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Abstract

Throughout this dissertation, we investigate in detail the contributions of the damp-
ing effects and inhomogeneous exchange on the propagation of electromagnetic waves in
ferrimagnetic insulator. Restricting our interests to the ultra-fast process assumption,
we discuss the Kraenkel-Manna-Merle (KMM) system, derived from the Maxwell’s equa-
tions in which damping effects and inhomogeneity set in from the Landau-Lifshitz-Gilbert
equation. We construct analytical expression of a solution that well approximates the
aforementioned global system. We proceed to some analytical analysis of the contribu-
tion of damping effects on the solutions to the system of our interest and thereafter, the
influence of the inhomogeneous exchange effects on the dynamics of waves and finally, the
contribution of the two effects simultaneously. It appears as a result that contribution of
damping reduces the amplitude of waves during its motion. We unearth two types of inho-
mogeneities that effects act on the waves in different manner. When the wave moves with
constant amplitude, inhomogeneity acts principally on the width of the wave, otherwise
inhomogeneity acts on all the parameters of the wave. For ferrites made of poly-crystals
it may coexist different types of inhomogeneities appearing periodically. Wave moving
therein will breathe as it moves and there must be a case where two or more types of
inhomogeneities can be combined in such a way to reduce their effects on the dynamics of
the wave. We complete our analysis by proceeding to some numerical simulations. Such

a study is helpful to characterize ferrite.

Keywords: Ferrites; Damping effects; Inhomogeneous exchange; Numerical simula-

tions.
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Résumé

Dans ce travail, nous étudions la contribution des effets de la dissipation et des
échanges inhomogeénes sur la propagation des ondes électromagnétiques dans les ferrites.
En nous interressant uniquement aux processus ultrat-rapides, nous étudions le systéme
de Kraenkel-Manna-Merle (KMM) dérivé des équations de Maxwell dans lesquelles les
termes traduisant la dissipation et I'inhomogénéité proviennent de 1’équation de Landau-
Lifshitz-Gilbert. Nous construisons la solution analytique de 1’équation sus-mentionnée.
Nous procédons a I'analyse de l'effet de la dissipation sur la dynamique de notre systéme,
puis celui des effets inhomogeénes et enfin 'influence des deux effets combinés au moyen des
méthodes mathématiques telles que la méthode de diffusion inverse, la métode d’expension
des fonctions élliptiques de Jacobi ainsi que la méthode de différence finie. Il apparait
comme résultats que la contribution de la dissipation a pour effet de réduire I’amplitude de
I'onde durant sa propagation. Nous retrouvons deux types d’inhomogénéités qui agissent
sur I'onde de différentes maniéres. Lorsque 'onde se déplace avec une amplitude constante,
I'inhomogénéité agit principalement sur sa largeur, dans le cas contraire, 'inhomogénéité
impacte sur tous les parameétres de I'onde. Pour les ferrites polycristallins, il peut exis-
ter différents types d’inhomogénéités apparaissant de maniére périodique. L’onde qui s’y
propage respire au cours de son déplacement et il doit exister des cas o deux ou plusieurs
types d’inhomogénéités peuvent se combiner de maniére a réduire leurs effets sur la dy-
namique de 'onde. Nous complétons notre analyse en procédant a quelques simulations

numériques. Une telle étude est utile pour caractériser les ferrites.

Mots clés: Ferrite; Dissipation; Echange Inhomogéne; Simulation Numérique.
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(General Introduction

In recent years, it has been developed significant interest in the study of nonlinear
waves in media that are governed by nonlinear evolution systems. These waves are able
to move in various media including fluids [1], stretched ropes [2], optical fibers [3-6] mag-
netic materials |7,8| just to name a few. Propagation of waves in such media aroused great
interests through explanation of some huge phenomena that occur in our daily life such
as rogue waves in oceans |9, 10|, or because of their wide prospect of industrial, techno-
logical or theoretical applications. Indeed, the investigations carried out on the dynamics
of waves in particular medium, often enable to unearth nonlinear equations that modeled
the dynamics of wave moving therein. It then appears in the literature a wide number
of evolution equations that describe propagation of waves in various media. As example,
one may enumerate the Korteweg-de Vries (KdV) equation [11] that models the dynamics
of water waves, the vector counterpart of the KdV-equation that describes evolution of
waves in multi-layer fluids [12, 13|, the nonlinear Schrodinger equation [14] that models
dynamics of waves in optical fibers , just to name a few. The real need that come out from
these equations is their solutions that are more expressive than the equations themselves.
Therefore, the question of integrability is posed along with explicit expressions of solu-
tions. To carry out such a task, there are techniques available in the literature that can
be handled namely: The inverse scattering transform (IST) method [14,19] that is useful
when Lax pairs to nonlinear evolution equation is provided. Beside the IST method, the
Hirota’s bilinearization [20, 22| which stands as a more direct method to investigate solu-
tions to nonlinear evolution equations when the bilinear equation associated to nonlinear
systems are provided. To find such bilinear equation associated to nonlinear systems, one
often make use of the Painleve analysis [23,24] that is also a technique that help verifying

if a system is integrable or not before providing analytical solutions. Having solutions at
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GENERAL INTRODUCTION 2

hand, understanding of the behavior of waves in considered media is possible and, some
investigations may also be carried out theoretically before going back in laboratories to
test their efficiency. In the case where, exact solution is difficult to be constructed, one
may use the aforementioned methods to find solutions that approximates very well the
solution of the system under investigation and numerical methods can be used to con-
firm results obtained analytically. As far as we are concerned with a nonlinear system
describing the propagation of short waves in magnetic insulators, Kraenkel, Manna and
Merle [25] have derived a system known as the KMM-system, that describes propagation
of ultra-short light pulses in these media. Integrability of such a system has been fully
investigated from prolongations structure analysis, Hirota’s bilinearization [26], auxiliary
equation method [27,28| and inverse scattering transform method [29]. Pursuing in the
same analysis as Kraenkel-Manna-Merle, the investigation of the dynamics of waves in
ferrites, Nguepjouo and coworkers [30] have derived a system that takes into account
the damping effects from the Landau-Lifshitz-Gilbert equation [31,32] which can be de-
rived from the Heisenberg equation of spin, which is related to the energy conservation
of magnetic free energy. Since this system has not been proven integrable, phase por-
traits analysis has been carried out to discuss the influence of such damping effects on
the wave. Going further, Kuetche and co-authors [33| have proposed a nonlinear sys-
tem, that takes into account inhomogeneous exchanges along with damping effects. They
have investigated phase portraits analysis, to predict the effects of the combined effects
on the dynamics of waves in ferrites. For the case of system with the term standing for
inhomogeneous exchange process, loop wave has been constructed from Hirota’s bilin-
ear method [34] which is a direct technic of finding exact solutions to a large number of
nonlinear evolution systems among which the Kraenkel, Manna and Merle equation. His
procedure is to replace the dependent variables by a ratio of functions which satisfy some
coupled bilinear differential system. Recently, the magnetic field has been constructed
versus external magnetization nevertheless the case of magnetic field versus position has
not been investigated. This contribution to the resolution of KMM-System does not take
into account the contribution of damping term. The comparison with the solutions to
the KMM-system has not been investigated explicitly to know precisely the contribution

of damping and inhomogeneous exchange of the magnetic field in ferrites. A question
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GENERAL INTRODUCTION 3

can arise as follows: what are the influences of the combined damping and inhomoge-
neous effects on the wave’s propagations? This question constitute the main aim of our
investigations. Thus, the present work is organized as follows:

We present in chapter one the generality on the magnetic materials and on the fer-
rites in particular. We dwell too long on ferrites and in particular on yttrium-iron-garnet
(YIG), by giving its characteristics as well as its technological, industrial and economic
importance. We also present the non-linear integrable differential equation of KMM with-
out damping and inhomogeneous exchange and as well as the KMM-system including the
damping and inhomogeneous exchange effects which is the model which we study in the
remainder of our work.

In Chapter two, we present the Wahlquist and Estabrook formalism while investigating
the prolongation structure of (1 + 1)-dimensional evolution equation which must lead to
the Lax Pair. We illustrate this method by applying it to the Schifer Wayne system. We
pursue in the same chapter by exposing the inverse scattering method transform and also
Jacobi elliptic function expansion method. We also present numerical method according
to the finite difference scheme.

In Chapter three, we firstly, investigate analytically the influence of the damping
effects on the dynamics of short waves in ferrites and to confirm analytical results while
proceeding to some numerical simulations. Indeed, to carry out our goal, the mathematical
toll described by Konno is used to deal with the system under current interest. The Lax-
pairs of this system is unknown until now, we provide a system of equations that is Lax
integrable and that approximates in some conditions which will be specify, the damped-
KMM system. Under these condition, we provide analytical expression of the solutions to
the damped-KMM system. We investigate, numerical simulations to confirm the results
obtained analytically

We secondly, construct new traveling wave solutions to the inhomogeneous system
of our interest using Jacobi elliptic expansion method. We discuss the influence of the
inhomogeneous exchange effects on the traveling waves and we address some physical
implications.

We thirdly, present the solution of the KMM-system that is free of damping and

inhomogeneous exchange effects. We provide an approximate solution to the system
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GENERAL INTRODUCTION 4

taking into account only damping effects, and also in this section we discuss solution
to the system in which involve only inhomogeneous exchange effects. We then deduce and
approximate analytical solution of the system taking into account the combined effects
of damping and inhomogeneous exchange. We proceed to some numerical simulations to

complete the analytical analysis.
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Chapter 1

Literature Review

Introduction

Magnetism is a phenomenon that comes from moving charges. Three sources are at
the origin of the magnetic moment in an atom: the quantum state of spin of electrons,
the orbital motion around the nucleus of electrons and the quantum state of spin of the
nucleus. In a magnetic atom, the predominant contribution at its total moment comes
from the spin and the orbital moment of the electrons [35]. Magnetization M is the
macroscopic magnitude that describes the magnetic character of a material. It is defined as
the total magnetic moment per unit volume [36]. A fundamental characteristic of magnetic
materials is their response to a magnetic field H applied to. Magnetic susceptibility x
is the quantity that describes this response [35,36]. In a general way, Y is a tensor, but
if the material is isotropic, the susceptibility becomes a scalar. The objective of this
chapter is first to present the magnetism concept and main characteristic of magnetic
material. We also present the mathematical model equation which describe the magnetic

wave propagation in ferrite.

1.1 Generality on magnetic materials

The different types of magnetic materials are usually classified under the basis of

their susceptibility or permeability. Therefore we must define these related properties
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1.1 Generality on magnetic materials 6

before describing the differences between ferromagnetic, paramagnetic, diamagnetic anti-

ferromagnetic and ferrimagnetic materials.

1.1.1 Magnetic Susceptibility

The most common way of classifying magnetic properties of materials is by their
response to an applied magnetic field. Materials that are magnetized to a certain extent by
a magnetic field are called magnetic [37|. In particular, it is the quantity termed magnetic
susceptibility that characterizes the magnetic response through the relationship M = yH,
where M is the magnetization, also known as the magnetic moment per unit volume, and
H is the applied magnetic field intensity [38]. Magnetic susceptibility is usually a tensor
and a function of both field H and magnetization M. For a magnetically isotropic material,
M is parallel to H, and magnetic susceptibility is reduced to a scalar quantity. The unit
for the permeability of vacuum is the same as for magnetic susceptibility [38]. Hence, it
is possible to measure susceptibility in units of permeability of vacuum. Generally the
behavior of susceptibility y leads to various types of magnetism [38] which is approached

in the following section.

1.1.2 Classification of magnetic materials

Ferromagnetism: Ferromagnetic materials contain spontanecously magnetized mag-
netic domains where an individual domain magnetization is oriented differently with re-
spect to the magnetization of neighboring domains [37]. The spontaneous domain mag-
netization is a result of unpaired electron spins from partially filled shells, spins aligned
parallel to each other due to a strong exchange interaction. The arrangement of spins
depends on temperature and so does the spontaneous domain magnetization [37]. When
the total resultant magnetization for all magnetic domains is zero, the ferromagnetic ma-
terial is said to be demagnetized. However, an applied magnetic field changes the total
resultant magnetization from zero to a saturation value [37]. When the magnetic field is
decreased and reverses in sign, the magnetization of a ferromagnetic material does not
retrace its original path of values, the material exhibiting so-called hysteresis [37].

Diamagnetism: Diamagnetism is a behavior of the materials which leads them, when
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Figure 1: The magnetic moments of each atom is opposed to the external magnetic field

here in blue.

subjected to a magnetic field, to create a very weak magnetization opposite to the external
field, and thus to generate a magnetic field opposite to the external field [37] as seen in
Figure (1). Diamagnetic materials exhibit an antiparallel magnetization with respect to
the direction of the applied magnetic field, opposing the latter according to Lenz’s law.
Thus, the magnetization of a diamagnetic material is proportional to the applied magnetic
field . An isotropic diamagnetic material is therefore characterized by a negative magnetic
susceptibility. Diamagnets have a negative and very weak relative susceptibility, of the
order 107 [38].

Paramagnetism: Paramagnetic material is characterized by a positive susceptibil-
ity [40]. It meets in the substances whose atoms have one permanent magnetic moment,
when these moments are not coupled the ones with the others. When an external mag-
netic field is applied, a weak induced magnetization is produced parallel to the field as
presented in Figure (2). However, the polarization which results remain very weak, be-
cause the effect of the thermal agitation which directs the magnetic moments in a random

way remains dominant [41]. Are paramagnetic the majority of gases, certain metals, in
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Figure 2: The magnetic moments of each atom are aligned with the external magnetic

field in blue.

particular the alkaline materials, some salts, the ferromagnetic and ferrimagnetic materials
when they are heated above their Curie temperature which is the transition temperature
from ferromagnetic to paramagnetic behaviour. At this temperature the permeability
of the material drops suddenly and both coercivity and remanence become zero [39].
Antiferromagnetism: Analogous to paramagnetism, antiferromagnetism also exhibits
a small positive relative susceptibility that varies with temperature [11]. However, this
dependence differs significantly in the fact that in an antiferromagnetic material it dis-
plays a change at the so-called [11| Néel temperature. Néel’s temperature is the transition
temperature from anti-ferromagnetic to paramagnetic behaviour. Below this temperature,
the electron spins are arranged antiparallel so that they cancel each other and an external
magnetic field is faced with a strong opposition due to the interaction between these spins.
one finds that the total magnetization of an anti-ferromagnetic materials is essentially zero
Figure (3)

Ferrimagnetism: Ferrimagnetism is a magnetic property of certain solid bodies. In

a ferrimagnetic material, the magnetic moments are anti-parallel but of different ampli-
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Figure 3: The magnetic moments of an atom are reversed with that of the neighboring

atom.

tude as in Figure (4). This results in a spontaneous magnetization of the material. It is
thus distinguished both from antiferromagnetism, for which the resulting magnetic mo-
ment is zero, and from ferromagnetism, for which spontaneous magnetization results at
the microscopic level from a parallel arrangement of magnetic moments [38|. Neverthe-
less, an increase in temperature brings about a disturbance in the spin arrangement that
culminates in completely random orientation of spins at the Curie temperature. At this
temperature, the ferrimagnet loses its spontaneous magnetization and becomes paramag-

netic [39].

1.1.3 Ferrites and applications

Magnetic materials which have combined electrical and magnetic properties are known
as ferrites. The main constituents of the ferrites are iron oxide and metal oxides [43]. The
importance of ferrite material has been known to mankind for many centuries. Ferrites
may be defined as magnetic materials composed of oxides containing ferric ions as the

main constituent and classified as magnetic materials because they exhibit ferrimagnetic
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in the other direction.

behavior [43|. Ferrites materials are insulating magnetic oxides and possess high electrical
resistivity, low eddy current and dielectric losses, high saturation magnetization and high
permeability, what makes ferrites the unique magnetic materials which find applications
in almost all fields [44-46]. Ferrites are magnetic oxide materials with semiconducting
nature which are of great technological importance by virtue of their interesting electrical
and magnetic properties. Exhibiting dielectric properties means that even though elec-
tromagnetic waves can pass through ferrites, they do not readily conduct electricity [47].
This also gives them an advantage over iron, nickel and other transition metals that have
magnetic properties in many applications because these metals conduct electricity. The
ferrites in nanocrystalline form find applications in new fields like magnetically guided
drug delivery, magnetic resonance imaging, catalyst, humidity and gas sensors, magnetic
fluids just to name a few. [47-49]. The low loss polycrystalline ferrites should be used
in a high frequency range. For the good performance in application and classified by
the relative permeability, for the low and high frequency applications, the most impor-

tant technological properties are saturation magnetization M;, coercive force H, relative
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permeability p; and losses. It is not possible generally to obtain the best combination
of these properties for any specific application. By varying the compositions or adding
additives or by varying the preparation technique, one can, to a large extent, control most
parameters for any particular applications. Ferrites are generally classified into three ma-
jor families that are spinels, garnets and hexaferrites [50]. The main advantage of ferrites
comes from their dielectric character. A dielectric is an electrical insulator that can be
polarized by an applied electric field. The study of dielectric properties concerns storage
and dissipation of electric and magnetic energy in materials. Indeed, this characteristic
makes it possible to avoid losses related to the skin effect. Among all the ferrites, Yttrium
Iron Garnet (Y IG) is the most found in microwave devices. Yttrium Iron Garnet (Y IG)
is a magnetic material whose chemical formula is given by Y3F,,(F.O4)s. This material
is often used under sphere shape because in this geometry, the resonance frequency only
depends of the intensity of applied field. When the (Y IG) is used as a film, it is chemical

vapor deposition on a support [50].

1.1.4 Magnetization

The magnetization of the usual ferromagnetic materials can be explain by the theory
of magnetic domains which was developed by Pierre Weiss [42,43]. This theory states that
the material consists of domains where the internal magnetization is aligned in a single
direction. This magnetization inside the domains is called spontaneous magnetization.
The domains are separated by walls called Bloch walls and represent regions where the
orientation of the magnetization varies rapidly [46]. The global state of magnetization of
material is given by the relative orientation of the direction of the magnetization in the
domains. The provision of the domains is such as the magnetic sum of the moments is
null and resulting global magnetization is null. In a magnetized state with saturation, the
magnetization of all the magnetic domains is aligned according to a single direction [35].
The movement of the walls of the magnetic domains, main mechanism of variation of
magnetization to the low fields, is disturb by the presence of defects which arise in the form
of dislocations in the crystal lattice of material [42]. These defects involve a reduction of
the permeability and an increase of the magnetic losses. The mechanism of magnetization

comprises three main phenomena which occur successively according to the intensity of the
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magnetic field applied [42]: The first mechanism of magnetization is the elastic movement
of the walls of domains, which occurs with the low magnetic fields and which represents a
spontaneously reversible magnetization of material. The system can turn over naturally at
the initial state if the field applied is canceled. The second mechanism of magnetization is
the irreversible movement of the walls of domains, during the withdrawal of the magnetic
field applied, one does not find the same distribution in fields. This magnetization is
described as remnant. The third mechanism of magnetization occurs when the material
comprises only fields having a component aligned with the directions of easy magnetization
of the crystals closest to the direction of the field. The increase in the magnetic field
applied then causes the orientation of magnetization inside these domains to align itself
with the magnetic field applied. The magnetization of material presents a hysteretic

character which is due to irreversible displacement of the walls of the domains, known as

Bloch walls [43].

1.1.5 Inhomogeneities in magnetic materials

Inhomogeneities such as defined by Balakrishnan [52| in the Heisenberg spin chain
system is a strength interaction of localization of nearest neighbour. Otherwise known
as deformations in a system may either be due to external fields or to the presence of
defects, voids and gaps in the material. In the case where inhomogeneities are considered
as deformation, they arise when a ferromagnetic medium lying in the plane is magnetized
either in the longitudinal or transverse direction. When saturated along the longitudinal
axis, a medium exhibits a homogeneous effective field but when magnetized in the trans-
verse axis, the induced effective field is inhomogeneous [53]. These types of deformations
are called field deformations. In the other case, a site-dependent function is introduced
into the Hamiltonian to model the lattice defects such that the corresponding exchange
integral is bond dependent [54]. These lattice defects introduce a lattice distortion thereby
leading the material to a deformed one. We can have the case where the distance between
neighboring atoms varies along the chain, hence altering the overlap of electronic wave-
functions assumed to be identical at all sites, or the case where the wave-function itself
varies from site to site, even for equally spaced atoms. In the case where the deforma-

tion is assumed identical at all sites, the inhomogeneity function acting as a coefficient
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of exchange interactions is a set of random variables [54]. In such organometallic insula-
tors [54] inhomogeneity function randomly alternates between two values along the chain.
A chain system is natural for modeling inhomogeneities due to defects, although it may
still be applicable in the case of weakly disordered systems with peaked wave-functions
such that a small change in the lattice constant causes a relatively large change in the
atom overlap [55,56]. These inhomogeneities can be modeled in the effective Hamilto-
nian for a one-dimensional magnetic insulator placed in a weak, static, inhomogeneous
electric field or by the introduction of imperfections (impurities or organic complexes) in
the vicinity of a bond to alter the electronic wave-functions without causing appreciable
lattice distortions. By gradually changing the concentration of impurities along the chain,

it is possible for engineers to control inhomogeneity function [55].

1.2 Mathematical model

1.2.1 Landau-Lifshitz equation

A phenomenological theory of ferromagnetism has been establish by Landau-Lifshitz
and has been corroborated by a considerable amount of experimental data [31]. The

Heisenberg’s equation describing the motion of spin is given by the following equation
ds; 1
dt — ih

[SZ,]H] = %[SZ, Sj]Hj = WTBgiijkHju (1'1)

where the commutator of the spin is [S;,S;] = 1,5k in an ferromagnetic material.
The atomic moment in a cell can be written as M = —ngupS, where n is the atomic
density. The atomic magnetic moment ,LTZ = —gupS, where g is the g-factor, up is the
Bohr magnet, S is the atomic spin magnetic moment. If we omit energy dissipation, the
eigenvalue of Hamiltonian H = —pu,.H, is conserved, then we can use the Heisenberg’s
equations to describe the motion of spin S = e;5;. Based on the preceding equation
(1.1), if the energy is conserved [31], the equation of motion of magnetic moment is in the
form
dM dS

e
i — = —g— (Mx H) = —v(M x H 1.2
7 ngpp— = =95 —(Mx H) = —7(M x H), (1.2)

where the constant 79 = g5 is the gyromagnetic ratio which is generally as being the

relationship between the magnetic moment and the kinetic moment for an atomic spin.
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The preceding equation is free of damping effects. When the dissipation of magnetic free
energy is included, the atomic spins have a non-equilibrium statistics, and its motion
becomes nonlinear. Based on the Hamiltonian H, the dissipation of magnetic energy
means the moment M rotate to the direction of local magnetic field H, which equals the
effective magnetic field H.f¢ [57]. Therefore Landau and Lifshitz have added a damping

term in the equation of motion of spin, which results in the famous LL equation:

dM a
= V(M x Hepp) = Mo (M x Hegy), (1.3)

where the dimensionless constant « is called the Landau damping constant, and describes
the dissipation effect in the ferromagnetic material. Similar to the frictional coefficient,
the damping constant « is also phenomenological. Usually in such metals or alloys, « is
less than 0.1, sometimes even below 0.01. However, in ferromagnetic oxides or ferrites, the
dissipation process is much slower, thus a can be one or two orders lower than the value
in ferromagnetic metals [57]. A common way of introducing a damping term of this kind
into classical equations of motion for a physical system is to use a Lagrangian formulation
of the equations of motion and add a velocity-dependent term derived from a quadratic
function of the time derivatives of the dynamical variables called Rayleigh’s dissipation
function [58]. In micromagnetics, the equation of motion for magnetic moments is always
called the Landau-Lifshitz-Gilbert equation (LLG)-equation, because Thomas Gilbert
explained the damping term of (LL)-equation by the dissipative Lagrange equation with
a Rayleigh’s dissipation function in [31]:

d SL[M, M| OL[M, M| N 5R[M]

dt M oM oM
where Gilbert assumed that the Lagrange equation itself will result in the equation (1.2)

=0, (1.4)

of motion for the magnetic moment under the constraint of energy conservation. In the
Lagrange L£[M, M] =T — U, the role of magnetization M is the same as the position r
in L[r, 1] of classical mechanics. The Rayleigh dissipation functional is also constructed

analogous to that of the frictional force in mechanics:

R[f]:g///d?’rf?(r,t) = R[M]:g///d3MM2(r,t), (1.5)

where 7 is a damping parameter that is characteristic of the material. Then the (LLG)-
equation can be obtained by inserting the Rayleigh dissipation functional into equation

(1.4), where the effective field appears as 0U/0M = —H.y;
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d 0TIM,M]  5T[M, M]

_ + _He + M = 07 16
it oM onp - Herr HND o

implies
S = oM x (Hepp — M) = =M x Hepp + oM x —-, (1.7)

where the damping o = y9nM. This equation must be equivalent to equation (1.2) when
the friction coefficient n = 0 [31]. The (LLG)-equation and (LL)-equation are totally
equivalent to one another, except that the gyromagnetic ratio v in the two equations
has a small difference related to the damping. If we insert the right-hand side of the
(LLG)-equation in equation (1.7) into the last term OM/0t, it is easy to prove that

oM « oM
(1 + a2)ﬁ = —’}/OM X Heff — 'VOM(M X ﬁ)’ (]_8)

Comparing this equation (1.8) with the LL equation (1.3), it is clear that v = /(1 +
a?). Therefore, the gyromagnetic ratio « in the LL equation should be smaller than the
gyromagnetic ratio vy in the (LLG)-equation, by a small factor related to the damping

coeflicient «.

1.2.2 Maxwell equation

Maxwell’s equations summarize several important findings in electromagnetism. They
describe in a mathematical way how are bound and how interact electric charges, electrical
currents, electric fields and magnetic fields. For simply statement, they describe the
electric, magnetic and luminous phenomena quantitatively. These equations are very
significant in physics.

Maxwell-Gauss equation: This equation can be express as follows and show that

the divergence of the electric field is proportional to the electric charge distribution.
vV-E="2 (1.9)

A particle or an electrically charged body, constitutes a concentration of electric charges
of the same sign. This means that the electrical field is diverging since the source of

electric charges is proportional to the distribution of these charges.
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Maxwell- Flux equation: The divergence of the magnetic field is nought and is
given as follows

V-B=0. (1.10)

There is no divergence of the magnetic field, so the magnetic field lines do not point
towards infinity. This law reflects the simple fact that there is no magnetic monopole.
A magnet monopole does not exist as there are electric monopoles such as electron and
proton. If we break a magnet, we get several magnets with north and south pole. Math-
ematically, the law can also be read as the lines of outgoing magnetic field of one of the
poles of a magnet return in the other pole. This formulation explains better the fact that
the sum of all lines of fields is equal to nought. What leaves one side returns to the other
and final one does not lose nor creates thing.

Maxwell-Faraday equation: The curl of electric field is proportional to the variation
of the magnetic field over time.

0B
VXE:_E' (1.11)

If we take a varying magnetic field in a conductor, then there appears a rotating
electric field around the magnet. In the Maxwell-Faraday equation, the curl of electric
field is proportional to the variation of magnetic field. Indeed, it is the variation of the
magnetic field that generates an electric field and not the magnetic field alone. If we place
a magnet in a coil, nothing happens. On the other hand, if you move the magnet, an
electric field is created around, which itself will generate an electric current in the wire.

Maxwell-Ampere equation: The curl of magnetic field is the sum of his time

dependence variation of electric field and electric current

OE
VxB= ,U()J + ,UJ()EOE. (112)

This equation shows that the magnetic field is produced by the variation of electric field
during the time. The term poJ shows also that the magnetic field as well depends on
electric current in the case of conductor.

We follow the classical manipulation of the Maxwell’s equations namely, take the curl
of the Ampere law and eliminate D, E and B by making use of the constitutive relation

and the Faraday law, and obtain

2
_V(V-H)+ V2H — é%(HJrM) VX, (1.13)
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2 _ 1
€ofto

where ¢

1.2.3 System without damping and inhomogeneous effects

Within the framework of their investigation relating to the wave propagation in ferri-
magnetic media, Kraenkel et al. [25] have used the Maxwell’s equations in the absence of
current and charges in a medium of scalar permittivity, which are supplemented with a
relation between the magnetization and the magnetic field in the materials called Landau-

Lifshitz equation given as follows

1 0
aa—l\t/l = —ueyM x H, (1.14Db)

where vectors H and M stand for the magnetic induction and magnetization density, re-
spectively. v being the gyromagnetic ratio, the first term on the right-hand side describes
the precession of the magnetization around the micro-magnetic field and o the magnetic
permeability of the vacuum field. From a practical viewpoint, the above coupled equa-
tions are actually fundamental for investigation of the data loading processes in reversal
magnetic memory devices in the ferrites. These equations are fundamentally nonlinear
and describe the propagation of magnetic waves in ferrite in the absence of current and

charges when losses are negligible.

Linear regime: propagating plane wave.

In order to clear the notation, let us rescale the variables as

t
M—>MM, 5 QL , t— - (1.15)
c c c

For better understanding the propagation of waves in ferrites we proceed firstly to the
analysis of linear limit regime considering the small perturbations of solution with steady

state given as follows
MO = (0, MO Sil’l(gO), 0), HO = OZM(), (116)

where o My and Hj are positives constant respectively. In order to linearize the pre-

views system around this state, we assume for the perturbations a plane wave solution
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propagating along the z-direction so that
M = M+ eM; exp[e(kx — wt)], (1.17a)
H = Hj+ eH, exp[i(kx — wit)], (1.17b)

where the parameter e represents the small perturbation related to the wavelength of the

short-wave perturbation along the ferrite. w and k are, respectively, the frequency and

wave number of the wave. It is important in the continuation of our analysis to establish

the dispersion relation of the preceding system (1.14) by expressing beforehand the terms

that constitute it. We start by expressing terms of Maxwell’s equation (1.14a) as follows

V(V-H) = (H.+ H] + H}).e, + (H. + H] + HY) e, + (H. + H] + H}).e..

The terms bearing ¢, 7 and k indices correspond to the components of the vectors along

the x, y and z directions respectively.

V*H = (H., + H,, + H.,)e, + (Hl, + H), + H.)e, + (HL, + H}, + HE)e.,

~V(V-H)+VH = (H,, + H., — H], — H,)e, + (Hl, + HI, — H;, — H},)e,

o 0? 0

ot? ot? ot?

02 . .

ﬁ(HZ + MZ) - O,
2

ot?

82

ot?

. . . . B,
—H+M)=——=(H'+M)e, + —(H’ + M)e, +

a—(H]HL.MJ) = —ek*H] explu(kx — wt)],

——(H* + M*) = —ek*HF exp[a(kx — wt)).

+(Hfm + Hgljy - H;z - ng)ez>

(Hk + Mk)ez,

The Maxwell equation (1.14a) takes the following form in view of the terms express above

according to directions x, y and z respectively

H{ = _Mlia
H] = —#o], (1.18)
H]]T; - _WQkasz.
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Handing Landau-lifshizt equation (1.14b) according to the perturbations plane wave so-

lution propagating along the x-direction, we obtain the following relations

OM' — _ypeMi explu(kx — wt)] = (MIHF — M*HY),

ot —
ag{j = —zwer explu(kz — wt)] = (MFH — MHY),
aa—%k = —weMFexpli(kx —wt)] = (M'H/ — M7 H?),

M x H = (MH* — M*H9)e] + (M*H' — M'H")&] + (M'H’ — M7 H')&;.
Landau-lifshizt equation (1.14b) become according to x, y and z direction, respectively

wMi = H¥Mqysinp — MFHgsin o, (1.19a)
wM! = MFHycos o — HF M cos o, (1.19b)

wMF = HIM,cosp+ MiHysing — HiMgsin o — MJ Hycos . (1.19¢)

Introducing equation (1.18) into equation (1.19) we have the following relation in M,

[\

1(w? — k)M + Mysin(p)[w?(1 4+ a — ak?)|MF =0, (1.20a)
w(w? — K2)MI — My cos(p)[w?(1 + a) + w?|MF =0, (1.20Db)
W(w? — K2)MF + My cos(o)[w?(1 + o) — ak?| M

— My sin(p)[(w? — k*)(1 + )] M] = 0. (1.20c)

This equation (1.20) can be written in the following matrix form

w(w? — k?) 0 My Asin(p) M 0
0 w(w? — k?)  —MyA cos(p) M ol=10], (1.21)
—Mysin(p) MyAcos(p) w(w? — k?) Mf 0

with A = w?(1+ o) — ak?.
Equation (1.20) admit a nontrivial solution if the determinant of this matrix is equal

to zero from where comes the following equation
MZ[wW?(1+ a) — ak?][w?(1 + a) — k*(a + sin? @] — w?(w? — k*)? = 0, (1.22)

which is the dispersion relation. In the condition of studying short-waves, one has to

consider wave vector tending toward infinity [25]. For that purpose, let us suppose k ~ ¢~
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with € <€ 1. Consequently, the frequency is expanded accordingly as
w = w_ie twe+t Ewy+ Ews - (1.23)

Our hypothesis consider above corresponds just to the requirement that short-waves exist
in the linear limit with the phase velocity and the group velocity always bounded. Now,

replacing Eq.(1.23) into the dispersion relation above, we obtain a set of equations

At order €76 : —w8, + 2wt | k2 — w2, ki, we have
w_1 = :l:]{?() (124)
At order 7% : MZ(1+ a)(a + sin?(p)w? k2 + ME(1 + o)*w?* | — 6wiw, + 8w? jw k}

— M2a(1+ a)w? k% — 2w_jw,k§ + M2a(a + sin?(p)ki = 0, we have
sinfp = 1. (1.25)

This express the fact that the short-waves can propagate only for one value of ¢ = /2.
At order €2 : —15w* jw? — w?ki — 2ME(1 + a)(a + sin®(@))w_jw k2 + 4MZ(1 +
a)?w? jwy — 2MZa(1 + a)w_jwi ki + 12w? jwik?, we have

(1+a)
2ko

w, = M : (1.26)

w_1, wy and kg are characteristics of short-wave in the linear limit. Characteristics of the
short waves thus to found in the linear limit, we now turn to the nonlinear aspect.
Nonlinear regime

We resort to the multiple-scale method, adapted to short-wave asymptotic. Thus, we

introduce rescaled, space and time variables, such that

0 10 0
— = I 4= 1.27
ot coe "o (1.272)
0 0
— = e—. 1.27b
Ox “or ( )
We now consider general expansion in the following form
M = My+eM; + My + - (1.28a)
H = H(] + €H1 —+ €2H2 —+ .. (128b)
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where the expansion coefficients depend on the variables ¢ and 7. Prior to the direct
substitution into the governing equations, namely the Maxwell’s and Landau-Libshizt

equations (1.14), the Maxwell equations provide the following relations

€ *(Hee + Mye) + €(Hyp + M) — 2(He, + Mg,) = 0, (1.29a)
€ (HY + ML)+ €(HL, + MJ) —2(H, + M) = 0, (1.29b)
€ 2(Hi + ME) + €(HE + ME) — 2(HE, + ME) = 0. (1.29¢)

The Landau-Libshizt equation (1.14) provide the following relations

—e "M+ eM. = M/M"— MM, (1.30a)
—e "M +eM! = MFM'— MM, (1.30Db)
—e 'ME+eMf = MM — MM (1.30c)

At order €72 we have, according to equation (1.29) and introducing general expansion

relation (1.28), the following relation

Hiee + Me = 0, (1.31a)

We seek the components of the vectors Hy and M, respectively by using the initial
conditions on the vectors and their derivative and we have H555 + M555 =0 = (Hé5 +
M) =1 yet & — —oo, Hj and Mj — 0 then
aa=0= (Hi+ M) =c; as &— —oco H} and M} —0

H35+Mé§ :Hg§+03:>§—>oo Hgf and Mgé — 0 then, c3=0

H 4+ M,=H)+c, &— —oc0 H}=H, M]=M, c; =DM,

we have according to the preview expressions

H, = Hje,+ Hle., (1.32a)

M, = Mile,, 1.32b
0%y

with M} = My and H] = H,.
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At the order ¢~ we have, according to equation (1.29) and equation (1.30) and intro-

ducing general expansion relation (1.28), the following relation

(H{ + M)ee = 0, (1.33a)
(H + M{)ee = HY, (1.33b)
(HY + M{)ee = HE,, (1.33c)

— M, =0, (1.33d)
— M}, =0, (1.33¢)
— Mg =0, (1.33f)

is constructed from which we have the following relation by using the initial conditions

on the vectors and their derivatives
(

Hi = —M;],
M =0,
MF =0,
, (1.34)
M} =0,
M] =m,
k __
\ MO — O-

At the order € we have, according to equation (1.29) and equation (1.30) and intro-

ducing general expansion relation (1.28), the following relation

(Hy + Mp)ee — 2(Hy + Mp)er = 0, (1.35a)
(H} + M3)ee — 2(Hj + Mj)er = Hig, (1.35b)
(H3 + My)ee — 2(Hy + Mg)er = Hogg, (1.35¢)

~Mj, = H{M{ — H{Mj, (1.35d)
—M{, = H{M§— HiM;, (1.35¢)
—M{, = H{M] - HjMj, (1.35f)

is derived. We integrate equation (1.35) according to the limiting conditions on vectors

and their derivatives and obtain the following relation

Hé = _M2i’ Mgg = 2Hgﬂ M§§ = 2}[(]]C-m (1.36a)

M, = H§ My, M{ = 0, M} = 0. (1.36b)
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At the order €' we have, according to equation (1.29) and equation (1.30) and intro-

ducing general expansion relation (1.28), the following relation

(Hj + My)ee — 2(H) + M;)er 0 (1.37a)
(H3 + Mj)ee — 2(H{ + M), H (1.37b)
(Hy + Mg)ee — 2(Hy + My)er Hiee (1.37c)
— M3, MIHE + HIMF — HEM? — HEMI (1.37d)

—Mj, HEM? + HEM, — HIMF — HIME  (1.37¢)

— M, HM + HIM — HIM! — HIM  (1.37f)

We integrate equation (1.37) according to the limiting conditions on vectors and their

derivatives, and obtain the following relations

Hy = Mg, Mg = 2(H + Mi)e, My = 2(H{ + M), (1.38)
Mje = MoHf, M3, = —HoH"M{, Mj, = —MyH{ + H]M;. (1.38b)
equation (1.36) enable us to write the following relations
M = —Lo
2 T T
j Lo i
then we have
OH] IR
equation (1.36) and equation (1.38) enable us to write the following relation
k 2 i i Ve
then we have
O* M L
= Moy + H})Mj. 1.4
aé-a,r 2 ( 0 + 0) 1 ( O)

It is significant to note that equations (1.39) and (1.40) is a nonlinear system describing

the evolution of the first nontrivial terms in the expansion of H and M which involve
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effects at order zero and one on € respectively. Set M} = 3B and Hg = —My+1C¢, B and

[ are determined constants toward the following system

M,
BB = 7010553, (1.41a)
62
Then we have
Be. = BC,
¢ : (1.42)
C¢r = —BB;

with [ = Mlo and 82 = 4 Equation (1.42) is a well-known system called the Kraenkel-
Manna-Merle system [25], describing the propagation of magnetic waves in ferrites. It is

an integrable system which displays exact solutions.

1.2.4 Damping-Inhomogeneous magnetic system

We use a coupling between the classical Landau-Lifshitz-Gilbert model for the mag-
netization density function M(x,t) = (M M7 M*) and Maxwell’s equations for the
propagation of electromagnetic waves in ferromagnetic chains [59]. This results permit
to point up Maxwell-Landau-Gilbert model taking into account the Heisenberg exchange

couplings and damping effect, given by

1 0?
~-V(V-H)+V*H = g@(HJrM), (1.43a)
oM M oM
W = —Mo’yM/\Heff—i—Uﬁs/\ﬁ, (143b)

where ¢ = 1/,/lg€o is the speed of light, sy being the magnetic permeability of the
vacuum, and the vectors H and B stand for the magnetic induction and the magnetization
density, respectively. The first term on the right hand side of Eq.(1.43) describe the
precession of the magnetization around the micromagnetic effective field H.s¢ and the
second term which is the Gilbert-damping term with the damping parameter o drives the
magnetization toward the direction of H.¢; whereby angular momentum is transferred to
magnetic degrees of freedom. The quantity M, represents the saturation magnetization.

The expression of H.sy is given by

Heff = H- ﬁn(n : M) + OéAM, (144)
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where o and 3 are the constants of the inhomogeneous exchange and the magnet anisotropy,
respectively and n is the unit vector directed along the anisotropy axis and we assume
n="¢,. In order to clear the notation, let us rescale the variables as follows

cM cH t

—, H—-> — t—-. (1.45)
o7y o7y ¢

In order to well understand the inhomogeneous exchange in ferrites, we start at first by

M —

studying the linear limit regime looking at small perturbations of a given solution.

Linear regime: propagating of plane wave

We assume for the perturbations a plane wave solution propagating along the = direc-

tion, so that

M = M+ eM; exp[i(kx — wt)], (1.46a)

H = H,+ eH,; exp[i(kz — wt)], (1.46D)

M and H are vectors, where k and w are, respectively, the wave number and the frequency
of the wave.
Maxwell equation (1.43) takes the new following form after substituting perturbations

plane wave solution propagating along the x direction

82

@(Hi +M') = (H,,+H., —H, —H), (1.47a)
02 . . . . ; &
> k k k i '
ﬁ(H +M") = (H,,+H, —H, —H) ). (1.47¢)
Landau-Lifshizt-Gilbert equation takes the new following forms
T MYH? — MPH" + MM’ + a(M* M — M’ M)
o OM* oM
—(M? - M* 1.48
(M 5 ) (1.48a)
oM , . . . .
TR M'H* — M*H" — BM*M* + o(M*MF, — M* M)
o oM OMF
e Mk . ) )
m( T M BT ), (1.48b)
T M’H*— M'H? + o(M*'M], — M’ M)
o, OM OM®
(M R VF
+m(M 5 M 5 ). (1.48c¢)
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Introducing equation (1.46) in equation (1.47), we obtain the following relations

H' = —-M', (1.49a)
j w? j
Hl — —li, (149b)
ko w? k
Hl = —li (149C)

Introducing equation (1.46) and system (1.49) in equation (1.48), we obtain the following

relations

w(w? — E*) M+ m](w? — k*) (& + Bo) + w?] sin 6MF = 0, (1.50a)
w(w?® — BYM? + m[(w? — k) (& + Bo) + w?] cos OMF = 0, (1.50D)

—m(w? — k*)(1 + &) sin 0M: + m[(w? — k*)a + w?] cos O M7
Huw(w® — E*)MF =0, (1.50¢)

~ 2_ oo
where & = p + apk® — w72

This equation (1.50) can take the following matrix form in M,

w(w? — k?) 0 Dsinf Mj 0
0 w(w? — k?) Dcos® M =101, (151)
Esinf  m[(w? — k*)a + w?|cos w(w? — k?) MY 0

with D = m(w? — k*)(& + Bo) + w? and E = —m(w? — k?)(1 + @).
This equation (1.51) admits nontrivial solution only if the determinant of the matrix

is nil and that leads to the following dispersion relation
wi(w? — k2)? + m*{(w?® — k*)(a + Bo) + w?H{k*sin?(0) — [a(w? — k?) + w?]} = 0.(1.52)

We are interested in studying the short-wave limit when wave number tend to infinity.
This is possible if we consider & ~ ¢! with ¢ < 1. Consequently, the frequency is
expanded accordingly as

w=w_16 ! +we+ dwy + Swz + -+

Now, replacing the previous frequency into the dispersion relation above, we obtain a
set of equations

At order €78 m? (w_,? — k02)2 ao%ko? = 0 this relation permit to have

w1 = :l:]{?(] (153)
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At order ¢4

4w? | (w?y = kg) wi 4 2w_qwi (w? ] — kg)* +m?((w?, — k3) (1 + Bo) + 2w_qwiaoky
+w%1)(l€§sin2(9) — (w%1 — kg)(,u + Bo) — 2w_1w10z0k§ — wil) — m2(2w_1w1

17
2 — kw0 QZw_ w100
ok (—2w_jw; — 2w_qwy(p+ Bo) — wiaeks) + m( 1 — ) _ 7;1 )

(w%l - l{}g>27,w10'0 I QW%IUMZO'(]) _ 0

+2w_qwi (p + Bo) + wiaoky) (w?
1(w

(w31 - kg)zw—lao - m(wil — kg)zw_lao(

m m

This relation express the following condition
Either 1+ 2w_jwiag =0 or 14 2w_jwiag = sin’(f). (1.54)
At order 73

m(2w_yw; + 2w_jw, (p + Bo) + wiagkd)(w? | — k3 )aw_, 00

+6mw_wiog(w?, — ki )aoks +m?((w?, — k3) (1 + Bo) + 2w_jwiapky

1(w? — k2)wioy 2w w00 o, —t(w2y — k§)wiog  2mw? w0
+ )+ m*( - )
m m m m

(KRsin®(60) — (w?, — K2) (1 + By) — 2w_ywnaoh? — w?,)

+w31)(

—m(w?, — k})w_100(—2w_qw; — 2w_jw (1 + Bo) — wiagks = 0.

we obtain the following relation

Either oo=0 or 2(1+2w_jwiap) = sin*(f). (1.55)
At order ¢2
w? (2(w? | — kw4 4w? w?) + 8w? jwi(w?, — k7)
+wi(w?, —kg)? + 6w wiog(w?, —kg) —m*(wi(p + Bo) + wi)(w, ]‘72)0‘]{52
—(w?, — k2 2 2 -k 2
-y (w2y — kg)uwroo w_lwlzao)((w_l 2wy o N w_lwlzao) (R, — )

m m m
(n+ Po+ 2w_1w10z0k:3 + w%l)(—2w_1w1 —2w_qwy(p + Bo) — w%aokg)

+m?(2w_jwy + 2w_ywy(p + Bo) + wiaokd) (k2sin®(0) — (w?, — k)

(1 + Bo) = 2w_qwiaoky — w?y) + m*(w? — k§)aoky (—w? (1 + Bo) — wi) = 0.
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Handling now the previous expression in order e2 with w_; = ko, we obtain the following

equation

4k2w? + m*{—(1 4+ 2w_jwiap) [2w_1w1 (1 + g+ Bo) + ks (w? + 2w_ ws)]
+4k2wyof /m? + (sin?(0 — 1 — 2w_wyap)[2w_1wi (1 + 1+ Bo)

+agks(w] + 2w_qws)]} =0.  (1.56)

It is also appropriate to find the frequency of propagation of wave at order one in e, for

that we assume oy = 0 in equation (1.56) an w; is given by

o (14 p)
2ko

(1.57)

wy = m

Nonlinear regime

To completely solve equation (1.43), we use the approach of multiscale analysis to
reduce the coupled vector equations to a nonlinear equation for a scalar field. The multi-
scale analysis or the reductive perturbation method is a generalized asymptotic analysis
method for solving the Maxwell-Landau-Lifshizt-Gilbert model by reducing it to soliton
equations [60]. We first introduce the following space and time variables, depending on a

small parameter €

¢ = (x—t)et (1.58a)
T = et (1.58Db)

The slow space variable ( describes the shape of the wave propagating at speed unity
and the time variable t is the time evolution of this wave during the propagation. The
parameter € measures the weakness of the perturbation effect. As in the theory of fer-
romagnetic resonance experiment, we assume the model of sample immersed in a high
intensity external magnetic field such that the sample is magnetized to its saturation
limit. This assumption avoids the creation of domain walls which would require more
care in the derivation of the reduced equation and the sample is free from the effects due

to its geometry such as shape anisotropies. Under this assumption, we seek a reduction
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of the coupled system (1.43) through the multi-scale perturbation from the expansion

M = M+ eM; + M, + Ms + - - - (1.59a)
H = Hy+¢H, +EH, +EHy + - - (1.59b)
a = ap+eat +lay+lagt - (1.59¢)
B = Bo+eB +B+eBs+ (1.59d)

The terms Hj is called the external field despite the fact that it differs from the applied
external field. My is called the magnetization density lined up with field Hy. The expan-
sion of equation (1.59) is thus considered for perturbations around these fields (M, Hy).
We combine relation (1.68) with the perturbation expansion (1.59) for the components
of M and H in the aim of describing the nonlinear asymptotic behavior of the original
system. By substituting the perturbed fields (1.59) into the coupled system (1.43), we
obtain at the leading order of the perturbation

e A (Hic+ M)+ E(HL, + M) —2(H.. + M{,) = 0, (1.60a)
e *(Hi + ML)+ E(HL + MI)—2(HL + M!) = €e’H], (1.60b)
€ 2(Hf + ME) + E(HE, + ME) —2(HE + ME) = e Hf, (1.60c)

—€ "M} + eM} = M*H) — MVH* + BM*M7 + ¢ a(M* M} — M7 ME,)
+%[Mj(—e_1Mf +eMF) + ME(e MY — b)), (1.61a)

—e "M +eM! = M'H* — MMH' — BM*M' + e (M M}, — M* M)
+%[Mk(—e‘1Mé + eM?) + Mi(e ME — eMb)),  (1.61b)

—e "M+ eME = MIH' — MPH + € o M? M{ — M' M)

+ Z (M (—e " MI + eM?) + MP (e "M — eM?)].  (1.61c)
m

Handling the system (1.60) and (1.61) at the order ¢ 2, by substituting the perturbed
fields (1.59) into the coupled system, we obtain at the order of perturbation, the following

relations, taking into account the boundary conditions on all derivatives of M and H and
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steady state My and Hj
lim M = lim Hj. =0= C; = 0Hj+ Mj = Cs,
(——0o0 (——0
as  lim M} = lim H}=0,withM,=0 then H,=0, (1.62a)
(——o0 (——o0
Hje+ Miee = Hj.. = Hje + Mj. = H}. + Cs,
lim Mj. = lim H}. =0= Cs5=0,H]+ M= Hj+Cy,
(——0 (——00
as Clim M = Moandclim H] = Hy then Cy= M, (1.62b)
——00 ——00
CEIPOOMgC = CEIPOOH(;C =0=Cs=0,H} + M} = Hj + Cs,
as lim M = lim H}=0 then Ce=0 and MEF =0, (1.62c)
(——o0 (——0
apMg A MOCC =0=0qy=0, (162d)

where C, Cy, Cs, Cy, C5, Cg are constants of integration. In short, equations (1.62) permit

to have Hy = Hje, + Hfe,, My = Mje, and oy = 0

At the order ¢! we have

(Hi + Mg)ee = 0= H{ = —Mj,
(Hf‘FMg)CC:HfCC
(HY + M{)ec = quc = M{ =0,

= M/ =0,

— M, = aoMngCC + Oz1M§MOJ<< + aoMfMgcc — ag M M,

0¢?

—ay My M — o M M — EMgMO’z + EMO’fMJ

) . 0o ; 00 3 ri
—an My Mg — O‘OMfMécc - EM(?M(%C T EMSM&’
— M, = oM Mjee + on M Moo + o M{ Mise — oMM,

—an MM — a0 MM — MM+ — MMy

(1.63a)

(1.63b)

(1.63c)

(1.63d)

(1.63e)

(1.63f)

we obtain at the order zero in e from equation (1.63)d, (1.63)e and (1.63)f M = 0,

M} =m and M} =0
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At the order €® we have

(Hy + M)ee —2(H) + M)t =0 = Hy=—M,, (1.64a)

(Hj + M3)ec — 2(H} + M3)Cr = Hi = M3, =2H],  (1.64b)

(HY + M3)¢cc — 2(Hy + My)Cr = Hy.o = M}, = 2Hf.,  (1.64c)
—Mj. = My H} — My HG + BoMy M + ao(M§M3,. + My Mg — M) M,
—M{ Mf + MIME.) + on (MM + MM
_MfMggg - MojMfgg) + 042(M§ng - Monggg)

—%(MgM{z + MY ME — MEM — MEM],) — %(MSM& — MEME),  (1.64d)
_Mfg = M{HE — MyH{ + Bo Mg M + aO(MéM§<< + Mznggg - MécMzigc
—M{ M. + My Mee) + o (M Mg + MM
—MfMégg - M(?Mfgg) + 0‘2(M(§M§¢¢ - M(?Mégg)

—%(M(’)“Mfc + MPEMG, — MM, — MIME) — %(M(’;MgC — MiME),  (1.64¢)
—Mf, = MH} — M{HS + co( M My + M Mo — MM,
— MM + M{M{..) + on(M{ Mg + M{MY,,
—MfMégg - M(?Mfgg) + 0‘2(M(§M§¢¢ - M(?Mégg)

—%(MéMfC + MM, — MM, — M Mg,) — %(Mg'MgC — MIM(), (1.64f)

we obtain at the order zero in € from equation (1.64), (1.64) and (1.64) M{, = MHE,

M] =0 and MF = 0.
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At the order €! we have

(Hi + Mioe — 2(H) + Mi)r = 0= H = —Mj, (1G50)

(] + M) — 2(H] + M) = Hlge = M, = 28] + 1), (165b)

(H3 + My)ec — 2(HY + M), = Hyee = My, = 2(Hy + M),  (1.65¢)

—Mje + Mj. = MEH{ + MY H] — M{HY — M{H} + Bo(MEM] + M M)
+BLMy MY + (MY M3 + My M + MM + MM — M{ M},
MM — MIMG, — MIME ) + o (MEM3.. + MfM],,

+MEM . — MIME . — MM — MIME.) + oo (M§ M.

+MEMe — MMy, e — MIMG..) + og(My M. — M My

—%(M({Mé} + MM + MIME, — MEMI, — MEMI, — MEM],)

—— (M M, MM — MEM?, — MEM? ) — —= (M2 My — M2 M 1.65d
m( 1 Moe + My My 1 Mo o M) m( o Mo¢ o Mp.), (1.65d)

M + Mg, = MyHS + MH — MEH] — MEH} — Bo(M§M] + MEM;)

—BL Mg M + oo (MM + MM + MiME, . + M{M5,. . — M{ M;,,

_M§Mfcg - M§M3gg - M(?M?Z;gg) + Ofl(MziM(?gg + Mfogg)

+ MM, — My M Mi.. — MEM; o+ MyM;) + (MM,

MM — MM e — MM ) + o (MM — MEMe — MyMg, + MEME,)

_%(MgMéc + Mfog + MécMég — My M, — MéM§¢ - Mfog
—%(MfMég + Mngg + MfM(?c - MéM(lfg) - %(M(?Méc - MéMé}),

— M5, + Mg, = M{H; + M{H} — M{H{ — M{H} + ao(M{ M,

+ MM o+ MM + M Mie — MM — MiM{.. — MiM{.. — M{M;.,)

oy (MM + M Miee — MyMgeo — M{M3,) + (MM,

MY Mo — MM — M{M;..) + og(MJ Mg — MiM.)

— S (MM + M{M] + MM, — MMy, — MiMj, — M{M;,

2 i i 01 i i ingd 2 i
_MgMoc + MgMOT) - E(M1Mg< + MoMfg - MfMoc
2 i 02 (a2 riqri 2 i

_MéMm) - E(MoMgg - M8M0<)~

However, it must be noted that from the linear relations in (1.14) we get M} =

(1.65¢)

(1.65¢)

0 and
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then H} = 0. By collecting terms at the next order €', we obtain

My, = mHY, (1.66a)
Mj. = —M;Hg, (1.66b)
M§C = Mng_m(Hi+a2Mf<<)+UleC- (1.66C)

Equation (1.64) enable us to have M}, = mHY from which we have HY = %MIZC In
the same time equation (1.66) enable us to have M§< = —MjH} what leads to Mgc =

—-L M{ . Mj which become, considering equation (1.64b) the following relations

(MM, ), .
- = 2H] 1.67
m 0C7—7 ( a)
20, | | | |
= (Hp +m)Mj — apmMi + oy M. (1.67b)

This system is a nonlinear one describing the evolution of the first nontrivial terms in
expansion of M and H, no matter the second term of expansion of the magnetization
M has been used. For deeply investigating equation (1.67), let us consider the new

independent variables X and 7" such as

0 m 0
a—c - _58—){7 (168&)
0 m 0
or = 2or (1.68b)
then we have
_(Mfij)X — HgXT
4m m
. mo . : (1.69)
Mi HINMi | aom? Mi o Mi
e = U ) S S
If we consider B = %,A =—(1+ %é) =Cx,0= 0‘2;”2,3 = —%, equation (1.69) becomes
BXT:BCX+QBxx—SBx, (170)

CXT - _BBX>

where B = B(X,T) and C = C(X,T) stand for the magnetization and the external
magnetic fields , respectively. X and T represent the space-like and time-like variable,
respectively, while the parameters s and o are denoting the damping and inhomogeneous
effects respectively. Kraenkel et al. investigated the propagation of short-wave in satu-

rated ferromagnetic materials from Maxwell equations with the Landau-Lifshitz equation
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(1.14), and derived the nonlinear system (1.42) [25]. The nonlinear system (1.70) was
derided very recently, constructed by Nguepjouo et al.. The nonlinear wave dynamics
described by this model have attracted special attention because it possesses interesting

exact solutions of soliton-type.

Conclusion

We have presented in this chapter the generality on the magnetic materials and on the
ferrites in particular. We have classified the materials according to their magnetic state in
presence of applied magnetic field and their intrinsic characteristic such a susceptibility.
We dwell too long on ferrites, by giving its characteristics as well as its technological,
industrial and economic importance. We have also presented the non-linear integrable
differential equation of KMM without damping and inhomogeneous exchange describing
the propagation of wave in ferrites which already was the subject of many work and as
well the KMM-system including the damping and inhomogeneous exchange effects which
is the model whose we study in the remainder of our work. Our main goal being to show
the damping and inhomogeneous exchange effects on the wave propagating in ferrites, it
is important to propose some methods allowing to achieve this goal which will be covered

in the next chapter.
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Chapter 2

Methodology of Investigations

Introduction

Propagation of wave in nonlinear media appears to be one of the most famous topic
that has attracted attention of number of researchers [61-65]. Such a topic has been
applied in a wide variety of media including water [66-69|, optical fibers [16, 18, 70-72],
magnetic insulators [25,26,29,30], just to name these ones. Investigations of propagation
of wave in the previously mentioned media often concern experimental observations and
theoretical descriptions. Concerning theoretical descriptions, it appears as an important
part of investigations that often come after an experimental observation and, when theo-
retical explanation is well carried out to generate nonlinear evolution system to model the
phenomenon observed, it is possible to predict theoretically the behavior of the wave in
the medium of interest under some new hypothesis before returning in laboratories to ver-
ify if the theoretical hypothesis are confirmed experimentally. Such an inter-dependence
between experiment and theoretical investigation make it clear the importance of both in
looking for more innovative technological devices. As far as we are concerned throughout
this thesis with the propagation of short wave in ferrites, the nonlinear system, derived
in Ref. [25] has been investigated intensively under some tractable methods including Hi-
rota’s bilinearization [30, 73|, inverse scattering transform method [18,29, 65| and some
expansion functions [74-77|. Beside this system, known in the literature as the KMM

system [27|, a new nonlinear system has been derived in Ref. [30] that takes into account

Ph.D. Thesis Year 2020



2.1 Prolongation structure analysis 36

damping effects. Influence of this damping effect has been investigated under the initial
value problem and, as a result, it appeared that for non-zero damping, energy of the
wave decreases. Going further in investigating propagation of short waves in real ferrites,
the previously mentioned system that takes into account damping, has been subjected
to amelioration while taking into account not only the damping effects, but also the in-
homogeneous exchange effects in Ref. [33]. At fixed value of the inhomogeneous term,
initial value problem of the new system has been investigated and, as a result, it appeared
that energy decreases as wave evolves. In Ref. [34] soliton solutions of the inhomoge-
neous system have been constructed along with associated energy densities. By fixing
the value of the parameter characterizing inhomogeneous exchange effects, it influence
on the parameters of the propagating wave in ferrites subjected to this phenomenon is
not clear. Such a question then constitutes the main aim of our investigations. In this
chapter, we present some important method used within the investigation of damping and
inhomogeneous exchange effects on the wave propagation in ferrites. Therefore we present
the Wahlquist and Estabrook formalism while investigating the prolongation structure of
(1 + 1)-dimensional evolution equation which must lead to the Lax Pair. We illustrate
this method by applying it to the Schifer Wayne system. We pursue by exposing the in-
verse scattering transform method and also Jacobi elliptic function expansion method. In
order to complete our analysis, we perform a numerical simulation using finite difference

scheme.

2.1 Prolongation structure analysis

The determination of symmetries of nonlinear evolution systems is actually an im-
portant and challenging problem to tackle owing to their miscellaneous physical impli-
cations [78]. In fact, there are many ways and approaches for finding symmetries of
differential equations. For instance, Harrison and Estabrook [78] found a method using
differential forms and Cartan formulation of differential systems while investigating the
Maxwell’s equations. It is however true that a fundamental understanding of the interre-
lationships between the various sorts of symmetries associated to evolution systems is still

in the process of being developed. Among the very important investigations of the subject
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using many tractable methods to search for solutions to nonlinear evolution equations,
and their properties, Estabrook and Wahlquist [1| carried out and important tool in the
determination of symmetries using algebras known as "prolongation structure".

Nowadays, many researchers have developed the prolongation structure methodolo-
gies of Wahlquist and Estabrook [1]. As examples, Hermann [49] interpreted prolongation
structure as a connection, Dodd and Fordy [80] studied prolongation structure of quasi-
polynomial and complex quasi-polynomial evolution equations and provided a method for
obtaining the matrix representations of the Lie algebra, Morris [81, 82| applied prolon-
gation structure to nonlinear evolution equations in (2 + 1) and (3 + 1)-dimensions for
the first time, Guo, Ke Wu, Hsiang and Wang [83, 84| proposed a covariant geometry
theory for prolongation structure method, Ji-Peng et al. [85] proposed a fermionic covari-
ant prolongation structure theory for supernonlinear evolution equation, Deconinck [86]
applied prolongation structure method to semi-discrete systems for the first time. They
applied this method to series of nonlinear differential equations [87,88] and obtained their
Lax-pairs, which undoubtedly plays an important role in the construction of Backlund
transformation, soliton solutions related to the nonlinear differential equations. In this
work, we assume that a system of equations is said to be integrable if it admits Lax-pair.

In this section, we describe the Wahlquist-Estabrook approach, originally formulated
in the framework of differential forms and Cartan’s exterior differential system which
attempts to construct a linear spectral problem associated with the nonlinear evolution
equation under consideration. We investigate this method firstly by giving some important
definitions.

Let 9 be a manifold. A collection of differential forms on 9 is said to be an ideal,
denoted by I, if the following conditions are satisfied:

For ay and ag € I, ¢1aq + ¢acs € I, where ¢; and ¢, are functions on 9.

For o € T and n any arbitrary form, o« An € I, where A denotes the exterior product
(antisymmetric tensor product).

For any o € I, da € 1. This is the closure condition and is necessary for closed
ideals. In the literature, closed ideals are called differential ideals. An exterior differential
system is a pair (9%, I), where 901 is a manifold and I is a differential ideal. Usually it is

a differential P-forms (2, then the pair (I, 2) is called an exterior differential system with
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an independence condition. Here P denotes number of independent variables.

An integral manifold of the system I is a pair (M, f), where M is a sub manifold of 9t
and f: M — 9 is a differential mapping such that f*(«) =0, for all & € I, for which
f* is the pull-back map. The terms integral sub manifold or solution manifold are also use
for integral manifolds. An integral manifold of I with the addition condition f*(€2) # 0,
satisfied. Note that, while for an exterior differential system, we do not specify any
independent variables, we choose independent variables for exterior differential systems
with an independence condition.

In order to represent a partial differential equation as a system of forms, firstly set
new variable, which can be used to write the differential equation as a set of first order
differential equation. Next, 91 is described to be a manifold, the local coordinates of which
consist of all independent and dependent variables in the partial differential equation and
auxiliary variables introduced in the previous step. By taking the exterior derivative of
these coordinates, the basis forms can be adopted in order to define the forms a; on 9.
These forms generate a differential ideal. Then it is required that any integral manifold
M, which consists of independent variables, annuls this set of forms and restriction of
initial set of forms «; on 9 to M gives us the partial differential equation from which we
started, that is, the solution manifold gives our partial differential equation in the form
of exterior differential equations. It is seen that, if f*(a;) = 0, then for any 7, on 9, we

have

f*(Z mAa) =0 and f*(dey) = 0. (2.1)

Hence, any form in I generate by «; vanishes when restricted to the solution manifold M.
Therefore, it is the whole ideal I generated by «; that represents the partial differential
equation [89].

It is possible to construct different exterior systems which generate the same ideal.
Two exterior system, a; and aj, can be considered as algebraically equivalent if they
generate the same ideal [89]. Obviously, algebraically equivalent systems have the same
solutions since they represent the same partial differential equation.

To assert complete equivalence between the forms and the differential equation, we
require that the set of forms must be closed. This requirement is necessary since on a

solution manifold, if we have f*(«;) = 0 which gives back the differential equation, we must
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also have d(f*(«;)) = f*(day) = 0 (since the pull-back map and the exterior derivative
commute) and the equation f*(da;) = 0 cannot impose any additional conditions. Hence,
we need to have da; € I which implies that the exterior derivatives for all the forms must

be contained in the ring of forms generated by the set
dOéZ' = ZT}U N Qy, (22)
j=1

where the summation runs from 1 to the number of forms in the initial set and 7;; is
some set of 1-forms. This condition also says that, all the integrability conditions of the
first-order partial differential equations, which we found at the beginning by defining new
variables, are satisfied.

Another idea in Wahlquist-Estabrook prolongation structure method is to search for
the existence of 1-forms. The motivation comes from the existence of conservation laws,
which describe quantities that remain invariant during the evolution of partial differential
equation. It is well known that, integrable nonlinear evolution equations possess an infinite
set of conservation laws [90,91|. Thus it is natural to expect the existence various 1-forms
which lead to conservation laws. Any differential equation in the form precisely those
equations of evolution type which contain two independent variables x and t can be

written as

U = Uy, — KU UL, UG ), (2.3)

where K is an arbitrary function depending on U and w-derivatives of U?. Clearly, the

KdV equation is in this form. Equation (2.3) has local conservation laws of the form:

aft  agh
a—j:er%:O’ k=1,2,..., (2.4)

where f* and ¢* are local expressions depending on the jet variables. In fact, they depend
on the independent variables, dependent variables and the x-derivatives of the dependent
variables since the t-derivatives of the dependent variables can be eliminated by using
equation (2.3).

One of the important properties of these conservation laws is that, they lead to con-
served quantities with appropriate boundary conditions. For example integrating equation

(2.4) with respect to x we get
d [*®

— frdz + [g"%2 = 0. (2.5)
dt Jx, A
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Under asymptotic boundary conditions in which the dependent variables are rapidly van-
ishing as + — +o00, the term [gk]ﬁf vanishes. Hence, equation (2.4) gives rise to the
constant of motion [ ;{ f fFdzx. In fact, these conserved quantities can only be defined up
to exact x-derivatives since equation (refEq2.4) is invariant under the following transfor-
mation

P P AR g gR AR (2.6)

Another property of conservation laws is their close relation with potential function. A
function ¢ of dependent and independent variables is called a potential function if it is
a constant when the differential equation is satisfied. Thus cross derivative integrability
condition implies that every conservation law of the form gives by equation (2.4) defines

a potential function ¢*, where

L R o A
E_gv E__fv (2-7)
such as
do* = —fFdx + gkdt, (2.8)

is an exact differential equation. In the language of differential forms, the above discussion
about conservation laws corresponds to the existence of 2-forms contained in the ring of

the a; that generate the closed ideals. Therefore, we can find 2-forms
BE =" hfa, (2.9)
i=1

satisfying df* = 0, the condition for exactness. In equation (2.9), h¥ are arbitrary func-
tions of jet variables and the summation runs from 1 to the number of forms in the initial
set that generates the ideal. In fact, d3* = 0 can be considered as the integrability

condition for the existence of 1-forms, say w*, such that
B = duw*. (2.10)

Since the double exterior derivative of any differential form vanishes, equation (2.10)
conversely implies that d3* = 0. For each exact 2- form dwF, the associated conservation

law is obtained by using Stoke’s theorem

f wk:/ dw", (2.11)
8M1 Ml
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where M is any two-dimensional manifold and dM; is its closed one-dimensional bound-
ary. If M is chosen to be the solution manifold, on which the restricted exact 2-form

dw” are annulled, then, equation (2.11) gives the conservation laws for w*. In general the

¥ can be taken in the form of equation (2.8)

1-forms w
w* = Frdx + G*dt. (2.12)
Consider the Korteweg-de Vries equation given by:

Uy + Ugpy + 120, = 0. (2.13)

It has an infinite set of local conservation laws [1] all of which are in the form of equation

(2.4). Actually, the KdV equation itself can be written as one of those conservation laws,
ug + (p+ 6u?), = 0, (2.14)

from which we can deduce its simple potential,

¢ = —u, ¢ =06u"+p. (2.15)
Now, in accordance with equation (2.14), take the 1-form w as

w = udx — (p+ 6u?)dt. (2.16)
The exterior derivative of w,

dw = f=—a3— 12ay, (2.17)

shows that the 2-form £ is in the ring of original set of form «; and the exterior derivative

of 3,

df = —daz—12du A oy — 12uday, (2.18)

vanishes identically.
As we are motivated by the conservation laws, the core idea in the method is the
prolongation of the ideal I generated by «;. The prolongation process can be summarized

as follows.
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Consider a differential ideal I on a manifold 9% and a differential ideal I on a manifold

9’ with a projection map,
™M — M, (2.19)

such that I is constructed by lifting the generator o; of I to 9" and by adding new
generator w”. In fact, this is equivalent to saying that I is generated by the set (7*a;, w*).
Since I is constructed from a differential equation with two independent variables, the set
of forms w* in this case is a set of 1-form in the form of equation (2.12). In order to have
all the integrability conditions satisfying I , (m*a;, w*) is also required to be closed [1].
However, since I is constructed from I which is known to be closed, it is enough to require
that dw” be in I'. Furthermore, we have the freedom to add any exact set of 1-forms to
wk, say dy*, where y* are arbitrary scalar function since they do not change the closure
relation. Thus, the manifold 9t is enlarged to a fibre bundle 9’ = M x Y where Y C R™,

by adding the coordinates y*, k = 1,...,m. Hence, prolongation structure of an ideal I

can be done in two different ways [93|. In the first way requiring the equation:
wt = dy* + FFdx + GFdt. (2.20)
To be in the ring of the initial set of forms, that is using

dw® = thai, (2.21)
i=1

where h¥ are arbitrary functions and n is the number of forms «;, one may search w and a
prolongation variable y. If there exists one, it is possible to add that w to a; and prolong
the ideal I. Then one may think that F* and G* depend on y as well as the other variables
upon which they depend before, and search for new y. However, this time the closure

relation becomes

n

dw® = thai+nk/\w, (2.22)

i=1

where ¥ is some 1-form. This is the closure relation for the first prolonged ideal. If one
is successful in finding new w, it may be possible to continue to prolong the ideal further.
On the other hand, in the second way, it is possible to think from the beginning that F*

and G* in equation (2.20) depend on all the prolongation variables y* as well as the other
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variables upon which they depend before. In this case, to search for new w, one has to

modify the closure relation equation (2.21) to be
dw* = hfa; =Y pfAw; = 0, (2.23)
i=1 i=1

where m is the number of prolongation variables and n¥ is some set of 1-forms. Then,
this equation can be used, just as equation (2.21), to find some set of partial differential
equations for F* and G*, but this time there exist some nonlinear terms in these equations
such as

OF* 0G*k
G'— — F'——)dx A dt. 2.24
Z< ayz ayz ) ( )

We note an important consequence of the existence of two different ways for pro-
longing the ideal. In equation (2.15) and Eq.(2.16) what we call potential is indeed the
prolongation variable y. Actually, the prolongation variable y* appearing in the first way
of prolonging the ideal are similar to the potential defined in equation (2.15) since the
function F* and G* do not depend on the newest prolongation variable y*. Thus it is
also natural to refer to these variables as potentials. In fact, the term potential denotes
an integral variable which can be defined by quadrature. However, this is not always
the case. We see that in the second way of prolonging the ideal we may have 1-forms
wk in which F* and G* depend on all of the prolongation variables. In this case, we
call those prolongation variables pseudo potentials. They denote integral variables which
cannot be defined by quadrature, but those that can only be defined by an integrable set
of first-order differential equations. The nonlinear terms in Eq.(2.24) are clearly essential
for these variables and pseudo potentials cannot be found by using the first way in which
we have only the linear equations.

Till now we have discussed the basic ideas in order to construct the Wahlquist-
Estabrook prolongation structure method. Indeed most of the discussion above constitute
some of the basic steps in the method. Now, we give a brief description of the method in
the form of recipe.

Suppose we are given a nonlinear differential equation. The first step in the Wahlquist-
Estabrook prolongation method may be thought of as the representation of this differential

equation as a differential ideal. For this purpose, the original differential equation is
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written as a system of first-order equations by defining new variables. Then, this set of
first order equations is represented as differential forms. Even in this first step of the
representation of the differential equation as differential forms for an arbitrary equation,
there may be some problems, but since we are dealing with only equations in the forms
of Eq.(2.3), no such problem occur.

The second step is the extension of this ideal adding a system of 1-forms w*, which
depend upon the jet variables used in the construction of the differential forms and some
new variables y*, termed prolongation variables. The prolongation of the ideal is done by
using the second way discussed above. The requirement that the prolonged ideal must be
close under exterior differential gives some set of differential equation for F* and G*. We
have some nonlinear terms in these equations. Fortunately, all of these nonlinear terms
have always some commutator like structure in Eq.(2.24) and are like always solvable. The
major part of the job in this step is to integrate these equations to find the dependence of
F* and G* on the jet variables and y*. Since the set of equations for F* and G* are over
determined, some constraints on the constants of integration naturally arise. Due to the
fact that the nonlinear terms are always in a commutator like structure, these constraints
are in the form of commutation relations between a set of vectors, X;, depending only on
the prolongation variables y*. It can be said that the integration constants, X;, generate
a free Lie algebra with constraints. Actually, for the equations in the forms of Eq.(2.3),
the constants of integration of F* generate the free Lie algebra and the constants of
integration of G* are elements of this free Lie algebra [92,94]. Since the constraints
are not strong enough for obtaining all the commutation relations, in general this Lie
algebra is incomplete and possibly infinite-dimension in the fact implies the existence of
infinite number of possible prolongation variables and associated conservation laws. Thus
the next step in the Wahlquist-Estabrook prolongation method is to close this algebra
that is to find the finite-dimensional algebra consistent with the commutation relation.
Unfortunately, there is no general rule to attain this process. However, a strategy can be
formed by help of the general theory of Lie algebras.

The last step can be considered as finding a representation for the resulting finite-
dimensional Lie algebra. In order to obtain a linear scattering problem a linear represen-

tation must be found.
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On a solution manifold M, all of the generators of the prolonged ideal I" are annihi-
lated. Thus the new w”* in Eq.(2.20), which are also generators of I, are annihilated to

give
dy* = —F*dx — G*dt. (2.25)

Hence
y* = —F* and oF =-G" (2.26)

Now, without loss of generality, F* and G* can be assumed to be linear in y*. Thus, when

we write y = (y',%?,...)T and F and G for the matrices Ff and Gf where
Fk = nyj and GF = nyj, (2.27)
the linear scattering problem is achieved
Y. = —Fy, y=—-Gy. (2.28)

To make these points clear, we give some example.

2.2 Prolongation structure of Schafer-Wayne equation

Very recently, Schafer and Wayne [5] derived an equation, an alternative model equa-
tion to the nonlinear Schrodinger equation which have the advantage to better approx-
imate the solution of Maxwell’s equation than the nonlinear Schrodinger equation as
shown by Chung et al. [95]. This equation is often named "Schéfer-Wayne short-pulse
equation". In the literature, many names are attributed to this equation such as "few
cycle equation", "video-pulse equation", "extremely short-pulse equation", just to name
a few [96]. It is important to remind that this equation appeared earlier as a Rabelo’s
system [97]| possessing a zero curvature representation with a parameter. Schéfer and
Wayne [5] studied the propagation of linearly polarized light in one-dimensional medium
satisfying the Maxwell’s equation. During their investigation, they state that since the
medium response to an electric field is not instantaneous, the polarization is a non-local
function of the electric field, and should be splitted into linear and nonlinear parts re-

spectively. By considering the propagation of light in infrared range, they found for the
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Fourier transform of the linear susceptibility a good approximation. Then, they proposed
the Fourier transform of the linear part of the Maxwell’s equation. For the nonlinear part
of the Maxwell equation, they made an assumption that the contribution of instantaneous
nonlinear term is dominant and they set therefore that the nonlinear susceptibility is a
constant value. Combining the nonlinear counterpart of the polarization with the previ-
ously mentioned linear part of the Maxwell’s equation, they obtained another equation by
means of multiple scale method. And, introducing some suitable variable changes, they

found
Py, = P+ (P%,./6, (2.29)

where subscripts denote partial derivatives. It is on this equation that we will pay par-
ticular attention in this section. Other form of equation (2.29) is given as follows which

describe the propagation of waves in anharmonic system

Per — gﬁ(pzps)f —yp = 0. (2.30)

in differential forms, we define the variable u = p, where upon equation (2.30) can be

written as the first order equation

u, — (36p%ue) [2— (360> +7)p = 0, (2.31)

where subscripts denote partial derivatives. In the four-dimensional space of all these
dependent and independent variables {&, 7, p, u}, we adopt the basic forms {d¢, dr, dp, du}.
Following the previous consideration, the relating second-rank differential forms associated

to equation (2.30) are expressed by

ap = dpAdr —wudé Adr, (2.32a)

ay = dundé+ (36/2)p*du A dt + (3Bu? + v)pdé Adr, (2.32b)
where letter ”d” denotes the exterior derivatives and "A" denotes the exterior product
[22,98]. Any regular two-dimensional solution in the space Sy = {{, 7, p, u}, satisfying
equation (2.29) will annul this set of forms, that is sectioning the forms into the solution
manifold [99-101]. Also it is easy to show that

day = dr Aag, (2.33a)

day = —[38pdu + (38u* +7)dE] A oy + 3BupdT A as, (2.33b)
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which implies that the exterior derivatives of the above forms are contained in the ring of
forms generated by the set {ay, as}. Thus, equation (2.32) constitutes a closed ideal of
differential forms and Cartan’s theory [99-101] of such system can be applied.

Let I be the differential ideal generated by a; and as in such a way that any two
dimensional integral manifold of I on which dé A d7 is nonzero determine a solution to
equation (1.30). By introducing a one-dimensional space denoted Y and parameterized
by a single variable £, we define a vector bundle E = Sy X Y over Sy, where Y is a fiber
on which a symmetry group acts [102]. A connection [102] for this fiber bundle is then

determined by a one-differential form €2 on E expressed as follows
Q = d¢+F(¢ 7 puwds + G((, 7, p, u)dr, (2.34)

where the quantities F and G stand for arbitrary functions defined on F.

According to the Wahlquist-Estabrook method [1], the connection 2 being a pseudo-
conservation law for the system (2.29), it is required that d) lies in the exterior ideal
generated by Z and ). Therefore, F' and G should satisfy

Fp = 0, (2.35a)
[F,G] = uG, - F,(36u®+7)p. (2.35Db)

Solving the system (2.35), yields

F = Xl —I—UXQ, (236&)

3 1
G = SBp"uXo+ S Xup® + Xsp + X, (2.36b)

where the functions X; (i = 1, ...,5) depending on the single variable £ satisfy

XL X = 0, [Xo X = X, (2.37a)
XL X5 = 0, [X Xi] = 38[Xa, X1, (2.37h)
X1, X)) = —%[XQ,X4], Xy, X3] = X, (2.37¢)
XL Xy = —7X. (2.37d)

As it is observed, the above algebra is not completed. Nonetheless, by trying arbitrarily
the choice X, = X; and X5 = v X, a simple completeness of the previous Lie-algebra is

given by
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[Xl,Xg] = —Xg/l/, (238&)
[X1,X5] = —Xo, (2.38b)
[XQ,Xg] = 3BX1, (238(3)

v being a nonzero arbitrary parameter. The system (2.38) constitutes a well-defined Lie-
algebra. Now, let us discuss the different solutions to equation (2.38) from the viewpoint

of some structural symmetries.

2.3 Hidden structural symmetries

2.3.1 The special linear symmetry SL(2,R)

We know that the general representation of SL(2, R)-symmetry obeys the following
Lie-bracket

Yo,Y)] = Y, (2.39a)
D/E];Y—l] = —Y_l, (239b)
Y,V = —2Y%, (2.39¢)

which exhibit a one-dimensional representation

0
Yoo = Yor, (2.40a)
o)
_ 2_7
Y= Yoo (2.40D)
o)
Y_1 = _8—Y (240(3)

Using the complete Lie-algebra system (2.38), we can define the SL(2, R)-symmetry which

has the following representation

X1 = d¢b, (2.41a)
Xy = e(C* +3Bd*/4ve?)b, (2.41Db)
X3 = —ey(¢*+ 38d*/4ve)b/d, (2.41c)
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with the vector field b = J;. We note that d, e, v and /3 are constants, the relations (2.35)

become
F = 3Bd*u/4ve + uel?, (2.42a)
G = 3Bd(3Bd/2y —1)/4e + (3B8p*u/2 — yp/d)eC* + (pd/2 + vd).  (2.42b)
The one form © is then written as follows
Q = d¢+ (38d%u/4ve + ueC?)deE
+[38d*(38d/2y — 1) /4e + (3Bp°u/2 — yp/d)eC® + (p/2 + v)d(]dr, (2.43)
By restricting equation (2.35) on the solution manifold, we obtain
(e = —(3Bd*u/dve +ueC?), (2.44a)
G = —[38d*(3Bd/2y —1)/4e + (3Bp*u/2 — yp/d)eC* + (p/2 + v)d(]¢, (2.44D)

which constitutes the Lax-representation of equation (2.30). When the vector field b = 0k

and v = vd* | we obtain a SL(2, R)-symmetry with two-dimensional representation of X

given by
X, = —do3/2, (2.45a)
Xy = —e(1+43Bd?/4ve*)oy /2 +1e(1 — 38d? /4ve?) oy /2, (2.45D)
X5 = ~ve(l —3Bd*/4ve)o,/2d — rey(1 + 3Bd? /4ve?) oy /2d. (2.45c¢)

We introduce the above new generators in equation (2.35). Considering Xy = X; and

X5 = v X, we obtain the matrix representation below
F = —eu(l+3Bd*/4ve*)o1/2 4 reu(l — 3Bd? /4ve?)oy/2 — dos/2,  (2.46a)
G = {-3Bp"eu(l +3Bd*/4ye®) /A + eyp(1 — 3Bd* /4ye®) /2d} o
+{3B8p%eu(l — 3Bd*/4ve?) /4 — eyp(1 + 33d? /4ve?) /2d} oy
—(v/d* + 3B8p*/2)dos /2. (2.46b)
We note that the symbols ¢;(i=1, 2, 3) stand for Pauli matrices. Besides, we assume that
d = —2i\ and e = X in the case 1 + 38d?/4ve* = 0, with 33/y = 1. We obtain the
following Lax-representation of the previous system
G = \(uog + 03)C, (2.47a)
¢ = wy[por + ApPuoy + (A\p* — 1/20)a3]¢/2. (2.47b)
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This relations denote that our system (2.30) has multi-valued soliton solution

2.3.2 The special unitary symmetry SU(2)

It is known that, the general representation of SU(2)-symmetry are the following

Yi = —01/2, (2.484a)
Yo = —09/2, (2.48Db)
Y3 = —03/2, (2.48¢)
satisfying the commutation relation
[Y1,Ys] = Y3, (2.49a)
[Y2,Y3] = Y, (2.49b)
Y Yi] = Y (2.49)
Besides, by selecting
X1 = —ZM103/2, (250&)
Xo = 1u1/3B/v02/2, (2.50b)
X3 = —1/ 38071, (2.50¢)

the generator X; i=(1, 2, 3) satisfies the commutation relation of SU(2)-symmetry where
vu? = —v and y; is and arbitrary parameter. We use the above generators to write the

matrix representation below

F = —u03/2 +quun/36/v02/2, (2.51a)
= —wp\/30701/2 +13Bmup®/36/70/4 + v (v/ i — 3Pp?/2)03/2, (2.51b)

which is the general form of Wadati-Konno-Ichikawa eigenvalue problem [103]. We assume

that —p1/2 = A and 35/ = 1. Then, the expression of matrix representation becomes

F = —i)uoy + 103, (2.52a)
G = —wy[po +  upoy + (1/2) — A\p?)o]/2, (2.52Db)
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from which we derive the Lax-representation

G = \(uog + 03)C, (2.53a)
¢ = wypoy + ApPuoy + (A\p* — 1/20)03]¢ /2, (2.53b)

which constitutes a variant form of Wadati-Konno-Ichikawa eigenvalue problem corre-

sponding to the SU(2)-symmetry.

2.3.3 The special unitary symmetry SU(1,1)

Now, we find a solution to equation (2.29) in the form

X1 = (50’3/2, (254&)
Xy = 6+/38/v(0o1 coshp — 109 sinh ¢) /2, (2.54b)
X3 = +/38/v(o1sinh ¢ — 109 cosh ¢)/2, (2.54c¢)

where v = 162 and ¢ are the arbitrary nonzero parameters. The pseudo-conservation laws

to equation (2.29) can then be written as

Q = d¢+ [—((+/387/2) cosh p)uoy + 1(\/357 cosh p)ucy /2 + dos]dé
+[—((38p07/3B/7/4) cosh i + ((p\/3537)/2) sinh @)
+1((387+/38/p usinh ) /2 + p\/357 cosh @) /2
+(38/2 +v/6%)603/2]dr. (2.55)

Sectioning the form (2 into a solution manifold of the original, we have the following

Lax-pairs
G = [(v/38yu0/2) coshp —(v/3Fyu0s/2) coship — o] (2.56a)
G = [(zﬁp%u\/m cosh p + g\/ 35~y sinh p)o; — Zé“@pzu sinh o -+

defining a SU(1, 1)-symmetry. We can extend the previous representation to higher order.
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2.3.4 The orthogonal symmetry SO(3)

We seek a three-dimensional representation of the algebra. We find a solution to

equation (2.29) in the form

X1 = i, (2.57a)
Xy = 3B/ s, (2.57b)
X3 = +/3pvJs, (2.57¢)

which satisfy the commutation relations

(X1, Xo] = X, (2.58a)
(X2, X3 = Xi, (2.58b)
(X3, Xh] = Xy, (2.58c¢)
with
00 O 0 01 0 -1 0
Ji=f00 1], = 0 00|, =10 0], (25
01 0 -1 0 0 0 0 O

The matrices J; (i=1, 2, 3) are the generators of SO(3)-symmetry. Considering vu; = —v,

the pseudo-conservation laws to equation (2.29) can then be written as

dQ = d¢ — (mJr + 38/ v J2)dE — (38p*uprv/33/vJ2/2 + pr/3B7.J3)dr.(2.60)

The related Lax-representation of the system (2.30) is written as

G = mh+ 38/, (2.61a)
G = 3pawnn/38/7J)2/2 + p\/ 387 5. (2.61b)

The analysis of system (2.30) using Wahlquist and Estrabrouk viewpoint give us several
structural symmetries namely, the special linear symmetry SL(2, R), the special unitary
symmetry SU(2), SU(1,1) and special orthogonal symmetry SO(3). As well, we found
the Lax-representations of our system corresponding to different structural symmetries

denoting the existence of multi-valued soliton solutions to the previous system.
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2.3.5 Extension to an SL(3,R) connection

Let us pay interest to the SL(2, R)-symmetry derived previously. By choosing d =
—21A and e = A, we find 33 = 7 such that the corresponding connection (2 is given by

Q = d¢ — i\uoy + 03)d€ —a(y/2)[por + Ap*uoy + (Ap® — 1/2\)os]dr,  (2.62)

from which the inverse scattering formulation in the form of Wadati-Konno-Ichikawa [1]

can be easily found. Accordingly, F' and G can be extended to the one-dimensional
representation

F = —\v+ 2 —ul?), (2.63a)

= —(C—=2A¢ - B¢, (2.63b)

such that for v = —u, equation (2.30) is derived with the following scattering data

= 1/4) —1p?/2, (2.64a)
= —p/2+ \pu/2, (2.64Db)
= —Zp/2 — )\pzu/Q7 (264C)

without any loss of generality, the value v = 1 has been considered. Equation (2.63) shows
that the connection on the fiber bundle F is quadratic in ”¢” with —w; (i=0, 1, 2) as the

factors of ¢* (i= 1, 2). Curvature form 9y, ¥; and 1 are given by [104]

¥, = dwi +2wi, Aw?,,, (2.65¢)

where
wi = —Mdr + Adt, wi, = Audz + Bdt, (2.66a)
wi = Mvdz+ Cdt, wi, = \dr — Adt, (2.66Db)

Ph.D. Thesis Year 2020



2.3 Hidden structural symmetries 54
Extending equation (2.65) to a more general system as
O = dwpy + 2wp A wgyy + Wi A wgyy + Wi Awi, (2.67a)
Oan = dwyyy +wip Awyyy + Wiy AWy, (2.67b)
95 = dwi 4+ wi Awl 4w A wi, (2.67¢)
Og1p = dwygy + wip Awyyy + Wiy A Wiy, (2.67d)
9r = dwi + wi Awiy +wy Awi, (2.67e)
Uiy = dwiy + wy A wapg + wis A wiy + Wiy A wis, (2.67f)
¥, = dwl +wi Awdpy + Wi Awly +wi Aw?, (2.67g)
01, = doi, + 2”3 A Whay + Wé A Wiy +wip AWy, (2.67h)
with
wy = Aredé +Cdr,  wi = Ased€ + Fdr, (2.68a)
Wi, = A€ — (A—D)dr, Wiy = Wi, (2.68Db)
Wi = 20dE — (A—Dd7, wyy; = Wiy, (2.68¢)
Wiy = Augdé + Gdr,  w? = \ved€ + Hdr, (2.68d)
Wy, = —(Aged€ + Bdr), (2.68e)
Wiy = —(Aped€ + Edr), (2.68f)

and quantities u, v, p,q and r standing for observable, while A, B,C, D, E, F,G, H and L

refer to scattering data, the one-form

QO =
0 =

Wé + %Cl + wb@ + W%n(cl)z + W%lzclgza

Wg + W%lcl + wfzﬁ + W§22(C2)2 + W§12C1<27

(2.69a)
(2.69b)

define a Cartan-Ehresman connection [105] with the structure group SL(3,R). Hence, by

selecting
A = k/N+wr, (2.70a)
B = E=—1q/2— qqer, (2.70Db)
C = F=—wr/2—qrre, (2.70c)
G = H=—wr\/2, (2.70d)
D = L=(K-1/2)/\—wqri/2, (2.70e)
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it comes

ger = q— (rqgee, (2.71a)
rer = 1T —(qrre)e, (2.71b)

which refers to a two- component counterpart of the system (2.30). Its Lax-representation

can be easily derived as [105]

v qx (Qx A B B
=M o 0 |& &= C D G |& (2.72)
re 0 C G D

The previous Lax-representation (2.72) is actually useful in constructing soliton solutions

following an inverse scattering transform.

2.3.6 The general case of SL(n, R)

The multi-component form of the system (2.29) can be derived by considering the

following quadratic forms
QY = d¢* — (Wi + wipl’ + w70, (2.73)

and quadratic connection forms

wy = Argd+ C%dr, (2.74a)
wig = 20Adgd¢ — (Adg — D%)dr, (2.74b)
wis, = —[Mapeds + ¢4o05)dE +(BpdS + B,dg)dr] /2, (2.74¢)

which define a Cartan-Ehresman connection [104]| with structure group SL(n, R). It should
be noted here that the convention of Einstein is applied on repeated indices, and «, 3,7

are integers less than n € N. From equation (2.73), we determine the following two-forms

95 = dwl +wpy Awssy, (2.75a)
05 = dwis+wis Aw, + 2w5 Awss, (2.75b)
Soy = dwis, +2wi, Awhs, +wig AW, (2.75¢)
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Expanding the scattering data in forms of equation (2.61), the following multi-component

system is derived

Gore = o — (@7 Gog + 7 q3c0a)e/4, (2.76a)
re = = (g +rriqs)e /4. (2.76b)

The inverse scattering problem which results from the prolongation structure (2.64) is

given by
—1 [Qa:c]
Co = A e ¢, (2.77)
2] o
and
A [Ba]
G = S ¢, (2.78)
(C°] - [D%]

where symbol I refers to identify matrix from the generalized systems (2.66) derived
above. We have investigated the equation derived starting with the Klein-Gordon model,
from the view point of Wahlquist and Estabrook [1|. We have shown by means of this
method shown that the system is integrable and admits an infinity number of conserva-
tion laws and consequently structural symmetries, namely, the special linear symmetry
SL(2,R), the special unitary symmetries SU(1,1) and SU(2), and the special orthog-
onal symmetry SO(3). For each of the previous symmetries, we have provided Lax-
representation which constituted the starting point of the application of inverse scattering

transform method.

2.4 Inverse scattering problem

Let us consider the equation of motion of a thin vortex filament from the following

modified Wadati-Konno-Ichikawa equation:

. 0%q dz\ 0? % B
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2

and

where & = /1 + |2

Here we introduced the sign function sgn(d—ﬁ) where ds is the element of the arc length

along of solution curves:
ds = \/(dz)? + |dq|?>. With the inverse scattering method, we solve equation (2.79)

under boundary conditions

q— 07
as T — o0. (2.80)
99
oz )
The eigenvalue problem is given by
v , 0
0—; +iv; = Aa—zvg, (2.81a)
v , aq*
0—1'2 — AUy = —)\a—ivl, (2.81Db)

where * denotes complex conjugate and the time dependent of eigenfunctions has the

forms
O A+ Bu, (2.82a)
ot
v
a—; = Cvy — Aws, (2.82D)
in which
dx\ (21
A = — =N 2.
sgn( s)(@ ), (2.83a)
dx 99 o (%X
B = — J(2&N+i— (& 2.83b
sgn<d8)< (ID)\ +Z&E<Cb))\>’ (2.83b)
dx 9 o [
— sgn( ) (o224 9 (205, 2.
C sgn<d8)< o +Z@:L’<(I>) ) (2.83¢)
The Gel'fand-Levitan equation can be obtained following process, we define the Jost-
functions
1
o — exp(—ilx),
0
as r — —00, (2.84)
_ 0
O —> exp(iAz),
-1

Vs
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and
\
0
W —> exp(iAz),
1
as T —> o0. (2.85)
_ 1
Y — exp(—ilx),
0 J
The scattering coefficients are giving by :
¢ = ap + by, (2.86a)
6 = —a+ by, (2.86b)
where
aa +bb = 1. (2.87)

In order to examine the analytic properties of the Jost function to large || we introduce
87]
¢ = exp{—ilr + / o\ 2 )dx'}. (2.88)

Substitution of equation (??) into equation (2.80) together with equation (2.89) then
yields

do 0 o
— = — A+ —). 2.89
ot Ox ( - )\@) (2.89)
If we expand o as an inverse power of series in A of the form
%) o,
= — 2.
o ngl o0 (2.90)

we obtain an infinite number of conserved quantities by substituting equation (2.89) into
equation (2.88). The following first to conserved quantities play a crucial role to express

the asymptotic behaviour of the Jost function:

o1 = 1—sgn<d—x)<b, (2.91a)
ds
8%q
254 dz\ 1 10
0%x
= — ]=—=1p — =—1log® 2.91b
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which vanish for || — oco. Then, the asymptotic form of ¢ for large |A| and the analytic

property of scattering coefficient a are written

1 1
¢ = exp{—idz +iXe_ +p_} + O(—) : (2.92a)
iU_l/% )\
1
a = exp(ire+p)+ O(X) , (2.92Db)

where

—+00 x “+00
e = 5++5_:/ o_idzx, 5_:/ o_idx, 5+:/ o_1dx, (2.93a)

[e.e] [e.e]

“+oo T “+oo
o= u++u_=/ oodz, ,u_:/ oodz, u+:/ oodx. (2.93Db)

[e.e] —00

In the same way, we can obtain the asymptotic behaviour of ¢, 1) and ¢. Use the fact

that pexp{iA(z —e_)}, pexp{—i\(x —e_)}, vexp{—i\(x +¢c,)}, Yexp{i\(z +¢,)}, and

a exp(—iXe) are entire functions of A and introduce the kernels K; and K :

(2

(5

+/+°° ARy (2, 2)exp{—pui (r) }
g Ky(x, z)exp{—p* ()}

where x denotes complex conjugate, we shall assume

= (1) expliA(z + e (v) — pi(v))} (2.94)

exp{il(z + &4 (v)) }dz,

lim Ky(z,z) = 0, lim Ky(z,2)=0. (2.95)
Z—00 Z—r00
We have
0_1 %
Ki(z,2) = Sexp(ps +pt), (2.96)
ox

and the Gel'fand-Levitan equation for z > y:

Ki(e,y) — F*(r +y) — / TPy + K (e 2)de = 0, (2.97a)
Ki(z,y) — / wF”(yH)Kl(x,z)dz = 0. (2.97b)
Where
Fe) = o C Abcg?)?)exp{i)\(z 2. (2))}dA, (2.982)
F'(z) = 227@ _ % / Zb((;)) explid(z + 22, (x))}dA. (2.98D)
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Here, the contour ¢ is defined to be the contour in the complex A\ plane starting from
—oo + 10", passing over all zeros of a and ending at +oo + 0*. Time dependent of the

scattering data is given by

a(\t) = a()\0), (2.99a)
b\, t) = b\, 0)exp(4iNt). (2.99Db)

When all the zeros of a(\) in the upper half plane are simple, F(z) can be expressed

kz exp{z)\k 2426, (2)} + % /_ :O P (AA’ t)exp{i)\k(z+2€+(x))}d>\(2.100)

where
Cre(t) = Cr(0)exp(4ilit), (2.101a)
p(\ 1) = p(X 0)exp(4idit). (2.101b)

Given the scattering data {p(A, 0), A\, Cx(0), \g, kK = 1,2, ... N}, we can determine F'(z)
and solve Ki(x,z) with the Gel’fand-Levitan equations. We then obtain the solution by
using the relation (2.55).

2.4.1 N-soliton solution

The N soliton solution is obtained in the conditions

(1) pAt) =0, (2.102a)
2) M, k = 1,2,... N, (2.102b)

then, F(z,t) in (2.97) reduces to

F(z) = ZCk(t)exp{i)\k(z+2€+(x))}. (2.103)

A
=1 'k

In order to solve the Gel'fand-Levitan equations, we introduce the representation

K, = ZAk Jexp{—iX;(x +y + 2e,(x))}, (2.104a)

K, = By (z)exp{—i\(z +y + 2, (2))}. (2.104b)
k=1
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where x denotes complex conjugate. Substituting equation (2.102) and equation (2.103)

into equation (2.99), we obtain

_,: exp{2z)\ (x +e4(2))} _ G (2.105)
AL = Ai — Af Ar
* . * 61’]3{—22)\:(1’ + €+(l’))}
B A A; . 2.105b
k+zCkk; WY 0 (2.105b)
2.4.2 One-soliton solution
For one-soliton solution with an eigenvalue A = £ + i1, ¢ and ¢, are given by
C* exp(2i\*s)
q i— 5 —, (2.106)
* |C12exp{2i(A—X*)s}
AL+ RS
: ‘C|26|§I\)2{(2;(/\A_;\*)8}
&4 = : S (2.107)
|C2exp{2i(A—A*)s}
L+ =5
where * denotes complex conjugate with C' given as follow
C = CO(0)exp(4iXt). (2.108)

The maximum amplitude of soliton is given by n/(£2+n*) = —£/2. The velocity v, of
the soliton in s coordinate is given by constant —4¢. However the velocity in x coordinate
is not constant. It take different values at different position of the soliton and tends to
be equal to vy as |z| — oo where £, become constant. The solution changes it form with

the period 7 = m/2(&2 + n?).

2.4.3 Two-soliton solution

Two soliton solution is given by

¢ = —i=, (2.109a)

(2.109b)

Q)
_l’_
|
S
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where
|C1Pexp{2i(A1 — A})s}
R=1- — 2.110
IESYE (2.110)
|CsPexp{2i(Ay — \3)s} ~ CiCexp{2i(M — A3)s}
(A2 — A3)? (A1 = A3)?
01*026:17]){22()\2 — )\T)S} |Cl|2|02|2|)\1 — )\2|46£L'p{2’i()\1 — )\’1( + )\2 — )\5)8}
(A2 — A7)? T = AD (A = A5) (A2 = AT) (A2 — A5) 12
Crexp(—2iNjs)  Clexp(—2iN3s)
S =" v 1+ 2 2 2 (2.111)
1 2
(LRGN — A erpl2iCh + 4~ Wp)s)
A5 (AL = A7) (A — A3) 32
|CLPCEAS (AT — X5)2eap{2i(Xa + A] — N5)s}
A5 (A2 — A1) (N2 — A5) 12 ’
and

G Perp{2i(\ = N)s} L |ColPexp{2i(Ag — Ap)s}

T = i 2.112
NP, — ) PHEIPEST R
L CiCexp{2i(M — A3)s} Z_CgC’fexp{Qi()\g — A\})s}
AMAS(AL — A3) A AT(A2 — AY)

+Z.|Cl\2|02\2|)\1|2(>\2 — X5) + X2 (M — XD A — Aol eap{2i( M — A] + Ao — A3)s}
A2 22200 = AN (A1 — A5) (A — AN (X — A5)? ’

with

C; = C1(0)exp(4iNit), (2.113a)
Cy = Cy(0)exp(4irit). (2.113b)

2.5 Jacobi elliptic functions expansion method

Jacobi elliptic functions play an important role to find the exact solutions of nonlinear
wave equations in nonlinear problems. However, with this method, one can obtain solitary
and periodic wave solutions of nonlinear wave equations. In this section, the Jacobi elliptic
function expansion method is proposed and applied to some nonlinear wave equations.

Elliptic integrals: An integral of the form [ R(x,y)dx, where R(z,y) is a rational

function of x and y, y*> = P(x) where P is a polynomial of degree 3 or 4, is called an
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elliptic integral [106]. Legendre’s elliptic integral of the first kind, with amplitude ¢ and
parameter m, is defined [106] as

sing dt
o VA-B—me)

The parameter m can be taken as real with 0 < m < 1, and the complementary parameter

F(p|lm) = (2.114)
my=1—m (2.115)

F(p|m) is often abbreviated to F(¢), when the parameter m is to be understood. Leg-
endre’s complete elliptic integral of the First Kind [106]is

T ! dt
K(m) = F(5|m) = /0 N (et (2.116)

As m — 1, then K(m) — oo Legendre’s Complementary Complete Elliptic Integral of
the First Kind is defined as

K(m) = K(my) = K(1—m), (2.117)

K(m) and K(m) are often abbreviated to K and K, when the parameter m is to be
understood

In the definition (2.114) of F(¢|m) the integrand has branch-points at ¢ = £1 at
t =1/y/m and at t = —1/y/m. If the integral in (2.114) is taken as a Riemann integral
on the real interval (—1,1), then it is single-valued; but with complex limit sin(y), the
Cauchy line integral has infinitely many values, depending on the number of loops made

around each of the branch-points.

2.5.1 Elliptic functions

The theory of elliptic integrals, as developed by Fagnano, Euler and Legendre, was
exceedingly complicated, involving infinitely many values for each elliptic integral. There-
after, Abel simplified the subject immensely by inverting elliptic integrals to get ellip-
tic functions, and showed that elliptic functions are doubly-periodic single-valued func-
tions [107]. If g is a doubly-periodic function with £ a period of least modulus, and with x
a period of least modulus which is not an integral multiple of y, then the pair of periods

(&, x) are called fundamental periods of g [108|.
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The doubly periodic function g(u) over the primitive period parallelogram which is
generated by the vectors ¢ and y from 0 in the complex u-plane, gives a full representation
of g(u); for the entire complex plane could be tiled with copies of that parallelogram and
the values of g(u) over it. Indeed, any parallelogram with sides equal and parallel to
those vectors, centred anywhere in the complex plane, could be taken as a basic period
parallelogram for g, which could be copied to tile the entire complex plane with g. As
functions of the complex variable u, the Jacobi elliptic functions sn(u), en(u) and dn(u)

are doubly-periodic single-valued functions of w.

Jacobi elliptic function sn(u)

The inverse function of the Legendre elliptic function F'is ¢ = F~!(u), and the Jacobi
elliptic function sn(u) = sin(p) (or sn(u|m)) is single-valued for all complex parameters

[106], with .
s uw dt

o /O =t)(1 —m2)

and sn(u) is an odd single-valued function of u. For real u, the function sn has real period
4K (m) and range [-1, 1], with sn(0) = 0, sn(K) = 1, sn(2K) = 0, sn(3K) = —1 and
sn(4K) = 0. Let t = sn(u), so that

(2.118)

u =

! = F(sn~'7|m). (2.119)

sn-

T:/T dt
o /(1 —2)(1—mt?)

1

Using the principal branch of the function sin™" 7, through the origin. On the real interval

—K < u < K the function sn increases monotonically from -1 to 1, and so for real 7

€ [—1,1] the function sn~'7 has a single value in the real interval [— K, K].
Jacobi elliptic function cn(u)
The Jacobi elliptic function cn is defined by
en(u) = en(ulm) = cos(¢) (2.120)

so that
en(u) = /1 — sn?(u) (2.121)

and cn(u) is an even single-valued function of u. The branch of the square root function

in (2.121) is determined by (2.120). For real u, the function cn has real period 4K (m) and
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range [—1, 1], with cn(0) = 1,en(K) = 0,en(2K) = —1,cn(3K) = 0 and en(4K) = 1 [106].
On the real interval 0 < u < 2K the function cn decreases monotonically from 1 to -1, and

so for real r € [—1, 1] the function cn™'(r) has a single value in the real interval [0, 2K].

Jacobi elliptic function dn(u)

And so dn(u) is an even single-valued function of u. For real u, the function dn has real
period 2K (m) and range [ /my, 1], with dn(0) = 1, dn(K) = \/m; and dn(2K) = 1 [106].
On the real interval 0 < u < K the function dn decreases monotonically from 1 to \/my,
and so for real r € [\/m7,1] the function dn~'r has a single value in the real interval

[0, K.

Additionnal formula for elliptic functions

For the extreme values m = 0 and m = 1, those elliptic functions reduce respectively

[106] to trigonometric and hyperbolic functions:

sn(ul0) = sin(u), cn(u|0) = cos(u), dn(u|0) =1, (2.122a)
sn(u|l) = tanh(u), cn(ull) = dn(u|l) = sech(u). (2.122b)

2.5.2 Application of Jacobi elliptic function expansion method

We consider the Kraenkel-Mana-Merle system describing the propagation of short-wave
in nanoscale saturated ferromagnetic materials which derived from Maxwell equations and

Landau-Lifshitz-Gilbert equations given as follows

Uyt — UV, = O, (2.123a)

Upt +uu, = 0, (2.123b)

where u = u(z,t) and v = v(x,t) stand for the magnetization and the external magnetic
fields related to the ferrite, respectively. x and ¢ represent the space-like and time-like

variable, respectively. In order to investigate the solutions for the KMM system (2.94),
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we introduce the following traveling wave transformations

§ = kx+wt+ &, (2.124a)
u(z,t) = wu(é), (2.124b)
v(z,t) = v(§), (2.124c¢)

where k and w are non-zero constants, & is an arbitrary constant. Then from (2.95), we

have

! i

(), ve=kv'(§), vm = kwv'(§). (2.125)

u, = ku' (&), Uy = kwu'
Substituting (2.95) and (2.96) into Equation (2.94), we have

/

wu —uww = 0, (2.126a)

1" i

wy = —uu, (2.126b)

noting equation (2.126)b, and integrating once with respect to £, it becomes

!

wv (§) = —%zf(&) + co, (2.127)

where ¢y is an integration constant. Substituting (2.127) into (2.126), it yields

7 Co 1 3 o
Now, we introduce a transformation as follows
d
d—z _— (2.129a)
"(€) du (2.129b)
u = —_. .
yd§
Substituting equation (2.129) into equation (2.128), we get
dy 1 1 4
A — 28, 2.1
Yo, = s (cou S U ) (2.130)
Then, it follows
1 1
2 2 4

where h is an integration constant. Note that equations (2.129) and (2.131) can be
rewritten as

’ C 1
[ ()] = 2h + w—(;u2 - mu‘*. (2.132)
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Referring to the auxiliary equation method [109-115], solving equation (2.132) leads that

some solutions u(&) are obtained under different conditions as follows

, 1 Im? —1 1—m?

Case a: u(f)=cn(&),if w= i%,co =~z h=— (2.133a)
—m2 2 _

Case b: u(é)=dn(6),if w= i%,co - QTm,h _n 5 L (2.133b)
2

Case c: u()=men(§)+dn(f),if w==xl¢ = 1+2m Jh = —%(1 —m?)2.133c)

1 1 2 —m? 1
d: = = = —= 2.133d
Case u(§) = dn(f)’ 2m,60 4(1—m2)’h 3’ (2.133d)
_ sn(€) B 1 o o2mr—1 1
Case e: u(é) = dn(&)’sz_iQmm’co_ 4m(1—m2)’h_ 5 (2.133e)

m in equation (2.133) represents the Jacobi elliptic function modulus, and 0 < m < 1.
According to the above cases, a series of Jacobi elliptic function solutions of the system
(2.123) are obtained as follows

Case 1

(2 8) = en(€),  via(w, 1) = %g _ %E(&,m), £ —knt %t Fg (2134)

up(x,t) = cn(), vp(z,t) = —%5 + %E(f,m), £ =kr— %t + &), (2.134Db)

where E(§,m) = [ dn*(§, m)dd. Especially, when m — 1, the solutions (2.134) generate

the soliton solutions given as follows

1 1 1 1
Ua(, t) = sech(kx + it +&0),  Via(z,t) = 5(1@ + §t + &) — tanh(kx + §t + &), (2.135a)
ugp(x,t) = sech(kx — %t +&), v(z,t) = —%(kx - %t + &) — tanh(kx + %t + &)-(2.135b)
Case 2
2 —m? 1
uza(®,8) = dn(€),  va(2,t) = —5—E— E(§,m), {=kr+t+&, (2.136a)

2 _

wsp(2, 1) = dn(€), vz t) = — e L B m), €=y — %t +&. (2.136D)

Especially, when m — 1, equation (2.136) also generate the same soliton solutions of
equation (2.135), respectively.
Case 3

usq(x,t) = men(&) +dn(§), wvsa(z,t) =& —msn(&) — E(&,m), {=kx+t+&, (2.137a)
ugp(z,t) = men(€) +dn(§), vsp(z,t) = =&+ msn(§) + E(E,m), {=kx—t+&. (2.137b)
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When m — 1, Eq.(2.136) generate the soliton solutions,

Ura(z,t) = 2sech(kx +t+ &), wa(z,t) = (kx +t + &) — 2tanh(kx +t + &), (2.138a)

up(x,t) = sech(kx —t + &), wuw(z,t) = —(kx —t + &) + 2tanh(kx — t + &). (2.138Db)

Soliton and its dynamics play an essential role in nonlinear evolution system. So, it
is necessary to further discuss the soliton solutions obtained here. In Refs. [29,30], the

authors obtained the one-soliton solution as

u = 2wsech(kx + wt+ 1), (2.139a)

v = x—2w(l+tanh(kx + wt + 1) + xo. (2.139b)

where k, w, xg and 1y are constants. There exists only the loop-like soliton between the
dependent variable u and v versus the independent variables z and t. To form mathe-
matically multiple-valued relation between u and v to x and ¢, it is critical whether there
exist a linear function about x and ¢ in v. Fortunately, the linear functions of z and ¢ are
involved in the soliton solutions in equation (2.135) and equation (2.139). For example,
(kx+ 2t+&) is comprised in v in equation (2.135). It means that all the soliton solutions
here are loop-like for u and v versus the both x and ¢. So the soliton solutions are different
form one reported in Refs. [29,30].

The KMM system is a model describing the propagations of the ferromagnetic parti-
cles in nano-scale ferrite materials. A series of the solutions are obtained. These solutions
include periodic traveling wave solutions in Jacobi elliptic functions and soliton solutions.
There exist loop-like periodic waves and loop-like solitons between the independent vari-
ables u(x,t) and v(x,t) versus the time and space variables. The modulus m in Jacobi
elliptic functions can control the wave density for the periodic wave solutions. The Ja-
cobi elliptic functions sn and cn are analogous to the trigonometric functions sine and
cosine. They come up in applications such as nonlinear oscillations and conformal map-
ping. This introduction to the Jacobi elliptic, sn, cn, dn and related functions is parallel
to the usual development of trigonometric functions. These functions satisfy nonlinear
differential equations that appear often in physical applications, for instance in particle

mechanics.

Ph.D. Thesis Year 2020



2.6 Finite difference method 69

2.6 Finite difference method

One can also integrate using a finite difference approximation, in which derivatives are
replaced with differences via Taylor expansion. This type of approach is well-suited to
linear and nonlinear, boundary-value problems in mechanics [116]. We expect that as a
mesh is made finer, the solution that is represented on it becomes better or more accurate.
But we would like to quantify this notion of accuracy. For a problem having a fixed size,
we expect the accuracy to depend on the size Ax of the zones that make up the mesh. The
Taylor series expansion of a smooth function gives us a way to make this quantification
more accurate. Thus say that we have a sufficiently differentiable function u(x) in one
variable x for which we know the derivatives wu,(x;), Uz (2;), Ugaw (T;), Uggee(T;) - - - at the
origin x = xy. As we increase the number of derivatives, we can increase the accuracy
with which we can predict u(x; + Az) a small distance Az away from the origin. We thus

have

w(z; + Ax) = u(x;) + ug(x;) Az + %um(xi)Aﬁ + %umm(xi)Axs +

iumw(a@)mﬂ‘ - (2.140)
We know from calculus that as the terms of the Taylor series are extended, our predicted
solution also becomes more accurate [116]. We want to carry that concept of accuracy
over to our discrete numerical representation. Let us, therefore, take the origin at the
i'" mesh point of a uniform one-dimensional mesh, shows the continuous curve that we
wish to specify at a set of mesh points --- ,x; o, %;_1,T;, Tix1, Tizo, - -. We do that by
specifying the mesh function - - -, w; o, w;_1,u;, Uiy, Uirs, - -+ which, for the simple finite
difference approximations that we are exploring here, is just the set of values taken by the

function at the specified mesh points. The (i + 1) mesh point is located at x; + Az and

the (i — 1) mesh point is located at z; — Az . Using our formula for the Taylor series
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we get
Uipr = u(w; + Ax) = u(x;) + ug () Az + %Umc(l’i)Al’z + éuxwx(xi)AlB +
Q—tlumm(x,-)AxA‘ +--- (2.141a)
s = () (2.141b)
i = ula — A2) = u() — vl AT + S ()AL — St () AT +

1

Note that equation (2.141) implicitly assumes that the data is specified on a uniform mesh
with a distance Az between mesh points. Subtracting the third equation above from the
first and dividing by 2Az gives

i1 — Ui-1 1
up(z;) = M;T;l — Gliaan(2:)A2® 4o (2.142)

Notice from equation (2.142) that u,(z; + Az) is the actual first derivative that we seek.
The term “#2=L in equation (2.142) is referred to as the finite difference approximation
of the first derivative. It does not furnish an exact representation of u,(0) as shown by
the higher order terms in equation (2.142). The second term on the right hand side of
equation (2.142) is given by .. (7;)Az?/6 and shows the truncation error in our finite
difference approximation. It is the term that dominates the error in the first derivative
as Az — 0 . Notice from equation (2.142) that our finite difference approximation is
second order accurate owing to the Az? dependence in the truncation error. Realize too
that the mesh function is only capable of giving us a finite difference approximation. The
finite difference approximation will necessarily have an associated truncation error whose
magnitude we can estimate with the use of calculus. We can make a further illustration

for the second derivative by using the three equations in equation (2.141) to get

Ujr1 — Ui + Uj_q 1

We see equation (2.143) that u,.(x;) has been approximated to second order of accuracy

The diffusive problem

We consider the following diffusion equation

ou B 8D8u

o = 2. Pa)
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where u represents the temperature through the wire and D the conductivity. The con-
servation of heat-energy inside a volume is applied, the change in the energy (so that in

the temperature) inside a volume equals the flux of heat, if D is constant we have

ou 0%u

In order to solve numerically this diffusion equation, we need the boundary and initial
conditions which are given as follows. Boundary conditions u(0,¢) = 1 and u(L,t) = 0
Initial condition u(x,0) = sin(mwx). Forward Euler, and central difference representation
are used but still using only quantities known at time step j scheme and we obtain the

following relation

g_ltL _ urzj%zum ’ (2.146a)
2 _ . ,
% _ Ungiy (2Aug,)]2+ Un—Lj (2.146b)
which give the following relation
Ung+l = Ung _ pUnily — 2Ung + Un-15 (2.147)

At B (Ax)?
We depict in Figure (5) the temperature through the wire at times t = 0, ¢ = 0.0396,
t =0.1196 and ¢t = 0.2396 given by equation (2.147).

Conclusion

In this chapter where the question was to present some methods being able to show
the effect of inhomogeneity and dissipation on the waves propagating in ferrites, the
Wahlquist and Estabrook formalism while investigating the prolongation structure of
(1 + 1)-dimensional evolution equation which must lead to the Lax Pair has been pre-
sented. We illustrate this method by applying it to the Schéfer-Wayne equation. We
pursue in this chapter by exposing the inverse scattering transform method and also Ja-
cobi elliptic function expansion method. The numerical shutter is not remainder in this
section with the presentation of finite difference method which has been illustrated on the
diffusion equation. Various methods thus presented are direct technics of finding exact

solutions to a large number of nonlinear evolution systems among which the KMM-system
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1 \
—t=0
—=0.0396
—t=0.1196
—1=0.2396

0.9}

0.6 b

S05F i

0.3 b

0.2 b

Figure 5: Numerical solution u of the diffusion Eq.(2.147) for L = 1 the length of the
wire, at times t = 0, t = 0.0396, t = 0.1196 and t = 0.2396.
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describing the waves propagating in ferrites. In this look, we will use these methods to
generate soliton solutions to the KMM-system while investigating impact of inhomoge-
neous exchange effects and damping effects on the characteristics of the wave moving in

the ferrite in the forthcoming chapter.
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Chapter 3

Results and Discussions

Introduction

Nonlinear media have attracted over years so many attention and still continuing to
do so. The reason is that, these media often present some particularities that are of tech-
nological importance. Studying these media, there are nonlinear model equations that
come out describing their dynamic under some perturbation. Thus, there are number of
evolution equations in the literature that describe wide range of physical phenomena such
as, the Korteweg-de Vries equation [1] describing the propagation of water waves, the
nonlinear Schrédinger equation [14] describing the propagation of waves in optical fibers
under the slowly varying envelope approximation, the stretched rope equation [2,99| de-
scribing the propagation of transverse oscillation of elastic beam under tension, just to
name a few. Constructing such nonlinear evolution equation, a challenge often arises, the
one of investigating the integrability of these systems, useful for deep comprehension of
the dynamic of the media they model. To respond to this challenge, number of approaches
have been proposed including the Painlevé analysis [24], Hirota’s bilinearization [22], col-
lective coordinate theory [100], inverse scattering transform (IST) [15]. As far as we are
concerned with wave possessing vanishing tails, the IST method appears to be one of
the most important discovery in soliton theory. There are number of nonlinear evolution
equations that are integrable by means of this technique, most of them being gathered in

two principal classes: the Ablowitz Kaup Newell and Segur (AKNS) systems [17] and the
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Wadati Konno and Ichikawa (WKI) system [19] to which belongs the Kraenkel-Manna-
Merle (KMM) system, describing the propagation of magnetic field in ferromagnet with
zero conductivity. The KMM-system has been investigated under some tractable methods
including the Hirota’s billinearization [30], inverse scattering transform [29] and most re-
cently, the generalized G'/G — espansion method [27] and auxiliary equation method [28].
In each of the cases, soliton solutions with loop-profile and singularity have been con-
structed and studied in details. In Ref. [30] the KMM-system has been generated while
taking into account the Landau Lifshitz Gilbert damping. To our Knowledge, the contri-
bution of this damping effect, characterized by a parameter s on the dynamic of magnetic
waves in ferrites has only been investigated via the phase portraits analysis. The object
of the present Chapter is to investigate analytically the influence of the damping and
inhomogeneous effects on the dynamic of short waves in ferrites and to confirm analytical
results while proceeding to some numerical simulations. Indeed, to carry out our gold,
the mathematical toll described by Konno [101] is used to deal with the damping system.
Since to our knowledge the Lax-pairs of this system is unknown till now, we provide a
system that is Lax integrable and that approximate in some conditions which will be spec-
ify, the damped-KMM system. Under this conditions, we provide analytical expression
of the solutions to the damped-KMM system. We investigate, numerical simulations to
confirm the results obtained analytically and the predictions that have come out at the
end of phase portraits analysis. Therefore, in order to take into account inhomogeneous
effects on the dynamic of short waves in ferrites, we construct new traveling wave solu-
tion to the inhomogeneous system of our interest using Jacobi elliptic expansion method.
We discuss the influence of the inhomogeneous exchange effects on the traveling waves
and we address some physical implications. Finally, we then, deduce and approximated
analytical solution of the system taking into account the combined effects of damping
and inhomogeneous exchange. we proceed to some numerical solution to complete the
analytical analysis of the system taking into account the combined effects of damping and

inhomogeneous exchange.
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3.1 Influence of damping effects

3.1.1 Construction of approximate system

While investigating the propagation of short-waves in saturated ferromagnetic mate-
rials with zero-conductivity in the presence of an external field, we have constructed in

Chapter one the following nonlinear evolution system

By = BCx - SB:w
Cxt = _BB.T7

(3.1)

from the Maxwell’s equations supplemented by the Landau-Lifshitz-Gilbert equation [25,
26,30, 31|, where the quantities B and C' represent two physical observables standing for
the magnetization density and the magnetic induction related to the ferrite respectively.
The parameter s stands for the damping effects, while the subscripts ¢ and = are denoting
partial derivatives according to the time-like and space-like variables respectively. Con-
sidering the zero damping effects (s = 0), Kraenkel et al. [25] have provided via some
transformations, one-soliton solution to the above system. Going forward in Ref. [30] and
separately in [26,33], after having investigated the phase portrait analysis of the system
(3.1), these authors have investigated its integrability properties under the framework
of prolongation structure and have provided associated Lax-pairs, opening the way in
looking for soliton solutions via the inverse scattering transform method. But, instead of
using the previously mentioned method, they derived related Hirota’s bilinearization to
system (3.1), they constructed its one- and two-soliton solutions, and studied in details
their scattering properties. Therefore, the study of the Lax-pairs derived in Ref. [26,33] is
worth underlying. Investigating the prolongation structure of the system (3.1), Kuetche
et al. [26] have shown that the system is integrable under the condition (s = 0) while sepa-
rately in Ref. [27] rich soliton solutions have also been provided under the same condition.

The associated Lax-pairs being given as

CZC BCC
Yo = 1A Y, (3.2a)
B, —-C,
1/4aN —B/2
B/2  —1/4\
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which give rise to Eq.(3.1) under the zero-curvature formulation, implying that the spectral
parameter A is a constant and s = 0. In order to take into account the damping effects,

we then propose phenomenologically a new system, that is close to Eq.(3.1) as follows

B,, = BC, - sB,, (3.3a)
Cw = —a’BB,, a = exp(st), (3.3b)

with s # 0. a can be developed in Taylor series near the initial point as follows:

exp(st) = 1+ st+ (S;)z +oee (3.4)

While considering small values of st that correspond to ultra-fast processes assumption,
a may be restricted to the first order as, & ~ 1. At this condition, the system Eq.(3.3)
appears to be a good approximation to the system Eq.(3.1). To investigate analytically
the influence of such a parameter on the dynamic of waves in Ferrites, this equation will
constitute our starting point along with the approximation condition on a.

It is easy to show that the above system Eq.(3.3) is completely integrable via some
methods including prolongation structures analysis [102]. The proof of this integrability

lies in its associated Lax-pairs which are expressed as

C, aB,

Yp = 1A Y, (3.5a)
aB, —C,
1/4aN —aB/2

Yy = Y- (3.5b)
aB/2 —1/4\

These Lax-pairs will constitute the starting point to the investigation of the inverse scat-
tering transform method.

If we take a varying magnetic field in a conductor, then there appears a rotating electric
field around the magnet. In the Maxwell-Faraday equation, the rotational of electric field
is proportional to the variation of magnetic field B. Indeed, it is the variation of the
magnetic field that generates an electric field and not the magnetic field alone. If you
place a magnet in a coil, nothing happens. On the other hand, if you move the magnet an
electric field is created around it which itself will generate an electric current in the wire.
That is why our bike’s dynamo only powers the lights when you are driving and not at a

standstill.
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In this chapter, we derive two new equations starting with the nonlinear Klein-Gordon
model describing the waves propagating in the positive and negative directions, respec-
tively. We analyse the equation describing the waves propagating in the negative direction
using the prolongation structure theory proposed by Wahlquist and Estabrook [1], which

is a very useful and effective tool in the analysis of (1 + 1)-dimensional system.

3.1.2 Inverse scattering transform and soliton solution of damp-
ing KMM-system
According to the expression of the above Lax-pairs, we suitably follow the scheme

described by Konno [101].

Indeed, we define the associated Jost functions

\
o | 1) exploonn),
’ as T — —00, (3.6)
5o 01 exp(iz),
)
and
\
oo [ V) explrn).
! as T — +00. (3.7)
Y — (1) exp(—Ax)

J

The functions ¢, ¢, ¢ and 1) being related by scattering coefficients as follows
b = a+ by, & = —ay + by, (3.8)
where a, @, b, b verify
aa +bb = 1. (3.9)

It is important to mention that for complex A we have

IV Y BT N (RCTCV WY ARCIES I D
B2 () i) )\ i)
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from which one deduces naturally the relations

a(\) = a*(\Y), b(\) = b*(\"). (3.11)
We now investigate the asymptotic behavior of the Jost functions for large A under the

following boundary conditions

C,—1
B, —0

as |x| — oo. (3.12)

Defining the quantity

$1 = exp (-m + / Y l)dl) : (3.13)

—00

and substituting Eq.(3.13) into Eq.(3.5), we obtain

1 o\ B
= — 1——) = 14
7" % [(C“L ) BxL’ (8.142)
0p + 0% — 20 — N2 = %0 —AB, (CxB—i_ 1) —N(C? +a*B?), (3.14b)

where it appears clearly that o is a conserved quantity. Let us now expand ¢ in power

series of 2\ as follows

o= Z HIONES (3.15)
j=—1
which, substituted in Eq.(3.14) yields
n+1
By C,+1

n,r iCn—j — 2 n - n Bw 5n —

a,—i-j;laja j Ont1 Bxa+ ( B, )w —1
= (C?2 + a*’B,a® — 1)8, _». (3.16)

Infinite number of conserved quantities can hence be generated, the first two of them

being given as follows

o1 = 1—6/C2+a2B2 (3.17a)

. Bm O'_l—Cw—l
oy = 2(1—0—_1)( B )x (3.17b)

with € = 1. We then provide the asymptotic behavior of the function ¢ as to be

1 T T
b= ot /TR | P [—z)\ijz)\/ a_ldl+/ Uodl] +o(1/)), (3.18)

—0 oo
aB,
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while the analytical property of the scattering coefficient a is written as

+o00 +00
a = lim ¢y exp(zAz) = exp [M/ o_1dl +/ O‘le} +o(1/)). (3.19)
T—00 o oo
In the same way, we provide for ¢, 1) and 1) the following asymptotic behavior, summarized
as follows
1
¢ = Cz+\/m eXp(—Z)\x + 7/)\5_ + ,U_) + 0(1/)\), (320&)
- aBa
Coty/C2+a2B2
T - aBa
o = exp(tAz — i e_ + p_) 4+ o(1/N), (3.20b)
-1
Cz++/C2+a?B2
Y = Bz exp(2AT + 1hep — pg) + o(1/N), (3.20¢)
1
_ 1
w = Cw_"_\/m exp(—z)\x — ’l)\5_|_ — ,u+) + 0(1/)\), (320d>
- aBgy
a = exp(rhe + u) +o(1/N), (3.20e)
where

E_ = / O'_ldl, €+:/ U_ldl, (321&)

€ = €_+ep= / o_dl, (3.21Db)
o = / oodl, fy = / oodl, (3.21c)
o= p_+pL = / oodl. (3.21d)

Considering that B, and C, have compact support, implying ¢ exp[iA(z—e_)], ¢ exp[—1A(z—
e )], wexp[—iA(z +e1)], Y exp[tA(z + €4 )] and aexp(—i)e) are entire functions of \, We

introduce the integral

Ry 1 $1(X) o
I= /F)\'—)\a()\')exp(—z)\’f-:) Pa(\) b o= e) (322

where (T) is standing for the contour in the complex A" plane, starting from \' = —o0+40%,

passing over all the zeros of a(\') and ending at A" = 400 + 0 for A" below (T'). We now
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aim at deriving the Gel’fand-Levitan equations linked to our problem. From equation

(3.7) combined with the last equation, yields

by (N
] = /)\di)\ ( w()\l) )exp[l)\(x+€+)]+

d\ b(A 1 ( /
expliX (z + e4)]. (3.23)
>\ —Aa(A ( o )
The left-hand side of Eq.(3.23) reduces to
1
LHS = —I7 Cz+\/m eXp(—,lL+), (324)
- aBy

and the right-hand side to

RHS = —-2im I_EI()\,/) expi\ (z + £4)]
a(X)

1
+ur ( _Cz“l‘ /C2+02B2 ) exp(—,u+)

N b(\) [ »i(N) excnlu) (1
[ >(¢2( ' ) PNz (329)
Therefore,
Ui (N)
(%(X) )exp[z)\(m+5+)] = ( - QC;L Ny exp(— (3.26)

1 d\ b(\) )
+2z7r o N —)\a( /) ( 0\ ,> )exp[z)\ (x +¢e4))].

Because of their usefulness, the kernels K; and K5 are introduced as follows

( U ) — ( 0 )exp[l)\(x+€+(17))—ﬂ+($)]
(0 1

. /oo AK (7, 2) expi(z + 2+ (@) — pp(2)]dz,  (3.27)
x Ky(z, 2)

at the condition

lim Ky(z,2) =0, lim Ky(z,2) = 0. (3.28)

Z2—00 Z—00
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By a comparison of the equations (3.27) and (3.20), we obtain

Cy ++/C2 + a?B?
Ky(z,z) = — B, . (3.29)
Combining Eqgs. (3.26) and (3.27), we obtain the Gel’Fand-Levitan equations as follows
Ki(z,w) — F(x +w) —/ Ks(x,2)F(z +w)dz = 0, (3.30a)
K(x,w) — / Ki(x,2)F" (z + w)dz = 0, (3.30Db)
at the condition x > w, where
1 dA b(A)
Fr = — | — A 2 31
2 o an) exp[tA(z + 2e4(x))], (3.31a)
" PF 1 b(A
F = )\d)\ﬁ expliA(z + 2e (2))]. (3.31b)

022 un c a()
The time dependence of the scattering data is provided by Eq.(3.5) to be
a(A\t) = a()0), (3.32a)
b\, t) = b\ 0)exp(at/(2N)). (3.32Db)

The bound states are given by the zeros of a()\) in the upper-half plane. When all the

zeros of a(A) in the upper-half plane are simple, F'(z) can be expressed as

o) = 3 expfuny (e + 22, )

j J

+% /_ : P (i’ D expliA(z + 22 (1), (3.33)

where
c;(t) = ¢;(0) exp(at/2);), (3.34a)
p(\,t) = p(X,0) exp(at/2)). (3.34Db)

It is then possible to solve the Gel'fand-Levitan equations after having determined F(z)
to obtain K (z, ), when the scattering data {p(},0), A, ¢;(0),A;,7 =1,---, N} are given
and, consequently, the solution is obtained using the Eq.(3.29).

The soliton solution to system (3.3) is obtained under the conditions p(A,t) = 0.
Therefore, we find for F' the following expression

(2,t) = Z exp —ni(z+ 2e4)], (3.35)

=
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where we have set \; = ;. Let us now introduce the representation of the kernels in an
identical form of F' in order to facilitate the resolution of the Gel’Fand-Levitan equations,

as follows

Ki(x,z) = x) exp[—n;(z + 2z + 24 (x))], (3.36a)

Mz

Ko(z,2) = Z ) exp[—n;(z + 2z + 264 (2))], (3.36h)

where A; and B; are complex functlons. Substituting Eqgs.(3.35)-(3.36) into Eq.(3.30),

yields
o c
Ap — = exp|—2n;(x + ¢ :—k, 3.37a
o D R e) = O (337a)
Y4
B, +wcin; 2 exp[—2n,(z +e4)] =0, 3.37b
mjmz::l T Pl=2nm(x +e4)] (3.37b)
which combined, gives
Ch e cin;A c
A+ j J e 2tmm)(atey) _ Tk (3.38)
;mz:l (mj + 1) (0 +nm) u
Thus,
N
Ky(z,2) =Y Ajexp[—2n;(z +£,)]. (3.39)
j=1

From equation (3.27), we find that
aB,  2K(z,7)
C. K¥z,x)—1
Using Eqgs. (3.21) and (3.17), we find the relation

? = /C2+ o282, (3.41)
i

where we have set h = x + e, (z,x). For Ky, B, and C, are all of them dependent of

(3.40)

x+ e, (x,z), it is reasonable to transform the independent variable = to the new variable
h while looking for the soliton solutions to Eq.(3.3). Making use of the new independent

variable, we obtain

daB)  2K(h)
on 1+ K2(h)’ (3.422)
oc 2K?(h)
o = T (3.42h)
dey  Ki(h)?
o T 1t KR (3.42¢)
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where K;(h) = Kj(z,x). By integration of the previous two equations with respect to
h, one obtains at the required order N, the required number of soliton solutions to the
coupled system (3.3).

For the case N = 1 corresponding to the one-soliton solution, it is found that K; has

the expression

c exp(—2nh)

Ki(h)=— . 3.43
1( ) m1— %exp(—élnh) ( )
It comes by simple integration of (3.42), that
¢ exp(—2nh)
B = -SSP 44
a o T , (3.44a)
2
= h—— 44b
C = h-p (3.44b)
1
= — 3.44
o 0T ( c)
with
¢ = coexp(—t/2n), (3.45a)
2
c
T = 1- ype exp(—4nh). (3.45b)
Eq.(3.44) is rewritten as
e—st
B = p sech(e + o), (3.46a)
1
C = h- 5(mnh(<p + o) + 1), (3.46b)
1
ey = %(tanh(go + o) + 1), (3.46¢)
t
o = 2 (h + —) , 3.46d
= (3.460)
1 1Co
— —_—In(=2 4
©o 2 n (277> (3.46¢€)

which stands for the one soliton solution to the system Eq.(3.3), the envelop moving at
the velocity V' = 1/(4n?). We recall that solution to Eq.(3.1) is obtained when considering
the approximation a? ~ 1. The amplitude of B is an exponential function of st which
guarantee the increasing or the decreasing amplitude of the wave with time, depending

on the values of s and ¢ simultaneously. We point out that when we consider s = 0,
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Figure 6: Propagation of one-soliton solution B to the KMM-system Eq.(3.1) for s = 0,
with the eigenvalue n = 1 at times t = 0, ¢ = 0.0025 and ¢t = 0.005 depicted versus z
(panels (al), (a2) and (a3)) and versus the Magnetization induction C' (panels (b1) (b2)
and (b3)). The analytical and numerical solutions that show a left moving wave, that

conserves its profile as predicted in Refs. [18,30]
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we recover the solution of the original KMM-system, free of damping effect. It appears
that for s > 0 and while considering the ultra-fast process characterized by Eq.(3.4), the
wave propagate conserving profile but not amplitude. Such a result has been predicted in

Ref. [33] under phase portraits analysis.

3.1.3 Numerical simulations of KMM-system with and without
damping
In order to complete and confirm the results obtained analytically, we proceed to some

numerical simulation. We use as base equation the dissipative KMM-system Eq.(3.1). To

achieve this goal, we use the finite difference method with initial conditions given as:

1
B(z,0) = Esech (2nh + ¢o) , (3.47a)
1 1
C(z,0) = h— Etanh (2nh + o) — m (3.47Db)
1 1

The discretization of KMM-system free of damping effects is given as follows

where z = {Ax and t = jAL.

For the case of the original KMM-system free of damping effects (characterized by
s = 0), we present in Figure (6) a result that is in accordance with the results obtained
analytically in Refs. [18,26]. It is observed clearly on this figure that numerical and ana-
lytical results match perfectly, which proves that the above numerical simulation carried
out is good. We can then pursue with similar analysis while considering damping effects.

We present in Figure (7) the propagation of waves in magnetic slab subjected to
damping effects. For this aim, we present analytical results and numerical simulations for
the parameter s = 20 (which we have chosen arbitrarily without loss of generality), of
the Magnetic field B versus x and the magnetic field B versus the magnetization C'. We
observe also a good coincidence as for the case of the system free of damping effects. The

waves evolve with amplitude that decrease with time due to the damping parameter s.
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It appears clearly that the numerical analysis confirms the analytical results discussed in
the previous section.

On the regards of the above results, the parameter s, originated from the Landau-
Lifshitz-Gilbert damping, plays a role on the dynamic of magnetic waves in ferrites. This
role is characterized by the dissipation of energy during the motion of wave in ferrite
observed here on the amplitude of the wave that reduces as it moves. Since the dissipative
KMM system Eq.(3.1) has been derived under the ultra fast and near adiabatic process
assumption, the value of the the damping parameter s guarantee whether or not wave

survive in the ferrite. As observed analytically, for s > 0 if:

(i) s = 0, we are in an ideal case where magnetic wave moves in ferrite conserving it

entire properties, profile and amplitude.

(ii) s is not great enough so that the amplitude of the wave diminish with a rate
Biy1/B; > 0.5, the wave propagate in the material and may disappear if the process

is not fast enough

(iii) s — oo the amplitude of the wave vanishes rapidly and the wave can not propagate

in such a media.

3.2 Impact of inhomogeneous exchange effects

3.2.1 Jacobi elliptic sine function expansion

To investigate solutions to nonlinear evolution equation, one often has recourse to
expansion of known solution. It is in this idea that for example in Ref. [26], G'/G-
expansion method has been used to construct solution to nonlinear evolution equation.
We follow a similar procedure while expanding elliptic functions to derive solutions of the

following system
B, — BB, = pBy,,, (3.49a)

Co+ BB, = 0, (3.49b)

which describes the propagation of magnetic waves in ferrites, the parameter p represent-

ing inhomogeneous parameter, u represents the magnetic field and v represents magneti-
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Figure 7: Propagation of one-soliton solution B to the KMM-system Eq.(3.1) for s = 20,
with the eigenvalue n = 1 at times t = 0, ¢ = 0.0025 and ¢ = 0.005 depicted versus
x (panels (al), (a2) and (a3)) and versus the Magnetization induction C' (panels (b1)
(b2) and (b3)). The analytical and numerical solutions showing a left moving wave, that

conserves its profile but not its amplitude as predicted in Ref. [30]
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zation. This system has been derived from the Maxwell’s equations supplemented by the
Landau-Lifshitz-Gilbert equation [25] in which the damping effects are neglected.
Jacobi elliptic functions, are periodic functions that properties are in someway similar

to the well known periodic functions. As illustration, let us consider the following integral

v dt
R(z) = / . 3.50
() 0 \/1—t2\/1—m2t2 ( )
The sine elliptic function sn is defined as follows
sn(z,m) = R Yz), 0<m<1. (3.51)

Beside the sine elliptic function is defined, the other elliptic functions satisfy the relations

en?(x,m) = 1—sn®(z,m), (3.52a)

dn®(x,m) = 1—m?sn’(x,m), (3.52b)

where cn is the cosine elliptic function while dn is the elliptic function of the third kind.

The derivative of the above elliptic functions can be expressed as follows Refs. [73-75]:

Lona) = en(r)dn(), (3.532)
%cn(x) = —sn(x)dn(z), (3.53b)
%dn(x) = —m®sn(z)en(x). (3.53c)

Before proceeding to the determination of solution of the system (3.49), it is necessary to

introduce the variable transformation
n = kx+wt+n. (3.54)

Under this transformation, one replaces B(x,t) by B(n), C(z,t) by C(n) and the system

(3.49) is rewritten as follows

1
(w—kp)B,, = ayB — 2—33, (3.55a)
w

wCyy = —DBB,, (3.55D)

where ag is an integration constant. Under the new variable transformation (3.54), we now

look for solutions of the system (3.55) while proceeding to elliptic function expansions.
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3.2.2 Jacobi elliptic sine function

Using the Jacobi elliptic function method, we set the ansatz as a finite series of elliptic

sine function as follows
N
B(n) = Y pjsv'(n). (3.56)
j=0
According to the homogeneous balance principle, ne know N = 1. So we have

B(n) = po-+pisn(n). (3.57)

replacing Eq.(3.57) into Eq.(3.55) we obtain as a result

po = 0, (3.584a)
p = E2myw(kp —w), (3.58b)
ap = (L+m?)(kp—w), (3.58¢)

and the explicit form of the solution are given as follows

B(n) = £2m+/w(kp —w)sn(n), (3.59a)
C(n) = (m* =1)(kp—w)n+2(kp — w)E(n,m), (3.59b)
"
BE(nm) = / dn?(s)ds. (3.59)
0

where w, k and p are chosen in such a way that w(kp —w) > 0. When m — 1, Eq.(3.59)

reduces to
B(z,t) = £2v/w(kp — w)tanh(kz + wt + 1), (3.60a)
C(x,t) = 2(kp— w)tanh(kz + wt + o). (3.60Db)

From this Eq.(3.60), it is clear that while drawing B versus C, one will obtain a straight

line.

3.2.3 Jacobi elliptic cosine function expansion

After the sine elliptic function expansion, we can also set an ansatz constituted of

expansion of elliptic cosine function as follow

B(n) = Z gien’ (n). (3.61)
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As for the previous analysis, we restrict our attention to the first order, that is

B(n) = qo+qien(n). (3.62)

Replacing Eq.(3.62) into Eq.(3.55), one obtains

o0 = 0, (3.63a)
q = E£2my/w(w— kp), (3.63b)
ag = (2m*—1)(w— kp), (3.63¢)

solution being explicitly expressed as

B(n) = £2my/w(w — kp)en(n), (3.64a)
Cn) = (w—kp)n—2(w—kp)E(n,m). (3.64b)

For m — 1, Eq.(3.64) reduces to

B(z,t) = +£2v/w(w — kp)sech(kz + wt + 1), (3.65a)
Oz, t) = (w—kp)(kz + wt +n9) — 2(w — kp)tanh(kx + wt + ). (3.65b)

3.2.4 Jacobi elliptic function of the third kind method

Similarly to the previous analysis, we set the following ansatz that is an expansion of

the elliptic function of the third kind as follows

N
B(p) = Y rdu’(y). (3.66)
=0
Restriction made to the first order, u gives
B(n) = ro+ ridn(n). (3.67)

By replacing restriction into Eq.(3.55), we obtain as a result

ro = 0, (3.68a)
r1 = E2v/w(w — kp), (3.68Db)
ap = (2—m?)(w—kp), (3.68¢)
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which help writing u and v in their explicit form

B(n) = £2y/w(w — kp)dn(n), (3.69a)
Cln) = (2—m®)(w—kp)n —2(w — kp)E(n,m). (3.69b)

For m — 1, Eq.(3.69) reduces to
B(z,t) = £2\/w(w — kp)sech(kx + wt + 1), (3.70a)

Oz,t) = (w—kp)(kz + wt +mn9) — 2(w — kp)tanh(kz + wt + m).  (3.70b)

3.2.5 Jacobi elliptic function cs(n) method

We now proceed to the expansion of the cs(n) elliptic function as follows

N
B(n) = Y 6 (n), (3.71)
=0
where cs(n) = en(n)/sn(n). Restriction to the first order allow us to write
B(n) = 0+ 6ics(n). (3.72)

As for the previous cases, while inserting the previous Eq.(3.72) into Eq.(3.55) one obtains

0y = 0, (3.73)
0 = £2y/w(w—kp), (3.73b)
ap = (2—m?)(w—kp), (3.73¢)

and with the help of this parameters, the solutions are expressed as follows

B(n) = £2y/w(w — kp)cs(n), (3.74a)
Cln) = (2—m?)(w— kp)n— 20w — kp) / es? (). (3.74b)

When m — 1, Eq.(3.74) reduces to

B(z,t) = +£2v/w(w — kp)csch(kz + wt + ), (3.75a)

—k
w P (3.75h)

pr— - 2 ’
C(z,t) (w = kp)(kx + wt +no) + tanh(kx + wt + 1)
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3.2.6 Rational function solution

To determine algebraic solution to the system of our interest, we set ag = 0. Multi-

plying Eq.(3.55) with u, one obtains

1
(@ —kp)ByByy = —5-B,B, (3.76a)
wCy, = —BB,, (3.76D)

and by simple integration we obtain

w(kp —w)
B(x,t 4 - 3.77
(z,) ka + wt + 10 (3:77a)
kp —w
Clx,t) = 2————+C, 3.77b
(z,) ettt Y (3.77b)

which, when depicting u versus v with Cy = 0, one will obtain a straight line as for limiting
case obtained in Eq.(3.60). All the solutions obtained above are new and deserve many
attentions in investigating the influence of inhomogeneous exchange effect on the dynamics
of magnetic wave in ferrites. It is also important to point out the fact that solutions
given by Egs.(3.60) and (3.77) are particular because they are due to the presence of

inhomogeneities, while the other solutions can exist even in the absence of inhomogeneities.

3.2.7 Influence of the inhomogeneous exchange effects on the dy-
namics of magnetic waves in ferrites

As pointed out before, the expansion of Jacobi elliptic functions has allow to construct

a series of nonlinear wave solution and periodic solution to the system Eq.(3.49). We now

aim at using some of these solutions to describe the propagation of magnetic waves in

inhomogeneous ferrites. The solutions that particularly retain our attention are
B(z,t) = £2y/w(w — kp)sech(kx + wt + 1), (3.78a)
C(z,t) = (w—kp)(kx +wt+ny) — 2(w — kp)tanh(kz + wt +n9).  (3.78b)

These solutions are different from the one obtained in Ref. [30], where solutions are given

under the form

B(x,t) = #£2v/w/ksech(kz + wt + o), (3.79a)

Clx,t) = x— (2/k)tanh(kz + wt + ). (3.79b)
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Its comes clearly that to the expression given in Eq.(3.79) one must add to z a time-like
parameter. There is an information that does not appears directly through this method,
that is the dispersion relation. Such a relation is important to choose appropriately the
parameters k standing for wave number, and the parameter w standing for frequency. But
in Ref. [30], such a relation has been given that from the Hirota’s bilinear scheme. From
the results obtained above, it is possible to derive this dispersion relation. Indeed, let us
recall the system of our interest:

1

B3
2w’

(w—=kp)uy, = ayB—
wCy, + BB, = 0.

By simple integration, the second of the above system can be rewritten as follows

1
C77 = —%Bz—i-ao, (380)

where qq is the constant of integration. Using the solutions given in Eq.(3.70), we easily

obtain the relation

w—Fkp = ap. (3.81)
Considering in particular that ag = 1/k, Eq.(3.81) becomes

kw—kp = 1, (3.82)

which is the dispersion relation that has been obtained in Ref. [30]. We can choose
arbitrarily without loss of generality w = 1, to go further with our analysis. Therefore,

using this value of w, solution provided in Eq.(3.70) can be rewritten as follows

B(z,t) = #£2+/1— kpsech(kx +t+ 1), (3.83a)

C(z,t) = (1—kp)(kx+t+ny) —2(1 — kp)tanh(kx +t + no). (3.83b)
Deriving this solution with respect to 7, one obtains

B, = =£+/1— kpsinh(n)sech®(n), (3.84a)

C, = (1—kp)(1— 2sech’(n)). (3.84b)
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Figure 8: One-soliton solution B to the system Eq.(3.49), with the wave number k& = 0.5,
(a) p = 1 (dashed-dotted line), (b) p = —1 (dashed line) and (c) p = 0 (solid line) at
times t = 0, depicted versus the magnetization v. One observes that, inhomogeneous
term contribute by increasing the amplitude of the wave when p takes negative values,
or contribute by slowing down this amplitude when p is taken positive. One also observe
that the parameter p also has a contribution on the maximum width of the loop soliton
l,, that increases or decreases as the amplitude of the wave increases or decreases. The
hight h, at which this maximum width of the wave occurs is also subjected to changes in

the same way as maximum width.
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From this system Eq.(3.84), it comes that B, is positive definite for n €] — 0o0,0] and
negative definite for n € [0, +oo[. It also comes that C,, = 0 admits two solutions 7, and
9. Then, v, is positive definite for n €] — oo, m1] U [n2, +00[ and negative definite for
n €]m, na[. It is then easy to conclude from the above analysis that v admits two extrema
and changes direction twice, while in the same time u admits one extremum and changes
direction ones. Therefore, by depicting u versus v, one obtains a loop soliton as presented
in Fig.(?7?).

In Eq.(3.84), one observes clearly that the wave amplitude depends on the inhomoge-
neous parameter p. To complete our analysis on the impact of the inhomogeneous term
on the dynamics of the wave, we define the parameter [, as the maximum width of the
wave and h, the hight at which it occurs (see Figure (8)). Then by direct calculus, these

parameters can be expressed as follows

l, = 2(1—kp) (\/5 — arctanh (?)) , (3.85a)
h, = 2(1—kp), (3.85b)

which allow the following discussion:

(a) By setting p = 0 one obtains the solution of the system free of inhomogeneous
term. Such a solution has been provided in Refs. [14, 16, 18,29, 71] under some
tractable methods including the Hirota’s billinearization method, inverse scattering
transform, expansion functions, just to name a few. This case then constitutes the
reference case that serves to evaluate the impact of the inhomogeneous parameter

on the dynamics of the wave.

(b) Choosing p to be negative (p < 0), the amplitude of the wave increases. The
maximum width [, of the wave also increases along with the height h, at which this
maximum width occurs. The inhomogeneous exchange effects act here by amplifying

the pulse in ferrites.

(¢) While selecting p to be positive valued (p > 0), the amplitude of the wave decreases
along with [, and h,. This means that, inhomogeneous exchange effects contribute

by reducing the pulse profile in ferrite.
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As illustration, we depict in Figure (8) the loop-like soliton solution of the system
(3.49) for different values of the parameter p where all the conclusions that have emerged
in the above items, are observed.

In fact, inhomogeneities known as deformations in a system, can be due to external
fields or to the presence of defects, voids and gaps in the materials, and has a significant
effect on the magnetization dynamics of the ferromagnet. The soliton responsible for the
localization is deformed by the presence of inhomogeneities and in particular its structure.
The presence of inhomogeneity delivers dissipation into the system which supports soliton

excitation, but can also inject energy into it.

3.3 Analytical investigation of the solutions to KMM-
system taking into account inhomogeneous exchange

and damping effects

3.3.1 The KMM-system

While investigating the propagation of short-waves in saturated ferromagnetic materi-
als with zero-conductivity in the presence of an external field, Kraenkel and co-authors [25]

have constructed the following nonlinear evolution system

B = BC,, (3.86a)
Cw = —BB,, (3.86b)

from the Maxwell’s equations, where B is standing for the magnetic field, when C'is stand-
ing for the external magnetization. The subscripts x and ¢ denoting partial derivatives
according to space-like and time-like variables respectively. Integrability properties of such
a system has been investigated intensively under some framework including prolongation
structure analysis, Hirota’s bilinearization [26], and inverse scattering transform [27]. As

a result, multi-soliton solutions have been predicted and constructed, the expression of
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the one soliton solution being given as:

¢ exp(—2nh)

B = --—— 87
2 opl 2, (357
2
= h- = .87b
C T (3.87b)
1
Eyr = n—T, (387C)

where €, is an explicit function coming from a variable change connected to x as: © =
h — e, details of such a result being provided in Ref. [29] where the full inverse scattering
method has been helpful in constructing such a result. The functions ¢ and 7" are given

as follows

¢ = coexp(—t/2n), (3.88a)
2
c

T = 1—4—7]2exp(—477h). (3.88b)

The envelop moving left at the constant velocity v = 1/(4n?). This solution has been
shown to be of loop-shape when depicting B versus C' [26,29] and of spike shape when
depicting B versus x [29]. The solution Eq.(3.87) will serve to discuss the contribution of
additional terms that occur in the system taking into account inhomogeneous exchange

and damping effects.

3.3.2 The KMM-system with damping effects

In the windings of Kraenkel, Manna and Merle ideas, Nguepjouo and coworkers [30]

have derived, while considering the Landau-Lifschitz-Gilbert damping, the system

B,, = BC, - sB,, (3.89a)
Cn = —BB,, (3.89b)

where s is a constant parameter that translates the damping effects on the dynamic of
waves in ferrites. The initial value problem of this equation has also been investigated in
details by the same authors and, as conclusion, it has appeared that the energy of the
system decreases as time evolves. But till now, analytical expression of the associated
solution has not been provided. It has not even been proven yet that this equation

is integrable or not. Paying attention of such a question of integrability, we propose
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Figure 9: Propagation of one-soliton solution B to the system Eq.(3.89) for s = 0 (solid

line) and s = 20 (dashed line), with the eigenvalue n = 1 at times ¢t = 0, t = 0.0025 and

t = 0.005 depicted versus x (panels (a1), (a2) and (a3)) and versus the Magnetization

induction C' (panels (b1) (bg) and (b3)). The solid line (s = 0) is the wave solution of the

KMM-system Eq.(3.86) while the dashed line (s=20) is standing for the approximated

solution of Eq.(3.89). It is observed on this figure that damping acts principally on the

amplitude of the wave while its influence on the width is very low.
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to investigate solution to a nonlinear system from which, through and approximation
one obtains the solutions to the system Eq.(3.88). The system we are talking about is

expressed as follows:

B, = BC, — sB,, (3.90a)

Cy = —a’BB,, a = exp(st), (3.90Db)

with s # 0. a can be developed in Taylor series near the initial point as follows:

(st)*

exp(st) = 1+st+ 5

4o (3.91)

This equation Eq.(3.90) has the advantage to possess associated Lax-pairs:

C, aB,

Yp = A Y, (3.92a)
aB, —-C,
1/4:N —aB/2

Yy = Y. (3.92b)
aB/2 —1/4\

Following the inverse scattering transform method, while considering o ~ 1, one easily

obtains a solution to the system Eq.(3.89). This approximated solution is given as [65]

—st

B = 677 sech (¢ + o), (3.93a)
1
C = h-— E(tanh(tp + o) + 1), (3.93b)
1
£, = %(tanh(gp +¢o) + 1), (3.93¢)
t
= 2 — .93d
© n<h+4n2>, (3.93d)
1 1Co
= —In(— 3.93
0 " (%) ’ (3950

which moves at the velocity b = 1/(4n?). Observing solutions Eq.(3.93) and the one given
in Eq.(3.87), it appears that the damping effects contributes on the dynamic of wave by
decreasing its amplitude as wave evolve. The shapes of the waves remaining the same
as for the case of wave solution to the KMM-system. Influence of such a parameter is
depicted in Figure (9) where it is well observe that wave decreases as time evolve. The
impact of damping effects stands to act principally on the amplitude of the wave. It also

has an impact on the width of the wave but, this impact on the width is too weak that it
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can be neglected, as shown in Figure (9), due to ultra fast process assumption occurring in
ferrite during re-magnetization. Since influence of damping effects has been investigated,

we then further discuss the influence of the inhomogeneous exchange effects.

3.3.3 Inhomogeneous exchange influence on the propagation of

waves in ferrites

Known as deformations, inhomogeneity in general represents variations of the physical
interactions due to spatial distortion of the crystal lattice [55,117]. It also represents
the symmetry breaking or disorder in crystal systems [60]. Inhomogeneities can occur
in materials due to external fields, presence of defects, vacuum or gaps. On the other
hand, inhomogeneity can also be the result of spin interactions. Indeed, knowing that
the magnetization is treated in terms of spin waves and the Heisenberg model allows to
directly treat a set of spins relative interaction depends on the distance between the near-
est neighbors [118]. The usual picture of the two-magnon model is that inhomogeneities
introduce weak interactions between the spin-wave modes that allow the energy of the
uniform precession to leak into a number of other modes, providing an effective damping
of the uniform mode. Alternatively, the effect of the inhomogeneity may be regarded as a
mixing of the eigenmodes of the uniform film in a way that distributes the ferromagnetic
resonance intensity over a number of eigenmodes, resulting in an ferromagnetic resonance
peak composed of a number of overlapping resonances [119,120]. In certain cases, due
to presence of imperfection, intra-sublattice interaction becomes comparable with inter-
sublattice interaction. In such a situation disorder and frustration takes place in the spin
subsystem. Similarly, inhomogeneity can also be simulated by the deliberate introduction
of imperfections (impurities or organic complexes) in the vicinity of a bond so as to al-
ter the electronic wave functions without causing appreciable lattice distortion [117,120].
These defects cause distortions in atomic shells and induce deformation of the materials.
Inhomogeneities affect significantly the dynamics of magnetization of ferrites [55]. In order
to investigate the inhomogeneous exchange effects on the dynamic of magnetic waves in

ferrites, Kuetche and coworkers [33| have consider the Landau-Lifschitz-Gilbert damping
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Figure 10: Propagation of one-soliton solution B to the system Eq.(3.94) for o = 0
(dashed line) and ¢ = 0.0625 solid line, with the eigenvalue n = 1, s = 0 at times ¢t = 0,
t = 0.0025 and t = 0.005 depicted versus x (panels (a1), (ag) and (a3)) and versus the
Magnetization induction C' (panels (b;) (by) and (b3)). The dashed line (¢ = 0) is the wave
solution of the KMM-system Eq.(3.86) while the continuous line (¢ = 0.0625) is standing
for exact one soliton solution of Eq.(3.94) for (s = 0). It is observed on this figure that
inhomogeneous effects act not on the amplitude, but on the width of the waves. For spike
soliton the width of the wave decreases as observed in panels (a;), (az) and (a3) while the

width of the loop soliton increases as observed on panels (by) (b2) and (b3).
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at higher order and have derived the following system

B,, = BC,—sB,+ 0B,., (3.94a)
C. = —BB,, (3.94b)

where B,, stands to translate the inhomogeneous exchange within ferrites. We first con-
sider the case where the damping effects are neglected (s=0) to investigate the contribution
of this inhomogeneous exchange on the propagating wave only. Looking for solutions to
such a nonlinear system, Kuetche [34] has derived via Hirota’s bilinear method soliton
solutions and has depicted B versus C'. We aim in this work at constructing in addition
to B versus C, B versus z. Indeed, we consider that solution to Eq.(3.94) can be written

as follows

B = ksechy, (3.95a)
C = h—ptanhy, (3.95Db)
xr = h—rtanh~, (3.95¢)
v = nh+mt, (3.95d)

the constant parameters k, n, m, p and r are to be determine. Introducing Eq.(3.95) into

Eq.(3.94) we obtain the following system

n*o—mn+1 = 0, (3.96a)
np—2nm = 0, (3.96Db)
2mp —k* = 0, (3.96¢)

The first of the above equation Eq.(3.96a) corresponds directly to the dispersion relation
provided in Ref. [34]. Solving this system, we obtain

k= +2m, (3.97a)
p = 2m, (3.97Db)
no— M V2TZ2_49, (3.97¢)
ro= 20 (3.97d)

m+/m2—40
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with m?—4p > 0. Considering propagation of waves in ferrites without any inhomogeneous
exchange processes, one has to set ¢ = 0 before solving Eq.(3.94). As a result, one recovers
the solutions obtained for the case of KMM-system.

Case of m?> —4p=0

Explicit expression of the analytical solution of the system Eq.(3.94) is written as

1

B = Esechy7 (3.98a)
1

C = h- Etanhv, (3.98b)
1

r = h-— p tanh -y, (3.98¢)

t
= 4dnh+ — .98d
v nh+ o (3.98d)

o = (%)2 (3.98¢)

where we have replaced m by 1/2n for convenience and have chosen ¢ = (ﬁy for sim-
plification in the analysis. Eq.(3.98) stands for exact one-soliton solution to the system
Eq.(3.94) that allows us to depict B vs C' as in Ref. [34] and B versus x. To discuss the
contribution of the parameter ¢ on the dynamic of the waves, we evaluate bandwidth at
half height of the wave, the maximum width of the loop wave and the height at which
this maximum width occurs. Indeed we define the quantities Ly and L, as the maximum

width of loop solitons, Hy and H, the height at which it occurs and the quantities {, and
l, the width at half maximum height of the wave when ¢ = 0 and when p # 0. It appears
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Figure 11: Propagation of one-soliton solution B to the system Eq.(3.94) for s = 0, with
the eigenvalue n = 1, p = 0.0625 at times ¢t = 0, depicted versus x and versus C' (panels
(a1), (a2)) and the one-soliton solution B to the KMM-system Eq.(3.86) versus versus x
and versus C' (panels (by), (b2)). The parameters [y and [, stand for the width at half
maximum height, Ly and L, stand for the maximum width of the loop solitons, H, and
H, represent the magnitude at which the width of the loops solitons are maximal and A,

and A, represent the magnitude at which the cross over occurs.
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that

1 1 V3

L, = 7 (\/5— garctanh< 5 )) (3.99a)
1 V2

Ly = ; (ﬂ - arctanh( 5 )) (3.99b)

I, = % (2 In(2+v3) — Jﬁ) , (3.99¢)

b = % (2m2+v3) - v3), (3.99d)
1

H, = o (3.99¢)

Hy = V2 (3.99f)

[\
=

From these expressions it is shown clearly that A = L, — Ly > 0 and § = [, — [y < 0.
The influence of inhomogeneous exchange within ferrites begin to give some ideas since
for the same amplitude, the additional dispersive term increase the maximum width of
the loop soliton while the bandwidth at half maximum height of the spike wave decreases
as presented in Figures.(10) and (11), comforted with expressions given in Eq.(3.99). To
investigate more deeply the influence of inhomogeneous exchange effects on the dynamics
of magnetic waves in ferrites, further investigations are needed while considering the case
where m? — 40 > 0.

Investigating solutions to the system Eq.(3.94), since it is not proven integrable, it
is possible to find a solution that, under some approximation, verify Eq.(3.94). On the
regards of the above solutions provided for s = 0, o # 0 given in Eq.(3.98) and the solution
obtained for s # 0, o = 0, we deduce an approximated solution to Eq.(3.94), written as

follow

6—st
B = ; sech?y, (3.100a)

1
C = h—;tanh% (3.100b)

1
r = h—%tanhv, (3.100c)

t

= 4dnh+ — .100d
gl nh+ o (3.100d)

0 = (%)2, (3.100¢)
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2st ~ 1, This consideration is in accordance with the

provided st is very small that e~
ultra fast processes in ferrites which practically can be refer to data inputs which undergo

some fast re-magnetization process within magnetic memory devices [34].

Case of m?> —4p >0

In this case, while considering the system free of damping effects, Eq.(3.98) takes the

following expression

1
B = —sechy, (3.101a)
n
1
C = h—;tanh% (3.101b)
4
x = h i tanh v, (3.101c)

14 e/1- 16720
1+ ey/1— 1672 t
re Teh 4 —, (3.101d)

4no 2n

’}/:

which alow construction of magnetic waves with arbitrarily chosen non zero p. Similarly

to the previous analysis, at ¢ = 0 we evaluate H,, [, and L, to be expressed as follows

40
H, = , 3.102a
¢ ,¢1+€M1—1&Fg ( )

4no
l, = 2In(2 +v3) —V3), 3.102b
‘ 14 L—mmg< ( ) ) ( )

I 2 [1—4n?0+ey/1—160%0
n 1+ey/1—160%
1 — 4n? /1 —16n2
- 8¢ arctanh ot e e , (3.102¢)
1+ey/1—160% 1+ey/1—160%

where € = +1. According to the parameter €, we observe different behavior for the same

value of p. Then, the parameter e characterizes two types of inhomogeneities that can
occur in ferrite having different effects on the parameter of the wave. Such information is

illustrated in Fig.(12) and confirmed in Fig.(13). When considering the case with s > 0,
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Figure 12: Evolution of height H, at which maximum width of loop occurs versus p

(panel ay), evolution of the width L, versus o (panel as) and variation of width at half

maximum [, versus o (panel as) For different values of e.
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Figure 13: One-soliton solution of the system Eq.(3.94). For the case € = +1 (panels a;
and ay) one observe that H, and L, decrease as p increase for the loop (panel as) while
the bandwidth increase as p increase for the spike (panels a;). When € = —1 the previous

process reverse (panels by and by).
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one obtains

—st

B = ¢ sech?y, (3.103a)
n
1
C = h— —tanhv, (3.103b)
n
4
x = h e tanh v, (3.103c)

- 14+ ey/1—16n%
1 \/1— 1612 t
re 7o (3.103d)

4no 2n’

yo=
which approaches the solution of the system Eq.(3.94) under the ultra fast process assump-
tion. Under this approximation, the values of L,, [, and H, do not vary significantly. Such
a result is in accordance with the one obtained in Ref. [121] for YIG film. It appears that
the damping effects are not only characteristic of the properties of the material, but must
have something to do also with some parameters of the wave itself Ref. [55]. To bring fur-
ther information about the contribution of damping effects and inhomogeneous exchange

processes on the dynamics of waves in ferrites we provide the following equation

1 1 —16n%0+/1 — sech” [ o
E = av ey sec2 7 2sn + 4/ 1 — sech?y | sech?y
16n*0 1 — sech®y
1 h? 1+ey/1— 1602
sech™y (77 L€ n Qsechzv)

_4—173 1 — sech?y 4no

2
1 (1 /1 —167n?
( T 01 Q) (1 — sech®y)sech?s, (3.104)

"o I

which stands for the energy density of the moving wave given in Eq.(3.103). In all of
the cases € = 1 or ¢ = —1 this energy density E decreases as = increases and, when
o0 increases, energy density decreases for € = 1 and increases for ¢ = —1. Presence of
inhomogeneities cause dissipation in the system exciting the soliton or can also bring in
energy. We depict in Fig.(12) the evolution of height H, versus g alongside with the
evolution of the width of the spike [, versus p. This figures show that according to the
parameter € these quantities behave in the same manner, increasing when ¢ = +1 and
decreasing when € = —1. This result is coherent with the result obtained in Eq.(3.101)
and depicted in Fig.(12) for different values of p. For ¢ = +1 it appears clearly that L,
decreases as p increases and for e = —1 L, increases as o increases. It was not evident to
provide analytical expression of A,. Meanwhile, it appears in Fig.(13) that A, increases

as ¢ increases for e = 1 and A, decreases as g increases for e = —1.
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Figure 14: Energy densities Eq.(3.104) depicted for the case € = +1 (panels a;) where
one observes that energy density increases when p increases. For the case ¢ = —1 (panels
ay) a reverse process is observed where energy density decrease when g increases. Such a

result complete and confirms the one presented in Fig.(12)
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Now that we have investigated analytically the solution of the system Eq.(3.94), and
have constructed its solution without damping effects and, have also constructed approxi-
mated solution while considering zero inhomogeneous exchange effects under the ultra-fast
process assumption, it is thus important to verify if this solution can be confirmed nu-

merically.

3.3.4 Numerical simulations

Investigating solutions to nonlinear evolution equations, one often derive when possible
exact analytical solutions when equation is proven integrable. When on the contrary it
appears difficult to solve exactly the nonlinear system under interest, it sometimes appears
that approximated solutions can be derived and, in this case, further investigations are
necessary. As far as we are concerned with inhomogeneous exchange within ferrite, we
found it difficult to solve exactly the nonlinear system Eq.(3.94), but we have been able to
propose a solution that approximates the solutions to the aforementioned system under
a condition that translate ultra fast processes in ferrites. We now pursue with numerical
investigations to confirm the results that have come out from analytical investigations.

Indeed, we use the finite difference method with initial conditions given as:

1
B(z,0) = Esech (2nh + o) , (3.105a)
1
C(z,0) = h— Etanh (2nh + ¢o) , (3.105Db)
1
x(h,0) = h— o tanh (2nh + ¢p) . (3.105¢)

We present in Fig.(15) the evolution of loop and spike soliton, solutions of Eq.(3.94).
On this figure, it appears that numerical simulation and analytical results are matching
very well. Such a result confirms the investigations carried out in the previous section.
Then, going forward in the windings of the previous analysis, we discuss numerically the
case where the damping effect is taken into account (s # 0). We depict in Fig.(15) the
solution of the system Eq.(3.94) in which one observe that once more, analytical and
numerical simulations are matching. It appears that the combined effects of damping an
inhomogeneous exchange contributions on the dynamics of the wave are: decreasing the

amplitude of the wave, increase the width of the loop wave and decrease the bandwidth
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Figure 15: Propagation of one-soliton solution B to the system Eq.(3.94) for s = 20, with

the eigenvalue n =1, o = 0.0625 at times ¢t = 0, ¢ = 0.0025 and ¢ = 0.005 depicted versus

x (panels (a1), (a2) and (a3)) and versus the Magnetization induction C' (panels (by) (b2)

and (b3)). One observes that, for the combine effects of damping and inhomogeneous

exchange, analytical and numerical solutions match.
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at half maximum amplitude of the wave.

The numerical simulations then confirm the analytical result.

3.3.5 Discussion of the results

We have investigated the influence of inhomogeneous exchange and damping effects
on the dynamics of wave in ferrites. Indeed, we have constructed analytical solution of
the system Eq.(3.94) that model the dynamics of such waves in which involve parameters
s and p that model damping and inhomogeneous exchange respectively. As a result, the

following conclusions have risen out

(a) For the case where o = 0, we observe that for s > 0, the damping effects act on the
wave which decrease as time evolve. The bandwidth not changing significantly in
the case of ultra fast process assumption as observed in Fig.(??). Such a result has

been predicted and obtained in Ref. [121] and references therein.

(b) When considering the inhomogeneous exchange only (o # 0), it appears that two
cases came out according to a parameter € that takes two different values which are
€ = +1 and € = —1. The parameters that help characterizing these inhomogeneous
exchange effects being the maximum width of the loop wave L,, the height H, at
which this maximum width occurs and the width [, at half maximum as provided

in Fig.(??).

* When ¢ = +1 it has appeared that the maximum width L, of the loop soliton
decreases as ¢ increases and the height H, at which its occurs increases as o
increases . As illustration we have depicted in Fig.(12) (dashed line) and in
Fig.(13) (panels (a;) and (ag)) the evolution of H, and L, versus p. For the
spike soliton solution that are originated from the depiction of B versus x, one
has observed reverse processes where the width at half maximum [, increase as

o increases as depicted Fig.(12) (panels (a3) ).

* When € = —1 One observe a reverse process that is, L, increases while H, de-
creases as ¢ increases, while [, decreases as p increases as observed in Figs.(12)

and (13). In both cases (¢ = +1 and ¢ = —1), energy densities have been

Ph.D. Thesis Year 2020



3.3 Analytical investigation of the solutions to KMM-system taking into
account inhomogeneous exchange and damping effects 115

provided in Eq.(3.104) and depicted in Fig.(14) for two different values of p,
which complete and confirm the previous results. All the behaviors described

here are simply due to the type of inhomogeneity present in the ferrite.

c en considerin e combined effects of damping an inhomogeneous exchange
Wh idering th. bined effects of d ing inhomog hang
process within ferrites, the evolution of waves are subjected to loss of energy with
time, characterized by the decreasing of the wave amplitude and, according to the

value taken by e the bandwidth of the wave increase or decrease with p.

(d) Further investigations have been carried out to confirm the above analytical results.
Indeed we have proceeded to some numerical simulations. We have followed the finite
difference method and, as a result, it has come out that the analytical and numerical
simulations are matching very well. We have depicted in Fig.(15) the analytical
and numerical results where the combined effects of damping and inhomogeneous

exchange have been taken into account.

In ferrites made of polycrystal, inhomogeneous exchange process and damping effects must
be taken into account when investigating the propagation of wave in such media. The
system Eq.(3.94) thus respond to this demand. Investigating the solution of such equation,
it appears that two different types of inhomogeneities occur that increase or decrease the
width of the wave according to the parameter that characterizes the inhomogeneity. One
can also think about ferrites that combine the two different types of inhomogeneities that
come periodically. Therefore combined effects will occur that is, width of the wave will
increase and decrease alternatively and one will observe a sort of wave that breath as time
evolves. Another scenario can occur that is, the combined types of inhomogeneities in the
same material may help in reducing the effects of inhomogeneous exchange within ferrite
which will result to a stable profile that is near to the result of KMM-system, that does

not takes into consideration these combined effects.

Conclusion

In this chapter, we have firstly studied analytically the influence of the damping effects

on the dynamic of short waves in ferrites and confirmed analytical results while proceeding
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to some numerical simulations throughout finite difference method. Indeed, to carry out
our gold, the mathematical toll described by Konno [101] has been used to deal with the
system under current interest. We have constructed a system that is Lax integrable and
that approximates in some conditions that have been specify, the damped-KMM system.
Under this conditions, we have generated analytical expressions of the solutions to the
damped-KMM system. We have investigated, numerical simulations to confirm the results
obtained analytically.

Secondly, we have constructed new traveling wave solutions to the inhomogeneous
system of our interest using Jacobi elliptic expansion method. As a result, it appeared
that inhomogeneity increases or decreases the amplitude of travelling wave due to the
value taken by the inhomogeneous parameter.

Finally, we have presented the analytical solution of the KMM-system taking into ac-
count the both effects of damping and inhomogeneous exchange. Pursuing our analysis,
we have discussed the case of inhomogeneous exchange effects and have proposed ana-
lytical one soliton solution to the system Eq.(3.94) where damping effects are neglected
(s = 0). It appeared as a result that, for a leading case verified by p, inhomogeneous ex-
change parameter acts on the wave by reducing it bandwidth for the case of B versus z, or
increasing the maximum width of the loop soliton for B depicted versus C'. The amplitude
of the wave and its shape are conserved in this case. In regards to the previous solutions,
we have proposed an approximated solution to the system Eq.(3.94) that takes into ac-
count the combined effects of damping and inhomogeneous exchange. Then, through this
solution, we have characterized the wave moving in such medium while evaluating the
maximum width of the loop soliton L,, the height H, at which it occurs and, for the spike
soliton we have evaluated the width at half maximum of the wave [,. It has appeared
as a result that, according to a parameter e, [,, the height H, decrease as p increases
when in the same time L, increases (e = —1). A reverse process has been obtained for
the case (¢ = +1). We have illustrated the different situations in Fig.(12) and Fig.(13).
To complete these analysis, we have provided the energy densities for both cases of € in
Eq.(3.104) and depicted these energies in Fig.(14) where for two different values of ¢ one
observe in each case how energy is influenced by inhomogeneity. To further investigate

the analytical results obtained, we have proceeded to some numerical simulations. We
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have followed indeed the finite difference method. Conclusion that appeared at the end of
such analysis is that: numerical and analytical results are matching very well. Illustration
is given in Fig.(15), where we have depicted analytical solution Eq.(3.103) and numerical

solution obtained under the initial conditions provided in Eq.(3.105).
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General Conclusion

In this work, our main goal was to investigate the effects of damping effects and inho-
mogeneous exchange on the propagation of magnetic waves in ferrites. In order to answer
this preoccupation, our approach included three important steps. We have investigated
at first the damping effect, later on the effect of inhomogeneous exchange and finally the
combined effects of damping and inhomogeneous exchange on the propagation of waves
in ferrites.

In regards to damping effect on the wave propagation in ferrites, we paid attention on
the dissipative KMM-system that describes the propagation of short-waves in magnetic
insulators. Since this equation has not been proven completely integrable and solution
has not been provided, we have proposed a nonlinear integrable system with associated
Lax-pairs which, through an approximation that translate ultra-fast process, one easily
recover the dissipative KMM-system of our interest. Investigating via the inverse scatter-
ing transform method the integrable system following particularly the WKI-scheme, we
have constructed, while considering an ultra-fast process approximation, soliton solutions
to the dissipative KMM-system and have presented analytical expressions in Eq.(3.46).
This analytical expressions show that amplitude of the wave is proportional to an expo-
nential function that decreases as time evolve. It then appeared that the wave survive
only if we are on an ultra-fast process. In order to confirm predictions of analytical results
obtained, we have proceeded to some numerical simulations. We have followed indeed the
finite difference method and, as a result, we have depicted in Figure 6 numerical and
analytical results showing the dynamics of magnetic wave in ideal ferrite (free of damping
effects). It appeared that analytical and numerical results match perfectly, showing that
numerical analysis has been well carried out. The results presented for the non-dissipative

KMM-system is in accordance with results provided by Kuetche et al. and Tchokouansi
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et al. [26,29]. While considering s # 0 and s > 0, the damping effect on the dynamic of
magnetic wave appeared to behave very similarly with the results obtained analytically.
We have then depicted in Figure 7 numerical solutions superposed on analytical solution
and have observed that the solutions also coincide here. This Figure 7 shows that an-
alytical results carried out previously is in accordance with predictions. The damping
parameter on the propagation of waves in ferrite acts just on the amplitude of the waves
during their motion and not on the profile. A question then arises to know if there are
parameters that may act simultaneously on the profile and amplitude of the wave during
it motion in ferrites.

In regards to inhomogeneous exchange effect, we have paid attention to a nonlinear
system describing the propagation of short-waves in ferrite, in which inhomogeneous ex-
change effects have been taken into account. This system, namely Eq.(3.49), has been
investigated under the Hirota’s bilinear method and multi-soliton solutions have been pro-
vided, which are of loop types. The present work was devoted first of all in constructing
new solutions to the same system (3.49). Indeed, the Jacobi elliptic functions expansion
method has been used and, as a result, number of new exact solutions have been derived
which are periodic functions. Their limiting cases have been provided where the modulus
of the Jacobi’s elliptic functions tend to one (m — 1). These limiting case solutions
appeared to be localized solutions. One solution has particularly retain our attention,
which is the one given in Egs.(3.65) and (3.69) which, compare to the result obtained by
Kuetche et al. [26] possess an additional term of time in the v solution. The second step
was to investigate the influence of inhomogeneous terms in ferrites. To achieve such a
task, we have used the solution given in Eqgs.(3.65) and (3.69). From this equation, we
have evaluated the maximum width of the loop wave and the height at which it occurs.
With their explicit expressions at hand, it was possible to conclude on the influence of
inhomogeneous exchange on the dynamics of the wave in ferrite. It appeared that for
p negative, the amplitude of the wave increases along with the maximum width [, and
the height h, at which it occurs. When p is taken positive, the opposite phenomenon is
observed. It is then clear that, under the light cone of the analysis made here and the
solutions obtained, there are two types of inhomogeneities in ferrites that are represented

with the values taken by p. One cannot exclude the fact that in ferrite, the two types of
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inhomogeneities can appear periodically or can be randomly distributed. In the periodical
appearance of inhomogeneities, one may observe a wave that moves while breathing due
to the compensation between inhomogeneities such that the mean wave can move as if
there were no inhomogeneous exchange effects in the considered material. For the case
were the inhomogeneities appear randomly, the wave moves while breathing irregularly in
function of the type of inhomogeneities encounter.

In regards to combined effect of damping and inhomogeneous exchange, we have con-
sidered the KMM-system that appears to describe propagation of wave in ferrites free of
damping and inhomogeneous exchanges. We have recalled the analytical solutions ob-
tained for the previous equation and have used the associated one-soliton for comparison
purpose. Aiming at investigating the influence of damping effects in the dynamic of waves
in such a medium we have derived a solution that, under some approximation (approxi-
mation that approves the ultra-fast process assumption) verify the system Eq.(3.89). As
a result, it appears that damping has as effect to decrease the amplitude of the wave as
it evolves. Pursuing our analysis, we have discussed the case of inhomogeneous exchange
effects and have proposed analytical one-soliton solution to the system Eq.(3.94) where
damping effects are neglected (s = 0). It appeared as a result that, for a leading case
verified by o, inhomogeneous exchange parameter acts on the wave by reducing it band-
width for the case of B versus z, or increasing the maximum width of the loop soliton
for B depicted versus C. The amplitude of the wave and its shape are conserved in this
case. In regards to the previous solutions, we have proposed an approximated solution
to the system Eq.(3.94) that takes into account the combined effects of damping and in-
homogeneous exchange. Going over the leading case verified by o, we have investigated
the influence of the inhomogeneous exchange process in ferrites of different homogeneities.
Indeed, we constructed solution of Eq.(3.94) without damping, that is expressed explicitly
as function of p. Then, through this solution, we have characterized the wave moving in
such medium while evaluating the maximum width of the loop soliton L,, the height H,
at which it occurs and, for the spike soliton we have evaluated the width at half maximum
of the wave [,. It has appeared as a result that, according to a parameter e, [,, the height
H, decrease as g increases when in the same time L, increases (¢ = —1). A reverse process

has been obtained for the case (¢ = +1). We have illustrated the different situations in
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Figure (12) and (13). To complete these analysis, we have provided the energy densities
for both cases of € in Eq.(3.104) and depicted these energies in Figure (14) where for two
different values of o one observe in each case how energy is influenced by inhomogeneity.

From the results obtained throughout as inhomogeneous effects, it has appeared two
types of inhomogeneities that can be recognized by their effects on the waves. These
effects consisting of increasing or decreasing the width of the waves as it moves. Each
effect will then be observed in ferrites made of one crystal with particular inhomogeneity.
But one may think about poly crystals in which the two different types of inhomogeneities
are structured periodically, then one will observe increasing and decreasing of width of
the wave leading to a sort of wave that breath as it evolve. One may also think about
reducing the effects of inhomogeneous exchange within ferrite by introducing the two types
of inhomogeneities so that the effect of these two types of inhomogeneities will compensate
each order. In this case, the mean wave will evolve as if there is no inhomogeneity in the
medium as described by the KMM-system. To further investigate the analytical results
obtained, we have proceeded to some numerical simulations. We have followed indeed the
finite difference method. Conclusion that appeared at the end of such analysis is that:
numerical and analytical results are matching very well. Illustration is given in Fig.(3.92),
where we have depicted analytical solution Eq.(3.103) and numerical solution obtained
under the initial conditions provided in Eq.(3.102). This result sustains the analytical
results obtained in section 3.3. Now that numerical simulations have been carried out
along with analytical results that are not in contradiction, the further investigation should
consist of experimental investigations.

We have obtained in this work solutions that are loop-shaped for the case of magnetic
field depicted against the magnetization. We have not heard as far as we are concerned
with such a loop-soliton that it has been obtained experimentally. It seems then judicious
to look for alternative model equations which solution may be single-valued. Such systems
may help understanding very deeply the dynamics of waves in magnetic materials, and
one will have as advantage that single valued solutions have been obtained experimen-
tally. Such an approach has recently been carried out by Saravanan et al. [56] where a
modified KdV equation has been shown to describe propagation of short-waves in ferrites.

Breathers as solutions have been constructed. Similar investigations can be made under
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some different conditions and one may obtain novel equation that, we are sure, will be
helpful in describing the propagation of single-valued short waves in inhomogeneous fer-
rites. There are in the literature so many equations of physical implication that have not
been proven integrable and there are poor knowledge on the analytical description of the
dynamics of their wave solutions. One of such example is the vector short pulse equation
describing the propagation of ultra-short waves in optical fibers. Such systems deserve
deep investigation both analytically and numerically. These problems will constitute the

matter of future investigations.
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one of our interest which shows that damping acts mostly on the energy of the wave that decrease as
time evolves. Such a result is confirmed through some numerical simulations in which analytical and nu-
merical results are matching very goodly. We then conclude on the influence of damping effects on the
propagation of waves in magnetic insulators.

© 2019 Published by Elsevier Ltd.

1. Introduction

Nonlinear media have attracted over years so many attention
and this situation is still going on. The reason is that, these
media often present some particularities that are of technological
importance. Studying these media, there are nonlinear model
equations that come out describing their dynamic under some
perturbation. Thus, there are number of evolution equations in the
literature that describe wide range of physical phenomena such as,
the Korteweg-de Vries equation [1] describing the propagation of
water waves, the nonlinear Schrodinger equation [2-4| describing
the propagation of waves in optical fibers under the slowly varying
envelope approximation, the stretched rope equation [5,6] describ-
ing the propagation of transverse oscillation of elastic beam under
tension, just to name a few. Constructing such nonlinear evolution
equation, a challenge often arises, the one of investigating the
integrability of these systems, useful for deep comprehension
of the dynamic of the media they model. To respond to this

* Corresponding author.
E-mail addresses: tamwo.robert@yahoo.fr (R.T. Tchidjo), tchokouansi@yahoo.fr
(H.T. Tchokouansi), et.felenou@gmail.com (E.T. Felenou), vkuetche@yahoo.fr (V.K.
Kuetche), tbouetou@yahoo.fr (T.B. Bouetou).
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0960-0779/© 2019 Published by Elsevier Ltd.

challenge, number of approaches have been proposed including
the Painlevé analysis 7], Hirota’s bilinearization [8-15], collective
coordinate theory [16], Riccati mapping method [17], Darboux
transformation [18,19], Backlund transformation [20] and inverse
scattering transform (IST) [21-23]. As far as we are concerned
with wave possessing vanishing tails, the IST method appears to
be one of the most important discovery in soliton theory. There
are number of nonlinear evolution equations that are integrable by
means of this technique, most of them being gathered in two prin-
cipal classes: the Ablowitz-Kaup-Newell-Segur (AKNS) systems
[24] and the Wadati Konno and Ichikawa (WKI) system [25] to
which belongs the Kraenkel-Manna-Merle (KMM) system, describ-
ing the propagation of magnetic field in ferromagnet with zero
conductivity.

The KMM-system has been investigated under some tractable
methods including the Hirota’s billinearization [26-30], inverse
scattering transform [31] and most recently, the generalized G'/G —
expansion method [32] and auxiliary equation method [33]. In each
of the cases, soliton solutions with loop-profile and singularity
have been constructed and studied in details.

In Ref. [26] the KMM-system has been generated while tak-
ing into account the Landau-Lifshitz-Gilbert damping at first or-
der. To our Knowledge, the contribution of this damping effect,
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characterized by a parameter s on the dynamic of magnetic waves
in ferrites has only been investigated via the phase portraits
analysis.

The object of the present work is to investigate analytically the
influence of the damping effects on the dynamic of short waves in
Ferrites and to confirm analytical results while proceeding to some
numerical simulations. Indeed, to carry out our gold, the mathe-
matical tool described by Konno [34] is used in Section 2 to deal
with the system under current interest. Since to our knowledge the
Lax-pairs of this system is unknown till now, we provide a system
of equations that is Lax integrable and that approximate in some
conditions which will be specify, the damped-KMM system. Under
these conditions, we provide analytical expression of the solutions
to the damped-KMM system which, to our knowledge, has not yet
been constructed in previous work. In Section 3, the numerical so-
lutions are used to confirm the consistency of the analytical solu-
tions. We end this work with a brief summary and perspective.

2. Soliton solution of the damped-KMM system

While investigating the propagation of short-waves in saturated
non-conductive ferromagnetic materials immersed in an external
field, Nguepjouo and coworkers [26,35]| have constructed from the
Maxwell’s system, the following nonlinear system

Pxt = DPqx — SDx. (1a)

Gx = —PPx. (1b)

where the Landau-Lifshitz-Gilbert equation [26,35-37] has been
taken into account and where the quantities p and ¢ represent
the magnetization density and the magnetic induction respectively.
The parameter s stands for the contribution of damping effects,
when subscripts t and x are partial derivatives which stand for the
time-like and space-like variables respectively. Kraenkel and coau-
thors [36], while neglecting damping effects (s = 0) have found
a link of the above system with the famous sine-Gordon equa-
tion which multi-solitons are well known. From this solutions,
the analytical expression of the KMM system has been provided.
The system (1a) has been investigated by many methods. In Refs.
[26,32,33,35,38] this has been investigated under many methods
and, apart from the results provided in Ref. [26] where the phase
portraits provide some information on the dynamics of magnetic
waves in ferrites, in all the other paper it has been difficult to give
explicit solution of the system (1a) in which involve the parameter
s different from zero, that will set it clear the influence of damping
effects on moving magnetic waves in ferrites.

Evaluating a zero-curvature formulation while restricting atten-
tion to the SL(2, R) symmetry [35], it has been shown that the sys-
tem (1a) is integrable under the condition (s = 0). This result has
been confirmed in Ref. [32] where rich soliton solutions have also
been provided under the same condition. Lax-pairs of the system
(1a) free of damping effects (s = 0) is given as

G= 1k (g "g)c, (22)
1/41A -p/2
b = ( p2 -1 /4:)\)5 : (2b)

In order to take into account the damping effects, we then pro-
pose phenomenologically a new system, that is close to Eq. (1a) as
follow

Pxt = P4x — SPx. (3a)

G = —a?ppx, o = exp(st), (3b)

with s#0. o can be developed in Taylor series near the initial time
as follow:
(st)?
3 S EREERER (4)
While considering very small values of st that correspond to ultra
fast processes assumption, o> may be restricted to the first order
as, a2 ~1. At this condition, the system Eq. (3) appears to be a
good approximation to the system Eq. (1a). To investigate analyti-
cally the influence of such a parameter on the dynamic of waves in
Ferrites, this equation will constitute our starting point along with
the approximation condition on «.

It is easy to show that the system Eq. (3) is completely inte-
grable via some tractable methods including prolongation struc-
tures analysis [39]. The proof of this integrability lies in its asso-
ciated Lax-pairs expression:

_ qx O Dx
Sx = M<apx _qx)g, (5a)

1/41h  —ap/2
St = (ap/Z —1/21%)9 (5b)

These Lax-pairs will constitute the starting point to the investi-
gation of the inverse scattering transform method. According to the
expressions of the above Lax-pairs, we suitably follow the scheme
described in Refs. [31,34].

It seems important talking about the scheme described by
Konno [34] that, it has been developed for the case where the Lax-
pairs are not explicit functions of independent variables. To solve
exactly the above system Eq. (3), it will then be important to de-
velop the Konno’s [34] scheme in order to derive the solutions of
nonlinear evolution equations for systems, which associated Lax-
pairs are explicit functions of independent variable. Since Eq. (3) is
not the one we are focussing our attention on, throughout this pa-
per, we will follow the Konno’s [34| scheme associated with the
approximation given in Eq. (4), restriction being made at the first
order, to derive solution of the system Eq. (1a) of our interest.

We first define associated Jost functions given as

exp(st) = 1+st+

- exp(—1Ax) 0 "
(9. ¢) - < 0 —exp(:kx)) as” X — —oo, (6)
and
- exp(—1Ax) 0 "
W, ¥) - ( 0 exp(th)) as” X — +oo. (7)

The functions ¢, ¢, and  being related by scattering coeffi-
cients as follows

6.6) = (V. w>(g _”d) (8)
where the data a, a, b, b verify

a b

b —a =" ®

Considering A to be complex-valued we have

G\ _ ( H5(0) Y1) _ (v (10)
$2(1) -1 ) Wy () —Yr) )

from which we one obtains

a(r) =a(A"), B(A) =b*(\*). (11)
For large A, asymptotic behavior of the Jost functions can be inves-
tigated under the boundary conditions

qx — 1

Py 0} as |x| — oo. (12)
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We define the quantity

¢ =exp (—IXx—s—/x 0 (X, l)dl), (13)

and substituting Eq. (13) into Eq. (5), we obtain

1 0\p
0[— 2|:(qx+1 _l)\->pxi|x,

O+ 0% —2100 — A% = %9 - lkpx(
X

(14a)

u) “ 2@ +ap?),
X X
(14b)

where it appears clearly that 6 is a conserved quantity. Let us now
expand 6 in power series of 1A as follows

6=> —, (15)
= )]

which, substituted in Eq. (14) yields

n+1

+1
Onx + Z 0i6n_j — 2071 — %gn + px(qxp )xan,fl

j=-1 X
= (@2 +a?px—1)8n 2. (16)
where &y =1 for u=v and &y = 0 for u#v. Infinite number of

conserved quantities can hence be generated, the first two of them
being given as follows

01 =1+/q% +a?p, (17a)
Dx 9—1 —Qx -1

By = . 17b

"= 30 —e_o( P ) (17b)

The asymptotic behaviors of the functions ¢, ¢, ¥, ¥ and a are
given as

1
¢ = ( qxﬂ/m) exp(—1Ax +1he_ +v_) +o(1/1), (18a)

ap)(

_ _ Gxra/gi e pg
¢ = apy exp(Ax —ike_ +v_) +0(1/1), (18b)
Gx+/ P3+02p}
= apx exp(iAx +1A€e; —vy) +0(1/1), (18c)
1
) 1
V= e exp(—1Ax —1he; —vy) +0o(1/A), (18d)
e
a=exp(re +v)+o(1/A), (18e)
where
X e}
e = / 6dl, e, :/ 6_dl. (19a)
—00 X
c=c te. :/ 0. .dl, (19b)
v = / fodl, v, :/ Bodl, (19¢)
—00 X
V=V, =[ fodll. (19d)

Following the procedure, we consider that px and gx have
compact support, that is, ¢exp[iA(x—e_)], ¢exp[—ir(x —e€_)],
Y exp[—1A(x +€4)], 1& exp[iA(x + €4)] and aexp(—1A€) can be ex-
pressed as functions of the eigenvalue A. Introducing the following

equations

3 dir’ 1 d1(M) ,
I= 7 =7 aohepcvo (@(}\’)) exp[ir (x—€-)]. - (20)

C being the contour in the complex A" plane, that goes from A" =
—o0 + 07, englobing all the zeros of a(A’) and ending at A’ = oo +
0+ for A" below C.

After all of this is settled, we pursue by deriving a system that
constitutes the heart of inverse scattering transform method. In-
deed, from Egs. (8) and (20) we derive:
= dA” (4 ()

c A=A \ya(d)

dr' bOV) (Y () ,
c A —xa(h) (%(A’)) explir (x+ €] (21)

which can be rewritten as follows

) exp[i\ (x + €,)] +

(22a)

o Px

Ligne = =217 (g; &;) exp[iX (x + €,)]

1
Liepe = —17T< Cx+m> exp(—vy),

1
+17t( qwm) exp(—v;)

o Px
dA' b)) (Y (M)
c A =xa) \v2(1)
We then deduce,
Y1 (X)) explid(x + €,)] = exp(-v)

1 dr' by, . ,
T Jew —Aa(x/)‘”l () explid (x +€,)]

(22b)

) exp[iX (x + €,)].

(23a)

oo +/q; +o2p;
Y20 explin (€] =~ MEEE
X

Y2 (L) explid (x + €,)].

exp(—vy)
1 dx" b(A)
2w Je A —Xa))

To derive solutions to the system of our interest, we need at
this point to introduce two functions g; and g, as follows

(23b)

v = / " Ag1 (%, 2) explid (2 + €. (1) — v, (¥)|dz. (24a)

Yo = expliA(x + €, (%)) — v (%)] (24b)

+ [ g2 Pl + € (0) - v (01dz,
X
g1 and g, verifying the condition
. g(x,2)\ _ (0O
Jim (gz(x, z)) = (o : (25)

Proceeding to some comparison between (24a) and (18) it comes

out that
Gx+V/GF + 0Py (26)
o Px '

It also comes straightforward, while combining Eqs. (23) and (24a),
the following system

g1(x.x) =

gixv)—yx+v) - /Oogz (x,2)y(z+v)dz =0, (27a)

& (x,v) — /oog1 x,2)y (z+1v)dz=0, (27b)
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provided x> v and where y and its derivative are expressed as fol-
lows

- 237, / T a ke 26,00} (252
, b(L)
az2 = 2171/ rdn EA) exp[id(z + 2€,.(x))]. (28b)

Eq. (27) is often referred to as the Gel'fand-Levitan equation,
which is the central equation that emerge from the direct scat-
tering and from which starts the inverse scattering procedure to
derive solutions of nonlinear evolution equation. The time depen-
dence of the scattering data is provided by Eq. (5) to be

a(r.t) = a(x,0), (29a)

b(A,t) = b(A, 0) exp(it/(21)). (29b)

A more simple expression of y(z) can be given when consid-
ering that the bound state of a(A) is restricted in the upper-half
plane and its zeros in this plane are simple. In this case, F(z) can
be expressed as

y@ = Y I explin 2+ 26. ()]
j J

+% /;oc Q(i’ D) explir(z -+ 2¢, ()], (30)
with
cj(t) = cojexp(it/2A;), (31a)
oA, t) =0(X,0)exp(it/21). (31b)

To solve the Gel'fand-Levitan Eq. (27), one foremost has to de-
termine y(z) to obtain g{(x, x), when the time dependent data
{p(A.0),A,¢;(0),Aj,j=1,---,N} are given and, as a result, multi
soliton solutions are derived from Eq. (26).

Looking for soliton solution to the above system (3), we restrict
our attention on discrete spectrum that is, we consider p(A,t) = 0.
Therefore, the expression of y becomes

N c;(t)
y(z.t) = Zﬁexp[—wj(z-y—ZeJ,)], (32)
=t
where we have set A; =1w;. To the resolution of the Gel'Fand-
Levitan equations being easier, we chose to express the Kernels
21(x, x) and gy(x, x) as follows

N
g1(x.2) = Y Rj(x) exp[-w;(x + 2+ 26, (x))], (33a)
j=1
N
2(x,2) = ZS]'(X) exp[—w;(x +z+ 2e,(x))], (33b)

j=1
with R; and S; being complex functions. The substitution of Egs.
(32) and (33) into Eq. (27), yields

N
Ry, — l:()—kk - +a)< exp[—2wj(x+€,)] = Kk (34a)
N
Si +1Cjw; E ot om exp[—2wm(x+€,)] =0 (34b)
Thus,
N
g1(x.X) =) Rjexp[—2w;(x + €,)]. (35)

j=1

From Eq. (26), we find that

apy = 281(X,x), (36a)
gy = 8 (x,x) — 1.
From Egs. (21) and (19

Jdu
W iR, 67

where we have chosen u=x+ €, (x,x). For g1, px and gx being
functions that depend on x + €, (x, x), this justifies the idea of us-
ing the variable u in replacement of x while investigating analytical
solutions to the system (3). Under this new variable u, p and g can
be rewritten as follows

(36b)
), we find the relation

d(ap) 2z (w)

ou  1+gw’ (383)
aq 2g% (u)
- T T g (380)
dey  gi(w)? (38¢)

ou 1+g2 )’
where g; (1) = g1(x, x). By integration of the previous two equa-
tions with respect to u, one obtains at order N, multi-soliton solu-
tions to the system (3).
For the case N = 1 corresponding to the one-soliton solution, it
is found that g; has the expression

ex 2wu
g = £ __SKp2en) (39)
w1 - 4w2 exp(—4owu)
By simply evaluating the integral of Eq. (38), it easily comes
_ ¢ exp(—2wu)
P=" T Kk (40a)
2
q=1u-— oK (40b)
1
€, = K’ (40c)
with
¢ = cpexp(—t/2w), (41a)
2
K=1- a2 exp(—4wu). (41b)
Eq. (40) can be rewritten as
p= WSech”(rp + ¢o), (42a)
1
q =u- —(tanh”(¢ + o) + 1), (42b)
1
g, = Z(tanh”(go + @) + 1), (42¢)
t
¢ = a)(u + 47)2), (42d)
(@
@o = _Za)ln (Za))’ (42e)

which is the one soliton solution to the system Eq. (3), the en-
velop moving at the velocity V = 1/(4w?). We recall that solu-
tion to Eq. (1a) is obtained when considering the approximation
a2 ~1. The amplitude of p is an exponential function of st which
guarantee the increasing or the decreasing amplitude of the wave
with time, depending on the values of s and t simultaneously. We
point out that when we consider s = 0, we recover the solution of
the original KMM-system, free of damping effect as given in Refs.
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Fig. 1. Propagation of one-soliton solution p to the KMM-system Eq. (1a) for s = 0 (solid line) and s = 20 (dashed line), with the eigenvalue @ = 1 at times t = 0, t = 0.0025
and t = 0.005 depicted versus x (panels (a;), (a;) and (a3)) and versus the Magnetization induction q (panels (b;) (b) and (bs)). One observe the influence of damping on

the amplitude of the left moving wave as predicted in Refs. [26].

[31,35]. It appears that for s>0 and while considering the ultra
fast process assumption characterized by Eq. (4), the wave propa-
gate conserving profile but not amplitude. Such a result has been
predicted in Ref. [38] under phase portraits analysis and obtained
experimentally in Ref. [40] and references therein.

3. Numerical simulations

In order to complete and confirm the results obtained analyt-
ically, we proceed to some numerical simulation. We use as base
equation the dissipative KMM-system Eq. (1a). To achieve this goal,
we use the finite difference method with initial conditions given
as:

B(x,0) = %sech”(Zwu + @), (43a)
C(x,0)=u-— ltanh”(Za)u +@o) — 1 (43b)
,0) = o Yo o
_ 1 ” 1
x(u,0) =u-— %tanh wu + ¢g) — % (43¢)

For the case of the original KMM-system free of damping effects
(characterized by s = 0), we present in Fig. 1 a result that is in ac-
cordance with the results obtained analytically in Refs. [31,35]. It is
observed clearly on this figure that numerical and analytical results
match perfectly, which proves that the above numerical simulation
carried out is good. We can then pursue with similar analysis while
considering damping effects.

We present in Fig. 2 the propagation of waves in magnetic slab
subjected to damping effects. For this aim, we present analytical
results and numerical simulations for the parameter s = 20 (which
we have chosen arbitrarily without lost of generality), of the Mag-
netic field p versus x and the magnetic field p versus the magne-
tization q. We observe also a good coincidence as for the case of
the system free of damping effects. The wave evolves with ampli-
tude that decreases with time due to the damping parameter s. It
appears clearly that the numerical analysis confirms the analytical
results discussed in the previous section.

On the regards of the above results, the parameter s, originated
from the Landau-Lifshitz-Gilbert damping, plays a role on the dy-
namic of magnetic waves in ferrites. This role is characterized by
the dissipation of energy during the motion of wave in ferrite ob-
served here on the amplitude of the wave that reduces as it moves.
Since the dissipative KMM-system Eq. (1a) has been derived under
the ultra fast and near adiabatic process assumption, the value of
the damping parameter s guarantee whether or not wave survive
in the ferrite. As observed analytically, for s> 0 if:

(i) s =0, we are in an ideal case where magnetic wave moves in
ferrite conserving it entire properties, profile and amplitude.

(ii) s is not great enough so that the amplitude of the wave dimin-
ishes with a rate p;,/p; > 0.5, the wave propagates in the ma-
terial and may disappear if the process is not fast enough. As il-
lustration, we have chosen s = 20 to make it clear the influence
of damping effects. But, experimental values of s is smaller than
20.

(iii) s— oo, the amplitude of the wave vanishes rapidly and the
wave can not propagate in such a medium.

As the damping effects often exist in real circumstances, we in-
vestigate the effect of the damping on the wave propagation in fer-
rites. In fact, in ferrite which is the case of our study, the damping
involves loss of energy from the macroscopic motion of the local
magnetization field by transfer of kinetic and potential energies to
microscopic thermal motion in the form of spin waves, lattice vi-
bration, and thermal excitations, among others [26]. On the other
hand, when the external magnetic field is not strong enough to
eliminate all domain walls, the domain structure plays a domi-
nant role in the damping and the local rate of energy loss vary by
large amount within a ferromagnet [37]. From where, controlling
the state of ferromagnet crystal describe by the magnetization vec-
tor stand to be fundamental in the understanding of the magnetic
storage process of the data elements. It’s clear that, magnetization
dissipation expressed in term of the Gilbert-damping parameter s,
is a key factor determining the performance of magnetic material
in a host of application.
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Fig. 2. Propagation of one-soliton solution p to the KMM-system Eq. (1a) for s = 0, with the eigenvalue w =1 at times t = 0, t = 0.0025 and t = 0.005 depicted versus x
(panels (a;), (a2) and (as)) and versus the Magnetization induction q (panels (b1) (b;) and (b3)). The analytical and numerical solutions that show a left moving wave, that

conserves its profile as predicted in Refs. [26,31].
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Fig. 3. Propagation of one-soliton solution p to the KMM-system Eq. (1a) for s = 20, with the eigenvalue n =1 at times t = 0, t = 0.0025 and t = 0.005 depicted versus x
(panels (ay), (az) and (as3)) and versus the Magnetization induction q (panels (b;) (b;) and (bs)). The analytical and numerical solutions showing a left moving wave, that

conserves its profile but not its amplitude as predicted in Ref. [26].

4. Conclusion

We paid attention on the dissipative KMM-system that de-
scribes the propagation of short-waves in magnetic insulators.
Since this equation has not been proven completely integrable and
solution has not been provided, we have proposed a nonlinear in-
tegrable system with associated Lax-pairs which, through an ap-
proximation that translate ultra fast process, one easily recover the
dissipative KMM-system of our interest. Investigating via the in-
verse scattering transform method the integrable system following
particularly the WKI-scheme, we have constructed, while consid-
ering an ultra fast process approximation, soliton solutions to the
dissipative KMM-system and have presented analytical expressions

in Eq. (42). This analytical expressions show that amplitude of the
wave is proportional to an exponential function that decreases as
time evolves. It then appears that the wave survive only if we are
on an ultra fast process. As illustration, we depict in Fig. 1 the
evolution of magnetic wave subjected to damping effects where
one observe that the amplitude of the wave decreases as time
evolves.

In order to confirm predictions of analytical results obtained
throughout this work, we have proceeded to some numerical sim-
ulations. We have followed indeed the finite difference method
and, as a result, we have depicted in Fig. 2 numerical and an-
alytical results showing the dynamic of magnetic wave in ideal
ferrite(free of damping effects). It appeared that analytical and
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numerical results match perfectly, showing that numerical analy-
sis has been well carried out. The results presented for the non
dissipative KMM-system is in accordance with results provided in
Refs. [31,35]. While considering s#0 and s> 0 the damping ef-
fect on the dynamic of magnetic wave appeared to behave very
similarly with the results obtained analytically. We have then de-
picted in Fig. 3 numerical solutions superposed on analytical solu-
tion and have observed that the solutions also coincide here. This
Fig. 3 shows that analytical results carried out previously in this
work is in accordance with predictions in Refs. [26,38,41,42]. The
damping parameter on the propagation of waves in ferrite acts just
on the amplitude of the waves during their motion and not on
the profile. such a conclusion is in accordance with experiments
as pointed out in Ref. [40]. A question then arises to know if there
are parameters that may act simultaneously on the profile and am-
plitude of the wave during it motion in ferrites. Discussing higher-
order terms in Landau-Lifshitz-Gilbert damping may help answer-
ing to such a question.

There are many nonlinear systems of physical implications that
deserve similar analysis both analytically and numerically. The case
of a more general KMM-system derived in Ref. [38], that include
damping effects and the inhomogeneous exchange process will be
of particular interest in the winding of this work. Going forward
while considering higher-dimensional systems, the case of Leblond
and Manna system [43,44| deserves many attention. These investi-
gation will constitute the matter of forthcoming papers.
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1. Introduction

Propagation of wave in nonlinear media appears to be one
of the most famous topic that has attracted attention of num-
ber of researchers [1-5]. Such a topic has been applied in a wide
variety of media including water [6-9], optical fibers [10-14], mag-
netic insulators [15-18], just to name these ones. Investigations of
propagation of wave in the previously mentioned media often con-
cern experimental observations and theoretical descriptions. Con-
cerning theoretical descriptions, it appears as an important part
investigations that often come after an experimental observation
and, when theoretical explanation is well carried out to generate
nonlinear evolution system to model the phenomenon observed,
it is possible to predict theoretically the behavior of the wave in
the medium of interest under some new hypothesis before return-
ing in laboratories to verify if the theoretical hypothesis are con-
firmed experimentally. Such an inter-dependance between exper-
iment and theoretical investigation make it clear the importance
of both in looking for more innovative technological devices. As
far as we are concerned throughout this paper with the propa-

* Corresponding author at: National Advanced School of Engineering, University
of Yaounde I, P.O. Box 8390, Cameroon.
E-mail addresses: tchokouansi@yahoo.fr (H.T. Tchokouansi),
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https://doi.org/10.1016/j.chaos.2019.01.032
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gation of short wave in ferrites, since the nonlinear system, de-
rived in Ref. [16] has been investigated intensively under some
tractable methods including Hirota’s bilinearization [17,19], inverse
scattering transform method [5,14,15] and some expansion func-
tions [20-23]. Beside this system, known in the literature as the
KMM system [24], a new nonlinear system has been derived in
Ref. [17] that takes into account the damping effects. Influence of
this damping effect has been investigated under the initial value
problem and, as a result, it appeared that for non zero damping,
energy of the wave decreases. Going further in investigating prop-
agation of short waves in real ferrites, the previously mentioned
system that takes into account damping, has been subjected to
amelioration while taking into account not only the damping ef-
fects, but also the inhomogeneous exchange effects in Ref. [25]. At
fixed value of the inhomogeneous term, initial value problem of
the new system has been investigated and, as a result, it appeared
that energy decreases as wave evolves. In Ref. [26] soliton solutions
of the inhomogeneous system have been constructed along with
associated energy densities. By fixing the value of the parameter
characterizing inhomogeneous exchange effects, it influence on the
parameters of the propagating wave in ferrites subjected to this
phenomenon is not clear. Such a question then constitutes the
main aim of our investigations.

Therefore, the present paper is organized as follows: in
Section 2, we construct new traveling wave solution to the inho-
mogeneous system of our interest using expansion of Jacobi elliptic
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functions. We discuss in Section 3 the influence of the inhomoge-
neous exchange effects on the traveling waves, we address some
physical implications and, we end this work with a brief conclu-
sion and perspectives.

2. Jacobi elliptic function method

To investigate solutions to nonlinear evolution equation, one of-
ten has recourse to expansion of known solution. It is in this idea
that for example in Ref. [27], G’/G-expansion method has been
used to construct solution to nonlinear evolution equation. We fol-
low a similar procedure while expanding elliptic functions to de-
rive solutions of the following system

Uyt — UVx = Plyy, (1a)

Uxe + Uty =0, (1b)

which describes the propagation of magnetic waves in ferrites, the
parameter p representing inhomogeneous parameter, u represents
the magnetic field and v represents magnetization. This system has
been derived from the Maxwell’s equations supplemented by the
Landau-Lifshitz-Gilbert equation [25] in which the damping effects
are neglected.

Jacobi elliptic functions, are periodic functions that properties
are in someway similar to the well known periodic functions. As
illustration, let us consider the following integral

X dt
R = /0 V1—t2Jy1—m2t2’ )

The sine elliptic function sn is defined as follows
sn(x,m) =R 1(x), 0<m=<1. (3)

Beside the sine elliptic function is defined, the other elliptic func-
tions satisfy the relations

cn?(x,m) =1 — sn?(x, m), (4a)

dn?(x, m) = 1 — m2sn?(x, m), (4b)

where cn is the cosine elliptic function while dn is the elliptic func-
tion of the third kind. The derivative of the above elliptic functions
can be expressed as follows Refs. [28-30]:

%sn(x) = cn(x)dn(x), (5a)
d

acn(x) = —sn(x)dn(x), (5b)
d _ 2

adn(x) = —m?sn(x)cn(x). (5¢)

Before proceeding to the determination of solution of the sys-
tem (1), it is necessary to introduce the variable transformation

1 = kx + ot + 1. (6)

Under this transformation, one replaces u(x, t) by u(n), v(x, t) by
v(n) and the system (1) is rewritten as follows

1
(@ —kp)uy, = apu — ﬂu3, (7a)

WUy = —Ully, (7b)

where qg is an integration constant. Under the new variable trans-
formation (6), we now look for solutions of the system (7) while
proceeding to elliptic function expansions.

2.1. Jacobi elliptic sine function method

Using the Jacobi elliptic function method, we set the ansatz as
a finite series of elliptic sine function as follows

N
u(n) = 3 pysni (). (8)

j=0

According to the homogeneous balance principle, ne know N = 1.
So we have

u(n) = po+ pisn(n). 9)
replacing Eq. (9) into Eq. (7) we obtain as a result

po=0, (10a)
p1 = E2my/wkp — w), (10b)
ap = (14+m?)(kp — ), (10c)
and the explicit form of the solution are given as follows
u(n) = £2my/w(kp — w)sn(n), (11a)
v(n) = (m* = 1) (kp — w)n +2(kp — @)E(n, m), (11b)
1
E(n,m) = / dnz(s)ds. (11¢)
0

where w, k and p are chosen in such a way that w(kp —w) > 0.
When m — 1, Eq. (11) reduces to

u(x, t) = +2\/w(kp — w)tanh(kx + wt + ngp), (12a)

v(x,t) = 2(kp — w)tanh(kx + wt + no). (12b)

From this Eq. (12), it is clear that while drawing u versus v, one
will obtain a straight line.

2.2. Jacobi elliptic cosine function method

After the sine elliptic function expansion, we can also set an
ansatz constituted of expansion of elliptic cosine function as fol-
low

N
u(n) =Y _qjcnl (n). (13)

j=0

As for the previous analysis, we restrict our attention to the first
order, that is

u(n) = qo+qicn(n). (14)
Replacing Eq. (14) into Eq. (7), one obtains

do =0, (15a)
g1 = £2my/w(@ - kp), (15b)
ag = (2m? = 1)(w — kp), (15¢)
solution being explicitly expressed as

u(n) = £2my/w(w — kp)cn(n), (16a)
v(n) = (@ —kp)n - 2(w — kp)E(n, m). (16b)

For m — 1, Eq. (16) reduces to
ux, t) = £2\/w(w — kp)sech(kx + wt + ng), (17a)

v(x, t)=(w — kp) (kx + wt + no)—2(w — kp)tanh(kx + wt + no).
(17b)
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2.3. Jacobi elliptic function of the third kind method

Similarly to the previous analysis, we set the following ansatz
that is an expansion of the elliptic function of the third kind as
follows

N

u(n) =y ridn’(n). (18)
j=0

Restriction made to the first order, u gives

u(n) = ro +ridn(n). (19)

By replacing restriction into Eq. (7), we obtain as a result

o = 0, (208)
r =12/ w(w-kp), (20b)
ap = (2 —m*)(w—kp), (20¢)
which help writing u and v in their explicit form

u(n) = +2\/w(w — kp)dn(n), (21a)
v(n) = (2 —m*)(w —kp)n — 2(w — kp)E(n, m). (21b)

For m — 1, Eq. (21) reduces to
u(x,t) = £2 /w(w — kp)sech(kx + wt + ny), (22a)

v(x, t)=(w — kp) (kx + wt + no)—2(w — kp)tanh(kx + wt + no).
(22b)

2.4. Jacobi elliptic function cs(n) method

We now proceed to the expansion of the cs(n) elliptic function
as follows

N
u(n) =Y _6cs’ (), (23)

j=0

where c¢s(n) = cn(n)/sn(n). Restriction to the first order allow us
to write

u(n) = o + 61cs(n). (24)

As for the previous cases, while inserting the previous Eq. (24) into
Eq. (7) one obtains

6o =0, (25a)
0, = £2\/w(w — kp), (25b)
ao = (2 - m*)(w — kp). (25¢)

and with the help of this parameters, the solutions are expressed
as follows

u®) = +2y/w(w —kp)cs(n), (26a)

v(n) = 2 — M) (@ — kp)n — 2(e — kp) / cs2(mdn.  (26b)
When m — 1, Eq. (26) reduces to

u(x,t) = £2\/w(w — kp)csch(kx + wt + 1g), (27a)

V(% E) = (@ — kp) (ke + @t + ) + 22— KP (27b)

tanh(kx + wt +ng)

2.5. Rational function solution

To determine algebraic solution to the system of our interest,
we set ag = 0. Multiplying Eq. (7) with u, one obtains

1
(@ = kp)uyly, = —%u,,u3, (28a)
WUy, = —Ully, (28b)
and by simple integration we obtain
JVolkp —w)
u(x,t) = izm, (29a)
w(kp — w)
=2—— = 2
vix.t) kx + wt + no Co. (29b)

which, when depicting u versus v with Cy = 0, one will obtain a
straight line as for limiting case obtained in Eq. (12). All the solu-
tions obtained above are new and deserve many attentions in in-
vestigating the influence of inhomogeneous exchange effect on the
dynamics of magnetic wave in ferrites. It is also important to point
out the fact that solutions given by Eqs. (12) and (29) are particular
because they are due to the presence of inhomogeneities, while the
other solutions can exist even in the absence of inhomogeneities.

3. Influence of the inhomogeneous exchange effects on the
dynamics of magnetic waves in ferrites

As pointed out before, the expansion of Jacobi elliptic functions
has allow to construct a series of nonlinear wave solution and pe-
riodic solution to the system (1). We now aim at using some of
these solutions to describe the propagation of magnetic waves in
inhomogeneous ferrites. The solutions that particularly retain our
attention are

ux, t) = £2/w(w — kp)sech(kx + wt + ng), (30a)
v(x,t) = (w —kp)(kx + wt + ng)
— 2(w — kp)tanh(kx + wt + ). (30b)

These solutions are different from the one obtained in Ref. [26],
where solutions are given under the form

u(x,t) = £2/ w/ksech(kx + wt + ng), (31a)

v(x,t) = x — (2/k)tanh(kx + wt + ). (31b)

Its comes clearly that to the expression given in Eq. (31) one
must add to x a time-like parameter. There is an information that
does not appears directly through this method, that is the disper-
sion relation. Such a relation is important to choose appropriately
the parameters k standing for wave number, and the parameter w
standing for frequency. But in Ref. [26], such a relation has been
given that from the Hirota’s bilinear scheme. From the results ob-
tained above, it is possible to derive this dispersion relation. In-
deed, let us recall the system of our interest:

1
—k = apl — —1>,
(w —kp)uy, = agu 20t
wVy, +uuy = 0.

By simple integration, the second of the above system can be
rewritten as follows

1
Vn = _%uz + do, (32)

where ag is the constant of integration. Using the solutions given
in Eq. (22), we easily obtain the relation

o —kp = ag. (33)
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Fig. 1. One-soliton solution u to the system (1), with the wave number k = 0.5, (a) p = 1 (dashed-dotted line), (b) p = —1 (dashed line) and (c) p = 0 (solid line) at times
t =0, depicted versus the magnetization v. One observes that, inhomogeneous term contribute by increasing the amplitude of the wave when p takes negative values, or
contribute by slowing down this amplitude when p is taken positive. One also observe that the parameter p also has a contribution on the maximum width of the loop
soliton I,, that increases or decreases as the amplitude of the wave increases or decreases. The hight h, at which this maximum width of the wave occurs is also subjected

to changes in the same way as maximum width.

Considering in particular that ag = 1/k, Eq. (33) becomes

ko —kp =1, (34)

which is the dispersion relation that has been obtained in Ref. [26].
We can choose arbitrarily without lost of generality w =1, to go
further with our analysis. Therefore, using this value of w, solution
provided in Eq. (22) can be rewritten as follows

u(x,t) =+2./1—kpsech(kx +t + no), (35a)

v(x,t) = (1 —kp)(kx +t+1n9) —2(1 — kp)tanh(kx +t + 1g).

(35b)

Deriving this solution with respect to n, one obtains
Uy =+/1- kpsinh(n)sechz(n), (36a)
vy = (1 —kp)(1 - 2sech’(n)). (36b)

From this system Eq. (36), it comes that u, is positive defi-
nite for n €] — 00, 0] and negative definite for n € [0, +oo[. It also
comes that v; =0 admits two solutions 1y and 7n,. Then, v, is
positive definite for n €] — oo, n1] U [n2, +oo[ and negative definite
for nelnq, nyl. It is then easy to conclude from the above analy-
sis that v admits two extrema and changes direction twice, while
in the same time u admits one extremum and changes direction
ones. Therefore, by depicting u versus v, one obtains a loop soliton
as presented in Fig. 1.

In Eq. (35), one observes clearly that the wave amplitude de-
pends on the inhomogeneous parameter p. To complete our anal-
ysis on the impact of the inhomogeneous term on the dynamics of
the wave, we define the parameter I, as the maximum width of
the wave and h, the hight at which it occurs (see Fig. 1). Then by
direct calculus, these parameters can be expressed as follows

lb=2(1- kp)(\@— ;arctanh(?)>, (37a)
hy = /2(1 — kp). (37b)

which allow the following discussion:

(i) By setting p =0 one obtains the solution of the system free
of inhomogeneous term. Such a solution has been provided in
Refs. [15,17,18,20,24]. under some tractable methods including
the Hirota’s billinearization method, inverse scattering trans-
form, expansion functions, just to name a few. This case then
constitutes the reference case that serves to evaluate the im-
pact of the inhomogeneous parameter on the dynamics of the
wave.

Choosing p to be negative (o <0), the amplitude of the wave

increases. The maximum width [, of the wave also increases

along with the height h, at which this maximum width occurs.

The inhomogeneous exchange effects act here by amplifying the

pulse in ferrites.

(iii) While selecting p to be positive valued (p > 0), the amplitude
of the wave decreases along with I, and h,. This means that,
inhomogeneous exchange effects contribute by reducing the
pulse profile in ferrite.

(ii

—

As illustration, we depict in Fig. 1 the loop-like soliton solution
of the system (1) for different values of the parameter p where
all the conclusions that have emerged in the above items, are
observed.

In fact, inhomogeneities known as deformations in a system,
can be due to external fields or to the presence of defects, voids
and gaps in the materials, and has a significant effect on the mag-
netization dynamics of the ferromagnet. The soliton responsible for
the localization is deformed by the presence of inhomogeneities
and in particular its structure. The presence of inhomogeneity de-
livers dissipation into the system which supports soliton excitation,
but can also inject energy into it.

4. Conclusion

Throughout this work, we have paid attention to a nonlinear
system describing the propagation of short-waves in ferrite, in
which inhomogeneous exchange effects have been taken into ac-
count. This system, namely (1), has been investigated under the
Hirota’s bilinear method [26] and multi-soliton solutions have been
provided, which are of loop types. The present work was devoted
first of all in constructing new solutions to the same system (1). In-
deed, the Jacobi elliptic functions method has been used and, as a
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result, number of new exact solutions have been derived which are
periodic functions. Their limiting cases have been provided where
the modulus of the Jacobi’s elliptic functions tend to one (m — 1).
These limiting case solutions appeared to be localized solutions.
One solution has particularly retain our attention, which is the one
given in Egs. (17) and (22) which, compare to the result obtained
in Ref. [26]. possess an addition term of time in the v solution.
The second step of this work was to investigate the influence of
inhomogeneous terms in ferrites. To achieve such a task, we have
used the solution given in Egs. (17) and (22). From this equation,
we have evaluated the maximum width of the loop wave and the
height at which it occurs. With their explicit expressions at hand,
it was possible to conclude on the influence of inhomogeneous ex-
change on the dynamics of the wave in ferrite. It appears that for
p negative, the amplitude of the wave increases along with the
maximum width [, and the height h, at which it occurs. When
p is taken positive, the opposite phenomenon is observed. It is
then clear that, under the light cone of the analysis made here
and the solutions obtained, there are two types of inhomogeneities
in ferrites that are represented with the values taken by p. One
cannot exclude the fact that in ferrite, the two types of inhomo-
geneities can appear periodically or can be randomly distributed.
In the periodical appearance of inhomogeneities, one may observe
a wave that moves while breathing due to the compensation be-
tween inhomogeneities such that the mean wave can move as if
there were no inhomogeneous exchange effects in the considered
material. For the case were the inhomogeneities appear randomly,
the wave moves while breathing irregularly in function of the type
of inhomogeneities encounter.

Further investigations on the contribution of such inhomoge-
neous exchange effects are needed to understand more deeply the
behavior of the wave in magnetic insulators. Jacobi elliptic function
are shown to be efficient method that can be handle to look for al-
ternative solution to nonlinear evolution systems. It will be used in
forthcoming papers to investigate solutions of nonlinear evolution
equations.
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ARTICLE INFO ABSTRACT

We investigate throughout this paper the contributions of the damping effects and inhomogeneous exchange on
the propagation of magnetic waves in ferrites. Indeed, we focus our attention on a nonlinear evolution system
derived by Kuetche and coworkers (2015 J. Magn. Magn. Mater. 374 1), that takes into account the contributions
that we aim at studying. We first proceed by some analytical analysis of the contribution of damping effects on
the solutions to the system of our interest and after, the contribution of the inhomogeneous exchange, to unearth
analytical expression of a solution that well approximates the above mentioned global system. It appears as a
result that contribution of damping reduces the amplitude of waves during its motion. We unearth two types of
inhomogeneities that effects act on the waves in different manner by increasing or decreasing the width of the
soliton in ferrites. For ferrites made of poly-crystals in which involves the two types of inhomogeneities ap-
pearing periodically, wave moving therein will breath as it moves and there must be a case in which the two
types of inhomogeneities can be combined in such a way to reduce their effects on the dynamics of the wave. We

Keywords:

Ferrites

Damping effects
Inhomogeneous exchange
Numerical simulations

confirm the validity of the analytical analysis carried out by proceeding to some numerical simulations.

1. Introduction

Waves can propagate in wide variety of media including fluids [1],
stretched ropes [2], optical fibers [3-6] magnetic materials [7,8] etc.
Propagation of waves in such media has attracted deep attention over
years, in view to explain some huge phenomena that occur in our daily
lives such as rogue waves in oceans [9,10], or because of technological
benefits. In these Investigations, researchers, interested in the dynamics
of waves in particular medium, often construct nonlinear equations that
model the dynamic of wave moving therein. It then appears in the lit-
erature a wide number of evolution equations that describe propagation
of waves in various media. As example, one may enumerate the Kor-
teweg-de Vries (KdV) equation [11] that models the dynamic of water
waves, the vector counterpart of the KdV-equation that describe evo-
lution of waves in multi-layer fluids [12,13], the nonlinear Schrodinger
equation [14] that models dynamic of waves in optical fibers, just to
name a few. The real need that comes out of these equations are their
solutions that are more expressive than the equations themselves.

* Corresponding author.

Therefore, the question of integrability is posed along with explicit
expressions of solutions. To carry out such a task, there are techniques
available in the literature that can be handled namely: The inverse
scattering transform (IST) method [14-19] that is useful when Lax pairs
to nonlinear evolution equation is provided. Beside the IST method, the
Hirota’s bilinearization [20-24] which stands as a more direct method
to investigate solutions to nonlinear evolution equations when the bi-
linear equation associated to nonlinear systems are provided. To find
such bilinear equation associated to nonlinear systems, one often make
use of the Painlevé analysis [25,26] that is also a technique that help
verifying if a system can be integrated or not before providing analy-
tical solutions.

Having solutions at hand, understanding of the behavior of waves in
considered media is possible and, some investigations may also be
carried out theoretically before going back in laboratories to test their
efficiency. In the case where, exact solution is difficult to be con-
structed, one may used the aforementioned methods to find solutions
that approximates very well the solution of the system under
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investigation and numerical method can be used to confirm results
obtained analytically. As far as we are concerned with a nonlinear
system describing the propagation of short waves in magnetic in-
sulators, Kraenkel, Manna and Merle [27] have derived a system known
as the KMM-system, that describes propagation of ultra short light
pulses in these media. Integrability of such a system has been fully
investigated from prolongations structure analysis [28], Hirota’s bili-
nearization [29,30], auxiliary equation method [31,34], Riccati method
[32], Jacobi elliptic function method [33] and inverse scattering
transform method [35,36]. Pursuing in the same analysis as Kraenkel,
Manna and Merle the investigation of the dynamics of waves in ferrites,
Nguepjouo and coworker [37] have derived a system that takes into
account the damping effects from the Landau-Lifshitz-Gilbert equation
[38,39]. Since this system has not been proven integrable, phase por-
traits analysis has been carried out to discuss the influence of such
damping effects on the wave. Going further Kuetche and coauthors [40]
have proposed a nonlinear system, that takes into account in-
homogeneous exchange along with damping effects. They have in-
vestigated phase portraits analysis, to predict the effects of the com-
bined effects on the dynamic of waves in ferrites. For the case of system
with the term standing for inhomogeneous exchange process, loop wave
has been constructed from Hirota’s bilinear method [41] where the
magnetic field has been constructed versus external magnetization. The
case of magnetic field versus position has not been investigated. The
comparison with the solutions to the KMM-system has not been in-
vestigated explicitly to know precisely the contribution of damping and
inhomogeneous exchange of the magnetic field in ferrites. These
questions constitute the main aim of our investigations. Thus, the pre-
sent paper is organized as follows: We present in Section 2 the solution
of the KMM-system that is free of damping and inhomogeneous ex-
change effects. We pursue in the same section by providing and ap-
proximated solution to the system taking into account only damping
effects, and also in this section we discuss solution to the system in
which involve only inhomogeneous exchange effects. We then deduce
and approximated analytical solution of the system taking into account
the combined effects of damping and inhomogeneous exchange. In
Section 3 we proceed to some numerical solution to complete the
analytical analysis made in Section 4. We discuss in Section 5 the results
obtained and we end this work with a brief conclusion and perspectives.

2. Analytical investigation of the solutions to KMM-system taking
into account inhomogeneous exchange and damping effects

2.1. The KMM-system

While investigating the propagation of short-waves in saturated
ferromagnetic materials with zero-conductivity in the presence of an
external field, Kraenkel and coauthors [27] have constructed the fol-
lowing nonlinear evolution system

By = BC, (1a)

Cx = —BBx, (1b)

from the Maxwell’s equations, where B is standing for the magnetic
field, when C is standing for the external magnetization. The subscripts
x and t denoting partial derivatives according to space-like and time-
like variables respectively. Integrability properties of such a system has
been investigated intensively under some framework including pro-
longation structure analysis, Hirota’s bilinearization [29], and inverse
scattering transform [35]. As a result, multi-soliton solutions have been
predicted and constructed, the expression of the one soliton solution
being given as:

_ ¢ exp(=2nh)
B - __27,
m T (2a)
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(2b)

€t

Tor (20)

where ¢, is an explicit function coming from a variable change con-
nected to x as: x = h — ¢, details of such a result being provided in Ref.
[35] where the full inverse scattering method has been helpful in
constructing such a result. The functions ¢ and T are given as follows

¢ = coexp(—t/2n), (3a)

2

T=1- 40—772exp(—477h). (3b)
The envelop moving left at the constant velocity v = 1/(45?). This so-
lution has been shown to be of loop-shape when depicting B versus C
[29,35] and of spike shape when depicting B versus x [35]. The solution
Eq. (2) will serve to discuss the contribution of additional terms that
occur in the system taking into account inhomogeneous exchange and
damping effects.

2.2. The KMM-system with damping effects

In the windings of Kraenkel, Manna and Merle ideas, Nguepjouo and
coworkers [37] have derived, while considering the Landau-Lifschitz-
Gilbert damping, the system

By = BC, — sBy, (4a)

Cy = —BBy, (4b)

where s is a constant parameter that translates the damping effects on
the dynamic of waves in ferrites. The initial value problem of this
equation has also been investigated in details by the same authors and,
as conclusion, it has appeared that the energy of the system decreases as
time evolves. But till now, analytical expression of the associated so-
lution has not been provided. It has not even been proven yet that this
equation is integrable or not. Paying attention of such a question of
integrability, we propose to investigate solution to a nonlinear system
from which, through and approximation one obtains the solutions to
the system Eq. (3). The system we are talking about is expressed as
follows:

B, = BC, — sB,, (5a)

Cy = —a’BB,, a = exp(st), (5b)

withs # 0.a can be developed in Taylor series near the initial point as
follows:

(st)?
T + ...... (6)

This equation Eq. (5) has the advantage to possess associated Lax-pairs:

exp(st) =1+ st +

_ 1/1( C. aBy )

%= an - cx v (7.’:1)
_(1/44 —aB/2

t7\aB/2 —1/41 )" (7b)

Following the inverse scattering transform method, while considering
a?~ 1, one easily obtains a solution to the system Eq. (4). This ap-
proximated solution is given as [36]

—st

B=2¢ sech(p + @),
n

(8a)

1
C =h — —(tanh(p + + 1),
ﬂ(an (% + @) ) (8b)
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Fig. 1. Propagation of one-soliton solution B to the system Eq. (4) for s = 0 (solid line) and s = 20 (dashed line), with the eigenvalue n = 1 at times ¢t = 0, ¢ = 0.0025
and ¢ = 0.005 depicted versus x (panels (a;), (a;) and (a3)) and versus the Magnetization induction C (panels (b;) (b,) and (b3)). The solid line (s = 0) is the wave
solution of the KMM-system Eq. (1) while the dashed line (s = 20) is standing for the approximated solution of Eq. (4). It is observed on this figure that damping acts
principally on the amplitude of the wave while its influence on the width is very low.

e = ——(tanh(p + ;) + 1),
2

(8c)
@ =27 (h + L)
an? ) (8d)
1 1Co
= _——In| X0,
P= T n(b?) (8e)

which moves at the velocity v = 1/(4n%). Observing solutions Eq. (8)
and the one given in Eq. (2), it appears that the damping effects con-
tributes on the dynamic of wave by decreasing its amplitude as wave
evolve. The shapes of the waves remaining the same as for the case of
wave solution to the KMM-system. Influence of such a parameter is
depicted in Fig. 1 where it is well observe that wave decreases as time
evolve. The impact of damping effects stands to act principally on the
amplitude of the wave. It also has an impact on the width of the wave
but, this impact on the width is too weak that it can be neglected, as
shown in Fig. 1, due to ultra fast process assumption occurring in ferrite
during re-magnetization. Since influence of damping effects has been
investigated, we then further discuss the influence of the in-
homogeneous exchange effects.

2.3. Inhomogeneous exchange influence on the propagation of waves in
ferrites

Known as deformations, inhomogeneity in general represents var-
iations of the physical interactions due to spatial distortion of the
crystal lattice [42,43]. It also represents the symmetry breaking or
disorder in crystal systems [44]. Inhomogeneities can occur in materials
due to external fields, presence of defects, vacuum or gaps. On the other
hand, inhomogeneity can also be the result of spin interactions. Indeed,
knowing that the magnetization is treated in terms of spin waves and
the Heisenberg model allows to directly treat a set of spins relative
interaction depends on the distance between the nearest neighbors
[45]. The usual picture of the two-magnon model is that in-
homogeneities introduce weak interactions between the spin-wave
modes that allow the energy of the uniform precession to leak into a
number of other modes, providing an effective damping of the uniform
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mode. Alternatively, the effect of the inhomogeneity may be regarded
as a mixing of the eigenmodes of the uniform film in a way that dis-
tributes the ferromagnetic resonance intensity over a number of ei-
genmodes, resulting in an ferromagnetic resonance peak composed of a
number of overlapping resonances [46,47]. In certain cases, due to
presence of imperfection, intra-sublattice interaction becomes com-
parable with intersublattice interaction. In such a situation disorder and
frustration takes place in the spin subsystem. Similarly, inhomogeneity
can also be simulated by the deliberate introduction of imperfections
(impurities or organic complexes) in the vicinity of a bond so as to alter
the electronic wave functions without causing appreciable lattice dis-
tortion [42,43]. These defects cause distortions in atomic shells and
induce deformation of the materials. Inhomogeneities affect sig-
nificantly the dynamics of magnetization of ferrites [43]. In order to
investigate the inhomogeneous exchange effects on the dynamic of
magnetic waves in ferrites, Kuetche and coworkers [40] have consider
the Landau-Lifschitz-Gilbert damping at higher order and have derived
the following system

By = BCx — SB; + QBxx) (93)

Cx = —BBy, (9b)

where B,, stands to translate the inhomogeneous exchange within fer-
rites. We first consider the case where the damping effects are neglected
(s = 0) to investigate the contribution of this inhomogeneous exchange
on the propagating wave only. Looking for solutions to such a nonlinear
system, Kuetche [41] has derived via Hirota’s bilinear method soliton
solutions and has depicted B versus C. We aim in this work at con-
structing in addition to B versus C, B versus x. Indeed, we consider that
solution to Eq. (9) can be written as follows

B = ksechy, (10a)
C = h — ptanhy, (10b)
x = h — rtanhy, (10c)
y = nh + mt, (10d)
the constant parameters k, n, m, p and r are to be determine. Introdu-

cing Eq. (10) into Eq. (9) we obtain the following system
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Fig. 2. Propagation of one-soliton solution B to the system Eq. (9) for ¢ = 0 (dashed line) and ¢ = 0.0625 solid line, with the eigenvalue 7 = 1, s = 0 at times
t =0, t =0.0025 and ¢ = 0.005 depicted versus x (panels (a;), (a;) and (a3)) and versus the Magnetization induction C (panels (b;) (b,) and (bs)). The dashed line
(¢ = 0) is the wave solution of the KMM-system Eq. (1) while the continuous line (¢ = 0.0625) is standing for exact one soliton solution of Eq. (9) for (s = 0). It is
observed on this figure that inhomogeneous effects act not on the amplitude, but on the width of the waves. For spike soliton the width of the wave decreases as
observed in panels (a;), (a;) and (a;) while the width of the loop soliton increases as observed on panels (b;) (b,) and (bs).

n¥ —mn+1=0, (11a)
np — 2nm = 0, (11b)
2mp — k? =0, (11¢)

The first of the above equation Eq. (11a) corresponds directly to the
dispersion relation provided in Ref.[41]. Solving this system, we obtain

k = +2m, (12a)
p=2m, (12b)
m+ Jm? — 4g
n= s
20 (12¢)
r= —29 s
m+ \Jm? — 4g 12d)

with m? — 4¢ > 0. Considering propagation of waves in ferrites without
any inhomogeneous exchange processes, one has to set ¢ = 0 before
solving Eq. (9). As a result, one recovers the solutions obtained for the
case of KMM-system.

2.3.1. Case of m* —4¢ =0
Explicit expression of the analytical solution of the system Eq. (9) is
written as

B= lsechy,
7 (13a)
1
C = h — —tanhy,
Ui (13b)
1
X = h — —tanhy,
4n (13¢)
= aph+ =
YEERT 13d)
()
an)’ (13e)

where we have replaced m by 1/25 for convenience and have chosen

e=(%
one-soriiton solution to the system Eq. (9) that allows us to depict B vs C
as in Ref.[41] and B versus x. To discuss the contribution of the para-
meter ¢ on the dynamic of the waves, we evaluate bandwidth at half
height of the wave, the maximum width of the loop wave and the height
at which this maximum width occurs. Indeed we define the quantities
Lo and L, as the maximum width of loop solitons, H, and H, the height
at which it occurs and the quantities I, and [, the width at half max-
imum height of the wave when ¢ = 0 and when ¢ # 0. It appears that

2
) for simplification in the analysis. Eq. (13) stands for exact

1 1 J3
L, = —| /3 — =arctanh| — ||,
¢ n[ 2 ( 2 )) (14a)
Lo = l[ﬁ - arctanh(ﬁ)),
n 2 (14b)
1
= —(l -
I po @In2 + V3) — V3), (149
1
= —(l -
lo o @In2 + J/3) - V3), (14d)
H= L,
1 (14e)
Hy = ﬁ,
2n (14f)

From these expressions it is shown clearly that A = L, — L, > 0 and
8 = l, — Iy < 0. The influence of inhomogeneous exchange within fer-
rites begin to give some ideas since for the same amplitude, the addi-
tional dispersive term increase the maximum width of the loop soliton
while the bandwidth at half maximum height of the spike wave de-
creases as presented in Figs. 2 and 3, comforted with expressions given
in Eq. (14). To investigate more deeply the influence of inhomogeneous
exchange effects on the dynamics of magnetic waves in ferrites, further
investigations are needed while considering the case where
m? — 49 > 0.
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Fig. 3. Propagation of one-soliton solution B to the system Eq. (9) for s = 0, with the eigenvalue n = 1, ¢ = 0.0625 at times t = 0, depicted versus x and versus C
(panels (a;), (a;)) and the one-soliton solution B to the KMM-system Eq. (1) versus x and versus C (panels (b,), (b,)). The parameters [, and [; stand for the width at half
maximum height, Ly and L stand for the maximum width of the loop solitons, Hy and H, represent the magnitude at which the width of the loops solitons are
maximal and A, and A, represent the magnitude at which the cross over occurs.

Investigating solutions to the system Eq. (9), since it is not proven
integrable, it is possible to find a solution that, under some approx-
imation, verify Eq. (9). On the regards of the above solutions provided
for s=0,¢9 # 0 given in Eq. (13) and the solution obtained for
s # 0, ¢ =0, we deduce an approximated solution to Eq. (9), written
as follow

—st

B= ¢ sechy,
Ui (15a)
1
C = h — —tanhy,
Ul (15b)
1
Xx = h — —tanhy,
a7 (15¢)
=agh+ -
vEST o (15d)
(5]
an)’ (15€)

provided st is very small that e=>! ~ 1. This consideration is in ac-
cordance with the ultra fast processes in ferrites which practically can
be refer to data inputs which undergo some fast re-magnetization
process within magnetic memory devices [41].

2.3.2. Case of m*> — 4¢ > 0
In this case, while considering the system free of damping effects,
Eq. (13) takes the following expression

B= lsechy,
7 (16a)
1
C = h — —tanhy,
7 (16b)
4ng
x=h—- ————=——tanhy,
1+ €41-16n% (16¢)

386

1+e,/1—16n29h+ t

Y= —
4ne

2y’ (16d)

which alow construction of magnetic waves with arbitrarily chosen non

zero ¢. Similarly to the previous analysis, at t = 0 we evaluate H,, [, and
L, to be expressed as follows

40

H= |
f \/1+e

JI = 16n%

4nQ
————=0In2 +3) - V3),
1+ e.1—16n%
2 - %0 + € 1 — 16n%

\/ 1+ e1-16n%

7
8ne

1+ e.1-16n%

(17a)

Iy =
(17b)

0 =

11— 4% + € 1 — 16n%
arctanh
\/ 1+ e./1-16n%

(17¢)

where € = +1. According to the parameter €, we observe different be-
havior for the same value of ¢. Then, the parameter € characterizes two
types of inhomogeneities that can occur in ferrite having different ef-
fects on the parameter of the wave. Such information is illustrated in
Fig. 4 and confirmed in Fig. 5. When considering the case with s > 0,
one obtains

—st

B= € sechy,
Ui (18a)
1
C = h — —tanhy,
7 (18b)
4ne
x=h—- —————=——tanhy,
1+¢e1-16r% (18¢)
_ 1+e,/1—161729h+ t
v = ane 2’ (18d)

which approaches the solution of the system Eq. (9) under the ultra fast
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Fig. 4. Evolution of height H, at which maximum width of loop occurs versus ¢ (panel a;), evolution of the width L, versus ¢ (panel a,) and variation of width at half

maximum [; versus ¢ (panel a;) For different values of €.

process assumption. Under this approximation, the values of L, [, and
H, do not vary significantly. Such a result is in accordance with the one
obtained in Ref.[48] for YIG film. It appears that the damping effects
are not only characteristic of the properties of the material, but must
have something to do also with some parameters of the wave itself Ref.
[43]. To bring further information about the contribution of damping
effects and inhomogeneous exchange processes on the dynamics of
waves in ferrites we provide the following equation

0=0.0624

— — —0=0.06

-1 -0.5 0 0.5 1

) _
1+ € 1 —16n% 1 —sech?y
E=— 2sn + 4/1 — sech?y)sech?
167;49 l—sechzy ( n }’) 4

1 sech?y 1+ € {1 - 16n% 2
— — Qe h
473 1 —sech?y N 4ne sechty

1 (1+e V'l—lénzg

2
— — 2 2
p y ) (1 — sech?y)sech?y,

19

which stands for the energy density of the moving wave given in Eq.
(18). In all of the cases € = 1 or € = —1 this energy density E decreases
as x increases and, when ¢ increases, energy density decreases fore = 1
and increases for e = —1. Presence of inhomogeneities cause dissipation
in the system exciting the soliton or can also bring in energy. We depict

-1 -0.5 0 0.5 1
C

Fig. 5. One-soliton solution of the system Eq. (9). For the case € = +1 (panels a; and a,) one observe that H, and L, decrease as ¢ increase for the loop (panel a,) while
the bandwidth increase as ¢ increase for the spike (panels a;). When € = —1 the previous process reverse (panels b; and b,).
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in Fig. 4 the evolution of height H, versus ¢ alongside with the evolution
of the width of the spike [, versus ¢. This figures show that according to
the parameter € these quantities behave in the same manner, increasing
when € = +1 and decreasing when € = —1. This result is coherent with
the result obtained in Eq. (16) and depicted in Fig. 4 for different values
of ¢. For € = +1 it appears clearly that L, decreases as ¢ increases and
for e = —1 L, increases as ¢ increases. It was not evident to provide
analytical expression of A,. Meanwhile, it appears in Fig. 5 that A,
increases as ¢ increases for € = 1 and A, decreases as ¢ increases for
€ =—1.

Now that we have investigated analytically the solution of the
system Eq. (9), and have constructed its solution without damping ef-
fects and, have also constructed approximated solution while con-
sidering zero inhomogeneous exchange effects under the ultra-fast
process assumption, it is thus important to verify if this solution can be
confirmed numerically.

3. Numerical simulations

Investigating solutions to nonlinear evolution equations, one often
derive when possible exact analytical solutions when equation is proven
integrable. When on the contrary it appears difficult to solve exactly the
nonlinear system under interest, it sometimes appears that approxi-
mated solutions can be derived and, in this case, further investigations
are necessary. As far as we are concerned with inhomogeneous ex-
change within ferrite, we found it difficult to solve exactly the nonlinear
system Eq. (9), but we have been able to propose a solution that ap-
proximates the solutions to the aforementioned system under a condi-
tion that translate ultra fast processes in ferrites. We now pursue with
numerical investigations to confirm the results that have come out from
analytical investigations. Indeed, we use the finite difference method
with initial conditions given as:

B(x, 0) = “sech(2nh + @),
"

(20a)
1
C(x, 0) = h — —tanh(2nh + s
(x, 0) ” (2nh + ¢,) (20b)
1
x(h, 0) = h — —tanh(2nh + .
(h, 0) g (2nh + ¢,) 200

We present in Fig. 7 the evolution of loop and spike soliton, solutions of
Eq. (9). On this figure, it appears that numerical simulation and ana-
lytical results are matching very well. Such a result confirms the in-
vestigations carried out in the previous section. Then, going forward in
the windings of the previous analysis, we discuss numerically the case
where the damping effect is taken into account (s # 0). We depict in
Fig. 7 the solution of the system Eq. (9) in which one observe that once
more, analytical and numerical simulations are matching. It appears
that the combined effects of damping an inhomogeneous exchange
contributions on the dynamics of the wave are: decreasing the ampli-
tude of the wave, increase the width of the loop wave and decrease the
bandwidth at half maximum amplitude of the wave.
The numerical simulations then confirm the analytical result.

4. Discussion of the results

We have investigated the influence of inhomogeneous exchange and
damping effects on the dynamics of wave in ferrites. Indeed, we have
constructed analytical solution of the system Eq. (9) that model the
dynamics of such waves in which involve parameters s and ¢ that model
damping and inhomogeneous exchange respectively. As a result, the
following conclusions have risen out.

(i) For the case where ¢ = 0, we observe that for s > 0, the damping
effects act on the wave which decrease as time evolve. The
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bandwidth not changing significantly in the case of ultra fast process
assumption as observed in Fig. 1. Such a result has been predicted
and obtained in Ref.[48] and references therein.
(ii) When considering the inhomogeneous exchange only (¢ # 0), it
appears that two cases came out according to a parameter € that
takes two different values which are € = +1 and € = —1. The para-
meters that help characterizing these inhomogeneous exchange ef-
fects being the maximum width of the loop wave L, the height H, at
which this maximum width occurs and the width [, at half maximum
as provided in Fig. 3.
* When € = +1 it has appeared that the maximum width L, of the
loop soliton decreases as ¢ increases and the height H, at which its
occurs increases as ¢ increases. As illustration we have depicted in
Fig. 4 (dashed line) and in Fig. 5 (panels (a;) and (a;)) the evo-
lution of H, and L, versus ¢. For the spike soliton solution that are
originated from the depiction of B versus x, one has observed
reverse processes where the width at half maximum [, increase as
¢ increases as depicted Fig. 4 (panels (a3)).
* When € = —1 One observe a reverse process that is, L, increases
while H, decreases as ¢ increases, while [, decreases as ¢ increases
as observed in Figs. 4 and 5. In both cases (¢ = +1 and € = —1),
energy densities have been provided in Eq. (19) and depicted in
Fig. 6 for two different values of ¢, which complete and confirm
the previous results. All the behaviors described here are simply
due to the type of inhomogeneity present in the ferrite.
(iii) When considering the combined effects of damping an in-
homogeneous exchange process within ferrites, the evolution of
waves are subjected to loss of energy with time, characterized by the
decreasing of the wave amplitude and, according to the value taken
by € the bandwidth of the wave increase or decrease with ¢.
(iv) Further investigations have been carried out to confirm the
above analytical results. Indeed we have proceeded to some nu-
merical simulations. We have followed the finite difference method
and, as a result, it has come out that the analytical and numerical
simulations are matching very well. We have depicted in Fig. 7 the
analytical and numerical results where the combined effects of
damping and inhomogeneous exchange have been taken into ac-
count.

In ferrites made of polycrystal, inhomogeneous exchange process and
damping effects must be taken into account when investigating the
propagation of wave in such media. The system Eq. (9) thus respond to
this demand. Investigating the solution of such equation, it appears that
two different types of inhomogeneities occur that increase or decrease
the width of the wave according to the parameter that characterizes the
inhomogeneity. One can also think about ferrites that combine the two
different types of inhomogeneities that come periodically. Therefore
combined effects will occur that is, width of the wave will increase and
decrease alternatively and one will observe a sort of wave that breath as
time evolves. Another scenario can occur that is, the combined types of
inhomogeneities in the same material may help in reducing the effects
of inhomogeneous exchange within ferrite which will result to a stable
profile that is near to the result of KMM-system, that does not takes into
consideration these combined effects.

5. Conclusion

Throughout this work, we have investigated propagation of waves
in ferrites subjected to influence of damping and inhomogeneous ex-
change effects. Indeed, we have considered the KMM-system that ap-
pears to describe propagation of wave in ferrites free of damping and
inhomogeneous exchanges. We have recalled the analytical solutions
obtained for the previous equation and used the associated one-soliton
for comparison purpose. Aiming at investigating the influence of
damping effects in the dynamic of waves in such a medium we have
derived a solution that, under some approximation (approximation that
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Fig. 6. Energy densities Eq. (19) depicted for the case € = +1 (panels a;) where one observes that energy density increases when ¢ increases. For the case e = —1
(panels a,) a reverse process is observed where energy density decrease when ¢ increases. Such a result complete and confirms the one presented in Fig. 4.

approves the ultra-fast process assumption) verify the system Eq. (4). As
a result, it appears that damping has as effect to decrease the amplitude
of the wave as it evolves. Pursuing our analysis, we have discussed the
case of inhomogeneous exchange effects and have proposed analytical
one soliton solution to the system Eq. (9) where damping effects are
neglected (s = 0). It appeared as a result that, for a leading case verified
by ¢, inhomogeneous exchange parameter acts on the wave by reducing
it bandwidth for the case of B versus x, or increasing the maximum
width of the loop soliton for B depicted versus C. The amplitude of the
wave and its shape are conserved in this case. In regards to the previous
solutions, we have proposed an approximated solution to the system Eq.
(9) that takes into account the combined effects of damping and in-
homogeneous exchange. Going over the leading case verified by ¢, we
have investigated the influence of the inhomogeneous exchange process

1 Numeric (Cll)
— — — Analytic
057
0
-4 -2 0 2
1 (az)
& 0.5
0
-28 -26 -24 -22
1 (as)
057
0 ;
-52 -50 -48 -46
€T

in ferrites of different homogeneities. Indeed, we constructed solution
of Eq. (9) without damping, that is expressed explicitly as function of ¢.
Then, through this solution, we have characterized the wave moving in
such medium while evaluating the maximum width of the loop soliton
L,, the height H, at which it occurs and, for the spike soliton we have
evaluated the width at half maximum of the wave [,. It has appeared as
a result that, according to a parameter €, l,, the height H, decrease as ¢
increases when in the same time L, increases (¢ = —1). A reverse pro-
cess has been obtained for the case (¢ = +1). We have illustrated the
different situations in Figs. 4 and 5. To complete these analysis, we have
provided the energy densities for both cases of € in Eq. (19) and de-
picted these energies in Fig. 6 where for two different values of ¢ one
observe in each case how energy is influenced by inhomogeneity.
From the results obtained throughout this work, it has appeared two

(br)

-2

0

-52 -50 -48 -46

C

Fig. 7. Propagation of one-soliton solution B to the system Eq. (9) for s = 20, with the eigenvalue n = 1, ¢ = 0.0625 at times t = 0, ¢t = 0.0025 and ¢ = 0.005 depicted
versus x (panels (@), (a;) and (a3)) and versus the Magnetization induction C (panels (b;) (b,) and (b;)). One observes that, for the combine effects of damping and

inhomogeneous exchange, analytical and numerical solutions match.

389



R.T. Tchidjo, et al.

types of inhomogeneities that can be recognized by their effects on the
waves. These effects consisting of increasing or decreasing the width of
the waves as it moves. Each effect will then be observed in ferrites made
of one crystal with particular inhomogeneity. But one may think about
poly crystals in which the two different types of inhomogeneities are
structured periodically, then one will observe increasing and decreasing
of width of the wave leading to a sort of wave that breath as it evolve.
One may also think about reducing the effects of inhomogeneous ex-
change within ferrite by introducing the two types of inhomogeneities
so that the effect of these two types of inhomogeneities will compensate
each order. In this case, the mean wave will evolve as if there is no
inhomogeneity in the medium as described by the KMM-system.

To further investigate the analytical results obtained, we have
proceeded to some numerical simulations. We have followed indeed the
finite difference method. Conclusion that appeared at the end of such
analysis is that: numerical and analytical results are matching very well.
Ilustration is given in Fig. 7, where we have depicted analytical solu-
tion Eq. (18) and numerical solution obtained under the initial condi-
tions provided in Eq. (20). This result sustains the analytical results
obtained in Section 2. Now that numerical simulations have been car-
ried out along with analytical results that are not in contradiction, the
further investigation should consist of experimental investigations.
Such question remains open.

We have obtained in this work solutions that are loop-shaped for the
case of magnetic field depicted against the magnetization. We have not
heard as far as we are concerned with such a loop-soliton that it has
been obtained experimentally. It seems then judicious to look for al-
ternative model equations which solution may be single-valued. Such
systems may help understanding very deeply the dynamic of waves in
magnetic materials, and one will have as advantage that single valued
solutions have been obtained experimentally. Such an approach has
recently been carried out in Ref. [43] where a modified KdV equation
has been shown to describe propagation of short-waves in ferrites.
Breathers as solutions have been constructed. Similar investigations can
be made under some different conditions and one may obtain novel
equation that, we are sure, will be helpful in describing the propagation
of single-valued short waves in inhomogeneous ferrites. There are in the
literature so many equations of physical implication that have not been
proven integrable and there are poor knowledge on the analytical de-
scription of the dynamics of their wave solutions. One of such example
is the vector short pulse equation describing the propagation of ultra
short waves in optical fibers [49]. Such systems deserve deep in-
vestigation both analytically and numerically. These problems will
constitute the matter of future investigations.
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