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specialist in cardiology, for her appreciations, corrections and most valuable ex-

changes and advice. Thanks a lot.

• Dr MBA Sébastien of the General Hospital of Yaoundé, for his teaching on
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tial, late MEBOUSIMOTAGNE Alida, KININSIMO Josiane, TANI Chris-

tian Brel with their full love

• The families TADJOMFAIN, SOUOP KAMTO, TEMI TEKAMDJO, TADO,

TASUKAM, KAMOGNE Gabriel, TAFEN Maurice, SIMO Emmanuel,
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Abstract



In this work a preliminary study is performed in order to propose a new approach

to tackle the increasing demand of heart transplant by the use of artificial heart. One

solution is developed taking as basis a ferromagnetic blade fixed on a spring and subjected

to an electromagnet under variable current. Two derivations of the device are done to

obtain left ventricular assist device and biventricular assist device, known respectively in

the literature as partial artificial heart and total artificial heart since the pumping func-

tion is performed mainly by the ventricles. As results, both devices exhibit subharmonic

oscillations that can be used to pump blood and present an intrinsic instability; an ef-

ficient approach to control the instability is presented. Furthermore, the interest of the

device is based on translation movement allowing the pumping function in all directions;

blood flow frequency servo-control to adapt pumping function of the left ventricular assist

device to body needs; unstationary flow induced by blood flow frequency servo-control

and the possibility to obtain heartbeat like pumping function with induced bursting in

the pump.

Keywords: Ferromagnetic mass; Electromagnet; Bursting oscillations; Pull-

in; frequency servo-control; Artificial heart; Biventricular assist device; Left

ventricular assist device.
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Résumé



Dans ce travail, une nouvelle approche pour juguler la demande croissante de trans-

plantation cardiaque par l’utilisation de cœur artificiel est proposée. Une solution est

développée en prenant comme base une lame ferromagnétique fixée à un ressort et soumis

à un électroaimant sous courant variable. Deux déclinaisons du dispositif sont faites

pour obtenir une assistance du ventricule gauche et une double assistance des ventricules

respectivement connus dans la littérature comme cœur artificiel partiel et cœur artifi-

ciel total, eu égard de la fonction de pompage principalement jouée par les ventricules.

Comme résultats, les dispositifs montrent des oscillations sous-harmoniques qui peuvent

être utilisées pour pomper du sang et présentent une instabilité intrinsèque; une approche

efficace de contrôle de l’instabilité est présentée. De plus, l’intérêt du dispositif est basé

sur le mouvement de translation permettant la fonction de pompage dans toutes les direc-

tions; l’asservissement à la fréquence cardiaque de l’assistance ventriculaire gauche pour

adapter la fonction de pompage aux besoins de l’organisme; l’écoulement instationnaire

induit par l’asservissement à la fréquence cardiaque et la possibilité d’obtenir un pompage

semblable au battement du cœur.

Mots clés: Masse ferromagnétique; Électroaimant; oscillations de bouffées;

Pull-in; asservissement de fréquence; cœur artificiel; Dispositif d’assistance

biventriculaire; Dispositif d’assistance ventriculaire gauche.
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General Introduction



Organs are parts of living organisms specialized in a particular biological function within

the organism and made of different tissues. They are well described by their physiological

and anatomical study. During their life, interactions with neighbouring organs, environ-

ment effects or genetic disorders can lead to failures in such a way that they should be

replaced when they could not be treated. In this case the patient needs a new organ,

therefore biological organ or artificial organ can be used.

Biological organs transplants are studied as the natural solution when facing a severe

organ failure. Transplants are performed taking into account factors like age, diseases so

that some patient can be excluded from the transplantation waiting list getting longer

with only few relieved [1]. As they are also living structures, transplants are very sensitive

and subjected to rejection in their new environment according to their origins. To face

the increasing need for transplant, cross species transplant can be performed, sometimes

with genetic modifications leading to transgenic bodies [1, 2].

Due to the high and increasing demand of same species transplants, researches on

transgenic manipulation, coupled with technical, ethic, moral and religious issues, genetic

incompatibilities between donor and receiver, side effects of complementary medication,

organized crime associated with human organs traffic are taking more importance so that

one consensus solution could be artificial organs [2–4].

As the research in artificial organs cover a wide range of organs, in this thesis we focus

on artificial heart and cardiac assist device, following the fact that cardiovascular diseases

are the main causes of death in the world [5, 6]. This choice is also done because it is

another step of the global work on the cardiovascular system already started by the study

of arterial endoprosthesis carried out in the team [7–9]. Indeed, as an artificial heart can

be view as a mechanical pump, a lot has to be done to increase the beneficence of what

has been done in artificial heart research [2, 3].

An artificial heart is a device that can pump blood throughout the body as biological

heart can do. In the literature, due to the pumping action of the ventricles, the study

of the dynamical behaviour of artificial heart is dominated by that of artificial ventricles

so that artificial ventricle is called artificial heart, despite the fact that other parameters

such as artificial valves need to be included. Therefore artificial heart in this thesis is

equivalent to artificial ventricle. Research on artificial heart has been carried out since

1927 with Charles Lindbergh and Alexis Carel as precursors who developed the Heart-

Lung machine [10] with many advances and some misfortunes. Studies on artificial heart

have been done in the literature, following well defined and non exhaustive specifications

[11]. Some of their major issues based on their types are infections, the size reducing

patient mobility in case of external device such as pneumatic pump; the effects of blood

1



stagnation, thrombus, axis problems, gyroscopic effects in case of centrifugal rotative

pumps; high speed, hemolysis, poor flow, increased wear, axis problems in case of axial

rotative pumps [3]. Both pumps types have to be optimized to increase duty life, survival

and life comfort especially adaptation to body needs.

We are interested by a preliminary study of a new artificial heart and related cardiac

assist devices especially, to develop a model of artificial heart according to recognized

specifications and optimization needs, taking into account the effects of natural or ex-

ternal pacing, nerves stimulation, followed by a theoretical study of the model, some

experimental works and some prospects for a more beneficent artificial heart.

Considering the specifications of the NHLBI [10, 11] and the limitation of the devices

available by now [3], the major issues are to:

• Reduce thrombosis which are stationary clots in blood vessels, more observable with

stationary or regular flow which are favourable to platelets deposits [12]

• Reduce hemolysis observable with high speed blood flow due to increased shear

• Allow the functioning in all orientations

• Allow the adaptation to body needs

• Reduce wear that reduce the lifetime and increase generated heat

• Increase device lifetime and beneficence

• Imitate at the best the natural heart.

In this sense, even much has been done in the research on artificial heart with

recent breakthrough; we attempt to solve the following problems:

• Find a new approach of artificial heart which allows to have a closer

pumping function as the native heart, especially obtain a device charac-

terized by a pulsatile flow, the ability to work in all directions, a reduced

energy consumption, a reduced wear, the possibility to adapt the flow to

body needs and possessing an extended duty life

• Use mathematical and numerical tools to access the behaviour of the

device and analyse the influence of external factors on it

• Realize an example of device needed to achieve pumping adaptation to

native pacemaker in case of CAD or artificial pacing and nerve control

in case of TAH.

2



So, the thesis is structured as follows:

• The first chapter of this research work focuses on the generalities on biological

organs, general points on artificial organs, generalities on artificial heart and cardiac

assist devices with the drawbacks observed in the available types

• Secondly, the tools and methods used for proposed devices analysis are presented in

the second chapter

• Thirdly, our results are presented in chapter three. They are of three types: the

proposition of monoventricular CAD and biventricular CAD with their modelling;

the results from mathematical and numerical studies and then experimental real-

ization. These results are presented in two main parts. In the first part, a CAD

without and with servo-control to the body needs is proposed, followed by a math-

ematical modelling of its dynamics. The mathematical and numerical results are

presented and discussed. Then a realization of an artificial electronic self-sustained

power generator is done and the experimental results are shown. The second part of

the results chapter is the proposition of a biventricular CAD, which is also modelled

and the analytical and numerical results are presented.

• We end this thesis with a summary of the principal results after which perspectives

for future investigations are given.
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Chapter I

Literature Review



I-1- Introduction

Organs are recognizable by their functions and can be arranged in functional groups.

As examples the lung is an organ of the respiratory system, the stomach an organ of the

digestive system and both are parts of a functional group within the human body [12]. In

order to contribute to the study of artificial organ, especially to the study of an artificial

organ such as an artificial heart, we should pay attention on the different biological organs

which can be replaced by an artificial device, on how artificial organ are built and on how

artificial heart are implemented in the literature while noticing the challenge faced.

I-2- Generalities on biological organs

I-2-1- Functional groups, systems and organs in the human body

Biological bodies such as the human body can be subdivided in four functional groups

to have a general view on how the human body functions. They are: the group of support,

movement and protection systems; the group of integration and coordination systems; the

group of the maintenance of the body; the group of reproduction and development [12].

I-2-1-1- The group of support, movement and protection systems

The group of support, movement and protection systems is a group of organs involved

in the:

• Integumentary system with the skin and accessory structures of the skin such as

the hair, nails, sweat, sebaceous, mammary glands; involved in underlying tissue

protection, preventing infection, water loss, temperature shocks; communication

through sense and chemical with the environment

• Skeletal system consisting of bones, joints along with the ligaments and cartilages

observed at joints. This system is engaged in standing up position support, protect-

ing soft body parts, producing blood cells, storing minerals and fat

• Muscular system consisting of the smooth muscles, cardiac muscles and skeletal

muscles. This system is important for gesture, facial communication also to maintain

posture and produce heat.

I-2-1-2- The group of integration and coordination systems

The group of integration and coordination systems is formed with organs involved in the

command of the body, information about neighbouring environment and communication

among organs. Within this group ones have:
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• The nervous system made of the central nervous system including the brain, the

spinal cord and the peripheral nervous system divided into the afferent system (sen-

sory) and efferent system (motor)

• The sensory system where we have sensory receptors made of proprioceptors, cuta-

neous receptors, pain receptors, with the sense of taste, smell, vision, hearing and

equilibrium

• The endocrine system with endocrine glands such as the hypothalamus and pitu-

itary gland; thyroid and parathyroid glands; testes and ovaries; pineal gland and

hormones of other tissues such as the heart that produces atrial natriuretic hor-

mone; adrenal glands, pancreas, thymus gland, the kidney producing the erythro-

poietin hormone, adipose tissue producing leptin, growth factors, prostaglandins

and pheromones.

I-2-1-3- The group of systems of the maintenance of the body

The maintenance of the body is all about keeping the body in a good state, thus it

contains:

• The blood composed of the plasma, red blood cells, white blood cells, platelets;

acting as a mean of communication between tissues, transportation of nutrient and

oxygen to the cells, carrying waste molecules to be excreted from the body, defence

against external agents, regulation of heat and body pH

• The cardiovascular system with the heart pumping blood, blood vessels such as

arteries, arterioles, capillaries, veins and venules carrying blood throughout the

body

• The lymphatic system and body defences with lymphatic vessels, lymphatic organs

such as the red bone marrow, thymus gland, spleen, lymph nodes, lymphatic nodules

protecting the body from diseases

• The respiratory system possessing organs like the lungs oxygenating the blood and

eliminating Carbone dioxide from the blood, the nose, pharynx, larynx, trachea,

bronchial tree taking air to and from the lungs

• The digestive system made of the mouth, pharynx, oesophagus, stomach, small

intestine, large intestine, pancreas, liver and gallbladder. This system receives and

digests foods into nutrients which will be used by cells

• The urinary system and excretion with organs like the kidney, ureters, urinary

bladder and urethra that rid the body from waste and help to control fluid and

chemical content level in the blood
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I-2-1-4- The group of reproduction and development with the reproductive

system

This group is formed with organs involved in the perpetuation of the species through

sex cells production and subdivided in two according to the gender:

• Male possesses testes, male internal accessory organs such as epididymides, vas

deferens, seminal vesicles, prostate, Cowper glands and male external genital, the

penis involved in sperm production, transport and delivery

• Female possesses ovaries, female internal accessory organs such as uterine tubes,

uterus, cervix, vagina and female external genital, the vulva involved in eggs pro-

duction, sperm reception, transport of menstrual fluid to the exterior, development

of fertilized eggs and delivery. Moreover female breast is involved in lactation.

The complexity of biological bodies and their interaction with the environment can lead to

injury, failure of an organ, genetic disorders at different level of seriousness and different

effects on the whole body.

I-2-2- Effects of organs failures and remedies

Organ failure, injury or disorder leads to a single disease or to multiple and simultaneous

diseases. According to the level of seriousness, imminent death, chronic disease, acute

disease can be observed.

I-2-2-1- Different levels of diseases and consequences

An acute disease is a disease with either or both rapid onset and short course that is

often less than one month clinical course. Examples of acute diseases are appendicitis

and pneumonia [13].

Chronic disease is the opposite of acute disease. Its characteristic is that the course of

the disease lasts for more than three months with slow progression. Some chronic dis-

eases observed are heart disease, cancer, stoke, chronic respiratory diseases and diabetes.

According to the World Health Organization chronic diseases are the leading cause of

mortality in the world [13]. Due to the long term characteristic of chronic diseases, their

treatment is very expensive; their complications can lead to the upset of multiple chronic

diseases. Premature deaths observed during chronic disease appear mostly in low-and

middle-income countries.
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I-2-2-2- Organs failure remedies

During the life of a biological system, organs failures can be observed. To treat or relieve

the inconvenience coming with both acute and chronic diseases, medication, physical and

supportive therapies, surgery can be proposed to the patient.

Medication is concerned by the use of drugs to cure and / or ameliorate the symptoms

of a disease.

The aim of physical and supportive therapies is to improve the quality of life and

independence of the patient.

When classic remedies such as medication, physical and supportive therapies failed to

give the needed quality of life, invasive treatment such as surgery is used and transplant

often used in case of end-stage organ failure ( when the organ reconstruction is impossible)

to replace the affected or destroyed organ.

I-2-2-3- Types of transplant

In case of end-stage organ failure, the transplant is the effective therapy. A transplant

is an organ or tissue moved from one body to another. Typically there are three types of

transplant or organ replacement according to the origin of the substitution organ [2]:

• Autotransplantation which is the replacement of a tissue of the patient with his

own surplus and/or regenerated tissue. It is often considered as the ” gold standard

in surgery ”, but it is limited in availability and can deteriorate with time due

to the difference in their physiological load and/ or biological environment in the

transplant site

• Allotransplantation which is organ replacement from a donor to a recipient from

the same species. This type is limited by the supply, the cost and the lifetime

immunosuppresion drugs having side effects such as cancer, renal insufficiency. A

subset of allographic transplant is the isographic transplant; it is when the recipient

and donor are identical twins. In this subset the observed rejection by the immune

system due to genetic difference is reduced, but the occurrence of identical twins is

rare

• Xenotransplantation that can be defined as an organ replacement from a donor to a

recipient of different species. In this type of transplant, genetic difference is greater

and there is an increased genetic concerns such as transgenic species
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The replacement of an organ by a device, machine or material which is not biological

is more referred as an implant or prosthesis. An implant is a device inserted surgically in

the body while prosthesis is a device used inside the body to replace, repair or augment

a diseased, damaged or missing part. Hence the terminology prosthesis insists on the

therapeutic use. Implant and prosthesis are often used as synonyms [2].

I-3- Generalities on artificial organs

An artificial organ is a device designed to imitate the biological functions of a natural

organ. Artificial organs are developed in order to give a solution to surgery organ needs

with reduced technical, moral, ethical, religious objections.

I-3-1- Motivation of artificial organs

Artificial organs are investigated for many purposes such as to:

• Give a response to the fast growing need for a transplant with reduced donors

• Give the opportunity to patient not meeting transplant criteria to receive a substi-

tute despite their age or diseases

• Prevent imminent death while waiting for a biological transplant

• Help native organ recovery

• Offer aesthetic restoration after accident

• Improve patient ability to interact socially and to self care

• Tackle the immune response of the body as artificial transplant do not elicit immune

response from the host as they do not contain foreign proteins

• Avoid transgenic species

• Give an end to human organ trafficking associated to transnational organized crime

rising in third world countries.

I-3-2- Artificial organs

Some researches have been carried out or are going on artificial organs. There are some

common points on different types of artificial organs
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I-3-2-1- Common points of artificial organs

A common characteristic of artificial organs is that they cannot self-repair after an

injury or replace all the biological functions of the natural organ. Artificial organs as they

are intended to be implanted within the body should be [2]:

• Biocompatible, the artificial organ in contact with body tissues should not induced

rejection

• Stable in the biological environment (no corrosion, reduce wear, reduce fatigue)

• Of high beneficence (achieve > 85− 95% success at use over 10− 20 years).

I-3-2-2- Examples of artificial organs and assist devices

Throughout years many artificial organs have been developed by researchers, engineers

and physicians as their developments need multidisciplinary competences. By now the

more studied artificial organs [1, 2] in the literature are:

• The dialysis machine which is the intended artificial substitute of a kidney, invented

by Kolff in the 1940s. Recent development by David Humes leads to a clinical trial

on a bio-artificial kidney, which combine haemo-filtration and a chamber with billion

of renal proximal tubule cells

• The artificial heart. The first truly artificial heart was the Abiocor implanted in

2001. Previous generation were intended not to last more than 5 years with wires

or tubes passing through the skin

• Lung assist device, which is a gas exchange machine imitating only part of the

various and too intricate functions of lungs cells, used as a short term support while

waiting lungs recovery

• In the liver machine the only function implemented among thousand is the blood

detoxification through plasmapheresis which is similar to dialysis and cryofiltration.

By now, the only way to replace the liver is to use tissue-engineered constructs;

alternatively stem cells can be used as they are injected in the damaged liver for

regeneration

• Some prototypes of artificial pancreas are under development: a first approach

of device containing as basic function glucose sensing, information treatment and

insulin delivery by a pump through the skin, by now they are not fully implantable;

the second approach is an artificial hybrid pancreas device using live pancreas cells

protected from body’s natural immune response to secrete insulin in response to

changing glucose level
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• Artificial skin bandages such as clear oxygen-permeable polyurethane film, silicon

rubber-nylon compound coated with collagen extract. Sheets of skin can be grown by

tissue engineering to supply to artificial skin bandages or to extend the limits of the

two-part artificial skin made from polysaccharide glycosaminoglycan and collagen

technique

• Artificial ear is designed according to the affected region of the natural ear. Con-

ductive and sensorineural deafnesses can be cure respectively by Bioglass R© or

HAPEX R© prosthesis and cochlear implant

• The eventuality of an artificial eye is under consideration based on two silicon mi-

crochips, one providing solar power the other processing the image taken by a camera

to send electric pulse to the retina’s receptor cells that forward the signal to the

brain

• Bionic noses, which by now are intended just for machines for quality assurance.

They are based on odor absorbing materials such as fatty material, protein and

carbohydrates (found in the olfactory epithelium) coating pairs of thermistors. After

a vacuum pump pulls in air at the sniffing end, the coated thermistor sends a signal

in response to the condensation on the odour-adsorbing material and to the following

temperature increase an electronic signal is delivered to the computer for processing

• Electronic larynxes such as the Servox Inton are used. They contain a vibrating

electronic sound source activated by a push-button in contact with the neck. In

perspective devices may have electrodes implanted on the throat to record signals

preceding speech production that will be sent to a minicomputer for analysis and

voice production

• Artificial Sphincter to relieve faecal and urinary incontinence.

I-3-3- Some technical, ethical, moral and religious issues related

to artificial organs

I-3-3-1- Technical issues

Technical challenges in artificial organs research are to reduce implant rejection by the

body, provide stable implant while being surrounded by a living and dynamics environ-

ment, be of high beneficence, emulate all the functions of the natural organ, respond to

body needs with adequate adaption to events, reduce human errors in implant fabrica-

tion [2].
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I-3-3-2- Ethical issues

Ethical problems come from the conflict of uncertainties, making the relative value of

alternative medical treatments more and more difficult to choose. The big ethical ques-

tions are: which problem? Which solution? As many treatment alternatives are available

with different risks, costs, benefits, false expectations of ” miracle cure ”, different histo-

ries of patient access to treatment, lobbies of firms, all of them add more uncertainties,

ethical and moral dilemmas for appropriate solution choice for each patient’s problem [2].

I-3-3-3- Moral issues

In the case of artificial organs, as our technology-based society created infinite desires

with only finite resources, the big questions are who should benefit in priority of the

available treatment? How to achieve the balance between the quantity of life and the

quality of life? [2] Proposed treatment should be capitalist profit based or socialist profit

based?

I-3-3-4- Religious issues

Religious are more concern about: the sacred character or not of the life under all its

forms; irresponsibility coming from excessive trust in science and technology to provide

all the solution to daily life problems; being enslaved by technology; false expectations

sustained by greed; also by deceit, internal pain.

I-3-4- Common moral principle in artificial device

Philosophers agree on three general principles that should help in transplant or implant

process, they are the principle of autonomy, beneficence and justice [2].

The principle of autonomy assumes that individual possess an intrinsic value and have

the right to choose their own destiny. It is considered as the highest principle during

transplant or implant.

The principle of beneficence says that it is morally right to aid, or to prevent harm

to another. This principle implicates in the case of transplant or implant high standards

with 85 to 95 % of success over 10-20 years.

The principle of justice: it requires that like cases should be treated alike. However

it does not state how to determine equality. As individual are different, results can be

different even if the treatment is the same and the difference in results can be perceived
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as unjust. This wrong perception is exalted by the facts that human by nature wants

the same thing as others, that technologies amplifies the problems with escalation in

healthcare cost and that inherent greed promotes novelty and images rather that high

beneficence, keeping thus unsolved both long term beneficence and reliability problems.

There are some sources of ethical conflict that can be summarized in Table 1 [2].

Table I: Sources of ethical conflict [2].

Sources of ethical conflict

Perception that the principle of justice has been violated.

Unjustified expectations of equal consequences of an act instead of equal performance
of an act.

Emphasis that technology provides certainty.

Failure to understand that all technological solutions have some risks. A risk-free
life is impossible.

Greed feeds on technology and conflict.

Legal system that fails to recognize that all individuals are different.

One should note that the all technology society in which we are living, can give birth

to devices that could be remote controlled, so the eventuality to switch off intentionally

an organ need to be prohibited and firmly controlled to avoid remote murders, this can

be resumed as the principle of security.

I-4- Artificial heart

I-4-1- Motivation of choice of the study of an artificial heart

As one of the major conclusions of the report of Ref [14] in 2010, chronic diseases

contribute mostly on the global burden of diseases worldwide, with the largest contribution

coming from cardiovascular diseases. In this sense in 2008, 17.3 million died due to CVDs,

representing 30% of global deaths and it is projected that by 2030 there will be 23.6 million

of deaths due to CVDs [5]. Hence CVDs stand as the first cause of death in the world

and a major public health concern, and will remain thus if no adequate action is taken.

As low and middle income countries pay the highest tribute to CVDs, with over 80% of

the death attribute to CVDs in the world in 2008; As there is an equal prevalence among

men and women [5] and that the trends observed show that CVDs death rate is increasing
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in most low and middle income countries while they are declining in most high income

countries, adequate actions should be taken in low and middle countries and in such area

as Africa, especially in Cameroon.

Some actions taken to tackle most of CVDs are a healthier diet, physical activity, avoid-

ance of tobacco [14]. In case of complications, medication, surgery and organ replacement

can be performed, but when the affection is severe the only remaining alternative is

surgery.

In Africa, the main CVD is hypertension with 25% prevalence among the population of

more than 18 years. The complications are renal failure with 20-69% prevalence, cerebral

stroke 24-50% and heart problems 16-34% according to medical series [6, 15].

In Cameroon, hypertension prevalence is about 25.6% for men and 23.1% for women

[16]. As a result of a retrospective study in 1995 in Cameroon based on 312 adult pa-

tients with CVDs, average age 44 years, revealed high blood pressure (38.5%), rheumatic

valvular heart diseases (25.6%), cardiomyopathies (22.5%), and other cardiovascular dis-

eases (13.5%). Rheumatic valvulopathies were predominant among the age group 20 to

39 years, hypertension was predominant from the age of 40 years, and cardiomyopathies

were observed in the age range 20 to 60 years [17, 18].

A Cameroonian study between 1992 and 1997 ranked coronary artery disease eighth

among the CVDs registered with a prevalence of 1.53% (2.42% in males and 0.45% in

females). Myocardial infarction was the most frequent clinical form of CAD observed

(43%), followed by angina pectoris (23%), unstable angina (20%), and other forms of

ischemic heart disease (13%). The cardiovascular risk factors were obesity (80%), hy-

pertension (60 %), dyslipidemia (43%), smoking (36%), diabetes/hyperglycemia (26%),

and hyperuricemia (20%). 76 % of the patients had at least three cardiovascular risk

factors [17–19].

According to the Cameroonian Society of Cardiology in 2010 there were only 31 special-

ists in cardiovascular medicine for 18 million patients in charge with invasive cardiology

still limited to cardiac stimulation in Yaoundé and infantile cardiac surgery at the Shisong

Sisters hospital. Although there exist similar projects of cardiac surgery at the General

Hospital of Yaoundé and at the General Hospital of Douala, the one of Douala is the most

advanced. Furthermore in Yaoundé, there is two cardiology centres dealing with medical

treatment of cardiac pathologies: the Centre Médical de l’Hippodrome and the Centre

Cardiologique de Tam-Tam. Adults who need cardiac surgery are whether transferred

in European hospitals or operated in the framework of humanitarian missions of cardiac

surgery supported by the government [16].
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As some work have been already done in the sense of reflectionless arterial endopros-

thesis [7–9], this thesis focuses on an artificial heart to continue the team work carried on

the cardiovascular system and to give some solution elements to the still open problem of

cardiovascular disease in the world especially in Cameroon.

I-4-2- Anatomy and physiology of native heart

The heart is located at the upper left side of the body in the thoracic cavity, between

the lungs. It is cone-shaped, hollow, and muscular, approximately at the size of a fist

clasped with the other hand, 105 mm of width, 98 mm of height and 300 to 350 g of

weight [12].

This muscle is made of two ventricles ejecting blood and two atria holding and filling

the ventricles. The left heart is formed by the left ventricle and the left atrium: it pumps

blood in the systemic circulation. The right heart on the other side is made of the right

ventricle and the right atrium: it pumps blood in the pulmonary circulation.

The blood enters the left heart by the superior vena cava and the inferior vena cava and

leaves it by the pulmonary artery. As the blood enters the lungs, it is purified with the

removal of CO2 and intake of O2. After leaving the lung the blood enters the left heart by

the pulmonary vein and leaves it by the aorta. Coronary arteries are the first branches of

the aorta, they nourish the heart itself with purify blood. After usage of the purify blood

by cardiac cells, cardiac capillaries collect the blood and join to form the cardiac veins.

Cardiac veins through coronary sinus enter the right atrium.

The heart works during 1/3 of its cycle (systole) and rest during 2/3 of its cycle (dias-

tole). It is also an endocrine gland that produces the atrial natriuretic peptide and pumps

under the regulation of sympathetic and parasympathetic nerves and hormones.

Internally, the four hollow chambers of the heart are separated. The left heart is

separated from the right heart by the septum. The atria are isolated by the interatrial

septum while the ventricles are separated by the interventricular septum. Heart valves

prevent blood circulation from backflow. Between the left atrium and the left ventricle

there is the mitral or bicuspid valve while at the other side between the right atrium and

the right ventricle there is the tricuspid valve. Through the pulmonary semilunar valve

blood enters the pulmonary trunk while through the aortic semilunar valve blood enters

into the aorta.
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Figure 1: Cardiovascular system [12].

The cardiac muscle, like any other muscle during its contraction is subjected to elec-

trolyte changes. Moreover the myocardium is endowed of self-sustained electrical activity.

The graph that records this activity is called the electrocardiogram (ECG). An ECG is

made of several waves: the P wave reproducing the atria depolarization when an im-

pulse coming from the sino-atria node propagate throughout the atria; the QRS complex

showing the ventricles depolarization after the excitation of Purkinje fibers; the T wave

corresponding to ventricles repolarization. ECG is used to detect among others, irregular

heartbeat. Heartbeats rate fewer than 60 beats per minute are referred as bradycardia

while those greater than 100 beats per minute referred as tachycardia [12].

Although in the rhythm of the electrical activity of native heart there is variability,

with is chaos observed [20,21], we focus on periodic behaviour of the native heart.
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(a) Internal heart anatomy

(b) Anterior view of exterior heart anatomy

Figure 2: Internal heart and anterior view of exterior heart anatomy [12]

17



(a) A portion of an electrocardiogram (b) An enlarged ECG normal cycle

Figure 3: Electrocardiogram [12]

I-4-3- Historical view of research on artificial heart

To reproduce the physiology and anatomy of a natural heart intensive researches have

been conducted. On the 18 July 1963 the first step was made with the Heart-Lung

machine that worked 4 days before being disconnected from the patient.

During the same year Mickael Debakey implanted for the first time a pneumatic intra-

corporal device mimicking the heart pumping function, unfortunately the patient died due

to neurological complications. In 1966 Mickael Debakey achieved with a similar system,

the first implantation of a cardiac assist device that stays 10 days in the body before

removal following a recovery of a normal pumping function of the ventricle.

The next year, Christian Barnard achieved the first heart transplant in Capetown.

In 1969, D Colley implanted the first artificial heart developed in collaboration with D

Liotta, the patient died few days later due to sepsis.

In 1978 for the first time a cardiac assist device was used as a bridge to transplantation,

also since the 70s started the development of most of the devices we know now, among

them are the Novacor, HeartMate, Thoratec and the Jarvick-7 which are used to serve as

a bridge to transplantation. During 1984 for the first time an artificial heart replaced a

native heart. Since 1994 cardiac assist devices have been commercialized [3, 10, 22].

I-4-4- Typical Profile of Patient in need of an total artificial

heart and cardiac assist device

Patients in needs of an artificial organ or an assist device are those with an end stage

heart failure. Cardiac Heart insufficiency is classified mostly by the American Heart
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Association classification (Table II) or by the New York Heart Association classification

(Table III). With these classifications, end stage heart failure is identified as the D stage

of the AHA classification or III-IV stage of the NYHA classification.

Table II: NYHA classification of cardiac heart insufficiency translated from [22].

Class Patient Symptoms

I No limitation of physical activity. Ordinary physical activity does not cause undue
fatigue, palpitation, or dyspnea (shortness of breath).

II Slight limitation of physical activity. Comfortable at rest, but ordinary physical
activity results in fatigue, palpitation, or dyspnea.

III Marked limitation of physical activity. Comfortable at rest, but less than ordinary
activity causes fatigue, palpitation, or dyspnea.

IV Unable to carry out any physical activity without discomfort. Symptoms of cardiac
insufficiency at rest. If any physical activity is undertaken, discomfort is increased.

Table III: AHA classification of cardiac heart insufficiency translated from [22].

Stade Patient Symptoms

A Patients at high risk for developing HF in the future but no functional or structural
heart disorder

B Structural heart disorder but no symptoms at any stage

C Previous or current symptoms of heart failure in the context of an underlying struc-
tural heart problem, but managed with medical treatment

D Advanced disease requiring hospital-based support, a heart transplant or palliative
care

A detailed description of heart affections with medical treatment available can be given

as in [10]. Mainly the causes of an artificial implant can be a myocardium irreversible

affection, impossible surgical correction or cardiac postsurgery complications in case of

unavailability of heart for a transplant. Hence the more patients in need for a transplant

with a reduced number of donors, the more artificial heart could be used.

Considering the severity of the failure a patient could be implanted for a Bridge To

Recovery (BTR), Bridge To Transplantation (BTT) or for a Destination Therapy (DT)

/ Permanent Support (PS) [22].
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Figure 4: Decision Flow chart for different cardiac affections evolution translated from [10].

BTR is used when the implantation of the artificial device, is intended to help the

recovery of the diseased heart, this is the case when there is acute myocarditis and acute

myocarditis with decompensation.

BTT is used when the patient is in need for an immediate transplant while there is no

available donor by the time. BTT is used in 80% of implants cases.

DT is the last alternative to keep in life a patient suffering from severe heart failure,

or who is contraindicated for a heart transplant; this counts for about 10% of implants

cases.

For a BTR or BTT cardiac assist devices are used and for DT artificial heart is used.

I-4-5- Specifications of cardiac assist device and artificial heart

The National Heart, Lung and Blood Institute in 1980 [10, 11] issued specifications on

a typical cardiac assist device, summarize as follow:

• Able to assist the left ventricle with a constant flow of 10 l/mn without exceeding the

frequency of 120 bpm, with a mean aortic pressure of 120 mmHg and a maximum

of 150 mmHg
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• Lifetime of 2 years without a new operation

• Possess a simple control responding to the cardiovascular system needs

• Reduce hemolysis, thrombus

• Ventricle should be biocompatible and stable in the biological environment (non

toxic, non corrosive)

• Not produce excessive heat that can affect neighbouring tissues

• Possess a 10 h autonomy with an external electrochemical energy accumulator

• Possess a 30 mn or more with an internal energy accumulator. Within this conditions

the ventricle should deliver a 7 l/mn flow rate and a mean aortic pressure of 100

mmHg

• Function in all possible orientations, in presence of vibrations, shocks, muscles move-

ment: Gyroscopic effects should be minimized

• The shape, weight, volume of the ventricle should be compatible with the human

anatomy

• The noise and the induced vibrations should be acceptable physiologically and psy-

chologically

• Patient life quality should be sufficient for him to have a decent life.

These specifications for a left ventricle assist device can be extended to the specifications

of an artificial heart. To the previous specifications could be added the fifth generation

artificial heart (still under research and development) specifications [2]:

• Have a high beneficence that is possessing high standards with 85 to 95 % of success

over 10-20 years

• Adapt to body needs.

I-4-6- Some approach carried out in artificial heart and cardiac

assist device research

To meet the requirement of cardiac assist device, some solutions have been provided.

Figure 5 gives a classification primarily based on lifetime and body location [22].

For a general view of devices available or still under development, we have the following

tables summarizing the group, the device characteristics and some images [3].
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Figure 5: Systematic classification of short term and long term cardiac assist devices
translated from [22].
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Table IV: Some characteristics and images of pneumatic pumps [3].

Pneumatic pump
use pneumatic energy and are part of the first generation of artificial heart

Name Characteristics View

Cardiowest/Jarvik-7

Total Artificial Heart. 70 ml each ven-
tricle and 750 ml when united. Console
dimensions 80 x 50 x 110 cm, weight
200 Kg.

Thoratec

Cardiac assist device. Two versions
(paracorporal and implantable). 65 ml
stroke volume pumping 5-6 l/mn. Con-
sole dimensions of 60 x 50 x 150 cm,
weight 100 Kg.

Berlin Heart

Cardiac assist device. Paracorporal air-
driven blood pump. Available in 12,
15, 25, 30, 50, 60 and 80 ml. Continous
heparin infusion.

Advantages: technology mature, can serve as left or right ventricular assist device
as biventricular assist device. Can be used as BTR or BTT.
Inconveniences: mostly external, limited mobility due to external pneumatic con-
sole, higher risk of infection.
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Table V: Some characteristics and images of electrical pumps [3].

Electrical pump
part of the second generation of artificial heart

Name Characteristics View

Abiocor

Total Artificial Heart. Internal battery.
Wireless energy transmission. Unidi-
rectional valves. Centrifugal pump.
High bulk.

Novacor

LVAD. Electromagnetic pump with two
electromagnet in attraction. Blood
pocket crushed by two plates fixed on
pivots and spring, commanded during
electromagnet attraction. Flow rate of
5 to 7 l/mn. Brief 240 V impulsions
with 15 A, commanding the electro-
magnet attraction. Dimensions 16 x 13
x 6 cm ; weight 800 g. The most robust
of assist devices. Source of thromboem-
bolic accidents. Pivots are sources of
defects after 3 to 4 years.

HeartMate/
TCI

LVAD. 83 ml of blood pocket crushed
by plates. Plate commanded by a com-
mutation motor. Weight 900 g. Bulk
of 460 ml. Maximum flow of 10 l/mn.
Also use pneumatic energy for pump-
ing.

Advantages: better autonomy.

Inconveniences: internal infections and haemorrhages, Novacor and TCI need a
right ventricle in good state, cannot serve as RVAD and need another type assist
device to serve as BIVAD.
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Table VI: Some characteristics and images of centrifugal pumps [3].

Centrifugal
blood accelerated in a centrifugal way by the impeller rotation, third generation of artificial

heart

Name Characteristics View

Coraide/Arrow

Build up with a stator, a rotor and a
spiral. Weight 207 g. 62 ml of bulk.
Filling volume of 12 ml. 6.5 W of con-
sumption.

Duraheart

Magnetically levitated centrifugal
pump. Weight 540 g, diameter of 7.3
cm and 4.6 cm thick. Flow rate from 2
to 8 l/mn. Motor speed from 1200 to
2400 rpm.

HeartWare/
TCI

10 l/mn, displacement volume of 50 ml.
2,400 and 3,200 rpm. Passive mag-
nets and hydrodynamic thrust bear-
ings. Dual motor stators with indepen-
dent drive circuitry.

Advantages: more important flow rate for less important rotation speed, no vibra-
tion, direct coupling between the pump and the motor, no valve need.
Inconveniences: high bulk, axis problems complicated by control mechanism like
magnetic sustentation, short term usage, continuous flow rate and difficulty to adapt
to body needs, need a protective pocket for implantation, appearance of destructive
resonance.
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Table VII: Some characteristics and images of axial pump [3].

Axial pump
blood accelerated in a centrifugal way by the impeller rotation, third generation of artificial

heart

Name Characteristics View

Incor

By now the only one available for clin-
ical trials. Made of Titanium. 114 mm
length, internal diameter of 16 mm and
external diameter of 30 mm. Weight of
200 g. Consumption of 8.5 W, with 5 W
due to the control. Mean speed of 8500
rpm with 5 l/mn, 100 mmHg. Minimal
speed of 5000 rpm and maximal speed
of 10000 rpm.

Jarvik 2000

Continuous flow, axial rotor supported
by ceramic bearings. Length of 5 cm
length and diameter of 1.8 cm. Mean
speed of 16000 rpm to 18000 rpm. Pow-
ered by a redundant dual-coil motor.

HeartMate II
Designed to run for 5 to 8 years. Rotor
driven continuous axial flow, ball and
cup bearings.

Impella
Implantable by endovascular way. 4 to
7 mm of diameter Produce. 4.2 l/mn
and a 32500 rpm

Advantages: small size, reduce weight, better life quality compared to recent pul-
satile pump.
Inconveniences: high speed and increased hemolysis, cause platelets activation,
poor flow, increased wear, axis problems complicated by control mechanism like
magnetic sustentation, short term usage, continuous flow rate, difficulty to adapt to
body needs; all used as LVAD.
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Table VIII: Some characteristics and images of hydraulic pump.

Hydraulic pump
Hydraulic fluid moving the membrane containing blood

Name Characteristics View

Carmat

Two artificial ventricles. Two pumps
alternatively sucking and injecting sil-
icon oil, moving the membrane con-
taining blood. Bovine valve treated
chemically. Internal part in contact
with blood covered with hemocompati-
ble bio-membrane (animal pericardium
chemically treated). embedded system
controlled by microprocessor, 7 sensors
to adapt to body needs. Estimate life
duty of 5 years, weight of 900 g. Ex-
ternal monitoring, fixed on the belt
and subcutaneous energy transfer by
wires. Two rechargeable batteries. By
now, three clinical trials have been per-
formed.

Advantages: Adaptation to effort and to rest. Two ventricles. No need of associ-
ated medication against rejection
Inconveniences: Need a charging device, limited autonomy. Subcutaneous en-
ergy transfer by wires potentially source of infection, risk of hydraulic fluid leakage.
Weight limiting the transplant to female. Expensive. Still under development

The major limitations of available devices are classified according to the pumping mech-

anism [3]:

• Pneumatic pumps limit patient mobility and show a higher risk of infection since

they are mostly external with a higher bulk and tubes going through the skin and

require an external console for control

• Electrical pumps with their action on neighbouring tissues elicit infections and haem-

orrhages

• Centrifugal pumps have axis problems coupled with gyroscopic effects, friction, wear

limiting device lifetime and patient mobility with posture inconvenience. As they

are continuous flow pumps, they are difficult to adapt to body needs

• Axial pumps easily cause hemolysis with thrombosis triggered by platelet activa-

tion. Moreover axis,friction, wear problems are also limiting factors which increase

occupied volume when it is wanted to control friction
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• With hydraulic fluid leakage problems, hydraulic pump have a shorter expected duty

life, so that the long term beneficence is compromised.

The devices acting by now as TAH are the Carmat, Abiocor and the Cardiowest. In

the Abiocor, rotative parts and continuous flow are reducing factors on life quality for

the patient. For the Cardiowest its pneumatic mechanism nature and external control

console also limit patient mobility and life quality. At intensive preliminary test there is

the Carmat, with few results available.

In the group of biventricular models of cardiac assist devices, leaders are the Thoratec

and the Berlin Heart, both are pneumatically driven and require tubes passing through

the skin which are sources of infection. They are also limited by the external control

console associated to the pneumatic pumping function and they need extended stays in

hospitals.

The most commonly use left ventricular assist device (LVAD) is the HeartMate which is

the reference standard. Among this category are the Jarvik 2000, HeartMate II, Novacor.

By now only the implantable version of the Thoratec can serve as LVAD and / or RVAD.

With recent devices, clinical trials results are not better and sometime are worse than

those obtained with older systems. Current research efforts are to improve already existing

devices with the ambition to reduce the device size, weight and energy consumption.

Major limitations of available devices are:

• Reduced life quality due to external invasive components

• Reduced device lifetime due to rotative components and increased wear

• Pumping function not in accordance to body needs

• Thrombosis and/or hemolysis on long term use.

The challenge of this work is to conceive reliable systems, with reduced size,

weight, low energy consumption, good efficiency and high beneficence [2, 3].

The specifications we want for our model is to be declined under LVAD, RVAD,

BIVAD, TAH with minor changes; offer to patients a better life quality with

a pulsatile flow pump as the natural heart, a normal mobility, the lowest

possible thrombosis and hemolysis; increase device lifetime using translation

movement; pump according to body needs.
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Indeed, pumping according to body needs shall be based on biological electrical signal

such as the native pacemaker ones, and the one coming from a nerve. For these biological

signals can be recorded by microelectrodes [23–29] called chronic electrode implants that

can be used in the long term scale. The obtained signals can be amplified through

instrumentation preamplifier and amplifier [30–32]. After insertion, since their recording

capability deteriorate over time [33–35], their use in the long term can be optimized

by reducing the interaction between electrode and tissue [23, 36–41], while increasing

biocompatibility and alleviating chronic effects such as glial scar, inflammatory reactions

[23,42–49].

I-5- Approach of the cardiac assist device and total

artificial heart

Considering the specifications of the NHLBI [10, 11] and the limitation of the devices

available by now [3], the major issues are to:

• Reduce thrombosis which are stationary clots in blood vessels, more observable with

stationary or regular flow which are favourable to platelets deposits [12]

• Reduce hemolysis observable with high speed blood flow due to increased shear

• Allow the functioning in all orientations

• Allow the adaptation to body needs

• Reduce wear that reduce the lifetime and increase generated heat

• Increase device lifetime and beneficence

• Imitate at the best the natural heart.

Pragmatically, the specifications of our device are as follows :

• Avoid rotative parts (axial or centrifugal pump approach) giving birth to gyroscopic

effects [3] and pivots source of defects, by using translation movements

• Use a field force easily, to command the pumping function with a sufficient force,

and the possibility to couple easily devices from LVAD to TAH

• Use low power for an extended autonomy

• Use fluid flow frequency servo-control to adapt the device to body needs, reducing

at the same time stationary flow and thrombosis without using special coating as

heparin, metacryloyl-phosphorylcholine lauryl-methacrylate polymer [3, 50, 51].
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I-6- Conclusion

In this chapter, we have presented the generalities on organs, artificial organs and

attention was paid on the artificial heart which is the topic of this thesis, as the devices

available in the literature need to be more beneficent. We also presented some essential

works carried out in the literature with their drawbacks, that we intend to solve some.

The next Chapter will be devoted to theoretical, numerical and experimental methods

used to analyse the dynamical states of the devices proposed in this work.
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Chapter II

Methodology



II-1- Introduction

In this chapter, we present the approach used to propose the devices conceived taking

into account international standards specifications, with the intention to obtain a device

behaving as closest as possible to heart. Analytical, numerical and experimental methods

used to access the behaviour of the devices in this preliminary study are given.

II-2- Analytical Methods

Generally, physics problems modelling only time dependent phenomenon are described

by NODE. Therefore system of NODE could be obtained and there are some specific

methods to analyse them.

II-2-1- Principle of harmonic balance

To determine an approximate periodic solution of an NODE under sinusoidal excita-

tions, the harmonic balance method can be used [52–55]. Let us consider the following

differential equation:

ẍ+ x = f(ẋ, x, t) (1)

where the dot over x refers to the differentiation with respect to time. The function f is

such that f(ẋ, x, t+ T ) = f(ẋ, x, t).

The harmonic solution of equation is expressed under the form

x = Asin(ωt+ φ) (2)

where A is the amplitude of oscillations, ω the pulsation of the sinusoidal excitation and φ

the phase at the origin. Replacing equation (2) into equation (1) and equating separately

the coefficient of sine and cosine terms which have the same harmonics, one obtains after

neglecting harmonics order greater than one, a system of algebraic equations which are

the amplitude equations. This method is the principle of harmonic balance, used to obtain

small amplitudes solutions.

II-2-2- Principle of Cardano’s Method

The Cardano’s method is used to solve third-order polynomial equations [56]. Let us

consider the following equation:

ax3 + bx2 + cx+ d = 0. (3)
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Letting x = z − b/3a we obtain the canonical equation

z3 + pz + q = 0 (4)

where p = −b2
3a2

+ c
a

and q = b
27a

(2b2

a2
− 9c

a
) + d

a
.

According to the sign of the discriminant ∆ = q2 + 4
27
p3 the solutions of equation (4) are

obtained:

• If ∆ > 0 the equation possess one real z0 and two complexes z1, z2 solutions
z0 = u+ v

z1 = ju+ j̄v

z2 = j2u+ j̄2v

(5)

where j = −1
2

+ i
√

3
2

= expi(
2π
3

);u =
3

√
−q+

√
∆

2
; v =

3

√
−q−

√
∆

2

• If ∆ = 0 the equation possess two real solutions, one simple z0 and one double z1z0 = 2 3

√
−q
2

= −2
√
−p
3

= 3q
p

z1 = z2 = − 3

√
−q
2

=
√
−p
3

= − 3q
2p

(6)

• If ∆ < 0 the equation possess three real solutions z0, z1, z2

zk = 2

√
−p
3

cos(
1

3
arccos(

−q
2

√
27

−p3
+

2kπ

3
)) k ∈ {1, 2, 3}. (7)

This method is used to solve the third order polynomial equation, for equilibrium and

instability studies.

II-3- Numerical methods

II-3-1- Fourth-order Runge-Kutta method for first-order differ-

ential equation

To access more accurate solution of NODE numerical simulation are often used. One

of the most used numerical simulation algorithm for NODE problems is the Fourth-order

Runge-Kutta (RK4), it is the algorithm used in this thesis [57]. Its implementation used

Fortran 90. Let us consider the first order differential equation

dy

dt
= f(t, y) (8)
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with y(t0) = y0; this equation can also be under a vectorial form ( y and f being vectors).

The aim of the RK4 method is to find solutions after each time step h, the next solution

as a function of the previous one. This method stipulates that:

y(t+ h) = y(t) +
1

6
(L1 + 2L2 + 2L3 + L4) (9)

where

L1 = hf(t, y(t));L2 = hf(t+
h

2
, y(t) +

L1

2
);

L3 = hf(t+
h

2
, y(t) +

L2

2
);L4 = hf(t+ h, y(t) + L3).

This procedure needs in its iteration only the initial value y(t0) = y0, to calculate all the

other values taken by the function y at other times separated by the time step h .

II-3-2- Fourth-order Runge-Kutta method for m-order differen-

tial equation

In the case m-order differential equation
dmy
dtm

= fm(t, y, dy
dt
, d

2y
dt2
..., d

m−1y
dtm−1 )

dky
dtk

(t0) = y
(k)
0

(10)

with successive variables change, the equation (10) can be written under the form

d0y
dt0

= U0 = y = f0(t, U0, U1, U2..., Um−1)

dy
dt

= dU0

dt
= U1 = f1(t, U0, U1, U2..., Um−1)

d2y
dt2

= dU1

dt
= U2 = f2(t, U0, U1, U2..., Um−1)

...

dm−1y
dtm−1 = dUm−2

dt
= Um−1 = fm−1(t, U0, U1, U2..., Um−1)

dmy
dtm

= dUm−1

dt
= fm(t, U0, U1, U2..., Um−1)

dky
dtk

(t0) = Uk(t0) = y
(k)
0 k ∈ {1, 2, 3, ...,m− 1}.

(11)

With this general vectorial and form, iterations can be performed to determine all the

values of y and its derivative at different time separated by the time step h using :

Uk(t+ h) = Uk(t) +
1

6
(Lk1 + 2Lk2 + 2Lk3 + Lk4) (12)
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where

Lk1 = hfk(t, U0(t), U1(t), . . . , Um−1(t));

Lk2 = hfk(t+
h

2
, U0(t) +

L0
1

2
, U1(t) +

L1
1

2
, · · · , Um−1(t) +

Lm−1
1

2
);

Lk3 = hfk(t+
h

2
, U0(t) +

L0
2

2
, U1(t) +

L1
2

2
, · · · , Um−1(t) +

Lm−1
2

2
);

Lk4 = hfk(t+ h, U0(t) + L0
3, U1(t) + L1

3, · · · , Um−1(t) + Lm−1
3 ).

This generalized form can also serve to solve numerically first-order coupled ODEs.

II-4- Experimental procedure and devices

II-4-1- Materials

The devices proposed, as they are based on magnetic lifting force, use electromagnet act-

ing on a movable ferromagnetic plate crushing a biocompatible pocket containing blood.

For experiments, the electromagnet is built using recycled components taken mostly from

used transformers.

The iron core of the transformer is used for the movable ferromagnetic mass and to

build the iron core of our device; its wiring is used for our electromagnet wiring. As the

iron core of the transformer possess E and I shapes, these shapes can be cut and processed

under the movable mass electromagnet and iron core desired geometry and dimensions

(see Figure 6).

(a) Used transformer (b) E, I shape (c) Chosen Shape

Figure 6: Some material used.

II-4-2- Declinations

Under variable excitation, the electromagnet can lift the ferromagnetic mass according

to the signal at input. To produce a TAH, as the native heart is removed and replaced by

an artificial organ, the native pacemaker included in the native heart is hence removed,
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therefore the artificial heart need to be paced artificially and servo-controlled to body

needs.

In the literature native pacemaker is modelled by a Van der Pol oscillator [58, 59]. In

the case of artificial heart, this Van der Pol oscillator can represent the effect of natural

pacing on assist device or represent an artificial pacing acting on an artificial heart.

In case of servo-control to body needs, a simple approach is to use the sensed electri-

cal signals coming from sympathetic and parasympathetic nerves to adapt pumping to

temperature, pressure, emotions effects. In the literature nerves are modelled by various

oscillators such as Hindmarsh-Rose oscillator [60,78].

So if experimentally one reproduces the signal of a Van der Pol oscillator and the one of

Hindmarsh-Rose oscillator acting on a pumping device, it could reproduce the behaviour

of a cardiac assist device under the pacing of the natural pacemaker, the behaviour of

an artificial heart under artificial pacing and nerves control. Hence if conclusive, it could

be possible to achieve a better life quality for the patient with adaptation to body needs

based on nerves action.

Therefore using analogical simulation approach, based on computing differential equa-

tions with operational amplifiers, one can build computing systems based on Van der Pol

equation or on Hindmarsh-Rose oscillator. The bases of analogical computing is the use of

electronic components such as resistors, capacitors and operational amplifier, voltage mul-

tiplier (Figure 7). Indeed, combinations of resistors, capacitors, operational amplifier, and

voltage multiplier lead to obtaining signal inversion, summation, difference, integration,

etc...(See Figure 8).
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(a) Resistors (b) Capacitor

(c) Operationnal amplifier LF356N (d) Voltage multiplier AD633JN

Figure 7: Some electronics components used.

(a) Inverting amplifier (b) Adder

(c) Differential input amplifier (d) Integrator

Figure 8: Some basic operations on signals.

To polarize electronic components or apply a DC external voltage; apply a sinusoidal,

square or triangle external voltage and visualise the electronic signals, we use respectively

the DC generator,low frequency generator, numerical oscilloscope as presented on Figure

9.
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(a) PS2303, Tri output 5 V fixed, 0−
30 V/0− 3 A× 2 ways

(b) FX1641A, Function generator
counter, 2 MHz

(c) HM507, Digital oscilloscope, band-
width 0− 50 MHz, rise time < 7 ns

Figure 9: Some electronic devices used.

With these components, combinations of components, electronic devices we can build

and visualize a signal based on an NODE, to control our different devices and mimic the

effects of pacing or nerves action on our devices.

II-5- Conclusion

In this chapter, we have presented the systematic approach of the devices studied in

this thesis, analytical, numerical and experimental methods are also presented as they are

used to study the dynamical behaviours of the physical systems proposed in this thesis.

These methods will be used in chapter 3 to:

• Describe the basic system that can act as a LVAD or RVAD along with the prescribed

servo-control

• Obtain the analytical solutions of the NODE describing the mathematical models

of our devices

• Analyse the pull-in instability in these systems
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• Find the behaviour of small amplitudes vibrations

• Obtain time histories, phase diagram and amplitudes diagrams

• Perform preliminary experimental tests.
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Chapter III

Results and discussions



III-1- Introduction

In the second section of this chapter, the basic model of our devices proposed is de-

scribed, modelled and its dynamical study performed, as it is subjected to optimization.

It starts by dealing with the description and dynamical behaviour of our basic cardiac

assist device, then presents the optimized cardiac assist device as we want to reproduce

heartbeat like dynamics, adapt our device pumping rhythm to native heart rhythm, re-

duce observed instability, pace it artificially, command it by nerves and confirm some

numerical results by experimental results.

The fourth section presents the description, model and analysis of our biventricular

artificial heart. In this sense it focuses first on the description, dynamical model of our

biventricular device and device dynamical behaviour under sinusoidal excitation. Secondly

presents its dynamical behaviour under square wave excitation and finally gives some other

applications of the device.

III-2- Basic cardiac assist device with ferromagnetic

mass actuated by an electromagnet with its

servo-control

In most cases only the left ventricle needs to be assisted as it works the most to pump

blood in the whole body. Also in some case assist devices help native ventricle recovery or

allow to wait for an upcoming transplant. The device studied here can serve as a LVAD

commanded by an independent signal to help in such situations.

III-2-1- Description of the device and mathematical model

III-2-1-1- Description of the ventricular assist device

Let us consider Figure 10 giving an isometric, left and top views of our device with global

dimensions 8 cm length, 4 cm width and 4 cm height. These dimensions are compatible

with natural heart physiology given in subsection I-4-2-. It is made of a biocompatible

elastic internal blood pocket B containing the blood we want to pump and possesses an

inlet E and an outlet D. Attached to one of its sides is a ferromagnetic blade C under the

attraction effect of an electromagnet A attached to the other side of the internal blood

pocket B. The biocompatible elastic external pocket contains all the device elements and

preserves it from external assault and shocks. As a current flows in the electromagnet,

a magnetic field is created. This magnetic field passes through the blood contained in

the biocompatible elastic internal pocket B and attracts the movable ferromagnetic mass
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through the magnetic lifting force. During its movement the ferromagnetic blade com-

presses the blood pocket and pumps the blood it contains. According to the form of the

current, the pumping process is repeated. Therefore, using sensors, the device could be

servo-controlled to the natural heart frequency to pass the rhythm of the natural heart

to the pumping device.

Isometric view Left view

A: Electromagnet
B: Biocompatible elastic internal
blood pocket
C: Ferromagnetic blade
D: Outlet with valve
E: Inlet with valve
F: Biocompatible elastic external
pocket

Top view

Figure 10: Basic cardiac assist device.

As effects a recent study show that, strong magnetic field aligns red cells disk plane

with the field and can reduce blood viscosity within a selected range, with the function

of red blood cells appearing not affected. This behaviour is considered to prevent heart

attacks [62]. Furthermore a comprehensive review show that there is no health hazard

associated with strong magnetic field exposure or cumulative exposure of tissue especially
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with strong static fields, the only risk being embedded foreign ferromagnetic bodies reac-

tion to external magnetic fields applied [63]. On the aspect of genotoxicity, exposure to

extremely low frequency magnetic fields (< 300Hz) do not lead to significant difference

between exposed and unexposed samples [64].

So as preliminary positive results of short term study of strong magnetic fields on

blood and tissue, we can use strong magnetic field acting on blood without other known

risk than the one of an external magnetic field applied on our device. As awaited long

term consequence, blood when subjected to magnetic field, takes some time to return

to its original state, so that it could be permanently more fluid [62]. Typically, as blood

thinner are used to prevent stokes, a more fluid blood could prevent strokes; but increased

fluidity could lead to risks when facing hemorrhages, with possible cartilage degeneration,

resorption of underlying bones, nerve damage, muscular atrophy [12]. So to avoid an

impaired clotting or an excessive clotting, there should be a maximum value of magnetic

field not to be exceed.

III-2-1-2- Model of the ventricular assist device

Knowing that from the mechanical point of view, the movement of one of the natural

ventricles during its pumping function can be considered as the movement of a mass,

the biocompatible elastic internal pocket representing one ventricle is also considered as

a mass. Moreover due to its restoring force, the elastic internal blood pocket is also

considered as a spring coupled to the mass. The ferromagnetic nature of the mass allows

the action of the magnetic force generated by the electromagnet on the mass to be possible.

The electromagnet is powered by variable current, that at best case should have an ECG

shape, to reproduce the biological heart pumping function at best.

Taking into account these considerations, the device of Figure 10 can be simplified for

analysis under the form of Figure 11. The device shown is a ferromagnetic blade of mass

m fixed to a spring and subjected to the action of an electromagnet under variable current.

The electrical part is made of a circuit that has an inductor L (electromagnet inductance),

a resistor (wiring resistance) supplied by a voltage source u(t) = U sin(2πft), U and f

being respectively the amplitude and frequency, and t the time. The mechanical part

consists of a ferromagnetic mass, fixed to a spring and subjected to viscous damping. The

spring represents here, the elasticity of the biocompatible internal elastic pocket while

the viscous damping represents the effects of blood on the moving mass. The coupling

between both parts is realized by the magnetic circuit. When a current flows through

the coil of the electromagnet, it induces a magnetic flux in the core of the electromagnet.

Hence a lifting force attracts the ferromagnetic mass toward the electromagnet according

to the signal at input.
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Figure 11: Simplification of basic cardiac assist device.

One should note that, this simplified device presenting one dimensional displacement

used for dynamics study can describe the vibrations of a more general three-dimensional

membrane with three-dimensional displacement. In this sense this simple approach just

considers the first vibration mode of the membrane under radial movement after modal

projection.

To derive the dynamics of the mass under the magnetic lifting force, we use Hopkinson’s

law which is the magnetic analogue of Ohm’s law for magnetic circuits. In this law the

reluctance plays the role of the resistance in an electrical circuit although it does not

dissipate magnetic energy, the magnetic flux plays the role of current intensity, and the

magnetomotive force plays the role of the voltage.

Using Hopkinson’s law in the mean magnetic circuit represented with dash-line, assum-

ing that magnetic circuit saturation is neglected, and ignoring leakage and fringing fluxes,

we have:

Ni = R(x)φ (13)

where Ni is the magnetomotive force of the coil, N is the number of turns of the coil,

i is the current flowing in the coil, R(x) the reluctance of the magnetic circuit, x the

displacement of the mass and φ the magnetic flux. The reluctance is given by

R(x) =
2l1 + 2l2 + 2l3

µ0µra
+

2e

µ0a
(14)
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where a is the cross section of the iron core, µ0µr is the magnetic permeability of the

electromagnet iron core and e the gap between the moving ferromagnetic mass and the

free edge of the electromagnet. The mean circuit delineated by dash lines has the following

dimensions:

l1 =L1 − 2l3 (15)

l2 =L2 − l3 (16)

e =l4 − l0 − 2l3 − x (17)

L1 is the external length of the electromagnet, L2 is the external width of the electro-

magnet, 2l3 is the ferromagnetic blade and electromagnet thickness, l0 the unload spring

length, l4 the distance between the fixed part of the spring and the free edge of the

electromagnet that can be in contact with the moving blade.

The total flux flowing in the whole coil is:

Φ = Nφ = Li =
aµ0µrN

2i

2(l1 + l2 + l3 + µre)
. (18)

Using Ohm’s law in the electrical circuit, one obtains

dΦ

dt
+
ρNPm
s

i = u(t) (19)

where ρ is the wire resistivity, Pm the mean perimeter, s the wire cross section, u(t) the

applied voltage. Hence, the equation describing the electric phenomena in the electrical

part is

aµ0µrN
2

2(l1 + l2 + l3 + µr(l4 − l0 − 2l3 − x))

di

dt
+

aµ0µ
2
rN

2i

2(l1 + l2 + l3 + µr(l4 − l0 − 2l3 − x))2

dx

dt

+
ρNPm
s

i = u(t). (20)

Taking the mechanical part, its dynamics is described by the following equation

m
d2x

dt2
+ λ

dx

dt
+ kx =

∂Wmag

∂x
(21)

where x is the displacement of the mechanical part, λ the damping coefficient, k the spring

stiffness and Wmag = L(x)i2/2 is the magnetic energy of the coil. Replacing L(x) by its
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expression derived from equation (18), one obtains

m
d2x

dt2
+ λ

dx

dt
+ kx =

aµ0µ
2
rN

2i2

4(l1 + l2 + l3 + µr(l4 − l0 − 2l3 − x))2
. (22)

Therefore the electromechanical system is described by the set of equations (20) and

(22). Introducing the normalization and change of variables, the equations of motion (20)

and (22) are reduced to the following form:

İ +
pẊI

(1 + p(1−X))
+ A1I(1 + p(1−X)) = E1U0(1 + p(1−X)) sin(2πfT1τ) (23a)

Ẍ + F1Ẋ + Ω2
1X = G1

pI2

(1 + p(1−X))2
(23b)

with X = x
lp

; I = i
ip

; τ = t
T1

; U0 = U
up1

; L0 = aµ0µrN2

2la
; ip = 2lpT1up1

aµ0
; p = µrlp

la
;

A1 = ρNPm
sL0

T1; E1 = 1
N2p

; F1 = λT1
m

; ω2
0 = k

m
; T1 =

√
m
k

; Ω2
1 = 1; G1 =

2L0mu2p1
a2k2µ20

.

The dot over a dynamical variable stands for the time derivative. In case of additive

noise [65–69], equation (23a) is modified and one have

İ +
pẊI

(1 + p(1−X))
+ A1I(1 + p(1−X)) = E1U0(1 + p(1−X)) sin(2πfT1τ + ε(τ))

(24a)

Ẍ + F1Ẋ + Ω2
1X = G1

pI2

(1 + p(1−X))2
(24b)

with < ε(τ).ε(τ ′) >= dδ(τ − τ ′) and < ε1(τ).ε2(τ ′) >= 0.

III-2-2- Dynamical behaviour of the device

In this section the effects of the amplitude and frequency of the AC voltage are analysed

as they affect the amplitude of vibration and give rise to subharmonic oscillations. The

results of the numerical simulation will be complemented with a mathematical analysis

in the case of small displacement. The values of the parameters are given as f1 = 1
T1

=

70.71 Hz,up1 = 1.00 V olt,lp = 3.00×10−2 m , ip = 6.75×106 A, p = 600 m/A the natural

frequency of the mechanical part is given as f0 = 0.16f1.

III-2-2-1- Effects of the frequency

Figure 12 shows the variation of the amplitude of vibration of the mechanical part as

the frequency f varies. Two resonances are found at fr1 = 7.56 × 10−2f1 and fr2 =
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3.95 × 10−2f1. These two states correspond to two subharmonic resonances of the type

f0/2 and f0/4 (see Figure 12). One can also observe a sort of jump of amplitude around

the frequency 0.075f1. Figure 13 shows some representatives of phase portraits of the

electrical and mechanical parts for two values of the frequency. At the subharmonic

resonance f0/4, there is a distortion on the sinusoidal movement of the mechanical part,

with an inflexion point and an asymmetry on the displacement. Around this frequency,

the inflexion point is shifted down for frequency values less than f0/4 and shifted up for

frequency values greater than f0/4. At the subharmonic resonance f0/2, an important

distortion of the current is observed. This is due to the current induced by the high value

of the mechanical displacement. Here there is symmetry on the behaviour of both current

and displacement.

Figure 12: Amplitude-response curve of the mechanical oscillator versus f/f1 in the
sinusoidal regime with enlargement shown around f/f1 = 0.04 : N = 80, U0 = 1.40,A1 =
1.14× 10−1,F1 = 2.12× 10−2,G1 = 2.04× 1012.

III-2-2-2- Effects of the voltage amplitude and white noise

For this analysis, the frequency is taken equal to that of the subharmonic frequency

f0/2. We have found that the current oscillations amplitude increases linearly as U0

increases. On Figure 14, the amplitude of vibration of the mechanical also increases

monotonously till U0 = 1.39 where it exhibits a jump. The mechanical part oscillates

with almost constant amplitude for 1.39 ≤ U0 ≤ 1.48. Above U0 = 1.48, the mechanical

part is bounded to the electromagnet. In presence of an additive white noise on the

applied voltage (equations (24)), with maximal amplitude of a tenth the applied voltage,

one observes on Figure 14 that qualitatively the system under white noise is similar to

the one without noise.
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Frequency f/f1 3.95× 10−2 7.56× 10−2

Phase diagram
of the electrical
signal

Phase diagram
of the mechani-
cal displacement

Figure 13: Some phase diagrams of the electrical signal (a) and mechanical displacement
(b), with parameters of Figure 12 in the sinusoidal regime.

To end this part devoted to the presentation of some results from the numerical simu-

lation of equations (23), we note that by increasing the number N of turns of the coil, a

decrease of the oscillations amplitude of both current and displacement is found.

III-2-2-3- Analytical approach of the amplitude curves

Assuming small current and displacement, the set of equations (23) can be reduced to

İ + A1I(1 + p) = E1U0(1 + p) sin(2πfT1τ) (25a)

Ẍ + F1Ẋ + Ω2
1X = G1

pI2

(1 + p)2
. (25b)

The solution of equation (25a) can be written as

I = I1 cos(wp1τ) + I2 sin(wp1τ) (26)
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Figure 14: Amplitude-response curve of the mechanical oscillator versus U0 in the sinu-
soidal regime, without and with white noise of maximal amplitude of a tenth the applied
voltage: N = 80 ,f/f1 = 7.56×10−2 ,A1 = 1.14×10−1,F1 = 2.12×10−2,G1 = 2.04×1012.

with I1 = − wp1U0(b0+1)

w2
p1N

2+A2
1(b0+1)2

and I2 = A1U0(b0+1)2

N(w2
p1N

2+A2
1(b0+1)2)

). Equation (26) can also be written

as

I = Im sin(wp1τ + φI) (27a)

Im =
U0(b0 + 1)

N
√
w2
p1N

2 + A2
1(b0 + 1)2)

(27b)

tan(φI) = − Nwp1
A1(b0 + 1)

(27c)
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with wp1 = 2πfT1 and b0 = 1/p. Substitution of (27a), (27b) and (27c) in (25b) leads to:

X = X0 +Xm sin(2wp1τ + π + φX) (28a)

X0 =
G1N

2I2
m

2(b0 + 1)2
√

16w4
p1 + 4F 2

1w
2
p1 − 8w2

p1 + 1)
(28b)

Xm =
G1N

2I2
m

2(b0 + 1)2
√

16w4
p1 + 4F 2

1w
2
p1 − 8w2

p1 + 1)
(28c)

tan(φX) =
I2

2 − I2
1 − 4w2

p1(I2
2 − I2

1 ) + 4I1I2F1wp1

2(F1wp1(I2
2 − I2

1 ) + I1I2(4w2
p1 − 1))

(28d)

I1 and I2 are given by equation (26). Figure 15 shows the variation of Xm in terms of the

frequency. A good agreement is found between the analytical and the numerical results.

Figure 15: Variation of the amplitude of vibration obtained from the analytical derivation
and the numerical simulation for small displacement, in the sinusoidal regime with other
parameters of Figure 12 and U0 = 0.14.

III-3- Optimized cardiac assist device

III-3-1- Heartbeat like induced dynamics: bursting dynamics

Bursting is the alternation of active oscillations phase and quiescence phase.
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III-3-1-1- Description of the device

Let us consider the system of Figure 11 with a nonlinear capacitor in the electrical circuit.

The capacitor is constructed from the electronic components as it appears in Figure 16

(see Figure 16). This capacitor is introduced to reproduce a fast and slow dynamics

necessary for bursts, with periodic jump between two equilibrium points induced by a

slow varying external force. [70–72]

Figure 16: Nonlinear capacitor made of diodes, operational amplifier, resistor and capac-
itors.

The approach is to induced bursting in the vibration of the mechanical part by the

bursting dynamics of the electrical system.
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III-3-1-2- Model of bursting dynamics

Considering the virtual loop with the capacitor C2 and the resistor R12 Kirchhoff’s law

gives
q

C2

+R12
dq

dt
= 0. (29)

With this equation, we obtain the current flowing in the diodes and using the charac-

teristic equation of diodes:

• for the positive voltage alternation we have:

dq

dt
= − q

R12C2

= i0(e
V+
n0V0 − 1) (30)

with V+ the voltage at the non-inverting pin of the operational amplifier, n0 the number of

diodes per branch, i0 the reverse saturation current of the diode, V0 the thermal voltage.

• for the negative voltage alternation we have:

− dq

dt
=

q

R12C2

= i0(e
− V+
n0V0 − 1) (31)

for an ideal operational amplifier considered, the voltage across the device is:

Vc =
q

C1

+ V− =
q

C1

+ V+. (32)

Hence for the two alternations, summing equation (30) and (31) we obtain the charge q

during both alternations and thus the device charge-voltage characteristics can be easily

derived to give

Vc =
q

C1

+ n0V0 sinh−1(
−q

R12i0C2

) (33)

In the case of small apply voltage,we can expand Vc till the third order to give

Vc = a1q + a3q
3 (34)

with a1 = V0n0( 1
n0C1V0

− 1
C2R12i0

) and a2 = V0n0

6C3
2R

3
12i

3
0
.

It is assumed in this work that 1
C1
− n0V0

C2R12i0)
< 0, consequently a1 < 0 and a3 > 0, to

obtain a Duffing electrical nonlinearity with a double well potential system. With this

capacitor in the circuit, the electromechanical system is now described by the following

dimensionless equations
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Q̈+
pẊQ̇

(1 + p(1−X))
+ A2Q̇(1 + p(1−X)) +B2(1 + p(1−X))Q+ C2(1 + p(1−X))Q3

= E2U0(1 + p(1−X)) sin(2πfT2τ
′)

(35a)

Ẍ + F2Ẋ + Ω2
2X = G2

pQ̇2

(1 + p(1−X)2
(35b)

with Q = q
Qp

; U ′0 = U
up2

; τ ′ = t
T2

; A2 = ρNPm
sL0

T2; B2 = a1
L0
T 2

2 ; C2 = a2
L0
Q2
pT

2
2 ;

E2 =
up2T 2

2

L0Qp
; F2 = λT2

m
; Ω2

2 = ω2
0T

2
2 ; G2 =

L0Q2
p

2ml2p
; the other parameters as in (23).

III-3-1-3- Dynamical behaviour

An appropriate choice of the coefficients of equations (35) is done as T2 = 10−3 s, up2 =

102 V ,Qp = 10−6 C. The control parameters are the frequency and amplitude of the AC

voltage, the number of turns of the coil and the viscous damping.

Figure 17 shows the maximal amplitude-response curve of the mechanical part in the

bursting regime in terms of the frequency. It appears the following subharmonic reso-

nances f0/2 , f0/4 , f0/6, f0/8 and subharmonic antiresonances at f0/3, f0/5, f0/7, f0/9

(see Figure 17).

Figure 17: Amplitude-response curve of the mechanical oscillator versus f/f2 in the burst-
ing regime: N = 3 × 102, U0 = 8.00 × 10−6, A2 = 2.16 × 10−3, B2 = 4.78 × 10−3,
C2 = 2.84× 10−4, E2 = 8.84× 102, F2 = 1.50× 10−3, Ω2

2 = 5.00× 10−3, G2 = 1.88× 10−6.
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Plotting some time histories of the electrical signal and mechanical displacement for

some selected values of the frequency, as the frequency increases, the period of the bursting

oscillations in the electrical signal is obviously affected while the amplitude remains almost

constant. For the mechanical response, it is found that its amplitude increases with the

frequency and the bursting phenomenon manifests by a sort of pulse packages presenting

decreasing amplitude vibration patterns. The number of vibration per pattern decreases

as the frequency increases.

As concerns the effects of U0 on the phenomenon, it can be seen in Figure 18 that the

increase of U0 leads to a sort of sinusoidal modulation, and the appearance of one more

bursts within the same time frame. This modulation is clearly visible on the mechani-

cal part where instead of having a pattern of vibration with decreasing amplitude, the

amplitude first increases, and then decreases.

The effects of the number of turns in the coil show the appearance of the decreasing

behaviour of the bursting amplitude in the electrical part. The pulse package behaviour

of the mechanical part is characterized by an increase of amplitude.

The effects of the last control parameter considered in this work are represented in

Figure 19. This Figure shows that the value of the viscous coefficient has an interest-

ing impact on the shape of burstings. Indeed, the mechanical oscillations in the pattern

decrease quickly as the viscous coefficient increases, when the behaviour in the electrical

part is almost identical. This is obviously the consequence of the well-known exponential

decrease of mechanical vibration due to viscous damping. Hence, sharp bursting oscilla-

tions of the mechanical part are made more visible when the viscous damping increases.

A quantitative comparison between the real ECG (Fig.3 is of interest. However, this

has not been possible here since we have not recorded the ECG ourselves to have data.

All the same, there is good qualitative agreement between (Fig.3 and (Fig.19 for the

dimensionless damping coefficient equal to 2.40× 10−2.
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Voltage amplitude Time evolution of the electrical signal

8× 10−6

10−2

(a)

Voltage amplitude Time evolution of the mechanical displacement

8× 10−6

10−2

(b)

Figure 18: Some time evolutions of the electrical signal (a) and mechanical displacement
(b), showing the sinusoidal modulation of burstings as U0 increases: N = 80, f/f2 =
1.00× 10−3, A2 = 8.10× 10−3 B2 = 6.72× 10−2, C2 = 3.99× 10−3, E2 = 12433.98, G2 =
1.34× 10−7.
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Damping coefficient
λT2
m

Time evolution of the electrical signal

1.50× 10−3

(a)

Damping coefficient
λT2
m

Time evolution of the mechanical displacement

1.50× 10−3

1.20× 10−2

2.40× 10−2

(b)

Figure 19: Some time evolutions of the electrical signal (a) and mechanical displacement
(b) as the damping increases in the bursting regime: U0 = 8.00 × 10−6, f/f2 = 1.00 ×
10−3, N = 80, A2 = 8.10×10−3 B2 = 6.72×10−2, C2 = 3.99×10−3, E2 = 12433.98, G2 =
1.34× 10−7. 56



III-3-2- Description of fluid flow frequency servo control, math-

ematical model and dynamical behaviour

III-3-2-1- Description of fluid flow frequency servo control

To adapt the frequency of the device to the frequency of the natural heart in case of LVAD

( BIVAD) a servo-control is used as presented on Figure 20

Figure 20: Setup of the fluid flow servo-control.

On this setup of fluid flow frequency servo-control, we have a fluid flow section from

which a pulsatile flow comes out with a flow rate q(t), this flow enters a section of de-

formable tube. At a fixed point of the tube, where the section is s(t), the flow velocity v(t)

and the pressure p(t), is inserted a silicon piezoresistive pressure sensor that convert the

pressure p(t) into a voltage ei(t) through a polarization voltage. The analogical pressure

image ei(t), is put in a digital form more convenient e0(t). To do this an operational

amplifier OPA1 detects peaks, and the operational amplifier OPA2 compares the input

signal ei(t) with the threshold eT . When ei(t) > eT , the output of OPA2 saturates at

+VCC ( VCC the polarization voltage). And if ei(t) < eT , the output of OPA2 saturates

at −VCC . The threshold is set by the peak detector, which store the previous maximum

level of ei(t) established by the signal, and the two resistors R1 and R2 [73]. Finally the

last diode selects the positive alternation of the signal e0(t) to give es(t), that feeds the

electromechanical system.
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III-3-2-2- Model of fluid flow frequency servo control

Using the previous modelling approach, the dynamics of this electromechanical system

is obtained; hence introducing the normalization and change of variables under eS the

system is described by the canonical form:

İ +
ẊI

(1−X)
+ AI(1−X) = EES(1−X) (36a)

Ẍ + FẊ + Ω2X = G
I2

(1−X)2
(36b)

ES =

+UAA if (n1 − 1)
Tf
Tp
≤ t′ ≤ (n1 − 1 + α)

Tf
Tp

0 if (n1 − 1 + α)
Tf
Tp
≤ t′ ≤ n1

Tf
Tp

with X = px
(1+p)lp

; I = i
ip

; t′ = t
Tp

; Es = es
up

; L0 = aµ0µrN2

2la
; ip = 2lpTpup

aµ0
; p = µrlp

la
;

A = (1 + p)ρNPm
sL0

Tp; E = 1+p
pN

; F = λTp
m

; ω2
0 = k

m
; Tp =

√
m
k

; Ω2 = 1; G =
L0T 2

p i
2
pp

2

2ml2p(1+p)3
;

UAA = βVCC
up

and n1 an integer.

III-3-2-3- Dynamical behaviour of the fluid flow frequency servo control

The values of the physical and the dimensionless parameters are given by: fp = 1/Tp =

70.71 Hz, up = 1.00 V olt, lp = 3.00 × 10−2 m,ip = 6.75 × 106 A, p = 600 m/A , A =

6.89× 101, E = 1.25× 10−2, F = 3.53× 10−1, G = 3.38× 109, and the natural frequency

of the mechanical part given by f0 = 0.16fp. For the input signal ei sensed by the

piezoresistive pressure sensor, taken on a sinusoidal form, with amplitude Vcc , and the

threshold at (3/4)Vcc, we observe on Figure 21, that under frequency servo-control (Eqs

(36) the mechanical system adapts its frequency to the one of the sensed signal (current),

with a two-level modulated bursting behaviour for low frequencies.

We observe on Figures 22 and 23 that for some other values of the sensed signal fre-

quency (not plot for the electric signal as it keeps the same form), the frequency of

vibration of the mechanical system remains equal to the frequency of the sensed signal.

Moreover For f/fp = 5.00×10−1 the frequency change brings distorted relaxation oscilla-

tions in the mechanical system, while at f/fp = 9.99× 10−1 the mechanical system shows

almost sinusoidal behaviour.
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Figure 21: Time histories of the current and mechanical displacement under frequency
servo-control: UAA = 3.0× 10−2, f/fp = 1.65× 10−2.

Figure 22: Time histories of the mechanical displacement under frequency servo-control:
UAA = 3.0× 10−2, f/fp = 5.00× 10−1.
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Figure 23: Time histories of the mechanical displacement under frequency servo-control:
UAA = 3.0× 10−2, f/fp = 9.99× 10−1.

Looking at the dynamic adaptation of the mechanical system under constant change of

the frequency, we introduce a random fluid flow frequency, specifically when the frequency

can change only after a period the sinusoidal input signal is taken on the form:

ei = U0 sin(2πf(t)) (37)

f(t) =


fr for t = t0

fr + χ× random for t = tpeak

f(tpeak) for tpeak < t < t′peak

fr the reference frequency, χ the deviation, tpeak , t′peakthe moments of appearance of two

consecutive peaks of the same nature.

The rectangular signal derived is also random with the same frequency, and with the

obtained signal we plot the time histories of the electrical and mechanical parts on Figure

24.

As the frequency undergoes random fluctuation, on Figure 25 we see that mechanical

dynamics follows with the same frequency as the sensed signal, giving thus more evidences

of the mechanical vibration frequency adaptation to the fluid flow frequency even at

random frequency variation.
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Figure 24: Time histories of the current and mechanical displacement with random fre-
quency change:χ = 1, UAA = 3.0× 10−2, fr/fp = 1.65× 10−2.

Figure 25: From top to bottom, spectrums of sinusoidal input, derived rectangular signal,
and mechanical displacement with parameters of Figure 24.
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III-3-3- Description of fluid flow frequency and pull-in servo-

control, mathematical model and dynamical behaviour

III-3-3-1- Description of fluid flow frequency and pull-in servo-control

The force applied to the moving mass in case of LVAD or BIVAD is a function of the type

Cte × I2

(1−X)2
where I is the applied current and X the displacement of the considered

mass. As the mass comes closer to the electromagnet (X −→ 1) the system is subjected

to a dynamical instability described in other electromechanical systems [74–76]. To avoid

permanent bounding of the moving blade as in relays the device is completed under the

form of Figure 26

Figure 26: Setup of the fluid flow and pull-in servo-control.

In addition of the components of Figure 20 is inserted in the electromagnet a Hall

sensor (CB), which senses the magnetic field in the electromagnet, this magnetic field

being directly link to the displacement of the moving mass and to the applied voltage.

III-3-3-2- Model of fluid flow frequency and pull-in servo-control

The voltage in the hall sensor is under the form

ef (t) = kB
µ0µrN

2i

(2(la + µr(lp − x)))
. (38)

More realistically there is a delay between the sensing and the response of the elec-

tromechanical system, so that the feedback voltage ef (t) is due to the electromechanical
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variables i and x at the moment t− τ , hence:

ef (t) = kB
µ0µrN

2i(t− τ)

(2(la + µr(lp − x(t− τ))))
. (39)

The injected voltage across the electromechanical system is give by:

ec(t) =
R3(R2 +R4)

R2(R1 +R3)
es −

R4

R2

ef . (40)

Likewise the dynamics of the electromechanical system is given by the dimensionless

equations:

İ +
ẊI

(1−X)
+ AI(1−X) = EEC(1−X) (41a)

Ẍ + FẊ + Ω2X = G
I2

(1−X)2
(41b)

EC =

+UBB −Kf
I(t′−τ ′)

(1−x(t′−τ))
if (n2 − 1)

Tf
Tp
≤ t′ ≤ (n2 − 1 + α)

Tf
Tp

−Kf
I(t′−τ ′)

(1−x(t′−τ))
if (n2 − 1 + α)

Tf
Tp
≤ t′ ≤ n2

Tf
Tp

with UBB = βR3(R2+R4)
R2(R1+R3)

VCC
up

; Kf = kBL0ipR4

a(1+p)R2up
and n2 an integer.

III-3-3-3- Dynamical behaviour of fluid flow frequency and pull-in servo-

control

Under pull-in control we investigated numerically Eqs. (41) and we plot on Figure 27

the amplitudes of the electrical and mechanical parts without control and under control.

As the feedback control is applied one observes that the amplitudes of both current and

mass displacement are reduced when the applied voltage amplitude increases. Under the

control the mechanical system can oscillate with larger amplitude and with larger value of

the applied voltage compare to the situation without control, until reaching a limit where

the pull-in comes back.

III-3-4- Excitation by the Van der Pol oscillator

III-3-4-1- Synotic diagram and model

We consider in this part the previous pump made of a ferromagnetic mass fixed on a spring

subjected to an electromagnet powered by a pacemaker modelled by a VDP oscillator [58]

(see Figure 28). This system acts like a cardiac assist device under the excitation of

the native pacemaker, or under the excitation of an artificial pacemaker. As the VDP

oscillator is described by the dimensionless equation giving the time evolution of the
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Figure 27: Amplitude response of the electrical and mechanical oscillator versus the ap-
plied voltage without and with control: f/fp = 1.65 × 10−2; τ ′ = 1.0 × 10−2; without
control Kf = 0; with control Kf = 10−3.

Figure 28: Synoptic diagram of the electromechanical system made of a ferromagnetic
mass fixed on a spring and subjected to an electromagnet powered by a VDP electronic
oscillator.

potential U

Ü − εωrTp(1− U2)U̇ + ω2
rT

2
pU = ω2

rT
2
p V (t′) (42)

with ωr its pulsation, ε the VDP nonlinear coefficient, Tp the normalization time scale,

V (t′) the external applied voltage and t′ the dimensionless time. Using the amplified
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voltage αU powering our device, we have the following dimensionless equations governing

our system under VDP oscillator excitation.

Ü − εωrTp(1− U2)U̇ + ω2
rT

2
pU = ω2

rT
2
p V (t′) (43a)

İ +
ẊI

(1−X)
+ AI(1−X) = EαU(1−X) (43b)

Ẍ + FẊ + Ω2X = G
I2

(1−X)2
(43c)

where the dimensionless coefficients and parameters are defined as in equation (36) with

U = u/up.

III-3-4-2- Dynamical behaviour of the free electromechanical system

The external voltage applied to the VDP oscillator is set to zero, and we study the effects

of the nonlinearity coefficient and that of the frequency of the VDP oscillator on the

evolution of the electromechanical system, in order to analyse the effects of phenomena

such as normal sinus arrhythmias in the electromechanical system.

An increase of the nonlinearity coefficient results in a progressive transformation of the

behaviour of the mechanical actuator behaviour from harmonic oscillation into biperiodic

and bursting oscillations with an increase of the amplitude and a decrease of the frequency

(Figure 29). One also observes that as the nonlinear coefficient increases, the frequency

of oscillation decreases, the maximal value of current amplification to obtain oscillation

without pull-in decreases and the frequency of the bursting oscillation is equal to the

double of the frequency of the VDP oscillator (not plotted). The bursting oscillations

observed here are similar to those found in III-3-1-3- and can also allow high stroke

pulsatile pumping in heartbeat like sequence.

Decreasing the pulsation ωr , it is found a reduction of the amplitude of vibration of the

mechanical actuator, a refinement of the bursting shape leading to a simple pulse with

disappearance of negative displacement in low frequencies (Figure 30).

III-3-4-3- Effects of the parameters of the external excitation

External excitation on the native pacemaker can be done by the action of sympathetic and

parasympathetic nerves, sensed here through microelectrodes, preamplified and amplified

at needs. The external influence is taken into account by a DC plus square wave external

voltage applied on the VDP oscillator. This voltage is taken on a continuous square

wave form. The DC plus square wave signal is consistent with the analogical to digital

conversion of the electrical sensed signal acting on the native pacemaker. The conversion
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Nonlinearity
coefficient ε

Time history of the mechanical actuator behaviour

1

4

100

Figure 29: Time histories of the mechanical part for different values of the VDP nonlin-
earity coefficient ε with α = 10−2,ωr = ω0/2.

is to reduce the noises on the original sensed signal as in section dedicated to servo-control.

Some results of the behaviour of the VDP oscillator under square wave can be found in

Ref. [77].

As the frequency of the external applied voltage changes, the periodicities of the elec-

trical and mechanical part are equal. Moreover as the applied signal V is at zero, the

dynamics of the electrical and mechanical parts are those of the free dynamics, and when

the applied voltage passes to a non zero value, the dynamics of the electrical and me-

chanical parts are modulated by the applied voltage (see the time histories in Figure 31).

So there is a coexistence of the free dynamics and a excited dynamics in both electrical
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Pulsation ωr Time history of the mechanical actuator behaviour

ω0/2

ω0/4

1

Figure 30: Time histories of the mechanical part for different values of the VDP oscillator
pulsation ωr with α = 10−2, ε = 4.

and mechanical parts under the form of frequency modulation. As the applied voltage

frequency increases, the free dynamics vanishes.

As the amplitude of the applied voltage increases, the displacement of the mechanical

part decreases because of the dispersion of the energy at higher harmonics. Moreover the

free dynamics of the electrical and mechanical parts are quenched progressively (Figure

32).
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Frequency f Time histories of the applied signal, electrical and mechanical parts

50
60

70
60

80
60

160
60

Figure 31: Time histories of the input signal, the response of the VDP oscillator and that
of the mechanical part as the applied voltage frequency increases for α = 10−2, ε = 4,
ωr = ω0/2,Vmax = 2,d = 50.
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Vmax Time histories of the applied signal, electrical and mechanical parts

2

3

5

7

Figure 32: Time histories of the input signal, the response of the VDP oscillator and that
of the mechanical part as the applied voltage amplitude increases for α = 10−2, ε = 4,
ωr = ω0/2,f = 70/60, d = 50.

The duty cycle of the applied voltage can change due to the threshold used during the

conversion from analogical to digital form of the electrical sensed signal. As the duty cycle
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increases, the free dynamics of the electrical and mechanical displacement are quenched

progressively (see Figure 33). One also observes a modulated dynamics.

Duty cycle d Time histories of the applied signal, electrical and mechanical parts

30

50

70

Figure 33: Time histories of the input signal, the response of the VDP oscillator and that
of the mechanical part as the applied voltage duty cycle increases for α = 10−2, ε = 4,
ωr = ω0/2,f = 70/60, Vmax = 2.

The mechanical system under the free VDP oscillator excitation mode shows a transition

from harmonic, periodic, biperiodic up to bursting oscillations. When the VDP oscillator

is submitted to an external continuous square wave excitation, there is a coexistence of

a free dynamics and a modulated dynamics. As the external applied voltage modulates

the dynamics of the mechanical part, the periodicities of the applied voltage, that of

the electrical oscillator and mechanical part are equal with some distortions occurring in

the electromechanical system. The pulsatile shape of the mechanical system under the
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VDP oscillator is like the dynamics of the myocardial muscle subjected to the natural

pacemaker. An important result is that the mechanical system can show high stroke

displacement (8/10 of the initial gap) in a heart like sequence without pull-in instability,

under a 2V excitation by a VDP oscillator . A good prospect could be how to obtain a

free dynamics frequency of the mechanical part equal to the one of the VDP oscillator.

Also an interesting prospect could be to study the behaviour of the pump under a VDP

oscillator submitted to a variable frequency excitation just like in a native heartbeat with

its variable interbeat intervals.

III-3-5- Excitation by the Hindmarsh-Rose oscillator

The center of environment sensing and command of most biological systems is located

in the brain. This center activity is due to neurons which, by their dynamics allow the

communication among neurons and the appropriate reaction to incoming information

from the environment, for an appropriate response to the need raised. As a nerve is

formed of a group of neurons, in our study we focus on the effect of a single neuron on an

electromechanical system acting as a cardiac assist device. This approach is to mimic the

effects of sympathetic and parasympathetic innervations of the heart, through electrical

signals that they deliver, signals sensed by microelectrodes, preamplified and amplified at

needs. These signals are used to power an electromechanical system acting as a cardiac

assist device or total artificial heart.

Neurons behaviour can be described by some models such as the Hodgkin-Huxley (HH)

model, the FitzHugh–Nagumo (FN) model, and the Hindmarsh–Rose (HR) model. The

FN model serves as a paradigm for type II spiking, while the HR model can exhibit spikes,

bursting oscillations and chaos under the effects of an injected bias current acting as the

principal bifurcation parameter [78,79]. The choice to describe the dynamics of a neuron

is set on the HR oscillator which is a simplification of the HH model. Moreover the HR

oscillator is based on biological observations and possesses a rich dynamics, for a relative

simplicity in case of building an equivalent analogical device for experiments.

III-3-5-1- Synoptic diagram and model

Let us consider the system on Figure 34 It is made of a HR oscillator which delivers

a voltage that is amplified or attenuated to feed an electromagnet. This electromagnet

attracts a ferromagnetic mass that is subjected to damping and to the elastic restoring

force of a spring.
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Figure 34: Synoptic diagram of the electromechanical system made of a ferromagnetic
mass fixed on a spring and subjected to an electromagnet under HR voltage excitation.

The dynamical evolution of the membrane potential of the three dimensional HR oscil-

lator is given by Hindmarsh and Rose [60] and written under the form

dxm
dt

= −x3
m + 3x2

m + ym + Ii − zm (44a)

dym
dt

= 1− 5x2
m − ym (44b)

dzm
dt

= rr(ss(xm − x0)− zm)) (44c)

where xm stands for the membrane potential of the neuron, x0 the stable subthreshold

equilibrium point of the membrane potential, ym the rapid current through the membrane

and zm the slow current through the membrane, Ii the external applied current.

Its dimensionless form is given by

ẊM = Tp(−X3
M + 3X2

M +XM + II − ZM) (45a)

ẎM = Tp(1− 5X2
M − YM) (45b)

ŻM = Tprr(ss(XM −X0)− ZM)) (45c)

with Tp the normalization time scale,XM stands for the dimensionless membrane poten-

tial of the neuron, YM the dimensionless rapid current through the membrane and ZM

the dimensionless slow current through the membrane, II the dimensionless external ap-

plied current and t′ the dimensionless time. Using the amplified membrane voltage αXM

powering our device, we have the following dimensionless equations governing our system
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under HR oscillator excitation

ẊM = Tp(−X3
M + 3X2

M +XM + II − ZM) (46a)

ẎM = Tp(1− 5X2
M − YM) (46b)

ŻM = Tprr(ss(XM −X0)− ZM)) (46c)

İ +
ẊI

(1−X)
+ AI(1−X) = EαXM(1−X) (46d)

Ẍ + FẊ + Ω2X = G
I2

(1−X)2
(46e)

where the dimensionless coefficients and parameters are defined as in equation (36) with

XM = xm
xr

; X0 = x0
xr

; YM = ym
yr

; ZM = zm
zr

; II = Ii
Ir

and xr = 1; yr = 1; zr = 1; Ir = 1.

With the parameters of Ref [78], the dynamics of the HR oscillator is well studied in

Ref [79].

III-3-5-2- Dynamical behaviour of the device under DC current

To look on the effects of the value of a direct current, the applied DC current is taken

outside of the parameter set giving a chaotic dynamics [3.135, 3.150] and [3.222, 3.319]

where chaos to chaos transition occurs, with a continuous interior crisis [79].

As the continuous injected current increases, the HR oscillator exhibits square-wave

bursting oscillations which are progressively transformed into spikes. These tonic bursting

oscillations and tonic spikes are reproduced in the mechanical part (see Figure 35). The

number of bursts of the HR oscillator and that of the electromechanical device increase

with an increase of displacement amplitude as the value of the DC current increases.

With the choice of external current applied taken inside of the parameter set giving a

chaotic dynamics [3.135, 3.150], [3.222, 3.319] where chaos to chaos transition with a con-

tinuous interior crisis occur, the chaotic bursting sequence and crisis of the HR oscillator

is also reproduced in the mechanical system.

III-3-5-3- Dynamical behaviour of the device under square wave current

In order to control the frequency of the oscillator and thus the one of the electromechanical

system, the injected current is taken on a square wave signal form, as it can easily allow

the analysis of the effects of amplitude, periodicity and duty cycle. Moreover this square

wave is consistent to the analogical to numeric signal form conversion which is more

resilient to noises. Hereafter the duty cycle of the square wave current is taken at 10%.
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injected current
II

Time histories of the HR oscillator and electromechanical system

1.5

2

5

10

Figure 35: Time histories for different values of the applied DC current showing transition
from bursting oscillations to spikes in both electrical oscillator and electromechanical
system: α = 10−2, rr = 2.10× 10−3, ss = 4, X0 = −8/5.

As the square wave current amplitude varies, On Figure 36, it is found that in the region

where in the continuous excitation leads to bursting oscillations under continuous square
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wave excitation, the HR oscillator and the electromechanical device exhibit out of phase

spikes. An interesting fact here is the downwards spikes of the mechanical displacement

contrary to the upward behaviour seen in Figure 35.

injected current
maximum IImax

Time histories of the HR oscillator and electromechanical system

1.5

5

Figure 36: Time histories for different amplitudes of the square wave excitation showing
the remaining spiking form in both the HR oscillator and the electromechanical system:
f = 0.5/fp, HR oscillator parameters of Figure 35.

At low frequency as the frequency changes, the square wave current excitation draws

both the HR oscillator and electromechanical systems between two states(see Figure 37).

But due to the proper rhythm of each system the transition is smoothed and both exhibit

relaxation like oscillations. As the frequency increases, the HR oscillator switches between

two states that come closer while the electromechanical system shows its own dynamics

transitions from driven relaxation spikes, n-periodic (n being an integer) up to sinusoidal

oscillations.

As the duty cycle increases for low frequency the driven relaxation oscillations become

more observable, with the appearance of asymmetric and symmetric shapes.

This study has shown the transmission of spiking and bursting oscillations from an

electronic Hindmarsh-Rose (HR) oscillator to our cardiac assist. Transitions from spikes,
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Frequency f Time histories of the HR oscillator and electromechanical system

0.5/fp

2/fp

f0/2fp

f0/fp

Figure 37: Time histories for different frequency values of square wave excitation showing
the transition from driven distorted spikes to sinusoidal dynamics in the electromechanical
system: IImax = 1.5, HR oscillator parameters of Figure 35.

bursting oscillations, relaxation spikes, multiperiodic and sinusoidal oscillations are found

when the values of the parameters of the current (DC, or DC plus a square wave com-
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ponent) activating the HR oscillator are varied. The HR oscillator is found to efficiently

impose its bursting oscillations, spiking or driven relaxation oscillation shapes to the

mechanical system at low frequency.

III-3-6- Analogical simulation of Van der Pol oscillator at low

frequencies for pacemaking applications

Let us consider the following electronic circuit mounted with adder-integrator, inverter,

integrator and multipliers. It is intended to pace an artificial heart at a basic frequency

and to adapt the pumping function of our device to body needs, according to the sensed

signal frequency e4(t). Following the approach of frequency servo-control (See III-3-2-)

the signal e4(t) is obtained. Its breadboard implementation is shown on Figure 39.

Figure 38: Analogical Van der Pol oscillator.

Figure 39: Breadboard implementation of the analogical Van der Pol oscillator.
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Applying on it Kirchhoff’s laws, we have the following equations:

u̇ = − 1

C1

∫
(
e1

R1

+
e2

R2

+
e3

R3

+
e4

R4

)dt (47a)

ea = u̇ (47b)

e1 = −u̇ (47c)

e2 =
u

R5C5

(47d)

eb =
e2 × e2

10
(47e)

e3 =
ea × eb

10
. (47f)

These equations can be written under the form

ü− 1

R1C1

(1− R1u
2

100R3R2
5C

2
5

)u̇+
u

R2R5C1C5

= − e4(t)

R4C1

. (48)

Using the variable change τ = ζt and u = u0U we have:

Ü − 1

ζR1C1

(1− R1u
2
0U

2

100R3R2
5C

2
5

)U̇ +
U

R2R5C1C5ζ2
= − e4(τ)

R4C1u0ζ2
. (49)

Taking

µ =
1

ζR1C1

R1u
2
0

100R3R2
5C

2
5

= 1

ζ2
0 =

1

R2R5C1C5ζ2

we obtain the Van der Pol equation

Ü − µ(1− U2)U̇ + ζ2
0U = − e4(τ)

R4C1u0ζ2
(51)

with ζ0 = 1√
R2R5C1C5ζ2

; µ = 1
ζR1C1

.

III-3-6-1- Free dynamics

The signal e4(t) is taken equal to zero. For two sets of components values, we have on

Figure 40 analogical simulation giving times histories and phase diagram. The signal given

by the y1 probe is e2 = u
R5C5

and ea = u̇ is given by the probe y2. One observes qualitative

similarity between numerical signals of Figure 41 and analogical ones of Figure 40, with

a time reversal observed on analogical signals compare to numerical ones at the same
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frequency. It is observed that low frequency affects electronic components, in such a way

that the number of peaks of the analogical signal can be reproduced within the same time

interval at the same frequency for a different value of the VDP nonlinearity coefficient,

shifting the observed behaviour for higher values of the VDP nonlinearity coefficient.

Parameters sets Time history Phase diagram

Case 1
R0 = 1 kΩ, R1 = 8.4 kΩ,
R2 = 9 kΩ, R3 = 28.2 kΩ,
R5 = 1 MΩ, C1 = 10−10 F ,
C5 = 10−7 F , T0 = 0.36 s,
y1max = 8 V , y2max = 16 V

Case 2
R0 = 1 kΩ, R1 = 3.47 kΩ,
R2 = 3.51 kΩ, R3 = 90 kΩ,
R5 = 300 kΩ, C1 = 10−7 F ,
C5 = 10−6 F , T0 = 1.2 s,
y1max = 3.5 V ,
y2max = 20 V

Figure 40: Low frequency signals of VDP oscillator and parameters sets.

Numerical results for comparison are shown in Figure 41. One should observe as the

frequency is well defined, the number of peaks within the same time frame is linked to

the nonlinearity coefficient hence, although the nonlinearity coefficient obtained for the

analogical simulation are very high (µ = 6233 when T0 = 0.36 and µ = 154 when T0 = 1.2)

a comparison can be done using the nonlinearity coefficient that gives the closest number

of peaks within the same time frame (See Figure 41). Moreover the nonlinearity coefficient

can be varied to obtain the same shape as on the analogical signal (See Figure 42).

As observation, the analogical simulation although not accurate at the level of nonlin-

earity coefficient, can allow the use of the oscillator as a VDP oscillator at low frequency.
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Parameters sets Time history

T0 = 0.36 s, µ = 7

T0 = 1.2 s, µ = 3

Figure 41: Numerical signals of VDP oscillator and parameters sets.

Parameters sets Time history

T0 = 0.36 s, µ = 30

T0 = 1.2 s, µ = 15

Figure 42: Closest numerical signals of VDP oscillator and parameters sets.
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III-3-6-2- Excited dynamics

Using the servo-control approach of III-3-2-, the signal e4(t) is taken different from zero.

To perform analogical simulations the duty cycle is equal to 50. Figure 43 show the

free dynamics, the excitation signals and the resulting VDP signal under square wave

excitation.

Free dynamics Resulting behaviour with
square wave excitation
f = 0.19 Hz

Resulting behaviour with
square wave excitation
f = 0.52 Hz

Resulting behaviour with
square wave excitation
f = 1.17 Hz

Resulting behaviour with
square wave excitation
f = 2.04 Hz

Resulting behaviour with
square wave excitation
f = 2.38 Hz

Figure 43: VDP oscillator under various square wave excitation.

Although the square wave signal generated by the low frequency generator is distorted,

frequency modulation behaviour is similar to the one observe in III-3-4-3-,in the case of

external frequency effects on the VDP oscillator where there is a coexistence of the free

dynamics and an excited one.

It is worthy to note that some experiments with a preliminary prototype is underway,

but as the device is a low impedance device, at low voltage the current called for the

device to function well is important so that the low frequency generator available could

not drive such a load. To reduce the power needs the ferromagnetic iron core taken from

recycled transformers that has a relative magnetic permeability of about 1200, could be
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replaced by material such as mumetal or superpermalloy having greater relative magnetic

permeability.

III-3-7- Other applications of the device

As the proposed device can be used to adapt directly the rhythm of pumping to external

fluctuation without invasive components with more flexibility, this strategy using fluid

flow frequency servo-control can be extended to other positive displacement pumps to

obtain an efficient, better and flexible response. Hence with sump pumps used in homes

and draining pumps used to prevent overflows in sewers and floods, efficiency will be

improved by fluid flow frequency servo-control as the incoming runoff water frequency

increases, pumping frequency increases evacuating at the same rhythm water overflow.

In this sense sump and sewage pumps performances can be optimized when facing

unsteadiness in residential areas, due to the influence of the environment. Since in case

of high rainfall and snow melting, to avoid floods, pumps can be used. Their efficiency in

floods avoidance can be optimized by their ability to adapt, to the rhythm of unsteady

surface water runoff.

III-4- Biventricular heart based on ferromagnetic masses

actuated by an electromagnet

Biventricular assist devices are used when both native right and left ventricle have

defects, that means in the case where the need for an artificial heart is rushing to pump

blood in both pulmonary and systemic circulation to prevent imminent death. The device

we present here is intended to help in these critical cases.

III-4-1- Description of the device and mathematical model

III-4-1-1- Description of the BIVAD-TAH

On Figure 44 the device is made of two internal pockets, the left biocompatible elastic

internal pocket and the right biocompatible elastic internal pocket. Between the two, is

placed an electromagnet that send magnetic flux toward each of the ferromagnetic blades

attached to each of the pocket in front of him. As a current flow in the electromagnet,

magnetic lifting forces act on each of the blades therefore each of the blades is pulled to-

ward the electromagnet compressing by the way the blood contained in each of the pocket.

According to the form of the injected current the pumping process can be sustained.
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A: Electromagnet
B1: Left biocompatible elastic internal
blood pocket
B2: Right biocompatible elastic
internal blood pocket
C1: Left ferromagnetic blade
C2: Right ferromagnetic blade
D1: Left outlet with valve
D2: Right outlet with valve
E1: Left inlet with valve
E2: Right inlet with valve
F: Biocompatible elastic external
pocket

Figure 44: Isometric view of biventricular assist device (total artificial heart) model.

To obtain a BIVAD the device can be servo-controlled to the native heart by sensors. In

this case the rhythm of the native heart could be passed to the BIVAD as in III-3-2- and

III-3-3- To obtain a TAH the device should have associated to him a low frequency oscil-

lator to command the pumping rhythm at rest with a servo-control to parasympathetic

and sympathetic nerves, as in III-3-4- and III-3-5-.

III-4-1-2- Model of the BIVAD-TAH

The device of Figure 44 is also simplified for analysis under the form of Figure 45.The

device shown on Figure 45 is made of two ferromagnetic blades of masses m1 and m2

fixed each on a spring and subjected to the action of an electromagnet under variable

current and to damping. The electrical part is made of a circuit that has an inductor

L (electromagnet inductance), a resistor (wiring resistance) supplied by a voltage source

u(t) = Ug(2πft), t being the time, U the voltage amplitude, f the frequency, g the

generative function.

The coupling between both parts is realized by the magnetic circuit, and in the mechan-

ical part coupling between the two subsystems is made by the total flux shared. When a

current flows through the coil of the electromagnet, it induces a magnetic flux in the core

of the electromagnet, shared among the two magnetic subcircuits. Hence lifting forces

attract each of the ferromagnetic masses toward the near electromagnet according to the

signal at input.
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Figure 45: Simplification of BIVAD-TAH.

Using Hoppkinson’s law in the mean magnetic circuit represented with dash-lines, as-

suming that magnetic circuit saturation is neglected,and ignoring leakage and fringing

fluxes, the total flux flowing in the first and second magnetic circuits are respectively:

Φ1 = L1i =
aµ0µrN

2i

2(l1 + l2 + l3 + µre1)
(52)

Φ2 = L2i =
aµ0µrN

2i

2(l1 + l2 + l3 + µre2)
(53)

with i(t) the current, a the cross section of the coil, µ0µr,the magnetic permeability of

the electromagnet iron core. The mean circuit delineated by dash lines has the following

dimensions: l1, l2, e1 and e2 with

e1 = l4 − l0 − 2l3 − x1 (54)

e2 = l4 − l0 − 2l3 − x2 (55)

e1, and e2 being the gap between the free edge of the moving masses and the free edge of

the proximal electromagnet, 2l3 is the ferromagnetic blade and the electromagnet thick-

ness, l0 the unload spring length, l4 the distance between the fixed part of the spring and

the free edge of the electromagnet that can be in contact with the moving blades, x1 and

x2 are the displacement of the first and second mass respectively.
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Using Ohm’s law in the electrical circuit, one obtains

dΦ

dt
+
ρNPm
s

i = u(t) (56)

where Φ = Φ1 + Φ2 is the total flux shared, ρ is the wire resistivity, N the coil number of

turns, Pm the coil mean perimeter, s the wire cross section. Hence the equation describing

the electrical phenomena in the electrical part is (assuming no capacitor in the circuit) is:

(
aµ0µrN

2

2(l1 + l2 + l3 + µr(l4 − l0 − 2l3 − x1))
+

aµ0µrN
2

2(l1 + l2 + l3 + µr(l4 − l0 − 2l3 − x2))
)
di

dt
+

aµ0µ
2
rN

2i

2(l1 + l2 + l3 + µr(l4 − l0 − 2l3 − x1))2

dx1

dt
+

aµ0µ
2
rN

2i

2(l1 + l2 + l3 + µr(l4 − l0 − 2l3 − x2))2

dx2

dt
+

+
ρNPm
s

i = u(t). (57)

Taking the mechanical parts, their dynamics are described by the following equations

m1
d2x1

dt2
+ λ1

dx1

dt
+ k1x1 =

1

2

∂W1mag

∂x1

(58)

m2
d2x2

dt2
+ λ2

dx2

dt
+ k2x2 =

1

2

∂W2mag

∂x2

(59)

where m1 and m2 the respective masses of the first and second moving masses, λ1 and λ2

the damping coefficients affecting the movement of the first and second mass respectively,

k1 and k2 the stiffness of the springs attached to the first and second mass respectively;

W1mag = L1(x)i2, W2mag = L2(x)i2 the magnetic energy in the first and second magnetic

circuit.

Replacing L1(x) and L2(x) by their expression derived from equation (52) and (53),

one obtains

m1
d2x1

dt2
+ λ1

dx1

dt
+ k1x1 =

aµ0µ
2
rN

2i2

4(l1 + l2 + l3 + µr(l4 − l0 − 2l3 − x1))2
(60)

m2
d2x2

dt2
+ λ2

dx2

dt
+ k2x2 =

aµ0µ
2
rN

2i2

4(l1 + l2 + l3 + µr(l4 − l0 − 2l3 − x2))2
. (61)

Therefore the electromechanical system is described by the set of equations (57), (60)

and (61). Introducing the normalization and change of variables, the equations of motion
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(57), (60) and (61) are reduced to the following form:

İ +
I

(2−X1 −X2)
(
1−X2

1−X1

Ẋ1 +
1−X1

1−X2

Ẋ2) + AI(1 + p)
(1−X1)(1−X2)

(2−X1 −X2)

= EU0(1 + p)
(1−X1)(1−X2)

(2−X1 −X2)
g(2πfTpτ)

(62a)

Ẍ1 + F1Ẋ1 + Ω2
1X1 = G1

p2I2

(1 + p)3(1−X1)2
(62b)

Ẍ2 + F2Ẋ2 + Ω2
2X2 = G2

p2I2

(1 + p)3(1−X2)2
(62c)

with X1 =
px1

(1 + p)lp
; X2 =

px2

(1 + p)lp
; I =

i

ip
; τ =

t

Tp
; U0 =

U

up
;

lp = l4 − l0 − 2l3; la = l1 + l2 + l3; ip =
2lpTpup
aµ0

; T 2
p =

m1

k1

; L0 =
aµ0µrN

2

2la
;

p =
µrlp
la

; A =
ρNPm
sL0

Tp; E =
1

N2p
; F1 =

λ1Tp
m1

; F2 =
λ2Tp
m2

;

ω2
0 =

k1

m1

; Ω2
1 = 1; Ω2

2 =
m1k2

m2k1

; G1 =
L0T

2
p i

2
p

2m1l2p
; G2 =

L0T
2
p i

2
p

2m2l2p
.

Taking λ1 = λ2 = λ and using the change of variables

k1

k2

= α (63)

m1

m2

= β (64)

a more reduced form of equations (62) can be obtained, and the dynamics of our system

is described by:

İ +
I

(2−X1 −X2)
(
1−X2

1−X1

Ẋ1 +
1−X1

1−X2

Ẋ2) + AI(1 + p)
(1−X1)(1−X2)

(2−X1 −X2)

= EU0(1 + p)
(1−X1)(1−X2)

(2−X1 −X2)
g(2πfTpτ)

(65a)

Ẍ1 + F1Ẋ1 +X1 = G1
p2I2

(1 + p)3(1−X1)2
(65b)

Ẍ2 + βF1Ẋ2 +
β

α
X2 = βG1

p2I2

(1 + p)3(1−X2)2
(65c)

with F2 = βF1; Ω2
2 =

β

α
; G2 = βG1.
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III-4-2- Dynamical behaviour of the device

III-4-2-1- Free vibration approach analysis

It is observed that the dynamics of a mass fixed on a spring and subjected to the action

of an electromagnet in the case of linear electronic RL device can be given by:

Ẍ + FẊ + Ω2X =
Gp2I2

(1 + p)3(1−X)2
. (66)

This system under sinusoidal signal has an equation similar to that giving the dynamics

of a Micro-Electro-Mechanical System(MEMS) with a nonlinearity from capacitors as

studied by Luo and Wang [74] in the absence of damping. Main results they obtained are

the characteristic equilibrium points, natural frequency bands and responses, resonances

conditions, chaotic motion in a certain frequency band.

To complete the study of our system in the case of the dynamics of the mechanical

part, one can thus assume that a sinusoidal excitation on our system leads to a small

influence of the mechanical part on the electrical part, hence we take in this sense a

dimensionless current under the form I(τ) = I0sin(2πfTpτ + φI) where φI is the phase

difference between the voltage and the current.

The equilibrium points satisfy the following equation

Xe(1−Xe)2 = Qa (67)

with

Q0 = Q2 =
Gp2I2

0

2(1 + p)3

Qa = Q0 for the first mass and Qa = αQ0 for the second mass.

The eigenvalues derived from equation (67) are

λ
(n)
1,2 = ±F

2

√
F 2

4
+

1

Ω2
a

(
2Qa

(1−Xe
n)3
− 1) (68)

with Ωa = 1 for the first mass and Ωa =
β

α
for the second mass.

For stable equilibrium the maximum value of Qa is given by Qa = Qamax = 4/27, Xe
1 =

Xe
2 = 1/3 , where possible vibration amplitude equal to zero. Following the results of

Ref. [74], vibrations occur only for Qa < Qamax and the (2M : 1) resonance can be found

(there is no chaotic motion near the resonant separatrix).
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Applying the above analysis on the two mechanical systems, the following observations

can be made:

• α < 1, the first mechanical subsystem vibrations are quenched while the second one

is still oscillating

• α = 1, the two mechanical subsystems vibrations are quenched at the same time

• α > 1, the second mechanical subsystem vibrations are quenched while the first one

is still oscillating

III-4-2-2- Harmonic balance method approach

Assuming small dimensionless displacement and neglecting the influence of the mechan-

ical part on the electrical part, one obtains equations (69)

İ +
1

2
AI(1 + p) =

1

2
EU0(1 + p) sin(wpτ) (69a)

Ẍ1 + F1Ẋ1 +X1 = G1
p2I2

(1 + p)3
(69b)

Ẍ2 + βF1Ẋ2 +
β

α
X2 = βG1

p2I2

(1 + p)3
. (69c)

Using the harmonic balance method to solve equations (69), the solution can be given

as

I(τ) = I1cos(wpτ) + I2sin(wpτ)

with

I1 =
−2wpEU0(1 + p)

4w2
p + A2(1 + p)2

(70)

I2 =
A(1 + p)2EU0

4w2
p + A2(1 + p)2

. (71)

The compact form gives

I(τ) = I0sin(wpτ + φI)

with

I0 =
EU0(1 + p)√

4w2
p + A2(1 + p)2

(72)

with

tanφI =
−2wp

A(1 + p)
. (73)

88



With these expressions of the electric current, the displacements of the mechanical parts

are obtained as

X1 =
G1p

2I2
0

2(1 + p)3
+

G1I
2
0p

2

2(1 + p)3
√

1 + 4w2
p(4w

2
p + F 2

1 − 2)
sin(2wpτ + φ1) (74)

X2 =
αG1p

2I2
0

2(1 + p)3
+

αβG1I
2
0p

2

2(1 + p)3
√
β2 + 4αw2

p(4αw
2
p + αβ2F 2

1 − 2β)
sin(2wpτ + φ2). (75)

The phase differences are given as:

tanφ1 =
(I2

1 − I2
2 )− 4wp(wpI

2
1 − wpI2

2 + I1I2F1)

2(wpF1(I2
1 − I2

2 )− I1I2(4w2
p − 1))

(76)

tanφ2 =
β(I2

1 − I2
2 )− 4wpα(wpI

2
1 − wpI2

2 + βI1I2F1)

2(αβwpF1(I2
1 − I2

2 )− I1I2(4αw2
p − β))

. (77)

One should note that the mean positions of the masses given by equations (74) and (75)

are different from the equilibrium points given by equations (67).

In the text A1 and A2 stand for the vibration amplitudes of the first and second masses

respectively, Xm
1 and Xm

2 for the mean positions of the first and second masses respectively

.

Figures 46, 47, 48 and 49 show the variation of the amplitudes of the displacements, in

terms of the frequency, the masses ratio, the stiffness coefficients ratio, and the voltage

amplitude respectively. A good agreement is found and thus gives the domain of validity

of such an approximation.

On Figure 46, one observes agreement on the resonance frequencies of both masses with

a difference on quantitative aspects. On Figure 47, it is found that for both analytical

and numerical results, as the value of the ratio between the stiffness coefficients increases

from α = 1.00, the amplitude of vibration of the second mass increases until α = 1.10

where it is maximal. Above this value as the ratio increases, the vibration amplitudes of

the second mass decreases monotonously, having the same amplitude as for α = 1.00 at

α = 1.23.

We observe on Figure 48 that as the value of the ratio between the masses increases,

on both analytical and numerical results, the vibration amplitude of the second mass

decreases monotonously starting from the vibration amplitude of the first mass.
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Figure 46: Variation of the amplitude of vibration in term of the frequency obtained
from the analytical derivation and the numerical simulation for small displacement: U0 =
1.50× 10−1, α = 1.10, β = 1.00 (sinusoidal power).

Figure 47: Variation of the amplitude of vibration of the second mass in term of the stiff-
ness coefficients ratio obtained from the analytical derivation and the numerical simulation
for small displacement: f/fp = 7.56× 10−2, U0 = 1.50× 10−1, β = 1.00.

It is observed on Figure 49 that as the applied voltage increases, the vibration amplitude

increases and divergence between the analytical and numerical results is larger for the

second mass. A good precision on the results is obtained for values of applied voltage for
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Figure 48: Variation of the amplitude of vibration of the second mass in term of the
masses ratio obtained from the analytical derivation and the numerical simulation for
small displacement: f/fp = 7.56× 10−2, U0 = 1.50× 10−1,α = 1.00.

the first mass less than U0 = 0.8 and U0 = 0.5 for the second mass. Above 1.35 both

masses are bound to the electromagnet as found from the numerical simulation.

Figure 49: Variation of the amplitude of vibration in term of the voltage amplitude ob-
tained from the analytical derivation and the numerical simulation for small displacement:
f/fp = 7.56× 10−2, α = 1.10, β = 1.00.
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III-4-2-3- The resonant pull-in condition

Using the method used in Ref. [75] to obtain the resonant pull-in condition,on equa-

tions (65b) and (65c), taking into account that the potential energy curves determine the

evolution of the whole system energy, one have pull-in in the mechanical systems when

respective displacements reach or go beyond the considered unstable potential energy

equilibrium points [76]. Taking the extreme point of the energy function under sinusoidal

excitation I = I0sin(wpτ + φI) we have as maximum potential energy responsible of the

pull-in in the first and second mass respectively:

Ep1 =
1

2
X2

1 −
G1p

2I2
0

(1 + p)3(1−X1)
(78)

Ep2 =
β

2α
X2

2 −
βG1p

2I2
0

(1 + p)3(1−X2)
. (79)

The equilibrium points of the potential energy are solution of the equation

Xe
p(1−Xe

p)
2 = 2Qa (80)

with Qa define as before.

Hence for the values of the unstable potential energy equilibrium point obtain as in

Ref. [74] we have

Xe
p1 =

2

3
+ Ψ

3

√
b1

2
+
√

∆1 + Ψ2 3

√
−b1

2
+
√

∆1 (81)

Xe
p2 =

2

3
+ Ψ

3

√
b2

2
+
√

∆1 + Ψ2 3

√
−b2

2
+
√

∆2 (82)

where

∆1 = (
b1

2
)2 + (

p1

3
)3; ∆2 = (

b2

2
)2 + (

p2

3
)3; p1 = p2 = −1

3
; b1 =

2

27
− 2Q0;

b2 =
2

27
− 2αQ0; Ψ =

−1 + i
√

3

2
; i =

√
−1.

Therefore one have as pull-in conditions

X1 ≥ Xe
p1 (83)

X2 ≥ Xe
p2. (84)

When ∆1 = 0 or ∆2 = 0 the respective maximum displacement of the considered mass

without pull-in, is reduced to
1

3
the value obtain in the case of DC excitation.
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Taking as parameters and natural frequency as in III-3-2-3- with m1 = 20 g, k1 =

100 N/m, N = 80, A = 1.14 × 10−1, F1 = 2.12 × 10−2, G1 = 2.04 × 1012, a numerical

simulation is carried out using the fourth-order Runge-Kutta algorithm applied on the

full equations (65).

III-4-2-4- Effects of the frequency

Figure 50a shows the variation of vibration amplitude of the mechanical part as the

frequency varies, when α = 1.1 and β = 1. Two resonances are found at fr11 = 7.86 ×
10−2fp and fr21 = 3.94 × 10−2fp for the first mass, and also two resonances are found

at fr12 = 7.48 × 10−2fp and fr22 = 3.76 × 10−2fp for the second mass. These two states

correspond to two subharmonic resonances of the type f01/2 and f01/4, for the first mass

and of the type f02/2 and f02/4, for the second mass. The displacement amplitudes at

these points are respectively 4.06×10−1, 1.4×10−2 for the first mass and 4.4×10−1, 1.6×
10−2. As predicted, we observe that for α > 1, the second mass has a higher amplitude

dynamics.

Keeping the same parameters and taking α = 1 and β = 1.1, we observe on Figure

50b that the resonances for the second mass are observed at fr12 = 8.24 × 10−2fp and

fr22 = 4.13× 10−2fp where the amplitudes are respectively 3.8× 10−1, 1.4× 10−2. Thus

increasing only the ratio between the stiffness leads to a decrease of the subharmonics

resonance frequencies for the second subsystem and an increase of the respective oscilla-

tions amplitudes. On the other side, increasing only the ratio between the masses leads

to an increase of the subharmonics resonance frequencies for the second subsystem and a

decrease of the respective oscillations amplitudes.

III-4-2-5- Effects of voltage amplitude

The frequency is taken equal to that of the subharmonic oscillation, that is f0/2. It

is observed on Figure 51 in the case where α = 1.00 that the oscillation amplitude of

the mechanical part increases monotonously till U0 = 1.10 where it exhibits hysteresis

between U0 = 1.10 and U0 = 1.35.

Between U0 = 1.35 and U0 = 1.45, high amplitudes vibrations are observed, and be-

tween U0 = 1.45 and U0 = 1.70, is obtained a zone where oscillations are sensitive to

initial conditions. After U0 = 1.70, the mass is bound to the electromagnet.

For some other values of α > 1, one observes that the second mechanical oscillator has

a higher amplitude dynamics. For α = 1.05, hysteresis for the second mass is observed

between U0 = 1.10 and U0 = 1.23, and the jump interval at hysteresis is smaller. The
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(a)

(b)

Figure 50: Amplitude-response curves of the mechanical oscillators versus f/fp under
sinusoidal voltage with enlargement around subharmonic resonances with U0 = 1.00: (a)
α = 1.10, β = 1.00 (b) α = 1.00, β = 1.10.

first mass also displays a hysteresis zone between U0 = 1.10 and U0 = 1.23. Between

U0 = 1.23 and U0 = 1.70, both masses have oscillations sensitive to initial conditions, and

after U0 = 1.70 they are bound to the electromagnet.

Looking at the effect of masses ratio on the mechanical vibration as U0 changes, one

observes on Figure 52 that increasing β leads to a decrease of vibration amplitudes of the
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(a)

(b)

(c)

Figure 51: Amplitude-response curves of the mechanical oscillators versus U0 under si-
nusoidal voltage for different values of stiffness coefficients ratio: f/fp = 7.56 × 10−2

, β = 1.00 (a) α = 1.00 plot for the first mass; (b) α = 1.15 plot for the first mass;
(c)α = 1.15 plot for the second mass.

second mass. For β = 1.10, the hysteresis zone is between U0 = 0.97 and U0 = 1.32, with

possible quenching of vibration of both masses. Above U0 = 1.32, the masses are bound

to the electromagnet.
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(a)

(b)

(c)

Figure 52: Amplitude-response curves of the mechanical oscillators versus U0 under sinu-
soidal voltage for different values of the masses ratio: f/fp = 7.56 × 10−2 , α = 1.00 (a)
β = 1.00 amplitude response of the first mass; (b) β = 1.10 amplitude response of the
first mass; (c)β = 1.10 amplitude response of the second mass.

III-4-2-6- Effects of α and β

The frequency is taken equal to that of subharmonic oscillations f0/2. On Figure 53, one

observes that as the ratio between the stiffness coefficients of the first and the second mass

increases, the vibration amplitudes of the second mass display a maximum at α = 1.10

for β = 1.00
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Figure 53: Amplitude-response curves of the mechanical oscillators versus the stiffness
coefficient ratio under sinusoidal voltage: f/fp = 7.56× 10−2,U0 = 1.00, β = 1.00.

At the same frequency, on Figure 54, as the ratio between the masses increases, the

vibration amplitudes of the second mass decrease monotonously.

Figure 54: Amplitude-response curves of the mechanical oscillators versus the stiffness
coefficient ratio under sinusoidal voltage: f/fp = 7.56× 10−2,U0 = 1.00, α = 1.00.

An analysis carried out on the system in case of triangle wave excitation has shown

similar behaviour as in the case of sinusoidal excitation, as most of the energy of the

triangle wave excitation is located at its first harmonics.

III-4-3- Dynamical behaviour of the device in the presence of

square wave voltage

III-4-3-1- Dynamical behaviour in the presence of the square signal

Taking g(2πfTpτ) in the form of a square wave, we assess the dynamics of the me-

chanical part, looking at the effects of frequency, voltage amplitude and that of phase

difference.

IV-3-3-1-1-Effects of the frequency

Figure 55 shows the variation of the vibration amplitude of the mechanical part as the
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frequency varies, when α = 1.1 and β = 1. Various resonances are found at fr11 = 7.81×
10−2fp, fr21 = 3.90×10−2fp, fr31 = 2.60×10−2fp, fr41 = 1.95×10−2fp for the first mass,

and fr12 = 7.42×10−2fp, fr22 = 3.72×10−2fp, fr32 = 2.48×10−2fp, fr42 = 1.85×10−2fp

for the second mass. These states correspond to subharmonic resonances of the type

f0/2k (k a non-null integer)for the first mass and second mass.

With the same parameters and taking α = 1 and β = 1.1, we observe that resonances

for the second mass are observed at fr12 = 8.19 × 10−2fp, fr22 = 4.1 × 10−2fp, fr32 =

2.72×10−2fp and fr42 = 1.64×10−2fp where amplitudes are respectively 1.56×10−2, 1.24×
10−2, 1.14× 10−2 and 1.06× 10−2.

Figure 55: Amplitude-response curves of the mechanical oscillators versus f/fp under a
square wave voltage with parameters of Figure 50.

Compare to the first subsystem, increasing only the ratio between the stiffness of masses

lead to a decrease of the subharmonics resonance frequencies for the second subsystem and

an increase of the respective oscillations amplitudes. Increasing only the ratio between

the masses leads to an increase of the subharmonics resonance frequencies for the second

subsystem and a decrease of the respective oscillations amplitudes.

In order to have an idea on the evolution of the mechanical part, we plot on Figure

56 the time histories and phase diagram for some frequencies. We observe that as the

frequency decreases, subharmonic oscillations are more present. And for low frequencies

bursting which are alternating small and large amplitude excursion observed.

III-3-3-1-2-Effects of the voltage amplitude: hysteresis

While increasing the external voltage amplitude, it is observed that the current increases

linearly, and on the mechanical part there is just an increase of displacement subsequently

as shown on Figure 57. There is hysteresis for U0 between 1.33 and U0 = 2.93, with or

without oscillations depending on the initial conditions. The moving mass is permanently

bound to the electromagnet for U0 larger than 2.93. Here the hysteresis shape is different

from the one observed in the case of sinusoidal voltage excitation.
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(a) (b)

(c) (d)

Figure 56: Time histories and phase diagrams of the first mass for different values of
frequency in the case of excitation by a square wave:U0 = 1.40, α = 1.00, β = 1.00.(a)
time history for f/fp = 7.56 × 10−2,(b) phase diagram for f/fp = 7.56 × 10−2;(c) time
history for f/fp = 9.72× 10−3,(d) phase diagram for f/fp = 9.72× 10−3.

III-4-4- Other applications of the device

As an advantage of dual pumping such an approach could be extended in fluid flow

pumping to multiply the number of pumps in usage for example for flood avoidance. The

more the pumps in action to prevent floods, the more the efficiency of floods avoidance.

Therefore many synchronized pumps can be used likewise with fluid flow frequency servo-

control to optimize the time of reaction and the time of action when facing flood risks.

III-5- Conclusion

The basic device studied in this chapter presents as preliminary results the fact that

pumping blood is possible with such a device based on the attraction of a ferromagnetic

mass fixed on a spring and subjected to the action of an electromagnet under variable

current. Some of the challenges that we attempted to solve open us the possibility to go

further in order to build a complete artificial heart having a close behaviour as possible

as the native heart not only with one ventricle but made of two pumping ventricles.
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Figure 57: Amplitude-response curves of the mechanical oscillators versus U0 under a
square wave voltage: f/fp = 7.56× 10−2,α = 1.00,β = 1.00.

Furthermore the biventricular CAD proposed in this chapter can serve as BIVAD or

TAH, as it is possible to pump simultaneously a fluid like blood with a pulsatile behaviour

with the two pumps. As each of the two pumps do not change significantly the dynamics

of the other, each of the pumps can be considered as independent of the other. Hence

the study done in Section II can be applicable to each pump. Therefore using an external

oscillator pacing the pumps such as in III-3-4- and nerve servo-control such as in III-3-

5- the device can perform the two ventricles pumping function with adaptation to body

needs.
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General Conclusion



In this thesis, a proposition of a new model of LVAD, BIVAD and TAH has been done,

taking into account international specifications to obtain high beneficence and better life

quality for patients suffering from end stage heart failure waiting for a transplant, an

implant, or for heart recovery.

In the first chapter, we have presented different biological organs which can be replaced

by an artificial device when they cannot be treated by classics means such as medication,

physical and supportive therapies or surgery. Emphasis is put on how artificial organ are

built and especially how other artificial hearts are implemented.

In the second chapter, the tools used for development and analysis have been pre-

sented. The specifications of LVAD have been presented to guide the development of the

new model of LVAD, BIVAD and TAH. Analytical tools like harmonic balance method al-

lowed obtaining small amplitudes solutions, and Cardano’s method to solve the third order

polynomial equation coming out from equilibrium and instability studies. Furthermore

the Fourth-order Runge-Kutta method is presented since it is used to solve numerically

first-order coupled ODEs to access the time history, the phase diagram and the amplitude

diagram of respective devices. Experimental materials used to perform analogical imple-

mentation for the analysis of natural or artificial pacemaking, with the effect of nerves

excitation on our devices are introduced.

In the second section of the third chapter using international specifications, models of

LVAD consisting of a ferromagnetic mass fixed on a spring and subjected to an electromag-

net under variable current, blood flow frequency and pull-in servo-control are presented

along with the adaptation approach to body needs through natural pacemaker pacing

(that can be extended to artificial pacing) or nerves.

Basically, it is observed using the above analysis methods that as the internal or ex-

ternal parameters change, the devices can perform single pumping with subharmonic

oscillation and hysteresis. Also the device possess an intrinsic instability called pull-in

that has to be controlled to avoid sudden pumping arrest. The opportunity to adapt

the pumping function to body needs through the blood flow frequency servo-control is

also observed, allowing thus a better life quality for the patient who could receive such a

pump. Moreover as the adaptation to body needs elicit unstationnary and random flow

it reduces thrombosis which are stationary clots in blood vessels and the type of pumping

mechanism used reduces hemolysis as there is no high speed blood flow.

As the pumps do not use rotative parts, the pumping function can be made in all

direction without the reducing gyroscopic effects of rotative parts and the translation
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movement of the pumps coupled to pulsatile pumping tends to mimics the native heart

pumping movement.

Another Application of such a system could be the use of the fluid flow frequency servo-

control approach to pump runoff water at the rhythm they are appearing, to prevent

floods.

The fourth section of the third chapter presents a BIVAD consisting of two ferromag-

netic masses fixed on a spring and subjected to a common electromagnet under variable

current for a dual pulsatile pumping. The TAH consisting of the model of BIVAD under

an external oscillator are proposed and using the above analysis methods, the behaviour

of devices is accessed under sinusoidal excitation or under square wave excitation inducing

bursting like dynamics.

From the device specifications point of view, we succeed to avoid rotative parts, axis

and pivots to avoid gyroscopic effects, using translation movement to meet the first re-

quirement of our device specifications. The electromagnet lifting force actuates the pump

in all orientations without physical link; this lifting force which is a field force, is used

in both models of basic cardiac assist device, and biventricular heart, meeting thus the

second requirement of our device specifications. An important result is that the mechan-

ical system can show high stroke displacements (8/10 of the initial gap) in a heart like

sequence without pull-in instability, under a 2V excitation by a VDP oscillator ; this

shows that the third requirement of our device specification can be met in this condition

while giving closest behaviour as the native heart. The fourth requirement of our device

specification which is to achieve fluid flow frequency servo-control at low frequency, in

order to reduce stationary flows, hemolysis and adaptation to body needs is met; in this

sense when coupled to a section of blood vessel, although random frequency variations,

the electrical sensed signal and the mechanical vibration possess common characteris-

tic frequencies. Moreover, closest native heart behaviour is achieved, through pulsative

pumping obtained with bursting oscillations and possible servo-control to nerves, native

pacemaker to take into account body needs in pumping process depending on the device

type.

This work leads to next steps and also opens some perspectives to obtain a high benef-

icence of devices. In this sense high beneficence can be obtained by the right choice

of materials such as electromagnet core with higher relative magnetic permeability to

reduce power needs and internal battery to increase autonomy and beyond all by the

development of a new power amplifier with a reduce size, to drive the device by analogical

oscillators or by biological signals sensed. As upcoming steps, one has to undertake a

deep analysis for power reduction, turbulence studies, pressure control, other pulses types
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excitations, real-time functioning, patent protection, market assessment, prototypes and

technology demonstration, production of derived LVAD, BIVAD, TAH. Some prospective

works could be to pay attention to precise tools of the device follow up and servo-control,

energy harvest from the blood flow [80].

Other prospective works could be to adapt the pumping mechanism to pump large

volume of fluid such as in high stroke displacement pumps that can be used in flood

avoidance, concrete pumps or to use the movement of the ferromagnetic mass in industrial

machine-tools.
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Abstract. The study of a ferromagnetic mass, fixed on a spring and
subjected to an electromagnet powered by a Van der Pol (VDP) oscil-
lator and by a Hindmarsh-Rose (HR) oscillator is performed, to serve as
an electromechanical devices, but also to mimic the action of a natural
pacemaker and nerves on a cardiac assist device or artificial heart. The
excitation with the VDP oscillator shows in the mechanical part the
transition from harmonic, periodic, biperiodic up to bursting oscilla-
tions, high displacement without pull-in instability in the free dynamics
regime. Under DC plus square wave excitation, there is a coexistence
of the bursting oscillations of the free dynamics and the one of the
modulated dynamics. Considering the action of a HR oscillator, it is
found transition from spikes, bursting oscillations, relaxation spikes,
multiperiodic and sinusoidal oscillations under DC or DC plus square
wave excitation. These electrical behaviors are transferred to the me-
chanical part which can then adopt spiking or bursting dynamics as the
HR oscillator. For this electromechanical model, the VDP oscillator is
more efficient than the HR oscillator to induce pulsatile pumping func-
tion with higher amplitude and to react to external influences without
pull-in.

1 Introduction

Self-sustained oscillators are systems that exhibit the property to transform directly
continuous energy to a periodic form. One of the most studied self-sustained oscillators
is the Van der Pol oscillator (VDP oscillator). Its special feature is that, it can be
a harmonic oscillator and becomes a relaxation oscillator, under the increase of one
parameter. It is useful for the modulation of some devices and to model biological
systems [1–8].
One self-sustained system among others that can be modeled by the VDP os-

cillator is the heart pacemaker [9,10]. In an open environment and due to external
influence, the pacemaker can see its frequency change under the effects of parasympa-
thetic and sympathetic innervations of the heart, ranging from 28 beats per minute
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Fig. 1. Synoptic diagram of the electromechanical system made of a ferromagnetic mass
fixed on a spring and subjected to an electromagnet powered by a VDP electronic oscillator.

up to 200 beats per minute to adapt to body needs, according to the age or the
training [11,12].
One of the most challenging issues in such research is to obtain hybrid systems,

which can take over after a failure of the biological system, with the constraint to
behave like the native system. Among other biological inspired devices, we can cite
cardiac assist devices that could take over a cardiac failure, as it is one of the most
studied with severe requirements [6,7]. Moreover, biological inspired devices are
gaining more interest in many engineering and scientific fields. In this line, artificial
organs, artificial members, bioinspired robots are under active research. The aim is to
reproduce the behaviors of biological systems observed in nature with the ambition
to copy their dynamics in electromechanical and mechatronic systems such as robots
and actuators or for bio-engineering [6,13–17].
One of the interesting models describing neurons behaviors is the Hindmarsh-Rose

(HR) model. It can exhibit spike, bursting and chaos under the effects of an injected
bias current acting as the principal bifurcation parameter [18,19]. Recent studies
in the field of nano-electromechanical systems, micro-electromechanical systems and
macro-electromechanical systems focus on variable capacitor and variable inductor
actuators, and their technological applications [20–22].
In this work we consider a pump made of a ferromagnetic mass fixed on a spring

subjected to an electromagnet first powered by a VDP oscillator and then by a HR
electric oscillator. The system can act as an electromechanical device for robotic uses
or as artificial heart subjected to the action of the pacemaker (Van der Pol oscillator)
or of the nervous systems.
Section 2 deals with the description of the device and the analysis of its dynamical

states and behaviors when it is powered by a Van der Pol oscillator. In Sect. 3,
the same study is carried out when the excitation comes from the Hindmarsh-Rose
electronic oscillator. Section 4 concludes the paper.

2 Dynamical behavior of the system powered by the Van der Pol
oscillator

2.1 Description of the system

Let us consider a ferromagnetic mass with mass m, fixed on a spring with spring
coefficient k, and subjected to the attraction of a N turns coil electromagnet fed by
a Van der Pol oscillator (Fig. 1). The moving ferromagnetic mass has permeability
μr like the N turns electromagnet. The power amplifier is used to adapt the power
to displacement amplitude needs. This model can be a simplification after modal
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projection of an elastic pocket containing a fluid (for instance blood) on which, on
a side is fixed a ferromagnetic mass and besides this mass is fixed an electromagnet
commanding the movement of the mass and thus the fluid pumping function.
With the model of [22], the electromechanical system is governed by Eqs. (1)

and (2)

aμ0μrN
2

2(la + μr(lp − r))
di

dt
+

aμ0μ
2
rN
2i

2(la + μr(lp − r))2
dr

dt
+
ρNPm

s
i = αu(t) (1)

m
d2r

dt2
+ λ
dr

dt
+ kr =

aμ0μ
2
rN
2i2

4(la + μr(lp − r))2 · (2)

The electromechanical system is excited by the potential u of the Van der Pol oscillator
[4]. This potential is governed by the following equation

d2u

dt2
− εωr(1− u2)du

dt
+ ω2ru = ω

2
rv(t) (3)

with ωr its natural frequency and ε the VDP nonlinear coefficient. v(t) is an external
electric input.
In the dimensionless form, the electromechanical system is governed by the set of

equations:
Ü − εωrTp(1− U2)U̇ + ω2rT 2pU = ω2rT 2p V (τ) (4)

İ +
ṘI

(1−R) +AI(1−R) = EαU(1−R) (5)

R̈+ FṘ+R = G
I2

(1−R)2 (6)

where the dots refer to the derivation with respect to the dimensionless time τ given
below, α the voltage gain. The non dimensional coefficients are given as:

R =
pr

(1 + p)lp
; U =

u

up
; V =

v

up
; I =

i

ip
; τ =

t

Tp
; L0 =

aμ0μrN
2

2la
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2lpTpup
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μrlp
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; A = (1 + p)
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sL0
Tp; E =

1 + p

pN
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λTp

m
;

ω20 =
k

m
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√
m

k
; G1 =

L0T
2
p i
2
pp
2

2ml2p(1 + p)
3
·

The only equilibrium point of the electromechanical system is (U = 0, U̇ = 0,

I = 0, R = 0, Ṙ = 0). The eigenvalues of the Jacobian evaluated at the equilib-

rium point, are given by (ε ± √ε2 − 4)Tpωr/2, (−F ±
√
F 2 − 4)/2, −A. Thus the

equilibrium point is unstable for ε > 0.
As the VDP oscillator dynamics under weak nonlinear coefficient tends toward the

harmonic form [1], some analytical results of the dynamical behavior of this resonator
under the VDP oscillator at weak nonlinear coefficient, can be obtained in Ref. [22]
under harmonic excitation.
The set of Eqs. (4), (5) and (6) is solved using the fourth-order Runge-Kutta

algorithm.
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Time history of the mechanical actuator behavior

1

4

100

Fig. 2. Time histories of the mechanical part for different values of the VDP nonlinearity
coefficient ε : α = 10−2, ωr = ω0/2.

2.2 Dynamical states and behaviors of the electromechanical device without
external excitations

For numerical simulations the parameters of the electromechanical system are taken
as follows. The fixed parameters are fp=

1
Tp
=70.71Hz, f0=

ω0
2π =0.16 fp, lp=3 ×

10−2m. The reference parameters are up=1.00Volt, ip=6.75× 106A while the cal-
culated parameters are G=3.37 × 109, p=600mA−1, A=68.89, E=1.25 × 10−2,
F =3.54× 10−1.
The external voltage applied to the VDP oscillator is first set to zero and we

analyze the effects of the nonlinearity coefficient ε and that of the frequency ωr of
the VDP oscillator on the evolution of the electromechanical system. An increase of
the nonlinearity coefficient ε results in a progressive transformation of the behavior
of the mechanical actuator behavior from harmonic oscillation into bi-periodic and
bursting oscillations with an increase of the amplitude and a decrease of the fre-
quency (see Fig. 2). One observes also that as the nonlinear coefficient increases,
the frequency of oscillation decreases, the maximal value of current amplification to
obtain oscillation without pull-in decreases and the frequency of the bursting oscilla-
tion is equal to the double of the frequency of the VDP oscillator (not plotted). The
bursting oscillations observed here are similar to those found in Ref. [22] and can also
allow high pulsatile pumping in heartbeat like sequence. Decreasing the frequency
ωr, it is found a reduction of the amplitude of vibration of the mechanical actuator,
a refinement of the bursting shape leading to a simple pulse with disappearance of
negative displacement in low frequencies (Fig. 3).
These results show that in order to build an artificial heart with this electro-

mechanical system where the VDP oscillator serves as an autonomous pacemaker, the
larger the nonlinear coefficient, the better the pulsatile pumping function is achieved.
The same fact appears for low frequencies of the VDP oscillator.
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ωr Time history of the mechanical actuator behavior

ω0/2

ω0/4

ω0/ω0

Fig. 3. Time histories of the mechanical part for different values of the VDP oscillator
frequency ωr : α = 10

−2, ε = 4.

2.3 Effects of the parameters of the external excitation

The external influence is taken into account by a DC plus square wave external
voltage applied on the VDP oscillator. This voltage is taken on a continuous square
wave form. The DC plus square wave signal is consistent with the analogical to digital
conversion of the electrical sensed signal acting on the native pacemaker or an artificial
pacemaker under a nerve signal sensed and converted. The conversion is to reduce
noises on the original sensed signal. Some results of the behavior of the VDP oscillator
under square wave can be found in Ref. [3].
As the frequency of the external applied voltage changes, the periodicities of the

electrical and mechanical part are equal. The dynamics of the electrical and mechan-
ical parts are modulated by the applied voltage (see the time histories in Fig. 4).
So there is a coexistence of the free dynamics and a modulated dynamics in both
electrical and mechanical parts. As the applied voltage frequency increases, the free
dynamics vanishes leading to a sort of frequency entrainment. As the amplitude of
the applied voltage increases, the displacement of the mechanical part decreases be-
cause of the dispersion of the energy at higher harmonics. Moreover the free dy-
namics of the electrical and mechanical parts are quenched progressively (Fig. 5).
As the duty cycle increases (not plotted), the free dynamics of the electrical and
mechanical displacement are quenched progressively. One also observes modulated
dynamics.
One can conclude that in this case where the artificial pacemaker commanding

pumping function is under nerve excitation converted under DC plus square wave
voltage, there is a coexistence of dynamics. Indeed as membrane potential exhibits a
time in low state (quiescence) greater than the one in up state (bursting or peak), af-
ter membrane potential signal conversion under digital form, there is a preponderance
of the free dynamics of the electromechanical system modulated by the dynamics of
the membrane potential, increasing thus the number of efficient beats of the artificial
heart within the same time frame.
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External frequency f Time histories of the electrical and mechanical parts
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Fig. 4. Time histories of the response of the VDP oscillator and that of the mechanical part
as the applied voltage frequency increases for α = 10−2, ε = 4, ωr = ω0/2, Vmax = 2, d = 50.

Vmax Time histories of the electrical and mechanical parts

3

5

Fig. 5. Time histories of the response of the VDP oscillator and that of the mechanical part
as the applied voltage amplitude increases for α = 10−2, ε = 4, ωr = ω0/2, f = 70

60
, d = 50.
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3 Dynamical behaviors in presence of a Hindmarsh-Rose electrical
oscillator

Let us now consider the system in Fig. 1 where the VDP electronic oscillator is
replaced by a Hindmarsh-Rose electronic oscillator. The dynamical evolution of the
membrane potential of the three dimensional HR oscillator is given by [23].

dx

dt
= −x3 + 3x2 + y + Ii − z (7)

dy

dt
= 1− 5x2 − y (8)

dz

dt
= rr(ss(x− x0)− z)) (9)

where x stands for the membrane potential of the neuron, y the rapid current through
the membrane and z the slow current through the membrane, Ii the external applied
current. The dimensionless equations governing the dynamics of the whole system are
thus

Ẋ = Tp(−X3 + 3X2 +X + II − Z) (10)

Ẏ = Tp(1− 5X2 − Y ) (11)

Ż = Tprr(ss(X −X0)− Z)) (12)

İ +
ṘI

(1−R) +AI(1−R) = EαX(1−R) (13)

R̈+ FṘ+Ω2R = G
I2

(1−R)2 (14)

with the new dimensionless parameters given by X = x
xr
; Y = y

yr
; Z = z

zr
; II =

Ii
Ir
.

With the parameters of Ref. [18], the dynamics of the HR oscillator is well studied
by Gonzalez-Miranda [19]. The values of the new reference parameters are: xr = 1,
yr = 1, zr = 1, Ir = 1.
The only equilibrium point is (X = −0.9487, Y = −3.5001, Z = 2.6052,

I = − 0.9487Eα
A

, R = R0, Ṙ = 0) with R0 =
20
3 +B +

1
B
;

B =
104AΩ[

3((−ΩA2 × 1012 + 1.2150× 1013Gα2E2 + 300Eα
×√−1.3500× 1010G(2ΩA2 × 1010 − 1.2150× 1011Gα2E2))AΩ2)1/3

]

and the eigenvalues equal to − 1.8000Gα2E2+A2R20(R0−3)+A2(3R0−1)
A2(R0−1)3 , −Tp, A(R0 − 1),

−0.0032Tp, −7.3911Tp, 1. This equilibrium point is unstable since the real part of at
least one eigenvalue is positive.
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II Time histories of the HR oscillator and electromechanical system

1.5

5

Fig. 6. Time histories for different values of the applied DC current showing transition from
bursting to spikes in both electrical oscillator and electromechanical system α = 10−2, rr =
2.10× 10−3, ss = 4, X0 = −8/5.

3.1 Effects of the value of a direct current

The selected choice of the applied DC current II is taken outside of the parameter
set [3.135, 3.150], [3.222, 3.319] giving a chaotic dynamics of the HR oscillator where
chaos to chaos transition occurs, with a continuous interior crisis [19]. Indeed the
chaos to chaos transition here is a sudden and continuous size change of the chaotic
attractor observed at the transition between the spiking and bursting dynamics [19].
This parameters choice is performed according to the will of reproducing all the
observed membrane potential behaviors in the mechanical resonator.
As the continuous injected current increases, the HR oscillator exhibits square-

wave bursts which are progressively transformed into spikes. These electrical signals
are transfered in the mechanical part (see Fig. 6). The number of bursts of the HR
oscillator and that of the electromechanical device increase with an increase of dis-
placement amplitude as the value of the DC current increases.
With the choice of external current taken inside of the parameter set [3.135, 3.150],

[3.222, 3.319] giving a chaotic dynamics, the chaotic bursting sequence of the HR
oscillator is also reproduced in the mechanical system (not plotted).
The main results here are that the HR oscillator transfers its dynamical behavior

to the mechanical resonator, generating bursting oscillations. This indicates how our
model of artificial or natural heart reacts when submitted to the action of bursting
signals coming from the nervous systems.

3.2 Effects of the parameters of square wave current

In order to control the frequency of the oscillator and thus the one of the electro-
mechanical system, the injected current is taken on a square wave signal form, as
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IImax Time histories of the HR oscillator and electromechanical system

1.5

Fig. 7. Time histories for different amplitudes of the square wave excitation showing
the remaining spiking form in both the HR oscillator and the electromechanical system:
f = 0.5/fp, HR oscillator parameters of Fig. 6.

f Time histories of the HR oscillator and electromechanical system

f = 2/fp

f = f0/2fp

Fig. 8. Time histories for different amplitudes of the square wave excitation showing the
remaining spiking form in both the HR oscillator and the electromechanical system: IImax1.5,
HR oscillator parameters of Fig. 6.

it can easily allow the analysis the effects of amplitude, periodicity and duty cycle.
Hereafter the duty cycle of the square wave current is taken at 10%.
In Fig. 7, it appears that in the region where the bursting dynamics under con-

tinuous square wave excitation, the HR oscillator and the electromechanical device
exhibit out of phase spikes. An interesting fact here is the downwards spikes of the
mechanical displacement contrary to the upward behavior seen in Fig. 6. This dy-
namics is observed for II taken up to 10. Figure 8 shows the effects of the frequency
on the dynamical behavior of the system. At low frequency, the square wave current
excitation draws both the HR oscillator and electromechanical systems between two
states. But due to the proper rhythm of each system, the transition is smoothed and
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both exhibit relaxation like oscillations. As the frequency increases, the HR oscilla-
tor switches between two states that come closer while the electromechanical system
shows its own dynamical transitions from driven relaxation spikes, period-n (n be-
ing an integer) up to period-1 sinusoidal oscillations. As the duty cycle increases for
low frequency the driven relaxation oscillations become more observable with the
appearance of asymmetric and symmetric shapes.

4 Conclusion

A ferromagnetic mass fixed on a spring subjected to an electromagnet powered first
by a Van der Pol (VDP) oscillator and then by a Hindmarsh-Rose electrical oscillator
has been studied. The mechanical system under the free VDP oscillator excitation
mode shows a transition from harmonic, periodic, biperiodic up to bursting oscilla-
tions. When the VDP oscillator is submitted to an external continuous square wave
excitation, there is a coexistence of a free dynamics and a modulated dynamics. As
the external applied voltage modulates the dynamics of the mechanical part, the
periodicities of the applied voltage, electrical part and mechanical part are equal with
some distortions occurring in the electromechanical system. The pulsatile shape of the
mechanical system under the VDP oscillator is like the dynamics of the myocardial
muscle subjected to the natural pacemaker. In the case of the system powered by the
HR oscillator, one finds the transitions from spikes, bursting oscillations, relaxation
spikes, multiperiodic and sinusoidal oscillations when the values of the parameters of
the current (DC or DC plus a square wave component) activating the HR oscillator
are varied. The HR oscillator is found to efficiently imposes its bursting, spiking or
driven relaxation oscillation shape to the mechanical system at low frequency.

This work has been supported by the Humboldt Foundation, Germany.
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This paper considers the dynamics of an electromechanical system consisting of a ferro-
magnetic mass fixed on a spring and subjected to an AC electromagnet. Subharmonic
and bursting oscillations are found and their shape analyzed when one varies the viscous
damping coefficient, the number of turns of the coil, the frequency and amplitude of the AC
voltage. Pulse packages patterns and sharp burstings are observed in the motion of the
mechanical part.
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1. Introduction

Electromechanical systems transform electrical energy into mechanical form and vice versa; in these systems the dynam-
ics is due to the interaction between an electrical part and a mechanical part. According to the coupling, various main classes
are often considered: coil electromechanical devices, movable plate capacitive electromechanical systems, piezo-electrome-
chanical devices, moving magnetic electromechanical systems and moving ferromagnetic mass electromechanical systems
[1].

In the literature, these systems have been widely studied under sinusoidal excitation and self-sustained electrical circuits,
with and without nonlinearities taking into account. And as general behaviors, resonances, anti-resonances, hysteresis, har-
monic, sub and super-harmonic oscillations, multi-stability and transitions to chaos have been observed from theoretical
and experimental investigations [2–8].

Recent studies on the dynamics of oscillators have shown that bursting oscillations, which consist of alternating small and
large amplitude excursion, can appear in several systems according to the following mechanism: periodical jump between
two stable nodes [9] or a periodical jump between one stable node and a limit cycle [10]. Bursting oscillations are found in
various fields of sciences: neurosciences, biochemistry, chemistry and physics [9–11].

An interesting topic of research is the analysis of the behavior of electromechanical systems in which the electrical or the
electronic component delivers bursting oscillations. This is interesting not only from the practical point of view for the auto-
mation of processes in industries, but also in the field of artificial organs for the cardiovascular system. Indeed, the cardiac
electrical activities behave like bursts. These bursts are responsible for the mechanical response of the cardiac membrane
[12].
. All rights reserved.
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This work deals with such a topic, by considering the dynamical behavior of a system consisting of a ferromagnetic mass
fixed on a spring and subjected to the action of an electromagnet. Section 2 describes the electromechanical system. Section
3 discusses the dynamical behavior in the case where the electrical/electronic circuit has linear components. In Section 4,
considering that the uncoupled electronic circuit is in a state where it delivers bursting oscillations, an analysis of the re-
sponse of the mechanical part magnetically coupled to the electronic part is analyzed and discussed. Conclusion appears
in Section 5.

2. Description of the electromechanical system and equations

The device shown on Fig. 1 is a ferromagnetic beam of mass m fixed to a spring and subjected to the action of an elec-
tromagnet under variable current. In the first step at the study, the electrical part is made of a circuit that has an inductor
L (electromagnet inductance), a resistor (wiring resistance) and is powered by a voltage source u(t) = Usin(2pft), U and f
being respectively the amplitude and frequency, and t the time. The mechanical part consists of a ferromagnetic mass, fixed
to a spring and subjected to damping. In the second step at the study we add to the electrical circuit a capacitor having non-
linear charge–voltage characteristics. The coupling between both parts is realized by the magnetic circuit. When a current
flows through the coil of the electromagnet, it induces a magnetic flux in the core of the electromagnet. Hence a lifting force
attracts the ferromagnetic mass toward the electromagnet according to the signal at input (see Fig. 1).

In order to derive the dynamics of the mass under the magnetic lifting force, we use the Hopkinson’s law which is the
magnetic analogue of Ohm’s law for magnetic circuits. In this law, the reluctance plays the role of the resistance in an elec-
trical circuit although it does not dissipate magnetic energy, the magnetic flux plays the role of current intensity, and the
magnetomotive force plays the role of the voltage.

Considering the mean magnetic circuit represented with dash-line in Fig. 1, assuming that magnetic circuit saturation is
neglected, and ignoring leakage and fringing fluxes, Hopkinson’s law in gives
Ni ¼ RðxÞ/ ð1Þ
where N is the number of turns of the coil, i the current flowing in the coil, R(x) the reluctance of the magnetic circuit, x the
displacement of the mass, and / the magnetic flux. The reluctance is given as
RðxÞ ¼ 2l1 þ 2l2 þ 2l3

l0lra
þ 2e

l0a
ð2Þ
where a is the cross section of the iron core, l0lr is the magnetic permeability of the electromagnet iron core and e is the gap
between the moving ferromagnetic mass and the free edge of the electromagnet. The mean circuit delineated by dash lines
has the following dimensions:
l1 ¼ L1 � 2l3 ð3Þ
l2 ¼ L2 � l3 ð4Þ
e ¼ l4 � l0 � 2l3 � x ð5Þ
L1 is the external length of the electromagnet, L2 is the external width of the electromagnet, 2l3 is the ferromagnetic blade
and electromagnet thickness, l0 the unload spring length, l4 the distance between the fixed part of the spring and the free
edge of the electromagnet that can be in contact with the moving blade.
Fig. 1. The electromechanical system made of a ferromagnetic mass fixed on a spring and subjected to an AC electromagnet.



Fig. 2. Non-linear capacitor made of diodes, operational amplifier, resistor and linear capacitors.
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The total flux flowing in the whole coil is
U ¼ N/ ¼ Li ¼ al0lrN
2i

2ðl1 þ l2 þ l3 þ lreÞ
ð6Þ
Using Ohm’s law in the electrical circuit, one obtains
dU
dt
þ qNPm

s
i ¼ uðtÞ ð7Þ
where q is the wire resistivity, Pm the mean perimeter, s the wire cross section, u(t) the applied voltage. Hence, the equation
describing the electric phenomena in the electrical part is (assuming no capacitor in the circuit)
al0lrN
2

2ðl1 þ l2 þ l3 þ lrðl4 � l0 � 2l3 � xÞÞ
di
dt
þ al0l2

r N2i

2ðl1 þ l2 þ l3 þ lrðl4 � l0 � 2l3 � xÞÞ2
dx
dt
þ qNPm

s
i ¼ uðtÞ ð8Þ
Taking the mechanical part, its dynamics is described by the following equation
m
d2x

dt2 þ k
dx
dt
þ kx ¼ @Wmag

@x
ð9Þ
where k the damping coefficient, k the spring stiffness and Wmag = L(x)i2/2 is the magnetic energy of the coil. Replacing L(x) by
its expression derived from Eq. (6), one obtains
m
d2x

dt2 þ k
dx
dt
þ kx ¼ al0l2

r N2i2

4ðl1 þ l2 þ l3 þ lrðl4 � l0 � 2l3 � xÞÞ2
ð10Þ
Therefore the electromechanical system is described by the set of Eqs. (8) and (10).
Introducing the normalization and change of variables, equations of motion (8) and (10) are reduced to the following form
_I þ p _XI
ð1þ pð1� XÞÞ þ A1Ið1þ pð1� XÞÞ ¼ E1 � U0ð1þ pð1� XÞÞ � sinð2pfT1sÞ ð11aÞ

€X þ F1
_X þX2

1X ¼ G1
pI2

ð1þ pð1� XÞÞ2
ð11bÞ
with

X¼ x
lp

; I¼ i
ip

; s¼ t
T1

; U0¼
U

up1
; L0¼

al0lrN
2

2la
; ip¼

2lpT1up1

al0
; p¼lr lp

la
; A1¼

qNPm

sL0
T1; E1¼

1
N2p

; F1¼
kT1

m
; x2

0 ¼
k
m

; T1¼
ffiffiffiffiffi
m
k

r
;

X2
1¼1; G1¼

2L0mu2
p1

a2k2l2
0

The dot over a dynamical variable stands for the time derivative.
We also consider the system with a nonlinear capacitor in the electrical circuit. The capacitor is constructed from the elec-

tronic components as it appears in Fig. 2. The voltage across the whole block of Fig. 2 is
Vc ¼ V1 þ V2 ð12Þ
where V1 = q/C1 is the voltage across the capacitor C1 and V2 is the voltage across the diodes network. Using the Kirchooff’s
law, one can find that the current I12 flowing in the resistor R12 is



Fig. 3. Amplitude-response curve of the mechanical oscillator versus f/f1 in the sinusoidal regime with enlargement shown around f/f1 ’ 0.04: N = 80,
U0 = 1.40, A1 = 1.14 � 10�1, F1 = 2.12 � 10�2, G1 = 2.04 � 1012.
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I12 ¼
�q

R12C2
ð13Þ
This current is equal to the difference (node law) of the current I+ flowing downward in the left branch of the diodes network
and the one I� flowing upwards in the other branch. These currents are given as
I� ¼
i0

2
exp

�V2

nV0

� �
� 1

� �
ð14Þ
where V0 and n are constants related to the type and number of diodes. From Eqs. (13) and (14), it comes that
V2 ¼ nV0sinh�1 �q
R12i0C2

� �
ð15Þ
Therefore, the charge–voltage characteristics is obtained as
Vc ¼
q

C1
þ nV0sinh�1 �q

R12i0C2

� �
ð16Þ
In the case of small voltage Vc or small charge in the capacitor, Vc can be expanded till the third order to give
Vc ¼ a1qþ a3q3 ð17Þ
with
a1 ¼ V0n
1

nC1V0
� 1

C2R12i0

� �
and a2 ¼

V0n

6C3
2R3

12i3
0

It is assumed in this work that 1
C1
� nV0

C2R12 i0
< 0, consequently a1 < 0 and a3 > 0, to obtain a Duffing electrical nonlinearity with a

double well potential system. With this capacitor in the circuit, the electromechanical system is now described by the fol-
lowing dimensionless equations
€Q þ p _X _Q
ð1þ pð1� XÞÞ þ A2

_Qð1þ pð1� XÞÞ þ B2ð1þ pð1� XÞÞQ þ C2ð1þ pð1� XÞÞQ 3

¼ E2 � U0ð1þ pð1� XÞÞ � sinð2pfT2s0Þ ð18aÞ
€X þ F2
_X þX2

2X ¼ G2
p _Q2

ð1þ pð1� XÞÞ2
ð18bÞ
with Q ¼ q
Qp

; U00 ¼ U
up2

; s0 ¼ t
T2

; A2 ¼ qNPm
sL0

T2; B2 ¼ a1
L0

T2
2; C2 ¼ a2

L0
Q2

pT2
2; E2 ¼ up2T2

2
L0Qp

; F2 ¼ kT2
m ; X2

2 ¼ x2
0T2

2; G2 ¼
L0Q2

p

2ml2p

One should note that Eqs. (11) and (18) are not defined for X = 1. At this point the ferromagnetic mass is permanently
bound to the electromagnet, and there is no motion for the mechanical part. The times references T1 and T2, as well as
the voltage references up1 and up2, are chosen different. The dimensionless time is s0 in Eq. (18). In the manuscript, Eqs.
(11) and (18) are solved numerically, using the fourth-order Runge–Kutta algorithm. In case of system with noise, an appro-
priate Euler algorithm is used [13].



Fig. 4. Some time histories and phase diagrams of the electrical signal (a) and mechanical displacement (b), with parameters of Fig. 3 in the sinusoidal
regime.
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Fig. 5. Amplitude-response curve of the mechanical oscillator versus U0 in the sinusoidal regime, without and with white noise of maximal amplitude of a
tenth the applied voltage: N = 80, f/f1 = 7.56 � 10�2, A1 = 1.14 � 10�1, F1 = 2.12 � 10�2, G1 = 2.04 � 1012.
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3. Dynamical behaviors in the case of linear RL circuit

This section deals with the analysis of the dynamical behavior of the device when the electrical circuit is constituted with
the inductor and the resistor. In particular, the effects of the amplitude and frequency of the AC voltage are analyzed as they
affect the amplitude of vibration and give rise to subharmonic oscillations. The results of the numerical simulation will be
complemented with a mathematical analysis in the case of small displacement.

The values of the dimensionless parameters are given as f1 ¼ 1
T1
¼ 70:71 Hz; up1 ¼ 1:00 V; lp ¼ 3:00� 10�2 m; ip ¼ 6:75�

106 A; p ¼ 600 m=A, the natural frequency of the mechanical part is given as f0 = 0.16f1.

3.1. Effects of the frequency

Fig. 3 shows the variation of the amplitude of vibration of the mechanical part as the frequency f varies. Two resonances
are found at fr1 = 7.56 � 10�2f1 and fr2 = 3.95 � 10�2f1. These two states correspond to two subharmonic resonances of the
type f0/2 and f0/4. One can also observe a sort of jump of amplitude around f ’ 0.075f1. Fig. 4 shows some representatives
of phase portraits of the electrical and mechanical parts for two values of the frequency. At the subharmonic resonance
f0/4, there is a distortion on the sinusoidal movement of the mechanical part, with an inflection point and an asymmetry
on the displacement. Around this frequency, the inflection point is shifted down for frequency values less than f0/4, and
shifted up for frequency values greater than f0/4. At the subharmonic resonance f0/2, an important distortion of the current
is observed. This is due to the current induced by the high value of the mechanical displacement. Here, there is symmetry on
the behavior of both current and displacement.

3.2. Effects of the voltage amplitude and white noise

For this analysis, the frequency is taken equal to that of the subharmonic frequency f0/2. We have found that the current
oscillations amplitude increases linearly as U0 increases. In Fig. 5, the amplitude of vibration of the mechanical part also in-
creases monotonously till U0 = 1.39 where it exhibits a jump. The mechanical part oscillates with almost constant amplitude
for 1.39 6 U0 6 1.48. Above U0 = 1.48, the mechanical part is bound to the electromagnet.

In the presence of additive white noise, the system is governed by the following equations:
_I þ p _XI
ð1þ pð1� XÞÞ þ A1Ið1þ pð1� XÞÞ ¼ E1 � ð1þ pð1� XÞÞ � U0ðsinð2pfT1sÞ þ eðsÞÞ ð19aÞ

€X þ F1
_X þX2

1X ¼ G1
pI2

ð1þ pð1� XÞÞ2
ð19bÞ
with
heðsÞ � eðs0Þi ¼ ddðs� s0Þ and he1ðsÞ � e2ðs0Þi ¼ 0



3088 L.T. Abobda, P. Woafo / Commun Nonlinear Sci Numer Simulat 17 (2012) 3082–3091
where d is taken here as been equal to 0.1. The numerical simulation of Eqs. (19), with a noise of maximal magnitude value
equal to the tenth of the applied voltage, shows that despite the increase of the amplitude in the region of high amplitudes
(after the jump), the behavior of the amplitude variation is qualitatively the same as in the case of system without noise (see
Fig. 5).

To end this part devoted to the presentation of the results from the numerical simulation of Eqs. (11), we note that by
increasing the number N of turns of the coil, a decrease of the oscillations amplitude of both current and displacement is
found.

3.3. Analytical approach of the amplitude curves

Assuming small current and displacement, the set of Eqs. (11) can be reduced to
Fig. 6.
sinusoi
_I þ A1Ið1þ pÞ ¼ E1 � U0ð1þ pÞ: sinð2pfT1sÞ ð20aÞ

€X þ F1
_X þX2

1X ¼ G1
pI2

ð1þ pÞ2
ð20bÞ
The solution of Eq. (20a) can be written as
I ¼ I1 cosðwp1sÞ þ I2 sinðwp1sÞ ð21Þ
with
I1 ¼ �
wp1U0ðb0 þ 1Þ

w2
p1N2 þ A2

1ðb0 þ 1Þ2
and I2 ¼

A1U0ðb0 þ 1Þ2

Nðw2
p1N2 þ A2

1ðb0 þ 1Þ2Þ
Eq. (21) can also be written as
I ¼ Im sinðwp1sþuIÞ ð22aÞ
with
Im ¼
U0ðb0 þ 1Þ

N
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

p1N2 þ A2
1ðb0 þ 1Þ2

q ; ð22bÞ

tgð/IÞ ¼ �
Nwp1

A1ðb0 þ 1Þ ; ð22cÞ

wp1 ¼ 2pfT1 and b0 ¼ 1=p:
Substitution of (22a)–(22c) in (20b) leads to:
X ¼ X0 þ Xm sinð2wp1sþ pþuXÞ ð23aÞ
Variation of the amplitude of vibration obtained from the analytical derivation and the numerical simulation for small displacement, in the
dal regime with other parameters of Fig. 3 and U0 = 0.14.



Fig. 7. Amplitude-response curve of the mechanical oscillator versus f/f2 in the bursting regime: N = 3 � 102, U0 = 8.00 � 10�6, A2 = 2.16 � 10�3,
B2 = 4.78 � 10�3, C2 ¼ 2:84� 10�4; E2 ¼ 8:84� 102; F2 ¼ 1:50� 10�3; X2

2 ¼ 5:00� 10�3, G2 = 1.88 � 10�6.
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with
X0 ¼
G1N2I2

m

2ðb0 þ 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16w4

p1 þ 4F2
1w2

p1 � 8w2
p1 þ 1

q ; ð23bÞ

Xm ¼
G1N2I2

m

2ðb0 þ 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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I1 and I2 are given by Eq. (21). Fig. 6 shows the variation of Xm in terms of the frequency. A good agreement is found between
the analytical and the numerical results.
4. Bursting vibrations in the case of nonlinear electrical circuit component

As we noted in the introduction, bursting oscillations have been observed recently in double-well Duffing oscillator [9].
This phenomenon is considered here in order to find out how the burstings in the electrical circuit impact on the vibration of
the mechanical part. An appropriate choice of the coefficients of Eqs. (18) is done as T2 = 10�3 s, up2 = 102 V, Qp = 10�6 C. The
control parameters are the frequency and amplitude of the AC voltage, the number of turns of the coil and the viscous damp-
ing. Again, the fourth order Runge–Kutta algorithm is used to solve Eqs. (18).

Fig. 7 shows the maximal amplitude-response curve of the mechanical part in the bursting regime in terms of the fre-
quency. It appears the following subharmonic resonances f0/2, f0/4, f0/6, f0/8 and subharmonic antiresonances at f0/3, f0/5,
f0/7, f0/9.

As concerns the effects of U0 on the phenomenon, it has been found that the increase of U0 leads to a sort of sinusoidal
modulation, and the appearance of one more burst within the same time frame. This modulation is clearly visible on the
mechanical part where instead of having a pattern of vibration with decreasing amplitude, the amplitude first increases,
and then decreases.

The analysis of the effects of the number of turns in the coil shows the appearance of the decreasing behavior of the burst-
ing amplitude in the electrical part. The pulse package behavior of the mechanical part is characterized by an increase of
amplitude.

The effects of the last control parameter considered in this work are represented in Fig. 8. This Figure shows that the value
of the viscous coefficient has an interesting impact on the shape of burstings. Indeed, the mechanical oscillations in the pat-
tern decrease quickly as the viscous coefficient increases. This is obviously the consequence of the well-known exponential
decrease of mechanical vibration due to viscous damping. Hence, sharp bursting oscillations of the mechanical part are made
more visible when the viscous damping increases.



Fig. 8. Evolutions of the electrical signal (a) and mechanical displacement (b) as the damping increases in the bursting regime. U0 = 8.00 � 10�6, f/
f2 = 1.00 � 10�3, N = 80, A2 = 8.10 � 10�3, B2 = 6.72 � 10�2, C2 = 3.99 � 10�3, E2 = 12433.98, G2 = 1.34 � 10�7.
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5. Conclusion

In this paper, we have considered the study of a ferromagnetic mass fixed on a spring and subjected to the action of an
electromagnet in the case of electrical/electronic linear component without a capacitor, and in the case where the electronic
circuit is nonlinear and delivers bursting oscillations. The effects of the frequency, external voltage amplitude, number of
turns and damping have been discussed. Subharmonic and bursting oscillations have been observed in the periodic displace-
ment of the mechanical part. The bursting behavior is modulated by the logarithm decrease of natural oscillations with the
coexistence of resonances and anti-resonances and the appearance of sharp bursting when the coefficient of viscous damp-
ing increases.

It should be interesting in future works to look at hysteresis in the system in case of electrical/electronic linear compo-
nent, since the effect of external voltage has shown a jump of mechanical vibration amplitude. In order to have bursting in
the electrical part, the electrical system has been chosen to possess two stable equilibrium points where it can jump peri-
odically. With the limitation of analytical study of bursting, and some bursting mechanism presented in [10], it would be
interesting to study the case where the bursting behavior occurs in a system having one stable node and a strange attractor.
Moreover, an experimental investigation of the phenomenon analyzed in this work could add new information for the appli-
cations in engineering and bio-engineering.
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