, = 75 are ({t1,t2}, {t3}), ({t1}, {t2}, {ts}), ({t1}, {t2,t3}), while there
exists only two partitions such that 7*; = 7_3, i.e., ({t1, €2}, {ts}), ({t1,t2,t3}).
The distribution (4.4) has nice properties. Since for all 7* € Py such that 7*; = 7_; we have

(2, 7%) H‘]T:*‘l W j

- ST
Z Wt(ZaT)l{%,j:Lj} Hj:l Wrj

TEPK

pr(@=71"0_;,=71_;)= , 4.5)

where
wT7j - )\tTj (ZT]) / Ath‘tTj 7sz (U)du
{u<zre} ’

Since many factors cancel out on the right hand side of (4.5)), the Gibbs sampler is especially
convenient.
The most computationally demanding part of (4.5]) is the evaluation of the integral

[ A e
{u<zre}

For the Brown—Resnick and Schlather processes, we follow the lines of Genz [43] and compute
these probabilities using a separation of variables method which provides a transformation of the
original integration problem to the unit hyper-cube. A quasi Monte Carlo scheme and antithetic
variable sampling are used to improve efficiency.

Since it is not obvious how to implement a Gibbs sampler whose target distribution has
support Py, the remainder of this section gives practical details. For any fixed locations
t1,...,tx € X, we first describe how each partition of {t, ..., t;} is stored. To illustrate consider
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the set {t1, to, t3} and the partition ({¢,t2}; {t3}). This partition is defined as (1, 1, 2), indicating
that ¢; and ¢, belong to the same partitioning set labeled 1 and ¢35 belongs to the partitioning set
2. There exists several equivalent notations for this partition : for example one can use (2,2, 1)
or (1, 1,3). Since there is a one-one mapping between Py and the set

P}'}z{(al,...,ak):ie{Q, Jk}, 1=a; <a; < maxa;+ 1, alez}

1<5<s

we shall restrict our attention to the partitions that live in P} and going back to our example we
see that (1,1, 2) is valid but (2,2, 1) and (1, 1, 3) are not.

For 7 € Pj. of size {, let r; = Zle Lir,—a;y and 75 = Zle L{r,—}, i.e., the number of
conditioning locations that belong to the partitioning sets a; and b where b € {1,...,b"} with

b+: 6 (7’1:1)7
C+1 (r#1).

Then the conditional probability distribution (4.5)) satisfies

1 (b= aj), (4.6a)

pr(r; =b| 7 =a;i#j)x Wrep/ (Wrptr.q,) (r1=1,72#0,b # a;),(4.6b)

’ ' v w‘r*,bwﬂ'*,a]'/<w7',bw7',a]') (7’1 7é 1 y T2 7& O b 7£ Clj) (4 6C)
wT*,bwT*,aj/wT,aj (Tl 7é 17 ro = 07 b 7é a])’(46d)

where 7 = (a1, ...,aj_1,b,a;41,...,ax). Although 7" may not belong to P}, it corresponds to

a unique partition of Py and we can use the bijection Px — Pj to recode 7" into an element
of Pj. In (.6a)-@.6d) the event {r; = 1,75 = 0,b # a;} is missing since {r; = 1,75 = 0}
implies that 7* = 7, where the equality has to be understood in terms of elements of Pg, and
this case has been already taken into account with (4.6a).

Once these conditional weights have been computed, the Gibbs sampler proceeds by updating
each element of 7 successively. We use a random scan implementation of the Gibbs sampler
[54]]. More precisely, one iteration of the random scan Gibbs sampler selects an element of 7 at
random according to a given distribution, say p = (p1, ..., px), and then updates this element.
Throughout this chapter we will use the uniform random scan Gibbs sampler for which the
selection distribution is assumed to be a discrete uniform distribution, i.e.,p = (k=% ... k7).

4.4 Simulation Study

In this section we check if our algorithm is able to produce realistic conditional simulations
of Brown—Resnick and Schlather processes. For each model, we consider three different sample
path properties, as summarized in Table These configurations were chosen such that the
spatial dependence structures are similar to our applications in Section

In order to check if our sampling procedure is accurate and given a single conditional event
{Z(t) = =z} for each configuration, we generated 1000 conditional realizations with standard
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TABLE 4.1 — Sample path properties of the max-stable models. For the Brown-Resnick model, the
variogram parameters are set to ensure that the extremal coefficient function satisfies #(115) = 1-7 while
the correlation function parameters are set to ensure that §(100) = 1-5 for the Schlather model.

Brown-Resnick : y(h) = (h/A\)" Schlather : p(h) = exp{—(h/\)"}
v1 @ Very wiggly 2 : Wiggly 73 : Smooth p1 - Very wiggly  po : Wiggly  p3 : Smooth
A 25 54 69 208 144 128
K 0-5 1-0 15 0-5 1-0 15

4 41
3 3
2 2
= =
No14 \ N1 -
.' I|
o] o{ T W\H
-1 4 -1
—100 -50 0 50 100 —-100 -50 0 50 100 —-100 -50 0 50 100
X X X
4 4 | 4 |
3 3 A 3
2 -
=
N1
D -
1
-100 -50 0 50 100 -100 -50 [IJ 50 100 -100 -50 0 50 100

FIGURE 4.1 — Pointwise sample quantiles estimated from 1000 conditional simulations of max-stable
processes with standard Gumbel margins with £ = 5, 10, 15 conditioning locations. The top row shows
results for the Brown—Resnick models with semi variograms s, v2, 71, from left to right. The bottom row
shows results for the Schlather models with correlation functions ps, p2, p1, from left to right. The solid
black lines shows the pointwise 0-025, 0-5, 0-975 sample quantiles and the dashed grey lines that of a
standard Gumbel distribution. The squares show the conditional points {(¢;, z;) };=1,... x. The solid grey
lines correspond the simulated paths used to get the conditioning events.
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4.5 Application

TABLE 4.2 — Computational timings for conditional simulations of max-stable processes on a 50 x 50
grid defined on the square [0,100 x 2'/2]2 for a varying number k of conditioning locations uniformly
distributed over the region. The timings, in seconds, are mean values over 100 conditional simulations ;
standard deviations are reported in brackets.

Brown—Resnick : v(h) = (h/25)%? Schlather : p(h) = exp {—(h/208)°%°}
Step 1 Step 2 Step 3 Overall Step 1 Step 2 Step 3 Overall
k=5 021(001) 4911 14(01) 50(1) 1-40(0-02) 19(0-7) 09(0-3) 4-2(0:8)
k=10 8(2) 76 (18) 1-4(0-1) 85(19) 12 (4) 2:4(0-8) 1-:0(0:3) 15 (4)
k=25 95 (38) 117(30) 1-4(0-1) 214 (61) 86 (42) 4(1) 1-0(0-3) 90 (43)

k=50 583(313) 348(391) 1-5(0-1) 931 (535) 367(222) 62(113) 1.0(0-3) 430(262)

Conditional simulations with £ = 5 do not use a Gibbs sampler.

Gumbel margins. Figure [.1] shows the pointwise sample quantiles obtained from these 1000
simulated paths and compares them to unit Gumbel quantiles. As expected the conditional sample
paths inherit the regularity driven by the shape parameter « and there is less variability in regions
close to conditioning locations. Since the Brown—Resnick processes considered are ergodic [S0],
for regions far away from any conditioning location the sample quantiles converges to that of a
standard Gumbel distribution indicating that the conditional event has no influence. This is not
the case for the non-ergodic Schlather processes. Most of the time the sample paths used to get
the conditional events belong to the 95% pointwise confidence intervals, corroborating that our
sampling procedure seems to be accurate.

Table .2] gives computational timings for conditional simulations of max-stable processes on
a 50 x 50 grid with a varying number of conditioning locations. Due to the combinatorial com-
plexity of the partition set Pk, the timings increase rapidly with respect to the number of condi-
tioning points k. It is however reassuring that the algorithm is tractable when k € {1,...,50};
hence covering many practical situations and applications.

4.5 Application

4.5.1 Extreme precipitation around Zurich

The data considered here were previously analyzed by Davison et al. [26] who showed that
Brown—Resnick processes were among the best models for these data. The data are summer
maximum rainfall for the years 1962-2008 at 51 weather stations in the Plateau region of Swit-
zerland, provided by the national meteorological service, MeteoSuisse. To ensure strong depen-
dence between the conditioning locations, we consider as conditional locations the 24 weather
stations that are at most 30km distant from Zurich and set as the conditional values the rain-
fall amounts recorded in the year 2000, the year of the largest precipitation event ever recorded
in Zurich between 1962-2008, see Figure 4.2] The largest and smallest distances between the
conditioning locations are around 55km and just over 4km respectively.

A Brown-Resnick process having semi variogram y(h) = (h/\)" has to be fitted and the
maximum pairwise likelihood estimator introduced by Padoan et al. [58] was used to simulta-

67



CHAPITRE 4 : Conditional simulation of max-stable processes

(m) 20
1000 2000 3000 4000 —_
E
s oA 501
= 1.8
=
2
> N
w60 16
5 z
- [=+]
40 14
£
E20 |
E 1.2
[}
=
0 1.0

o) 1970 1980 1990 2000 0 50 100 150 200

g7
WL
> 0 25 50 75 10
=~ Years h (km)

FIGURE 4.2 — Left : Map of Switzerland showing the stations of the 24 rainfall gauges used for the
analysis, with an insert showing the altitude. The station marked with a triangle corresponds to Zurich.
Middle : Summer maximum rainfall values for 1962-2008 at Zurich. Right : Comparison between the
pairwise extremal coefficient estimates for the 51 original weather stations and the extremal coefficient
function derived from a fitted Brown—Resnick processes having semi variogram ~y(h) = (h/A)". The grey
points are pairwise estimates ; the black ones are binned estimates and the curve is the fitted extremal
coefficient function.

TABLE 4.3 — Distribution of the partition size for the rainfall data estimated from a simulated Markov
chain of length 15000

Partition size 1 2 3 4 5 6 724

Empirical probabilities (%) 662 280 4.8 05 02 02 <0-05

neously fit the marginal parameters and the spatial dependence parameters A and «. In accordance
with Davison et al. [26], the marginal parameters were described by 7n(t) = S, + 1,lon(t) +
Banlat(t), o(t) = Boo + P1olon(t) + Paslat(t), £(t) = Boe, where n(t), o(t),£(t) are the loca-
tion, scale and shape parameters of the generalized extreme value distribution and lon(t), lat(¢)
the longitude and latitude of the stations at which the data are observed. The maximum pairwise
likelihood estimates for A and « are 38 (14) and 0-69 (0-07) and give a practical extremal range,
i.e., the distance h such that #(h,) = 1.7, of around 115km, see the right panel of Figure

Table 4.3 shows the distribution of the partition size estimated from a Markov chain of length
15000. Around 65% of the time the summer maxima observed at the 24 conditioning locations
were a consequence of a single extremal function, i.e., only one storm event, and around 30% of
the time a consequence of two different storms. Since the simulated Markov chain keeps a trace
of all the simulated partitions, we looked at the partitions of size two and saw that around 65% of
the time, at least one of the four up—north conditioning locations was impacted by one extremal
function while the remaining 20 locations were always influenced by another one.

Figure [4.3] plots the pointwise 0-025, 0-5 and 0-975 sample quantiles obtained from 10000
conditional simulations of our fitted Brown—Resnick process. The conditional median provides
a point estimate for the rainfall at an ungauged location and the 0-025 and 0-975 conditional
quantiles a 95% pointwise confidence interval. As indicated by Figure 4.1] the shape parameter
 has a major impact on the regularity of paths and on the width of the confidence interval. The
value & ~ 0-69 corresponds to very wiggly sample paths and wider confidence intervals. To
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FIGURE 4.3 — From left to right, maps on a 50 x 50 grid of the pointwise 0-025, 0-5 and 0-975 sample
quantiles for rainfall (mm) obtained from 10000 conditional simulations of Brown—Resnick processes
having semi variogram ~(h) = (h/38)%%. The rightmost panel plots the ratio of the pointwise confidence
intervals with and without taking into account the parameter estimate uncertainties. The squares show the
conditional locations.

assess the impact of parameter uncertainties on conditional simulations, the ratio of the width of
the confidence intervals with or without parameter uncertainty is shown in the right panel of Fi-
gure[4.3] The uncertainties were taken into account by sampling from the asymptotic distribution
of the maximum composite likelihood estimator and draw one conditional simulation for each
realization. These ratios show no clear spatial pattern and the width of the confidence interval is
increased by at most 10%.

4.5.2 Extreme temperatures in Switzerland

- (mj rI||||Ir|r|||||||{||||I|||(Dc) i

2000 3000 ! o 25 3 35 4 4.5 ? 2 ‘x\
== I s > ] <
! ) . b

h,

A ‘- - s
7

ey
50 75 10£§Km) ‘( *

FIGURE 4.4 — Left : Topographical map of Switzerland showing the sites and altitudes in metres above
sea level of 16 weather stations for which annual maxima temperature data are available. Right : Map of
temperature anomalies (°C), i.e., the difference between the pointwise conditional obtained from 10000
conditional simulations and unconditional medians estimated from the fitted Schlather process.

The data considered here consist in annual maximum temperatures recorded at 16 sites in

Switzerland during the period 1961-2005, see Figure .4 Following Davison and Gholamrezaee
[25]], we fit a Schlather process with an isotropic powered exponential correlation function and
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TABLE 4.4 — Distribution of the partition size for the temperature data estimated from a Markov chain of
length 10000

Partition size 1 2 3 4 5-16

Empirical probabilities (%) 2-47 21-55 64-63 10-74 0-61

trend surfaces 7)(t) = Bo, + Bi,alt(t), o(t) = Boo, £(t) = Boe + Biealt(t), where alt(t)
denotes the altitude above mean sea level in kilometres and {n(t),o(t),&(¢)} are the location,
scale and shape parameters of the generalized extreme value distribution at location ¢. The spatial
dependence parameter estimates are A = 260 (149) and # = 0.52 (0.12) and yield to a fitted
extremal coefficient function similar to our test case p3 in Section [4.4]

In year 2003, western Europe was hit by a severe heat wave believed to be the hottest one
ever recorded since at most 1540 [7]. Switzerland was severely impacted by this event since the
nationwide record temperature of 41-5°C was recorded that year in Grono, Graubunden, near
Lugano. Consequently for our analysis we use as conditional event the maximum temperatures
observed in summer 2003. Based on the fitted Schlather model, we simulate a Markov chain of
effective length 10000 with a burn-in period of length 500 and a thinning lag of 100 iterations.
The distribution of the partition size estimated from these Markov chains is shown in Table
Around 90% of the time the conditional realizations were a consequence of at most three ex-
tremal functions. Since our original observations were not summer maxima but maximum daily
values, a close inspection of the times series in year 2003 reveals that the hottest temperatures
occurred between the 11th and 13th of August and, to some extent, corroborates the distribution
of Table

The right panel of Figure [4.4] shows the spatial distribution of temperature anomalies, i.e.,
the difference between the pointwise conditional medians obtained from 10000 conditional si-
mulations and the pointwise unconditional medians estimated from the fitted Schlather model.
As expected, the largest deviations occur in the plateau region of Switzerland while appreciably
smaller values are found in the Alps. The differences range between 2-5°C and 4-75°C and is
consistent with the values reported by climatologists for mean values [7]].
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4.A Brown—Resnick model

APPENDIX

4.A Brown-Resnick model
For all t € X’* and Borel set A C R*
i) = [ orlCom (W) =10} € A7 = [ [ Ticomtmren hln)dic

where f; denotes the density of the random vector W (¢), i.e., a centered Gaussian random vector
with covariance matrix Y, and variance 2y(t). The change of variables z = ( exp{y — 7(t)} and
r = log ( yields

e (A) :/ZAft{logz—7“+'y(t)}ilizi_1dze_rdr:/A)\t(z)dz

with
k oo
M) =[]+ / fflog = — r +y(t)}e "dr.
i=1 —o0
Since )
fellog s =+ 4(0)e” = (2m) B P exp { 5P}
with

P(r) = 7“2152;1% —or [1%2;1{105:{2 + ()} — 1} + {log z + ’y(t)}TE;l{logz + (1)},

standard computations for Gaussian integrals give

1
Mi(z) = Cyexp (—5 log 27 Q,log z 4+ Ly log z) H Z L

The conditional intensity function is

Cls)

1
st (u) = Tt exp {—5 log (u, Z)TQ(S,,:) log(u, z)+

1 m
Lislog(u, 2) + 5 log 27 Q, log z — L, log z} H u;

i=1

and since log(u, z) = Jy, 1 logu + jmk log z, it is not difficult to show that

o 1 _ T -
Asjt,z (1) = é—tt) exp {—§(logu — /Lsm)TEsltl(logu — us|t7z)} Hul L
i=1

Finally, the relation C(s ) /C; = (21) ~™/2|Z,,|71/? is a simple consequence of the normalization
[ Aspt2(w)du = 1.
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4.B Schlather model

For all t € X* and Borel sets A C R¥
) = [ om0 € A} = [ [ Uasgeny Aludne
0 0 Rk

where f; denotes the density of the random vector £(t), i.e., a centered Gaussian random vector
with covariance matrix ¥,. The change of variable z = (27)/2(y gives

A(A) = (27) 72 /0 N /A ft{—(%;ﬂ C}C"”?)dzdc

o0 1
= (27?)_k|2t|_1/2/0 /Aexp (_WZTEt_lZ) ¢+ dzd¢
9 4 1/2
- (27?)_k|§]t|_1/2/ L _E[X*Ydz, X ~Weibull{ (—— ) 2
PRI 2T 2

) 4 g |
:(27?)_k|2t|_1/2/ ”_1 721 ("8 4.
A 218 2 \ T8 2 2

- /A A (2)dz,

where )\, (z) = 7= F=1/2|5,|71/2q,(2)~F+D/20 {(k 4 1) /2} and a,(2) = 275, 2.
For all v € R™ the conditional intensity function is

-1/2 —(m+k+1)/2 m+k+1
—m/2 |E(s,t)| {a(s,t) (uv Z) } at(z)—m/ZF ( 2 ) .

PARE a:(2) (%)

)\s\t,z(u) =T

We start by focusing on the ratio as ) (u, 2)/a;(z). Since

Zs 2s:t -
Zt:s Zt
o (Zs - Zsztzt_lztzs)_l _<Es - 2sztzt_lEt:s)_lzsztzt_l
N _Et_lEt:s(Es - Esztzt_lzts)i1 Et_l + Et_lzt:s(zs - Zsztzt_lztzs)7125%215_1 ’

straightforward algebra shows that

ags ) (u, 2) (u—p) S u — p) L e a(?) o
Y2 _ S ST S P g OIE SN o s SR
a(z) " k41 A g i V)

We now simplify the ratio |X 4 |/|2X|. Using the fact that

Es Es:t:|

) . Im 2s:t Es - Zsztzt_lz}t:s Om,k
SO Zt:s Zt

Ok,m Zt Et_lzt:s Ik ’
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combined with some more algebra yields

dis E+11"
| ( 7t)| = ‘Es - Zsztz,ﬁilzt:s‘ = i |E’
|2¢] ar(z)

Using the two previous results it is easily found that

~ —(m+k+1)/2 ke
(u— )5 (u — p) } D (miktl)

P T

Mo a() = T2 4 1) {1 ;
2

which corresponds to the density of a multivariate Student distribution with the expected para-
meters.
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Chapitre 5

Strong mixing properties of max-infinitely
divisible random fields

Abstract

Let 7 = (n(t))ier be a sample continuous max-infinitely divisible random field on a locally
compact metric space 7'. For a closed subset S C 7', we denote by 7g the restriction of 7 to S.
We consider (57, S2), the absolute regularity coefficient between 7, and 7s,, where Sy, S, are
two disjoint closed subsets of 7". Our main result is a simple upper bound for 3(57, S2) involving
the exponent measure y of 7) : we prove that (51, S2) < 2 [Pln £s, f, n £s, f]u(df), where
[ #£s g means that there exists s € .S such that f(s) > g(s).

If n is a simple max-stable random field, the upper bound is related to the
so-called extremal coefficients : for countable disjoint sets S; and S;, we obtain
B(S1,82) 437, s)esixs, (2 — 0(s1,52)), where 6(s1, s2) is the pair extremal coefficient.

As an application, we show that these new estimates entail a central limit theorem for statio-
nary max-infinitely divisible random fields on Z. In the stationary max-stable case, we derive
the asymptotic normality of three simple estimators of the pair extremal coefficient.

5.1 Introduction

Max-stable random fields turn out to be fundamental models for spatial extremes since they
arise as the limit of rescaled maxima. More precisely, consider the component-wise maxima

m(t) = max &(t), teT,
of independent copies &;, ¢ > 1, of a random field ¢ = (£(¢))ier. If the random field
M = (Na(t))ier converges in distribution, as n — oo, under suitable affine normalization, then
its limit n = {n(¢) }scr is necessarily max-stable. Therefore, max-stable random fields play a cen-
tral role in extreme value theory, just like Gaussian random fields do in the classical statistical
theory based on the central limit theorem.
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Max-stable processes have been studied extensively in the last decades and many of their
properties are well-understood. For example, the structure of their finite dimensional distributions
is well known and insightful Poisson point process or spectral representations are available. Also
the theory has been extended to max-infinitely divisible (max-i.d. ) processes. See for example
the seminal works by Resnick [62], de Haan [29, |30], de Haan and Pickands [33]], Giné Hahn
and Vatan [44], Resnick and Roy [63]] and many others. More details and further references can
be found in the monographs by Resnick [62] or de Haan and Fereira [31].

The questions of mixing and ergodicity of max-stable random processes indexed by R or
Z have been addressed recently. First results by Weintraub [80] in the max-stable case have
been completed by Stoev [[73]], providing necessary and sufficient conditions for mixing of max-
stable processes based on their spectral representations. More recently, Kabluchko and Schlather
[S0] extend these results and obtain necessary and sufficient conditions for both mixing and
ergodicity of max-i.d. random processes. They define the dependence function of a stationary
max-i.d. random process 1 = (1());cz by

, a>essinfn(0), heZ.

Then, it holds with ¢ = essinf 7(0) :

— 1 is mixing if and only if for all @ > ¢, 7,(n) — 0 asn — +o0;
— nis ergodic if and only if foralla > ¢, n=' > "7 | 7,(h) — 0 as n — +o0.

Ergodicity is strongly connected to the strong law of large numbers via the ergodic theorem. The
above results find natural applications in statistics to obtain strong consistency of several natural
estimators based on non-independent but ergodic observations.

Going a step further, we address in this paper the issue of estimating the strong mixing coef-
ficients of max-i.d. random fields. In some sense, ergodicity and mixing state that the restrictions
ng, and 7ng, to two subsets S, .Sy become almost independent when the distance between S; and
S, goes to infinity. Strong mixing coefficients make this statement quantitative : we introduce
two standard mixing coefficients «(S1, S2) and (51, S2) that measure how much ng, and 7g,
differ from independence. The rate of decay of those coefficients as the distance between 5
and S, goes to infinity is a crucial point for the central limit theorem (see Appendix [5.A.3). As
an application, we consider the asymptotic normality of three simple estimators of the extremal
coefficients of a stationary max-stable random field on Z? with standard unit Fréchet margins.

Our approach differs from those of Stoev [73]] based on spectral representations and of Ka-
bluchko and Schlather [50]] based on exponent measures. It relies on the Poisson point process
representation of max-i.d. random fields offered by Hahn, Giné and Vatan [44] (see also Ap-
pendix [5.A.T)) and on the notions of extremal and subextremal points recently introduced by the
authors [35]]. Palm theory for Poisson point process and Campbell-Slyvniak formula are also a
key tool (see Appendix [5.A.2).

The structure of the paper is the following : the framework and results are detailed in the next
Section ; Section 3 is devoted to the proofs and an Appendix gathers some more technical details.
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5.2 Framework and results

Let (2, F,IP) be a probability space and 7" be a locally compact metric space. We denote
by C(T) = C(T,[0,400)) the space of nonnegative continuous functions endowed with the
topology of uniform convergence on compact sets and by C its Borel o-field. A measure is said
to be locally finite if it assigns finite measure to compact sets. Let ;o be a locally finite Borel
measure on Cy(7T") = C(T') \ {0} satisfying

u[{f € Co(T); sup f > 5}] < oo forall compact K C T and ¢ > 0, (5.1
K

and ® a Poisson point process on Cy(7") with intensity ;. More rigorously, we should consider
® as a random point measure rather than as a random set of points, since there may be points
with multiplicities. It is however standard to consider ® as a random set of points with possible
repetitions.

We consider the random process

n(t) = max{o(t), p € ®}, teT,

with the convention that the maximum of the empty set is equal to 0. Condition (5.1]) ensures
that the random process 7 is continuous on 7" (see [44] and Appendix [S.A.T)). Another property is
worth noting : 7 is max-infinitely divisible. This means that for all n > 1, there exists independent
and identically distributed continuous random fields (7; ,,)1<i<, such that

L
n= v?:lni,na

where V stands for pointwise maximum and £ for equality in distribution. Note that the max-
infinite divisibility of 7 is a simple consequence of the superposition theorem for Poisson point
processes. Furthermore, for all ¢ € T, the essential infimum of the random variable 7(t) is
equal to 0. As shown by Giné, Hahn and Vatan [44], up to simple transformations, essentially
all max-i.d. continuous random process on 7" can be obtained in this way (see Appendix [5.A.T).
The measure 1 is called the exponent measure associated to the max-i.d. process 7. It should be
stressed that Giné et al [44]] deal with upper semi-continuous functions. For the sake of simplicity,
we consider in this paper only continuous processes, even if the main results (Theorems
and[5.2.3]) can be extended almost directly to cover the case of upper semi-continuous processes.

We now introduce the so-called o- and $-mixing coefficients. For more details on strong
mixing conditions, the reader should refer to the recent survey by C.Bradley [12] or to the mo-
nographs [37, 165} [13} [14} [15} 34]. For S C T a closed subset, we denote by Fg the o-field
generated by the random variables {7(s), s € S} and by P the distribution of the restriction 7g
in the set C(.5) of nonnegative continuous functions on S endowed with its Borel o-field Cg. Let
S1,S5 C T be disjoint closed subsets. The a-mixing coefficient introduced by Rosenblatt [66]
between the o-fields Fg, and Fg, is defined by

(S1, Ss) = sup {|IP>(A N B) — P(A)P(B)|; A€ Fs,, B e fSQ}.

7
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The S-mixing coefficient (or absolute regularity coefficient, see Volkonskii and Rozanov [77]])
between the o-fields Fs, and Fg, is given by

B(S1,Sy) = sup {|P51u52(0) Py, @ P, (C)]; C e CSIUSQ}. (5.2)

Since S; and S, are disjoint closed subsets, C(S; U Ss) is naturally identified with
C(S1) x C(S2). We denote by || - ||,qr the total variation of a signed measure. Equivalent de-
finitions of the S-mixing coefficient are

ﬁ(sla 82) = HP51U52 - 7)51 ® 7352HUGT

1 J
= s {3 BN B) - BUAEB,) )

i=1 j=1

where the supremum is taken over all partitions {A;,..., A;} and {By, ..., B;} of Q with the
A;’s in Fg, and the B;’s in Fg,. The following inequality is worth noting

1
(S, Ss) < 55(51, Sa). (5.3)

Our main result is the following.

Theorem 5.2.1. Let 1) be a continuous max-i.d. process on I’ with exponent measure | satisfying
(B.1). Then, for all disjoint closed subsets Sy, 5, C T,

B(Sh,S) < 2 /C PUf 2500 f £ 0 pldf).

In the particular case when S; and S, are finite or countable (which naturally arise for
example if T = Z%), we can provide an upper bound for the mixing coefficient 3 (S1,52) in-
volving only the 2-dimensional marginal distributions of the process 7.

For (si,s2) € T2 let pg 5, be the exponent measure of the max-i.d. random vector
(n(s1),n(s2)) defined on [0, +00)? by

psrsa(A) = u[{f € Co(T); (f(s1), f(s2)) € A}], A C [0, +00)” Borel set.
Corollary 5.2.2. If S| and S, are finite or countable disjoint closed subsets of T,

B(S1,5) <2 > [ Plnlst) <y, 1(s2) < ya] oy 52 (dyrdy).

S1€S51 s9€852

Next, we focus on simple max-stable random fields, where the phrase simple means that the
marginals are standardized to the standard unit Fréchet distribution,

Pln(t) <yl =exp[-y lyy=0p, yER, teT.

In this framework, an insight into the dependence structure is given by the extremal coefficients
0(S), S C T compact, defined by the relation

Plsupn(s) < y] = exp[-0(S)y~'], y > 0. (5.4)

ses
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Theorem 5.2.3. Let 1) be a continuous simple max-stable random field on T'.
For all compact S C T, the quantity

C(S) = Elsup{n(s)"; s € S}] (5.5)

is finite and furthermore :
— For all disjoint compact subsets Sy, Sy C T,

B(S1,Ss) < 2 [C(Sl) v 0(52)} [0(51) 4 0(Ss) — 6(S, U 52)} .

— For (S1:)ier and (S2j)jes countable families of compact subsets of T such that
Sl = Uielsl,i and SQ = U]'GL]SQJ are diSjOil’lt,

B(S1,Ss) < 2 Z Z [C(Su) + 0(52,]-)] [e(su) +0(Ss,;) — 0(S1i U 52,]-)] .

In the particular case when S and S, are finite or countable, the mixing coefficient 5(S7, S3)
can be bounded from above in terms of the extremal coefficient function

6(81,82) = 0({81,52}), S1, 892 € T.

We recall the following basic properties : it always holds 0(sy, s2) € [1,2]; 0(s1,52) = 2 iff
n(s1) and n(sq) are independent ; 6(s1, s2) = 1 iff n(s1) = n(s2). Thus the extremal coefficient
function gives some insight into the 2-dimensional dependence structure of the max-stable field
7, although it does not characterize it completely.

Corollary 5.2.4. Suppose 1 is a continuous simple max-stable random field on T. If S1 and S
are finite or countable disjoint closed subsets of 'T', then

B(S1,S2) <4 Y [2—0(s1, )]

$1€851 s9€852

Remark 5.2.5. It should be stressed that the the proof of Theorem relies on the following
inequality : if 7 is a max-stable process with exponent measure p, then for all disjoint compact
subsets S1, Sy C T

/ Plf £s, 0, f £s, n]pu(df) < [C(S1) + 0(52)} [9(51) +0(52) — 0(S1 U 52)]

Co

In view of Theorem|5.2.1}, this inequality entail the first point of Theorem When S; = {s1}
and S = {s2}, we obtain

/]P’[n(sl) < y1, n(52) < Yol toy s (dindyz) < 2[2 = 0(s1,52)].

This is used in the proof of Corollary [5.2.4]
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As noted in the introduction, our main motivation for considering the strong mixing proper-
ties of max-i.d. random fields is to obtain central limit Theorems (CLTs) for stationary max-i.d.
random fields. In this direction, we focus on stationary random fields on 7' = Z% and our analysis
relies on Bolthausen’s CLT [10] (see Appendix [5.A.3).

We denote by |h| = maxi<;<g4 |h;| the norm of € Z% and by |S| the number of elements of
a subset S C Z“. The boundary dS of S is the set of elements 4 € S such that there is 1/ ¢ S
with d(h,h') = 1.

A random field X = (X ()),cyq is said to be stationary if the law of (X (¢ + s)),.5« does not
depend on s € Z¢. We say that a square integrable stationary random field X satisfies the CLT if
the following two conditions are satisfied :

i) the series 0> = )", ;4 Cov[X(0), X (t)] converges absolutely ;

ii) for all sequence A,, of finite subsets of 7%, which increases to Z% and such that we have

limy, o0 [OA,]/|Ar] = 0, the sequence [A,| /23", ., (X (t) — E[X()]) converges in law
to the normal distribution with mean 0 and variance o2 as n — oo.
Please note we do not require the limit variance o2 to be positive ; the case o2 = (0 corresponds to
a degenerated CLT where the limit distribution is the Dirac mass at zero. Bolthausen’s CLT for
stationary mixing random fields together with our estimates of mixing coefficients of max-i.d.
random fields yield the following Theorem.

Theorem 5.2.6. Suppose 1 is a stationary max-i.d. random field on 7 with exponent measure ju
and let

v(h) = /P[U(O) <y, n(h) < yo] pon(dpdys), h e Z°.
Let g : R? — R be a measurable function and ty, . .., t, € 7% such that
Elg(n(t1), ..., n(t,))*™] < oo for some § > 0,

and assume that

Z v(h) = o(m™) and Zmd_l sup v(h)" ) < o, (5.6)
m=1

|h|>m [hlzm
Then the stationary random field X defined by
X(t) =gty +t),...,n(t, +1), tez’
satisfies the CLT.
Condition (5.6) requires that v goes fast enough to 0 at infinity. It is met for example if
v(h) < C - |n|™" forsome b > dmax(2,(2+0)/6) and C > 0. (5.7)
If 7 is simple max-stable, it follows from the proof of Theorem[5.2.3]and Corollary [5.2.4] that

7(h) <2(2-6(0,h)),
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5.2 Framework and results

with 6 the extremal coefficient function.

As an application of Theorem [5.2.6] we consider the estimation of the extremal coefficient
for a stationary simple max-stable random field on Z. For h € Z%, we note 8(h) = 6(0, h).
Equation (5.4) implies

0(h) = —ylogp(h,y) with p(h,y) =Pn(0) <y, n(h) <y), y>0,

suggesting the simple estimator

év(ll)(h) =Y logﬁn(hay) with ﬁn(ha y) - ‘An|_1 Z 1{77(t)§y, n(t+h)<y} (58)

teAy

where A, is a sequence of finite subsets increasing to Z* such that |OA,,|/|A,| — 0 as n — oco.
The fact that the naive estimator éﬁll)(h) depends of the threshold level y > 0 is not sa-
tisfactory. Alternatively, one may consider the following procedures. Smith [70] noticed that
min(n(0)~*, n(h)~!) has an exponential distribution with mean #(h)~! and proposed the estima-
tor

1 (2) _ |An|
o) = S ) )

Cooley et al. [19] introduced the F'-madogram defined by

vr(h) =E[[F(n(0)) — F(n(h))[] with F(y) = exp(—1/y)1{ys0
and showed that it satisfies

1
vi(h) = —% or equivalently 6(h) = = 20r(h)’

This suggests the estimator

_ Al 23 e, [F (@) — F(n(t + 1))l
[Anl =23 e, [F (1) = F(n(t + b))l

03 (h)

n

The following Proposition states the asymptotic normality of these estimators.

Proposition 5.2.7. Suppose that 1) is a stationary simple max-stable random field on 7. with
extremal coefficient function satisfying

2—0(h) <C-|h|™ forsome b>2d and C > 0. (5.9)
(i)

Then, the estimators 0, (h), i = 1,2,3 are asymptotically normal :

IAL[2(00(h) — 6(h)) = N(0,02) asn — oo
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with limit variances

of = > (expl(20(h) — 0({0, h,t,t + h}))y~'] = 1),

o5 = 6(h)' ) _ Cov[min(n(0)~",n(h)~"), min(n(t) " n(t + k)],
o3 = (6(h) +1)" Y Cov[|E(n(0)) = F(n(h))], |F(n(t)) — F(n(t + )]

tez?

Interestingly, the function y + o7 is strictly convex, has limit +00 as y — 0 or 400 and
hence it admits a unique minimizer y* corresponding to an asymptotically optimal truncation
level for the estimator 63" Unfortunately, the limit variances o3 and o3 are not so explicit so that
a comparison between the three is difficult.

We illustrate our results on two classes of stationary max-stable random fields on R,

Example 5.2.1. We consider the Brown-Resnick simple max-stable model (see Kabluchko et al.
[51]). Let (W;);>1 be independent copies of a sample continuous stationary increments Gaussian
random field W = (W (t)),cge With zero mean and variance o*(t). Independently, let (Z;);>; be
the nonincreasing enumeration of the points of a Poisson point process (0, +00) with intensity
272dz. The associated Brown-Resnick max-stable random field is defined by

n(t) = \/ Ziexp[Wi(t) — o*(t)/2], te€R%

It is known that 7 is a stationary simple max-stable random field whose law depends only on the
negative semi-definite function V', called the variogram of I/, and defined by

V(h) =E[(W(t+h)—W()?, heR%
In this case, the extremal coefficient function is given by

Q(Sl,SQ) :2\11(\/ V(SQ—Sl)/Q), S1, 859 ERd,

where ¥ denotes the cdf of the standard normal law. Using the tail equivalent
efo /2

TV 2T

1—U(z) ~ as x — +o00,

we see that Equation (5.9) holds as soon as

~—

lim inf Vi > 2V/d.

h—oo\/log |

This completes the necessary and sufficient conditions for ergodicity or mixing of Brown-
Resnick processes given by Kabluchko and Schlather [S0]].



5.3 Proofs

Example 5.2.2. Our second class of example is the moving maximum process by de Haan and
Pereira [32]]. Let f : R? — [0, +-00) be a continuous density function such that

f(z)de =1 and /supf(a:—l—h)dx<oo.
R? R

4 |h|<1

Let >, §(z,u,) be a Poisson random measure on (0, +-00) X R? with intensity z~2dzdu. Then
the random field

n(t)=\/Zift-U), teR?
=1

is a stationary sample continuous simple max-stable random field. The corresponding extremal
coefficient function is given by

0(s1,52) = » max(f(s; — ), f(sy —x))dz, 1,5, € R

Some computations reveals that Equation holds true as soon as

with k1 = 3 and kg = 2(d + 1) ford > 2.

5.3 Proofs

5.3.1 Strong mixing properties of extremal point processes

In the sequel, we shall write shortly C, = Cy(7"). We denote by M,(Cy) the set of locally
finite point measures /N on C, endowed with the o-algebra generated by the family of mappings
{N — N(A), A C Cy Borel set}. We introduce here the notion of S-extremal points that will
play a key role in this work. We use the following notations : if f;, f> are two functions defined
(at least) on S, we note

fi=s fo ifandonlyif Vse€ S, fi(s)= fa(s),
fi <s fo ifandonlyif Vse S, fi(s) < fas),
fi £s fo ifandonlyif 3Fse S, fi(s) > fols).

A point ¢ € P is said to be S-subextremal if ¢ <g 7, it is said S-extremal otherwise, i.e. if there
exists s € S such that ¢(s) = n(s). In words, a S-subextremal point has no contribution to the
maximum 7 on S.

Definition 5.3.1. Define the S-extremal random point process ®& and the S-subextremal random
point process ®g by

oL ={pc® ¢ £sn} and 5 ={pec®; ¢<gn}.
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CHAPITRE 5 : Strong mixing properties of max-infinitely divisible random fields

The fact that ® and @ are well defined point processes, i.e. that they satisfy some measurability
properties, is proved in [35] Appendix A3. Clearly, the restriction ng depends on @7 only :

n(s) = max{¢(s); p € dL}, se 8.

This implies that the strong mixing coefficient 3(S;, S2) defined by Equation (5.2)) can be upper
bounded by a similar S-mixing coefficient defined on the level of the extremal point process <I>+1 ,
<I>§2. For:=1,2, let P¢>§_ the distribution of <I>§Z, on the space of locally finite point measures on

Co and let Pigs 43 ) be the joint distribution of (&7 , &% ). We define

S A
6((D5'17 ®32) - ||P(CI>;T17<I>;C2) - Pq)j';l ® P@%LZ ||var' (510)
It holds
B(S1,S2) < B(Dg,, Pg,)- (5.11)

The following Theorem provides a simple estimate for the S-mixing coefficient on the point
process level. It implies Theorem [5.2.1] straightforwardly and has a clearer interpretation.

Theorem 5.3.2. — The following upper bound holds true :
B(®S,, @4,) < 2P[@ N Y, # 0] (5.12)
with
Pt 05, A0 < [ B 0. S A ) ), (513
Co

— If the point process ® is simple (in particular in the max-stable case), the following lower
bound holds true :
B(25,, D5,) = P[Py, N &g, # 0] (5.14)

Clearly, equations (5.11)), (5.12)) and (5.13) together imply Theorem|[5.2.1]

Remark 5.3.3. The upper and lower bound in Theorem are of the same order, and hence
relatively sharp. It is not clear however how to bound (3(S7, S3) from below and how sharp the
upper bound in Theorem [5.2.1]is.

5.3.2 Proof of Theorem 5.3.2

The upper bound for the mixing coefficient 5(®¢ , @7 ) defined by Equation relies
on a standard coupling argument. There are indeed deep relationships between (-mixing and
optimal couplings and we will use the following result (see e.g. [65] chapter 5). Note that the
lemma holds true for any pairs of random variables, but for the sake of future reference, we state
it for extremal point processes.

Lemma 5.3.4. On a probability space (Q, F,P), suppose that the random variables
(®F!, &), i = 1,2 are such that :
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5.3 Proofs

i) the distribution of ((IJJSZl, <I>§21) is P(@jgf ot );
17752
.. C 2 &2y ;
ii) the distribution of (@;Cl , (19:9: ) is Pq%l ® Pégg.
Then,
B0, 0F,) < P|(@3),0L)) # (0F2, 0F2)

We say that the random variables (q);f, (IDEC;) 1 = 1, 2 satisfying 1) and ii) realize a coupling
between the distributions P(q>+ @%) and P¢+ ® P¢+ .

In order to construct a sultable couphng, we need the following Lemma describing the de-
pendence between @ and O

Lemma 5.3.5. Let S C T be a closed set. The conditional distribution of ®g with respect to ®;
is equal to the distribution of a Poisson point process with intensity 1y g p(df ).

Proof of Lemma/5.3.5}

Note that in the particular case when 7' is compact and ® is finite almost surely, Lemma
follows from [35] Theorem 2.1 and Corollary 2.1. For 7" non compact, the proof need to be
modified in a non straightforward way.

Clearly, the event { f <g n} depends only on the restriction 7¢ and is hence measurable with
respect to the o-field generated by @ In order to prove the statement, let Ay, ..., A, C Co be
disjoint compact sets and ny,...,n; > 0. Let A = U¥_ A; and n = Zle n;. We compute the
conditional probability with respect to @ of the event

{®5(A1) =nq,..., 5 (Ag) = ni}
This event is equal to {®g € B} with B = {N € M,(Cy); N(A;) = ny,...,N(Ag) = ny}.

We remark that it is realized if and only if there exists a n-uplet (¢, . . ., ¢,,) of atoms of ® such
that :

- the atoms ¢, ..., ¢, are S-subextremal ;

- Z?:l 5¢j € B;

- the point measure  — 2?21 d¢; has no S-subextremal atom in A, i.e. it belongs to
D = {N € M,(Cy); Ng(A) = 0}.

Then the n-uplet (¢, ..., ¢,) is unique up to permutation of the coordinates. The above obser-
vations entail that for all measurable C' C M,(Cy),

. 1
P[o5 € C, &g € B] = HE[ /C Legeoylviennl eicsm s, 6, eB Ho-x 55,60)
0

n—1

B(d6n)(® = 65 )(dbn) -+ (0 = 32 0) ()]

Campbell-Slyvniak formula entails

IP’[(I)fg € C, o, € B]
1 n
= E[l{ége()}l{@gm):o}ﬁ - Ly df,€B} ®i—1 (1{fi<sn}ﬂ<dfi))]- (5.15)
Y
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CHAPITRE 5 : Strong mixing properties of max-infinitely divisible random fields

Summing this relation over the different values of ny, ..., n; € N and the related sets B = {N €
M,(Cy); N(A1) =nq,...,N(Ax) = ng}, we obtain

P[0F € C] = E|Liagcey Loy oy o2 [1({f € 4 f <sn})]]-

So we can rewrite Equation (5.15)) as

P[og € C, o5 € B] = ]E[l{@geC}l{@g(A):o} exp [u({f € 4; [ <s U})]K(US,B)},
where
exp | —u({f €4 f <sn}) n
K(ns, B) = [ ! ] /A Lisor oy,eB) @iy (1{fi<s77}y“(dfi)>

is the conditional probability of {®5 € B} with respect to & (note it depends on ®F only
through the restriction 7g). We recognize the distribution of a Poisson random measure with

intensity 17, 1(df) and this proves Lemma O
We now construct the coupling providing the upper bound (5.12)).
Proposition 5.3.6. Let (213, 1) be an independent copy of (®,n) and define
O =0f U{ded; ¢ <s, 1) (5.16)

The following properties hold true : B
— ® has the same distribution as ® and ¢ and satisfies

o =0, Dy ={oeP; b <s, n}; (5.17)
_ (5;, CTDJSFQ) and (9§, %;2) is a coupling between Pyt o1 ) and Pyt ® Py such that
P|(B%, 8%, # (94, 8| < 2P0, N0f, 410, (5.18)
Proof of Proposition[5.3.6]
— Equation (5.17)) follows from the construction of ® : consider
) =\ ¢t), teT;
ped
the maximum 7 is achieved on S; by the Si-extremal points @ , and the definition (5.16)
ensures that 7) and 7 are equal on .S so that equation (5.17)) holds.

Furthermore, conditionally on ®¢ , the distribution of {¢) € ®; ¢ <g, 1} is equal to the
distribution of a Poisson point process with intensity 1ys<, ,3 w(df). According to Lemma

, this is the conditional distribution of & given &7 , whence (ZI\>‘§1, (551) has the same
distribution as (@7 , @3 ). We deduce that & = & U g and o = @gl U (TJEI have the
same distribution.

86



5.3 Proofs

— The coupling property is easily proved : since ¢ and ® have the same distribution, the law
of (BF,®% ) is equal to Piog sz, since & and ® are independent, (®F , @ ) has law
P(I);rl X Pq);r2 .

We are left to prove Equation (5.18)). Since <I> = CT{JSC , we need to bound the probability
P [@* #* <I>Jr ] from above. By construction, <I> is obtained from ® by removing the points
gb € & such that gb #£s, 1 and adding the points ¢ € <I>+ Hence, it holds

(0L, #0EY C (3o ®f, 6 £s, 7} U {30 € B, & £5, 1}

Noting the equality of events

{36 € BL, ¢ £s, M} = {30 € DG, N DF,} = {BF, N DE, # 0},
we obtain
P[DS, # B3, < P[BS, N &Y, # 0]+ P36 € B, 6 £s, 1)
Since ® and ® have the same law, we have
P[Of, N DF, # 0] = P[OF, N &F, £ 0).
Hence, equation follows from the upper bound
P3¢ € f,, ¢ £s, n) < P[5, N DF, # 0]

that we prove now. Using symmetry and exchanging the roles of ® and ® on the one hand
and the roles of S; and S5 on the other hand, it is equivalent to prove that

P3¢ € 5, & £s, ] < P05, N g, # 0.

We conclude the proof by noticing that the inclusion of events

{El¢ € CD:S"—N ¢ %S’z ?]/} C {Elgb € (bg_l? Qb %SQ ﬁ}

entails

P[Eg € ®f, ¢ £s, 1] <P[Es € OF, ¢ £5, 7] =P[OL N L # 0.

We now complete the proof of Theorem [5.3.2]by proving Equations (5.13) and (5.14).
Proof of Equation (5.13):

We observe that
{(I)El N (bgg 7é 0} - {El¢ € (I)7 ¢ 7<51 7, ¢ 7{52 77}
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CHAPITRE 5 : Strong mixing properties of max-infinitely divisible random fields

which entails

P[@§, N@, # 0] < E[Z Liggs,n, 45%5277}}
ped

Noting that ¢ £, n if and only if ¢ £, max(® — {¢}), we apply Campbell-Slyvniak formula
(see Appendix[5.A.2)) and compute

E[lesln, ¢%sz?7}} = E[leﬁslma)((q’*{@ﬁ}),¢7<52maX(<1>*{¢})}]
ped PP

:(/EMMWMMMWMMWW)

Co

:gépvfamff&MM#)

Proof of Equation (5.14)):
For any measurable subset C' C M,(Cy) x M,(Cy),

B(@4,, 24,) > [P(®F,, @3,) € C] — P[(®5,, &L,) € O]

where  is an independent copy of ®. We obtain the lower bound by choosing the subset
C = {(M, Ms) € M,(Co) x My(Co); My N M, # 0}

This yields indeed
B, @3,) > [P[2F, N @F, # 0] — P, N &L, #0]].

and in the case when @ is a simple point process, i.e. when the intensity measure ;. has no atom,

we have B B
P[@E NOE # 0] =P[® N # 0] = 0.

5.3.3 Proof of Corollaries 5.2.2] and 5.2.4 and Theorem

Proof of Corollary[5.2.2}
We have for all f € C,,

{f £sim [ ésmy = {3(s1,82) € 51 x5, fls1) Zn(s1), f(s
= Uses Usses, {77(81) < f( ) ( ) < f(

whence, for S; and S5 finite or countable,

PIf £s,m [ s, < D D Plns) < f(s1), nls2) < f(s2)].

51€851 52€852

2) > 1(s2)}
2)

—
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As a consequence, the integral in Theorem [5.2. 1| satisfies

/ BLf #s 1, f £ ] p(df)
52 % [ Blnten) < ). s < sl e

S1E€S51 89€S2

- Z Z / n(s1) <y, n(s2) < Yol fhsy s (dyrdys).

51€5) 52653 ¥ 10; +00)?

IN

In the last line, we have used the fact that /4, , 1s the image of the measure ;. under the mapping

[ (f(s1), f(s2)). O
Proof of Theorem[5.2.3]

We recall that for a simple max-stable random field, the exponent measure p is homogeneous of
order —1, i.e. u(cA) = ¢ 'u(A) for all A C C, Borel set and ¢ > 0. Also the assumption of
standard unit Fréchet marginals implies

f(y)=y ', teT, y>0.

These conditions imply (See Giné and al. [44] Propostition 3.2 or de Haan and Fereira [31]]
Theorem 9.4.1 and Corollary 9.4.2) that ; can be written as

= / / 1{rfeA} TﬁQdTO'(df)
0 Co

where o is a probability measure on C, such that
f(t)o(df)=1 forallteT,

and
/ sup f(s)o(df) < oo for all compact S C T.
c

o SES
Using this, note that for all compact S C T and y > 0,

Plsup f(s) <y] = exp[—u({f € Cy; sstelgf(S) > y})]

ses

= &Xp [_ /Co Lisup,es rf(s)>y} r_2dra(df)}
= exp [— yl/c sup f(s) U(df)]

It follows that the extremal coefficient 6(.S) defined by (5.4) is equal to

0(S) = /C sup £(s) o(df). (5.19)

o SES
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We now consider C'(.S) defined by equation (5.5). Since S C 1" compact,

C(S) = E|(inf n(s)) .

SES

we need to provide a lower bound for infcg 7(s). To this aim, we remark that

inf = inf > inf :
reE7e) =l o) 2 ek o)

The right hand side is a random variable with unit Fréchet distribution since

Plmax inf ¢(s) <y] = P[¥g € P, inf é(s) <y

$ed scS o
— exp(—,u({f - (Co; ;relgf(s) > y}))

and

p(1F € Cos nf () > yh) =y [ it £(5) o)

Co
Hence, if [, infses f(s)o(df) > 0, we obtain

O(S) = E[(mfn(s))-l} < ]E[(max inqu(s))-l} - ( /C inf f(s)a(df))l < .

seS ¢ped seS 5 ses

For arbitrary compact S C 7', we may however have fCO infses f(s)o(df) = 0. But, if S =
B(sg,€) is a closed ball with center s, and radius ¢, the monotone convergence Theorem implies

/C inf f(s)o(df) — | flso)o(df) =1 ase— 0,

o SEB(S(),&) Co

so that fco infseB(so,c0) f(5) o(df) > 0 and C(B(s,€0)) < oo for £y small enough. The result
for general S follows by a compacity argument : there exists si,...,s; and €1, . .., €, such that
S C U, B(s;, ;). Hence,

k
supn(s)™' < max sup n(s)_lgz sup  n(s)7!

ses - 1Si<k seB(si ) i=1 S€B(si.80)
and
k k
C(8) = E[supn(s)] < SB[ sup ()] = 3" C(B(si,2) < .
ses i=1 SE€B(si i) =1

This proves the fact that C'(.S) is finite.
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— The upper bound for 3(S1, S2) given by Theorem [5.2.1]can be expressed as
85150 < 2 [ PU . S s nlldf)
0
= 2 [ [T Bt e o ol drota
0
= 2 /C O /0 E [1{rzinfslesl n(s1)/f(s1), r>infopes, ?7(82)/f(82)}} r2dro(df)
= 2 /CO ]E[max (sirelgl ;Eij, 82222 ;EZ;)_I] o(df). (5.20)

We then introduce the upper bound

_eons) L n(s2) )
e (Siggl f(s1)’ 5;2& f(32)>

< max(sup (s1)”", sup n(s2)”") min(sup f(s1), sup f(s2))

S1€S51 $2€So $1€571 $2€S9

whence we deduce

ﬂ(SleQ)
= QE[maX( sup n(s;)"t, sup 77(32)_1)] j min( sup f(s1), sup f(s2))o(df)

s1€51 52€82 51€51 52€S52

< 2E[ sup n(s1)~" + sup n(sy)” 1] min( sup f(s1), sup f(s2))o(df)

51€51 52€52 Co 51€51 52€52

— 2[C(S) + C(S)] [6(S1) +6(S2) — 6(S) U S5)].

In the last equality, we use Equation (5.5)) defining C'(S) and Equation (5.19) defining 6(S)
together with the following simple equality

min(sup f(s1), sup f(s2)) +max(sup f(s1), sup f(s2)) = sup f(s1) + sup f(s2).

S1E€S1 52€82 51€851 52€82 51€851 52€S52

— The second point is straightforward since

P[f 7651 7, f 7<5'2 77] = ]P)[E]Z S Iv f 7451,1' n, EI.] S J7 f %SQ,j 77]
< Zzp[f %Sm 7, f %Sz,j 77]

el jed
so that
B(S1Sy) < ZZ/ [ £, | £, 1] pdf)
el jeJ
< 2) ) [C(S1a) + C(S2)] [0(S1a) + 0(S25) — 0(S1: U Sa,5)].
i€l jed
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CHAPITRE 5 : Strong mixing properties of max-infinitely divisible random fields

Proof of Corollary[5.2.4}

This is a straightforward consequence of the second point of Theorem with S =
Us,es; {81} and S = Ug,es,{s2}. It holds indeed

B(S1,S) <2 ) Y [C{si}) + C({s2})] [0({s1}) + 0({s2}) — O({s1} U {s2})]
with
0({s1}) =0({s2}) =1 , 0({s1} U{sa}) =0(s1,52)
and

C({s}) = C({s2}) = L.

The last equality follows from the fact that, for all s € S, n(s) has a standard unit Fréchet
distribution and hence 7(s)~! has an exponential distribution with mean 1. Hence we obtain

B(S1,S2) <4 Y (2 0(s1,52))

51€851 s9€8S9

5.3.4 Proof of Theorems and Proposition

Proof of Theorem|5.2.6}
According to Bolthausen’s CLT for stationary mixing random fields (see Appendix [5.A.3)), it is

enough to prove that the mixing coefficients «y;(m) defined by Equation (5.21)) with X (t) =

gn(ty+1),....n(t, +1)) satisfy Equations (5.22), (5.23)) and (5.24).
For S C Z¢, we define S = U_ {s +t;, s € S}. The inclusion of o-fields

o({X(s), s € S}) C a({n(s), s € 5})

entails a comparison of the related c-mixing coefficients : for disjoint 57, S5 C Z,

aX(8y,85) < a”(Sy, S,),

where the superscript X or n denotes that we are computing the a-mixing coefficient of the
random field X or n respectively. Furthermore,

1S)| < plSi|, i=1,2 and d(S;,Ss) > d(Sy,Ss) — A,
with A = max;<;j<, d(t;,t;) the diameter of {¢,...,%,}. Hence, with obvious notations,

ap(m m) <apy(m—A), kleNU{oc}, m>A+1.
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Similar to the proof of Corollary [5.2.4] we get

ap(m) < af o (m—A) < p?kl |t;ugAv(t), kleN m>A+1,

and
afoo(m) <al (m— A)<p Z v(t), m>A+1.
[t >m—A
In view of this, Assumption (5.6) entails Equations (5.22)), (5.23) and (5.24), so that the random
field X satisfies Bolthausen’s CLT. Il

Proof of Proposition[5.2.7;
Let i € Z. We apply Theorem 5.2.6|to the stationary random field

X(t) = Liny<y, nt+h)<y}, T E A

Clearly E[X ()] = exp[—0(h)/y] and E[| X |?**°] < oo for all § > 0. Assumption (5.9) together
with y(t) < 4(2 — 60(t)) ensure that Equation (5.6) is satisfied for ¢ large enough. Hence the
estimator p,, (h, y) is asymptotically normal :

Al (Bl ) = (b)) = N0, 57)
with limit variance

Bily) = ) Cov[X(0), X(#)]

= > (exp(6({0, by .t + B} /y) — exp(20(h) /) > 0.

tez4

The §-method entails the asymptotic normality of the estimator 6% (h) = —y log pn(h, y) :
(A2 (B2(0) = 0(1)) = N (0, 0%)
with limit variance

ot =y exp(20(h) /)57 = y* ) (exp[(29(h) —0({0, h,t,t+ h}))/y] - 1)-

tez?

The proof of the asymptotic normality of 0¥ and 05 is very similar and we give only the main
lines. Using Theorem[5.2.6] we prove that

Gn = || D min(n(t) (e +2) )

te|An|
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is an asymptotic normal estimator of §(h)~" :
[Aal2(G = O(h) ™) = N(0, 53)
with limit variance

B3 =Y Cov[min(y(0)~*,n(h)~"), min(n(t) ", n(t + h)")].

tez?

The §-method entails the asymptotic normality of 65 (h) = 1/G,(h) with limit variance
o3 =0(h)'5].

Similarly,

Pra(h) = M7 D [E (1) = Fn(t + 1))

te|An|

is an asymptotic normal estimator of vx(h) = E[|F(n(0)) — F(n(h))|] :
A2 (D () — vie(h)) == N0, 53)
with limit variance

B3 = Cov[|[F(1(0)) — F(n(h))l, |F(n(t)) — F(n(t + h))]].

tez?

The )-method entails the asymptotic normality of

1+ 20p,(h)

6 (h) = 1 — 205, (h)

with limit variance
o5 = (0(h) +1)"53.

APPENDIX

5.A Auxiliary results

5.A.1 Structure of max-i.d. random processes

The structure of sample continuous random processes on a compact metric space was elucida-
ted by Hahn, Giné and Vatan [44]]. Further results by Vatan [[76] cover the discrete case T = Z-.
We give here similar results when 7T is a locally compact metric space, typically ' = R?. Such
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extensions have been considered for max-stable models on R (see [31] Chapter 9.6) but we have
found no reference in the max-i.d. case.

Let 1 be a continuous max-i.d. random process on C(7',R). Define its vertex function A :
T — [—00,400) by

h(t) = essinf n(t) = sup{z € R; P(n(t) > z) = 1}.

We will always assume that / is continuous. We can then suppose without loss of generality that
h = 0. Indeed, if h is continuous and finite, we may consider 17 — h which is a continuous max-
i.d. random field with zero vertex function ; and if A is not finite everywhere, we may consider
exp(n) — exp(h) which is max-i.d with zero vertex function.

We denote by C(T") = C(7,[0,+400)) the space of nonnegative continuous functions on 7'
endowed with the topology of uniform convergence on compact sets and set Cy(7') = C(7")\{0}.

Theorem 5.A.1.  — Let n = (n(t))ier be a continuous max-i.d. process on T with vertex
function h = 0. There exists a unique locally finite Borel measure on C satisfying condi-
tion (5.1)), called the exponent measure of 1, such that

logP| Ny {n(t:) < wi}| = | UL, {F € Coi £(8:) > i)

forallk > 1,ty,...,tx € T'and yy, ...,y > 0.
— Conversely, for any locally finite Borel measure on C satisfying condition (5.1), there

exists a continuous max-i.d. process n on T with vertex function h = 0 and exponent
measure . It can be constructed as follows : let ® be a Poisson point process on Cy with
intensity | and define

n(t) = max{¢(t), p € ¢}, teT.
Proof of Theorem[5.A 1]

Let (T,,),>1 be an increasing sequence of compact sets such that 7' = U,,>17,,. We suppose
furthermore that 7, is included in the interior set of T, .. The space C(T) = C(T,R") of
nonnegative continuous functions on 7' endowed with the topology of uniform convergence on
compact sets can be seen as the projective limit of the sequence of spaces C(T},, R") endowed
with the topology of uniform convergence. For m > n > 1, we define the natural projections

m : C(T) — C(T,,) and m,,, : C(T,,) = C(T,,).

For each n > 1, the restriction 7,(n) = 7z, is a continuous max-i.d. process on the compact
space T, and according to [44], there exists a locally finite exponent measure 1, on Co(T},) =
C(T,) \ {0} satisfying equation

IOgP[mfﬂ {n(t:) < ?/z}} = —ln [ UL, {f € Cos f(t;) > yz}]
forall k > 1,¢,...,t, € T), and yq, . .., yr > 0. Furthermore, for all € > 0
fn[Sne] < oo where S, .= {f € C(T,,); sup f > e}.

Tn
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Let ny > 1 and € > 0 be fixed. For n > ny, define the finite Borel measure by

Arof[A] = p[AN T, Sno ), A C C(T),) Borel set.

no,n
Clearly, the following compatibility conditions holds true : for m > n > ny,

Iano E ,EL”O e _—1

n m ”/L ,m*

Note that since Cy(7) is a Polish space, every locally finite measure is inner regular and hence a
Radon measure. Theorem 5.1.1 in [9] state the existence of projective limits of Radon measures,
it implies the existence of a finite Radon measure "¢ on C(7") such that

~NO,E __ ~Np,E,._—1
fme = imemt > g,

It is then easily checked that the measure p on Cy(7") defined by
plA] = sup{a"*°[A]; no > 1, € >0}, A C Cy(T) Borel set

is locally finite and enjoys the required properties. [

5.A.2 Slyvniak’s formula

Palm Theory deals with conditional distribution for point processes. We recall here one of the
most famous formula of Palm theory, known as Slyvniak’s Theorem. This will be the main tool
in our computations. For a general reference on Poisson point processes, Palm theory and their
applications, the reader is invited to refer to the monograph [74] by Stoyan, Kendall and Mecke.

The following formula is obtained thanks to Campbell’s Theorem and Slyvniak’s Theorem
together, and is sometimes reffered to as Campbell-Slyvniak formula. For our purpose, we state
it for C, valued point processes. Let M,(Cy) be the set of locally finite point measures N on
Cy endowed with the o-algebra generated by the family of mappings {N +— N(A), A C
Co Borel set}.

Theorem 5.A.2 (Campbell-Slyvniak Formula).
Let ® be a Poisson point process on Cy with intensity measure . For all measurable function
F : Cy x M,(Cy) — [0, +00),

E[/CkF<¢1,...,¢k,<I> 25@) () (® — 65,)(dp2) - 25% ()]

_ /CkE[F(fl,...,fk,q>>]u®k<df1,...,dfk»

0
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5.A.3 A central limit Theorem for weakly dependent process

Since the pioneer work of Ibragimov [48]], many versions of the central limit Theorem for
weakly dependent processes have been developed under various strong mixing conditions. We
present here a central limit Theorem for stationary mixing random fields due to Bolthausen [10].
Let (X}),cze be a real valued stationary random field and recall the definition of the o-mixing
coefficient (5.21)). If A C Z, we denote by |A| the number of elements in A and by JA the
set of elements £ € A such that there is [ ¢ A with d(k,l) = 1. Let A,, be a fixed increasing

sequence of finite subsets of Z?, which increases to Z% and such that lim,,_,. |0A,|/|A,| = 0.
Let Zn = ZheAn(Xh — E[Xh])
For subsets S;, Sy C Z¢, we define

d(S1,S2) = min{|ss — s1]; 81 € S1, 52 € Sa}.
Bolthausen’s central limit Theorem is based on the mixing coefficients
aw(m) = sup {oz(Sl, So); Si] =k, |Ss| = 1, d(S1, Ss) > m} (5.21)
defined form > 1l and k,l € NU {c0}.
Theorem 5.A.3. Suppose that the following three conditions are satisfied :

Q0(m) = o(m™7); (5.22)
S mélag(m) < oo forall k>1,1>1suchthatk+1<4; (5.23)
E[|Xn*H] <00 and Yo m* oy (m)|P/ @) < oo forsomed >0. (5.24)

Then the series 0* =, ;e Cov[ Xy, X}, converges absolutely and if furthermore o* > 0,

2

mﬁN(O,l), asn — Q.
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Chapitre 6

Stationary max-stable processes with the
Markov property

Abstract

We prove that the class of discrete time stationary max-stable process satisfying the Markov
property is equal, up to time reversal, to the class of stationary max-autoregressive processes of
order 1. A similar statement is also proved for continuous time processes.

6.1 Introduction

Given a class of stochastic processes, a natural and important question is to determine condi-
tions ensuring the Markov property. For example, a zero mean Gaussian process X on 1" = Z or
R satisfies the Markov property if and only if

E[X(tg) | X(t),t S tl] = E[X(tg) ‘ X(tl)] for all tl, tQ S T, tl S tg.

It is also well known that if X is a stationary zero mean Gaussian processes on 7' satisfying the
Markov property, then X must be the Ornstein-Uhlenbeck process with covariance function

E[X (t1)X (t2)] = E[X(0)*]e M2—"!

for some A € [0, +oc]. The case A = 0 corresponds to a constant process, the case A = +oo to a
Gaussian white noise.

Within the class of symmetric a-stable (SaS) processes, the situation is much more compli-
cated (see Adler et al. [[1]). No complete characterization of SaeS Markov processes is known
but only necessary or sufficient conditions. One can construct at least two classes of stationary
Markov SaS processes, the right and the left SaS Ornstein-Uhlenbeck processes.

The purpose of this paper is to study the Markov property within the class of max-stable
random processes. Without loss of generality, we shall consider only simple max-stable processes
defined as follows.
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Definition 6.1.1. A random process 1 = (n(t))er is said to be simple max-stable if it has 1-
Fréchet marginals

Ply(t) <yl =exp(—1/y), forallteT, y >0,

and satisfies the following max-stability property :

n

n! \/T]i 2 n, foralln >1,
i=1

: . o . d
where (1;);>1 are independent copies of 1 and \/ denotes pointwise maximum, = denotes the
equality of distributions.

Our main result is a complete characterization of the class of stationary simple max-stable
Markov processes on T = 7Z or R. Our analysis relies on a recent paper [35] where explicit for-
mulas for the conditional distributions of max-stable processes are proved. This helps clarifying
the notion of (Markovian) dependence for max-stable processes.

Related works by Tavares [[75], Alpuim [2]], Alpuim et al. [3] characterized stationary max-
AR(1) processes, and Alpuim et al. [4] study max-autoregressive processes and the Markov
property in extreme value theory. Extremes of Markov chains have been considered by Perfekt
[60] and Smith [[71]], while Smith et al. [[72]] consider Markov chain models for threshold excee-
dances (see the monograph by Beirlant et al. section 10.4 for further discussion on extremes and
Markov chains).

Well known examples of discrete time simple max-stable processes satisfying the Markov
property are maximum-autoregressive processes of order 1. The max-AR(1) process with para-
meter a € [0, 1] is defined as follows : consider (F},) 7, a sequence of i.i.d. random variables
with standard 1-Fréchet distribution, and set

V(1 —a)a™"F, ifae|0,1)
X, (t) = n<t , tez. (6.1)
X1<t)EFO ifa=1

The max-AR(1) process X, is a stationary simple max-stable process satisfying
X, (t+1) =max(aX,(t), (1 —a)Fi1), teEZ.

This relation explains the term max-autoregressive and implies that X, satisfies the Markov
property. The associated Markov kernel K, (z, -) is defined by

Kq(z,dy) =P[X,(t+1) edy | X,(t) = 2]
and is easily computed : denoting ¢, the Dirac measure at point z, it holds

K, (x,dy) = e_(l_“)/(“x)dax(dy) +(1-— a)y‘ze_(l_“)/yl{y>m}dy.
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Note that the parameter a € [0, 1] tunes the strength of the dependence, ranging from indepen-
dence when a = 0 to complete dependence when a = 1. It can be retrieved from the support of
the law of X, (¢ + 1)/X,(t) since

supp(X,(t + 1)/ X, (t)) = [a,+00) ifa € ]0,1),

and the support is reduced to {1} in the case a = 1.

It is well known that if X = (X(¢)),.7 is a stationary Markov chain, then the time rever-
sed process X = (X(—t)) 17, 1s also a stationary Markov chain. Hence, time reversed max-
autoregressive processes are further examples of stationary max-stable Markov processes. More
precisely, if X, is the max-AR(1) process (6.1)), the associated time reversed process X, is given
by
Xo(t)=(1—-a)\/a"'F,, teLZ, (6.2)

n>t

where (F},), .7 = (F_,), .7 are i.i.d. random variables with standard 1-Fréchet distribution.

Clearly, X, satisfies the backward max-autoregressive relation
Xo(t —1) = max(aX,(t), (1 —a)F,_1), te€Z.

The Markov kernel associated to X, is given by

Ku(y,dr) = PX,(t+1)€dr | Xu(t) =y
= abya(da) + (1 — a)z2e /TN oy jayda.

Note that the Markov kernels K, and K, are related by the equilibrium relation

m(dw) Kq(z, dy) = m(dy) Ka(y, dx)

where 7(dx) = x72e7V/%1,-¢ydx is the stationary distribution. It is easily seen that for a = 0
ora = 1, X, and X, have the same distribution. This means that the max-AR(1) process X, is
reversible if @ = 0 or a = 1. This is no longer the case when a € (0, 1) since

supp(X,(t +1)/X,(t)) = [0,1/a] ifa € (0,1).

The purpose of the present paper is the characterization of all stationary simple max-stable pro-
cesses satisfying the Markov property.

Theorem 6.1.2. Any stationary simple max-stable process 1 = (1(t)), .7, satisfying the Markov
property is equal in distribution to a max-AR(1) process (6.1) or to a time-reversed max-AR(1)

process (6.2).

The structure of the paper is the following. In section 2, we gather some preliminaries on
max-stable processes and their representations that will be useful in our approach. Section 3 is
devoted to the proof of Theorem[6.1.2] An extension to continuous time processes is considered
in section 4.
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6.2 Preliminaries on max-stable processes

6.2.1 Representations of max-stable processes

Our approach relies on the following representation of simple max-stable process due to

de Haan [30]], see also Penrose [S9] and Schlather [67]. The symbol 2 stands for equality in
distribution.

Theorem 6.2.1. Let ) = (1(t)), 7, be a simple max-stable process on Z. Then, there exists a
nonnegative random process Y such that

ElY(t)] =1 forallteZ, (6.3)
and ;
(1) 2= (VU0) 5 (64

where (Y;);>1 are i.i.d. copies of Y and {U;,i > 1} is a Poisson point process on (0, +00) with
intensity u~2du and independent of (Y;)i>1.

The random process Y is called a spectral process associated to 7. Conversely, we call 7 the
max-stable process associated to Y.

Consider the function space F = |0, +oo)Z endowed with the product sigma-algebra and
Fo = F \ {0}. The exponent measure of 7 is defined by

pu(A) = / PuY € Alu~?dy, A € JF, measurable. (6.5)
0

It does not depend on the choice of the spectral process Y but only on the distribution of 7. It
satisfies the homogeneity property

puA) =utu(A), u>0, A€ F,measurable,
and is related to 7 by the relations

P[n(tl) < 2y 777(t/€) < Zk]
= exp(—,u{f e F; f(ti) > z forsome 1 < i < k‘})

forall k > 1,t1,...,tp € Z, z1,..., 2z > 0.
Note that there is no uniqueness for the representation (6.4). We introduce therefore the fol-
lowing notion of equivalent spectral processes.

Definition 6.2.2. Let Y and Y’ be nonnegative stochastic processes satisfying
EY ()] =E[Y'(t)] =1, te€Z. (6.6)

We say that Y and Y' are equivalent if and only if the associated max-stable processes have the
same distribution.

102



6.2 Preliminaries on max-stable processes

The following property will be useful. A subset C' C F is called a cone if and only if f € C
implies uf € C for all u > 0.

Proposition 6.2.3. Let Y and Y' be equivalent processes as in Definition LetC' C Fbea
measurable cone such that P[Y € C] = 1. Then, P[Y' € C] = 1.

Proof :

Let yu (resp. /) be the exponent measure of the max-stable process associated to Y (resp. Y) by

Equation (6.5). Clearly, Y and Y” are equivalent if and only the exponent measures p and y' are

equal. On the other hand, Equation (6.5)) implies clearly that P[Y" € C| = 1 if and only if p is

supported by C, i.e. u[F \ C] = 0. Similarly P[Y” € C] = 1 if and only if p/[F \ C] = 0.
Using this, we deduce easily that if Y and Y are equivalent processes with P[Y € C] = 1,

then p = p/ is supported by C' and P[Y” € C] = 1. O

6.2.2 Brown-Resnick stationary processes

In the following we focus on stationary max-stable processes. A random process X =
(X(t)),e7, is called stationary if X and X (- + s) have the same distribution for all s € Z.
We use the following terminology, due to Kabluchko et al. [S1].

Definition 6.2.4. A nonnegative random process Y satisfying is called Brown-Resnick sta-
tionary if the associated max-stable process 1 defined by is stationary.

It follows from the definition that Y is Brown-Resnick stationary if and only if Y and Y (- + )
are equivalent (in the sense of Definition |6.2.2)) for all s € Z. Proposition |6.2.3|implies then the
following result.

Proposition 6.2.5. Let Y be a Brown-Resnick stationary process and let C C F be a measurable
cone such that P[Y € C| = 1. Then, for all s € Z, P[Y (- + s) € C| = 1. Furthermore, noting
s : F — F the shift operator defined by 0,(f) = f(- + s), it holds

ﬂYeﬂ@wﬂ:L
seZ,

Proof :

As we noticed, if Y is Brown-Resnick stationary, then Y and Y (- + s) are equivalent for all
s € Z. The result follows then directly from Proposition by setting Y/ = Y (- + s). For
the last statement, if P[Y € C] = 1, then P[Y € 0,(C)] = 1 for all s € Z, whence we deduce
P[Y € N, _70:(C)] = 1. O

The following lemma will also be useful in order to prove equivalence of processes. For

fo € F, we note Cipn,(fo) = {ufo(- +s); u > 0,s € Z} the smallest shift-invariant cone
containing fj.
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Lemma 6.2.6. Let Y and Y’ be Brown-Resnick stationary processes satisfying (6.6) and such
that
P[Y c Cmv(f())] = P[Y/ € Cmv(fo)] =1 fOl’ some f(] e F.

Then'Y and Y’ are equivalent.

Proof :
We note 1 and 1/ the exponent measure of the max-stable processes associated to Y and Y’
respectively. Clearly the measure p (and also y') satisfies the following four properties :

1) pis —1-homogeneous ;

i) u({f € F: £(0)=1}) = 1;

ii1) p 1is shift-invariant ;

iv) p is supported by Ciy,(fo)-
Recall indeed that properties i) and ii) are satisfied for all exponent measures, that iii) holds
if and only if the spectral process Y is Brown-Resnick stationary and that iv) is equivalent to
PlY € Cinu(fo)] = 1.

We will prove below that there exists at most one measure . on Fy satisfying the four pro-
perties i)-iv). Since p/’ satisfies the same properties, we deduce that . = p/, whence Y and Y’ are
equivalent.

For g € F, wenote C(g) = {ug; u > 0} the smallest cone containing g. Clearly, C;,..,(fo) =
U, eZC (fs) with fs = 0, fy. The different cones in the union may have non trivial intersections
and two cases occur.
— First case : there is sop > 1 such that C'(fs,) N C(fo) # {0}.
Without loss of generality, we can suppose that s is minimal with this property. Then,

Cino(f) = Uo<s<so—1C(f)

and
C(fs)NC(fs) ={0}, 0<s#s <sp—1.
— Second case : forall s > 1, C(f;) N C(f) = {0}.
Then
Cino(f) = U, 70 (fs) and  C(fs) NCO(fs) =10}, s# s

We give the proof in the first case only, the second case follows from straightforward modifi-
cations. The support property iv) implies that ;1 = Zigl ks wWhere [ is the restriction of p to
C'(fs). The homogeneity property i) entails that the restriction p, is completely determined by
the real parameter oy = p({ufs; u > 1}). It holds indeed

ps({ufou>v}) = v us({ufsu>1}) =™, v >0.

Furthermore, the shift invariance property iii) implies that a; = « does not depend on s. Finally,
the real parameter « is determined by the normalization property ii) : we have indeed

W €SO 2 1) =Y m{f € F SO 2 1) =a X fols)
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whence property ii) yields o = (szol 0(s))~!. This proves that x is completely determined
by properties i)-iv) and completes the proof of the lemma. U

6.2.3 Conditional distributions

Our study of the Markov property for max-stable process relies on explicit formulas for the
regular conditional distributions of max-stable process established in Dombry and Eyi-Minko
[35]]. The following expression for the conditional distribution function will be useful (see Pro-
position 4.1 in [33]).

Proposition 6.2.7. Let 1) be a simple max-stable process with representation (6.4). For every
tt,....tx € Zand z,21,...,2, >0

Pln(t) < 21, n(te) < 2 [ n(t) = 2]

= Bl veo v, V()] exp( K\k/y Yt)ﬂ)’

=1

with (z)" = max(z, 0).

We can deduce the following well known result, that we prove here for the sake of complete-
ness.

Proposition 6.2.8. Let 1) be a simple max-stable process with representation (6.4) and consider
t1,ty € Z. Then n(t1) and n(ty) are independent if and only if

P[Y () = 0 0r Y (ts) = 0] = 1.

Proof :
The random variables 7(¢1) and 7(¢2) are independent if and only if

Pln(ty) <z [ n(t2) = 2] = Pln(t) < 1], 21,22 > 0.
Using Proposition and the fact that 7(¢,) has a standard 1-Fréchet distribution, this is equi-

valent to
e esp (~ [ (L0 YUy o (L)

21 zZ9 21

]E[l{y(tl)S

21 Z2

for all 2y, zo > 0. Setting z = z; and ¢ = 21 /2, the equation becomes

E[Liyn<evanY (t2)] exp (= E[(Y(t1) — Y (t2)) 7] /2) = exp (- 1/2).
This relation is satisfied for all z, ¢ > 0 if and only if
E[lyy(my<ermnY (t2)] =1 and E[(Y(t) — Y (t)) ] =1, ¢>0.
Using E[Y (t1)] = E[Y (t2)] = 1, one can easily prove that this holds true if and only if
PlY(t1) =0orY(ty) =0] = 1.
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6.3 Proof of Theorem [6.1.2)

6.3.1 A property of max-stable Markov processes

The following result is the central tool in our proof of Theorem|[6.1.2] Note that no stationarity
assumption is required at this stage.

Proposition 6.3.1. Let 1) = (1(t)), 7, be a simple max-stable process with representation (6.4).
For t,t" € Z, we denote by oy the essential infimum of the random variable Y (t')/Y (t) condi-
tionally on Y (t) > 0, i.e.

app =inf{c > 0; PIY(#)/Y(t) <c|Y(t) > 0] > 0}. (6.7)
If n) satisfies the Markov property, then, for all t; <1 < t,,
I[D[Y(t1> = Oétﬂle(t) | Y(t) > 0] =1 or P[Y(tg) = Oét’t2Y<t> ’ Y(t) > 0] =1.

Proof of Proposition|[6.3.1}
First note that the definition (6.7) entails

PY(t) > Y (t) | Y(t) > 0] = 1.
Hence, in order to prove Proposition [6.3.1] it is enough to prove
PY(t1) <, Y(t) | Y(t) >0/ =1 or P[Y(t2) <, Y(t)|Y(t) >0 =1,
or equivalently that, for all ¢; > oy, and all c; > o 4,,
PY(t) <caY(t)|Y(t) >0 =1 or P[Y(tz) <Y (t) | Y(t) > 0] =1. (6.8)

We now prove Equation (6.8). We use the fact that the past and the future of a Markov chain
are independent conditionally on the present. More formally, forall ¢; < t < t5 and z, 21, 25 > 0,

Pln(t) < z1,n(t2) < 22 [ n(t) = 2]
= Pln(t) < z1 [ n(t) = 2] Pn(t2) < 22 | n(t) = 2.

Using the explicit expression for the conditional cumulative distribution function given in Pro-
position this is equivalent to

Y(t),, Y(t2) _ Y(t)>+])

E[l{mvy(tz)SY(t)}Y(t)} exp < — K |:<

= Ellpron cvo, Y(0)] exp ( - E[(%?) N @YD
g olon (1 Y0}

106



6.3 Proof of Theorem|[6.1.2

Using the formula (aVb—c¢)t — (a—c)t — (b—¢)t = (a Ab—c¢)™, this last equation simplifies
into

Y(tl) Y(tQ) Y(t) +
|:1{Yiz;1)vYS;2)SYit)}Y(t)} exp <]E[ 2 A 2z ) } )
= [1{Y(t1)§Y(t)}Y(t):|]E

Finally, setting z; = c12 and 25 = coz with ¢y, co, 2 > 0, we obtain

E[Hygﬂvywﬂ<yanyxw]exp(E[1<§lfQ»NZX§Q-—Y1ﬂ>+]>

= E[1 Y (t)]E[1 Y@f 2

(Al <y ()} {(F2l <y ()}
Note that the right hand side of this equality does not depend on z > 0 and is positive as soon
as ¢ > gy, and ¢ > ayy, (this is a simple consequence of the definition (6.7)). Then, the
exponential factor in the left hand side must be constant and equal to 1. We deduce that, for all

C1 > Oy, Co > Qyy,,

E[1 e, e oy, Y (1] ::Hi[l{gg?lgyxw}ﬂf(t)]ﬂi[1{ )y Y (1)] (6.9)

€1 €2 - €2

and also

SY@}:L (6.10)

&1 Co

Let us introduce the probability measure P,(-) = E[1¢,Y (¢)] and the events

Alz{yw)gyu& and Ay:{yw>gyag.

1

With these notations, Equation (6.9) becomes
Py [A; N Ay = Py [A4]P,[Ay)

and states that the events A, and A, are ;- -independent. On the other hand, Equation (6.10)
yields P[Al U As] = 1 which clearly implies P, [A; U Ag] = 1. Taking the complementary set,
we obtain P,[AS N A5] = 0 and, from the independence of A; and Ay, P, [AS]P,[AS] = 0. Thus,
we have P,[A¢] = 0 or P;[AS] = 0. Finally, the probability measures P,[-] and P[- | Y() > 0]
are equivalent in the sense that they have the same null sets. Hence, it holds

PIAS | V(1) >0/ =0 or P[AS|Y(t)>0]=0.

This is equivalent to Equation (6.8]) and this concludes the proof of Proposition[6.3.1] O
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6.3.2 A characterization of max-AR(1) processes

We provide a simple characterization of max-autoregressive processes that will be useful for
the proof of Theorem [6.1.2] We consider the cone of constant functions

Dy ={feF, VteZ, f(t)= f(0)},
the cone of Dirac functions
Do ={f €F; 3ty €Z, VL € Z, f(t) = f(to)L{t=t0} },
and also, for a € (0, 1), the cone
Dy={f€F;, Ho €LVt €L, f(t) = f(to)a" " Lysyy}-

Proposition 6.3.2. Let ) be a simple max-stable process with representation (6.4)) and assume
that n) is stationary. Then, the following statements are equivalent :

i) n has the same distribution as the max-AR(1) process X, defined by (6.1]),

ii) PlY € D,| = 1.

Proof :
We denote by i the exponent measure of X,. For a € [0, 1), Equation (6.1]) implies that X, =
V7. Fnfa(- —n) with f,(t) = (1 — a)a'l>0y, whence we deduce that 4/ is given by

WAl = E / 1{ufa(_n)eA}u_2du, A C Fy measurable.
0
nel.

For a = 1, it holds X, = Fyf; with fi(t) = 1, so that
WAl = / Liupeayu >du, A C Fy measurable.
0

In both cases, 4 is clearly supported by the cone of functions D,. This implies that if Y’ is a
spectral process associated to X,, then P[Y’ € D,] = 1.

We now prove the implication i) = 7). If 1 has the same distribution as the max-AR(1)
process X, then the spectral processes Y and Y’ are equivalent and Proposition implies
PY € D] = 1.

We finally prove the converse implication i) = ). We assume that P[Y" € D,| = 1 and we
apply Lemma [6.2.6] Note that D, is equal to the smallest shift invariant cone containing f, and
denoted by Cj,,,(f.).- The spectral processes Y and Y’ are Brown-Resnick stationary processes
such that P[Y € Cj,(fa)] = PY’" € Cio(fa)] = 1. Lemma [6.2.6] entails that Y and Y” are
equivalent, which means that 77 and X, have the same distribution. U

108



6.3 Proof of Theorem|[6.1.2

6.3.3 Proof of Theorem [6.1.2)

Let 7 be a simple max-stable process with representation (6.4). We assume that 7 is stationary
and satisfies the Markov property. According to Proposition [6.3.1) with ¢ = 0, t; = —1 and
to = 1, it holds

P[Y (1) = ap_1Y(0) | Y(0) > 0] = 1 or P[Y (1) = g1 Y (0) | Y(0) > 0] = 1.

Two cases naturally appear :
— Case 1 : P[Y(1) = o1 Y(0) | Y(0) > 0] = 1.
We will prove below that, in this case, 1 is a max-AR(1) process (6.1)) with parameter
a = ap,. To this aim, we use the characterization of max-AR(1) processes given by Pro-
position so that it is enough to prove P[Y € D,| = 1. Note that a € [0, 1] since
a = Qp1 = E[Y(l)l{y(0)>o}]
— Case2:P[Y(—1) =ap_1Y(0) | Y(0) > 0] = 1.
We prove that, in this case, 7 is a time reversed max-AR(1) process (6.2)) with para-
meter a = oy ;. This is easily deduced from case 1 since the time reversed process
11 = (n(—t)),c7 is a stationary simple max-stable process satisfying the Markov property.
The associated spectral process Y = (Y(—t)),.7, satisfies P[Y (1) = ag_1Y(0) | Y(0) >
0] = 1, so that 7 is a max-AR(1) process with parameter a = .
Thanks to the discussion above, the proof of Theorem is reduced to the proof of the follo-
wing statement :

IfPY(1) =aY(0) | Y(0) > 0] =1, thenP[Y € D,] = 1. (6.11)
We consider three different cases : @ € (0,1),a = 0and a = 1.

Proof of (6.11)) in the case a € (0,1) :
We define the cone C' C F by

C={f € F; f(0) > 0= f(1) = af(0)}.

The property P[Y (1) = aY (0) | Y(0) > 0] = 1 implies P[Y" € C| = 1. Since 7 is stationary, ¥’
is Brown-Resnick stationary and Proposition [6.2.5]implies

P[Y eN 98(0)} ~ 1. 6.12)
seZ,

Clearly, (.7, 0s(C) is equal to the set of functions
{feF,Vs€Z, f(s)>0= f(s+1)=af(s)}.

For such a function f, we easily prove by induction that f(¢y) > 0 implies f(¢t) = f(to)a" " for
all t > to. Then, if t) = min{t € Z; f(t) > 0} > —oo, f(t) = f(to)a' "ly>ey forallt € Z,
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CHAPITRE 6 : Stationary max-stable processes with the Markov property

and f € D,. Otherwise, if to = min{t € Z; f(t) > 0} = —o0, f(t) = f(0)a’ forall t € Z and
f belongs to the cone D! generated by the power function ¢ — a’. This proves

() 6:(C) = D,U D,
seZ,

So Equation (6.12)) is equivalent to P[Y" € D, U D! ] = 1. In order to prove P[Y € D,|] = 1, it
remains to prove that P[Y" € D/ \ D,] = 0. Note that all function f € D/ \ D, is of the form
f(t) = ua', u > 0 and satisfies lim; , ., f(¢) = +oo. Hence,

Py € D\ D,] <P[lim Y(t) = +00] = 0

t——o00

where the last equality is a consequence of (6.3)). This proves Equation (6.11).

Proof of (6.11)) in the case a = 1:
First we prove that

PY(1)=Y(0) | Y(0) >0 =1 implies P[Y(—1)=Y(0)|Y(0)>0]=1.
To see this, we note that P[Y (1) = Y(0) | Y/(0) > 0] = lif and only if P[Y € C] = 1 with C' =
{f € F; f(0) > 0 = f(1) = f(0)}. Since Y is Brown-Resnick stationary, Proposition [6.2.5]
implies P[Y (- —1) € C] = 1, which yields P[Y'(0) = Y(—1) | Y(—1) > 0] = 1. Then, Equation

(6.3) entails
E[Y(-Dlyy-voy] =E[Y(0)lyn-vep] =1

We deduce E Y (0)1y(~1)£y(0);] = 0 which implies
P[Y(~1) =Y (0) | Y(0) > 0] = 1.
Consider the cone
C={feF f(0)>0=f(1) = f(=1) = f(0)}.
The conditions
P[Y (1) =Y (0) | Y(0) > 0] = P[Y(~1) = Y(0) | Y(0) > 0] = 1

implies P[Y" € C| = 1, whence Proposition yields
P[Y eN 98(0)} ~ 1.
sel,
Clearly, () .7, 0s(C) is equal to the cone of functions

{feF;VseZ f(s)>0= f(s+1)=f(s—1) = f(s)}.
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One can easily prove by induction that this is the cone D; of constant functions. This proves

Equation (6.11).

Proof of inthecasea =0:

According to Proposition[6.2.8, P[Y'(1) = 0 | Y/(0) > 0] = 1 if and only if 1(0) and (1) are
independent. Let ¢ > 2. By the Markov property, 7(0) and 7(¢) are independent conditionally on
n(1). But since 7(0) and n(1) are independent, this implies that 7(0) and 7(t) are independent.
Hence 7(0) and n(t) are independent for all ¢ > 1 and by the stationarity of 1, n(t) and n(t’) are
independent for all ¢ # t’. Using Proposition again, we deduce

PY({)=0]|Y(t) >0 =1 forallt+#t,

and also
PV #t, V(') =0]Y(t) > 0] =1.

This implies that the set where Y is non zero has almost surely at most one point. Equivalently,
P[Y € Dgy| = 1 and Equation (6.11])) is proved.

6.4 Continuous time setting

We consider in this section an extension of Theorem [6.1.2]to the continuous time framework.
For a € (0, 1), we denote by g,(t) = — log(a)a’ly>¢) the power function. The constant — log(a)
ensures the normalization fR ga(t)dt = 1. We consider the moving maximum process

Za(t) = \/ Uiga(t = T3), t€ER, (6.13)

i>1

where {(U;, T;); i > 1} is a Poisson point process on (0, +00) x R with intensity u~?dudt. The
time reversed process Z, is defined similarly by

Za(t) = \/ Uiga(t = T3), t€ER, (6.14)
i>1
with g,(t) = —log(a)a "1y<op = ga(—t~). We use here a slightly different notion of time

reversal so that the function g, is cad-lag.
For a = 1, we define Z; = Z; a process with constant path and such Z;(0) has a standard
1-Fréchet distribution.

Lemma 6.4.1. The processes Z, and Z, are stationary simple max-stable processes satisfying
the Markov property and with cad-lag sample paths.

Proof Proof of Lemma6.4.1}

The result is straightforward when a = 1. For a € (0, 1), the process Z, is a moving maximum
process with shape function g, satisfying fR ga(t)dt = 1 and is hence a stationary simple max-
stable process. The sample paths are cad-lag because the shape function g, is cad-lag and satisfies
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CHAPITRE 6 : Stationary max-stable processes with the Markov property

JR SUP < ga(t + 2)dt < oo for all M > 0.
Straightforward computations yield that for any ¢ € R

Zo(t+5) = a’Zy(t) \[ Fult,s), s>0, (6.15)
with
Fu(t,s) = \/ Uiga(t + 5 = T))Lir,5. (6.16)
i>1

Note that for ¢’ < ¢, Z,(t') depends only on the points (U;, T;) such that 7; < t while F,(¢,s)
depends only on the points (U;, T;) such that ¢t + s > T; > t. This implies that (Z,(t'))y<; and
(Fu(t,s))s>0 are independent processes. This together with Equation (6.13) implies that the
process Z, satisfies the Markov property.

The similar statements for the time reversed process Z, are proved in the same way and we omit
the details. U

Theorem [6.1.2]extends to continuous time processes as follows.

Theorem 6.4.2. Any stationary simple max-stable process n = (n(t)),.g with cdd-lag sample
paths and satisfying the Markov property is equal in distribution to Z, or Z, for some a € (0, 1].

Equality in distribution is meant in the sense of equality of laws in the Skohorod space
D(R,R) with the .J;-topology. If the max-stable Markov process is 7 is not supposed cad-lag
but only continuous in probability, the result still holds in the sense of equality of the finite
dimensional distributions.

For the proof of Theorem [6.4.2] the following Lemma will be useful.

Lemma 6.4.3. For all ¢ > 0, the discrete time process Zj; = (Z,(ct)), 7, is a max-AR(1) process
with parameter a°.

Proof Proof of Lemma [6.4.3]
The random variable F,(t, s) given by (6.16) has a 1-Fréchet distribution with scale parameter

1 — a® since

PIF(t,s) <a] = P[\/Uigat+s—T)lgrmg <o

i>1

+oo
= exp < — [I‘Q/ 1{u(_10g(a))at+s—7>$}1{t<7—§t+s}u72dud7')
0
= exp(—(1—2a")/z).

Using this, one proves easily that the random variables Fy; = F,(et,¢)/(1 — a®), t € Z, are i.i.d.
with standard Fréchet distribution. Equation (6.13) entails

Zit+ 1) =aZ;(t)\/(1—-a)F, tel
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6.4 Continuous time setting

so that Z; is a max-AR(1) process with parameter a°. U

Proof Proof of Theorem [6.4.2]
The discrete time process 7' = (1(t)), 7, extracted from the continuous time process 7 is a
stationary simple max-stable process on Z satisfying the Markov property. By Theorem
it is equal in distribution either to a max-AR(1) process X, with a € [0, 1] or a time reversed
max-AR(1) process X, with a € (0,1).
— Inthe case n' < X, with a € (0, 1], we prove that ) < Z,.

The process n'/" = (n(t/n)) 17, 18 stationary simple max-stable and Markov. Theo-

rem entails that /™ is either a max-AR(1) process X, with a, € [0,1] or a

time reversed max-AR(1) process X, with a,, € (0, 1). Using the relation (n'(t)), 7 =
(n'/™(nt)) 17, We prove easily that n'/™ must be a max-AR(1) process with parameter
a, = a'/". Indeed, in all other cases, the process (nl/”(nt))tez is not a max-AR(1) pro-

cess with parameter a. By Lemma the process Z3" is also a max-AR(1) process
with parameter a'/" so that the processes (1(t/n)), 7, and (Z,(t/n)), 7 have the same
distribution. Since this holds true for all n > 1, we easily see that, for all rational numbers
t1,...,t, € Q, the random vectors (7)(t1),...,n(t,)) and (Z,(t1),. .., Z.(t,)) have the
same distribution. Together with the property that both  and Z, have cad-lag sample paths,
this implies that 7 and Z, have the same distribution in the Skohorod space D(R, R)(see
Billingsley [8] theorem 14.5).

— We show that the case n! 2 Xj can not occur.
Indeed, if n' 4 X, it holds also 771/ nd Xy for all n > 1. This proves that the random
variables 7)(t), ¢ € Q are independent with standard Fréchet distribution. This contradicts
the fact that ) has cdd-lag sample paths since the difference 7(1/n) —n(0) should converge
in law to zero as n — 4-o00.

— In the case n' £ X, with a € (0, 1), we prove that 7 < Z,.
Indeed, the time reversed process 7 = (1(—t")), 7, is then stationary simple max-stable
and Markov and such that (7j(t)),.7, is a max-AR(1) process with parameter a. Hence 7

and Z, have the same distribution, whence 7 and 7., have the same distribution.
O
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